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THE SOLUTION OF SINGULAR VOLTERRA INTEGRAL EQUATIONS
BY SUCCESSIVE APPROXIMATIONS

CHAPTER I
INTRODUCTION
In this paper we shall study the integral equation
t

(1. 1) tR(t) = yK(t—u)R(u)du, 0<t< oo,
0

The kernel function K(t), 0 <t < o, satisfies the following

conditions:
(1.2) K(t) >0 for (<t<oo,
(1.3) K(t) 1is continuous for 0 <t < o,
(1.4) lim K(t) = + o,
t—0

‘ 1
(1.5) me@<+w,

0

“K
(1. 6) y (u)du<+oo,

u

1

(1.7) K(t) is monotone non-increasing for 0 <t < o .

These conditions imply

) oAt
(1.8) K(t) 0, %yK(u)du*O as t —oo .
0



There are several ways in which (1.1) can be classified. For
example it is a Volterra integral equation. In Fredholm's classifica~-
tion, (1.1) is an integral equation of the third kind. Moreover, (1.1)
is homogeneous and the kernel has a weak singularity at zero.

In general it is usually difficult to construct non-trivial solu-
tions to homogeneous integral equations. Moreover, a solution is not
unique since any constant multiple of it is also a solution.

We shall show that (1.1) has a real solution R(t), 0<t< o,
unique a.e. to within a constant factor, such that e_XtR(t) is
integrable (I.ebesgue) for some x> 0; moreover, such a solution
R(t) will be shown to be bounded, continuous, non-negative and
integrable on (0,%). The existence of R(t) will be established
by constructing successive approximations and proving that they
converge uniformly to R(t). The uniqueness will be established
by Laplace transform analysis.

Since a unique solution is desired it is essential that R(t)

satisfy some normalization condition. It is convenient to require

that

(1. 9) max R(t) = 1
0<t<

.

A different normalization condition may be desired for some



purposes. Thus consider the same integral equation, but with the

unknown function P(t):

t
(1.10) tP(t) = S.K(t-u)P(u)du, 0<t<ow ,
0
where
00
(1. 11) S.P(t)dt = 1.
0

The functions P(t) and R(t) are related by

(1. 12) P(t) = —

P(t)

max P(t)
0<t<wo

(1. 13) R(t)

A special case of (l.1) was studied in (1). In that paper
K(t) = p.t-)\ y >0, 0<A<1. All of the relevant results ob-
tained in (1) are established here in the more general case
considered. Further generalizations can be obtained by slightly
weakening some of the conditions (1.2) -(1.7) on K(t). However,

the analysis then becomes more complicated.



CHAPTER II
UNIQUENESS AND OTHER PROPERTIES OF SOLUTIONS

We proceed to prove a uniqueness theorem and to establish
other properties of a solution R(t)' of (1.1).
Suppose that R(t) 1is a solution of (1 1). Assume that

-Xt
e x R(t) is integrable for x > X - Then the Laplace transform of

R(t),

00
Riz) = y e ' R(dt, x>xy, (2= x +iy),
0

is defined at least in the indicated half-plane. By (1.5) and (1.6),

(e ]

ﬁ(z) = S’ e-ZtK (t)dt, x>0 .
0

Transform (1.1) and use the convolution theorem to obtain
-Ri(z) = R(2)R(z), x>x ,

where x,= max(xo, 0). Integration yields

z : o -zt -§t
: -S\'R(w)dw -S‘ —eTi K(t)dt
0

(2.1) Rz) = R(E)e °  =R(t)e CELx>x ),

with any path of integration in the half-plane for the w-integral.

The standard results from Laplace transform analysis that we



have used can be found in (4).

Theofem 2.1. K R() 1is a solution of (l.1) with the

property that e-XtR(t) is integrable for x sufficiently large,
then R(t) is unique a.e. to within a constant factor.
Proof. Equation (2.1) determines /R(z) to within a constant

factor, so that R(t) is determined a.e. to within a constant factor.

Theorem 2.2. Let R(t) be a non-negative solution of (1.1)

such that e-XtR(t) is integrable for x sufficiently large. Then

R(t) 1is integrable on (0,0 and

O -zt

S\ lt'e K(t)dt
0

(2.2) R(z) = R(0)e

Proof. It follows from (l.5),(l.6) and (2.1) that R(z)
exists at least for x > 0. Since K(t) >0, Lebesgue's monotone
convergence theorem (cf. (7,p. 72) ) yields

) -£t
- — K(t)dt

2 0 ‘
limR(x) = R(£)e (€ > %))
x—0

which is finite. Since R(t) >0, another application of the same

theorem yields

(> O
limR(x) = lim S\ e_XtR(t)dt = S\R(t)dt = R(0)
x—0 x—0 Y0 0



Thus, R(t) 1is integrable. Solve for R(£) in terms of R(0) and
substitute into (2.1) to obtain (2. 2).

For convenience below, let

(2.3) M(t) = sup |R(u)|, t>0,
O<u<t

for any solution of (1.1) which is bounded on each finite interval.

Theorem 2.3. If R(t) 1is a solution of (1.1) which is

bounded on each finite interval, then R(t) 1is continuous on (0, )
and

_ Miey) It-s
(2.4) |R(t) - R(s)]| < — [ zS‘ K(u)du+ |t-s | ] , 0<s, t<t,
0

Proof. Let O<s§t§t0. Then by (1.1) and (1.7),

, t s
[tR(t) - sR(s)] =l§K(t-u)R(u)du - S' K(s-u)R(u)du|
0 0

s
= |\ Kt-wR(wdu+ y[K(t—u) - K(s-u)] R(u)du|
0

s

t
< M(to) S.K(u)du + yK(u)du - S‘K(u)duJ
- 0

t-s
M(to) CK(u)du + S‘K (u)du - S‘ K(u)dujl
Lo

IA

ZM(tO) S‘ K(u)du
0



It follows that
|tR(t) - tR(s)| < |tR(t)-sR(s)|+ |sR(s)-tR(s)]

|t-s |
< 2Mt)) |\ K(uwdu + M(t0)|t-s|, 0<s,t<t

0 0

Hence, (2.4) holds and R(t) is continuous on (0,) .

By (1.6), for a sufficiently large we have

(s 0}
(2. 5) S' K g« 1
a U - 2

Fix a such that (2.5) is satisfied and define

a

(2.6) A= ZS\ K(u)du
0

Theorem 2.4. If R(t) is a solution of (1.1) which is

bounded on each finite interval and R(t) ¥ 0, then

(i) R(t) is bounded on [0, ) ,
(i) R(t) < M(A), t> A ,
(iii)  R{t)— 0 as t—

Proof. By (1.1), (2.3) and Theorem 2.3,

s

t
IR(t)| < %QXK(u)du, £> 0
0

and R(t) is continuous on (0,%). By (2.5 and (2.6),



t a 00
(2.8) 1 S\K(u)dus 1 y K(u)du +§ —wdu <1 t>A.
t =t u
0 0 a
By (2.3), IR(t) | cannot attain a maximumat t> A, So

M(t) = M(A) for t> A and (1.8), (2.7) imply the theorem.

Theorem 2.5. Let R(t) be a solution of (1.1) such that

R(t) is bounded on every finite interval, and R(0+) exists. Then
R(04) = 0.
Proof. Assume |R(04) |>0. Then, by Theorem 2. 3, there

exists 6> 0 and € > 0 such that
IR()] >6>0 for 0<t<e

By (1.1) and (1.7),

\"
o
A
[t
A
m

|IR(t) | >

In view of (1.4), this contradicts the boundedness of R(t) on every
finite interval.

We have shown that if R(t) is a solution of (1.1) such that
e_XtR(t) is integrable for some x, then R(t) is uniqﬁe a.e. to
within a multiplicative factor and if, in addition, R(t) 1is non-nega-
tive, then R(t) 1is integrable on (0,®). Moreover, if R(t) is
bounded, then R(t) is continuous on (0,%) and tends to zero as t

tends to infinity. Finally, if R(t) is continuous on [0, ®), then R(0)=0.



CHAPTER III

THE MZITHOD OF SUCCESSIVE APPROXIMATIONS

For h> 0, let Rh(t), 0 <t <o, denotea non-trivial, con-

tinuous, non-negative, piecewise-linear function with possible changes

in slope only at the points t=nh, n=1,2, ... . Then Rh(t),
t >0, 1is determined in terms of the values Rh(nh), n >0, by
lirear interpolation :
- (n+ h-t . t - n
+
(3.1) Rh(t) h Rh(nn) + : Rh((n 1)h)
nh <t < (n+1)h, n>0

Assume that Rh(t) satisfies equation (1.1) at the points = nh .
nkh:
3.2 = - )¢ >
( ) nth(nh) S(‘)K(nh u)Rh(J) iu, n>0

Ultimately, we shall let h —20
By (3.1) and (3.2) ,

k+1)h
nhR. (nh) = Z g K(nh- u)R (u)du
kh

(k+1)h

(k+1)h-u _
Z gkr K(nh-u) I Rh(kh)du 4

nl

(k+1)h

+ Z 5 K (nh-u) u;lkh R, ( (k+1)h) du
k=0 kh
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Replace k by k-1 in the second sum, collect terms and simplify

to obtain
n-1
(3.3) (n-n )R (ah) = -5 b R ()45 ) c R (kh), n>1,
h h
k=0
where
(n+1)h
(3.4) b =b (h) = K(u[ (n+l)h-u]du, n>1,
non nh
h (n+1)h
(3.5) ¢ =¢ (h) = S-nK(u)[u-(n-l)h] du + K(u) /[ (n+1)h~u] du, n >1,
n n ‘
(n-1)h nh
and
1 1
(3. 6) n, = = SJ‘(h-u)K(u)du = S‘ (1-t)K(ht)dt .
h 0 0

We shall need some properties of these quantities. It follows

from (1.2), (1.7) and (3.6) that n is a non-negative, monotone

h

decreasing function of h and

1 1P
SKb) <n <1 yoK(u)du :

Hence, by (1.4), (1.5) and (1. 8),

nh—*+°° as h— 0 ,
(3.7

n—-— 0 as h— o,

and
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(3.8) hnh-—— 0 as h—0.
It follows from (1.2), (1.4), (3.4) and (3.5) that
(3.9 c,>b >0,

and from (3.5)

c (nt+1)h
(3.10) —= < ZhZS‘ KW 4y, n>2
. (n-1)h
By (3.3),
- 1
(3.11) (l—nh)Rh(h) = h—z' Rh(O)(c1 - bl)

First assume that n is not an integer. Then (3.3) de-

termines Rh(nh), n >1, inductively in terms of Rh(O), and

(3.1) yields a solution R, () of (3.2). If n >1 and Rh(O)z.o,

then by (3.11) and (3.9), R, (h) $ 0. Since R, (t) > 0 by hypothe-
sis, it fellows that Rh(O) = 0 and, hence Rh(t) =0 if h 1is so
srnall that n, >1 by (3.7).

Since we desire Rh(t) $ 0 and intend to let h — 0, we must
assume that n,_ is an integer. We shall, henceforth, restrict h

h

to the bounded and countable set

(3.12) H= {h:n,=1,2, ...}
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i >
Now (3. 3) determines Rh(nh) for 1<n< n_ but not for n > n .
in terms of Rh(O). As before, (3.7), (3.9), (3.11) and Rh(t) >0
imply that Rh(O) = 0 for h sufficiently small. Let Rh(O) =0

for all h e H. Then by (3.3),

(3.13) Rh»(nh) = 0, 0_<_n<nh .
We now assume that

3. >

(3.14) Rh(nhh) 0

Then (3.3) reduces to

n-1

(3.15) (n-nh)Rh(nh) = ;lz Z cn_th(kh), n > n,

k=,

which determines Rh(nh), n > n , inductively in terms of Rh(nhh).

h
Then (3.1) yields a solution Rh(t) of (3.2). Since (3.1) and

(3.15) are linear relations,

_ 1
(3.16) Rh(t) = Rh(nhh)R.h(t) ,
1 . . . . 1
where Rh(t) is the particular solution with Rh(nhh) =1
Equations (3.1) and (3.13) vyield
(3.17) Rh(t) = 0, 0<t< (nh-l)h ,

where (nh-l)h —~0 as h—0 by (3.8). We have by (3.5), (3.9)
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and (1.2) that

(3.18) c. >0, c >0, n>1;

so that by (3.1), (3.14) and (3.15),

(3.19) Rh(t) >0, t > (nh—l)h

Hence, the hypothesis that Rh(t) >0 1is satisfied.

Theorem 3.1. Rh(t) is bounded and attains its maximum at
some point t = kh <A, where A is defined by (2.6).

Proof. The proof is based on (3.1) and (3.2). It is analogous
to that of Theorem 2.4, parts (i) and (ii).

Thus far, Rh(t) is the general non-trivial, non-negative solu-
tion of (3.1) and (3.2). Since by Theorem 3.1, Rh(t) is bounded
and attains its maximum, we will assume that
(3. 20) max (t) = 1, he H

0<t<ow
Then Rh(t) is determined completely and is given explicitly by

1
R, (®)

(3. 21) R, (t) = -
h max Rl(u)
Ofu <0

Theorern 3.2. As t —o0, Rh(t)—’ 0 uniformly in h.

Proof. The proof is based on (3.1), (3.2) and Theorem 3. 1.
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It is analogous to that of Theorem 2.4, part (iii).

Theorem 3.3. For each h e H, Rh(t) is integrable on

(0,00) .
Proof. The proof is analogous to that of Theorem 2.2, with
generating functions used in place of Laplace transforms. Since

the function R.h(t) is piecewise-linear and Rh(O) = 0,

o)
00 -
(3.22) S‘ORh(t)dt = hZ Rh(nh)
n=0
if the sum is finite. Let
)
n

. = > 0,

(3.23) Ah(w) Z Rh(nh)w s w >
n=0

when the series converges. Since 0 < Rh(nh) <1, Ah(w) is de~
fined at least for 0 <w < 1. Note that R_h(t) is integrable if

Ah(l) exists, in which case
00

(3. 24) S‘ Rh(t)dt = hAh(l)
0

ILet ¢, =0 anduse (3.5) to define
[s o]
(3. 25) B, (w) = chn, 0<w<1
h n -

n=0

By (3.10) and (1.6), Bh(w) exists. Since €y = 0 and Rh(O) = 0,
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(3. 3) yields

0 © n
\ n 1 n

Z (n-nh)Rh(nh)W = ;2- Z Z cn_th(kh)W , 0<w<l
n=0 n=0 k=0

By (3.23), (3.25) and the convolution theorem for sums (cf.(6,p.1.79)),

WA}'I(W) - nhAh(W) = ;leh(W)Bh(W)’ 0<w<l

Integration yields, with the use of (3.25),

0
nh 1 Cn n:
(3.26) Ah(w) = Cw  exp {7 —w }, 0<w<l1,
h
n=1

where C is a constant of integration.oo
c

By (3.10) and (1.6), the series Z = converges. Hence,

e
n=1 cn n
by Abel's theorem (cf. (6, p. 177)), applied to Z - v

n=1
00
A= Cexptl ) 23
h 7 eXp 5 n ’
h -1

which is finite. Since R_h(nh) >0, an elementary Tauberian theorem
(cf. (6, p. 189)) applied to (3. 23) yields Ah(l) = Ah(l-). Thus, Ah(l)
exists, so that Rh(t) is integrable and the theorem is proved.

We also obtained
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o
1 Cn
Ah(1)= Cexp{——zz —;—'} .
h
=1
This result and (3. 26) yield
o
nh 1 cn n
(3.27) Ah(w) = Ah(l)w exp {-—2' Z —rI—(W -1)}, 0<w<l
h
n=1
Define
R, (¢)
= e m——— >
(3. 28) Ph(t) S‘°° , t>0
R, (u)du
Jo h
Then
nh
(3. 29) nhP, (nh) = y K(nh-u)P, (u)du, n>0,
h 0 h —
and
o
o ‘
(3. 30) jP(t)dt = h P, (nh) =1, heH
h h
0
n=0
Each function Ph(t), he H, 1is a non-trivial, continuous,

piecewise-linear, non-negative, approximation to the solution P(t)
of (1.10) and (1.11). Rh(t) is determined in terms of Ph(t) by

P (t)

h(t): max P. (u)
h
0<u<ow

(3. 31) R
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In this chapter we have constructed approximations to R(t)
and P(t), and have derived some of their properties. Other proper-

ties are derived in the next chapter.
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CHAPTER IV
PROPERTIES OF THE APPROXIMATIONS

We now establish some important properties of the functions
Rh(t). A property of the constants cn, defined by (3.5), will be
needed in the proof of the first theorem.

By (3.5), (1.7) and a change of variable we have,

nh (n+1)h
C 41 K(uth)[u-(n-1)h] du + K(u+h)[ (n+1)h-u] du < ch
(n-1)h nh

for n > 1, whence
(4.1) '{cn} is a monotone non-increasing sequence for each fixed h.

Theorem 4.1. For h sufficiently small, the functions

Rh(t), h ¢ H, are monotone non-decreasing in some interval

0<t< t0 such that K(t0+h) <1
Proof. There exists a unique integer Nh > n, he H,
such that
Rh(kh) < Rh((k+1)h) , nh-l <k < Nh
(4. 2)

R, (N, h) >R (N, +1)h) .
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Then Rh(t) is non-decreasing for 0 <t <N. h . By (3.15),

h
(N, +1-n )R ((N, +1)h) - (N, -n )R (N, h)
Ny, Np-1
1 1
- h_z' Z CNh+1-k R, (kh) }? CNh-th(kh)
k=0 k=0

We replace k by k+1 in the first sum and use Rh(O) =0 to

obtain

(Nh+ l-nh)[Rh((Nh+1)h)-Rh(Nhh)] + Rh(Nhh)
Ny, -1

=% ) en L [Ry(0e b - R (i)
h k=0 h

Hence, by (4.1), (4.2) and Rh(O) = 0,

-1

N

h

1 N 1

Rh(Nhh)zh—2 cNh Z [Ry ((k+1)h)-R, (kh)] = -h—z- cNth(Nhh)
k=0

Therefore, N < h2 . By (3.5)and (1.7), -
h
N, h (N +1)h

2
cth K((N, +1)h) g[u-(Nh-l)h] du + 51 [(N +1)h-udup=h"K(N, + Ih).

(N, -1)h N, h

Therefore, K((Nh+1)h) <1 and the theorem follows from (l.4) and

(1.7).



20

Lemma 4.1. Let O_Sa_<_1 and 0<b<1. Then
ab

b
a Sy K(u)du < K(u)du
0 0

Proof. The lemma is obvious if either a =0 or b = 0.

For 0<a<l and 0<b <1, an equivalent assertion is

1 t 1 s
- S‘ K(u)du < = yK(u)du ) t>s >0
t Y% T % J -

Define f(x) = iS‘xK(u)du, x>0. Thenby (1.7),
0

f'(x) = iK(x) - l—2 S‘XK(u)du <0 and the lemma follows.
x 0

Theorem 4. 2. The functions Rh(t)’ h ¢ H, are uniformly

equicontinuous on each interval tl <t <o with tl > 0. DMoreover,
|t-s ]
1
. - —_ - > .
(4. 3) th(t) Rh(s)l < ) 6S;K(u)du+ lt-s |} , t,s>t,, heH

Proof. For n > m >0 it follows from (3.2), (3.20), (1.7)

and (1.2) that
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nh
lnth(nh)-mth(mh) l = lgoK(nh-u)Rh(u)du- SOK(mh-u)R_h(u)dul

nh mh

< S‘ K(nh-u)du + S‘ [ K{mh-u)-K(nh-u)] du
mh 0
nh-mh h nh-mh
= 2 \ K(u)du - SJ‘K,(u)du < 2§ K(u)du .
0 mh 0

By symmetry

(4. 4) lnth(nh)-mth(mh)l_g 2\ Kudu , nm>0 .

By (3.20) and (4.4) ,

l nhR, (nh)-nhR, (mh) |< lnth(nh) -mhR, (mh) |+ imth(mh.).nth(mml ,

'nh-rnhl
(4. 5) th(nh)-Rh(mh)lf_El [ZS(;K(u)du + lnh-mhﬂ , m>0,n>0.

Let nh<s, t<(ntl)h. Then by (3.1), (4.5) and Lemma 4.1,

th(t)—Rh(s) | = —'t—}'l-s—L—th((m )h)-R, (nh) l

h
1 lt—s]
5(n+1)h { = ZS‘OK(u)du+ It-s& ,

|t-s |
(4. 6) th(t)—Rh(s)lf_ L 2\ K(u)du + |t-s|¢ t,<s,t<(n+1)h,
0

(n+1)h
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and (4.3) holds in this case.
Now assume that s <nh <t for some n. Define m and

n such that (m-1)h <s <mh <nh<t<(n+l)h. By (4.5), (4.6),

we have for s,tZt1 ,

|Ry, ()-R, (s) |<|Ry (1)-R, (nh) |+ |R, (nh)-Ry (mb) |+ |R, (mb)-R, () |

h h-mh

t-n
< X zy K(u)du + (t-nh) + Z‘SJ‘K(u)du + (nh-mh)
~ h ) Yo 0

S

mh-s 1 t-s
+ 2 S- K(u)du + mh-sy <— 65- K(u)du + t-s}%,
/0 - Y 0

and (4.3) is true in general.
Theorem 4. 2 allows us to use in the next chapter, the powerful

Arzeld-Ascoli Theorem. Each nonvoid, bounded, equicontinuous

family of real functions defined on a closed and bounded interval con-
tains a uniformly convergent sequence.

For a proof, see (5, p. 59).
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' CHAPTER V

CONVERGENCE OF THE Rh(t)

We shall consider the convergence of the functions Rh(t) as
h —~0 through H. We shall regard {Rh he H} as a sequence

ordered by letting h decrease through H.

Theorem 5.1. Every infinite subsequence {Rh: he H'cH}

of R ‘he H} has a further subsequence which converges for all

t > €, uniformly on any interval 0 < tlfft < t2 < .

Proof. Since 0< R_h(t) 5 1, Theorem 4.2 'implies that the
Arzela-Ascoli theorem is applicable, and by that theorem there
exists successive (nested) subsequences of {Rh heH'} which,
respectively converge uniformly on the intervals [—lr; ,m],
m= 2,3, ,,. . Then the usual diagonal procedure yields a single
subsequence which converges uniformly on each of the intervals

1
[?1; , m]. Since Rh(O) =0 for all he H, this subsequence con-

verges pointwise for t >0 .

Theorem 5.2. Suppose that Rh'(t) —R(t) as h'—0 through

some H'CH uniformly on each interval 0 <t <t<t,<oc. Then R(t)

1 2

is the unique solution of (1.1), (1.9) and

(5. 1) 0<R{t) <1
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Proof. In (3.2), let n— o, h— 0 and nh—t with

heH'. A theorem of Lebesgue (cf. (3, p. 22-23)) implies that
h t
SJ‘K(nh-u)R (vydu— 5 K(t-u)R(u)du
0 h 0

Thus, R(t) satisfies (1.1). Theorem 3.1,(3.20) and Rh(t)ZO

imply (1.9) and (5.1). By Theorem 2.1, R(t) is unique.

Auxiliary Lemma. If a sequence of monotone functions con-

verges pointwise to a continuous function on a closed and bounded
interval, then the convergence is uniform.

The proof can be found in (2, p. 90).

Theorem 5.3. There exists a unique solution R(t), 0 <t<wo,

of (1.1) such that :

(i) R(t) is bounded and max R(t) = 1,
0<t<oo
(ii) R(t) is non-negative,

(iii) R(t) is continuous on [0, %) ,

(iv) R(t) is integrable on (0, )
Moreover, Rh(t)—’ R(t) uniformly as h— 0 through H.

Proof. By Theorems 5.1 and 5.2 there exists a unique

function R(t), 0 <t <o, which satisfies (1.1), (i) and (ii).
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By Theorem 4.1, R(t) is monotone in some neighborhood of t=0,
so that R(0+) exists. Then Theorems 2.3 and 2.5 imply (iii).
Theorem 2.2 implies (iv).

Fix te[0,®) arbitrarily and let r(t) be any accumulation
point, as h—= 0 through H, of the numerical sequence
{Rh(t) * heH}. Then by (3.20), the sequence of functions {Rhi heH}
has a subsequence which converges at t to the value r(t). By
Theorems 5.1 and 5.2, there is a further subsequence which
converges to R on [0, 00), Therefqre, r(t) = R(t) and, hence,
Rh(t) — R(t) as h—+0 through H.

By Theorem 4.1, the Auxiliary Lemma and the continuity of
R(t), we have that Rh(t)—’ R(t) wuniformly in some neighborhood of
t = 0 and the pointwise convergence and uniform equicontinuity of
the functions Rh(t) imply uniform convergence on every finite
interval. Then by Theorem 3.2, the convergence in uniform on
[0, ) .

In this chapter we have shown that the approximations con-

verge uniformly to a function R(t) with the prescribed properties.



CHAPTER VI
CONVERGENCE OF THE Ph(t)

We shall investigate the convergence of the functions Ph(t)

as h —0 through H. We shall regard {Ph: he H} as a sequence

ordered by letting h decrease through H.

We define a function Lth(W,t), 0<w<l, t>0, by

(6.1) Lth(w,t) = Wt for t =nh, n= 0,1, ..., and linear between.

o0

) 00
Lemma 6.1. As w —1- , P, (t)y, (w,t)dt —’SlP (t)dt = 1
0 h h o h

uniformly for he H.
Proof. Since Ph(t)q,:h(w,t) is piecewise-linear and
Ph(O)Lth(W, 0) = 0, we have by (3.28) and (3. 23),

[o0]
0O

\ nh _ h
S(;Ph(t)tl,lh(w,t)dt = hZ Ph(nh)W = hEhAh(W ),

n=0

where Eh is a constant. Let

-

0

w = 1 above to obtain

CO

1
Ph(t)dt—hEhAh(l), whence hEh— Ah(l)

Therefore, by (3.27),
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h 0

Ah(W ) hnh 1 n nh_
) -

o0
(6.2) S'p ), (w,t)dt = ———— = w = exp{-—5
o B h A (1) n2

We want to show that this converges to 1 wuniformlyin h as

w-—=1- . In view of (3.8), it suffices to show that
00
1 Cn nh
(6. 3) — Z — (l1-w ) =0 uniformlyin h as w—1-.
h n .
n=2
By (3.10),
. (n+1)h (n+1)h
0< 1—2 -2 (1-w"P) < 25 B (1 w"yauc 2 BB 1 w"hau, n>2.
b (n-1)h (n~-1)h
Hence,
o (n+1)h
(6. 4) 1—2 Z —r;n— (1-w") < ZZ S.—I%El(l-wzu)du
h n=2 n=2 (n-1)h
00 .
< 45‘ Klu) (l-wzu)du
- u
0
1 WZu
Since lim ——— = -2 log w, which is finite, the last integral
u—0

exists by (1.5) and (1.6), and does notdepend on h. As w-—1-,
the integrand decreases everywhere to zero. Therefore, by

Lebesgue's monotone convergence theorem,
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S'ui{(u) (l-wzu)du—*O as w —1-
0

This result and (6.4) implies (6.3) which yields the desired result.

Lemma 6.2. There exists a constant M such that Ph(t)f M,

0Lt<w, for all heH.

Proof. By (3.28), (3.20) and Theorem 3.1,

(t) '
P (t) = Rh <o, 0Lt<©, heH.

S‘ Rh(u)du S\ARh(u)du

By Theorem 2.4 and the uniform convergence of the Rh(t)’ there
exists hoeH such'that
A 1 A
S‘Rh(u)du> = R(u)du > 0, h<h,, heH
0 ~ 2% -0

So P () <M, for h<h, he¢H, where M = — 2
S‘AR(u)du
0

0

Since each Ph(t), h e H, is bounded and the set theH: h >h0} is

finite, the lemma follows. (Another proof uses Fotou's lemma).

ILemma 6.3. Let w, 0<w<1, befixed. Then
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00 ‘

lim\ P, ({t)y (w,t)dt = 0 uniformly for h e H.
h''"h

T—>0“T

Proof. "By Lemma 6.2 we have

0

00
S:r Ph(t)gph(w,t)dt < MET Lph(w,t)dt, he H

h
By the definition of {y (w,t) , we have w® > wn‘ > ¢y (w,t) for

s <nh <t , so that wt"b >4y (w,t) forall t > 0. Therefore

ot
t-h

by (W, t) <w ng for all h< Let T >2maxth:heH}.

Nt

Then, for all heH,
t
* 2
SPOth(Wn t)dt E§ w dt—~0 as T — oo,
T T

which implies the desired result.

Lemma 6.4. As T oo,

Spo T
P (t)dt—0 and y P, (t)dt —1
T h b h

uniformly for he H .

Proof. We have
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o0 00 ' 00

0< S‘ P, (t)dt = SI‘Ph(t)(l-Lth(w,t))dt-}j S‘Tph(t)¢h(w’t)dt

o0

0 o
E_S;Ph(t) (l-Lth(W,t) )dt + SI‘Ph(t)Lph(W,t)dt, 0<w<l, heH.

Then the lemma follows from Lemmas 6.1 and 6. 3, and (3.30).

Lemma 6.5. There exists a constant A such that

max P (t)z)\>0 for all heH .
0<t<wm

Proof. By Lemma 6.4, for T sufficiently large we have

T

P (t)dt > 1 for all heH. Then l< T max P, (t) and

h 2 2
0 Of_t<oo

j 1
> =

max Ph(t) 5T for all heH .
05t_<_oo

Theorem 6.1, As h—0,

00 00
S‘ Rh(t)dt —»S‘ R(t)dt .
0 0

_<_

00 00 T
Proof. ’5‘ R, (t)dt -S R(t)dt S‘(R (t)-R(t))at
0 h 0. h

0

(e ]

(>e]
+ 5' (t)dt + 5' R(t)dt
TRh T

By (3.31) and Lemma 6.5,
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1 0O 0O

S — L d
fT.Rh(t)dt  Tmax P_(u) fT Ppfdt = 5 ) Paee

0<u<ow

Therefore, -

00 00
l g Rh(t)dt - g R(t)dt
0 0

00
+ g R(t)dt.
T

1 00

T
< y (R (t)—R(t))dt" + “SI P, (t)dt
o B ) h

The theorem follows from Lemma 6.4 and the uniform convergence

of R (t) to R(t)

Theorem 6. 2. There exists a unique bounded, continuous, non-

negative solution P(t) of (1.10) and (1.11), and Ph(t)—>P(t)

uniformly for 9 <t< o as h-—=0 through H.

Proof. The existence and uniqueness of P(t) follow from
(1.12) and the existence and uniqueness of R(t). By Theorem 6.1,
(1.12), (3.28) and the uniform convergence of R'h(t) to R(t), the
0<t<ow as

functions Ph(t) converge uniformly to P(t) on

h —~0 through H.

Theorem 6. 3. The functions {Ph(t) he H} converge in the

mean to P(t).
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Proof. We have

00 00

0 T
Sﬂ |Ph(t)-P(t) |dt 55 IPh(t)-P(t) |dt + Sﬂ P, (t)dt + Sﬂ P(t)dt .
0 0 T T

The theorem follows from Lemma 6.4 and Theorem 6. 2.

Corollary. As h—0,

b b
Sﬂ P, (t)dt — Sﬂ P(t)dt, 0<a<b<w
a a

Proof.
. b b b 0
0 < S. P, (t)dt - S‘ P(t)dt| < S IPh(t)-P(t) ldt < S IPh(t)'-P(t)ldt—- 0
- “a a - a 0

as h—=0 by Theorem 6. 3.

We have shown that the functions Ph(t) converge uniformly
and in the mean to a solution P(t) of (1.10) with the prescribed
properties.

We have by (1.12), (3, 28) and Theorem 6.1 that.

Ph(t) = QhR}'l(t), P(t) = QR(t), where £ and Qh are constants,
and Qh—-Q . In view of this, the two sets of approximations are

very closely related. In fact, any property derived above for either
set of approximations, Ph or Rh’ will also be true for the other set

with trivial modifications,
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