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ABSTRACT '

RICHER .is a sophisticated interpolatlon routine wh!ch altows the user to
generate data for points he doesnot have. :The followinq activities
-are at best: marginally legltlmate.“yu

A. Regenerate a dataset at a d!fferent step slze (monthly ponnts i
" Instead of bimonthly) : . A

B. Estimate: missing data due to equlpment failure .

C." Estimate $tate vectors for times that are ' not increments of

. the simuiatlon step. :

!NTRODUCTION
_RICHER was wrltten upon request for George Hendry and Dave Culver to
allow better estimation of heat budgets in the four: lakes study. In
exchange for RICHcR the information bank received" two addltlonal useful
tools: ;

*bf,ttiﬁia ;B’"' a subroutine whlch squares data to a tectangular
. ogrid by estlmattng the grid value from t sesit

(2) 1SPPLET -~ (author George Hendry) a program to draw temperature o
tsopleths over the annual:cycle N A S A RSN

DIGDAT1 GRID, and ISPPLET form an analysis chaln for- producing ‘contour -

- maps, of lake bottoms from strip. oharts ‘of transect runs allowing better
estimation of the amount of water at. different depths in the lakes.

RICHER and IS@PLET furnish an analysis for producing more accurate,isopteths ’
of the annual temperature. regimes at different depths. TR A :

THE ALGORITHM

"RICHER selects three data points at a time (“t—z» Bz_z) (at_l, 81-1) ,

(at, 8 .), where 223, ..., n and %= the number of data ‘points. The three o
data péints being considered will be referred.to as (z;, y1), (x2, yz), o
and (x5, y3). The point (u$_3, Bi_3) Ts reFerred to as (29, ¥o)- §ER

1see Internal Report GI

'




RICHER checks that y2 Js strictly between y) and y3. [f It is not, then
(x3, y3) 1s reset so that a parabola passing through the three points
will have Its extremum at (z2, y5).

(x3, y3) = (x1 + 2(x2 - z1), ¥1) (1)

This does not alter (ec;, B;) because (x3, y3) are stored in separate
working areas. RICHER passes the parabola y = ¢y + ¢z + czxz through
the three points. &g, e, and ¢, are calculated from the simultaneous
equations .

ep + x1e) + x%e =y

ey + xc) + 222023 Y2 (2)

eq +.x30; + z32e3= Y3

The parabola passes through (zj, y1), (22, y2) and (x3, y3)-

Let X be the matrix of coefficlents for C [, z, 7?2 ~ [eq]and
\ X =1, x5, xzz 5 C= e
1, z3, x32 esl

y1| Equation (2) Is represented by XC = Y. C Is found by C = X~1v.
y3f

A second parabola y = by + blz + box? is fltted through (1, ¥1) and (xz, y2)
with the constraint that y;’ has the same value as y,' = a) + 2a,z, where

@y and aj -are the values found for ¢y and ¢; on points (xo, yo), (x1, 1),
and (zz, y2) (yl' is the slope of the llne at zj). ;

bo, bl, and bz are calculated from the equations

bo + xz1by + 212192 =Y . :
bo + ZZbi o zz bZ -yg . , . (3)
by + Zzlbz = qy + Z'Elaz ‘ R

Here l;kzi; zy? fyy - ~and bo
X= |1, 3, 23, ¥ = Y2 B B =|b
; -0, 1, 2= a) + 2xja, ‘ by

Equatlbn:sgp:(3)ihecames XB = Y and B is found by B = X';Y.
The=wéf§hted7avefage‘of the two pafabolas is formed

= [(xy - z) (bg + b1z + b,x?) :
‘- zf? <c§ teyz+ éixzn?}” (x2 - =1) (4)

Close InSpectlon wiil show equation (h) is.not a parabola," ‘but a third
‘degree polynomial

y'=vddt+ dix + dox? + daz3 (5)




- Equation (5) has Inflection points when 2d; + 6dgx

- equation (5) at (ey, yy

where dge(xzbo - '::':1(30)- / (2’29 "’.“xl)‘s dl =_“§mgb "’Lbo ;*"GQ 7',.”C‘lci) / (x2 - ?1),
ds = {xzbz -by+ oy - xyes) / (xz- xl); dj = %02" sz/ (xz - 'xl‘ .

Equatton,(&)_is.not vaiidnto use between (x31; ¥1) and (x5, y5) tfa
reiat?vejexff¢m9m occurs between z; and xy. This happens 1f" ‘

 dy+2dw o+ 3dple=0 6)
Equation (6) has at most two sclutions

#= { [_e _ (e 2 Lz e)Q]/ 23 . SRy
L ;”ufsei +¢(eiz_e,ue§eg)*]u{j2e§’}'fs " i;Wc7lM

where €g =_di.~91 ¥v2dg,‘and ez—€~343;~ Fyrtherkrefihemeﬂt of the cu
Is needed If either value of « In equation (7) is strictly between

A 4+ The dashed. llnes are the two
sl Ve e s ‘parabolas. S

1 - :
f(:ijjrﬁgk f © - . The solid line i35 the weighted average

) which in this case has an undesired
P ov o+ o .extremum-between xj and xj.
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An inflection between *; and =, is only desired If the line tangent to
] 3% iydoes;not,tntgrsect the 1ine tangent to equation
(5) at )(xz, yz) within the ‘re!ctangie (xl s, yl) Iy (32 ’ yl) ¥ (wz I yz)"
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The Intersection is The intersectlon is
outside the rectangle. : inside the rectangle.

The Inflection is The inflection 1s not -
desired. ; desired.




The line tangent to equation (5) at the point (¢, y) will have the equation -
ye=ly-v)/ c-¢) (8)

where y'c Is the slope of equation (5) at (¢, y). Equation (8) can be
written g1z + y = g,, where g =v + y' and gy = y'e. Two equations are
formed where (zr, yr) Is the Intersection. Mmaxr + yr = by and kar + yr = ko,

oF ¥ w [hl, l] o= [ho‘ p _‘[.:I} or XP = H, P = X"IH. Equation (5)
ko 1)° ky)’ Yr ‘

I's adequate If X, Is not strictly between z; and z» or If y; Is not

strictly between y;, and y,. Equation (5) furnishes an adequate solution

when y, Is not str}ctiy between y; and y;. More refinement may be needed

when y;, y,, and y; are strictly ordered. Equation (5) Is such that o

Y'zoy=yp nyy /2y =@y and ylz, mys = yo [ 3y - 1. Y1, Yz and y3 being
}c require that y'x, and y'z, be of the same sign. An elliptical

an be passed through (x;, y;) and”(x,, y,) such that the slope

is y,' and the slope at z, Is y,"'.

1
“The general equation ?or‘the ellipse is

Zg‘”‘" Lix + Loy + igxy + Ly = .;{2 (9) -

The elllpse’baﬁ%esffﬁrbugh-(¢1i“y1) and (x5, yz) redulrlng
Sttty +_..'/1’~'2;‘+‘x1y113 + 22 = 12 ; (10)
’»o*”z"l'*yz’»z +wxzyzla + xzzlu" = y22 | (”),

A relation Involvlng the slopé y' of-eqﬁatlon (9) can be fodﬁd using
~Tmplicit partlal differentiation. . ‘ T :

21+ Sy’ +‘i3(y +v¢y') + 20z = 2y’ | (12)
The two additional eqﬂationsfarebf ' a . | L , 
C mtwe ‘(iy‘:li o) 2218y = 2’ 3
21 F ya'a * (yp + 2pya’) Ra + 2mp% = 250y’ (i)

An additional constraint Is that the change in the slope is constant.
Using implicit partial different{atlon on equation (12), Loy" + R3(y’ +y'+ 2y +

29, = zy'er“”.(.i zy'y‘h or .
lzy" + "3(21/' + xy") + 2%, = Z(y'z % yy") ‘ (]5)

where y" = (y,7 - y1?) / (=, -z,

Equations 10, 11, 13, 14, and 15 are five equations in 5 unknowns. A
solution for Loo» L1s %25 23 and g, can be found using the matrices




.
2] 2 ]

1,z v 2w ‘ s T | Y1
1, 22, y2, x2y2 5 B IR 7

» X = 0, 1, y1, {y1 + z1y1") s 22y , Y = _ ‘zylyvl' ’
0, 1, y2, (y2 + 22y, ") B R EE-7. 7 A
0, 0, y", (2yy" +my™ .2 |2 (yatya! *yaye”)
rf,o‘

e L ~
and L= 25 The relation Is XL = Y.

ts -~
| 24"

20, 21, %22, 23, and &, are found by L = X"1¥. The ellipse has been fitted.
Now a solution for y in terms of x must be found. el

Starting from equation (9) .

Lo * iz + Loy + zémy + 202 = 42 ‘ 5 x
Lo + fx + 2,22 = y2 - gy - Lamy -~ (16)
Lo + 1> + ux? = y2 = y%zz + 232) TR o

Add (25 + 232)2/k to both sides completing the square. y - 3(g, + 232) =
tag + t1z + fg? + {2y + 032)2/81F gy = 3(gy + gx) ¢ [ag + 2z + 2422 +
(02 # 0ez)2/81¥ - ° 7 0 DT T T T

The choice of the function depends upon the second derivative of the ellipse.

Cy" = (y2" - y1') / (zp ~ z;). The larger value of y must be taken if the
ellipse is curving downward and the smaller value of y vust be taken if the
ellipse is curving upward. ‘ '




USAGE -

The call to subroutine RICHER Is
CALLRICHER(XI Y ,NDI 2 X8, YS NDP , XMING, XSTEP)

where,(Xl(l), YI(1)), 1 =1, ..., NDI are theVNDl ordered pafrs to be
enriched. :

(xg(J), Y¥#(J)), J =1, ..., NDJ are the NDF ordered pairs generated by
RICHER such that xa(J) = (J - 1) % XSTEP + XMIN¢ J = l ..., ND@.

The deck structure using RICHER In a F@RTRAN program.

JUBCARD, CH“OOOO T60,PO0.

- REQUEST, RICHER VRN'PBSA pl, IN FlLES‘A].‘ .
© F@RTRAN
LQAD(RICHER)
LGO
(End of record card)

FARTRAN program
(End of record card)

Data cards
(End of jJob card)

RICHER was used to generate 1000 points from the 14 po!nts shown | L
on the following graph. The solid line was formed by connecting the
generated points by stra!ght Ilne segments i





