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Abstract approved

Fabricated steel beam specimens with rectangular holes cut in
the webs were subjected to load tests to analyze the behavior of the
modified section. Beam-depth to hole-depth ratio was in all cases
2.0; however, ratio of hole length to hole height varied from 2.0 to
3.0. The primary instrumentation of electrical resistance strain
gages was located at ratios of nominal bending moment to shear for
the solid section of 40 and 64. Instrumentation was located with re-
gard to flexural behavior in the tee-sections, rather than the deter-
mination of stress concentrations near the hole corners,

The approximate Vierendeel method, although not new, is
developed for the analysis of beams with web holes; such beams are
commonly called Vierendeel beams. Also included is a more precise
development of the Vierendeel analogy by matrix analysis techniques.
Experimental strain results are correlated with predictions by both
the approximate Vierendeel analysis, which is currently used for
design analysis, and by the actual Vierendeel analysis. Experimental

deflection results are correlated with deflection predictions by the



S

actual Vierendeel analysis. Predictions by the theory of elasticity
method are discussed, but due to the complexities of the solution,
comparisons with the experimental results are not presented.

Tests in which the beam specimens were loaded to failure were
conducted to study the type of failure when web material is removed.
Failure was a form of lateral instability before the desired failure

mode was obtained.
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NOMENCLATURE

Cross-sectional area of the member.
Connection width at the i end of the member
Connection width at the j end of the member

Ratio of the corrected connection width at the i end of the
member to the free span of the member.

Ratio of the corrected connection width at the j end of the
member to the free span of the member.

Empirical adjustment factor for a connection width at the i
end of the member.

Empirical adjustment factor for a connection width at the
end of the member.

Axial deformation of the member.

Modulous of elasticity of the material - assumed 29, 500, 000
pounds per inch squared for A36 steel.

Moment of inertia of the solid beam about is neutral axis.
Moment of inertia of the tee-section about its neutral axis.

Matrix relating internal displacements to external displace-
ments for the complete structure.

Matrix relating internal displacements to external displace-
ith member.

ments for the
Free span length between connections for the member.
Span length of the member from center to center of joints.
Bending moment at a point in the solid beam.

Bending moment at the i end of the member.

Bending moment at the j end of the member.



[ x]

Axial force in the member
Total load on the test beam.
Shear force in the member.

Longitudinal distance on a tee-section from the hole center
line to a particular point.

Correction constants to be applied to [ ki] for connection
width considerations for the member.

Transverse distance from the solid beam neutral axis to a
particular point.

Transverse distance from the tee-section neutral axis to a
particular point.

Transverse distance from the tee-section neutral axis to
the hole edge.

Transverse distance from the tee-section neutral axis to the
nearest outer flange.

Deflection at the i end minus the deflection at the j end.
Rotation at the i end of the member.

Rotation at the j end of the member.



EXPERIMENTAL STUDIES OF VIERENDEEL BEAM ANALYSIS

Part 1

INTRODUCTION

A design engineer usually designs a member for varying loads,
but is not always required to consider any circumstances which might
change the member's load carrying properties. At times, steel wide
flange beams which had been placed in a building framework have had
holes cut in the webs to allow placement of pipes and heating ducts.
This reduces the floor-to-floor distance as the ducts and pipes do
not have to be placed below the beams, and therefore also, reduces
the total height of the building. The removal of the web material
creates an entirely different member with respect to the stresses
that are developed in the beam when compared to the solid-web mem-
ber. Various engineers now design members (beams) which have
holes in the web for building construction. The benefits derived from
such design practice are threefold: (1) story-to-story distances
reduced, (2) accessibility for plumbing placement, and (3) weight
reduction of beams. A limitation of this practice is the uncertainty
of the design methods since very little is known about the behavior of
a beam with part of the web material removed.

Due to the uncertainty of the present design methods, more



experimental work must be performed in test laboratories to justify
the analysis presently being used and to develop easier, more accurate
predictions of the behavior of such beams. This thesis project in-
volves the testing of beam specimens and the correlating of results

with analytical calculations.

Purpose of Study

Two beam specimens were obtained and instrumented with SK-4
electrical resistance strain gages. The beams were of similar pro-
portions, except for the aspect ratios of the holes (the length of the
hole along the axis of the beam divided by the height of the hole)
which varied between specimens. A complete description of the test
specimens is included in Part 2. The specimens were subjected to
numerous load tests with varying load positions, thereby causing
nominal bending moment to shear ratios at the hole center lines be-
tween ten and infinity. The principal instrumentation was at a hole
which had moment to shear ratios of 40 to 64. In these initial or
primary tests, the stresses calculated from the measured strains
were limited to the elastic range of the material. The measured
strains were to be compared with the strains calculated by the analy-
tical procedures presented herein. The intent of these comparisons
‘was the purpose of this study: to show that the behavior of the test

specimens can be adequately predicted by analytical methods.



Prediction of the beam behavior applies to both the linear stresses
and the deflections, but not to the stress concentrations at the hole
corners,

After completion of the primary tests, the beams were loaded
to failure in the ultimate load tests. It was anticipated that the
failure of the beam would occur in the region of the web hole. Such a
failure would contribute to the development of yield theories due to
the stress concentrations, and also to the development of an ultimate-
strength design method (3, p. 13). Although such a failure did not

occur, the actual failure did contribute to this study.

Review of Previous Research

Previous research in this area, although limited, has been
developing rapidly in recent years. The American Institute of Steel
Construction recently sponsored an investigation (16, p. 4) of rein-
forcement requirements around web holes. Inthat research report
the author introduces a theoretical approach based on the assumption
that the beam acts as a Vierendeel truss in the area of the hole, if
this hole is centered on the neutral axis. Presentation of the
method, as used in previous literature, is shown in Part 4 of this
thesis in conjunction with the experimental comparisons. The
Vierendeel truss approach is similar to the slotted bearn analysis

presented by Roark (12, p. 45 ). In Part 5 a more precise use of
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the Vierendeel truss analogy is developed, presented, and compared
with experimental determinations.

Experimental work in the area of the Vierendeel truss can be
traced to the work of Professor Arthur Vierendeel, who in 1897
designed a simple rigid truss without diagonals for a bridge to be
load-tested (1, vol. 107, p. 1215). This type truss, sometimes
called a '"ladder' truss or an ''arcade'' truss, became known as a
Vierendeel truss, due to the extensive work by Professor Vierendeel
on this type truss. Experimental work on the ''beam-type'" Vieren-
deel truss has been limited to very recent years.

Experimental results (13, p. 5) have also been correlated with
analytical calculations using the terms ""moment-bending' (bending of
the solid beam) and ''shear-bending' (bending of the tees above and
below a web hole caused by cantilever action). This method yields
the same calculated stresses as the Vierendeel analysis since the
method in either case amounts to the same procedure. To the
writer's knowledge, this experimental work by Roik and Almdal (13)
is the only report in which the experimental deflections are reported.

Other experimental work has been performed at McGill Uni-
versity and correlated with theoretical calculations by the theory of
elasticity. This work at McGill University is reported in the McGill

University Applied Mechanics Series and briefly described by Bower



(4, p. 5). The beam specimens used in these tests were rolled
shapes with holes 16 inches long and beam depth to hole depth ratio
of 1.75. These beam specimens had the longest holes of any pre-
viously tested and reported upon (to the writer's knowledge).

The Applied Research Laboratory of the United States Steel
Corporation has recently completed an extensive investigation and
development of the application of the theory of elasticity to the web
hole problem (2, p. 1l). In a subsequent report (3, p. 5) experimental
results are compared to the analytical calculations by both the theory
of elasticity and the Vierendeel analysis. Octahedral shear stresses
are emphasized in these reports.

Previous studies (9) sponsored by the Oregon State University
Engineering Experiment Station have been performed on a prefabri-
cated beam specimen, and the experimental results related to those
of the Vierendeel analysis. This thesis project is a continuation of

this previous work.



Part 2

EXPERIMENTAL PRCCEDURES

Test Specimens

Beam specimens were fabricated of ASTM A36 steel throughout.
Two 1/2 inch by 4 inch rolled flange plates were welded to a 1/4 inch
by 14 inch web plate, thus forming a "I'" beam cross-section 15 inches
in height. Two beams of such cross-section were fabricated, each
12 feet long, weighing approximately 25.5 pounds per foot. Web
holes were then torch-cut in the web plates in the arrangement as
shown in Figure 1. As shown, all holes were rectangular in shape,
and had 1 inch radii rounded corners. The holes were left in the
as-cut condition, and no allowances were made in the experimental
calculations for any case-hardening effects in the material adjacent
to the hole. Both beams are symetrical about the neutral axis (holes
centered on the neutral axis), and also about the center line of the
beam. The depth of beam to depth of hole ratio (depth ratio) is in all
cases 2.0 and the aspect ratio was either 2. 0 or 3. 0. Emphasis is
placed on the aspect ratio; the largest previous aspect ratio was 2. 0.

Inspection of Figure 1 indicates a narrow web plate between the
edge of the hole and the end of the beam. It was concluded after re-

viewing previous studies (5, p. 34) that no web buckling would occur
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in this web plate. Due to the welding of the flange plates to the web
plate, a slight amount of plate curvature could be detected in both

the tension and the compression flange of the beam. This curvature
is shown, greally exaggerated, in Figure 2, The vertical deflection
of the edge of the flange plate was approximately 1/32 of an inch. No
adjustments were made in the calculations, but this curvature would
affect both the bending behavior of the beam and the residual stresses

in the flange plates.

Figure 2. Flange Curvature

Instrumentation

Each beam was instrumented with electrical-resistance strain
gages, as shown in Figure 3, and a photograph of the arrangement is
shown in Figure 4. Linear gages were type A-7 gages with 1/4 inch
gage lengths, and the rosettes were the rectangular type with 1 inch
gage lengths, All gage lead wire was 18 gauge wire size. Terminal

boards were used for connection of the lead wires from the gages to
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a) Beam C under load type 1. b) Beam C close-up.

c) Beam D under load type 2. d) Beam D close-up.

Figure 4. General photographs.



the lead wires on the switching units, as shown in Figure 4,

A Baldwin Strain Indicator, Model 20, with digital read-out
was used for strain readings. Figure 4 shows the test setup with
the strain indicator and switching units shown.

Deflection measurements were taken by two different methods.
A small brass wire was stretched between the neutral axis, directly
above one support, to the corresponding position at the opposite end
of the beam. With a telescope located approximately 10 feet from
the side of the beam, deflection measurements were read from metal
scales taped to the web of the beam at 2 different locations. The
second method of observing deflections was by the placement of Ames
dials beneath the lower flange. The Ames dials can be seen in Figure
4, Agreement between the wire deflections and the dial deflections
was very poor, However, since internal reference was used with
the wire method and external reference used for the Ames dials, the
deflections measured by the wire method are considered more accu-
rate. Therefore, all reported deflections in this thesis are those
measured by the wire method.

Placement of the strain gages was based partially on previous
research, and partially on the particular effect being sought. The
main emphasis was not on the stress concentrations near the hole
corners, as Lander's investigation (9) deals primarily with instru-

mentation at the hole corners. The Applied Research Laboratory
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(3, p. 9) also dealt primarily with the stress concentrations near the
corners. It is of interest, however, to note that the stress concen-
trations are reduced if larger radii hole corners are used (14, p. 53).
Verification can also be shown experimentally by studying results of
circular web holes (an extreme radii of corners equal to 1/2 the
hole length), as shown in Bower's experimental work (3, p. 6).

However, in the determination of strain gage locations, empha-
sis was on linear strains in the tee-section above Hole 2. The heavy
instrumentation of this tee-section was to determine the actual be-
havior of this area. The beam-column action of this tee was to be
studied under the assumption that this tee-section may be designed

as a beam-column.

Test Procedure

All load tests were performed in a 150, 000 pound Rhiele
mechanical testing machine. Each beam was tested under three
different types of load arrangements. These load arrangements are
shown schematically in Figure 5, and photographs are shown in
Figure 4. For type 1l load arrangement, the load distributing mem-
bers were of 6 x 6 WF 15.5 sections with a total weight of approxi-
mately 180 pounds. To approximate concentrated point loads, 1-1/2
inch steel rollers were used for type 1 loading.

Before load tests were begun, the beam was preloaded, or
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preflexed, to a predetermined stress level, such that the strain gage
readings would stabilize. The initial tests (called the primary tests)
were conducted such that measured strains were limited tc within the
elastic range of the steel. After initial strain readings were taken,
the total load in each case was increased in increments of 2, 000
pounds, with all strain readings taken after each load increment.
Three load tests of each of the load types were conducted in an attempt
to obtain good average readings (due to the similarity of type 2 and
type 3, only one load test was performed for load type 3). All
strain readings shown herein are weighted averages of three load
tests.

After all elastic load tests were completed, a failure test
(called the ultimate test) was perfarmed using load type 1 arrange-
ment. All previous tests were loaded at a rate of approximately
5, 000 pounds per minute; however during the ultimate load test the

loading rate was reduced by about one-half.
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Part 3

ANALYSIS OF TEST DATA

In order that the analytical methods to be presented in Parts 4
and 5 can be clearly related through the development of the analytical
equations to the experimental results, the test results are presented

and discussed before the discussion of the analytical procedures.

Primary Load Tests

To simplify the presentation of the experimental results, all
strain data has been plotted for easy comparison and placed in the
Appendix. Analytical curves are shown in conjunction with the ex-
perimental results, such that the points of failure and /or high ac-
curacy of the analytical calculations can be easily seen. Deflection
data is tabulated as recorded by the wire method (see Part 2), and

compared to the theoretical calculations of Part 5.

Deflection Analysis

Experimentally determined deflections are tabulated in Table 1.
If deflections were to be calculated manually, using a reduced moment
of inertia where the web material is removed and applied in the

moment-area method, calculated deflections would be approximately
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1/2 the experimental results. Failure of this method is due to the

large proportion of the bending that occurs in the area of the hole.

Table 1. Center Line Deflections (inches) By Wire Method

Load Connections Connection
Beam Toa Experimental Not Widths
ype Included Reduced
1 0.120 0.194 0.108
C 2 0.115 0.220 0.123
3 0.110 0.223 0.090
1 0.125 0.173 0.112
D 2 0.120 0.181 0.123
3 0.090 0.168 0.091

However, beamn deflections are often a limitation in building
design. As can be seen in Table 1, the deflections calculated by the
actual Vierendeel analysis are very conservative when the members
are considered from center line to center line of the joints, but are
accurate for instances where the connection widths are included and
reduced as described in Part 5. Further discussion of the applica-
bility of this method of deflection analysis is presented after the

development of the method.

Strain Analysis

The experimental strains are presented in the Appendix in two
different methods. In Figures A.1 through A.8 the experimental

strains are plotted on transverse lines through a reduced beam
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section. Distribution of the strains are shown in the transverse
direction by these figures. Figures A.9 through A. 12 illustrate the
distribution of the experimental strains longitudinally through the
tee-section above Hole 2. These illustrations show the actual bending
behavior of the tee-section above the hole. Experimental results are
not presented for load type 3 due to the similarity of type 2 and type
3 results. Results shown for type 2 load tests are indicative of the
type 3 load tests results.

In conjunction with the experimental strains, the theoretical
strains are plotted on an identical basis as are the experimental
values. As will be shown in Part 5, the results of the actual Vieren-
deel analysis were not the exact solution for the beam when loaded
with the type 2 arrangement. Therefore, the actual analysis results
are not plotted for the load type 2. As shown in the type 1 plots, both
the actual Vierendeel and the approximate Vierendeel solutions yield
linear predictions which are closely related.

Emphasis must again be placed on the type of results sought.
The placement of the strain gages around the hole was not with the
intention of determining the stress concentrations. Although the
stress concentrations did affect some of the strain readings, no at-
tempt will be made in the thesis to predict directions and magnitudes
of the concentrations. The analysis briefly described in Part 6 could

be used to predict the corner stress concentrations (3, p. 12).
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In general the linearity of the strain measurements with in-
creasing load was very good. However, at low strain levels, precise
strain measurement was not possible due to the low strain itself.
Nevertheless, these low strains are generally insignificant in the
analysis.

Agreement between the theoretical strains and the experimental
strains at the rosette gage R-3 (right-upper corner of Hole 2) is
closer for beam C than for beam D. Disagreement at this point is
caused by laws of continuity. The strains in the web plate between
Holes 2 and 3 would be almost identical to the strains in a solid beam
at this relatively high bending moment. Linking the high compressive
strains caused by the ''moment-bending" to the higher '"shear-
bending' tensile strains at the corner of the hole would cause a dis-
continuity at this corner. Thus, with the high stiffness of the web
plate between the holes, as compared to the tee-sections, the
strains caused by the '"'shear-bending' would be reduced to a level
between the strain due to "moment-bending" and that caused by
""shear-bending, "

It may then be thought that the same type redistribution would
occur at the same corner of Hole 1 (gage R-1). However, in this
instance the moment-bending is relatively low. Thus, as might be
expected, Figures A.5 and A.7 show that theoretical values are

much closer to the experimental values at this location.
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Other than the extremely stiff vertical web plate between the
holes, which causes some strain redistribution in the tee-section,
the test beams appear to behave as a Vierendeel truss. Near the
center of the hole, it is indicated that excellent agreement is obtained.
This is especially true of the agreement at an infinvite moment to
shear ratio (refer to Figure 5). The point of contraflexure, which is
indicated in Figures A.9 through A. 12 as the point of intersection of
the 3 longitudinal lines of gage readings, appears to be in excellent
agreement in all cases. This, of course, is indicative of the Vieren-
deel behavior of the beam. Note that the point of contraflexure is not
at the center line of the hole, as generally assumed. This point of
reverse bending will be discussed further when the approximate
method of analysis is introduced.

Experimental rosette results at the maximum load for each
load type are tabulated in Table A, 1. Methods used in the calculations
are found in most strain analysis texts (11, p. 54). The horizontal
stresses, which would generally be used for design, vary from the
corresponding principal stresses between approximately 8 percent
to greater than 40 percent error. The difference between the hori-
zontal stress and the principal stress at the rosette R-3 (see Figure
3) is in every case greater than 25 percent. These large disagree-
ments at R-3 are caused by the stress concentrations due to the high

bending moment of the gross section. Note that since R-1 is in an
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area of constant bending moment to shear ratio, the disagreement
between horizontal and principal stresses should be relatively con-
stant for all load types. This is exactly the case; all disagreement
is approximately 19 percent. The direction of the principal stresses
at R-1 is also relatively constant for both beams, as might be
expected.

Although the effect of the close spacing of the holes would be of
interest, the geometry of the test beams complicates any such inter-
pretations. Since Hole 1 is at the same location on each beam, the
effect of the small width of remaining web plate between Hole 1 and
Hole 2 should be reflected in the behavior of Hole 1. However, with
a limitation of the instrumentation at Hole 1, the change in the be-
havior due to this closeness of Hole 2 could not be detected. Study
of Figures A. 1, A.3, A.5, and A.7 shows that in all cases the be-
havior of the hole is very similar. Thus it could be concluded that
either the instrumentation provided was insufficient for such deter-
mination, or the small width of remaining web plate between the
holes does not affect the behavior of Hole 1 under the conditions

tested.

Ultimate Load Tests

With the completion of all primary tests, the ultimate test was

performed on each beam in order that the type of failure could be
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a) Beam D at failure. b) Beam D at failure.

c) Beam D at failure. d) Beam D after failure.

Figure 6. Failure photographs.
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studied. Beam D was failed first with a total load of 24, 000 pounds
in the type 1 load arrangement. The failure was a form of lateral
instability in the web near the ends of the beam. Photographs of the
failure are shown in Figure 6. Strain and deflection readings had
been taken at 22, 000 pounds with the observation that the strains at
the critical corners were not stable. Just as the load was balanced
at 24, 000 pounds, a sudden drop in the beam-arm occurred. The
applied load was reduced to approximately 18, 000 pounds at which
point the load remained steady.

Close inspection of the photographs would show that the upper
flange has remained straight. The upper flange at one support of
the beam deflected approximately 2-1/2 inches to one side, and this
flange at the other support deflected approximately the same distance
to the opposite side. To the writer's knowledge, the cause of such a
failure could have been attributed only to the weakness of the web
plates directly above the supports. Lateral load could have been
introduced by tipping of the rollers on the rounded flange plates (see
Figure 2), and thereby contributing to this failure. The failure of
beam C was identical to that of beam D, except that the beam C
failure was progressive. Bending in the web plate could be detected
by close inspection at 12 kips. As shown by the photograph after
failure, the fa‘ilure was almost entirely elastic.

Curves illustrating the changes in the strains measured by the
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critical gages in the corners with changes in the total load are shown
in Figure A. 13 for beam C and Figure A. 14 for beam D. All other
gages were indicating regular linearity. The explanation of the be-
havior of gage R-1 between 12 and 16 kips in each beam can be stated
in terms of the relatively high shear in this area. The stresses in-
dicated by this gage are much higher than anticipated, considering
only the solid beam bending. Thus, the stresses indicated are highly
influenced by the high shear force. The non-linearity of gage R-1
must, therefore, be due to shear stress yielding in this region.

The highest strains indicated in the flange plates were located
at the right edge of Hole 2, above and below the hole. In the case of
beam D, these strains were approximately 700 micro~inches per
inch at failure. Thus, although the beam was failed, no strains
beyond the elastic limit of the material were recorded in the flange
plates. Also of interest was the indication that even though high
strains were being recorded near the hole corners, no instability
of any kind was observed in the tee-sections at the holes upon beam

failure.
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Part 4

APPROXIMATE VIERENDEEL THEORETICAL SOLUTION

This method is based on an early presentation by Roark (12,
p. 145) for analysis of slotted beams. Application of this method to
steel beams with web holes is generally referred to as the approxi-
mate Vierendeel solution. Although various previous research re-
ports (3, p. 18) and (15, p. 148) have presented the general method
of approximate Vierendeel analysis, a brief presentation will be
developed herein. However, since the method is very straight-

forward, it actually needs little more than a brief introduction.

Assumptions and Development

An accepted practice in the design of a Vierendeel truss was
the assumption that points of contraflexure occur at the center of
the vertical members. For the approximate Vierendeel beam analy-
sis, however, somewhat different assumptions are made.

Consider a beam with a web hole in bending as shown in Figure
7.a. If the web hole is centered on the neutral axis of the beam, the
assumption that the shear at the hole is equally divided between the
upper and lower tee-sections will introduce little error. This is

seen to be a reasonable assumption when considering the equal
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moment of inertia of both tee~sections. Equations by Roark (12, p.
145) split the total shear in proportion to the ratio of the moments of
inertia in the two tee-sections.

To illustrate the second assumption which is made for analysis,
consider the beam section as shown in Figure 7.b. Also consider
that this reduced section is placed in pure shear, i.e., the tending
is entirely in the tee-sections and no rotation takes place at the ends
of the tee-sections. This, of course, will yield equal bending mo-
ments at the ends of each tee-section, and also, a point of contra~-
flexure at the center of the span. Thus, the second assumption of this
analysis is as follows: a point of contraflexure occurs at the center

of the hole span, considering ''shear-bending' only.

)

ALTITRREE R EEETRLRR NN

Figure 7. Beam sections. (a) actual section
(b) shear section
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The stresses around the hole are then simply a summation of

the two effects at the hole: (1) the gross-beam bending moment

stresses calculated as for a solid beam, and (2) the tee-section

'"'shear-bending'' moment stresses calculated as for a cantilever using

the previously described assumptions. Thus, the resulting equation

for the total normal bending stress, o 1is given by the equation:

nyt
- —_— i
57 (1)

where for a particular point on one of the tee-sections:

M = bending moment of the solid beam,

y = distance from the solid beam neutral axis,

IB = mc?ment of inertia of the solid beam about its neutral
axis,

V = total shear at the hole center line,

x = longitudinal distance from center of the hole,

Y, T distance from the tee-section neutral axis, and

It = m9ment of inertia of the tee-section about its neutral
axis.

Note that the sign convention used is the same as that generally used

by elementary mechanics of materials texts and that the x and vy

quantities are with reference to the coordinate system shown at the

hole in Figure 7.b. Inspection of this equation shows that the com-

bination of stresses are additive at the top of the upper tee-section
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and opposite at the bottom of this tee-section for the high moment
side of the hole. The reverse is true at the low moment side of the
hole.

Although unused in this thesis, the shear stress, 7T, in the tee-

sections can be given by the equation (3, p. 19):

Y22
- Yib ~ V¢

i ) (2)
t

= distance from the tee-section neutral axis to the hole
edge,

where Yip

Due to the summation of the two terms in Equation 1, the actual
point of inflection in the tee-section will always occur to the low mo-
ment side of the hole. This fact, although confusing when reviewing
the initial assumption of center line contraflexure, can be justified
by considering the change in slope of the solid beam between the
two edges of the hole. A change in slope of the solid beam between
the edges of the hole will occur when the beam moment is not con-
stant over the length of the hole. This change in slope between the
ends is reflected by a shifting of the moment diagram and also, of

the resulting inflection point.

Application to Specimens

Theoretical calculations for this method are extremely simple

and straight-forward. Equation 1 was used directly in the
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calculations in which only M and V are dependent on the varying
load arrangements. Systematic calculations are casily arranged, by
noticing the constant terms in each of the components of Equation 1
for a particular gage location.

Reference should again be made to Figures A. 1 through A, 12.
As would be expected, the Vierendeel analysis always predicts
linear strain distributions both longitudinally and transversely. Once
again it is noted that excellent agreement between theoretical and
experimental strains is obtained near the center of the hole.

Excellent agreement is also obtained between the theoretical
point of contraflexure and the experimentally determined inflection
point in the upper tee-section of Hole 2. However, since instrumen-
tation was limited on the lower tee-section, no indication could be

concluded as to the location of the inflection point in this tee-section.
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Part 5
ACTUAL VIERENDEEL THEORETICAL SOLUTION

The approximate Vierendeel analysis makes use of two assump-
tions which can, in a more precise use of the Vierendeel analogy, be
eliminated. This method, called the actual Vierendeel analysis in
this context, would be very tedious, and hardly worthwhile since it
is only an analogy, to perform by manual calculations. However,
with the use of a high speed digital computer, the analysis becomes
little more than routine. Although the results used herein were
computed with the use of a digital computer, the same results would
be obtained if a manual classical method was used. Such a com-
parison has previously been presented (16, p. 62), and therefore,

no manual computations are deemed necessary.

Assumptions and Development

The principal assumption of this analysis is that a beam with
numerous web holes actually behaves as a Vierendeel truss, and
therefore, can be reduced to a ''"beam-Vierendeel" truss. Thus,
the '"beam-Vierendeel' can be analyzed as if it were a true truss
with members of proportions and properties as calculated from the

known dimensions of the actual beam. As commonly used, the
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properties of a member are assumed to act about or at its centroidal
axis, Lengths of members could be used from center to center of
joints, Such a 'truss' is shown in Figure 8. The heavy lines indi-
cate the location of the centroidal axis of the members, and there-

fore, the effective location of the members themselves.

/— Centroidal axis of
actual members and Symmetrical —f
* y / truss outline about center line

[ 4
L

1

r&w 1 J
—_ b b
L

Figure 8, Beam D Reduced to a Truss

However, inspection of the structure shown in Figure 8 with
regard to the lengths of members used in this reduced model would
show that the large "connections' at the joints are not accounted for
in the truss shown. If the stiffness of the '"connections'" were not

included in the analysis, the flexibility of the "beam-Vierendeel"
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truss would be greatly increased, due to the longer member lengths
available for '"shear-bending.'" Although it is recognized by this

analysis that the principal bending occurs as "

shear-bending' in the
tee-sections, it is, in effect, given more emphasis than warranted.
The effect of the '"connection width' on the length of the tee-sections
must be included in the analysis, However, this effect will be in-
cluded after the general method of solution is presented.

In the development of the displacement method of matrix
analysis, the writer assumes that the reader has some knowledge
of the principles of the method. This method of analysis is well
developed in the literature (6, p.5; 10, p. 55), and therefore, the
principles of the method will not be presented herein, However, the
development of the matrix, [k ], which relates the member forces
(such as bending moment, shear, and axial force) to the internal
member displacements (such as rotation, end displacement, and
axial shortening), will be shown for the general case, then modified
for this particular case. The sign convention adopted is that used by

Laursen (10, p. 55) and is shown in Figure 9.
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deflected member

/— initial member J

- L o

Figure 9. Deflected Member

The small k matrix for a particular member, [k.i], as it

is sometimes called, is generally of the form:

_ - .
[ M 4 2 -6/L 0 o
M EI 2 4 -6/L 0 ¢j
- 2 (3)
\4 -6/L  -6/L 12/L 0 n
P 0 0 0 A/T e
where
i 4 2 -6/L 0
EI 2 4 -6/L 0
U] = 35 2 (4)
-6/L -6/L 12/L 0
0 0 0 A/1

Terms used in these equations are:

Mi

bending moment at the i end of the member,

M

bending moment at the j end of the member,
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V = shear in the member,

P = axial force in the member,

E = modulous of elasticity of the material,

L. = span length of member,

¢i = rotation at the i end of the member,

¢j = rotation at the j end of the member,

n = deflection at the i end minus the deflection at the j

end of the member,
e = axial deformation in the member,

A

cross-sectional area of the member.

An inspection of Equation 3 shows that it could be derived directly
from the classical slope deflection equations.

However, Equation 4 is applicable to the general case and
must be modified for the solution of the case at hand in which the
""connection widths'' are to be accounted for. Using slope deflection
equations, constants have been derived (8, vol. 107, p. 1000) which
can be applied to the small k matrix to compensate for the stiff-
ness of the '"connection widths' (7, p. 20). However, in the deriva-
tion of the correction constants, the assumption is used that the
moment of inertia of the connection width is infinite, provided the
joint is symmetrical. That is, members having an equal width
frame into the joint on each side of the joint and are perpendicular

to the member under consideration.
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This restriction is satisfied, in the truss under consideration,
by the vertical members (other than the vertical member above the
supports) due to the framing-through or continuity through the con-
nections of the tee-sections. When considering the tee-sections,
however, the derived constants cannot be applied directly since the
vertical members do not continue through the joint in consideration.
In this particular case, though, study of the assumptions used in the
derivation of the correction constants indicates that a empirical ad-
justment can be made in the derived quantities. This adjustment is
found to be 1/2 and as shown by the experimental results contributes
to very good theoretical results (8, vol. 107, p. 1012).

The resulting equation for the small k matrix of a member
when the connection width is bi for the i end and bj for the
j end of the member is:

— —

x| 2%, —6xl3/£ 0

EI 2x21 4x22 -6x23/£ 0

—6x31/£ —6x32/£ 12x33/£L 0

where the correction constants are
. 2
i i

1+3(B +B )

*11

_ - o) 15]
X1, = le = 14+ 3(B +B +2BB)
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i
= = 1+
x13 x31 2B
X = 1+3 (Bj +ij )
22
j
= = +
x23 x32 1 2B
- i J
x33 = 1+B +B
¢ = L-b -b
. i
for which B1 = bﬁC
Bj b‘]CJ
g

The terms Ci and Cj are the adjustment factors at the i and
j ends respectively, used to reduce the correction constants for
the case in which the constants cannot be applied directly to Equa-
tion 4,

Using Equation 5 the small k matrix for all members is
calculated, thus forming the small k matrix, [k], for the entire
structure. The displacement transformation matrix (10, p. 55) can
be formed in the usual manner as with the load matrix.

Since the structure was analyzed by an IBM 1620 digital com-
puter, the program, written in Fortran II, used for the analysis is
shown in Appendix B. Note that the input is the displacement trans-
formation matrix, the small k matrix of the structure, and the
load matrix. Output is the external member displacements and the

internal member forces.
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Application to Specimens

The structure used in the analysis was as shown in Figure 8.
However, due to the core storage limitations in the available com-
puter, only one-half of the structure was actually analyzed. Since
the structure is symmetrical about the center line of the span, the
deflections and member forces will also be symmetrical about the
center line, provided the loads are symmetrical. Thus, the structure
used in this analysis was entirely correct only for type 1 load ar-
rangement.

Reference should again be made to the figures in the Appendix.
The actual Vierendeel analysis predicts linear transverse and longi-
tudinal strain distributions as does the approximate Vierendeel
analysis. Good agreement is obtained near the center of the holes
with reference to both the strain distributions and the inflection point
location. However, near the edges of the holes, predictions are not
as good as by the approximate method. This disagreement is due in
part to the inexact analysis at the joint.

The deflections calculated by this method, as shown in Table 1,
are in very good agreement with the experimental deflections. As
previously noted, the calculated deflections for load types 2 and 3,
are not precise because the loads are not symmetrical. However,

inspection of the tabulated deflections indicate that for load types 2
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and 3 reasonable approximations are still obtained. The deflections
are also tabulated for the structure analyzed without consideration of

the '"connection-widths.'" These values are at all times conservative.
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Part 6

THEORY OF ELASTICITY SOLUTION

The Applied Research Laboratory (2, p. 3) recently developed
and presented a method whereby the theory of elasticity is applied to
the analysis of a beam with web holes. Due to the complexities of
the solution, the development of the method is not included herein,
but rather, a discussion of the results obtained by the analysis.

The analysis is based on the assumption that stress functions
can be determined for the stresses at the boundaries of the hole.
These stress functions are to be composed of two parts: (1) stress
functions for the beam without a hole and (2) stress functions which
when combined with functions of (1) satisfy the known boundary condi-
tions at the hole edges. However, no boundary conditions are in-
cluded for the transverse boundaries of the beam. This may, there-
fore, render the entire analysis inapplicable for beams with large
vertical hole dimensions.

Solution by the theory of elasticity method is very complex and
virtually requires a computer solution. Results from such an analy-
sis are in excellent agreement with experimental stresses near
circular holes (3, p. 12). However, for rectangular holes, agree-
ment is, in general, good only at the stress concentrations at the

fillets. Octahedral stresses predicted by this method are in better
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agreement with the experimental stresses near the hole boundary
rather than vertically away from the hole.

Due to the complexities of this method of analysis, no com-
parisons with other methods, or with the experimental results are
presented in this thesis. Applications of this method are being

studied further.
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CONCLUSIONS AND RECOMMENDATIONS

For the particular beam specimens tested, correlation.between
the strain distributions from the experimental studies to the predicted
strain distributions by the methods presented herein is good. Near
the center of the hole accuracy of prediction by both methods is the
greatest. Thus, it may be concluded that the specimens tested be-
haved as an actual Vierendeel truss., However, stress concentrations
near the hole corners cause non-linear strain distributions which can-
not be precisely determined by the methods of the Vierendeel analysis,
To determine the magnitudes of these corner concentrations, the
theory of elasticity analysis must be used. Due to the complexities
of this method of analysis, design tables or charts should be accumu-
lated.

With adjustments made in the actual Vierendeel analysis for
the stiffness of the '"connection widths, " accurate predictions of the
beam deflections are determined. On a large computer the entire
structure, including deflections, could be analyzed in a matter of
minutes by the actual Vierendeel method of analysis.

Failure of the beam specimens was by web instability over
the supports. However, at the relatively high loads encountered
near failure, the tee-sections were not found to be unstable, nor did

the flange strains go beyond the elastic range of the material., The
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largest experimental strains in the tee-sections were, in all cases,
located near the hole corners.

Future tests should be conducted on similar test specimens
with the upper flange secured to prevent lateral movement, or with
web plate stiffners over the support. More work should be done to
determine the effect of the closeness of adjacent holes on the strain
distributions near the hole corners. Experimental work is also recom-
mended to determine the effect of the corner radius on the stress
concentrations near the corners. Continued experimental and analyti-
cal studies should be made to determine the stiffness adjustment
factors, which should be applied to unsymmetrical ""joints" in the

actual Vierendeel analysis.
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Table A. 1. Rosette stresses in kips per square inch

Measured Stresses Principal Stresses . )
Load Gage (from experimental strains) (from experimental strains) Max. Direction of
Beam = - - — Shear Principal
Type No. Horizontal Vertical Maximum Minimum
Stress Stress, Degrees

R-1 7.59 3.17 22.26 0.25 11,19 23.5

1 R-2 13. 42 -1.19 - 0,88 ~-14.96 7. 15 12.8

R-3 4.58 1.65 7.91 -1.16 4,61 35.1

R-1 15.68 2.75 19.41 0.58 9.57 22,2

C 2 R-2 -~20. 03 -2.44 - 0.81 ~23.54 11,55 18.2

R-3 11.39 2.80 15.35 0.03 7.78 27.1

R-1 1Q. 05 1.90 12. 49 0.47 6. 11 22.6

3 R-2 -12.82 -1.29 - 0.37 -14.94 7.40 17.3

R-3 7.42 1.92 10.02 0.10 5.04 27.4

R-1 15.37 1.65 18,68 - 0.22 9.61 20.5

1 R-2 ~12.51 0.37 1.69 -14.85 8.41 18.0

R-3 4.49 1.20 7.06 - 0.88 4.04 32.3

R-1 12.31 1.10 15.08 - 0.53 7.94 20.9

D 2 R-2 -19.33 ~1. 20 2.43 -23.42 13,14 19.5
R-3 (defective)

R-1 772 0,94 9.60 - 0.20 4.98 22.0

3 R-2 -12.12 0.20 1.49 ~-14.42 8.09 18.2
R-3 (defective)

b4
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Figure A. 1. Transverse strain distribution for Lines 1, 2, and 8 on Beam C, load type 1.
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Figure A. 2. Transverse strain distribution at Hole 2 for Beam C, load type 1.
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Figure A.3. Transverse strain distribution for Lines 1, 2, and 8 on Beam C, load type 2.
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Figure A.5. Transverse strain distribution for Lines 1, 2, and 8 on Beam D, load type 1.

0¢



Line no.

/o

Hole 2

¢/
Va

—_—— At;roximate Vierendeel distribution

o
Note:

Figure A. 6.

Actual Vierendeel distribution

Horizontal Scale: 1 in. =400x 10
Experimental strains

Left of transverse line indicates a compressive strain and right of
transverse line indicates a tensile strain

Transverse strain distribution at Hole 2 for Beam D, load type 1.

-6in./

in.

(8]



Line no, 1

2 Ef
| >
L i
4 g AN
| - \
| ~ \
Hole 1 Hole 3
o
N
AN
N
\.
™~
\\
o
— — — Approximate Vierendeel distribution 6in
® Experimental strains Horizontal Scale: 1in.=400x100 /in.
Note: Left of transverse line indicates a compressive strain and
right of transverse line indicates a tensile strain
Figure A. 7.

Transverse strain distribution for Lines 1, 2, and 8 on Beam D, load type 2.



liine no.

\
\
N
-+
/

Hole 2

-
/
e -
/

~ ~~

-

Figure A, 8,

— — — Approximate Vierendeel distribution
® Experimental strains

Note:

Left of transverse line indicates a compressive strain and

right of transverse line indicates a tensile strain

Transverse strain distribution at Hole 2 for Beam D, load type 2.

>

Horizontal Scale: 1 in, =400 x1

0-6 in./

in.

1]



Strain, micro-inches/inch

Tension

Compression

600
@ Stnain at top of tee-section
@ Strain at 1-1/2 inches from top of tee-section
@ Stdain at 3-1/2 inches from top of tee-section
400 — — — Approximate Vierendeel distribution
Agtual Vierendeel distribution
200 |
o
200 |-
400
600 I~
800 — 5 4 g 6 7 Line no,

Figure A, 9.

Longitudinal strain distribution along upper tee-section of Hole 2 for Beam C,
load type 1.
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Figure A.10. Longitudinal strain distribution along upper tee-section of Hole 2

for Beam C, load type 2.
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Computer Programs
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Matrix Analysis of Indeterminate Structure by Displacement Method

DIMENSION A(36, 18), SMK(36, 4) , BGK(18, 18), F( 18, 36), ((36), (18)

30

61

62
63

17

15

10

11
12

COMMON BGK
READ 18, M, N, JOBNO , KSIZE

PUNCH 27, JOBNO

DO621 = 1,M

DO62) = 1,N

ALJ) = 0.0

READ 41, 1,J, AB, I11

A(L])= AB

IF (111) 65, 63, 65

DO171=1,M

READ 42, (SMK(1,J),J = 1, KSIZE)
DO11=1N

DO 1K = 1, M, KSIZE

DO 1] =1, KSIZE

KMAX = K + KSIZE - 1

KXXX=K+J-1

F(I, KXXX) = 0,0

DO 1L = K, KMAX

F(1, KXXX) = F(I, KXXX) + A{ L, 1) * SMK(L,J)
DO2 I=1,N

DO2 J=1,N
BGK(1,J)=0.0
DO2 L=1M

BGK(I, J) = BGK(L,]) + F(I, L}*A(L,J)
CALL MATINV(BGK, N)
READ 21, (X1),1= 1, N)
PUNCH 31

PUNCH 20,(QI), 1= 1,N)
DO51=1N

(I)= 0.0

DO5L=1,N

D(1) = IX1) + BGK(I, LyxQ(L)
DO71=1M

QI)= 0.0

DO 7 I=1,N

Q)= Q) + F(L, 1) * I(L)
PUNCH 26

IF(M-N)8, 11, 11
DO9I=1M

PUNCH 22, I, (1), (1)
L=M+1

DO101=L N

PUNCH 22,1, (1)

GO TO 14

DO12 1=1,N

PUNCH 22, 1, (1), (1)
L=N+1

DO131=L M



13
14

18
20
21
22
23
26
27
31
41
42

PUNCH 23,1, XI)
PAUSE

IF (SENSE SWITCH 1)30, 15

FORMAT (412)

FORMAT (7F11, 6)

FORMAT (9F8. 2)

FORMAT (I3, 2X, El4.5,2X, E14,5)

FORMAT (I3, 18X, E14, 5)

FORMATY(//35HNUM DEFLECTION*EI/L MEMBER FORCES/)
FORMAT (5HJOBNO, 15//)

FORMAT (//14HLOADING MATRIX/)

FORMAT (212, F8, 6, 12)

FORMAT (6F12, 6)

END

MATRIX INVERSION

SUBROUTINE MATINV(A, N)
DIMENSION A(18, 18)
COMMON A

DO5K=1N

COM = A(K, K)

AK,K)= 1.0

DO2J=1N

A(K,J)= AK,J) / COM
DO51=1N

IF (I-K) 3, 5, 3

COM = A(I, K)

A(LK)= 0.0

DO4J=1N

A(LJ)= . A(LJ)- COM * A(K,J)
CONTINUE

RETURN

END
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