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SOME CONTRIBUTIONS TO ASYMMETRIC ERROR CONTROL
CODES

1. INTRODUCTION

1.1. Preliminaries and Foundations

Communication systems are designed to send information or messages from
a specific source to one or more destinations. A typical communication system
can be represented as shown in Figure 1.1. The main parts of the system are
the transmitter, the channel, and the receiver. The transmitter converts the data
source to a suitable format to be sent through the channel. The channel is the
transmission media between the source and the destination. The channel might
be a digital channel, a telephone line, optical fiber cables, etc. In most cases, the
channel is noisy, and so the transmitted word may be corrupted. In this case,
after receiving this corrupted word, the receiver tries to recover the original word.
In the following paragraphs, we describe the components of Figure 1.1.

The input (data source) of the system is a source which provides a stream
of information. This stream of information might be a sequence of images such
as X-rays or pictures, or a sequence of symbols such as letters from the English
language, a set binary symbols from a computer file, a waveform such as a voice
signal from a microphone, etc. There may be a lot of redundancy in the source

symbols. Thus, the source encoder compresses this data stream, meaning that



the data stream is represented with as few bits as possible without destroying its
information content.

The channel encoder adds some appropriate redundant bits (called the
check bits) to the compressed data and then sends it through the channel. At the
receiver, these check bits are used to recover the original data word at the receiver
by the channel decoder. Finally, the source decoder recovers the original source
data by decompressing the data obtained from the channel decoder, it maps the
resulting sequence of bits back to its original form by using the inverse 'mapping’
of the source encoder.

As mentioned earlier, the channel is noisy and so the transmitted word
may be corrupted - some bits may be lost or changed during the transmission. In
1948, Shannon published his famous paper ” A Mathematical Theory of Commu-
nication” [45]. In this paper, he introduced the channel coding theory in which
he showed that channel noise does not prevent error-free communication, i.e. he
proved that information can be sent reliably over a channel at all rates (measured
in bits per seconds) up to the channel capacity (also measured in bits per seconds).
In other words, he proved that the channel capacity is the upper bound on the
number bits that can be sent per unit time with almost zero bit error probability.
Shannon’s work provided only the theoretical model for the information capacity
of the channel without discussing how to achieve this capacity. After this paper
was published, researchers started working on designing codes which could achieve
the capacity of the channel. These techniques are known as error control coding.

The errors that can occur because of noise are many and varied but can be
classified into three main types, symmetric, asymmetric, and unidirectional errors.
In symmetric errors, both of 1 — 0 and 0 — 1 errors can occur simultaneously in a

data word, and this can be modeled using the Binary Symmetric Channel (BSC) as




Channel

S i | Source Channel
ouree |  Encoder Encoder
Destination Source Channel
Decoder Decoder

S

Receiver

FIGURE 1.1. Typical Communication System.

shown in Figure 1.2. Errors in many practical systems such as telecommunication
systems, etc, can be described using the BSC model.

In asymmetric errors, only one type of errors, either 1 — 0 or 0 — 1, can
occur in a data word and the other type does not occur in any data word. In
this case, the decoder knows a priori the type of error. This type of error can
be modeled using the Z or Z channel as shown in Figure 1.3. Errors in some
practical systems can be characterized using this model. For example, in optical
systems, the photons may decay or fade but no photos can be generated upon
transmissions. In these systems, the presence of photos is represented by 1 and

the absence by 0. Thus, the error characteristic of these systems can be modeled

by the Z-channel.
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FIGURE 1.2. BSC Channel.
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FIGURE 1.3. Z-Channel and Z-Channel.

In unidirectional errors, both of 1 — 0 and 0 — 1 errors can occur but can
not occur simultaneously in a data word. In this case, the decoder does not know
a priori by which type of error can occur. The errors in some digital devices such
as data transmission systems, shift-register and magnetic-recording mass memory,
ROM and RAM memories, and interconnection networks can be modeled using
unidirectional errors. For example, in a shift register memory, a stuck-at-1 (or a
stuck-at-0), at the output of a register results in an all 1 (or all 0) output.

There are two major error control techniques used in practice - Forward
Errors Control (FEC) which uses error correcting codes and Automatic-Repeat-
Request (ARQ) which uses error detecting codes. Many times a combination of
these two methods known as hybrid ARQ protocol, which uses error correcting
and error detecting codes simultaneously, are also used. These methods are briefly

explained in the next few sections.

1.2. Forward Error Control (FEC)

In these schemes, the transmitter encodes the information word into an

error correcting code word and sends it to the receiver. If the receiver detects




errors in the received word, it attempts to determine the exact location of these
errors, and then attempts to correct them using the parity bits. The amount of
the added parity bits is expressed in terms of the code rate (R). The code rate
of transmission is the ratio between the number of data symbols transmitted per
code word to the total number of symbols transmitted per code word [52].

FEC schemes have bounded time delay equal to the processing time for
encoding/decoding and have a constant throughput equal to the code rate re-
gardless of the channel conditions. These schemes are suitable for those types of
communications that require getting the message correct in the first transmission.

On the other hand, if the receiver fails to determine the exact locations of
errors, then the received data will be incorrectly decoded and the user (or data
sink) will receive erroneous data [33]. We can summarize the main disadvantages

of using FEC techniques as [52, 29, 2, 33]:

(1) Hard to achieve high system reliability.

(2) FEC requires more coding processes than ARQ to achieve the same reliability.
(3) The decoding process is hard to implement and expensive.

Some of the widely used symmetric error correcting codes are Hamming codes [24],
linear block codes [52, 40], Hadamard codes [4, 52], cyclic codes [41-43], BCH
codes [14, 13], Reed-Solomon codes [44], and convolution codes [19, 53]. Some
codes and implementation methods for asymmetric error correction are given in

47, 46, 9, 8, 1, 18, 36, 35].



1.3. ARQ Protocol

As we mentioned in the previous section, the data transmission takes place
in only one direction when using FEC techniques, i.e. from the transmitter to
the receiver. However, in ARQ techniques, data transmission is done in both
directions. Further, FEC uses error correcting codes, whereas ARQ uses error
detecting codes. The error correction codes mentioned in the previous paragraph
cafl also be used for error detection. The codes given in [6, 5, 25, 31, 26, 37, 38,
40, 48, 28, 32, 51, 27, 23] are examples of t-unidirectional detecting codes. The
transmitter starts sending the codewords and sets a timer for each one it transmits.
If the received word is error free, and is correctly received by the receiver, then it
will be delivered to the user or stored in a buffer. At the same time, a positive
acknowledgment (ACK) is transmitted by the receiver through a return channel
to notify the transmitter that the word has been successfully received. On the
other hand, if the receiver detects one or more errors in the received word, it
sends a negative acknowledgment (NAK) to the transmitter via a return channel
requesting it to resend the word. The system continues this retransmission until
the received word is correctly received, i.e. received without errors. This scheme
is simple to implement and provides highly reliable data transmission.

In 1964, Benice and Frey [2] classified ARQ protocols into three main types:
stop-and-wait ARQ, go-back-N ARQ, and selective-repeat ARQ. These types of

protocols differ in the following [52]:

(1) Number of words that the transmitter can send without receiving acknowl-
edgments from the receiver for the previous transmitted words.

(2) The buffering availability at the transmitter and the receiver.

Also, the performance of protocol is studied based on [33]:



(1) Reliability (Accepted packet Error Rate). This is the ratio of the number
of accepted words that contain one or more bit/symbol errors to the total

number of accepted words by the receiver.

(2) Throughput for the system: the average number of encoded data words ac-
cepted by the receiver in the time it takes the transmitter to send a single

k-bit data packet.

In the following paragraphs, we briefly discuss these three protocols [52, 29, 34,
2].

1.3.1. Stop and Wait

This is the simplest of the ARQ protocols. After transmitting the code
word, the transmitter will wait for an acknowledgment. If the transmitter receives
ACK, it then sends the next code word. If either the timeout times expires without
receiving an acknowledgment, or the transmitter receives NAK, the transmitter
retransmits the same code word again. This procedure continues until ACK is
received. So, buffering is not necessary at both the receiver and the transmitter.
The main disadvantage of using this scheme is that the transmitter is idle while
waiting for the acknowledgment resulting in a low throughput performance. Stop-
and-wait is useful in some computer applications such as interprocessor transfer
in multiprocessing systems, where the round trip delay is extremely low. Figure

1.4 explains this protocol.



Retransmission Retransmission

Transmitter |\1] |2] l | |3l J4| J5[

A
Transmission \\ \ACK NA“ \\ACK \\ adr \\\ Nssx\\ Acx
Receiver [l L [2[ l2 I3 I 14 | ISI | |

f I

Error Error

FIGURE 1.4. Stop-and-Wait Protocol.

1.3.2. Go-back-N ARQ protocol

If there is some buffering available in the transmitter side and not neces-
sary at the receiver end, go-back-n ARQ protocol can be used. In this protocol,
the transmitter sends the code words in a continuous stream without waiting for
an acknowledgment from the receiver. If the receiver detects an error in a received
word, it requests a retransmission for this word by sending NAK to the transmit-
ter. At this point, all subsequent incoming words are ignored until the transmitter
retransmits the requested word and the receiver receives it. Therefore, buffering
is not necessary at the receiver. When the transmitter resends a word, it also re-
sends all subsequent words (which were ignored at the receiver after detecting the
first erroneous word). This makes buffering necessary at the transmitter. Figure

1.5 explains this protocol.

1.3.3. Selective-Repeat ARQ protocol

If some buffering is available at both the transmitter and the receiver,
Selective-Repeat ARQ protocol can be used and implemented. In this protocol,

the transmitter sends the words in a continuous stream without waiting for ac-
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FIGURE 1.6. Selective Repeat Protocol.

knowledgment from the receiver. If the receiver detects an error in one of the
received words, it requests a retransmission for this word by sending NAK to the
transmitter. At this point, the transmitter resends the required word and then
resumes transmitting the new code words. So, buffering is necessary at both sides.

Figure 1.6 explains this protocol.

1.4. Hybrid ARQ protocol

In ARQ), as explained earlier, if the receiver detects one or more errors in
the received word, it asks the transmitter to retransmit the same word again, and

this procedure is repeated until the word is correctly received. This scheme is
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simple to implement and provides high reliability but it has some disadvantages

such as [52, 29, 2, 33|
(1) It has a variable delay time.
(2) It is harder to implement when the round-trip delay increases.

(3) The throughput of the system will rapidly decrease when the channel error

rate increases

To overcome the drawbacks of both of FEC and ARQ schemes, a combination
| of both schemes, called hybrid ARQ protocols, have been developed. There are
two types of hybrid-ARQ protocols - type-I hybrid ARQ and type-II hybrid ARQ,

which are described below.

1.4.1. Type-I Hybrid ARQ protocol

In this type of protocol, parity bits are included for both error correction
and error detection. (Note that a code is capable of correcting t-errors and detect-
ing d (d > t) errors if and only if the minimum distance of the code is ¢t +d + 1.)
If the receiver detects an error in the received word, and the number of errors is
within the error correcting capability of the designed code, then the errors will be
corrected and ACK will be sent to the transmitter requesting a transmission of
the next word. On the other hand, if the word is received with detectable but un-
correctable errors, then the receiver discards the erroneous word and sends NAK
requesting a retransmission of the same word. This process continues until the

word is successfully accepted or the maximum retransmission number has been

reached [34, 52].

1 o
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1.4.2. Type-II Hybrid ARQ protocol

The main way that the type-II hybrid ARQ protocol differs is that, it
sends additional parity check digits for error correction to the receiver only if they
are needed. The words that could not be successfully decoded at the receiver
are saved. When the transmitter receives a request for a retransmission, it sends
additional parity bits to the receiver. The receiver appends these additional parity
bits to the saved (corrupted) words and attempts to correct the errors. This

process is repeated until the word is successfully decoded. [33, 52, 34].

1.5. Diversity Combining for the Z-Channel

In the case of the Z-channel, the throughput of the ARQ system can be
improved using a simple diversity combining technique without adding much to
the hardware. The main idea is briefly explained below assuming that the system
uses a t-AED code [30].

At the receiving end, the received word is combined with the previously
combined word. This word combination is done by a bit-by-bit logic OR opera-
tion as shown in Figure 1.7. When the combined word is still in error, a NAK
is sent to the transmitter requesting it to resend the same word. However, if the
combined word is error free, the word is accepted and ACK is sent to the trans-
mitter requesting it to send the next codeword. As an example, assume that the
codeword X = (0100111010101) is transmitted over the Z-channel and is received
as (OIOOQIQOIOQOI), i.e. it suffers from three bit errors. Assume that the code
can detect up to 3 errors. Now, the receiver requests the transmitter to resend the
word and in each of the consecutive steps, the received word is bit-by-bit OR-ed

with the previously stored word. Assuming that the sequence of the first three




Transmitter
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FIGURE 1.7. Packet reusing scheme for the Z-channel.

v

X,

Zy

DN = O

3

0100010010001
0100101010001
0100101000101

0000000000000
0100010010001
0100111010001
0100111010101

12

TABLE 1.1. A sequence of transmissions for the codeword X = 0100111010101

over the Z-channel using diversity combining technique.

retransmissions yield the words given in Table 1.1, the codeword X is recovered

after these three retransmissions. In this table, Z, = Z,_; V X, is the combined

word at each step r.
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1.6. Outline of the Dissertation

Since all the work in this thesis are for the asymmetric errors, we first
study the capacity of the asymmetric channel. To the best of our knowledge,
these result is not known till now. Bose and Lin [11] have designed systematic
codes for detecting asymmetric errors. These codes can detect up to 2, 3, and 6
errors using 2, 3, and 4 check bits, respectively. On the other hand, two different
methods are proposed for the cases of check bits r > 5. The codes designed
based on Method 1 can detect up to 2"~2 + r — 2 errors and based on Method 2
up to 5 x 2"~* + r — 4 errors where r > 5. Table 1.2 shows the error-detecting
capabilities of the Bose-Lin codes designed by both Method 1 and Method 2. In
some applications, it may be important to apply the Bose-Lin to a larger block of
data to reduce the number of times the check needs to be performed, at the risk of
exceeding the maximum detected capabilities. In one recent example, a Bose-Lin
code has been used in conjunction with a linear-feedback shift register (LSFR)
multiple-input signature register (MISR) in order to decrease the probability of
undetected faults. Hence, studying the performance of Bose-Lin codes when the
errors are beyond the maximum designed error detection capabilities is worth.

Although there are some codes designed before to detect unidirectional
errors over Z,, m > 2, we design a new code but with few number of check bits.

In ARQ protocols, as mentioned before, it is important to improve the
performance of the system by reducing the number of retransmissions needed to
receive a correct code. In our work, we study the performance of some codes
over a discrete memoryless m-ary asymmetric Z-channels, m > 2, by deriving an
expression for the number (or the expected number) of retransmissions needed to

receive a code correctly. First, we derive the expected number of retransmissions
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for pure ARQ protocols. Then, we do the same for type-I hybrid ARQ protocols,
and apply the derived expression to obtain the throughput of some special cases
of the m-ary asymmetric channels.

Finally, we design a new diversity combining scheme to reduce the number
of retransmissions. In this scheme, the correcting and detecting process are used
based only on the combined word not on the received word. Due to the charac-
teristics of the asymmetric errors and the way our scheme works, the number of
errors in the combined word will be less than or equal to the number of errors in
the previous one. Hence, the number of retransmissions needed to received a code
is decreased. Later we give a numerical comparison between the performance of
type-I hybrid ARQ and ARQ with diversity combining protocols.

The thesis is organized as follows. In Chapter 2, the capacity of the asym-
metric channels is derived. Further, the capacity of the binary symmetric channel
(BSC) and the Z-channel can be obtained as special cases of this formula.

In Chapter 3, some analysis of extended error detecting capabilities of
Bose-Lin codes are described.

In Chapter 4, a new class of a systematic t-unidirectional error detecting
codes over Z,,, m > 2 is designed. The codes can detect 2 errors using r = 2 check
bits and up to m"~2 4+ r — 2 errors using r > 2 check bits. Some upper bound on
the maximum number of detectable errors when using r check bits are described.

In Chapter 5, we analyze the throughput of the following ARQ schemes

over the m-ary Z-Channel, m > 2:
(1) ARQ protocols using ¢t-Asymmetric Error Detecting (t-AED) codes.

(2) ARQ protocols using All Asymmetric Error Detecting (AAED) codes.
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r || Number of Errors Detected
Methodl Method?2

5 11 11

6 20 22

7 37 43

8 70 84

9 135 165

10 264 326

11 521 647

12 1034 1288

TABLE 1.2. Maximum number of errors detected by Bose-Lin codes using

Method 1 and Method 2.

(3) Type-I hybrid ARQ protocols using t-Asymmetric Error Correcting and All

Asymmetric Error Detecting (t-AEC/AAED) codes.

(4) ARQ Protocols with diversity combining using t-Asymmetric Error Correct-

ing and All Asymmetric Error Detecting (t-AEC/AAED) codes.

Conclusions and future works are given in Chapter 6.



16

2. CAPACITY OF THE ASYMMETRIC CHANNEL

2.1. Introduction

Asymmetric channel, as given in Figure 2.1, is the channel with {0,1} as
input and output alphabets, and p; and p, as the probabilitiesof 0 —+ 1and 1 — 0
bit errors, respectively. In many practical systems, such as optical fibers and disks,
semiconductor memories, etc., the errors can be modeled using the asymmetric
channel. In this chapter, the capacity of asymmetric channel is analyzed.

This chapter is organized as follows: fundamentals and definitions of asym-
metric channel, and capacity are briefly given in Section 2.2. Analysis and achiev-

ing the capacity of asymmetric channel are described in Section 2.3.

2.2. Definitions and Fundamentals

In this section, we will briefly give some definitions from information theory.
For a channel with input alphabet Sy and output alphabet Sy, let p(y;|z;) be the
probability that the output from a channel is y; given that the input to the channel
is z;. Then, we can represent the channel by a (|Sy| X |Sx|) transition probability
matriz, M, such that M = [m;;|=[p(yi|z,)], where ¢ =0,1,2,---,|Sx| — 1, and j =
0,1,2,---|Sy| — 1, i.e.

( plwleo)  plnalzo) - plusylze) )

p(yolz1)  plylz) -+ p(YsyilT1)

\P(yo|$15xl) p(yilTsx)) - P(ylsﬂliﬂsxl))

. S
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FIGURE 2.1. Asymmetric Channel.

A channel is said to be a symmetric channel if the rows of the transi-
tion probability matrix, M, are permutations of each other, and the columns are
permutations of each other. For example, the binary symmetric channel (BSC)
shown in Figure 1.2, in which p is the probability of the error, has the following

transition probability matrix:

p(0j0)=1—p p(1]0) =
p(0l)=p p(A1)=1-p

Entropy is a measure of the uncertainty in a random variable. It is the
number of bits on the average required to describe the random variable. The
entropy of a random variable X with a probability mass function p(z) is defined

as:

=—> p(x)log; p(z

The conditional entropy, H(X|Y), is the entropy of a random variable
X given another random variable Y. The mutual information, I(X,Y), is the
measure of the amount of information that one random variable Y contains about

another random variable X. The mutual information for the two variables X, and
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FIGURE 2.2. Erasure Channel.

Y is defined as:

I(X,Y)=H(X) - HX|Y) = ¥ p(z,y)log: [

T,y

p(il?,y) jl
p(z)p(y)]

The channel capacity, C, of a discrete memoryless channel with input X and

output Y is defined as the maximum mutual information, i.e.

Cpyp, = maxI(X,Y),

p(z)

where the maximum is taken over all possible input distributions p(z).
For example, the information capacity of a binary symmetric channel
(BSC), in which p is the probability of the error, is C(p,p) = 1 — h(p) bits [15],

where h : [0,1] — R is the entropy function
h(z) = —[zlogyz + (1 — z) logy(1 — z)] .

Also, the information capacity of a binary erasure channel shown in Figure
2.2is C =1 — a bits [15], where « is the probability of occurrence of an erasure.
A third example is that the capacity of Z-channel [49], in which the input and
the output alphabets are {0,1}, and the probability of the crossover 1 — 0 errors
is p, and the probability of the crossover 0 — 1 errors is 0 as shown in shown in
Figure 1.3, is

h(p) h(p)
2p)/(1-p) 41 [2h)/(1-P) 4 1](1 — p)’

Czp) =
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Definition 1 An (M, n) code for the channel (Sx, p(y|z), Sy), where M, is the

number of codewords with length n, consists of the following:
(1) An index set {1,2,---, M,}.

(2) An encoding function X™ : {1,2,---,M;} — S%, yielding codewords
X™(1), X™(2),---, X™(M).

(3) A decoding function
g:5% = {1,2,---, My},

which is a deterministic rule which assigns a guess to each possible received

vector.

Definition 2 (Probability of error): Let A; = Pr(g(Y™) # i|X™ = X"™(3)) be the

conditional probability of error given that index i was sent.

Definition 3 The mazximal probability of error \™ for an (My,n) code is
defined as:

)\(n) — maxie{l,z,"'yMl}Ai .

Definition 4 The rate, R, of an (My,n) code is R = logs My /n bits per trans-
mission, i.e. R is the ratio between the length of a source message and the length

of an encoded message.

A rate R is said to be achievable if there exists a sequence of (2"F n) codes such
that the maximal probability of error A — 0 as n — oo [15]. The next theorem is
the fundamental result in information theory which specifies the maximum number
of codewords that we can define and maintain completely distinguishable outputs.
In this theorem, Shannon proved that the information can be sent reliably over a

channel at all rates up to the channel capacity [15, 45].

o o
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Theorem 2.2.1 (The Channel Coding Theorem) All rates below capacity C are
achievable. That is, for every ¢ > 0 and rate R < C, there erists a sequence
of (2"E,n) codes with mazimum probability of error A — 0. Conversely, any

sequence of (2"E n) codes with A — 0 must have R < C.

2.3. The Capacity of the Asymmetric Channel

In this section, we find the capacity of asymmetric channel shown in Figure
2.1. Let p; (p2) be the probability that a 1 (0) is received when 0 (1) is transmitted.
Let p(y|z) be the probability that the output from a channel is y given that the
input to the channel is z. Then, the following transition probability matrix, M,

defines the asymmetric channel:
p(0/0) p(1/0)
p(0[1) p(11)

Le.

Let X € {0,1} be a random variable with p(X =0) =1 —g¢, and p(X = 1) = g¢.
Suppose that X is fed as input to the asymmetric channel, and Y is the output

with the following probabilities:

p(Y =0)=(1-¢)(1 —p1) +gp2, and
p(Y =1)=(1-q)p1 +q(1 — p2).

Define I(X,Y) as the mutual information between the two random variables X

and Y,ie I(X,Y)= H(Y)— H(Y|X) as given in Figure 2.3. Thus, the capacity



H(X,Y)

d \

H(X) H(Y)

‘ , FIGURE 2.3. Mutual Information.

of the channel is defined as:

~ = max[H(Y) ~ H(Y|X)].
Cprps = Max I(X, V) = max [H(Y) - H(Y|X)]

Let h: [0,1] — R be the entropy function as defined before,
h(z) = —[zlogy © + (1 — z) log,(1 — z)],

then, the entropy of Y is

1

1—q)p1 +q(1 — ps)]
1

H03=K1—qwr+ﬂ1—mﬂb&K

+ (1~ g)(1 — p1) + g p2]log, T

=h[(1-g)p1 +q(1 - p,)].

1-¢)(1—p1)+qpo

For the entropy function of Y given X, we have

H(Y|X) 2} H(Y|z)
—p(X =0)HY|X=0)+p(X =1)H(Y|X =1)

=(1-q)H(Y|X =0)+q H(Y|X =1),

where

21
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1
HY|X =0)=p(Y = =0)1
1
Y = =
+ p( 1|X O)Ingp(Y:1|X:O)

1 1
=(1-p1)lo + p1logy, — = h(p1),
(1-p) gzl—pl N g2p1 (p1)

and similarly,

1
H == 1 = = prd
+p(Y =1|X = 1)1 !
1 1
= ps.log, — + (1 — = h(ps).
p2-log, ot (1= p,)logy T— o (p2)

Hence,
H(Y|X) = (1 - q)h(p1) + q h(p2)-
= I(X,Y)=H(Y) - H(Y|X) = h[(1 — ¢)p1 + q(1 — p2)] — (1 — @)h(p1) — qh(p2)
= hl[p1 + q(1 —p1 — p2)] — (1 = Qh(p1) — ¢ h(p2).

Consider the above function as a function of ¢ € [0,1], fy, p,, as:

Sorw2(@) = hlp1 + q(1 = p1 — p2)] = (1 = @)h(p1) — ¢ h(p2).
For all py,p2 € [0,1], fp,p,(q) is continuous for all g € [0, 1], and derivable for all
g € (0,1). Thus,
Jorp2(@) = (1 = p1 — p2) ' [pr + q(1 — p1 — p2)] + h(p1) — h(p2)

Since h'(z) = log, [(1 — z)/z], then we have,

1—[p1 +q(1 —p — )]
p1+q(1 —p; —p2)

for02(@) = log; (1 — p1 — p2) + h(p1) — h(p2).

Now, let f/

P1.p2 (g) = 0. Thus, we will have

1—[g(1—p1 —p2) + pi]
Q(l - N — Pz) +m

h(Pz) — h(p1)
1-p—p2

log, >

:
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h(Pz)—h(pg)]
=
g(1—p — P2) +m

-1> 2[ 1-p1—p2

1
=q(1-pr—p2)+p1 < o —
e
1
= q S [m _pI:I /[1 iy 4 _pZ] = qmaz(plipZ)'
21 1-p1-p2

= Cpypp = maxqe[O,I]I(X’ Y)
=h ((1 - qmaz)pl + qmaz(l - p2)) - (1 - Qmaz)h(pl) - qmazh(p2)
=h (qmaz(l — D1 p2) +p1) - (1 - qmaz)h(pl) — Qmax h(Pz)

=h (qmaz(]- — D1 Pz) +p1) — Qmazx (h(pZ) - h(pl)) - h(pl)

| 2(h(p2)=h(p1))/(1—pr—p2) 4 ]

1 h(p2) — h(p1)
- [Z(h(Pz)—h(pl))/(l—pl—pz) ¥1~ pl] [(1 o)~ h(p1)-

To conclude this section, we give three special cases:
Case 1:

When both of p; and p; are small, we will have

o 1 (5) = 3 1) — bip)] ~ Bl

~1- % [A(p1) + h(p2)]

Case 2:

When p; = p; = p, we will have
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FIGURE 2.4. BSC, Asymmetric and Z channels.

O =Cpo =1 (557) - (57 -7) (155 10~ h0)) -~ )
=h (%) — h(p) = 1 - h(p).

This is the same as the capacity of a binary asymmetric channel with bit error
probability p.
Case 3:

When p; =0 and p, = p, we will have

1 1 1
Cop=h [21:(1;;_)3::;0) N 1:| - [ AP A () 1 - OJ [mj’ [h(p) — h(0)] — R(0).
h h(p)

T 2E/R 11 2R/ +1)(1—p)

This is the same as the capacity of a Z-channel with bit error probability p.

Figure 2.4 shows the BSC, Asymmetric and Z-Channels.
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3. SOME ERROR DETECTING PROPERTIES OF BOSE-LIN
CODES

3.1. Introduction

The error characteristic of some VLSI systems is unidirectional or asym-
metric [5]. In the asymmetric case, all errors are of only one type, say 1 — 0,
whereas in the unidirectional case, all errors within a word can be of the same type,
but they can be 1 — 0 type in one word and 0 — 1 type in another word. From the
error detecting point of view, these cases are equivalent, meaning that a code ca-
pable of detecting ¢t-asymmetric errors is also capable of detecting t-unidirectional
errors. Optimal all unidirectional error detecting codes, both systematic and non
systematic, are given in [21, 3]. Optimal non-systematic t-asymmetric error de-
tecting codes are given in [7]. Systematic codes, where check bits are separated
from information bits, capable of detecting t-unidirectional errors regardless of
data word length are given by Bose and Lin in [11].

Unidirectional and asymmetric errors are typical of stuck faults in VLSI
circuits. These conditions can also be approximated by channels such as some
fiber optic links with very asymmetrical error transition probability. Let tmazx be
the maximum number of errors a Bose-Lin code is designed to detect. Typical
applications for Bose-Lin codes to date (e.g., [22]) have been ones in which the
results are checked often enough that no more than tmaz errors will occur in the
code word.

In this chapter, the error detecting capabilities of Bose-Lin codes beyond
these tmaz-errors are analyzed [20]. An example application where a Bose-Lin
code could encounter such large number of errors is if it were used to detect faults

in blocks of data transferred over a bus with a data path stuck fault. If the
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bus is narrower than the block length, multiple bits can be affected by the bus
fault. In other applications, it may be beneficial to apply the Bose-Lin to a larger
block of data (or to data passing through more processing) in order to reduce the
number of times the check needs to be performed, at the risk of exceeding tmazx.
In one recent example involving a complex system-on-chip, a Bose-Lin code has
been used in conjunction with a linear-feedback shift register (LSFR) multiple-
input signature register (MISR) in order to decrease the probability of undetected
faults.

The chapter is organized as follows: Bose-Lin code constructions are briefly
given in Section 3.2. Some analysis of Bose-Line codes capable of detecting more

than the tmaz errors is described in Section 3.3.

3.2. Bose-Lin Codes

The Bose-Lin codes can detect up to 2,3 and 6 errors using 2,3, and 4 check
bits, respectively. For all check bits r > 5, two methods are used. Using r check
bits, the codes designed based on Method 1 can detect up to 2" ~2+r—2 errors and
based on Method 2 up to 5 x 2% 4+ r — 4 errors. In this chapter, some analysis
of the codes for detecting more than these maximum designed error detection
capabilities are given. Before describing the main results, some definitions and
notations, which are useful in studying the error detecting capabilities of these
codes, are given.

Let X = (21,22, -, 2,) and Y = (y1, %2, -+, yn) be any two n-tuples over
GF(2). Let N(X,Y) denote the number of 1 — 0 crossovers from X to Y. For
example, if X = 1011 and Y = 0101, then N(X,Y) = 2 and N(Y,X) =1. In

;
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general N(X,Y) # N(Y, X). From this definition, we can express the Hamming
distance between X and Y as D(X,Y) = N(X,Y) + N(Y, X).

Two words X and Y are called unordered if N(X,Y) > 1land N(Y, X) > 1.
For example if X = 11011, Y = 10001, and Z = 00111, then X covers Y, which is
represented by Y < X, whereas X and Z are unordered. Further Z £ X indicates
that X does not cover Z.

The following theorem describes the unidirectional error-detecting capabil-

ity of block codes [11].

Theorem 3.2.1 A code C is capable of detecting t-unidirectional errors if and

only if for all X,Y € C, either X and Y are unordered or D(Y, X) >t + 1.

In the next few paragraphs, we briefly describe the Bose-Lin codes. We
assume that k > 27; otherwise, we could use Berger codes to detect all errors. The

design technique of these codes are described in the following three cases.

3.2.1. Double and Triple Error-Detecting Codes

Double and triple error-detecting codes require 2, and 3 check bits, re-
spectively. In this case, the check symbol CS for each code word is generated as
follows. Count the number of 0’s, kg, in the information part and take this modulo
2", i.e. CS = ko (mod 4) for the double error detecting codes, and C'S = ky (mod

8) for the triple error-detecting codes.

3.2.2. Error-Detecting Codes with 4 Check Bits

In this case, the check symbol CS for each code word is generated as

follows. Count the number of 0’s, kg, in the information part taken modulo 8,
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convert the result to a binary number, and finally add 4, which in binary is 0100,
ie. CS = ko (mod 8)+4, where kg mod 8, and 4 are 4-bit binary numbers. In
other words, the Most Significant Bit (MSB) of the check bit is the complement

of the second MSB. This can detect up to 6 errors.

3.2.3. Error-Detecting Codes with more than four check bits

3.2.3.1. Method 1

Divide the check bits into two parts. The first part contains the first two
bits of the check part. The two most significant bits can take 01 and 10 only. The
other part contains the remaining r — 2 check bits which take all 22 possible
binary (r — 2) tuples. So, the number of check symbols will be 2 x 2r—2 = 21,

The least (r —1) check bits are obtained by taking ko mod (27~!) in binary.
The MSB of the check bits is then obtained by complementing the second MSB
of the check. For example, when r» = 5 there will be 2°~! = 16 check symbols
where the repetitive check symbol sequence for the information symbols will be
10111, 10110, 10101, 10100, 10011, 10010, 10001,10000, 01111, 01110, 01101,
01100, 01011, 01010, 01001, 01000. These codes are capable of detecting up to

272 4 r — 2 errors.

3.2.8.2. Method 2

Divide the check bits into two parts. The first part contains the first four
bits of the check part which always take any one of the 2-out-of-4 vectors namely,

0011, 0101, 0110, 1001, 1010, or 1100. The other part contains the remaining r —4
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check bits which take any one among the 2"~* possible binary (r — 4) values. So,
the number of check symbols will be 6 x 274,

To generate the check symbols, first count the number of 0’s in the infor-
mation part of the code word taken mod 6 x 2"~* and then express it in (r —1)- bit
binary, i.e. the intermediate check symbol for the received word will be CS" = kg
(mod (6 x 2~*)) where kg is the number of 0’s in the information part. The 3
most significant bits for C'S’ can be {000, 001, 010, 011, 100, 101}. Next, define a
1 —1 mapping, f, from these symbols to 2-out-of-4-words to get the check. These
codes are capable of detecting 5 x 2"~* + r — 2 errors.

Notice that when r = 5, both methods detect up to 11 errors. But, when

r > 5, codes designed by Method 2 are superior since 5x 2" 4 +r—4 > 2" 24 r—2,

3.3. Error detecting properties

The following notation is used in this Section:

k: number of information bits,

ko: number of zeros in the information part of the code word,
ko number of zeros in the information part of the received word,
T number of check bits,

n: - =k +r, length of the code,

Zepn: check value of the code word,

z,,: check value of the received word,

E: number of errors in the received word,

e: number of errors in the check part,

E—e: number of errors in the information part,
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In this section, first we describe the error detecting capabilities of codes
using 2 (and 3) check bits, when the number of errors are more than 2 (and 3)
respectively. Then, some rules to check whether a given number of errors greater
than 2"2 +7 — 2 (or 5 x 2" +r — 4) can be detected or not using Method 1 (or
Method 2) are given. The analysis is done under the assumption of 0 — 1 errors.
They are also valid for 1 — 0 errors.

For the codes with r = 2 or 3 check bits, using ky = ko — (E — e), the

syndrome, S, can be defined as:
S = (x,, — ko)( mod 27) = [z, — (ko — (E — €))] mod 27)
=[E — e — (zen — 7,4)](mod2").

If S = 0, then the decoder declares that there is no error in the codeword. On the
other hand, if S # 0 then there must be some errors in the received word. Error
detecting capabilities of these codes with » = 2 and 3 can be analyzed using this

expression for S.

Theorem 3.3.1 The two check bits code detects E errors if E = 1 (mod 4) or
E = 2 (mod 4).

Proof: Let S=[(E —e) — (xeh — :v'ch)] (mod 4). f E=45+1, j € N, then the

values for (E — e) and (z4 — ;) are as follows:

(i) e=0=F—-e=4j+1and (x4 —z,;) = 0.

(ii) e=1= F—e=4j and (zs — 7,,) = —1 or ~2.
(iii) e=2= E—e=4j—1and (zs — 7)) = —3.

In all these cases S # 0 (mod 4).

Similarly, when E = 45 + 2, the possible values are:
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(i) e=0=E—e=4j+2and (z — z,,) = 0.
(ii) e=1=F—-e=4j+1and (z —,) = —1 or 2.
(iii) e =2 = F — e = 4j and (¢ — 7)) = —3.

Thus, S # 0 (mod 4) in all these cases.
On the other hand, when E = 45+ 3 and e = 1, there exist values E —e = 45 + 2
and (z., — 7,,) = —2. For these values S = 0. Similarly, when E = 4j, j > 1

with e = 0, S = 0 (mod 4). In these two cases, errors are not detectable.

Theorem 3.3.2 The code with 3 check bits detects E errors if E = 1,2,8, and 6
(mod 8).

Proof: Since E = 1,2,3 errors can be detected using r = 3 check bits [11], then
we have

Ve=10,1,2,3, [(E —e) — (Ten — x::h)} mod 8 # 0,

where z., and a:;h are the check values of the code word and the received word
respectively, and F — e, and e are respectively the number of errors in the received

information and check parts. Thus,
Vji>1, [(E—e)~ (Tch — ;) + 85] mod 8 Z 0.

=>Vj > 1, [(E+8j—e) — (zen — z,)] mod 8 Z 0.

=V j>1,andV E =1,2 3 errors, £ + 8 can be detected using 3 check bits.

For E = 85 + 6, the following possibilities can occur:
(i) e=0=FE—e=8j+6and (z; —z,) = 0.

(i) e=1=>FE-e=8j+5and (a:ch—a:;h):—l,—2, or —4.
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(iii) e=2=> E—-e=8j+4and (z4 — ) = —3,—5, or —6.
(iv) e=3= E—-e=8j+3and (zs—x,,) = —T7.

In all these cases, S # 0 (mod 8).
On the other hand,

(i) When E = 8j+4, there exists e = 2 such that E—e = 8j+2 and (z., —T,,) =

—6. In this case S =0 (mod 8).

(ii) When F = 8545, there exists e = 1 such that E—e = 8j+4 and (a:ch—a:;h) =
—4. In this case S = 0 (mod 8).

(iii) When E = 85 + 7, there exists e = 1 such that £ — e = 85 + 6 and

(zen — ;) = —2. Again S = 0 (mod 8).
(iv) With £ =83, j > 1 and e = 0, in this case S = 0 (mod 8).
In all these cases, the errors are not detectable.

Theorem 3.3.3 The code with 4 check bits detects E errors if E = 1,2,3,4,5 and
6 (mod 8).

Proof: Since E =1,2,3,4,5 and 6 errors can be detected using r = 4 check bits

[11], then we have,
Ve=0,1,234,and E=1,2,3,4,5, [(E —e) — (e — z,5,)] mod 8 # 0
Vji>1,[(E—e)~ (Ten — ;) +8j] mod 8 Z0 .

=V 21 [(E+8j—e) = (Ten — 7o) mod 8 £ 0.

=Vgj>1landV F =1,23,4,5, and 6 errors, E + 85 errors can be detected

using 4 check bits.



33

On the other hand, when E = 85+ 7, there exist values E —e = 85+ 5 and
Jj > 1 with (z., — il?:;h) = —3. For these values, S = 0. Similarly, when FE = 87,
J 2 1 with e =0, S =0 (mod 8). In these two cases, errors are not detectable.

For codes designed by Method 1, if there is an error in the first two bits of
the check, then the decoder immediately detects this error. Thus, in the following
analysis, it is assumed that there is no error in the two MSB of the check. For
similar reason, in the analysis, it is assumed that there is no error in any of the

four MSB of the check for the codes designed by Method 2.

Definition 5 Let L, be the designed mazimum number of errors detected by Bose-
Lin code when using r check symbols. Then for Method 1: L, =2""24+r —2, and
for Method 2: L, =5 x 24 4r —4

For codes designed by Method 1, the syndrome, can be defined as:

S = (i — Ky) (mod 277) = [z, — (ko — (B —¢))] (mod 2"
= [(E ~ ¢) — (2en — oa))( mod 2°1).

Similarly, for Method 2, the syndrome is defined as:

S = (B~ e) ~ (zen — 2ly)]( mod (6 x 27)).

Lemma 1 (i) For Method 1, 2"~1j errors can’t be detected using v check bits for
some e errors in the check part, e =1,2,3,---,7r—2 and j > 1.
(1) For Method 2, 6 X 2"~*j errors can’t be detected using r check bits for some e

errors in the check part, e =1,2,3,---,7r —4 and j > 1.

Proof:

(i)Vr >4, when e =1, z, — a:;h can be equal to 1. Thus

S = (B - €) ~ (zen — )] (mod (271)) = [(21j — 1) — (~1)] (mod (21)) = 0.

S
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= 2"71j errors can’t be detected using r check bits, j > 1.
(ii) The proof is similar to the previous one except mod (6 x 2"~*) needs to be

used instead of mod (2771).

Lemma 2 (i) For Method 1, E + 277§ errors can be detected using v check bits
iff E errors can be detected using v check bits, j > 1.
(i) For Method 2, E can be detected using r check bits iff E + 6 x 2"~*j can be

detected using r check bits, j > 1.

Proof:

(i) E can be detected using r check bits iff
Ve=1,2,---,7 =2, [(E~e€)— (Ter — z,4)] mod (271) £ 0.
eVe=12,-,7-2 [(E—e)— (Tecn — ) +2"1j] mod (2°1) £ 0,
i =1,2,3- -
SVe=1,2,---,r—2, [(E+21j)—e) — (zen — )] mod (2771) £ 0,
J=123, .-
< E + 27715 can be detected using r check bits, j > 1.

(ii) The proof is similar to the previous one except mod (6 x 2"~*) needs to be

used instead of mod (2771).

Lemma 3 (i) For Method 1, not all 2"~1j —1 errors can be detected using v check
bits with e errors in the check part, e =1,2,3,---,7 — 2, and j > 1.
(i) For Method 2, not all 6 x 2"~%j — 1 errors can be detected using r check bits

with e errors in the check part, e =1,2,3,---,7 —4, and 7 > 1.
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Proof:
(i)Vr > 1, when e =2, z, — :c'ch can be equal to 3. Then,
§=[(E ~ ¢) — (zen — 71y)] (mod (21))

[((27715 —1) = 2) — (=3)] (mod (271)) = 0.

Thus, some 2”15 — 1 errors can’t be detected using r check bits, j > 1.
(ii) The proof is similar to the previous one except mod (6 x 2"*) needs to be

used instead of mod (2771).

Theorem 3.3.4 For Method 1, let E' be the number of errors in the codeword
and let E = E'(mod (2 1)). Then E' can be detected using v check bits if E

satisfies one of the following conditions:

(VD) 1<E<L,=2"%24r-2.

(2) For any E in the range L, = 2" 24+r—2< E< B, = L,_1+2"2—(r-5) =
22427342, FE— (L, — Ly_y) = E— (272 + 1) errors can be detected

using v — 1 check bits.

(3) For any E in the range B, = 272 + 273 + 2 < E < 2"°!, E errors can be
detected using r — 1 check bits.

Proof:

Case (1): Already proved in [11].

Case (2): Assume that £y = E — (L, — L,_,) errors can be detected using r — 1

check bits. Then Ve; =0,1,2,3,---,7 — 3,

[(Br — e1) = (yen — y.a)]mod(277%) £ 0, (3.1)

where y., and vy, are the check values of the code word and the received word
respectively. Further, E) — e;, and e; are respectively the number of errors in the

received information and check parts.

} o
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Now, suppose that F errors can’t be detected using r check bits. Then

there exists at least one value of
e=1,2,---,7 — 2 such that [(E — ) — (zcp, — z,;,)] mod (2" 1) =0.
Since E = Ey + (L, — L,_1) = Ey + 2773 + 1, we will have
[(B1—€) — (Teh — ) + (273 + 1)) mod 27 = 0.

= [(B1 = €) = [(zen — 2l) = (27~ + D] mod (") = 0.

Since E; < E < B, < 2", we will have

0.

[(Br — e +1) = [(wen — 25) — 277*]] mod (27%)
= [(B1— e+ 1) — [(xen — zp) — 27%] — 27" %mod(2"2) = 0.

0.

=[(Fr—e+1)— [(zen — a:lch) +2773]] mod (277?)

When e = e; + 1, there exists at least one value of e = 1,2,3,---,7 — 2 such that

Ten — ) + 2773 is equal to Yeh — Y.») and in this case we will have
ch Yen
[(B1 — e1) ~ (Yen — yep)) mod (277%) = 0.

= E, errors can’t be detected using r — 1 check bits which is a contradiction to
the original assumption.

Hence, E can be detected using r check bits and so, E' can be detected using r
check bits by applying Lemma (2).

Case (3): Assume that E can be detected using r — 1 check bits. Then Ve; =
0,1,2,3,---,7r-3,

(B~ e1) = (Yeh — Yon)Imod(277%) £ 0 (3.2)

where y.,, and y;h are the check values of the code word and the received word

respectively. Further, E — e;, and e; are respectively the number of errors in the
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received information and check parts.

r—2

~?) different values for each(zq — 7,;), € =

By using r check bits, there are (
1,2,3,---,r — 2. The first (’;3) values of (z., — z,;), (i-e. with the (r — 3)rd
check bit not in error), are the same values as the corresponding (y. — ¥.;,) using

r — 1 check bits. Then, for all of these values, using E < 2", we obtain
(B — €) = (weh — 7)Imod(2") # 0,1 < (won — 25) <277° (3-3)
The remaining (7~%) values of (z.; — ;) are equal to —(2"~3 + A) where
A = zerowhen e=1, or

A = summation of any e — 1 distinct numbers from {2°,2! 2% ... 2r=3 2r-2},

e=2,3,4,---,r—2.
Now, for these values, we want to prove that:
[(E —e) — (zch — z5,)Jmod(2771) £ 0 . (3.4)
Assume that M = (E — e) — (zc, — ;). Since 2! > E > B,, we will have
27N> M > (B, —€) — (T — ) -

SM>234+(r=3)+2"2—(r—5)]—e— (zh — z.4)] -

=>M> [2"3+(r~3)+2"2—(r——5)]—e+(2’"‘3+A)].
Since 2! > E > M, we get

M mod (271) > (272 +2+22—e+ A) mod (2771) .
= M mod (271) > (21 +2— e+ A) mod (2771).

= Mmod (2")>(2-e+ A),e=1,2,3,---,7 = 2.
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Whene=1A=0=>2—-e+A=1#0.
When e # 1, the value of Acanbe 3 < A< 2! andsoVe >1,2—¢e+ A > 0.
Thus, Ve, M mod (271) # 0.

= (B — ) — (zeh — 7,,)Jmod(27) £ 0. (3.5)

This implies that E errors can be detected using r check bits. Applying Lemma

(2), we get E' errors can be detected using r check bits.s

Table 3.1 lists the errors that can be detected using two, three, and four check

bits, and with r > 5 check bits using Method 1.

Example 1 Let us check whether E = 110 errors can be detected or not using
Method 1 with r = 8 check bits. Since r = 8, we have By = 98 and Lg = 70.
Thus, we need to apply Rule (3) to check whether 110 errors can be detected using
7 check bits. Now, we can apply Lemma (2) to check this. Since 110 = 46 mod
2%, we need to verify whether 46 errors can be detected using 7 check bits. In this
case, By = 50 and L; = 37. Since 37 = L; < 46 < B; = 50, we need to apply
Rule (2), i.e. need to check whether 46 — (2773 + 1) = 29 errors can be detected
using 6 check bits. Since 29 > Bg = 14, we need to apply Rule (3), i.e. need to
check whether 29 errors can be detected using 5 check bits.

Now, apply Lemma (2) again, i.e. need to check whether 29 mod 2* = 13
errors can be detected using 5 check bits. Since 11 = Ly < 13 < Bs = 26, we
need to apply Rule (2), i.e. need to check 13 — (22 + 1) = 8 errors can be detected
using 4 check bits. Applying Lemma (1), we know that 8 errors can’t be detected
using 4 check bits for some errors. This implies that some E = 110 errors can’t

be detected using 8 check bits.
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Theorem 3.3.5 For Method 2, let E' be the number of errors in the code word
and let E = E'(mod(6 x 2"~%)). Then E' can be detected using r check bits if E

satisfies one of the following conditions:
(1) 1<E<L =5x2""+(r—4).

(2) Forany E in the range L, =5x2" %+ (r—4) < E< B, = L,_; +6x2"% —
(r=7)=11x2"%+2 E—(L, -‘L,_l) =E— (5% 2"5+1) errors can be

detected using v — 1 check bits.

(3) For any E in the range B, = 11 x2"5+2 < E < 6x2"*, E can be detected

using r — 1 check bits.

Proof:

Case (1): Already proved in [11].

Case (2): Assume that Fy = F — (L, — L,_;) can be detected using r — 1 check
bits. Then Ve; =0,1,2,3,---,r — 5,

[(B1 — e1) = (gen — yen)Imod(277%) #£ 0 (3.6)

where y., and y,, are the check parts in the code word and the received word
respectively. Further, E; — e;, and e, are respectively the number of errors in the
received information and check parts.

Now, suppose that E errors can’t be detected using r check bits. Then there exists

at least one value of e = 0,1,2,---,7 — 4 such that
[(E —e) — (zen — z,;)] mod (6 x 2774) = 0.
Since E = E; + (L, — L,_1), we will have

[(B1 — €) ~ (zeh — ) + (5 x 2775 +1)] mod (6 x 27~%) = 0.
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= [(B1 — (e1+ 1)) — [(Ten — z,5) — (5% 277% +1)]] mod (6 x 2"~%) = 0.
= [(BE1—e1) — [(Teh — ,;) — 5% 2775 — 6 x 275 mod (6 x 2"7%) = 0.
= [(B1 — e1) — [(zeh — T,p,) + 2775]] mod (6 x 275) = 0.

When e = e; + 1, there exists at least one value of e = 1,2,3,---,7 — 4 such that
(Tep — a:;h) +6 % 2775 = (yep — Yp)-
and in this case we will have
[(By — e1) = (Yeh — Yep)] mod (6 x 2775) = 0.

= F; can’t be detected using r — 1 check bits which is a contradiction to the
original assumption.

Hence, E can be detected using r check bits and so, E' can be detected using r
check bits.

Case (3): Assume that E can be detected using r — 1 check bits. Then Ve, =
0,1,23,---,7r— 5,

[(E — 1) — (Yen — yen)mod [6 x 27 %] £ 0. (3.7)

where y, and y,; are the check parts in the code word and the received word
respectively. Further, £ — e;, and e; are respectively the number of errors in the

received information and check parts.

r—4
[

By using r check bits, there are ("*) different values for each

(a:ch—a:;h), e=1,23,---,7r—4.

The first ("_°) values of (2.4 —,;) (i.e. with the (r — 5)th check bit not in error),

[

are the same values as the corresponding (y., — y,,) using r — 1 check symbols.

Then, for all of these values, using £ < 6 x 274




[(E —€) — (zen — T,p)Jmod(6 x 2774 £ 0. (3.8)

The remaining (77}) values of (z4 — z,,) are equal to —(2"~5 + A) where

A = zero when e = 1, or

A = summation of any e — 1 distinct numbers from {2°,2,2% ... 2r=>° 2r—4}

e=23,4,---,7r—4.
Now, for these values, we want to prove that:
(B~ €) — (zen — 2y)lmod(6 x 27~*) £ 0. (3.9)

Assume that
M=(E—e)~ (zh—T,p) <6x277%.

’
c

Since E > B,, then we will have M > (B, — ¢) — (z.h — z_h)

'

= M>Bx2"4+(r—5)4+6x2"°—(r—7)]—e— (s —z.h)].

S M>Bx2 P+ (r—5)+6x2"5—(r-7)]—e+(27°+ A4)].

= Mmod(6x 2% > (6x2"*+2—e+ A) mod(6 x 2"7*).

= Mmod(6x2"™*) > (2—e+ A),e=1,2,3,---,r — 4.
Whene=1,A=0=>2-e+A=1#0.

When e # 1, the values of Acanbe3 < A <23 andso2—-e+ A > 0.
Thus, M mod (6 x 2"~4) £ 0.

= Ve, [(E — €) — (Ten — T,p)]mod[6 x 2774 £ 0. (3.10)

This implies that E errors can be detected using r check bits. Applying Lemma

(2), we get E' errors can be detected using r check bits.m

Table 3.2 lists the errors that can be detected using Method 2.
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Example 2 Let us check whether E = 330 errors can be detected or not using
Method 2 with r = 10 check bits. Since r = 10, then we have Byg = 354 and Ly =
326. Thus we need to apply Rule (2) to check whether 330—(5x2°+1) = 169 errors
can be detected using 9 check bits. In this case, since 165 = Lg < 169 < By = 178,
we need to apply Rule (2), i.e. need to check whether 169 — (5 x 2% + 1) = 88
errors can be detected using 8 check bits. Since 84 = Lg < 88 < Bg = 90, we need
to apply Rule (2), i.e. need to check whether 88 — (5 x 23 + 1) = 47 errors can be
detected using 7 check bits. ‘

Since 46 = By < 47 < 6 x 2% = 48, we need to apply Rule (3), i.e. need to
check whether 47 errors can be detected using 6 check bits. Now, apply Lemma (2)
to check this. Since 47 = 23 mod 6 X 22, we need to verify whether 23 errors can
be detected using 6 check bits. Applying Lemma (3), we know that all 23 errors
can’t be detected using 5 check bits for some errors. This implies that some 330

errors can’t be detected using 10 check bits.
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r=2 jlr=3 |r=4 [r=5 jr=6 |r=7 |r=38
1 1
2= 1L, 2 2 2 2 2
— _I3=1Lg
— {6 =L4|11 =L5|20= Lg |37 = L7 |70 = Lg
— 19 _ |14=DBs|23 40 73
1 10 9 — |26 =DBg|43 76
11 10 17 27 44 77
14 11 18 30 47 80
— |12 . |50 =B7|83
N 13 . 33 51 84
14 25 34 52 85
— |26 . 55 88
} 27 . 58 91
30 50 59 92
- |51 62 95
1 52 ___ |98 = By
55 65 99
58 66 100
59 . 101
62 . 104
— |98 107
N 99 108
100 111
101 114
104 115
107 116
108 119
111 122
114 123
116 126
119 -
122 129

TABLE 3.1. The errors that can be detected using 2,3, and 4 check bits, and with

r > 5 check bits using Method 1.



r=9% |r=6 |r=7 |[r=8 |r=9 r =10
1
2 2 2 2 2 2
11 =L5||22 = L |43 = L7 |84 = Lg [165 = Lg [326 = Ly
46 = By |87 168 329
13 25 — |90 =Bg|l71 332
14 26 49 91 172 333
50 94 175 336
— |178 =By }339
23 46 90 97 179 340
91 98 180 341
1l 1l 94 183 344
- | 186 347
J 178 187 348
179 190 351
180 — |354=DByo
183 193 355
186 194 356
187 357
190 . 360
— |354 363
1 355 364
356 367
357 370
363 371
364 372
367 375
370 378
371 379
372 382
375 -
378 385
379 386

TABLE 3.2. The errors that can be detected using Method 2.

44
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4. SYSTEMATIC T-UNIDIRECTIONAL ERROR DETECTING
CODES IN Zy

4.1. Introduction

Errors correcting/detecting codes are used in providing protection against
transient, intermittent, and permanent faults [5]. The errors that can occur be-
cause of the noise are many and varied. However, they can be classified into three

main types, symmetric, asymmetric, and unidirectional errors.

Let X = (zp_1,%Zn_2,--+,%0) be a transmitted word through a noisy
channel, and Y = (y,_1,Yn_2, -+, %0) be the received word, where the symbols
z;’s and y;’s are over Z,. Define the error value £ = (e,_1,€n-2," ", €) =
(Yn—1— ZTn—1,Yn—2 — Tn-2, ", Yo — To) and (y; — z;)’s are over the integers. Based

on the error value, F, the error types can be classified as asymmetric, unidirec-
tional or symmetric. In the case of asymmetric type, at all time, the e;’s have
values less than or equal to 0 (or at all time, the values of e;’s are greater than or
equal to 0). In the case of unidirectional errors, again all the error values can be
positive or all the error values can be negative within a word but this condition
is not known a priori, i.e. when transmitting, the error values for one word can
all be positive and for another word they can all be negative. Finally, in the
case of symmetric errors, within a word the error values can be both positive and
negative. If F = 0 then there is no error in the transmitted word. Further, the
number of non-zero values in E gives the number of errors.

Given two words X and Y over Z%, define N(X,Y) as the number of
positions at which z; > y; for i = 0,1,2,---,n — 1. For example, if X = (4321)
and Y = (1312), then N(X,Y) =2, and N(Y, X) = 1. Note that the Hamming
distance between X and Y is Dy(X,Y) = N(X,Y) + N(Y, X). For X and Y, if
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N(X,Y) > 1 and N(Y,X) > 1, then they are called unordered words. On the
other hand, if N(X,Y) =0, then it is said that Y covers X. For example, (4321)
covers (2221).

A chain of length M over Z,, is defined as the sequence of M words such
that successive words differ in one position by 1. For example, <0001, 0002, 0003,
0013, 0023, 0033, 0133, 0233, 0333> is a chain of length 9 over Zj.

Theorem 4.1.1 A code C is capable of detecting all unidirectional errors if and

only if the code satisfies the following condition:
VX, YeC, N(X,Y)>1and NY,X) > L.

In the case of binary, i.e. m = 2, by Sperner’s theorem [17], the |n/2]-out-
of-n code is the optimal all unidirectional error detecting (AUED) code, i.e. this
code gives the maximum number of unordered codewords for a given n. Further,
the Berger-Freiman code [21, 3], is the optimal AUED systematic code. In a
systematic code, the information digits are separated from the check digits.

For m > 3, as shown in [17], the set of n digits words S, such that for
each X = (z,_1,Zp_2, -+, Zo) € S, Z;:Ol z; = [(m — 1)n/2] gives the maximum
number of unordered codewords. For example, when m = 5 and n = 3, the
unordered codewords are { (420),(411), (402), (330), (321), (312), (303), (240),
(231), (222), (213), (204), (141), (132), (123), (114), (042), (033), (024)}, and
there are 19 of them. The theorem given in [17] says that we can not have more
than 19 codewords when m =5 and n = 3.

Further, Bose and Pradhan in [12] have given optimal systematic AUED
codes over Z,,. For a given k-digit information word X = (zx_1,Z_2, ", Zo),
where z;’s € Z,, the check value is given by v = Zf;ol ((m — 1) — ;).

The r- digit check is obtained by representing v in radix-m form, where r =
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[logm((m — 1)k + 1)]. For example, when X = (3420) is the given k = 4 infor-
mation digits over Zs, the check valueis (4 —3)+(4—-4)+(4-2)+(4-0)=7
and the check is 12. As it is shown in [12], this is optimal systematic AUED code
over Z,.

In this chapter, systematic t-UED codes are described. It is assumed that
the number of check digits r, satisfies the condition r < [log,((m — 1)k + 1)],
where k is the number of information digits [10]; otherwise, one could use the
AUED code given by Bose-Pradhan in [12]. In the case of binary, optimal non-

systematic ¢ unidirectional codes are given in [7] and systematic codes in [11}.

4.2. Code Construction

The following theorem is proved in [7, 11] for binary. However, for com-

pleteness, the proof is given here and it is similarly to the one given in [7, 11].

Theorem 4.2.1 A code C is capable of detecting t-unidirectional errors if and

only if C satisfies the following condition:
VX,Y €C, either X and Y are unordered, or Dy(X,Y) >t + 1.

Proof: Consider any two codewords X = (xp_1,Zn_2, -*,%9), and ¥ =
(Yn—1,Yn-2,- "+, Yo) in C. If they are unordered, then there exists x;, vi, z;, and y;

such that z; > y;, and y; > z; where 0 < 4,5 < n — 1. Suppose X is transmitted

word, and let the received word be X' = (z],_,,x},_,," - -, %) where z,, = z,+e, for
allp=0,1,2,---n—1. Ife, >0forallp =0,1,2,---n—1, then X’ differs from Y
in the :-th position because z; > y;. Similarly, ife, < 0forallp=10,1,2,---n—1
then X' differs from Y in the j-th position because y; > z;. Further, if they

are ordered pair and Dgy(X,Y) >t + 1, then X can not become Y due to ¢ or
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less unidirectional errors. Thus, if the code satisfies the conditions given by the
theorem, it can detect up to ¢ unidirectional errors.

Conversely, for X,Y € C, if they are ordered pair and Dy(X,Y) =b <1,
then X can become Y due to b errors and so the code can not detect ¢ unidirec-
tional errors. s

From error detecting point of view, there is no difference between asym-

metric and unidirectional errors as described in the following theorem.

Theorem 4.2.2 A code C is capable of detecting t-asymmetric errors iff the code

satisfies the following condition:
VX,Y €C, either X andY are unordered or Dy(X,Y) >t +1

Now, we describe the code design scheme. As it was mentioned earlier, it

is assumed that the number of information digits, & > (m" — 1)/(m — 1).

(a) Code Design with r = 2 check bits:
Let (ax—1ax—2---ag) be the given information word over Z,,, and let b =
Zf;ol ((m — 1) — a;)) mod m2. Then, the check digits are the representation of b

in radix-m system. This code is capable of detecting two errors.

Example 3 Let (44 - - -4230) be the given information word over Zs, then we will
have b= ((4—4)+(4—4)+ - (4—4)+ (4—2)+ (4—3) + (4—0)) mod 25 =T.
Hence, the check is 12.

The error detecting capability of the code can be shown as follows.
| Let XC = (%g_1Zk—2---Tocicp) be the transmitted word and X'C' =
(Th_q, Th_g - - - TpCi ) be the received word. Further, let E = (ex_1ex_2- - - €o€}ep)

where ¢; = z; — z; for ¢ = 0,1,---k — 1 and e, = ¢; — ¢} for i = 0,1. Let

I
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C" = Y i (m—1—2) mod m® If C" — C' = 0 mod m?, then the decoder

declares that there is no error. We can consider the following three cases:

(1) Errors only in the information part:
In this case C" = Y v M (m—1-z}) = Y5 (m—1—z;+¢}) = (C+E, +E,)
mod m?, where E; and F, are the error values and 0 < Ey, E; <m [When
there is only one error, then E;=0 ], then C"” — C' = (E; + E,) #Z 0 mod

m?. Thus, these errors can be detected.

(2) Errors only in the check part:
There may be one digit in error or both the digits may be in error. In any
case C" = C and C' = C — v where 1 <v <m?—1. Thus, C" —C'# 0

mod m2.

(3) Errors in both the information and check parts:
Now, C" = C+ E,, and C' = C — E,, where 1 < E; < m — 1 and
0 < Ey <m(m—1). Thus, C" - C' = E; + E; # 0 mod m?.

(b) Code Design with r > 3 check bits:

The proposed code can detect up to m"™2 4+ r — 2 errors using r check
digits. Let X = (x_1,Zg_2, -, %) be the given information word and let v =
(Efz_ol (m —1—z;)) mod m"~!. Represent v in radix-m system and let it be

v = (¢r—2,¢r—_3," -+, Cp). Thus, the check is given by (m — 1 — ¢,_3)e,_2¢,_3- - - Co.

Example 4 Let m = 5 and r = 4, suppose that the given information word is
X = (44---442411). So, v=[(4—4)+(4—4)---(d—4)+(4—4)+ (4—2) +
(4—4)+(4—-1)+ (4—1)] mod [5%] = 8 mod 5°. 8 in radiz-5 system is 013 and
hence, the check is 4013.
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Now, we can analyze the error detecting capabilities of these codes. Note
that the first two digits of the check can be {(0,m—1),(1,m—2)(2,m—3)---(m—
1,0)} and these are unordered. The remaining (r—2)-check digits can take all pos-
sible m"~? values. Now, consider a k-digit maximal chain, starting from (000. . .0)
and ending with (m —1,m —1,---m — 1). For example, when m =4 and k = 5,
<(00000) (00001) (00002) (00003) (00013) (0023) (00033) (00133) (00233) (00333)
(001333) (02333) (03333) (13333) (23333) (33333)> is a complete chain. This
chain can be divided into k£ + 1 classes, with the first word which has all 0’s in the
zero-th class, the word (i — 1)m + 1 through (i — 1)m + m — 1 in the i-th class,
1 =1,2,---k. Thus, each class contains (m — 1) words, except the zero-th class
which has only one element. The Hamming distance between a word in the i-th
class and another word in the j-th class is at least |j —%|. The Hamming distance
between any two words within a class is 1. After appending the check symbols, if
two words are within j position apart in this chain where 1 < j < m™™!, then the
codewords are unordered. Further, if a codeword X covers another codeword Y
in this chain, then

r—2

Dp(X,Y)> (m—1)——4r—2+1=m"24+r— 1L

m-—1

Thus, the code is capable of detecting m"~2 + r — 2 errors.
A lower bound on the number of check bits required for detecting a given

number of errors is given below.

Theorem 4.2.3 A systematic code capable of detecting

. {mr _ml_%J _m[%] +2J ¥,

m-—1

requires at least (r + 1) check digits.

I
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Proof: Let us prove the following upper bound for a m-ary ¢-UED with r check

digits and & information digits.

\‘m' — ngJ - m[g] —I—ZJ
t> +r.

m—1

For all X = (zg_1, Tp—2," -+, To) € ZE, let W(X) = E:.:Ol z; be the weight
of X, where the sum is over the integers. For example, if m = 4 and k = 6 then
W (013021) = 7. Consider the set C = {X4, X1, -+, Xk} C ZF, K = (m — 1)k, of

information words, where for 7 > 1,

Xi=00---0 d;(m—1)(m—1)---(m —1) = 0*%"1d; (m - 1)% € Z&

7

|

"
€:

with d; = (i —1) mod (m—1)+1 € Z,,— {0}, and ¢; = |(: — 1)/(m — 1), and for
i =0, Xo =000---0 € Z¥. For example, if m = 4 and k = 6 then K = 3x6 = 18

and consider the following code words C as:
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( )

Xo = 000000,
X, = 000001,
X2 = 000002,
X3 = 000003,
X4 = 000013,
Xs = 000023,
X¢ = 000033,
X7 = 000133,
X = 000233,

C=4 X,=000333,

Xi0 = 001333,
X11 = 002333,
X12 = 003333,
X13 = 013333,
X14 = 023333,
X15 = 033333,
X6 = 133333,
X17 = 233333,

X1s = 333333. )

\

Note that C is a maximal chain such that for all 4,5 = 0,1,2,--- K, i <
Jj& X; C X;, and W(X;)=1i.

Note that there always exists X;, X; € C such that i < j and C; C C;.
This is because we assume that the number of possible weights for an information
word in Z¥ is K+ 1 = (m — 1)k +1 > m" (otherwise the m-ary AUED code

design in [12] can be used).
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Hence, let X;, X; € C be two different sequences such that j — ¢ is the
smallest value for which i < j (= X; C X;) and C; C Cj. Since X;C; C X;C},

from Theorem 3.1 we must have

t+12> Dy(X;C, X;C;) = Wy(X; — X;) + Wu(C; — C;) < Wy(X; — X;) +,
(4.1)
where Wy (X) denotes the Hamming weight of a word X € Z%. The following

relation holds

—1

1] + 1, VX,',X]' eC. (42)

Wa(X; — X;) < [ 4
In fact, if 4,5 > 1 then

i—1
m-—1

i—lz(m—l)[ J+[(i—1)mod(m—1)]:(m—1)e,~+(d,~—1),

and

j—1=(m-1) [%i—llj+[(j—1)mod(m—1)]:(m—l)e]-+(dj—1)

:>j—i:(m—l)(e]-—ei)+(dj-—d,~).

j—1i o d;j —d;
:>m_1—(e] el)+__—m—1'

j—i d; — d;
= [m——l-l +1:(6]'——6i)+ lrﬁ] +12 (e]-—ei)+1.
The last inequality follows because dj;, d; € Z,, — {0} = [(d; — d;)/(m —1)] > 0.

From the appropriate construction of C, it follows (e; —€;) +1 > Wg (X, —

X;) and so (4.2) is valid for ¢ > 1. If i = 0 it can be easily checked that

W (X;) < [(m]_ 1)] +1,
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and so (4.2) is valid for all s > 0. Hence, from (4.1) and (4.2)

tsuiillw:[(j“i_l)“lw. (4.3)

m—1

At this point, note that if / is an index such that ¢ < ! < j then C; is unordered
with C;; otherwise j — ¢ would not be the smallest value for which i < 7 and
C; C C;. For the same reason, if [ and p are two indices such that i <1 <p < j
then C; # C,. Hence,the quality [{¢ + 1,4+ 2,---,7 — 1} = j— 14— 1 can be
upper bounded by the number, u(C;) of different sequences C € Z], which are

unordered with C;. Hence from (4.3), we have

t< [“Ci_Hll+r] < [ma$Ceza(u(C)+1)] oy

m—1
Let C = olzl(m — 1)[%1 € Zy," be the word containing |r/2]| 0’s followed
by |r/2] (m — 1)’s. Now,

— u(O) = (ml — 1) (m? — 1) = " — /2 — /2] 41
Crré%);czu(C) u(C) = (m 1) (m )=m"—m m!"? 4+ 1

Hence, the theorem follows.a

Note 1 Borden in [7] considers a slightly different error model, when a symbol
changes from a to b, b > a, the number of errors is b—a. For example, suppose the
transmitted and received words are (3421) and (1211) respectively. Then, under
this model, the number of asymmetric errors is 2+ 2 + 1 = 5, and the proposed
code can detect 2(m — 1) errors using 2 check digits and (m — 1)(m"™2 4+ r — 2)

errors using v > 3 check bits.
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5. TYPE-I HYBRID ARQ AND ARQ WITH DIVERSITY
COMBINING OVER THE M-ARY ASYMMETRIC CHANNEL,
M2>2

5.1. Introduction

Forward Error Control (FEC) and Automatic-Repeat-Request (ARQ) are
the two main techniques used in data transmission systems for controlling trans-
mission errors. In FEC, the system uses error correcting codes. In this case, the
data transmission is done in only one direction, i.e. from the transmitter to the
receiver. If the receiver detects errors in the received word, it attempts to correct
them. But, if the receiver fails to correct these errors, erroneous data will be
delivered to the destination.

On the other hand, in ARQ, error detecting codes are used. If the receiver
detects errors in the received word, it sends a negative acknowledgment (NAK)
to the transmitter requesting it to resend the data. This process continues until
the received word is correctly received. As mentioned in Chapter 1, stop-and-
wait ARQ, go-back-N ARQ, and selective-repeat ARQ are the three main types
of ARQ protocols.

FEC is widely used in communication systems where it is required get-
ting the message correct in the first transmission. Although FEC schemes have
bounded time delay equal to the processing time for encoding/decoding data,
and have a constant throughput equal to the code rate regardless of the chan-
nel conditions, it is hard to achieve high system reliability. Also, the destination
might receive the data incorrectly if the receiver fails to correct the errors. On
the other hand, ARQ scheme is simple to implement and provides highly reliable

data transmission; however, it also suffers from some drawbacks such as variable
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delay time, it is harder to implement when the round-trip delay increases, etc.
Thus, the throughput of the channel will rapidly decrease when the channel error
rate increases.

To improve the performance of a system, a combination of both FEC and
ARQ techniques can be used. These techniques are known as hybrid ARQ tech-
niques. The hybrid ARQ uses error correcting and error detecting (say ¢ error
correcting and d (d > t) error detecting) codes. At the receiver, if the number
of errors in the received word is less than or equal to t errors, then the errors
are corrected and a positive acknowledgment (ACK) is sent to the transmitter
requesting it to send the next word. However, if the number of errors is greater
than the error correcting capability but within the error detecting capability of
the code (i.e. more than ¢ but less than or equal to d) errors, the receiver sends
the transmitter NAK requesting it to resend the word. This is called a type-I
hybrid ARQ protocol.

To reduce the number of retransmissions and hence improve the through-
put of the system for the Z-channel, another technique called diversity packet
combining can be used as explained in Chapter 1 [30]. In these schemes, the num-
ber of retransmissions needed to receive the correct word is decreased by saving
the corrupted word and combining it later with the subsequent received word.
This process continues until the combined word is successfully accepted or the
maximum number of the retransmissions has been exhausted.

As explained in Chapter 1, for the binary case, the diversity combining is
done by using a bit-by-bit logical OR operation. In the case of the m-ary asym-
metric Z channel, instead of using bit-by-bit OR operation of the received and the
previous stored bits, we can use a digit-by-digit MAX operation of the received

and the previously stored word in our new scheme. This operation guarantees us
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that the number of errors at each step is always less than or equal to the number
of errors in the previous saved word.

In this chapter, we analyze the throughput of both ARQ and type-I hybrid
ARQ protocols by deriving an expression for the number of transmission (or the
expected number of retransmissions) needed to receive the correct code. Also, we
introduce our new scheme for ARQ protocols with diversity combining and then
analyze the throughput of the proposed scheme and compare it with the type-I
hybrid ARQ protocols [50]. All the analyses are over a discrete memoryless m-ary
asymmetric Z-channel, m > 2. We assume that the general model for the m-ary
asymmetric Z-channel is as depicted in Figure 5.1. As shown in this model, for
all p;;€[0,1],¢,7=0,1,---,m — 1, the transition probabilities of such a channel

satisfy:

,

0 if x <y,

1 ifr=y=0,
P(y|z) = ¢ for all z,y€ ZZ,,.

1- ?;31)%]- if r = yeZ,, - {0},

[ Poy ifz >y,
In all the schemes, it is assumed that selective-repeat-ARQ (SR-ARQ) is used.

Hence, the throughput efficiency is given by

1
RO (5.1)

where C C ZZ7, is the code used, and R(C) is the number of retransmissions needed

7”:

S|

to accept all codewords correctly. To use Equation (5.1) to analyze the throughput
of the system, we have to find an expression for R(C) (or derive an expression for

the average number of retransmissions needed to accept all codewords correctly,

IE [RO(C))).
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This chapter is organized as follows. In Section 5.2, we analyze the through-

put of ARQ protocols using:
(1) t-Asymmetric Error Detecting (t-AED) codes.

(2) All Asymmetric Error Detecting (AAED) codes.

over the m-ary Z-channel, m > 2. In Section 5.3, we analyze the throughput
of type-I hybrid ARQ protocols using #-Asymmetric Error Correcting and All
Asymmetric Error Detecting (-AEC /AAED) codes over the m-ary Z-channel,
m > 2. In Section 5.4, we introduce our proposal for ARQ protocols with diversity
combining and then do the same analysis as in Section 5.3 but with our diversity

combining scheme.

5.2. Analysis of ARQ Protocols using t-AED and AAED Codes over the
m-ary Z-Channel, m > 2.

Let X = (21,22, -2,) € C C Z" be the transmitted codeword over
the general m-ary asymmetric Z-channel shown in Figure 5.1. Upon receiving
the word Y, if the receiver detects an error in the received word, it discards
the erroneous word and sends NAK to the sender requesting it to resend X.
This process continues until the word is successfully accepted or the maximum
retransmission number has been reached. This is the main idea of the ARQ
protocols. In the following, we analyze the throughput of the ARQ protocols
using t-AED and AAED codes over the m-ary Z-channel, m > 2.

Some known t-AFE D codes are the the non-systematic Borden’s codes [7] or
the systematic codes given in Chapter 4. Further, AAED codes are the systematic
codes given by Bose and Pradhan in [12] and the optimal non-systematic codes

given by de Bruijn in [17].
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m—1 m—1

FIGURE 5.1. The general m-ary Z-asymmetric channel.

5.2.1. Analysis of ARQ Protocols using t-AED Codes over the
m-ary Z-Channel, m > 2

Let C be a t-Asymmetric Error Detecting (t-AED) codes. Let X =
(T1,%2,--z,) €C C ZT be the transmitted codeword. The codeword will be
accepted if there is no error in the received word, Y, or detected if the number
of errors, e, is < t. On the other hand, if e > ¢, then the error may or may
not be detected. Let P.(X) be the probability of receiving a correct codeword,
P4(X) be the probability of detecting errors, and P,(X) be the probability of
undetected errors where P.(X) + Py(X) + P,(X) = 1. In this case, the number

of retransmissions needed to receive the word X correctly is:

RO(X) = 1x (1= Py(X))+2X Py(X) x (1= Py(X))+3x Py(X)?*x (1= Py( X)) +- - -

1 =-PRy(X) 1 _ 1 (5.2)
C(1-Py(X))2 " 1-Py(X)  Pu(X)+P(X)’ ’

The complete analysis over Z channel is given in [39].
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5.2.2. Analysis of ARQ Protocols using AAED Codes over the
m-ary Z-Channel, m > 2

Assume that C is All Asymmetric Error Detecting (AAED) codes. Let
X = (z1,22,-+-2,) €EC C Z" be the transmitted codeword. In this case, either
the received word is accepted with probability P.(X) or the error will be detected

with probability Py(X) where P.(X) + P4(X) = 1. In this case, the number of

retransmissions, R(X), needed to receive X correctly is

R(X)=1XP(X)+2x%x (1 — PAX))Po(X) + 3 x (1 — PoX))*Pp(X) + -+~

o0

=D _t(1- R(X)R(X)
= P(X) Y t(1 - P.(X))
PX) 1

[1-(1-P(X)} PAX)

In the rest of this section, we assume that the codewords are transmitted over the
m-ary Z-Channel, m > 2, with error model as shown in Figure 5.2. This model
is the same one that we used in Chapter 4. As shown in this model, for p€[0, 1],

the transition probabilities of such a channel satisfy:

(
0 ifzr <y,

P(ylz) = 4 for all 7,y € Zn,.
l-zpifz=yeZ, — {0},

P ifz >y,

\

Further, given X € ZZ7 | let

w(X) = (wo(X), wi(X), ..., wm-1(X))
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m—1 ~m—1

FIGURE 5.2. m-ary asymmetric Z-channel where every error is equally likely.

be the weight of X, where
w(X)={j=1,2,...,n: z; =a}|

indicates the number of occurrences of the symbol a € Z,, in the word X. For

example, if m = 5 then
w(X = 1302043014) = (3,2,1,2,2).

Now, we want to find P.(X). Since the channel is a discrete memoryless

channel (DMC) we have

P.(X) = P(X is received correctly)

= [1]wo(X) [1- p]’llll(X) [1- 2p]w2(X) S l)p]wm_l(x)
m—1

= [ -é ™.
i=1

Also, we have
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P(X is received in error ) =1 — P.(X) = 1 — P(X is received correctly)

m—1
=1-P(X)=1-[[l1—ip"™.
i=1

If we assume that each symbol is equally likely in a codeword, then IE [R(X)] can
be calculated as follows. Define R(X) as the expected number of retransmissions
needed to receive X correctly. Define R;(X) = R(X) as the expected number
of retransmissions needed to receive z; correctly where 1 < i < n. Thus, we
have R = R(X) = maxi<i<n Ri. Let P(R; = j) be the probability that the
expected number of retransmissions needed to receive x; correctly is equal to j

where 1 <i<mnand 1< j<oo. Thus,

m—1
PR, =1)= P(R, = l|z; = z) P(z1 = x)
z=0
m—1
1
= > (1-zp)
=0
m—1
P(Ry=2)=) P(R, =2z, =1z)P(z1 =x)
=0
1 m—1
=— ZP(Rl = 2|z, =)
m
z=0
1 m—1
=—) (zp)[l-zp|
z=0
In general,
1 m—1
PR =7)=— (xp)Tl(l z p)
m z=0
1 m—1 m—1
== (@p)™" =) (zp)
m =0 =0
Special Case (m =2):
e pr-1 ifr > 1,
PRi=7)={ 2"
l—g—’—' + % ifr=1
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In this case,
R = max{Rl,Rz, sy, Rm},

and
o0

ERX)] =) 7P(R=rT).

T=1

From the above expression, to find IE [R(X)], we have to find an expression for

P(R = 1) where

From the definition of R, we have
PR<7)=P(R <7tand Ry <7and---and R, < 1) =[], P(R; < 1),

and

1 (Q-p~ 0 1 (A=-p) 1-p
== el 2y

2" 3 ;p 27 T2 (1-p
1 1~pT pT

= — =1 - —

SR 2




[o¢}

:>IE[R(X)]=;T [1—%]H~T;T [1121}":51_52.

Now, we will find expressions for S; and S,.

S, = 27(1—%)" _ (-1)'%2:7 [%T— 1]n

=1
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- i* L (8) 0 (]

Substituting the expression of S; and S, in Equation (5.3), it follows:

IE[R(X)] = 2% + ir + (—D"i (Z) (=1)"* [2"(11)——’61)*)2]

S g fent s
3 (e 550l
::§;+<—1rk:1(Z)<—1”‘“45WT%??5
-2 ()ac

Assume that the codewords are equally likely transmitted, the average number of
retransmissions for the code C is:

mwm=%zmwm

XeC

_ 1 1 o (n\_ (=DF
SN ER RN

5.3. Analysis of Type-I Hybrid ARQ Protocols using t-AEC/AAED
Codes over the m-ary Z-Channel, m > 2.

Assume that the type-I hybrid ARQ communication system shown in Fig-
ure 5.3 is used. Also, assume that the used code, C, is a t-Asymmetric Error

Correcting and All Asymmetric Error Detecting (t-AEC/AAED) codes.
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o X=x %, --x, Y:yfyzi---y,: TR

Resend

FIGURE 5.3. ARQ system.

After transmitting the codeword X € C C ZZ" , if the receiver declares no
error in the received word Y, then the receiver sends the transmitter ACK request-
ing it to transmit the next codeword. If the receiver detects an error in Y and the
number of errors, e, is within the error correcting capability of the designed code,
i.e e <, then the errors will be corrected and the receiver sends the transmitter
ACK requesting it to send the next codeword. On the other hand, if e > ¢, then
the receiver discards Y, and sends NAK to the transmitter requesting it to resend
X. This process is continued until the received word is successfully accepted. In
this section, we compute the average number of retransmissions needed to receive
a given codeword X correctly. The transmission and retransmission procedure for
the type-I hybrid ARQ scheme is given in Figure 5.4.

Let P,(X) € [0,1] and P.(X) € [0,1] be reépectively the probabilities of
accepting and rejecting the received word Y, where P,(X)+ P,.(X) = 1. Also, let
RW(X):Q — IN — {0} be the random variable:

RY(X) ' number of retransmission needed by the receiver

to accept the received word Y.

In this simple case, the average number of retransmissions is

IE [RO(X)] = Y iP(X)[7 Pu(X) = Pu(X) > ilP (X))

_ R 1
PP BEX)
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Positive Acknowledgment Negative Acknowledgment
(to send the next codeword) (to resend the word)

b

Transmitter

Errors detected in the
received word?

N
jl No l Yes
e>t

est -
///

LCorrect Errors I lﬁiied to Correct ]

l

LDiscard the received word—|
Receiver

FIGURE 5.4. The proposed transmission and retransmission procedure for type-I

hybrid ARQ scheme.

This is because,

ad = i 1 ! oo-i—l 1
f(a:)d:f;a::m—l — f(a:)::;za: :(_lia:—)z'

Hence, in order to calculate the average number of retransmissions, we need to
find an expression for P,(X). Since a t-AEC/AAED codes is used, a transmitted
word X is accepted iff the number of errors occurred during the transmission is

less than or equal to ¢t. Hence,

¢
P.(X) = ZP(Y contains eczactly T errors|X). (56.5)

7=0
Also, in this case, we assume that the channel of the system shown in Figure 5.3

is a DMC. Let
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§(z) & P(y # z|z) = Z P(alz), for all z€ZZ,, (5.6)
acZl,, —{z}

be the probability that the symbol z is received in error, and hence
1—-6(x) = P(y = z|z) = P(z|z), for all z€ZZ,,

is the probability that the symbol z is received correctly. Since the channel is

DMC we have
P(y1yz ... ynlT122 . .. T,) = ﬁP(yi|xi), for all X,Y € ZZ7.
i=1
Note that, the above formula implies that for all X,Y € 7%,
P(yphye.. . ¥ic1 =T1%2. .. i1 , ¥i # 2 and Yip1¥ig2 - - Yn = Tip1Tizz . .- T | X)

= P(y1-~~yi~1 =21.. -$i—1|$1 . -$i_1)P(yi # ﬂ'7z'|ﬂ'7i)

X P(Yi41---Yn = Tip1 .. Tn|Tiy1 ... Tn).
Further, given X € ZZ , let
w(X) = (wo(X), w1 (X), ..., wm_1(X))
be the weight of X, where
wo(X)=|{j=1,2,...,n: z; = a}

indicates the number of occurrences of the symbol a € Z,, in the word X. For

example, if m = 5 then
w(X = 1302043014) = (3,2,1,2,2).

Let us find an expression for P(Y contains exactly 7 errors|X). Note that, since

the channel is a DMC, we have
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P(Y contains exactly 7 errors|X)

m—1
= Z H P(Y contains exactly 7, errors in the a’s of X|X),

T0yT1,---,Tm—1:  a=0
To+n+...+Tm-1 =7

where the sum is over the ("™ ") different compositions of the number 7. Again,

since the channel is a DMC, for all a € Z,,,,

P(Y contains exactly 7, errors in the a’s of X|X)

- (wa( )> [6(a)]™[1 — §(a)]aX)—Te

Ta

_ (w“T(j()>[1 — §(a)]we0 [1 i(gza)r |
Hence,
ﬁ P(Y contains exactly 7, errors in the a’s of X|X)
_ (HO (w“Ta ) — §(a)]=X) [1 i(gza)r
e T )]
and

P(Y contains exactly 7 errors|X)

S O (e

70,71y -y Tm—1: a=0
To+7T1+-. +Tm 1=T7

So, from the above relation and (5.5), if X is a transmitted word of weight
w(X) = (wo(X), w1 (X), ..., wn-1(X)),

then
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Pu(X) = H[l—é(a v Z Z H (wa X) [ffs’?a)r

G
a=0 TOyT1y-+s Tm—1:
T0+T1+ +‘rm 1=7

(5.7)

Relation (5.7) holds true for any ¢-Asymmetric Error Correcting/All Asymmetric
Error Detecting ARQ system used with any discrete memoryless m-ary asymmet-

ric Z-channel.

Note 2 If 6(0) = 0 as in the case of the m-ary Z-channel (§(0) = 0 < 0 is always
received error-free) then the symbol 0 “disappears” from relation (5.7). And so,

for any m-ary Z-channel,

m—1 .
Wa( 6(a) 1™
poo-flnsortss 5 T(0) 5]
a=1 T1,T2y-+.y Tm—1:
T1+:'2“: +Tm— ll—T
(5.8)
Similarly, the same thing holds true if a;, as, . .., a; € Z,, are received error-free.

In the following we assume §(0) = 0.
Note 3 The function

f(x)q:efT—f—x:x(1+x+x2+...):x2xi,

is increasing with z € [0,1) and such that f(0) = 0 and f(1) = +oo. Now, if

c1,c2 €IRT are two positive constants such that
for all ac ZZ,,, §(a) #0 = ¢ <d(a) <cy,

then from (5.8),



( 3
m—1 t m—1 T
we(X) c2 *
Pi(X) < ] (@ —d(a)y==® ¢ > > ( ) ( ) (
a=1 =0 T1,T2,+++, Tm—1: a=1 T 1- €2
L T1+T2+. . A Tm—1 =T J
( 3
m—1 i c Ta 1
Wq 2
= J](1-é(a)) ‘X’<Z(1_02> > H( ) >
a=1 7=0 T1, T2, Tm—1: =1
\ n+r2t+...+Tm-1 =7 J
m—1 t T
X) Ca N
— 1— wa(X) w(
ITa-sro3 ("7) (725)
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where w(X) = wy(X) = wi(X) +w2(X)+. ..+ wn_1(X) is the Hamming weight
of X. The above relations follows because obviously

(w(X)) _ (wl(X) +wa(X)+ ... +wm_1(X)>

m+To+...4+Tha

T :
T, T2, .-, Tm—1: — a

T1t+T2+.. +Tm 1=7

The analogous lower bound can be obtained similarly, and so

m-—1 t

1-c) X’Z( )(r25) = Mo-semon (") (25)
< a(x)ﬁ(l - 5(a))’"ﬂ""§ (“’(TX)) (1 ?62)’
<(1l—c)” X)Z( (TX> (1_202>T, (5.9)
Further, should ¢; = §(a) = ¢; = §, for all @ € Znm — {0} then
Pi(X) = 5)W<X>i (“’(X )> (%) (5.10)

The above relation can be also written as
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X) :i (“’(TX )5’(1 8y, (5.11)

7=0
In order to evaluate the average number of retransmissions, it might be

useful to approximate P,(X) as follows. Let

t

f(6,w,1) é}:( )ya— o, (5.12)

7=0
and

w

fid,w,t) 3 (f)afu—a)"’”* (5.13)

T=t+1

= w t+11 _ syv—t-1 w 20 _ 5Pt gL (w) 5.
O ) A
Note that, from the definitions of f(d,w,t) and fi1(d,w,t), Po(X) = f(d,w,t) =

1 — fi(6, w,t) with w = w(X). It is clear that

(t+1>&+%1 8D < £(8,w,t).

On the other hand,

F1(8,w,t) = ( (t}:l) w—t— 1) (1- 5)w~t—1

+ ot (u(,t_‘?_)l)- (“’ B (lt * ”) 81— 8)vt2

] —t-1
4+ e+ 5t+1 ( w >5w—t—1
G| \w—(t+1)

w—t—1 w T
— 5t+1 ! (t—i—_l—t‘r) (w —t- 1) 51(1 _ J)w—(t—l—'r).

T

But




73

and so,

Hence,

(tzl)dt-rl(l — &) < £ (5, w,t) =1— f(§,w,t) < (til)dtﬂ' (5.14)

From (5.14) and (5.4), it follows:

1 1 )
< (6 - <
1= (3)0 (1 = gye—tt+h) = IE [F500] 1- fi(dw,t) = 1 (,7)d+’
(5.15)
and if (1 — 6)* "V ~ 1 then
O(x)] = 1
IE [RY(X)] = T ()
t+1

In the general case, relation (5.4) and (5.8) imply that the average number
of retransmissions of a transmitted codeword depends only on its vector weight,

w = (wo, W, . .., Wn_1). Hence,
E [R(X)] = Rip,y(w)

7=0 T1, T2y e« s Tn—1" a=1
T1+72+...4+Tm-1 =17
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FIGURE 5.5. The binary Z-channel.

where §(a) is the probability that symbol a € Z,, — {0} is received in error. Now,
the average number of retransmissions for the given code, C, of length n can be ob-
tained by taking the average of IE [R()(X)] over all codewords. Assume that the
codewords are equally likely transmitted, the average number of retransmissions
for the code C is
IE [RY(C) =1 Z IE [RO(X)] = 2 A RHyb(w)
Xec weZ’"

where A, = [{X €C: w(X) = w}| defines the weight distribution of the code.

In the rest of this section, we calculate the expected number of the retrans-

missions, IE [R®(X)], for different m-ary Z-channels, m > 2.

5.3.1. Analysis of the throughput of Type-I Hybrid ARQ protocol
over the binary asymmetric channel (Z-channel)

In this case, the channel model is shown in Figure 5.5. From (5.6), 6(0) = 0

i E)T _ i (w(TX)) € (1 — e)uX)-T,

T

and 0(1) = e€[0,1]. Hence from (5.8),
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m—1 m-—1

FIGURE 5.6. The m-ary Z-channel where every symbol error is equally likely.

and from (5.4)

1
Zt ("’(TX))GT(I — €)w(X)-T ’

7=0

IE [RY(X)] =

Example 5 If € = 0.01, ¢t = 2 and w = w(X) = 100, then IE [RP(X)] =
1.086216480. When we use the bound in (5.15), 1.064961780 < IE [R®(X)] =
1.086216480 < 1.192890373. On the other hand, if e = 0.001, then 1.000146766 <
IE [R®)(X)] = 1.000150399 < 1.000161726.
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5.3.2. Analysis of the throughput of Type-I Hybrid ARQ protocol
over the m-ary asymmetric Z-channel where every symbol
error is equally likely

Here the channel model is as depicted in Figure 5.6. For all € € [0,1] the

transition probabilities of such a channel satisfy:

r

0 ifr <y,

1 fz=y=0,
P(ylz) = for all z,y € Zy,.
1-eifz=yeZ, — {0},

| e/z ifz >y,

So, in this case, from (5.6), 6(z) = € for all z € ZZ,, — {0} and 6(0) = 0. Again,

from (5.11),
Po(X)=(1- E)w(X) Z (w(TX)> (1 i E>T _ Z (w(TX)> €(1— E)w(X)—T’
and from (5.4)
¢ 1
IE [RY (X)) = S O (e

This is similar to the previous binary case.

Hence,

n

n — Aw
IE [RY(C)] = i,—l >~ AuRigp(w) = ﬁ z:% S (e (e

with A, = {XeC: w(X)=w}|, foralw=0,1,2,...,n.
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m-—1

FIGURE 5.7. The m-ary Z-channel which takes into account the error magnitude.

5.3.3. Analysis of the throughput of Type-I Hybrid ARQ proto-
col over the m-ary Z-channel which takes into account the
error magnitude

In this case, the channel model is as depicted in Figure 5.7. For all e€[0, 1]

the transition probabilities of such a channel satisfy:

(0 ifr <y,

1 ifz=y=0,
P(ylz) = < for all z,y€ 7Z,,,

l1—(e+e+...+¢) ifz=yeZ,, — {0},

{ €Y ifz >y,

where e€[0,1]. Hence, from (5.6),

1—-¢€ €
h)) =
(<) 61~e 1-—

Q

Jfor all e 7ZZ,,, — {0}.
€

From (5.11), and the above approximation,the following approximation holds:

ran= (55 "5 () ()

T
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m— 1 1—(m—1)e

m—1

FIGURE 5.8. The m-ary Z-channel where every error type is equally likely=e.

Hence, this case is approximately equivalent to the previous case. Note that
analogous simple upper and lower bounds can be obtained from ¢(1—¢™)/(1—¢) <

6(z) < ¢/(1 —e), for all z€ZZ,, — {0}, and relation (5.9).

5.3.4. Analysis of the throughput of Type-I Hybrid ARQ protocol
over the m-ary asymmetric Z-channel where every error
type is equally likely

In this case, the transition probabilities of the channel shown in Figure 5.8

are:

(0 ifz <y,

1 ifr=y=0,
P(ylz) = for all z,yeZZ,,,
1—-ze ifr =yeZ,, — {0},

€ if z >y,

\

where e €[0,1]. And so, from (5.6), §(z) = ze¢, for all z € Z,, — {0}. From (5.9)

and since ¢; = € < §(x) < (m — 1)e = ¢, it is possible to obtain the following
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bounds:

(- (m- 1>e>w<X>§ (") (= )
< ﬁ(l — ge)walX) zt: (W(TX)) (1 < E)T < Py(X)

Tlo-eomo 3 () (52

o () (5 25)

5.4. Analysis of ARQ Protocols with Diversity Combining using t-
AEC/AAED Codes over m-ary asymmetric Z-channel, m > 2

Assume that C is a t-Asymmetric Error Correcting and All Asymmetric
Error Detecting (t-AEC/AAED) codes. Assume that the codeword X €C C Z™
is transmitted over the m-ary asymmetric Z-channel, m > 2. In the case of
diversity combining, at each step 7, the receiver combines the received word, Y,

with the previous saved word, Z,_;, to form a new word, Z,, as follows:
ZT:UK, 7€IN and 7 > 1.

At the receiver, if there is no error in the combined word Z,, then Z, will be
accepted and ACK will be sent to the transmitter requesting it to send the next
codeword. If the receiver detects an error in the combined word Z, and the
number of errors, e is within the error correcting capability of the designed code,
i.e e < t, then the error(s) will be corrected and the receiver sends the transmitter
ACK requesting it to send the next codeword. On the other hand, if e > ¢

then the receiver saves the erroneous combined word, Z,, and sends NAK to
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FIGURE 5.9. Packet reusing scheme

the transmitter requesting it to resend X. In this case, the word Z, is saved to

combine later with the following received word, Y;,;, to form a new word Z,,;.

This process continues until the combined word is successfully accepted. This

scheme is shown in Figure 5.9 where the combining consists of a digit-by-digit

MAX operation. In other words, the MAX operation is done on the digit-by-digit

of the saved one Z,_;, and the corresponding received word Y,, for all 7 > 1. The

transmission and retransmission procedure for this diversity combining scheme is

illustrated in Figure 5.10.

In this section, again we compute the number of retransmissions required

to accept the code C' correctly using this diversity combining scheme.

Let

() = Py # ala) =

2.

P(alz), VzreZL,

o€, —{z}
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FIGURE 5.10. The proposed transmission and retransmission procedure for the

diversity combining scheme.

be the probability that the symbol z is received in error, and
1—4(z) = P(y = z|z) = P(z|z), Vz € Zn,

be the probability that the symbol z is received correctly. Also, assume that the

channel model shown in Figure 5.6 is used, so that
6(x) = constant = § € Z,, — {0} and §(0) =0 . (5.16)

Under this assumption, the 0’s of the transmitted codeword X € C are always
received correctly and hence only the z;’s # 0 influence the average retransmission
time of a word X € C. Now, let R;(X) : Q@ —+ N — {0} be the random variable
defined as:

R; = R;(X) = number of retransmissions needed to receive
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the i-th non-zero component of X correctly,

foralli=1,2,- -, w where w = wy(X) is the Hamming weight of X.
From the above definition, it follows that the number of retransmissions
needed to receive X correctly (i.e. the number of errors in Z, is < t) with a

t-AEC/AAED system is the random variable
RY(X) = R® = (¢ + 1)-th largest element in the set {Ry, Rz, - -, Ruy(x)}-

The following example shows how this scheme works.

Example 6 Let X = (0122104130) € C C Z}° be the transmitted word over
an m-ary Z-channel and assume the code can detect all errors. Suppose that
Y1 = (0012102110) is the first received word. Table 5.1 shows how the original word
can be recovered using diversity combining scheme. However, if t-AEC /AAED
codes is used, then the original word can be recovered after R®)(X) retransmissions
where RM(X) = t+1-th largest element in the set {Ri1, Rz, -, Ry}, i.e. the number
of retransmissions required to recover the word is t + 1th largest element in the set
(2,3,1,1,4,1,2). For ezample, if 1-AEC /AAED codes is used, then the error will
be recovered after RV (X) = 3nd largest element in the set (2,3,1,1,4,1,2), i.e.
after 3 retransmissions. Also, when 2-AEC /AAED codes is used, the errors will
be recovered after R®(X) = 2 retransmissions. Also, RO (X) = 4, R®(X) = 2,

etc.

In the rest of this section, we find an analytical expression for the aver-
age number of retransmissions needed to receive a transmitted word X correctly,
IE [RY(X)].

Note that, since the channel is assumed to be a DMC, for the given X,

the R;’s are independent. Also, since 6(z) = § = constant, for all ¢ € ZZ,, —



Y,

Z,

W N = O

0012102110
0100003030
0120102210
0011104020

0000000000
0012102110
0112103130
0122103130
0122104130
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TABLE 5.1. A sequence of transmissions example.

{0}, the R;’s are equally distributed as it will be shown below. So, the R;’s are
independent and equally distributed. Hence, from the theory of order statistics

[16], the cumulative distribution function (cdf) of R® in this case is

Froy (1) = P(R® < 7]X) = E;( )

where

— F(r)]", (5.17)

P(t + 1th largest element < 7) = P(allbut 1 < 7)+---+ P( all but ¢t < 7)

and F(7) = P(R; < 7|X) is the cdf of the R;’s. Let us now find out an

Fr(r) =
=Y i-1 P(R; = j|X). From Equation (5.16) we have

expression for F(7)
P(R; = j|X) = P(R; = j| the i-th non zero component of X) = §~1(1 — §).
Hence,

T):i(sj—l(l— (1-6 Zaﬂ (1-46
ji=1

Now, we compute the average number of retransmissions (IE [R®(X)]),

=1-4". (5.18)

(1: )

where

x)] = if P(R™ = 1)X).

=1

IE [RO(

From (5.17) and (5.18), we have



P(R®

=7|X

)(X

)

= P(RY < 7|X) -
Z( ) (IR
2
|
250
=3

Z P(RY = 7|X) = Z(

P(RY < 1 - 1]X)

(—1)"“( ) (w h) [§rHRE=) _ glhiry

() X o -
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where

h=1 k=0

h=1 k=0
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(5.22)
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Hence,

Si=1+ g(q)"“ (’:) (%) (5.23)

An approximation for the above expression can be obtained if w is a constant as

_ w\ o w\ 62 wit (W) 0
SI_H(l)TTS_ (2)T—?5+"'+("1) (w>1—5w

4 2
~1+’U)I“_—5+O((S)

follows:

Now, consider S,.

2R ) S () () ().

Assume that t <w-—1, it follows:

22 () o= (B (L)

t
h=1 0

And so,

s-£Er (1) ()
EEOC ) o

Again, an approximation for the above expression can be obtained if w is a con-

stant as follows:
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5 2

) wotf W w—1t\ o
+w(w—1)1_52+---+(~1) (w—t)(w—t)l—éw

+0(8%).

Substituting the expression of (5.23) and (5.24) in (5.19), the average retransmis-

sion time for a given word X to be received correctly is given by

IE [R(t)(X)] -1 +Z(_1)k+1 (Z) . i =

EEOC ) e

Note 4 From (5.22), the sum S(4, k) can also be expressed as

+o0o

S k) =) (", (5.26)

r=0
and so, it is possible to derive another analytic expression for IE [R(t)(X )] as
follows:

From (5.20) and (5.26),

si= 30 (V)sen =S (3) S ey

=) L-(1-"1=1+> [1-(1-48)".

Whereas, from (5.21), (5.26) and the non-restrictive assumption ¢ < w,

S, = Z_j Z_:(—1)k+l (’:) (“’ . T) S(6, 7+ k)
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LX) g
—-ER()era-s
-3 (M) era-»
Hence, o
IE[RYX) =8+8=1+ +zj [1 (- zi: (f) (&) (1— y)w_r}
-1+3 [1~Z( )era —ar)’""*}
=1 = fGw )+ L= f ()] + - ()] 4o (620

where f(4, w,t) is the function given in (5.12). Further from (5.27) and the upper
bound in (5.14) it follows that:

IE [RY(X)] =1+§[1— (6" wt)]<1+( v )f(dt“)'

r=1 t+1 r=1

w 5t+1
=1 A
* (t+1> 1 — §t+

From (5.27) and the lower bound in (5.14) it follows:

IE [R®W(X —1+Z 1-f

+oo
w r ryw—
21+Z(t+1)<a)t“<1—a> )
r=1
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=1+ (t _'u_) 1) (1—§)vt1 f (5r)t+1

r=1

B w et st
_1+(t+l)(1 2 1 — §t+1’

From the previous two inequalities, we obtain

w gttl i © w s+l 28
() om0 < n e () g 62

Hence, when (1 — §)¥~0¢+1) ~ 1,

® w 5t+1 5 26

Note that expression (5.27) can be used to compute the exact value of IE [R® (X)]
in a very efficient manner, especially when w is very large. In this way we cal-
culated the values in Table 5.2. Further, expression (5.27) truncated to a certain
value of r gives generally a better approximation for IE [R®)(X)] than the one

given in (5.29), as shown Example 7.

The expression in (5.27) implies that the average number of retransmis-
sions required to receive the word X correctly depends only on its Hamming weight
w = wy(X). For a code C used in the system, the average number of retransmis-
sions can be obtained by taking the average over all codewords. We also assume
that all codewords are equally likely transmitted. Hence, the average number of

retransmissions for the code C is

E [RO(C)] _ilz E [RO(X
Xe

{Cl Z Ay X RDC arq (0 wr),

weZL?,
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with A, = {X €C: w(X) = w}|, for all we Z™, being the weight distribution
of the code C.

The above equation is valid under the same assumption, §(0) = 0 and §(a)

= constant = ¢, for all a € Z,, — {0}.

Table 5.2 shows the average number of retransmissions using a type-I hy-
brid ARQ and diversity combining using t-AEC/AAED codes over the m-ary

asymmetric Z-channel where every symbol error is equally likely.

Example 7 Assume that every symbol error is equally likely, then §(0) = 0 and
6(z) = € for all t € ZZ,, — {0}. So, from (5.25) and (5.27), the average number of

retransmissions needed to receive the codeword X correctly is

IE [RY(X)] = Rppang(w) = 1+ Z [1 -2 & )era- >]

=1+~ flew,t)]+ [1— f(E,w,t)]+[1-F(Ewt)]+....

Ife=0.01, w = w(X) = 100 and 2-AEC/AAED codes is used, i.e. t = 2, then
the average number of retransmissions needed to receive the transmitted word X

correctly is:

IE [RY(X)] = RP(100)
=1+ fi(e=0.01,w = 100,¢ = 2) + fi(e = 0.01*, w = 100, ¢ = 2)

+ fi(e = 0.01%,w = 100, = 2) + - - - = 1.079373362.
On the other hand, if we use the bound given in (5.28), we obtain

1060999226 < IE [R"2)(X)] < 1.1617001.
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Ry, () Rocw) | Rpuw) | Bpw) | Bayw) | Reas(w)

t\e 0.1 0.01 0.001
0 719380.7160 | 2.858090371 | 3.619887649 [ 1.736596677 | 1.136625792 (1.120331087
1 47258.58719 (2.374110939 | 1.578717521 | 1.366655067 | 1.007532535 | 1.007476228
2 6224.745005 |2.137628681 11.159390832 | 1.137478423 | 1.000311003 | 1.000310906
3 1232.137544 {12.039483749 | 1.041976746 | 1.040285685 | 1.000009662 | 1.000009662
4 325.5382409 (2.006534669 | 1.009699440 | 1.009606265 | 1.000000238 | 1.000000238
5 107.5263361 ]1.992620862 | 1.001924612 | 1.001920915 | 1.000000004 | 1.000000004
6 42.5775987211.976842982 |1.000329682 | 1.000329505 1 1
7 19.62371020 |1.949090571 | 1.000049345 | 1.000049343 1 1
8 10.29575810 | 1.902879204 | 1.000006540 | 1.000006540 1 1
9 6.041371480 |1.834475419 [1.000000776 | 1.000000776 1 1
10 3.906820493 {1.744037443 | 1.000000083 | 1.000000083 1 1
11 2.74909133111.636243484 | 1.000000008 | 1.000000008 1 1
12 2.08102111711.519466685 | 1.000000001 | 1.000000001 1 1
13 1.676974460 | 1.403688044 | 1.000000000 | 1.000000000 1 1
14 1.424535886 11.298016991 | 1.000000000 | 1.000000000 1 1
15 1.263876864 | 1.208783691 1 1 1 1
16 1.161116970(1.138760346 1 1 1 1
t\e 104 10~° 106
0 1.012882918 | 1.012720340 {1.001280825 {1.001279200 { 1.000128008 | 1.000127992
1 1.000080606 | 1.000080600 | 1.000000812 | 1.000000812 | 1.000000008 | 1.000000008
2 1.000000338 | 1.000000338 | 1.000000000 | 1.000000000 1 1
3 1.000000001 | 1.000000001 1 1 1 1
4 1 1 1 1 1 1
t\e 1077 10-8 107°
0 1.000012800 | 1.000012799 | 1.000001280 | 1.000001280 | 1.000000128 | 1.000000128

1.000000000| 1.0000000 1 1 1 1
2 1 1 1 1 1 1
t\e 10710 10~11 1012
0 1.000000012 {1.000000012 { 1.000000001 | 1.000000001 1 1

1

1

1

1

1

TABLE 5.2. Average number of retransmissions for a word X with weight w = 128

using type-I hybrid ARQ, _Rg)yb(w), and diversity combining scheme, Eg)c(w).
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6. CONCLUSION AND FUTURE WORK

In this thesis, some new results on error control techniques for the asym-

metric channel are given. Specifically, new results are given on:

* The capacity of the asymmetric channel.

* Analysis of the extended error detecting capabilities of Bose-Lin codes.
* t-unidirectional error detecting codes over Z,,, m > 2.

* Type-I hybrid ARQ using t-AEC/AAED codes over the m-ary Z-channel, m >
2.

* Diversity combining scheme using t-AEC/AAED codes over the m-ary Z-

channel, m > 2.

More specifically, in Chapter 2, an expression for the capacity of the binary asym-
metric channel is derived. Using this expression, the capacities of the binary
asymmetric channel (BSC) and the Z channel can be obtained as special cases.

In Chapter 3, some analysis of Bose-Lin codes, for error detecting capabil-
ities beyond the maximum designed error detection, are given. It is shown that
the codes can detect errors beyond the designed maximum error detection capa-
bilities of the codes. When the error characteristic of a channel is asymmetric or
unidirectional, these codes can be successfully applied. Such conditions can occur
in applications where Bose-Lin codes are applied to relatively large blocks of data
or circuitry where the number of errors in the code word can occasionally exceed
the maximum that the code is designed to detect.

A new class of a systematic t-unidirectional error detecting codes over Z,,

is designed in Chapter 4. It is shown that the constructed codes can detect up to
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2 errors when using 2 check bits. Also, it is shown that the constructed codes can
detect up to m™? + r — 2 using r > 3 check bits. When m = 2, these codes are
equivalent to the Method 1 of Bose-Lin codes [11]. By using r check digits, an
upper bound on the maximum number of detectable errors is given. This bound
is a generalization of the bound given in [23], which is for m = 2.

In chapter 5, the throughput of the pure ARQ protocols using different
codes over the m-ary Z channel, m > 2, is derived. We derive the throughput of
the system by computing the number (or the expected number) of retransmissions
needed to receive all codewords correctly. We analyze the throughput first for
ARQ protocols. Then we consider type-I hybrid ARQ protocols, which use t-
Asymmetric Error Detecting (t-AE D) codes and also using All Asymmetric Error
Detecting (AAED) codes. We also explain a simple diversity combining scheme
for general m-ary Z-channel, and again derive the throughput efficiency of these
schemes. From these results, it can be seen that the type-I hybrid ARQ protocol
is inferior to the diversity combining scheme, especially when e is large and/or ¢
is small. On the other hand, when ¢ is small and/or ¢ is large, their performance

is essentially the same.

6.1. Further Research

The capacity of the binary asymmetric channel is derived in this thesis.
One of the future research problems is to design asymmetric codes with rate
close to the capacity of the asymmetric channel. Another problem in this area is

to derive the capacity of the various m-ary Z asymmetric channels described in

Chapter 5.
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It is known that the binary Bose-Lin codes are optimal when the number
of check bits, 7, is 2,3, and 4. It is not clear whether the codes are optimal for
7 > 5 and this is an open problem. In addition, the optimality of the proposed
t-asymmetric error detecting with m > 2 needs further investigation. We have not
investigated the error detecting capabilities of the proposed t-ary error detecting
codes for the number of errors beyond the designed maximum value. This problem
is worth studying.

Most of the ARQ protocols designed here are for asymmetric channels. In
future, we would like to investigate similar techniques for unidirectional errors.
In fact, a simple diversity combining scheme similar to the one proposed here for
asymmetric errors can be also designed for unidirectional errors. This scheme
can correct up to [%J-unidirectional errors using t-unidirectional error detecting
(t-UED) codes as we briefly mentioned.

The diversity schemes now consists of bit-by-bit OR operation for the 1 — 0
errors and bit-by-bit AND operation for 0 — 1 errors. When t-UED code is
used and the number of errors is less than or equal to [%J, the receiver can find
out whether 1 — 0 errors or 0 — 1 errors have occurred in the received word.
For example, assume that a system uses Borden’s-4-error detecting code with
length n = 20 , i.e. the codeword weights are 0, 5, 10, 15, and 20. Suppose,
the receiver receives a word with weight 12. Then, it is clear that the original
word must have weight 10 and the errors are of 0 — 1 type. On the other
hand, if the receiver receives a word with weight 8 then again the original word
must have weight 10; however, in this case, the errors must be of 1 — 0 type.
This is because it is assumed at most 2 unidirectional errors can occur in the
codewords. Thus, performing bit-by-bit OR operation for 1 — 0 errors and bit-by-

bit AND operation for 0 — 1 errors, the receiver can obtain the original word. For
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general m-ary codes, these operations must be digit-by-digit MAX and MIN. The
| throughput analysis for this method for different m-ary (m > 2) codes requires

further investigation.
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