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Changes of density occur naturally in phase transition processes
and introduce the bulk movement of material. It is customary in ana-
lyzing such problems to disregard this unpleasant complication and as-
sume the densities to be equal. However, such changes are unavoid-
able and for one-dimensional problems the complexities introduced by
this bulk movement can easily be circumvented. The key idea is posing
the problem in local coordinates which are fixed in each phase. In
this dissertation, we investigate freezing and thawing of soils in a
bounded two-phase medium with phases whose material properties are not
only distinct but their thermal dependence is also permitted.

Generally speaking, when a freezing process takes place in a
cooled melt situated in contact with its solid phase, an interface
boundary is formed whose movement (as the freezing proceeds) results
in compression of both phases. Owing to the density differences, the
density of the material will increase, movements will occur in each
phase, pressures and thermal stresses will build up in the respective
phases, and the freezing point will decrease. Mathematically, this
results in three nonlinear free boundary problems for determining:

(I) the location of the interface boundary along with the temperature

distribution throughout the medium, (II) the pressure and velocity




distributions in the unfrozen phase, and (III) the displacement dis-
tribution and hence the thermal stresses in the frozen phase.

In fact, the temperature satisfies a nonlinear parabolic differ-
ential equation on each side of the interface while the temperature is
continuous across the interface and equals the transition temperature,
the condition of local thermodynamic equilibrium. To consider the
problems from the most general point of view, mass forces are taken
into account such that the pressure and velocity distributions satis-
fy a nonlinear couple of hyperbolic differential equations of the

first order in the unfrozen phase and the pressure is related to the

density through the equation of state. The displacement satisfies a

nonlinear hyperbolic differential equation of the second order in the
frozen phase which is related td the thermal stresses through the gen-
eralized Hooke's Taw. Across the interface, the pressure is equal to
the negation of the normal thermal traction on the interface. Further-
more, the movement of the interface is related to the temperatures, the
velocities and the material properties at the interface through condi-
tions of dynamical compatibility for energy and mass transfer.

Based upon potential theoretic arguments, we prove existence,
uniqueness and continuous dependence on the initial and boundary data
of solutions to Problem I. Along with these results, explicit expres-
sions for the densities, the specific heats and the thermal conductiv-
ities as functions of time and local coordinates in their respective
phases, which fit our analysis, are also obtained. Correspondingly,
the characteristic method is utilized to show existence and uniqueness
of solutions to Problems II and III, and we demonstrated the continu-

ous dependence of their solutions on the respective data. Moreover,




asymptotic estimates for the critical time of breakdown in their solu-

tions are also obtained. Some remarks on discontinuities in general

are finally discussed.
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NONLINEAR FREE BOUNDARY PROBLEMS ARISING FROM
SOIL FREEZING IN A BOUNDED REGION

CHAPTER ONE - THE PROBLEM

0. Introduction

In the classical two-phase Stefan problem the densities of the
two phases are assumed, either explicitly or implicitily, to be
equal. This allows one to neglect certain mechanical and thermo-
mechanical questions, since a change in density during a phase tran-
sition inevitably gives rise to the onset of convection currents and
motion in the liquid phase and of motion and thermal stresses in the
solid phase, even when there are no external forces acting on the
medium under consideration and the thermal expansion in both phases
is negligible. Generally speaking, if one neglects convective heat
transfer, motion and thermal stresses in a multi-phase medium one is
actually considering the change in the phase state of the individual
components of the medium to be a process dependent on the thermal con-
ductivity only and independent of any mechanical and thermomechanical
phenomena taking place in the course of the phase change. How-
ever, this leads to a serious incompatibility between the mathema-
tical treatment of the process and its physical nature. On the
other hand, taking the convective heat transfer into account forces
one to consider the Stefan problem for the freezing process as be-
longing to the theory of convection accompanied by a change in the
phase state. In other words, the heat transfer by convection must
be considered. In one dimension one merely replaces 3T/st by

3T/at + vaT/ax. To obtain a rigorous mathematical model, we have



been forced to take into account the thermal expansion of both

the 1iquid and solid phases, and consequently have to consider the
temperature dependence of the physical properties (i.e., the densi-
ty, the specific heat and the thermal conductivity).

Nevertheless, several authors have attempted an anaysis of
one-dimensional, two-phase free boundary problems with phases of
different densities. Some have assumed the relevant parameters
to be temperature dependent, but others have not.

Chambré [7] studied a one-dimensional solidification pro-
blem for a two-phase system of unequal densities under the assump-
tion that the liquid phase is a viscous incompressible fluid in
a field of constant pressure. In addition, the solid phase is
assumed to be immobile and of infinite thermal conductivity, so no
equations were needed for this phase. Obviously, these assump-
tions are physically untenable. Taking the Prandtl number equal
to one, Chambré derives a self-similar solution to the problem
in processes with either a plane, a spherical or a cylindrical
solidification front.

In [18], Horvay considered problems similar to those posed
by Chambré. He pointed out that the assumption of constant pres-
sure vio]étes the continuity equation. He wanted to satisfy the
continuity equation and to preserve the assumption of the liquid
phase incompressibility in the above mentioned processes. This led
him to the conclusion that the viscosity of the liquid phase does
not affect the development of the process. Horvay constructed
similarity solutions to the problem under investigation, assuming,

like Chambré, that the freezing front advances with velocity
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propotional to v/t. As Rubinstein [30] pointed out, Horvay did not
prove the consistency of such an assumption.

Tao [33] considered a two-phase solidification problem in one
space dimension with arbitrary initial and boundary conditions.
The region considered was the half 1ine x>0. The phase densities
were constant but distinct. He made the change of variable
y(x,t) = (x + Bs(t))/(1+7), where s(t) is the location of the
phase boundary, o = (p,-p;)/p;, and 0s is the density of the phase
1, and rewrote the heat transfer problem in the moving liquid using
this coordinate. Tao's idea has the advantage that y(s(t),t) =
s(t), which simplifies the statement of the Stefan condition at
the moving boundary, and since the Tiquid extends out to infinity,
no difficulty arises at the other boundary on the right. Tao
then analyzed the transformed problem using an infinite series of
terms involving repeated integrals of the error functions.

In a very brief treatment indeed, Carslaw and Jaeger [6]
gave what is essentially a similarity solution for a simplified
two-phase Stefan problem with phases of distinct densities in an
infinite medium. They made no change of variable.

Dankwerts [10] examined several two-phase problems with
phases of distinct densities. These problems were posed on the
entire real Tine, so no fixed boundary condition was imposed.

The analysis is Timited to what can be accomplished with similarity
solutions in the local variables.

In [14], Gelder and Guy gave an analysis of practical problem
involving the melting of glass. Their emphasis was on engineering

applications rather than in resolving mathematical difficulties.




They suggested that a thorough mathematical formulation is needed
to take the substantial change in density during the course of
melting into account.

In a more recent paper, Wilson [36] defined suitable moving
coordinates, Lagrangian coordinates, and used them to pose and
solve a one-dimensional, multi-phase Stefan problem with phases of
distinct constant densities. This problem is just a modest gener-
alization, to the case of distinct phase densities, of a problem
studied by Weiner [35]. The latter represents a model of solid-
ification and subsequent cooling for a semi-infinite slab of a
material undergoing several successive phase changes, and a con-
stant temperature is maintained at the fixed boundary. Wilson's
explicit solution, like that of Weiner, is essentially a similarity
solution and is obtained in terms of error functions. In fact,
this solution is very nearly the same solution given by Weiner but
expressed in Lagrangian coordinates.

As a further study of similarity solutions, Andriankin [2]
examined some solutions for a one-dimensional, two-phase melting
problem in a medium with small thermal conductivity, but might be
thermally dependent. The other properties were taken to be con-
stant. The interval considered there was the half line x> 0.

On the other hand, Cho and Sunderland [8] have extended the
Neumann problem [6] to the case when the thermal conductivity
varies linearly with temperature. However, all the other physical
properties (including the density) are constant for each pha;e,
but might be different for different phases. Unlike Anderiankin,

they considered convection within the Tiquid phase due to the




5
density change. Their (similarity) solution was obtained in terms
of modified error functions, unlike Neumann's solution which was
given in terms of ordinary error functions.

In all the above papers except for the last two, the thermal
dependence of the physical properties has been neglected.

So far we have reviewed work relating to problems of the
construction of exact solutions of various versions of the two-
phase Stefan problem. However, comparison theorems for a one-
dimensjona1, two-phase melting slab problem with variable thermal
properties under arbitrary heat-flux conditions were proved by
Boley [4]; they state the intuitively reasonable conclusion that
higher temperatures and faster melting rates will always result
from higher heat inputs. These theorems are useful for construc-
ting upper and Tower bounds to solutions of the problem correspond-
ing to given heat inputs; and, in fact, form the basis of one of
the available approximate methods for solution of this type of
problem.

In concluding this survey, we mention the subsequent work of
Boley [5]. He demonstrated the feasibility of Neumann's solution
[6] pertaining to change of phase in a one-dimensional melting
problem with temperature dependent properties. The region consi-
dered was x>0, and the solution was expressed in terms of an
auxiliary temperature distribution which was obtained by an itera-
tive procedure.

It is worth mentioning that similarity solutions cannot be
obtained in general. In fact, similarity solutions do not exist

for finite domains, two phases present initially, nonuniform initial



temperatures, boundary temperatures that are arbitrary functions

of time, and prescribed heat-fluxes on the moving boundary. This
has prompted considerable interest in further studies of a more
realisitc model of a two-phase Stefan problem emphasizing two facts;
namely, the mathematical desc}fption of the freezing process must
take into account the convective heat transfer accompanied by a
change in the phase state as well as the thermal expansion in both
the solid and the liquid phases.

Therefore, in Section 1 of this chapter, we give a physical
description of the problem. The mathematical formulation is pre-
sented in Section 2. In Section 3, we outline the present study,
which in turn gives rise to three nonlinear free boundary problems.

Chapter 2 is made of five sections and gives a unified treat-
ment of Problem I. In Section 4, we utilize Storm's method to
transform Problem I into a version in which the governing partial
differential equations become linear. This version is referred
to here as Problem IV. A reduction of the resultant differential
system to an equivalent system of integral equations is the aim of
Section 5. 1In Section 6, we introduce a sequence of approximating
solutions for the system of integral equations. In addition, we
prove the convergence of this sequence as well as the existence of
solutions to the system of integral equations for sufficiently
small times. Uniqueness and stability of the solution to the system
of integral equations are obtained in Section 7. In Section 8, we
go back to Probelm I and deduce its well-posedness.

A treatment of Problem II constitutes the main goal of Chapter

3. Section 9 is devoted to the proof of the existence and
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uniqueness of its solutions. In Section 10, we derive an asymptotic
estimate of the critical time, tc’ to breakdown of the solution of
Problem II; in addition, we establish the continuous dependence
on the initial and boundary data of this solution for all times up
to tc. In Section 11, remarks on discontinuities of solutions in
general are made and extended to the case of heat-conducting media.

Chapter 4 is concerned with the displacement problem, Problem

IIT. We begin with the reduction of the governing differential
equation to a system of first order equations, and therefore intro-
duce Problem V which is similar to Problem II. Thus, the proof of
existence, uniqueness and continuous dependence on the data of the
solution to Problem V is carried out in a manner analogous to that
of Problem II. Furthermore, we show how to obtain related results
such as thermal stresses and deformations in the frozen phase. See

Sections 12 and 13.

1. Statement of the Physical Problem

Consider a tube insulated from the surroundings, part of which
is filled with frozen soil and the other part with soil and water.
The process will be considered as one-dimensional, or quasi-one-
dimensional, i.e., the flow can be treated using a one-dimensional
model even though the "real" flow is in fact three-dimensional, and
the freezing is accomplished by the withdrawal of heat at a specific
rate. The right hand side of the tube, Figure 1, is insulated and

no mass is allowed to escape from the tube.




freezing .
unit j—freez1ng front

ice + so0il water + soil

plugged and
insulated

right side

Figure 1. The Physical model.

It will be assumed that both the water-soil and ice-soil phases
are compressible and the densities of the frozen and unfrozen
phases are unequal. More precisely, the density of the solid phase
is assumed to be strictly less than that of the liquid phase at any-
time. As‘a consequence, a convective motion occurs in the water-
soil phase having the characterisitcs of a source or sink flow be-
cause of the fact that a unit mass of the fluid occupies, on solid-
ification, a volume differing from the volume originally occupied.
It will be assumed that this convective motion obeys the Euler
momentum equation for a non-viscous flow.

As the freezing proceeds, the unfrozen mass is compressed
into a smaller and smaller volume. And because of the density
difference, the density of the unfrozen phase will increase and
pressures will build up. On the other hand, the unfrozen phase
will resist the compression so that the frozen phase may also be
compressed and, as a consequence, its density will increase and
thermal stresses will build up. Also inertia forces will take
place; and these forces will be related to the thermal stresses

through Newton's law of motion. Since the frozen phase is less
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dense than the unfrozen one, the freezing point will decrease as the
freezing proceeds. At some point in time, the pressures will become
so large that either the plug on the right will be pushed back or
the freezing process will come to a stop. Our concern is to model

this process under certain additional assumptions.

In a recent paper [16], Guenther studied a rather simple version
of this problem for a prescribed temperature boundary condition at
the left side of the tube. In fact, he treated the problem as a one
of thermal conductivity only, which evolved independently of mechan-
ical and thermoelastic processes in the two-phase medium, which
are generated by the change of the phase state itself. In addition,
the physical properties were assumed constant, except for the liquid
density which was assumed to be time dependent and linearly related

to the pressure.

2. The Mathematical Formation of the Problem

Suppose that the length of the tube is b units. Let x = s(t)
denote the location of the solidification front at time t and sup-
pose that s(o) = a, o<a<b. In addition, the thermal conductiv-
ity K, the specific heat C, and the density o are assumed to be
functions of the temperature T and therefore vary implicitly with
both the coordinate x and time t. Due to the fact that the two-
phase medium is being compressed, a certain amount of heat will be
released in each phase. The rate q at which heat is released due
to the compression per unit length appears in the energy equation

as a source term.
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Furthermore, since the interest is now in large pressure and
stress changes, gravitational effects as well as body forces will
be neglected. A partial derivative with respect to the time t at a
given point on the x-axis is denoted by 3/5t, and a total or sub-
stantial derivative describing the time change in any quantity
following a moving particle in either, the 1iquid phase or the
solid phase, is denoted by D/Dt. If v is the velocity of the

particle, then

D _ &, y2
ot 3t tVax - (2.1)

Let the suffixes 1 and 2 refer to quantities pertaining to
the frozen and the unfrozen phases, respectively. Then under the

above assumptions, the governing equations are derived in the fol-

lowing way.

Equations of the Unfrozen Phase

The first equation, the continuity equation, describes the

conservation of mass of the liquid,

Do oV
2 2 _ (2.2)
5t TPy ox - O

The second equation expresses Newton's law of motion

Dv
2 . _ 3P
2 Bt T ax (2.3)

Tﬁe third equation, the heat transfer equation, is an ex-

pression for the rate of the change of entropy of the Tiquid
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particle
(2.4)

In these equations, K2, Pos and C2 all depend on T2, q2 depends on

x and t as well as T2, and P(x,t), v2(x,t), S,(x,t) and T2(x,t)

2
are respectively the pressure, the velocity, the specific entropy
and the temperature of the liquid phase at a point x and time t for
s(t)<x<b, t>0.

The fourth equation, the caloric equation of state, gives P

in terms of Pp OF Uy and 52,

P = P( 52) or P =P(u,,S

Qza
where v, = —— {s th cific vol
e 2%, e specific volume.

So far we have four equations, (2.2) to (2.5), in the four un-
knowns Pos Vs Py Ty (or 52).

It is known that for most liquids the pressure does not depend
noticeably on the specific entropy. In other words, the influence
of changes in entropy is negligibly small, so that P may be con-
sidered to be a function of density (or specific volume) alone. In
this case the medium has separable energy, (for a definition, see
Courant and Friedricks [9]), and the equation of state takes the

form
P = P(p2) or P = P(u2) (2.6)

The most important 1iquid with approximately separable energy

is water. For water the caloric equation of state has some
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P=Ao -8B, (2.7)

where the parameters AS and Bs are, for almost all practical pur-
poses, independent of the entropy, and vy is a constant. We remark
that the exponent vy in (2.7) is not the ratio of specific heats but
is denoted by this symbol for convenience because it plays the
same role as the ratio of specific heats in a perfect gas under-
going isentropic processes; in particular, it will be possible to
use the equations derived for the isentropic flow of a perfect gas
merely by replacing P by P + Bs’ Equation (2.7) is commonly called
the Tait equation. For a brief discussion of the history of this
equation, see Rowlinson [29] and Hirschfelder et al. [17].

Now the rate of heat release 9, will be assumed proportional

to the rate of change of Pos i.e.,

Dp2 DT2
Gy = CONSt = = -2,0,8, i » (2.8)
where 2, is a constant and 62 = -pé](apz/aTZ)p is the volume coef-
ficient of thermal expansion of the liquid. Next, making use of
the familiar thermodynamic relation
C dT2 1 8p2

_ P S (<
d52 = —3 + (3T2) dP , (2.9)
2 02 p

where Cp is the specific heat at constant pressure, the heat

transfer equation can be written

DT T, 3 oT
2 _ 2 22y DP 3 2
0ol BT T 92 - 09 (aTz)p 5t * ox (‘2 %) (2.10)
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With the help of (2.8), Eq. (2.10) becomes

DT 3T
*_ 2 _ 3 _2
DZCZ Tt 5x [K2 ™ (2.11)
where
* 2.2
C2 = Cp T a8, + cTB,T, (2.12)

and c2 = dP/dp2 is the speed of sound in the liquid.

Equations of the Frozen Phase

The derivation of equations of this phase is based upon the
theory of thermoelasticity. For convenience, the thermoelastic
analysis will be presented in the following two steps (for simpli-
city, the suffix 1 pertaining to the frozen phase quantities will

be dropped in Step (i)):

Step (i). Basic Equations of Thermoelasticity

Consider a perfectly elastic solid, initially unstrained, un-
stressed and everywhere at temperature T0 on the absolute scale.
Such a state free from strain and stress will be referred to as
the reference state, and the temperature T0 as the reference tem-
perature. On departing from this reference state the solid in
general acquires a displacement field ui(i = 1,2,3) and a non-
uniform temperature distribution T. These changes give rise to a
velocity field Vi(i = 1,2,3) and stress and strain distributions

described, respectively, by the tensors e (i, = 1,2,3).

i3° %4
The absolute temperature T, the vector components Uss Vs and the
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tensor elements eij’ o,;. are functions of time t and position in

1J
the solid, as measured by rectangular cartesian coordinates

xi(i = 1,2,3).

For a homogeneous isotropic material, we have, corresponding

to (2.2) - (2.4), the equations

Do 3V, ou .
J
DV. 90s =«
=]
° Dt ax. ° (2.14)
J
DS _ o 4 oT
T (D) v (2.15)

where D/Dt = 3/5t + vja/axj, (see References [3] and [13]).
The displacement u, of each particle in the instantaneous
state from its position in the reference state will be assumed to

be small, so that the infinitesimal strain tensor is

LAk
%57 G Ty (2.16)

On the other hand, the stress tensor is given by the generalized

Hooke's law

where

(2.18)

Here X and p are the (isothermal) Lamé elastic constants of the
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solid, and g is its volume expansion coefficient. In this work,
the coefficients A and v are taken as material constants but 8 is
assumed to be a function of temperature. Relations (2.17) are the
equations of state (or the constitutive equations) of the class of
solids under investigation. If, in addition, the velocity v, is
small, the substantial derivative D/Dt can be replaced by 3/3t,

and Egs. (2.13) - (2.15) become

ap -
—B'E'*'p 9X . 0, (2.]9)
J
oV. 37, .
b ST Y s (2.20)
J
T2 (k2 4 (2.21)
PLET T ax. Y axs : :
J J
Equation (2.19) gives
p = 00 eXp(_ekk) = pO(] - ekk) (222)
where °0 is the initial (uniform) density.
Now, introducing the Gibbs equation,
. E dar
ds = 0 dekk + CU T s (2.23)

where CU is the specific heat at constant deformation. We note

here that Cp and CU are related by the equation

in which « = (1 +‘§u)-] is the isothermal compressibility.
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Next, combining in turn the two sets of equations (2.16),
(2.17), (2.20) and (2.21), (2.23) and expressing the results in

vector notation we arrive at the thermoelastic equations

823 2> . >
o =% =uv U+ (x+p)v(div u) - evT . (2.25)
ot
o€ b o7 2 (div T) = v-(KeT) + q (2.26)
u at ot ) :

Weiner [34] has proved that the solutions of Egs. (2.25),
(2.26) in a region free from body forces and heat sources are unique
when the initial distributions of T, U, V are given and T, U are
specified on the boundary of this region. His proof extends to the
other boundary conditions, i.e., the Neumann and Robin conditions.

Finally, the basic equations given above combine the theory
of elasticity with heat conduction under transient conditions.
Boundary value problems involving these equations are of consider-
able difficulty to solve. Fortunately, in most practical applica-
tions it is possible to omit the mechanical coupling term in the
energy equation (2.26) and the inertia term in the equation of
motion (2.25) without significant error. It is customary to refer
to the thermoelastic theory based upon none of these simplifying
assumptions as the coupled theory, upon the first only as the un-
coupled theory, and upon both of them as the uncoupled quasi-static

theory.

Step (ii). The Thermoelastic Equations Applied to the Frozen Phase

The problem considered in this phase is that of a finite
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medium, initially at a uniform temperature, subject to a heat source

intensity q](x,t,T]) per unit volume due to its compressibility:

aekk BT]
q-l = const (—B—t_—)o‘ = 'a-lB-l "'a'Tt_ D (2
where 2, is a constant and
oe
a kk
81 = BT] ol (2.

is the volume expansion coefficient of the frozen phase.
Suitable constraints are imposed so that the displacement

components u s uy, u, in the (x,y,z) directions may be taken as

X y z

If we write (x,y,z) instead of (x],xz,x3), the equations to be

solved follow directly from Step (i):

32U 32U BT] (
b=+ 2u) =5 - e—, 2
1 at2 ax2 X
oT 82u 5 T
10 3T T sex - oax K 3 9y (2
Ovy = (r + 2u)exx - e(T] - To) s (2
vy =0, = A - e(T] - To) , (2
xy ~ yz T %%z T 8y T Oy T8, =05 & =€, =0, (2
au

u, = u = u(x,t); u =u_=o0. (2.

27)

28)

29)

.30)

.31)

.32)

.33)

.34)

.35)
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in which Kl’ oy and C]U all depend on T]; and T1(x,t) is the tem-
perature of the frozen phase at a point x at time t for o<x<s(t),
t>o.

Again, equations (2.30) and (2.31), forming the equations of
the coupled thermoelastic theory, are to be solved for u and T]
simultantously so that the strain and stress components can be
readily found from Egs. (2.32) to (2.35). However, the following
analysis is based upon the uncoupled theory of thermal stresses.
Thus, on neglecting the mechanical coupling term in (2.31),
the frozen phase problem degenerates into heat conduction and
thermoelasticity as two separate problems. With this in mind and

the use of (2.22) and (2.27), the above system of equations can be

rewritten
_ 2 . 2 _ 4y
utt = w (] + uX)uXX’ w = po s (236)
oT oT
* 1 . 3 1
P18 3t T 3x [Kl X & (2.37)
- 5. (vie - ¥ 2.38)
Tyy = p](VTe - k8) , (2.
6 =g == (vo - 15 e (2.39)
yy zz  1-v xx 37177 )
= du
e =" (2.40)
in which

1]
-

_ - *_—_
ey = e(x,t), o 1 T C] C

(2.41)

=]
1}
|
il
>
(ﬂ
no
T

©
—
<
-~
©
—
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where v is Poisson's ratio and V1 is the isothermal velocity of the
dilational waves. We emphasize here that the thermal stresses Tyy?
Oyy and 9,y in the directions of x, y and z are given in terms of
one component of the strain, the x-component e(x,t).

After the position of the interface s(t) is known, the dis-
placement u(x,t) satisfies the mixed boundary value problem con-

sisting of (2.36) under the conditions:

u(x,0) = o (2.42)

ut(x,o) = f(x) (2.43)

u(o,t) = o (2.44)

u, (s(t),t) =~ [c8(P)-P] (2.45)
o1VT .

Here o(P) = T(P)-To, and T(P), the transition temperature, is a
prescribed function of the pressure P. We will assume that T(P)
is a twice continuously differentiable and that is decreasing.
The condition (2.45) states that at the boundary x = s(t) the

stress should be minus the pressure, i.e.,

Oy = P = (A + 2u)e - E(T(P)-To) . (2.46)

However, Eq. (2.46) implies that

€ =(—-mb-))—e . (2.47)

Since T, = 0, by (I.9) in the next section, the condition

(2.45) can be rewritten
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u, = at x = s(t) . (2.48)

3. Qutline of the Present Study

Once s(t) is determined, we can solve the mixed problem de-
fined above to obtain the displacement u(x,t). Then using (2.40),
(2.38), (2.39), and (2.34) the strain and stress components can
be readily specified. Also a knowledge of s(t) is sufficient to
find a pair (P(x,t), v2(x,t)) satisfying (2.2) and (2.3) together

with (2.6), or its alternative form

02 =02(P) (3])

(See Problem II). However to get s(t), one has to solve (2.11)
and (2.37) under suitable conditions to be specified in the fol-
lowing:

The initial and boundary conditions are

v2(x,o) = r(x); T](x,o) =Ty T2(x,o) = fo(x) , (3.2)
3T
T vp(x,t) =05 (byt) = 05 [Ky ax]x Lo = A1) (3.3)

At the solidification front, the conditions of local thermo-
dynamic equilibrium and conditions of dynamical compatibility for
heat and mass are necessarily satisfied. These are respectively

(see, for example, Rubinstein [30])

T, (s(t),t) = T,(s(t),t) = T(P) , (3.4)
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(Q'! = 92) 'fjj—i‘z' P'IV'I - QZVZ at x = S(t) ’ (36)

where vy = du/dt. Here L is the specific latent heat, in general
a function of the pressure, (see, for example, Morse [27]; how-
ever, L will be treated here as a constant), and Ci(i = 1,2) are
the specific heats of the same type (using Eq. (2.24) to convert
one to another; if necessary).

The discussion presented above now motivates the statements

of the following three problems:

Problem I. Find a triple (s(t), Ti(x,t), i =1,2) satisfying the

following contitions:

ST-| 3 T ) .
(1.7) R]s—-=§;[ﬁ 3;J1n91— {(x,t): o<x<s(t), o<t<t}
with s{o) = a
DT2 3 3T2 -
(1.2) RZ—[TI-__.E)—X-[KZ—B-;—] 1n§22={(x,t): s(t) <x<b, o<t<t}

0
] 3T | ;
(1.5) [Ky 550 = £(t)s 0 st st
3T, )
(I.6) TR (b,t) =0, 0 st st
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and the compatibility conditions

(I.99 2(0) = o, T0 = f(a) = [T(P)]t=0 =0, f'(b) = o,

where R, = R(p,,C) = 0.CY (i = 1,2), D/Dt = 3/5t + v,3/3x , and

ivi

the prime represents the differentiation with respect to x. Note
also that (I.8) is obtained by multiplying (3.6) by C]T(P) and sub-
tracting the result from (3.5). In these equations, t is a fixed
value of t, a and b are given positive constants with b>a, and

the functions fo,ﬂ.and T(P) are given functions of their respective
arguments. The function fo(x) is defined and three times continu-
ously differentiable for o < x < =. In addition the functions Ri
(and so p; and Ci)’ K., v, are sufficiently smooth functions of

1 1

T, (i = 1,2) over the range ~o< Ty S T(P) < To <= and K, and o,

(i = 1,2) are positive functions with Py <Py

Problem II. Find a pair (P(x,t), v2(x,t)) satisfying the following

conditions:

Dp2 av2 .
(II.1) Te T P o C O 1n92={(xﬁ):sﬁ)<x<b,0<t<t}
Dv
2 P _ . -
(11.2) 0 Bt t 3¢ " © with o, = oZ(P)
(II.3) P(x,0) = Po(x)

for a $x sb
(11.4) v2(x,o) = r(x)
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(I1.5) v2(b,t) =0 N
forostst

(II.6) P(s(t),t) = g(s(t))
together with the compatibility conditions
(11.7) Po(a) = g(a) and r(b) = o.

Here s, P0 and r are given functions of their respective argu-
ments, which are assumed continuously differentiable. We further
remark that the condition (II.6) expresses our assumption that the
pressure of the phase change is a known function of the location of

the phase boundary.
Problem III. Find a function u(x,t) satisfying the conditions:

u_ 2 duy 3°u = . i
(III.1) ;;7 = ¢ (1 + ax) ax2 in q {(x,t): o<x<s(t), o<t<t}

(II1.2) u(x,0) = 0
for 0 s x < a
oy =
(I11.3) T (x,0) = f(x)
(I11.4) wu(o,t) = o
(111.5) 2 (s(t),t) = x(s(t))
and the compatibility conditions

(II1.6) f(o) = o and x(a) = o.

Here s, f and X are given functions of their respective argu-
ments. The coefficient w2 = 4u/p0 is a constant. The function

x(s(t)) is just the right hand side of (2.48) combined with (II.6).
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CHAPTER TWO - ANALYTICAL TREATMENT OF THE
NONLINEAR PARABOLIC FREE BOUNDARY PROBLEM

We are concerned in this chapter with the study of Problem I

stated in the previous section.

4. Linearization Procedure

In the following, we shall describe a method of linearization
of the one-dimensional, nonlinear, nonsteady heat diffusion equa-
tion by successive transformation of the dependent and independent
variables. It will be shown that when the thermal properties depend
on the temperature in a certain way, the linearization is possible
when the heat flux is prescribed at x = 0. This linearization pro-
cedure was developed by Storm [32], and re-interpreted by Knight
and Philip [23]. An extension to Storm's method when the time
derivative of temperature is replaced by its substantial derivative
is discussed below. Under a certain condition, the Kirchhoff
transformation [22] will be proved to be a special case of the
transformation used by Storm.

We are first concerned with the equations (I.1) and (I.5),

BT] BT]
[K-I 3X = R] —-B—t_ ) (41)
[K, BQJX BENIOW (4.2)

where K] = K](T]), Ry = R](T]), and T, = T](x,t). The condition
(4.2) expresses the heat outflux from the two-phase medium through

the boundary surface x = o.
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Introduce a new dependent variable Q(x,t) by the equation

;
0, = f 'k, (T)Ry (1)1 2T (4.3)
Then Eq. (4.1) becomes

172 3 (172 Egl) |

1 ‘M1 Bx 3t (4.4)
where ap = K]/R] is a function of T].
Now let
Q(x,t) = Q7[x(x,t),t] , - (4.5)
where X(x,t) is a new independent variable defined by
X
X = f ol /245 (4.6)
o 1

Utilizing Eqs. (4.5) and (4.6), the variables x and t are trans-
formed to the variables X and t as follows:

*

72 2 172 30 a9

“1T Bx T %M1 X 3x X
and the left-hand side of Eq. (4.4) can be written as
* 2%
aQ] N Q]

2o 122y | e s 2N ax
*T ox ‘"1 x 13X VXY ax 2

aX
Hence, Eq. (4.4) yields

o
T (4.8)

3X

The right-hand side of Eq. (4.8) is now expressed in terms of Q?, as



26

3, 80 (x 3&{1/2 Qs
St " Y [Jo TR dx] + 3% (4.9)
where
02 @iV g g V2 2
st T ey T g 7 - (4-10)
1 1 X

since BQ]/Bt is given by Eq. (4.8). Inserting Eq. (4.10) into

(4.9) and using the fact dx = a}/zdx, we get

2%

3Q QY X 3°Q aQ*

1 1 d -1/2 1 1
B _~_.{j [—=— (Tn « ) dxX} + (4.11)
st x4 g 1 %2 3t

Combining Eqs. (4.8) and (4.11) gives
aZQ? °Qy 903 {fx[ (n 12 3 Qf o (2.12)
= + n a 4.

8X2 ot oX o dQ1 1 aX2

Now the integral in Eq. (4.12) can be evaluated in terms of

aQ;/ax if and only if

—%— (In « ]/2) = (K4Rq)™ -1/2 d (In u_]/Z) zA=constant. (4.13)

171 dT] 1
Under this condition Eq. (4.12) reduces to

an)Z ] aQT aQ1

% Loy JX -0 (4.14)

2 T ALY

The term [aQ?/aX]X=O can be evaluated from the prescribed heat flux

boundary condition (4.3) as

aT Q* Q
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Therefore, Eq. (4.14) becomes

2% *
5-Q 5Q
1 1.

*
801)2
3%

aQ?

> (4.16)

A( - AZ(t)

BXZ ot

This equation is still nonlinear. However, introducing a new de-

pendent variable ¢(X,t) by

Q=-xlne, (4.17)

reduces Eq. (4.16) to a linear partial differential equation for &:

2

8%0 _ 30 _ 4, 30
i A 22 (4.18)

In particular, if A = o in Eq. (4.13), o = constant, say o.
For such a case, the transformation (4.3) reduces to the Kirchhoff
transformation [22],

;
0, = a']/zf ]K](T)dT ,

*

and the equation (4.16), using (4.7) and (4.11), to

2
]
* 8X2 ot

b

which is linear.
It is easily seen that the most general forms for K] and R]

which satisfy (4.13) are

-
K (T,) = G](T])exp[-AJ ]G](T)dT] (4.19)
and

;
Ry(T}) = G1(T])exp[AJ Y6 (1)ar1 , (4.20)
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or, by the definition Ry = p]C? ,

T
p(T)CY(Ty) = G](T])exp[AJ 1G](T)dT] ; (4.21)

where G](T]) is an arbitrary function of T On the substitution

1

from (4.21) in the relation C? = Cy, * 248, we obtain

dp]

0160 T ar,

. G](T1)exp[AjT]G](T)dT] , (4.22)
since By = -p;](dp]/dT])G which is an alternative form to that of
(2.18); this is evident from (2.19).

We note here that G](T]), which depends upon the thermal pro-
perties of the medium under consideration, must be known a priori.
For simple metals, Storm [32] has shown that G1(T]) is essentially
constant, its variation with temperature being much less than that
of either K] or R] considered separately. In fact, this discovery
was the motivation for an investigation of the relations between
the thermal parameters of simple metals on the bases of the theory
of solids and available experimental data. Therefore, solving

Eq. (4.22) gives the functional py in terms of Cy and Ty, from

Tv
which C]U is obtained in terms of 01 and T], and the functions
f1 and T] will be obtained from the solutions of Problems I and

II. Indeed, this is the value of C, which is applicable to our

Tv
analysis.
We remark that Egs. (4.19) and (4.20) can be simplified if

the product

K]R] = constant , (4.23)
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in which case G](T]) = D = constant, and the variation of K] and

R] with temperature is given by

1]

K (T;) = D exp[-ADT,] , (4.24)

R](T]) D exp[ADT]] . (4.25)

If the exponentials in these expressions can be linearized, Egs.

(4.24) and (4.25) reduce to

~
—
—_
-
—
~
1]

D(1 - ADT]) ] (4.26)

X
—
—_
-
—
~
1]

D(1 + ADT1) . (4.27)

We now summarize the results of the above analysis: The
nonlinear heat-conduction equation (4.1) subject to the prescribed
heat-flux boundary condition (4.2) is transformed into the linear
equation (4.18) on the assumption that the physical properties
K] or R] depend on the temperature in the form specified by equa-
tions (4.19) and (4.20), (4.24) and (4.25), or (4.26) and (4.27).

Storm [32] applied this method to the solution of the problem of
a nonstationary temperature distribution in a semi-infinite medium
subject to an initial uniform temperature condition and a constant
flux boundary condition at the surface x = o.

We note also that if we define a new dependent variable V(X,t)

by means of
o(X,t) = V(X texpl- B x + (BP%T (4.28)

equation (4.18) transforms to the more convenient form
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2
3tV _ v
3%V eV (4.29)
8X2 ot
Equations (4.17) and (4.28) when combined give
V(X,t) = expl-AQi(x,t) + Bk x + Bh%e (4.30)
We next consider the equations (I.2) and (I.6),
T DT2
= Ky = 2 - Ry 5% » (4.31)
T
[ ]X b= , (4.32)

where K2 = K2(T2), R2 = R2(T2), T2 = T2(X,t), and D/Dt= a/at-rvza/ax.

In contrast to (4.2), the condition (4.32) expresses the fact that
the boundary surface x = b is insulated.

Since the same method applied above can be used to linearize
(4.31) subject to (4.32), only the salient steps will be given.

We define the new dependent variable Q2(x,t) by

-
0, = | Ay MRy (m1 VT (4.33)
so that Eq. (4.31) becomes

172 5 172 ¥, DG,
0L2 —B—X- (0L2 ———) = W ’ (4.34)

where %y = K2/R2 is a function of T2.

A new independent variable Y(x,t) is defined by

ve | aé]/zdx (4.35)
X
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and the corresponding dependent variable is dented by

Q,(x>t) = Q3LV(x,t),t] . (4.36)

Then Eq. (4.34) has the form

azog _ DY,
> T Bt (4.37)

The right-hand side of this equation can be expressed in terms of

*
Q2 as
DQ 3Q% 3Q%
2. Moy, 2
Dt - 3Y Dt T Bt ° (4.38)
where
-1/2
b 5a
DY 2 _ -1/2 "
Dt JX T dx V20L2 (4.u9)

Since v2(b,t) = 0 by condition (II.5), then

-1/2

b J0 b oV
-1/2 _ 2 172 2V
-Voay = f Vo X dx + f %o ” dx (4.40)
X X
and, by equation (II.1),
AT W Tl S Bt B (4.41)
3X P dT2 Dt Py dQ2 Dt -~ )

Combining (4.40), (4.41), and (4.39) yields

b asl/? 4212 4. nQ
v e 2 M2

t

Ix
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b [daél/z ay/? dozj Q,
= - dx . (4.42)
, - dg, 5, dQ," Dt

Putting (4.42) in (4.38) yields, after using (4.37) and the fact
that dx = -a;/z dY, the equation

-1/2 2 %

%9 3705

( - )] = Yy . (4.43)
9

n

32Q* 3Q* 3Q* Y
2.2,
2 3t 7oy

.
3y o 99

Now the integral in Eq. (4.43) can be evaluated in terms of
aQ;/aY if and only if
-1/2 -1/2

d L, e 2172 d
aQ, in( o ) = (K;R)) a7

- = B = constant (4.44)
2 2

under which condition Eq. (4.43) reduces to

2* * *
3°Q 2Q aQ

2 _ 2 2,2 s
3Y2 5T + B(BY) . (4.45)

In Eq. (4.45), we employed the condition (4.32), which in terms
of Qg has the form

SQ; 46
7y = 0 - (4.46)
Finally, a new dependent variable W(Y,t) is introduced by means of

the equation

Q3(Y,t) = - £ 1n W(Y,t) (4.47)

so that Eq. (4.45) transforms to

2
AW _ 3W (4.48)
8Y2 ot
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which is a linear parabolic differential equation for W.
In this case, the most general forms for K2 and R2 which

satisfy (4.44) are

T

Ko(Ty) = 6y (Tydexpl-8| Z6,(T)ar] (4.49)

and
2 T

Ry(Ty) = 05(T,)8,(Tplexpls| Za,(T)aT] (4.50)
or, by the definition R, = pZCE ,

CE(TZ) T,

STy - GZ(TZ)exp[BJ 6,(T)dT] (4.51)

where GZ(TZ) is an arbitrary function of T2. Again, the function
GZ<T2) must be specified a priori. Furthermore, the value of Cp,
which is being used in the above analysis, is obtained by com-

bining (2.12) and (4.51) and the definition of By The result is

T (?32)2 e, P2, 20 L 3 (T exols| Z,(Mat]  (4.52)
2\dT, 2°2 T, T Patp T PoRpllplexp 2 '

with Py obtained from the solution of Problem II.
Summarizing the above results, we see that equation (4.1)

subject to the condition (4.2) is transformed to

2

AR (4.29)
subject to
3V/3X AL(t) _
[ lyeg T =5 =0, (4.53)



or, in an alternative form,

[%%—- MtV) 1= o (4.53%)

with
VX,t) = exp[-AQ%(x,t) + BELEL x4 (AL{EL 2, (4.30)

and
A(EV(xt)) = - BB vy ey (4.54)

2

Similarly, Eq. (4.31) subject to (4.32) is transformed to

> W oW (
L= 4.48)
aY2 ot
subject to
é._.. = - A_ I~
[aY y=o = © (4.85)
with
W(Y,t) = exp [-BQ;(Y,t)] . (4.56) |

The conditions (4.53) and (4.55) are just Eqs. (4.15) and (4.46)
written in terms of V and W, respectively
We close this section by pointing out that the conditions

(1.3) and (1.7),

T] (X,O) - TO =0, T] (S(t>=t) = T(P)

can be respectively expressed in terms of V given by (4.30) as

V(XO,O) = o(X ), V(X_,t) =V {X) (4.57)
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with Xy = Xo(x) = X(x,0) and Xg = X (t) = X(s(t),t). Similarly, the

conditions (I.4) and (1.7),

are respectively expressed in terms of W given by (4.56) as

W(Yo,o) E w(Yo), W(Ys,t) = wm(Y ) (4.58)

with Y0 =Y

0(x) = Y(x,0) and YS =Y (t) = Y(s(t),t).

As previously mentioned, Ci can be expressed as functions of
Ti and ¥ (i = 1,2). On combining (II.6) and (3.1), we obtain
Py = pZ(Q(S(t))) and hence C2 is obtained as a function of s(t)

on the phase boundary. Also from solutions to Problem II, we get

[t

Vo = Vo(xstls) or vy = vo(t]s) at x = s(t). On the other hand, we
combine (III.5) and (2.22) to get py = po(l-x(s(t))) on s. There-
fore, we have C] as a function of s(t) on the phase boundary.
Finally, the quantity L, the specific latent heat, was assumed to
be constant. Thus, the quantities [p]L + pZ(C] - C2)T(P)] and
[p2V2(C] - C2)T(P)] appearing in (I.8) are functions of t and s(t).
The quantity K](BT]/BX) - K2(8T2/8x) is transformed under

(4.3), (4.6), and (4.33), (4.35) to

3Q7 Q%

[‘é%(—l]x=xs ¥ [%]Yﬂs '

By virtue of (4.30) and (4.56), this can be expressed as

2 CBE

2(t) _ %_[aVCaX] 1 EBW/BY]
X=S S
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Therefore, the condition (I.8) may be written in the form

k(s(t),t) & = ky(s(t),t) +ﬁﬂ-};[ﬁ."_\/la_xj ]

2
X=Xs
- ]E [3%“)1] , (4.59)
Y=Y
s
where
k](s(t),t) = p]L + p2(C] - C2)T(P) (4.60)
and
ko(s(t)st) = p,v,(Cq - CH)T(P) (4.61)

or, in a more compact form,

aV oW

= Z(t,X,V,W,gY,W

D.!D.
ctjn

) for x=s(t), X= Xs(t), Y= Ys(t); t>o0, (4.62)

where the meaning of the funcitonal Z is clear from equation (4.59).

5. Reduction to a System of Integral Equations

By collecting the results of the previous section together, we
are led to a version of Problem I, where the governing partial

differential equations are linear. This problem is referred to as

Problem IV. Find functions V(X,t), W(Y,t) and s(t) such that a

triple (V,W,s) satisfy:
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The Solid Phase Equations

2

A%V _ v *
(Iv.1) ax2 3t ° (X,t)en]

o for X=0, t>o0

Lanny
—
<
N

g

Q
><
+
|
<
[{]

~—
[—]
I
w
A
=<
1]

$(X) for t=o, oSXSXS(o)

—
—
-l
=Y

S
-l

i

Vm(X) for X=Xs(t), t>o

The Liquid Phase Equations

(o3
=

*

2

oM
H ’ (Y,t)&:Q

J

(Iv.1)!

Q2
<

(1v.2)" g—‘\’}= o for Y=o, t>o

(IV.3)' W = y(Y) for t=o, Ys(o) >Y>o
(Iv.a) W= W (Y) for Y=Y, t>o
and
ds oV oW
(1v.5) & Z(t,x,V,W,W,W) for x=s(t), X=Xx_(t), Y=Ys(t); t>o

(Iv.6) s(o) = o

*

where 2] and Q; are defined as follows:

Given t>0 as a fixed value of time, and recall the definitions

{(x,t): o<x<s(t), o<t<¥t}

(5.1)

{(x,t): s(t)<x<b, o<t<t}
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QT={(XJ% 0<X<th),o<t<i}
(5.2)
o) = {(Y,t): Y (t)>Y>0, o<t

In these equations, it is assumed that:
(IV.7) V is defined and uniformly bounded in Q?; V and 3V/5X are
continuous 1in §T-= Q?U&Q? everywhere, with the possible exception

of the point (0,0) where
BQ; = {X=0, X=X  for 0st<%; 0osX<X_ (o) for t =0} (5.3)

(IV.8) W is defined and uniformly bounded in of; W and sk/3Y are

*,
23

*UBQE everywhere, with the possible exception

2
of the point (0,0) where

continuous in QE = Q

2a] = {Y=o, Y=Y, for o<tst; Y (0)2Y2o0 for t =0} (5.4)

(IV.9) s = s(t) is continuously differentiable for o<t<t and
continuous for o< ts<t, s(o) = a, and o< s(t)<b.
Conditions (IV.T) with (IV.7) and (IV.1)' with (IV.8) imply that
V is parabolic in Q? and W is parabolic in Q; respectively.
Sometimes it is convenient to designate (IV.1) to (IV.4) and
(IV.1)" to (Iv.4)' as an auxiliary problem for a given Lipschitz
continuous function s(t). By a solution to the auxiliary problem,
we mean a pair of functions V = V(X,t) and W = W(Y,t) such that
1°.  The derivatives appearing in the equations exist and are

continuous in their respective domains of definition,

2°. (Iv.7) and (Iv.8) are satisified,
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3°. V and W satisfy (IV.1) to (IV.4) and (IV.1)" to (IV.4)' respec-
tively.

Classical results in the theory of parabolic equations [15]
assert that the solution of auxiliary problem exits and is unique
under the assumptions given above.

By a solution (V,W,s) of Problem IV, we mean that
1°. s satisfies (IV.9),
2°. The pair V and W is the solution of the auxiliary problem

for this s = s(t) in the sense specified above,
3°. V, Wand s satisfy (IV.5).

In fact, Problem IV has the same form as that of Problem II
described in Fasano and Primicerio [11], a generalized two-phase
Stefan problem with the flux prescribed for boundary conditions.
They have proved, however, that Problem I, the same as Problem II
but with the temperature prescribed for boundary conditions, is
well-posed by proving the well-posedness of the differential system
involved. However, we will prove the well-posedness of an equiva-
Tent system of integral equations. This approach was, in fact,
used by Rubinstein [31] in solving one-phase Stefan problem.

We shall now derive a set of integral equations equivalent
to the above differential system.

The fundamental solution for the heat equation

2
oYy _ 3y (5.5)
822 ot

will be denoted by r(z,t), and
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r(z,t) = (4rt)”V 2exp(-22/4t). (5.6)

The Green's and Neumann's functions on the half-space z>o0
(or z<o0) are denoted by G(z,t; £,7) and N(z,t; £,t) respectively.

These are given by

G(z,t; £,7) = T(z-g, t-1) - I'(z+g, t-1)
(5.7)
N(Zst; EsT) = T(z-g, t'T) + F(Z+Es t'T)

where z is to be replaced by either X or Y for z>0 or (z<o).
Suppose first that a triple (V,W,s) form a solution to Problem

IV in (o0,t), and write

Vo(t) = V(o,t); Vi (Xst) = =x (X:t)s 0<X<X;
Wy (Y,t) =%¥(Y¢),YS>Y>o;v(ﬂ = 2 V(X (1),t); (5.8)

W(t) = Fulr(),)s § = n(e).

Then integrating Green's identity

(5.9)

"
(o]

By 3V ANy _ 8
9 (N 3g v aa) 57 ()

over the domain Q? yields, upon using (IV.2) to (IV.4), the integral

representation
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X_(0) t
V(Xst) = f S(O ¢(€)N(Xsts g,O)dE + _é— J Z('T-')VO(T)N(X’t; 03T)dT
0

t
~ T+ XD s X (2), 0

t
; f VOGN (5 X (2),)de = 210GtV ,vasan) & (5.10)

where

V,(t) = A]IX=0 =o(t[V ,v,s,n) . (5.11)

Assuming that Vm and ¢ have bounded derivatives up to and

including the second and third orders, respectively, and that

V(X (0)) = 8(X (0)), 2¢'(0) + AL(0)V (o) = o . (5.12)

Then differentiating both sides of Eq. (5.10) with respect to X,
we obtain, upon using the conjugacy of G and N together with in-
tegration by parts when necessary,

X (o)

Vo (X,t) = 5-ftz( W _(2)6.(X,t5 0,7)de + j S (6)6(X, s £,1)dE
X ’ = - 2 0 T 0 T £ s’ s O0,717)dT 0 o) £ s Cs &1
t t . 1 .
I J;V(T)NX(X,t; xs(f),f)df-+J;xs(r)vm(xs(f))e(x,t, K (1) 0 )de
= 01XtV vss,m) (5.13)

where, from now on, primes denote differentiation of the function
under investigation with respect to its argument.

Now Tetting X-+Xs(t) - 0 in (5.13) and using the theorem of
Holmgren on the discontinuity of the heat potential of a double

layer (see Friedman [12]), according to which
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we find that

v(t) = 2“11x=xs = FI(t[V,,v,5.m) (5.15)

To obtain a similar representation for W(Y,t) and hence for
WY(Y,t) and w(t), we start by integrating (5.9), with V replaced

by W, over QE to get the formula

Y (o)
e = - 3 Y Nt £,0)de -
0

t
. fofw(f)+vs'(f)wm(vs(f))]n(v,t-,vs(f),f)df

t
; Jowm(Ys(T))NE(Y,t;YS(T),T)dT
= 232(Y,t|w,5.m) (5.16)

Again, differentiating (5.16) with respect to Y, and using the

conjugacy of G and N together with integration by parts result in

Y (o) t
¥ (£)G(Y,t; £,0)dz j Wl (Ysts Y (1) 1)de

y(Y,8) = - | 0

0]

t
LY MY DB, 6 Y ()2 dez VP tlwasan) . (5.17)
0]

Here it is assumed that Wm and y have bounded derivatives up to and
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including the second and third orders, respectively, and that
Wm(YS(_O))= v(Y (0))s v'(0) =0 . (5.18)
Let Y-+Ys(t) + 0 in (5.17) and employing the theorem
t 1
Tim fw(r)NY(Y,t; YS(T),T)dT = §W(t) +
Y-+Ys(t)+o 0
t
* [ WM (1 (8,85 ¥ (o), n)e, (5.19)
o .
we find that
= o2 _ 2
w(t) = 2U iY=Y = F7(t|w,s,n) . (5.20)
s
Making use of the above results, the condition (Iv.5) gives
t
s(t) = a + [ n(x)er = S(t]n) , (5.21)
0
where
n(t) = Z(t,s,Vm(Xs),wm(Ys),v,W)

_ 1 2(t) 1 t) 1 w(t)
 GreToT Leols(t)ot) 2)'Kv;§xg'§ W::(Ys 1. (5.22)

This means that if the triple (V,W,s) is a solution of Problem IV,
the functions V, VO,VX,v,w,WY,w,s and n are solutions of the system
of integral relationships (5.10), (5.11), (5.13), (5.15), (5.16),
(5.17), (5.20), (5.21) and (5.22).

Conversely, we shall prove that if the functions V,VO,VX,V,W,

WY,w,s and n are continuous solutions of the above system of
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ingegral equations over (o,t), then V, Wand s constitute a solution
to Problem 1IV.

- It is easily seen that V and W given by (5.10) and (5.16)
satisfy (IV.1) and (IV.1)' respectively. Letting t>o in (5.10)
and (5.16), we get V(X,0) = #(X), 0 < X < Xs(o) and W(Y,o0) =

w(Y), Ys(o) 2Yz2o0. IfweletX-o0in (5.13) and Y=o 1in (5.17),

y(0:t) = - ——Mét Vo (t) or v, (

- A£-Z(E)--V(o,t) and WY(o,t) = 0. Next we let X-+Xs(t) - 0 and

then it is easily proved that V 0,t) =

Y-+Ys(t)+ o in (5.13) and (5.17) and apply (5.14) and (5.19),
we find that

. 1 1
X+X:z$)-o VX = E—v(t) + U (Xs(t),t) , (5.23)
. ] 2 '
=5 ’ ’ 5.
Y+Y12$)+0 WY 5 w(t) + U (Ys(t) t) (5.24)

where U.| and U2 are respectively the right hand sides of (5.13) and
(5.17). Comparing (5.23) with (5.15) and (5.24) with (5.20) shows
us that in fact

Vo (X_(t),t) = 14 V, = v(t) ,
(Wsee s

S (5.25)
Wo(Y (t),t) =  1i Wy = w(t) .
rs v+vsz[1];1)+o v o

Differentiating (5.21), combining the result with (5.22) and using

(5.25), we get the relationship

() e ] 2t) 1'% 1y
S(t)‘k](s?tj,tj [kp(s(6),0) + 2L 4 Vm(;s(t)) "W
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Comparing (5.26) with (IV.5) or (4.59), we have only to prove that

(t)) and W(Y_(t),t) = W (Y_(t)) . (5.27)

v(Xs(t)’t) - vm(Xs S m''s

With this aim in mind, we integrate the identity (5.9) over QT

and use the initial and boundary properties of V Just proved. Then,

subtracting (5.10) from this result, we get

t
[ee)lnye) - ZM0ts % ()00 = (5.28)
0

in which

o(t) = V(Xx_(t),t) - Vm(X (t)) . (5.29)

S

Letting X-+Xs(t)-o, and applying (5.14), we obtain
t
o(t) = 2j

oe(T)[g%-- Xy () INCK ()85 X (1) ,7)de = o (5.30)
The expression in the square brackets in (5.30) has absolute value
< c(t-r)']/z, where ¢ is a constant depending on t. Consequently,
(5.30) is a homogeneous integral equation of Volterra type of the
second kind with polar kernel. From the general theory of such
equations, we know that the solution is unique. Thus © = o and
the first assertion of (5.27) is proved. In exactly the same manner,
we can prove that W(Ys(t),t) = Wm(Ys(t)).

In summary, we have proved
Theorem 1. Problem IV under the conditions (5.12) and (5.18) which
are simply the conditions (I.9) in terms of V and W, is equivalent
to the problem of finding a continuous solution to the system of

integral equations (5.10), (5.11), (5.13), (5.15), (5.16), (5.17),
(5.20), (5.21) and (5.22).
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Remark. Equations (5.12) and (5.18) are again the compatibility
conditions for the continuity of the boundary and initial conditions.
If these conditions are not valid, but V, W and s form a solution to
Problem IV, then v and w are determined by the equations (5.15) and

(5.20) if to their right sides we add the term
2[Vm(XS(0)) - ¢(Xs(0)ﬂG(Xs(t)at; XS(O),O)

and correspondingly

2[4 (Y (0)) - W (Y (0))IG(Y () t5 Y (0).0) -

S

Simultaneously, we must add the terms

v (X (o)) - #(X (0))16(X (t),t; X, (0),0)

[u(¥g(0)) = W (¥ (0))T6(Y_(t),t5 ¥_(0),0)

to the right sides of equations (5.13) and (5.17), respectively.

In view of Theorem 1, it is, therefore, sufficient to prove that

the problem of finding a solution to the system (5.10), (5.11), (5.13),

(5.15), (5.16), (5.17), (5.20), (5.21) and (5.22) is well-posed.

6. Local Existence Theorem

We first recall the definition of X(x,t) and Y(x,t) given by

(4.6) and (4.35),
b
X(x,t) = fxa{1/2(x',t)dx' L Y(xt) = f ap B xt,taxt L (6.1)
0] X

According to the mean value theorem for integrals, we have



X(b,t)

Y(o,t)

then we write

b
J a{]/z(x',t)dx'
0

b
J ué]/z(x',t)dx‘
0

X = Max X(b,t)

o<t<t

b

]/2(

and Y =

Xo ,t)

Max_Y(o,t) .
ostst
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bu] (xo,t) for some xoe[o,b] ,

(6.2)
for some Yﬁe[o,b] )

(6.3)

We now begin with a 1ist of the assumptions needed for the

existence theorem.

(i) If osX,XSsi} YEY,YSzo; osts<t; oss(t)sb ;
[VolsNgs [VIsNgs [visNgs [V [Ny s (6.4)
[nlsNgs [WISNTs [w]<Ns | Wy | N3
Then [alMys fols]e! [<Mys Vil s Vo 1sM, 5
. (6.5)
| Z1Mgs Jwls o [SM35 (W[, W [ sM3
A . 194 .y "
and 5l <Mo,13 ‘av0|< Mo,28 Pl <M p5 WGl <3 g s
I¢'II’I¢“'!<M]; Iw“l’ll“l l I<N4,];
(6.6)
YA . . 192 .
55 <Ngos I3FING o5 136 <Ny g BRI <G g s
LY . .
ISV;!<N4,4’ e ’ <Njgs
* * * P
where Mi’ Mi’ Ni’ Ni’ Mi,j’ N4,j and N4,j are positive constants.

(ii) Let Vo,0

wo(t), s (t)

(£, Vo(Xot), Ho(Yot)s Vg ((Xot), Uy y(yat), v

(t),

0]

and no(t) be arbitrary differentiable functions which
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have bounded partial derivatives with respect to all their arguments.
More precisely, these functions satisfy for o<XsX, 2Y20, osts<t the

} inequalities (6.4) and

v ' Vo
|/t Vg, olthsLys 1/‘ ]<L 3 volt)<bys [VE |<L

ot 3
w oW v
i 0,Y 0,X .
|Vt at|<L* [VE Wl (t)]<L3s l/ET;<L§; |5 <Ly (6.7)
oW
0,Y
I Y |<L* [/tn )[<L5 .

in addition to the compatibility conditions

$'o(8) =g ()5 Vg y(Xg (£),t) = v (8)5 v (0,t) =V (£)5 V_(X,0) = 6(X);

SO 0] 0] 0,0 0
Vo,x{X:0) =" (X)5 vy (0) =s(0); WO’Y(YSO(t),t)=w0(t),NO(Y t)=u(¥);
Wo,y(Ys0) =4"(Y); s (o) =a , (6.8)

where Ni’ Ni’ Li’ Li are positive constants, XSO = X(so(t),t) and

YSO = Y(so(t),t). In particular, the continuous agreement of the

boundary and initial conditions are from (6.8)

2¢'(0) + Ae(o)V

0; p'(Y_(0)) = W_ (Y (0),0) =w (0); (6.9)

L4 (o) S 0,Y''s

s3(t) = (1) .

In what follows, we will employ the Picard method of successive
approximation to construct a solution to the system of integral equa-
tions obtained in the previous section.

A sequence of approximating solutions to the above system of

integral equations can be defined recurssively by the scheme
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= . = ] = ] = -I =
Vn"o @n’ Vn - An’ Vn - Fn, Vn’X Un L] wn An’
T ) (6.10)
" T T My T Ups np = Zps Sp = Sy

where the functions on the right sides of (6.10) are

rén ) Q(tivn-l,o’vn-l’sn-1’”n-1)
Al = A](X,t[Vn’O, Voo12S0-121no1)
Fl B F](tlvn,o’vn-1’Sn-1’nn-1)
Ul - U](X’tlvn,o’vn’an’”n-1)
Aﬁ = AZ(Y’t!Wn_]’Sn_]’nn-]) (6.11)
4
Fﬁ N FZ(thn-]’sn-l’”nml)
Up = VRt gon )
Zn = Z(t’sn-1’vm(xsn_]”wm(st_])’Vn’wn)
-Sn = S(t[nn)

We now turn to the proof of the following lemma which plays a
major role in the convergence proof of approximating solutions:
Lemma 1. There exists a constant t0:>o such that if V, Vo’ VX’ v, W,
Wy, wand n satisfy (6.4) and (6.9) for osXsX, YzYzo, ostst , then at
these points the same conditions will be satisfied by the values of
the linear operators Ai, Ui, Fi, i=1,2, ¢ and Z.

Proof. It is convenient to introduce the following notation:
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1

t .
J ®(X3ts£3T)F(X+('])1£3t'T)dT >

I] i(X,t,E,T|@(X,t,£,T))
? 0

t .
f o(X,tse,0)r (<) e tr)de 5 (6.12)

IZ,i(X,t,g,T'@(X’tsg’T)) o g

B .
I3 ;(6tg,as8]0(X,t,2)) = f o(X,t,£)T(X+(-1) e, t)de .
o3

In this notation, the operators At Ul for i=1,2 appearing on the

rignt sides of (5.10), (5.13), (5.16) and (5.17) become
1
A (X,t[ﬂ,vo,¢,vm,V,S,n)

2
- ;i;[l],i(x,t,o,flﬂﬁéllvo(f))+11,i(x,t,xs(f),fl{v(T)+x;(T)vm(x ()

S

+ 1y c(XataX o)y ]V (X

ST OG0, X (0)[s(e)] 5 (6.13)

AZ(Y3tIW3Wm3WsS3n)

2
= ;g;[ll,1(Y’t’Y5(T)’Tl'{W(T)+Yé(T)Wm(YS(T))})

L (Y ()W (Y () + I3 (Y,the,0,Y (0)[-4(e))] 5 (6.14)
] ' I
UT(X 2,V 50",V sVss,n)

2
i+1 oy
- ;H)” [T 5 (X6 taX ()X (V! (X ()

+ Iz,i(x,t,O,Tl- A&%ELVO(T)) + 12,1(X3t3XS(T)3TI°V(T))

+ 13 (6Gtg,0,X (0) e (e))] (6.15)



2
- i+1 ,
= ;(-1)1 [Ty 50 tsY (o) e Y (o)W (Y
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2
U (Yst M)s wmswsssn)

S(T))+12’1(Y’t’YS(T)9TIW(T))

+I3’1(Y,t,£,o,Ys(o){—w'(g))] . (6.16)

By virtue of (5.11), (5.15) and (5.20), the expressions for &,

F! and F?

in the above notation can be trivally obtained from (6.13),
(6.15) and (6.16).
The values of Ii j(1'=1l,2,3; j= 1,2) are estimated by means of

the inequalities (6.4). Let t;> 0 be so small that

t*<p , (6.17)

O<o<a - N4t;< a + N4 o

where o is some constant. Then we automatically have

t
0<G<S=a+Jn(T)dT$b;OStSt;. (6.18)
0

Let X(t), Y(t) and £(1) be arbitrary differentiable functions such
that

or (6.19)

Yoz Y(t),e(t) 205 [Y'(t)],]E"(1)] < Ng

for 0 < 1<t < t7 according as the medium under question is the fro-

O *

zen phase or the unfrozen phase. Suppose also that the function o

appearing in the definitions (6.12) satisfies the inequality
le[ <M for 0sX; csXorYzY,ez0; 0stststy (6.20)

but is otherwise arbitrary. It obviously suffices to estimate I
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in one phase, say the frozen phase, 0 < X, < X; 0 < 1 < t < t*.

0
Then it is easily seen that
Mot de /T
11750 < _J =M=, (6.21)
i /n o V-1 m
M9 2
[13 S j exp(-r")dx < M, (6.22)
s 1 /—'
T C
where
i i
¢ = MO o o X(E)H ()8 (6.23)
2/t 2/t
Moreover,

t 2
_ 1 X(t)-&(r - (X(t)-£(x
12 ](X(t)atag(T)sT!@) = JOG —(%:%)%/—él eXpL_ (4({-51())) ]dT

(e(t)-£(:))% ()= (N (e (t)=e(e))qy,
4(t-<) 2(t-1)

1 t t)-c(r
+ fo@ a(( ) £3/2)

(X()-2( 024, . (6.28)
4/r t-1) )

exp [- 4(t-t)

It follows from (6.19) and (6.20) that

t 2
M X(£)-£(t (x(t)-(t) | .
RPN 4/;[ L (t-0)3/2 exp - ey !
t o,
o (LLOAPD=s0)) 3o [ ety

<M [c+75/§] : (6.25)



where

c=4 exp(NF/2) . (6.

2

Finally, to estimate I2 o Wwe use the result obtained for I2 12

replacing £ by -£. Thus

N
1,,] <M[C+—25—»/§]. (6
Hence
N
1, 5] <M[C+75/_§]. (6.

Employing (6.21), (6.22), (6.28) and taking (6.4) and (6.5) into

consideration, we obtain

1 t
< /T, v 2my + 3N T+ 20mC ¢ m) (6.
2 t * *pk *pk *
[a%] < //; [2N2 + 3M2N5 1+ 2(M2C + M]) , (6.
1 t
u'] < G [N5(MO t M, + N2)] + 2C(M0 + NZ) + 2M] » (6
2 T orn*rom* * *p *
US| < //; [N5(2M2 + N2)]4-2C N2 + 2M] (6.
with
* _ l * Yy
C" = 7 exp(NZY/2) . (6.
We now require the inequality condition
N2 > 3M] (6.

and thence fix N2. In addition, we reguire
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26)

.27)

28)

29)

30)

.31)

32)

26%)
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N4 > M (6.33

3 2)

and thence fix N4. This is possible, since M] is independent of

v, Vo’ Vx,v,w,wy,w and n but M3 depends only upon M2 and is inde-

pendent of V, V ,---, and n, since My 2 |Z]. We will also assume

the validity of the inequalities

Nys N-l > 3(My + M,C); N, > 3(M, + MOC) + 2N

1 5 3 1 C (6.33

2 3)

and we then fix the values of No’ N] and N3. This can be done for

fixed N2 and N4, since M] and M2 are not dependent on Ni (i = 0,---,

4). A similar argument applies to N? (i=1,...,8).

Having fixed N, N, N?(i = 1,---,4), it is obviously possible

to choose t0 >0 such that for o st < t0 < t; we have simultaneously

Vol < Nos IV < Nys [v] < Nos [Vy] < Ny s
(6.34)
Inl < Ngs IW] < N5 [w] < N35 [Wy| < N3,

which completes the proof of the Temma.

Lemma 2. Let V, Vo’ W,V WY,V, w,d and n satisfy not only (6.4) and

X’
(6.9) but also (6.7). Then the functionals a',U', F', i = 1,2, and

Z satisfy (6.7) foro< X, £ <X, Y2Y, £20,0<T1<ststs tg

where t is sufficiently small.

Proof: From (5.10) and (5.13), we obtain

t
A" d . .
q_ . §-J0 g0 L)V (1) INCX, t5 0,7)dr + Jov (TIN(X,t5 X (1),t)de

t
+ [ XV R (N (Ko X ()0




-
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X (o)
+ j 51 O"(EIN(X,t; £,0)dg = al* | (6.35)
0

dU1

el {x;(o)[vr'n(xs(o))-v(o)] - " (X (0))6(X(t),t; X, (0),0)

{0"(E)G(X(t),t; £,0) + X" (t)o"(EIN(X(t),t; £,0)}dE

'I*

t
F O A0 DIt ix)de =0 . (6.36)

Here
0<X(t) < Xs(t) for X(t) £ Xs(t), or X(t) = XS(T) . (6.37)

Using (5.11) and (5.15), we get
(6.38)

(6.39)

Also,

1 X_(0) t
du’ _ " ) Alrd
Y LS 0 (E)N(X,t, Eso)dg'*'z L d



-t
+ L) v'(t)IN(X,t; XS(T),T)dT +

t
'I**
R fo (D)Dv(e) - v (X (DN, (K5 X(x),e)de = 01 (6.40)

Analogously, we have from (5.16) and (5.17) the results

2 t
W.. fo W (N5 Y (1) ,m)ds
t
- A DI s Y (1) o)
YS(O) o
- f P"(eIN(Y,t; £,0)de = A% (6.41)
0
du?

= 1Y (o) [H (Y (0))-w(0) I-y" (¥, (0))3G(Y,t5 Y (0),0)
Y (o)
- f SUM(E)G(Y (), ts 2,00+ (£)p" (E)N(Y(t),t; £,0)}de
0
m* s

t
- [ O M (D)) TV (), 85 Y (e)r) +
0

+ Y'(t)w' (TIN(Y(L),t; YS(T),T)}dT

And

Ys(t)>Y(t)>o for Y(t) % Ys(t), or Y(t) =z Y_(1) . (6.43)

Using (5.20), we deduce
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2
dFe _ 2% 2%
rra il ]Y_Ys(t) (6.44)
Finally
2 Y (o) t
duc _ " , \ .
T— - fos ] (E)N(Y,t, Eso)dg'fow (T)N(Ysts YS(T)sT)dT
t 2xx
_ f P D) (Y (I (Y5 Y (2),edae = 02 L (6.48)
0
We now introduce the notation
(01,1,0 = 2R ENGET 5 o 4 3= v ()
o) s p = KRV )1 (X(2))] (6.46)
L 9;,1 = ¢"(¢)

3

_Ad 3 o
1,0 = 2 arllVolndl s oy 4 = vi(o) (6.48)
03,11 = XDV (NI 03 4 = 9" ()

A similar notation in terms of Y is introduced analogously. Using

(6.12), (6.46)-(6.48) as well as (5.7), we can reduce (6.35), (6.36)
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and (6.40) to the form

n

! _ 1%

1
T AT (X, t,...)

1
Z[I],i(x,t,o,fle] ,1.’0)+I] ,i(x’t’XS(T)’Tle],i,])

1 1
# 1y 06X () e loy o 4L (Gt 20X (0)]0] )T, (6.49)
@l = U]*(X(t) t ) -
dt = baee) T
2
= 2 (U™ r(x(e)+(-1) X _(0),t)+1. . (X(t),t,0,7]6% . )
& 0 AR I 2107107 0
+ 1y (X(E),t,X_(2)sr]0d & )L, L(X(t).t,0.c]6d . )+
1,i AR b S T RARS IS 2¥20 T 4,0

2 2
+ 12,1‘(X(t)stsXS(T)sTl@2,1,1)+I3,1‘ (X (t),t,E,O,XS(O) 193,1)] H

(6.50)
N
dU _ 'I** _
‘dT‘:U (X,t,...)-
2
= )L . (Gt0,1[6d o )+, (XetsX_(1)s1]6 . 1)
T PR AR R IS I LA TS A e I 1Y
+ L, L Gt ()rlos 5 1)+, <(X,ts£,0,X_(0)]63 )] (6.51)
2,1 Vg VT TR 4 3,1V % 3,1 ) )
Similarly, (6.41), (6.42) and (6.45) are Feduced to the form
2 *
Q%T = A2 (Y,t,...) =
2
- 1 1
- ;[I],i(Y,t,YS(T),T‘_O],1.,])+I2,].(Y’t’YS(T)’TI-GZ,].,])
1
+ I3,1‘(YstagaosYs(o)1'63,1)] s (652)
2 *
dU = U2 (Y(t)3t3 ) =



i
Mr\)
l'_ﬂ
&
»—1
v
/\
]
—
S
——
<
P
o
S
(—'-
S
+
—

(Y(t) t, Y aT}@] i, 'I)

—_.
1]

: Iz’i(Y(t),t,Ys(r),rleg’i’])+I3’1(Y(t),ts£,0aY 0)|e3, ;)1 -

(6.53)
) 2
du~ _ . 2** =
FY_:U (Y,t,...)-;[l-l (Y, t,Y(x aTl @] i, ])
+ Iz’i(Y’t’Ys(T)’T)l—eg,i,])
+ 13’i(Y3ts£sosYs(o)I-eg’i)] ° (654)

We now estimate the integrals Ii j assuming that the argument

function o satisfies the inequality

L

l@] < (6.55)
%
Therefore, we have
L (Y 4 LA
II] i(XstsgsTle)l < J = 7 (656)
? 2V o Vi /t-t
I, s(X,t,£,0,X_(0)]0)] < L Jd exp(-xz)dx = L (6.57)
3,1 s /T e i
with ¢ and d given by (6.23).
We now estimate I2 i Using (6.24), we find that
t 2
1 (t)- X(t)-g{t
1,1 (K& taehelo) < £ | J———z—%é)—[-exp - (AEelt)) gy,
? /mlo Voo (t-1)

t

L 2
1&_@2-6( 2 [- )-a( )) Td+
4/7? 0 ‘/; (t T) exp




= I+

Since |z(t)-z(x)]| < Ns(t-r), then

LN
’I”] < 5
4/

Jt dr i LNS/ﬂ
o /it &

Also, on setting

2
2 - [X(t)ié(t)] [tlr %J; 1X(t)-£(t)]

in I', we find that

. 2 o 2
|I'] < 2LC exp(-G/4t) j exp[-u2]dy = L€ exp(- %f
/r Vt 0 /t
Hence,
[T, 41 < LE exp (- %;) + LNZ/; :
’ vVt

In exactly the same way, we obtain

112,2<x<t),t,a,fle)|<u% exp(- §=)+ =1

Here

G* = |X(t)+e(t)] .

From (6.58) and (6.59), we may write

¢ N5
[Iz’i(X(t),t,g,r]@)j < L[;% + = 1.

60

(6.58)

(6.59)

(6.60)

Using (6.56), (6.57), (6.60), the definitions (6.46)-(6.48) and

taking the inequalities (6.5), (6.6) and (6.9) into account, we

find that



61
1

Tx, /1 2
877 < = [2My #NG (N, +M )]+—/—E[L2/77+2N5(N2+M2)+2M1], (6.61)
2% ‘ZE *2 (kL ak 1 * * (KM *
877 < = INFE(NS*M3)] = [Ly/m + 2NE (N5+M5)+2MY] (6.62)
|U1*| < Vr [§N ML +N2M +N3(N +M,) ]
27570,17572,1 547272
1 /1 1
+ — [F (BLNL+2L L (N,*M,) ) +— (M +NZ(N,+M,))
T2 e s s ATE T
) 2L,C
+20(M) FRNG(N,M,) )M, (14N T+ — (6.63)

2% * xRS Kk
U] < Vo TMG NG T+NE (NG+M3) ]

v TR T T 1 * kK gk
[2 (5L2N5+2L5(N2+M2))-+7§ (M]+N5(N2+M2 ))
2L5C*

(N*+M*)+2M*(]+Ng)]-+——?;——,

o5 1 (6.64)

0’]+N§(N2+M )]+~£% [LZ/F+-2N5(N2+M2)+2M]] , (6.65)

INK2(NEHME) T+ [LA/m+ 2N* (NS4MP)+2M*T (6.66)
5 i 5 (N5 M, )+2My

]**l and IUZ**] are estimated by the same bounds on

We see that |U
the right sides of (6.61) and (6.62) respectively.

A similar procedure to that in the proof of Lemma 1 can be
applied here to choose the numbers Lo’ Li’ L?> o(i=1,2,3,4) and

L5:>o so large, and t < t0 sufficiently small that foro st <t

the inequalities

—t
—

(6.67)
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*

L 2
;I[—]li D12 < ||

ot

L *
Ly < S 2,
Vt /‘

are simultaneously fulfilled. Hence our assertion is proved.
From Lemmas 1 and 2, we deduce that there exists a small value

t>o0 such that for 0o s X <X, Y>Y 20,05t st the sequences

(£)1, 0 (L0 h 1V, ((68)3, 0 (1,1)3, (v, (8)),

{wn(t)}, {nn(t)} are uniformly bounded and equicontinuous. Hence,

W06

by the Arzela-Ascoli theorem and the uniform continuity of the oper-
ators A],..., Z there exist subsequences of W (Xt) e oos Ing(t))
which converge. In other words, a solution to the system of inte-
gral equations exists. Furthermore, by virtue of the uniform

boundedness of the sequences

oW w
{/‘ }, {/‘ —N.04. {/‘

3V W (6.68)

n, X n,Y
{/‘dt},{ax b=yt s

vt dt}, vt dt},

we easily infer that this solution satisfies the Lipschitz condition

of the form
lo(t)-e(x)| < A*(Vt+ /) ]t-f] (6.69)

with respect to t, where the constant A* is defined uniformly for
all X and Y. This completes the proof of the following theorem of

"Tocal" existence.:

Theorem 2. There exists a certain small value of time t>o0 depending

on bounds of A, Z, ¢, U, Vm and Wm, on bounds of all partial de-

rivatives of A,..., wm arising in the conditions of the problem, and
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on a = s(0) such that for o<t<t, there exists a solution to the
problem for the system of integral equations and hence to Problem
IV. This solution can be constructed by the Picard method of suc-
cessive approximation if we begin the iteration process with ar-
bitrary functions Vo, Vo,o’ wo, Vo,X’ wo,Y’ Voo Wo, so’ o which
have bounded partial derivatives with respect to each of their
arguments; moreover, the solution satisfies the conditions (6.9)
and (6.69).

We take note here that in Section 7 we will sharpen these
estimates somewhat by restricting ourselves to even smaller time
intervals if necessary and so obtain local uniqueness.

In addition to the uniform boundedness and equicontinuity of the
sequences{wq},..., {nn} that have been established above, a stronger
assertion can be yet proved. In fact, we will prove
Lemma 3. The sequences {Vn}, {Vn,o}’ {wn}, {Vn,X}’ {wn’Y}, {vn},
{wn} and {nn} are uniformly convergent.

This result will then imply convergence of the entire iteration
sequence to a solution of the system of integral equations of Problem
Iv.

Proof. It suffices to prove uniform convergence of the series

0 0

(Vg V) an (a7 - (6.70)

m=o0

if

= |—

This is guaranteed for o <t < t0 <

iV —Vmi <M(Lt])m/2’__,, ‘nm+]-nm{ <M(Lt.|)m/2’ M=0,1,25..., (67])

m+1

where M and L are positive constants independent of m. The proof
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of (6.71) will be by mathematical induction.

By virtue of the uniform boundedness of Vel {nn}, (6.71)
holds for m=o. Hence it suffices to show that if (6.71) is valid
for a general case m=n, then it is also valid for m=n+1. To this
end we examine the family of functions, considering only the case

of solid phase variables,

{@(Xstagsl’)}s {X(t)}s {E(t)}s {Xs(t)}

having the fo]]owing properties:

(1) Xx(t), £(t) and Xs(t) are well defined and twice continuously

differentiable functions for o < t < t; moreover,

0 < X(t), X (t), g(t) < X for ostst _
(6.72)

(X [Xg(e s et (0)] < N VR XU(E)]H [VE X2()], [VEe"(t)] <L

(1) o(X,t,g,r) is defined for 0 < T S t < t, and continuous
together with its partial derivatives with respect to all its

arguments for o < ¢ < t < t; moreover,
lo] < M; [Vtoyl, |VE ol [Vro |, |V eg] < M*, (6.73)

where M and M* are some constants, and the inequalities are uniform
for the entire family under investigation.

We will examine variations of the integrals Ii,j within the
class of functions being considered. Let o, X(t), (<), XS(T) and
0%, X*(t), £*(x), X;(t) be two groups of admissible functions.

We will write
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Ii’j(X*(t),t,g*(r),r, [O*(X*(t),t,e*(t),1))
—Ii,j(X(t),t,E(r),r, lo(x(t),t,e(t),1)) (6.74)
=6I1’j(X(t),t,£(r),r, lo(X(t),t,e(t),1))
and
max| o1, j! = 6*11 josTsts t,0 <X, 85X ;
i=1,2,3; j=1,2. (6.75)

We will use anologous notation for all functions in the class of
functions under investigation.

For any i and j, we have

511,j = Ii,j(X*(t),t,g*(T),r,...[6@) taly (6.76)
where
Al o= Ii,J(X*(t),t,g*(r),r, lo(X(t),t,...))
(6.77)
-IT,J(X(t),t,g(T),T, %G(X(t)sta ))

We find that

1 jtd Jx*<t>+<-1>'a m( oo
A . = odT . r s LT ’
B 0o Keye(enyieqy o

or, equivalently,

We now set
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2

_ m
Yp = oggimx exp(-r7) . (6.79)
By virtue of (6.72), we have
P« L s (t)-e ()] < o% (tee) . (6.80)
o' " gy (1)
Consequently
MY] *
laly 4 < —=ts7e" . (6.81)

m

Next, changing the order of integraion for X(t) ¥ ¢(t) in the term

Ali,i’ we get
CSIX(E)+H(-1) e ()]t

ALy 5 = (-1)? j d;E ( or
’ 0 o)

LX)+ (1) e (b)+e,ten)de

or, in the notation of (6.12),

se(t)stla(X(t)st,e(r),1))dg . (6.82)
Using the estimates (6.28) and observing that the constants in these
estimates do not depend on §X and s¢, we find that

a1} 4] < M'TJeX(t)[+]ez(t) [T , (6.83)

where M' depends only on M, C, N and t. Combining (6.81) and (6.83),

we obtain
|a17 5] < My qte¥e+ My ,(6%X+s™E) (6.84)

We now estimate A12 i On writing
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VF(thT) = X5(E) + (-1)e%(0)

(6.85)
v(t,t) = X(t) + (-1)7e(x)
we see that
2
v(t, 1) exp [- 2 t,1 1 £ v(t,t) +
4/r (t T)3/2 P 4{t-7) I [d e 2/t-1

+ 20 (v(t,7),t-1) g—:] . (6.86)

Accordingly

t t
AIZ,T. = - %"J' 6] di(serfc M d J (8\) t’T )F(\)*(tsT)st'T)dT

2/t-1 0 ot
t avlt
- f ) VBT’T sT(v(t,1),t-1)dt (6.87)
0
= AIé’. + AI% i + Afg’i .
We have
- av(t,t
A13 I 5 (X5(),t,% (1), es(PA2TL))
o (6.88)
T - t’
12 = AI]J.(X(t),t,E ,T]O ﬁi) .
Using (6.21), (6.84), (6.85), (6.72) and (6.73), we find that
1] M * 1
|A12’1[ < ;: Yt se! (6.89)
T
Ty 51 < Mits®e’ + My(e¥keste) (6.90)

where Mi and Mé are suitably chosen constants; independent of

§¥c', ¢*X and s*:.
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My 4 = 3 00K(£),,5(0),0)s erfe 2Ea0)
2/t (6.91)
t
o3 | a o) tielo),e)e erfe 2l o
0 & =
But
1 £ v(t,t J-dv(tzz)_ (t,t),t-7)d (6.92)
5 & errc = r Vv {T,1),yT-71 . .
2 2/t-1 o : c
then
1o erse 2lbz) 1 lov(tar)l (6.93)

2/t-1 2Vr  Vt-1

Employing (6.91), (6.92), (6.93), (6.85) and (6.73), we find that

a1 5] « == [s™x+[s5(0) |1 + M%‘E (6%X+s™e) . (6.94)
2

m

Combining (6.89), (6.90) and (6.94), we get

¢1/e

!Alz,il < Mz,ﬂ"E sg! + My ot [6*x+]s6£(0)]] » (6.95)

where M2 1.(1’=1,2) are independent constants of s*c, sX and s¥z'.

We finally estimate AI3 i We have

SX(t)
(-

2 . .
M5 7 L o(X(t),t,z)de J D' (X(e)0+er(-1) e, t)de . (6.96)

0

By changing the order of integration and taking absolute values,

we obtain
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Ms*X
<—_—.—

(Al . :
R

(6.97)

Using the estimates (6.84), (6.95) and (6.97) and noting that
the first term of (6.76) is estimated by means of (6.21), (6.22) and

(6.28), we obtain, upon replacing M by s*o, the inequalities

* i * * i * * .
8 I],i < K]/t 8 @]’1 + M]’]ts g+ M1,2(6 X+6¥¢)
* v * * MZ,Z *y o K
8 Iz’i < K, [1+/t] s 92’14-M2’]/t6 ¢!+ = [8"X+s7c(0)] 5 (6.98)
* * 8*X
S Iy o <80, : +M, . —=,
3,1 3,1 3,1 /‘E

where K., M. .
i 74,3

Here we assign the same indices to © as we assigned to the operators

and Mi are constants independent of &X,..., 6@3 i

I. ..
153

Assuming now that

X(t) = X (t), or X(t) = X = constant e(O,XS) ;

i

S
g(t) = Xs(t), or £(t) = 0 ; (6.99)
dxs(o) =0,
T -1/2 X .
then for o0 <t < t, [n(t)] <N and ja; "7 < » we obtain
. -
§¥X, §¥t, §*Xg < E§Bﬂx-. (6.100)

In what follows the symbols K and K denote arbitrary constants
entering into the estimates, which are independent of the variation.

Consequently, (6.98) can be written in the form
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6*Ii’j < KT (5*91’14-5*n) :

5*12 i < K{(1+/€)a*92 . Yt s*n} (6.101)

6*13’1 < 6*93 S+ KR §*n .

We now estimate variations of the functionals A1, U], F1,

1=1,2, ¢ and Z which are induced by the variations of V, W, V., W

Xy
V, W, V0 and n. On observing that the expressions 13 j contain the
arguments ¢ or ¢' (¢ or y' for the unfrozen phase case) which are

not being varied, and writing Z(t, s, Vm(xs)’ W (Y )s v, w) = _

m''s
Z(t, x, v, w) in the calculation of the variation of Z, then by

means of (6.13)-(6.16), (6.6) and (6.101), we find after a lengthy
but straightforward computation that
§¥0 < KVE (87V +e*vis™n) ;

88" < K/ (8™ +e*v+e™n) ;

§¥8° < KVt (8*wten™®)

§¥UT < K/ (6™n) + K(s™V +s™v) 3

) o _ (6.102)

s¥U° < KVE (8%n) + K(s™w)

§¥F' < K/t (6*V0+6*v+6*n) ;

§*F° < KVt (8™w+s™n) ;

§¥Z < K/t (6%n) + K(6%v+6™w) .

Letostst,osegs<sX or Y2e2g andwrite
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§*V = sV = max |V (£,7)-V _(g,7)] 3
W = s W= max[W (g,7)-W__1(z,7)] 3
§*v = 8.V = max[vn(f)—vn_](r)[ ;
*w = s w= max|w (t)-w__.(t)] ; (6.103)
n n n-1
8™V, = 8 Vy = maxlvn’x(g,f)-vn_]’X(g,f)] ;
s*wY =8 Wy = max;wn’Y(g,T)-wn_]’Y(g,«f)y ;
§%n = 80 = max|n (t)-n__;(c)]
Then the definitions (6.10) and estimates (6.102) imply
841V < KV (8,V Fo v+ n)
SV < KV (6 qV *s v+ n) 5
8qqW < K/ (8 W+s n)
8,p1V < KVE (8 (VY Fo vHs n)
(6.104)

nW < Kvt (snw+6nn) ;

V, < K/t (snn) + K(6n+1V0+6n+1v) ;

< Kvt (8,n) +'K(5n+]W) ;

< Kvt (5nn) + K(5n+]v+5n+]w) .

Hence, there obviously exists some t,(t, < t) sufficiently small

and L sufficiently Targe, so that if

8, = max{s Vi § Vi & W § n} (6.105)
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Then for o < t < t,, we have

Spaq < LT - 8, (6.106)

which is equivalent to (6.71). This completes the proof of our
assertion.

Now letting

<7
1]

Tim V 3 V_ = 1im V
e N0 oM

; W=1imW; V
n

.0’ X = T1im Vn,X )

noe N> (6.107)

7]

Y lig wn,Y; vV = liz Vi oWo= lig Won o= lig N3 S = liz Sy -
Again by the uniform boundedness of the sequences (6.68), it follows
that V,..., n satisfy the Lipschitz condition of the form (6.69) for
0stst,. Thus, it is possible to modify the assertion of Theorem
1 to read

Theorem 1'. The solution constructed for the system of integaral
equations is simultaneously the solution to the original Problem IV
satisfying in addition the Lipschitz condition of the form (6.69)

with respect to each of their arguments.

7. Uniqueness Theorem. Stability of the Solution

(i) We now start with the proof of the uniqueness theorem. Let
(Vs...s n) and (V*,..., n*) be two sets of solutions to the system
of integral equations belonging to the class of functions in which
solutions have been shown to exist. Furthermore, let (A1,..., Z)

1

and (Al*,...,Z*) be the values of the functionals 2&',..., Z cor-

responding to them. We then set
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s(t) = min (s(t), s*(t)) (7.1)

and claim that the following inequalities are actually true:

1850V, 8, 00) = 2%t )] < N(@)L(t)s ;
100Gt ) - U0t )] < NGOIL(E)s s
V3(Y,t,...) - UP*(Y,t, . )] < N(o)L(t)s 3
: : (7.2)
o' (ty...) = & *(t,...)] < ML(t)s ;
IF (b)) = PP ()] < ML(E)s s
Fo(ty..0) - F2*(t,.. )] < M L(D)s 5
1Z(t,...) - Z%(t,...)] < M L(t)s ,
where N and L are defined for o < t < t, such that
Lim N(o) = » 3 Lim L(t) = o , (7.3)
0+0 t->0
M is a constant independent of s, and
§ = max{|V-V*| , |[W-W*]|, VY3l (W3] V-3l s
(7.4)

v=v*] 5 [w=w*|, [n-n*]}

for

O<osXSX (t)-osX (t); Y (t)2Y (t)-02Y20; 05tst ,

s S S S
and ¢ is a sufficiently small number.
Next fix ¢<o. Then for o<t=st(c) and 6sXsX -0, Y -02Y2o0,
s S
we assert that
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V=V*; W=W*; VX=V;; WY=W$; V0=V;; Vv w=w on=n* . (7.5)
For, since
sal = oV; 642 = o sU! = oWy oU% = ey
(7.6)
SF] = §v; 6F2 = §W; 89 = 6V0; §Z = 8n ,
then Eq. (7.2) can be written in the form
8V5 W; 6Vy; SWy; ovs ow; sn<ML(t)s , (7.7)

where M>o0 is a suitably chosen constant. Comparing (7.4) and (7.7),
we see that for t(g) sufficiently small and & >0 we have
§<M L(t)s<s, which is impossible. This proves our assertion.
Now considering t(c) as a new initial moment in time, we prove the
validity of (7.5) in the interval (o, 2t(c)). If we continue with
this reasoning we see that (7.5) is valid on the interval (o,t) of
*

definition of the solutions (V,..., n) and (V*,..., n™) for

csXsX_ =05 Y_-02Y2o0. Since o>0 is small but artibrary
S S

and V, VX are continuous for 0 < X < XS, and W, WY are continuous
for YS 2 Y 2 0, we see that the uniqueness conditions are established
in every interval (o0,t) in which the solution is defined.

It now remains to establish the validity of the estimate (7.2)
in the class of functions satisfying a Lipschitz condition of the
form (6.69) with respect to t. To this end, we first note that
differentiability of the functions V, Vo,w, VX’ WY’ v, w and n
with respect to t is needed to estimate the integral I2,i’ There-
fore, in this case the estimates (6.84) and (6.97) remain valid.

We first note that



A12 1.(X,t,o,Tle) =0 for X = const. (7.8)
Furthermore, it is easily seen that for o < X < Xs(t) -0 < Xs(t)
and the use of the fact that o exp(-a) < const.,

const 5*Xs .
!A12’1(X t, X ,TfO l < G = N(o)$ XS . (7.9)

By the same reasoning, we obtain for XS(T) 2 o, > 0 and

IAIZ’Z(XS(t),t,XS(T),TI@)I < Ma*xS : (7.10)

We now estimate Al (Xs(t),t,Xs(T),TJG). We write

2,1

AIZ’](Xs(t),t,XS(T),TIG(T)) = e(t)AIZ’](XS(t) t.X (1),7]T)

+ AIZ’](Xs(t),t,XS(T),TIG(T)—G(t))

AIé 1t AIE ] - (7.11)

Using (6.95) with (1)

1

Xs(r) and X(t) = Xs(t), we estimate AIé,] as

' -1/2 1 2 -1/2
ATy 41 My 17t §%n o] /2y 4 My ot T n|o; / 1]
=M/t sn, (7.12)

since Iu-]/2| < X/b.

As for AIE 10 we have

2
* ) V* (t,T2 - __\)(tsT)
ALY = Jt o(1)-o(t) v (Barlexp(~ Ty - v(tstexpl = y) i
2,1 0 4/n(t-1) t-r1
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where

(t)
v(t,t) = X (t) - X () = JS a-]/Z(X,t)dX ,

S S S(T) 1
‘(1) (7.14)
s
) = K0 - x5 = [ o2t
s* (1)
Let
[o(t) - o(t)] < A*VE=7 5 |nls|n™] < N . (7.15)
Then
Ay =10+ I
t * *2
= gT)'e(t) v (tsT)'V(tsﬂ - V tsT)
J; T o ~exp ( e )dt (7.16)

t v¥(t,t) 2
o(t)-o(t) v(t,t)d~ r z
+ JO T e J\)(t’l—) ‘"(‘—'_‘2 t-T) EXP(- 4(t-'f5)d€

With the use of (7.14) and (7.15), the absolute values of I' and

I" are estimated as

* A*Y§
o] < AL eern, 1 o —L /2%,
T 4vn
Therefore
A", 41 < Mts™n (7.17)

where M is a constant, independent of &*n.
From (7.10) and (7.11) together with (7.12) and (7.17), we deduce

that

oL, L(X(t),tsX (x),t]0)| < M/t §™n (7.18)
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and

[6%15 41 < K{(1+/E)6*@2’1. + /T s*n ), (7.19)

which agrees with (6.1012). Thus we have the same estimate (6.101)
and hence the validity of (7.2) follows immediately from the dis-
cussion leading to (6.106).

Finally, since the uniform boundedness of the sequences
o { /E'%%?-} implies that the totality of the sequences
vV oy, {nn} uniformly satisfies the conditions (6.69), the
uniqueness theorem is valid in every class of functions in which
the existence of the solution is established.

The above discussion leads to the following result:

Theorem 3. There exists a certain value of time t> o depending

on the data such that for o<t<t, Problem IV is solved uniquely

by the triple (V, W, s) as given by (6.107).

(i1) We now turn to investigate the stability of the solution under
small variations of all known quantities appearing in Problem IV.
Let ais Ao Vi,m’ Ni,m’ 55 Uy and Zi for i=1,2 be two different
sets of data, having the same differentiability properties. For
definitness, we refer to the former as the unperturbed system and

to the latter as the perturbed one. In addition, the perturbed data
are assumed to satisfy the conditions arising from (6.5), (6.6)

and (6.9) on the replacement of the unperturbed data by the perturbed
ones. Furthermore, let the corresponding solutions V],..., S+ and

v s So of the system of integral equations be defined simultane-

greee
ously for 0 s t < t, where for o st <tandosXsX,Yz2Y2o,
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‘Vii ’Ivi’oi ’lwi{a}vi’x‘ ’lwi’yi ’1V1] ’!Wi‘ "nii <N

(7.20)

0 < Si(t) < bi; i=1,2.

We can now prove the following continuous dependence theorem.
Theorem 4. For every ¢>o0 and for each small interval o < t < t,

(with t, < t independent of ¢), there exist a s(e,t,) >0 such that

the inequalities
AV AVO; IR AVX; AHY; AV; AW; Anj AS <€ (7.21)

are fulfilled, provided the absolute values of the differences of

ays Ays V],m’ w]’m, 01> Vps Z] and respectively 2,3 AZ’ V2,m’ wz’m,
¢2? wz, 22, and all their partial derivatives of the first order,
taken at the same values of the argument satisfying the inequalities

(7.20), do not exceed §. Here

AV

AV = max [V1(X,t)-V2(X,tH; AW = max [w1(Y,t)-W2(Y,t)] ;

0sXsXg Yo2Y20

ostst, ostst,

= max |V, ,(X,t)-V, ((X,t)]; aW,= max |W;  (y,t)-W, ,(Y,t)]| ;

X osxexg X 25X Y ovevao 1Y 2,Y

ostst, ostst,
Av = max [v](t)-vz(t)l; Aw = max [w](t)—wz(t)l ; (7.22)

ostst, ostst,

An = max [n](t)-nz(t)(; AS = max ls](t)-sz(t)l ;

ostst, oststy
AV o= max v, (t)-v, (t)]

0 ostst, 1,0 2,0
and

s = s(t)= min(s](t),sz(t)) . (7.23)
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Proof. Two cases must be considered.

Case 1. Assume that
(7.24)

To estimate aV,..., as, we will use the estimates (6.98) and (6.100)

of the integrals Ii i We may remark here that the estimate (6.98)

remains valid for a nondifferentiable solution satisfying (6.75).
Let @](X, t, Y seeeo yn) and eZ(X, t, 'O ERREE yn) be defined

and differentiable for 0 < X < X, 0 s t s t, and ka[<N(k=1,...,n).

Set
£y = max (ol It - S I SRl Ik 2
0sXsX ko Yk
ostst
k=1,...,n ; |yk!<N . (7.25)
In addition, let
861 391. 8@,i
. . . < .
{Oi" !BX" (at{’ layk& "K3 (726)

k=1,...,n 3 i=1,2,
where K is a constant independent of Ee . We have
|07 (K575 Vq oWysVy sy ysvyswpongssy) -
- GZ(X’t’VZ’VZ,O’WZ’VZ,X’WZ,Y’V2’w2’n2’52)’ (7.27)

< Ee+-K(AV+AV0+AV +AWY+AV+AW+An+AS) .

X

We now examine the variations of the functionals A1, U1,
F1,i = 1,2,% and Z induced by variations of the data of Problem IV

and consequent variations of V, Vo’ W, VX’ Hy, V, W, n, and s.
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According to (6.13)-(6.16) and the use of (6.101), (7.27) and the
above notation, we obtain, as in the derivation of (6.102),
§%6 < K/t (aV rovion) + K*E
6% < K/E (aV ravion) + K*e ;
§7A° < KVt (aw+an) + K¥E
§*U" < KVE (an) + K(AVO+AV) + K*e
2 3 . (7.28)
§*UT < K/t (an) + K(aw) + K'E
5*F] < kvt (AV0+AV+An) + K*E

§¥FC < K/t (aw#an) + K*E

K/t (an) + K(av+aw) + K*E .

[e2)
*
N
A

Here K, K and K* are constants which are independent of AV, AVO, AW,

AVX, AWY, Av, AW, An and E, and

E = max {EA, E,, E (7.29)

Zs Vm’ Ewms E(bs EKU} .

Since V],..., S and, respectively, V2,..., S, are the solutions to
the problems corresponding to comparable values of the data, it is

possible to replace §%s,..., §*Z by AVO,..., An in (7.28). Conse-

quently, we find that
AV; AV s AW5 aVys aWys avs aws Ang as < HR = 8, (7.30)

where H is a suitably chosen constant, growing with t but independent
of AV,..., As. This proves the assertion of Theorem 4 for this case.
Case 2. Suppose that (7.24) is not true. Let X709 @nd X5 (and

correspondingly Y]O and YZO) be the values of X (and Y) corresponding
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to a; and a, as defined in (6.1). We set

2
X Y X Y
X* =X1—OX; Y* :Y_]_QY; g* :X—]_Q"C: or g* =_Y]—O—£ .
20 20 20 20 i
2 2
a a a a
t* = Ly oo L s*(t*) = —L s (t); n*(t%) = 2 n (t) ;
a2 2 a, 2 a,; 2
a 2 1
2 2
V*(X*3t*) = V2(X3t) H W*(Y*,t*) - WZ(Y,t) H (73])
* sk Lk X20 * * 1% Y20
V(X5 t7) = 5= Vs (Kat) s Wy (Y5,t%) = = W, (Y1)
10 ? 10 i
* % * X20 *( L% Y'ZO
Va(E%) =V, (8)5 vR(ER) = p 2 w(t)s WA (E*) = 2L wt)
? 10 10
Moreover, set
v*(x*) =V, (X); WS(Y®) = W, (Y); A*(t*,VF) = E39-1\ (t,V, )
m 2,m i 2,m > ) 10 2'72'2,0
X Y
(07 = 322 0,005 (V) = 722 w,(1) (7.32)
10 10
5 (8% V5 W v W s*) = Eg-z (t,V W Vo sWnsSo)
’ ms ms sw E] a] 2 ’ 2,m3 2,m’ 23 23 2 .

Then we get the equations

VXL E) = o (L LV s ™)
* * _ * * * * * .
Vo(t ) = @(t 3V03V s N ,S ) s

WL EY) = 220, R R, s®) s

VEL(XF,t*) = U](X*,t*,vg,v*,n*,s*) ;



where, as above, A1, U1, F
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WEx(Y¥, %) = UA(Y5 £%, 0% 0%, s%) (7.33)
) = F](t*,vg,v*,n*,s*) ;
WH(EF) = F2(t%,wh,n*,st)
n*(t*) = Z(t*,V;,w;,v*,w*,s*) ;
S*(t*) = S(t*,n7) ,

1, i=1,2,4 and Z are operators as in Sec-

tion 5. We now have

AV
AVO

AW

AVX

AW

Y

AV

AW

An

AS

From (7.32), it

max |V, (X,t) - VI(X*,t%)] ;
max[V,(t) - VE(t*) ] ;
max[Wy(Y,t) - W5(Y*,t%)] ;

X
(Xst) = 2 VE(X5, )|

max |V *
Y]O * [yk L%
max[WI’Y(Y,t) - YEB-WY*(Y )| s (7.34)
X]O KLk
maxlv](t) o (t7)] s
20
Y
max|w (t) - 72 w¥(t*)]
20
a
max[n](t) - (t*)] ;3
2
a2 %/ %
max{s](t) - 5;—5 (t7) | .

*

follows that V1,..., S and V*,..., s correspond to
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equal values of a. Therefore the variations

~

AV = maxlv](x,t) - VR (x,t) | s
(7.35)

[
>

(73]

U

maxls](t) - s*(t)]

can be estimated by (7.30). But the differences |aV - A"V],...,
|as - A"s| tend to zero together with ¥ = ]a] - a2] by virtue of
the continuity of V

ces S and V with respect to X, Y

10" gseeea Sy
and t on the one hand, and the fact that |[X*-X|, |Y*-Y| and |t*-t|
tend to zero together with vy on the other. Thus, our assertion is
valid for this case.

Generally speaking, the stability of the solution to the system
of integral equations was proved in a certain small time interval
(o,t,), rather than in an interval (o,t) in which the solutions of
the perturbed and unperturbed problems are simultaneously defined.
However, since t, does not depend on e, but only on the bounds of
the data &, Vm’ wm, ¢s s Z and their derivatives, and, moreover,
on the bounds of the solutions V],..., S and V2,..., Sy it is
possible to extend the conclusions of smallness of AV,..., As to
the entire interval (o,t).

Indeed, Tet t, be the greatest length of a time interval on

which the inequalities

toote tosty

0
- 5 M ] 9 .36
|2, a,] < 6 E, E, < 8 Evm, Ewm EV(X,to) EW(Y,t0)< s (7.36)

imply the inequalities
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AtOV; AtOVO; AtOW; AtOVX; AtowY; AtOV; Atow; Aton; AtOS<e (7.37)

t .t
Here E@0 is defined exactly as Ee above but on the interval

ty st s ty+t) instead of on the interval o <t < ¥, and

6, Vo= max IV](X,t) - VZ(X,t)! ;
0t stst tt,
osXsX§
.................. . (7.38)
Atos = max [s](t) - sz(t)[

tostst +t,

Again, since t, is independent of ¢, ¢ and to’ then we can take
e(8) to be a monotonically increasing function such that (7.21) holds
when ¢ is replaced by e(s). Let s(¢) be the inverse of this function.

In addition, let n be a positive integer such that
n-1 <—=— <n. (7.39)

Put t, = kt, (k=0,..., n-T). Next, choose >0 arbitrarily small and

define the sequence

En_-l = g5 En_k = (S(En-k'*'])’ (k=]s---s n']); s = E:0 . (7'40)

With this in mind, the inequatlities

0,t, Eo,t*

[al-a2|<a; Eq 7

<(S;E EsE

YRR <8 (7.41)

V(X,0)=6" EW(Y,0)=y

imply the validity of (7.37) on each of the intervals (tk’tk+1)

(k=0,..., n-1), and at the same time on the entire interval (o,t).

Hence the proof of Theorem 4 is complete.
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8. The Nonlinear Problem

In this section, we go back to the original Problem I. First
of all, Eq. (5.10) contains the variables X and t, while Eq. (5.76)
contains the variables Y and t. It is now desirable to express X
in terms of X and Y in the respective domains of definition, since
the original problem was formulated in terms of x and t. From Eq.
(4.6), the relationship between x and X is given by

X
x = 0y % dx (8.1)
‘0

or, by Eqs. (4.13), (4.5) and (4.30),

X X
X = j ar/? dx = f exp(-AQ}) dX
0 0
X AL, AL2
= f V(X,t)exp[- 7T-X-(7?) t]dX for o < X < XS . (8.2)

0]

Similarly, the relationship between x and Y can be obtained from

Eq. (4.35):
Y
X =b - J )2 gy (8.3)

and, by Egs. (4.44), (4.36) and (4.56),

"

Y
x=b - f a;/z dy
0

Y
1 *
b - jo D_ZTQ—;Y exp(-BQZ)dY

Y
b - L W(Y,t)dY forY 2Y20 . (8.4)
o 9o W) S

As a consequence of Eqs. (8.1) and (8.3), we have at the freezing



86

front

YS
a}/z dX = b - J ag/? ay . (8.5)

The expressions V = V(X,t) and x = x(X,t), given, respectively,
by (5.10) and (8.2), represent the solution to Problem I for
0 < X s X, while the expressions W = W(Y,t) and x = x(Y,t), given,
respectively, by (5.16) and (8.4), represent its solution in
Y. 2 Y 2 0. In fact, for a given instant of time, this solution of
Problem I is given until now in parametric form, where the parameter
is X ino s X g Xs’ and is Y in Ys zY >o.

Once V is calculated as a function of X and t, Q? can be cal-
culated as a function of X and t by means of the expression
Q? = - %—1n V + %X + A%E- . Also, having obtained W as a function
of Y and t, QE can be evaluated as a function of Y and t using the
relation Q; = - %—1n W. But x can be calculated for a given X and t
by means of (8.2) and for a given Y and t by (8.4); which means that
Q] and 02 are then known as functions of x and t, (see Eqs. (4.5)

and (4.36)). Once Qi is known, Ti can be obtained from the relation

T.
Q; = f k(MR MY ar (im1,2)

Therefore, although the calculation of T1(1=1,2) as a function of
x and t is tedious, the process is straightforward and can be
carried out.

The discussion and the results of Sections 6 and 7 yield the

following fundamental result of this chapter.
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Theorem 5. Problem I is locally well-posed.
Remark. Having obtained the unique solution (T], T2, s) to Problem
I, we substitute for s = s(t) in the expressions of pi(x,t[s),
vi(x,tls), Ci(x,t[s), P(x,t|s) and T(P) described in the previous
sections. However, the calculation of P(x,t|s) and vz(x,tls) solving
Problem II uniquely is the core of Chapter 3. In the same way, the
calculation of the displacement u(x,t|s), and hence the thermal
stresses, vy = du/at and P13 (see Eg. (2.22)), which solves Problem III

uniquely represents the main goal of Chapter 4.
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CHAPTER THREE - HYDRODYNAMICS OF THE UNFROZEN PHASE
Throughout this chapter, all physical quantities that we will

encounter, belong to the 1iquid phase. Therefore, we will drop

the suffix 2 characterizing quantities of this phase.

9. The Method of Characteristics Applied to the
One-Dimensional Liquid Phase Flow

In this section, we shall investigate the existence and unique-
ness of solutions to the second problem stated in Section 2. For
convenience, it is restated here:

Problem II. Find a pair (P(x,t), v(x,t)) satisfying the following

conditions:

D . i}
(IL.1) 52+ pg‘:é:o in 2, = {(x,t): s(t)<x<b, o<t<i
(11.2) o %%+ g—z= 0 With o = o(P)

(I1.3) P(x,0) = P _(x)

IA
o

for a < X
(IT1.4) v(x,0) = r(x) ’

(I1.5) v(b,t) = o

A
+
A
+

for o
(I1.6) P(s(t),t) = g(s(t))

and the compatibility conditions
(I1.7) r(b) =0, P_(a) = g(a) .

Here Po’ r and g are known functions of their respective arguments,

which are assumed to be continuously differentiable. We remark again
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that in this problem, s(t) is assumed to be known.

As stated in Section 2, the pressure in Tiquids does not depend
noticeably upon the entropy. In other words, the influence of changes
in entropy is negligibly small, and so in many practical applications,
the specific entropy can be everywhere approximated without signifi-
cant error by a fixed value, say So. In particular, this approxima-
tion is very good for 1iquid water. 1In gas dynamics, a flow satis-
fying this idealization is called homentropic flow. In this case,
the Tiquid flow can be described by two functions: the density
o(x,t), the pressure P(x,t), or the sound speed c(x,t). These
variables are uniquely related to each other at every point by the

purely thermodynamic relations:

o =p(P)sc=clp), orP=Pl),c=cl), (9.1)

2

where 1in both cases ¢” = dP/dp. If we choose the first set in (9.1),

then (II.1) becomes

1. 0P 3

— C-—_

vV _
oc Dt Tl TO (9.2)

To put the equations of motions (II.2) and (9.2) in characteristic
form, we add (9.2) to (II.2) and subtract (9.2) from (II.2) to ob-

tain the two equations

v, 1 9P av, 1 3Py _ 3
Gtfoc g * (ve C)(BX:tpC ) T ° (9.3)
or
5 9
+ (vic) =](v+F) =0 , (9.4)

ot X




90
where the new thermodynamic function F(p,So) is defined by

p
F;J £. (9.5)

In this form, each equation contains only one differential operator.
By definition, an equation is in characteristic form if it contains
only one differential operator; equations (9.4) are thus the equations
of motion in characteristic form.

Equations (9.4) state that v+ F are constant along the curves

¢t defined as the solutions to the differential equations

(9.6)

alca
+{x
]
<
I+
O

Evidently, C* ( or also C7) is the locus of a point moving for-
ward, i.e., in the positive x-direction (respectively, backwards,
i.e., in the negative x-direction) at the local wave speed ¢ rela-
tive to the local fluid velocity v. These curves are called
characteristics and are physically identified with sound waves,
which may be thought of as infinitesimal signals of the pressure
disturbance. The C* characteristics serve as carriers of information.
The paths of characteristics are not known in advance (except in the
acoustic case) because the defining relations for the characteris-
tics, equations (9.6), depend on the solution yet to be found.

By (9.4), the quantities (v+F) and (v-F) do not vary along
their respective characteristics and are called the Riemann invari-

ants. These invariants will be labeled

JV=v+F ,J =v-F . (9.7)
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In general, the value of J~ will vary from one c* characteristic to

another. Equations (9.4) are rewritten in this notation as

dd* =0, J* = const along Ct: g%—= vie ;
(9.8)
- . - . -, dx _
dJ =0, dJ =const along C : e - Vv-c.

This statement can be regarded as a generalization of relations
which hold for the case of acoustic waves propagating through a gas
with constant velocity, density, and pressure. In fact, these
relations may be obtained from the general expressions for the in-
variants as a first approximation.

We note that (9.5) can be written, alternatively, as
0
F=fcgpﬂ. (9.9)

For a liquid satisfying Tait's equation (see Eq. (2.7)),

JV = v+ S, 07 = v (9.10)

We remark here that the Riemann invariants are determined to within
an arbitrary constant, which can always be dropped for convenience,
as was done above in (9.70).
It is now convenient to introduce the following notation:
Ji(x,t), where o is a positive number not necessarily an integer,

means the initial value of the Riemann invariant J° at the point
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(xa,o) on the initial Tline MQ where X, depends on the point (x,t)

at which we seek a solution to Problem II. That is, we write

J

Q 1+

(x>t)

+ ) _
J (xa,o) with X, = xa(x,t) s a>0 . (9.17)

Thus, for example, JT(x,t) = J+(x],o) Wwith x; = x;(x,t), and
Jg(s(t),t) = J+(x2,o) with Xo = xz(s(t),t). In fact, we have upon

the application of the initial conditions

J;":(x,t) = r(x )+ & a0 (9.12)

PO(Xu)dP
-

It is now desired to find a solution to Problem II at a gen-
eral point (x,t) in Q. (See Figure 2). Choose first a typical
point (x,t)= D] in the region 1, the region of determinacy. Ob-
viously, the solution at D] is determined completely by the initial

data on the line MQ. Indeed, use of (9.8) gives

v(Dy) + F(Dy) = J7(xst)s v(By) - F(Dy) = Jg(x,t).

Solving these relations for the unknowns v(D]) and F(D]) gives

H(xt) + 35 (x,1))s F(D;) =

+
6 Ji{x,t) -J

( 1

g(xst))  (9.13)

| —

v(D]) =

The value of F in (9.13) with the help of (9.5) gives the corres-
ponding value of P. This value together with the value of v in
(9.13) constitute the desired solution.

Next the C characteristic emanating from any M, for some o and
intersecting the phase boundary x = s(t) carries the initial value

J;(x,t). We then have, on the interface s,
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s(t)

X =

th v
-
C+
03(X.t
N
N\
N\
. ..‘,...« Ez(b.r)
E](S(T)ﬂ) \'\
L
u../\u
\ /".. \-
X L AN -
4] M(B.O) M](X].O) MZ(XZ’O) M3 M4 Ms(xs’o) MG(XS.‘J) Q(b’o) ix
Figure 2. Sketch of characteristics for the unfrozen phase.
J_(s(t),t) = v(s(t),t) - F(s(t),t)
so that
v(s(t),t) = F(s(t),t) + 9 (s(t)st) , (9.14)
where
9(s(t))yp
F(s(t),t) = J °C (9.14%)

o(s(t),t) = o(g(s(t))) - (9.15)
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In particular, for a liquid satisfying (2.7), the pressure is given
explicitly by
B, +g(s(t)) 1

o(s(t),t) = — . (9.16)
S

We might call the attention to the fact that equation (9.15), or in
particular (9.16), was used in Problem I to express the quantities
[p]L4'p2(C1- CZT(P)] and [p2V2(C] -c2)T(P)] as functions of the phase
boundary s(t). At the same time, (II1.6) was employed in Section 2 to
express the free boundary condition for the displacement, (III.5), in
terms of s(t).

From Egs. (9.14) and (9.14™), we see that both v and F are known
at the freezing front. To find a solution at a typical point

(x,t) = D2 near the phase boundary x = s{t) in the region 2, (see

again Figure 2), we have to know J* and J7 at this point. Since
J°(DZ) = Ji(x,t), it remains to determine J+(D2). In doing so, we
consider the C* characteristic issuing from E] after reflection on

s and passing through the point D2. We then define the tangent line

at E; to that C* characteristic by

m: x = S(r)+[F(S(r),r)+J§(s(r),r)+C(s(r),r)](t-r) , (9.17)

and prescribe the Riemann invariant J¥(s(t),t) along that c*

characteristic by
J*¥(s(1),1) = v(s(z),1) +F(s(1),1) = 2F(S(T),T)4'J£(S(T),T) (9.18)

with 7(x,t) determined implicitly from (9.17).

Now, on setting



95

v(0,) = 5 (3 Tsle (1)) < (6 ) 1+ 03 (x,t) 5
(9.19)
FD,) = 3 (9 Tsle (0, )), < (x,8)1 - 05 (,t) )

we readily see that the Riemann invariants J"(DZ) = J;(x,t) and

J+( D2) = J+[s(1(x,t)),r(x,t)] at D2(x,t) satisfy (9.4). Using

(9.5) to find P(DZ) corresponding to F(DZ) in (9.192), then the

value of P just obtained and v given by (9.19]) form a solution to
the couple of equations (II.1) and (II.2) satisfying the boundary
condition (II.6). Furthermore, this solution is unique since Eq.
(9.17) has only one root ¢ = t(x,t).

On the fixed end, we apply a similar procedure. The C+ charac-

teristic issuing from Ma on the initial line MQ for some o will carry

the initial value J+(x,t), and on boundary x=b, we have
[0

+
J
o

v(b,t) = o , F(b,t)=4J (b,t) . (9.20)

Again at a given point (x,t) = D5 near the fixed boundary x=b in
the region 3, at which we seek the solution of (II.1) and (II.2), we
want to evaluate J° and J°. We have J+(D3) =J;(x,t). Next we
consider the C™ characteristic emanating from Ez(b,r) after re-
flection on the boundary x=b and passing through the point D3.

Then we define the tangent line at E2 to that C  characteristic by

m: x=b-[c(b,r)](t-1) (9.21)

and define the Riemann invariant J (b,t) along that C” characteristic

by
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J (b,t) = - F(b,1) = - J;(b,‘r) (9.22)

with t(x,t) given implicitly by (9.21).
Then, on letting

1 -
v(Dg) = 5 {93(x,t) - Jelb,e(x,t)1)
: (9.23)
F(Dg) = 5 133(x,t) + Jglbyt(x,t)1)
we see at once that the Riemann invariants J+(D3) = J;(x,t) and
J'(D3) = - J;[b, (x,t)] constitute a unique solution to the system

(9.4). Again use (9.5) to find P(D,) corresponding to F(D3) in

3
(9.232) so that this value of P together with the value of v in
(9.23]) satisfy (II.1), (I1.2) and (II.5). Moreover, this solution is
unique because Eq. (9.21) possesses only one root t = t(x,t).
Naturally, for nonlinear systems one must remain aware of the
fact that statements are always meant to be valid merely for suf-

ficiently small regions. With this in mind, we can summarize the

above discussion in the following main result of this section.

Theorem 6. Assume that r(x), Po(x) and g(x)(o £ x < b) are con-

tinuously differentiable functions. Suppose also the compatibility
conditions (II.7) hold. Then there exists a unique solution v(x,t),
P(x,t) of the system (II.1)-(I1.6) for all t<t* for some positive

value t* < €. Moreover, this solution is continuously differentiable.

10. The Evolution of Discontinuities in the Solution of Problem II

The development of discontinuities in solutions of nonlinear

hyperbolic equations possessing discontinuous initial data has
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been the subject of research for many years. (See, for example,
Jeffrey [19] and the references cited there). On the other hand,
the evolution of discontinuities from smooth initial data was ap-
parently first examined in a simple problem by Riemann [28]. His
conjecture in the context of the initial-value problem for unsteady
isentropic perfect gas flow was re-examined by Ludford [26]. The
latter developed a variant of the hodograph method which basically
is unfolding process for initial curves in the hodograph plane, and
then applied his method to obtain an asymptotic estimate for the
earliest time of breakdown in the solution of the original set of
equations. At this time the derivative of the solution becomes
unbounded. The work of Lax [25] and Jeffrey [19] employ the
Riemann invariants to develop comparison theorems which provide upper
and Tower bounds for the critical time of singularity occurrence.
Finally, an ingenious approach to calculate the critical time for
singularity formation was developed by Ames [1], which is useful
for a certain class of problems. The advantages of this method,
when applicable, are its simplicity and the exactness of the results
as opposed to asymptotic estimates or bounds. However, Jeffrey's
work [19] is more general, and he has given several examples uti-
1izing his theorems. Consequently, we shall apply the Jeffrey-

Lax method to examine Problem II for wave breakdown, and as corre-
spondingly was done in Ludford's paper, convert the original problem
to a pure initial value problem by a suitable smooth extension out-
side the interval a = x < b.

The governing equations for the liquid phase problem [see Egs.

(I1.71) and (I1.2) of Sec. 9] are
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V., + MV =0 (10.1)

1
V=[4,M=[ V2 iJ . (10.1%)
pC

The characteristic values of M are

in which

W avie, m=v-c (10.2)

and the corresponding left eigenvectors are

[] ’_pl(?] ’ [] s = "L] ] (10.2*)

respectively. Then from Reference [20], we have the Riemann in-

variant relationships

p
v + J g%-= -at along the ¢t characteristics, (10.3)
and
Pip - -
v - J i -J along the C~ characteristics. (10.4)

The Riemann invariants in (10.3) and (10.4) are the same as in
(9.7), except for the minus signs which are introduced to make
(32¥/30%) and (317/3J7) negative as required in Jeffrey's analysis.

From (10.3) and (10.4), we obtain

P
3407 = oy ,J+—J'=—2jgf—. (10.5)
pC
Let tinf (tsup) denote the best estimate obtainable by Jeffrey's

method of the lower (upper) bound for the time of existence of a

solution to the original system of equations (10.1). Then the actual
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value tc-of the time of existence of a solution to the original

system (10.7) must satisfy the inequality

t (10.6)

inf< Yo < tsyp -

The numbers tin and tsu are to be interpreted in the sense that

f P
the solution is certainly bounded for t<:t1nf, while the solution

is certainly unbounded for t>t. . Note that t_ < t*, where t* is

D’
given in Theorem 6.
In order to utilize the estimates for the critical time pro-

vided in Jeffrey's paper, we need to determine (8A+/8J+), (8A+/8J_),

9

(32"/3d") and (32 /3J7), which will be denoted by (A, ,)>(n, )
+,+470\

(A_ ;) and (x_ _), respectively.

? 9

From (10.2) and (10.5), we obtain

oV de, ,d 5P
A = 2+ () (52) (=)
BRI do”"dP77 gt
= _ 1
—‘2(]+¢) ’

where ¢ = d In ¢/d In p, and by similar reasoning

>\+3- = ]E(-] +®)= K-a‘l' ; )\'a_ s 12-(]+¢) )

The initial values of v and P, specified on a<x<b, determine the

initial values

~— on a<x<b.

n
[P}
+
—
>
(@]
—~—
|
1
=
—~
>
—
]

Jg(x)

Furthermore, the boundary conditions that are to be imposed are

v(b,t) = o and P(s(t),t) = g(s(t)) for all t =z 0. So, by virtue
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of (10.5), we may write

9(a) 4p
E—C— .

+

Jp(b) +7(b) = 0, J¥(a) - JZ(a) = - f

0]

Hence, by a suitable smooth extension of J;(X)i J;(x) everywhere,
the original problem becomes a pure initial value problem, and the
boundary conditions may be disregarded.

Considering the pure initial value problem just defined and

using Jeffrey's estimates for tinf and tsup we see that when

max(aJ+/ax)t=0 and max(aJ'/ax)t=0 are both positive, tonf is the
smaller of the two numbers
o ?( e e : (10.7)
+o 0
Jmag [(T+¢)exp { 4c X }]max(ax )t=0
= me ) - . (10.8)
- - 3
Jma>5 [(T+¢)exp { *4c0(x) Fmax (S5-) ¢
Similarly, tSup is the smaller of the two numbers
— — (10.9)
Jo- -1+ ad
ng [(1+s)exp { { *4JC0)((X) o) Hmax(53-) 24
- f . (10.10)
- 3d”
Jm15| [(T+¢)exp { (Jy 4c %i) ) }]max(ax )t =0

In these expressions, it is assumed, as was done by Ludford [26],

that J+(x) and J;(x) (and so also J* and J™, since they are
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constant along their respective characterisitcs) differ only slightly
from their constant values J. and Jj.

A much simplified version of these results was obtained by Lax
[25] using different comparison theorems in which he assumed that
Jt = Jgs 0 = J; in order to study the existence of solutions of a
certain nonlinear string equation.

For a liquid satisfying Tait's equation (2.7), ¢ = (y-1)/2
so that (1+¢) = (1+y)/2 and (1-4) = (3-y)/2. Therefore, te g
becomes the smaller of the two numbers

: : (10.11)

(1+v)mJaXEexp{ 8C0( ;

4 : (10.12)

(1+y)m%;[exp{ (3- Y)(%X)J ) }Jmax(%i )t 0

and tSup becomes the smaller of the two numbers

: ' J (10.13)
(1yminfexp ¢ Logh (50 Hnax(21),
: Fa— . (10.14)

If J+ and J° in these results are replaced by their constant values
+ - . . .
Ji and Jy, then t. . and tsup coincide, i.e., (10.6) reduces to

equality, and we obtain the simplest asymptotic estimate
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tC = z?f%jﬁ-, with N = max { max(aJ;/ax), max(aJ;/ax) },»  (10.15)

for the time of breakdown in the solution.

This is precisely the result obtained by Ludford when allowance
is made for the fact that his definition of the Riemann invariants
J* and J~ differ by a numerical factor two from those given in equa-
tions (10.3) and (10.4). Equation (10.15) also has a similar form
to that obtained by Ames [1], although the notation is somewhat
different. His result must be multiplied by two to compare ex-
actly with (10.15). Stated alternatively, the initial data-in the
treatment of Ludford and Ames must be taken to be one-half those in
the work of Jeffrey and Lax.

Remark. Assume thatvif

0<x,s(t)$b; ostst; |[=lsn, (10.16)
then

Pl S M5 [r] s My g]s fg'] <M (10.17)

where N, M], MZ’ M3 are positive constants. Hence, the continuous de-
pendence of the solution on the initial and boundary data follows im-
mediately from (9.13), (9.18) and (9.19), and (9.23). Indeed, let
(vi, Pi) (i=1,2) be the solutions of Problem II corresponding to the
two different sets of data (P;, ri, gi) (1=1,2). In addition, we

assume that

2 1 2

PL(x) =P2(x)] <63 |r (x) - r2(x)] <83 |a(s(t))-a2(s(t))l < 5. (10.18)

0 0

where §>0 is a small number. Then equation (9.12) for any « implies

that
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2

]J] (xt) - 9 2(x)l

x
o

(x,t)] £ |r'(x) - ()| +N[PL(x) - P

< §(1+N) . (10.19)
However, it is easily seen from (9.13) that
v (0,) - vE(0,)] < s (14N)

(10.20)

1 2

[F (D7) - F7(Dy) | < s(1#N)

so that the application of the mean value theorem for integrals gives

Pl (0,) - P2(0,)] < S (10.21)
0
where
N = (pc)-](ﬁ) for some P between P] and P2. (10.22)

0

In a similar way, we find from (9.19) and (9.23) that

V1 (0,) - v2(D,) | < 5(1+2N)5 [P (D,) - P2(D,) | <ﬁlN’;2—Nl (10.23)
and
v (Dg) - v2(D,) | < s(14N); [P1(D4) - (D) | 5—(,‘“—;"“1 , (10.24)
respectively. Let
e = max {s(142N) , ‘3—(‘5;‘32—“& L (10.25)
Then
v (D) -vE3(D) ] < 5 [PI(D)-P2(D)] <e , (10.26)

whenever (10.19) is defined. Here D(x,t) is either D](x,t), D2(x,t)
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or D3(x,t). This proves our assertion.
The results of Sections 9 and 10 may be gathered together as
follows:
Theorem 7. There exists a value of time tc:>o depending on the

initial and boundary data such that for o < t < tc, Problem II is

well-posed.

11. Remarks on Discontinuities and Shock Waves

Let V(t) be a material volume of a continuum model bounded by
a material surface z(t). By definition, V(t) is an arbitrary col-
lection of matter made up of the same type of particles as time
progresses which is enclosed by a material surface (or boundary),
every point of which moves with the local fluid velocity. If V(t)
is shrunk to a point, the resulting material point is called a
fluid particle. Let, however, V*(t) be a moving volume in space
(not necessarily a material volume) with boundary surface £*(t).
Such an arbitrary moving volume is often called a control volume;
the boundary need not in general be identified with any physical
boundaries.

Specialized to one dimension and disregarding the body forces
(although it would not affect the jump conditions), in which case
v(t) is bounded by the surfaces x1(t)< x2(t) and V*(t) by the sur-
face x?(t)< xz(t). In other words, the xi(t), i=1,2, denote the
positions of the moving particles that form the bounding surfaces
of the material volume V(t). A similar statement applies to x?(t),
i=1,2. Then the integral equations for V*(t) (see, for example,

Jeffrey [21]) are
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Conservation of Mass (continuity):
) x3(t)

pdx+[ow] . =0, (11.1)

11.( 5(
dt Jxx (t) x5 (t)
1 1

Balance of Linear Momentum (Newton's second law):

* t * t
é%—sz( )pvdx+-[P4-pvw]X2( ) =0, (11.2)
xf(t) x?(t)

Conservation of Energy (first law of thermodynamics):

a2t g, RN x3(t)
E[x’;(tf(:+§v Jdx + [ow(z +5v )+Pv+q]x’f(t) =0, (11.3)

Production of Entropy (second law of thermodynamics):

*

d xo(t) 1 x5(t)

a?j deX+[pr+*2' q] N 20, (11.4)
x?(t) x](t)

where £z is the specific internal energy, q = -K 3T/5x is the heat

flux (K is the thermal conductivity), and w = v-U is the fluid velo-

city relative to the control volume with dx?(t)/dt = v(x :,t), i=1,2.
(t

Often the above integral equations are applied to V(t), in
which case the boundary velocity U is just the fluid velocity

v(xi,t) and the balance statements respectively become

d

+

| (t)
ll.sz odx = 0 , (11.5)



106

xo(t) Xo(t)
—Q-J ¢ ovdx + [P] ¢ =0 , (11.6)

g rrelt) 1 ) xp(t)

e E+y d P =0, 11.7

dtL]H)M tm v )x+[v+qk]“) 0 (11.7)
g *e(t) 1 Xx(t)
e Sd - 20, 11.8
dt JX](t)p X+ [T q]X](t) 0 ( )

By definition, a shock wave is a relatively thin region of
rapid variation in the variables governing the behaviour of the
system across which there is a flow of matter. Because the region
is thin, it is usually idealized as a surface of discontinuity in
space. This surface propagates into the fluid and is not neces-
sarily stationary. In general, all the fluid flow variables v, o, P
and S are discontinuous across the shock surface.

The treatment of shock waves as discontinuities, or surfaces
of zero thickness, in fact, is an idealization of inviscid gas
dynamics. Physically, shocks are found to have a finite and measur-

6 m. In the following,

able thickness, commonly of the order of 10~
shocks are treated, however, as true discontinuities.

Since the shock wave is treated as a true discontinuity, we
can make the control volume V*(t) arbitrarily thin and still enclose
a portion of the shock. This can be achieved by letting Xp=X1 be
sufficiently small (for example, x2(t)-x](t)='§(t) with €(t) +o0).

On the other hand, in applying the integral balance statements

(11.1) to (11.4), the condition that the control volume be thin
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allows us to neglect the volume integrals (because there can be no
storage of mass, momentum, etc. in essentially zero volume). Then the
balance statements (11.1) to (11.4) for mass, momentum, energy, and

entorpy become respectively, per unit area of the shock surface,

[ow] = 0 (11.9)
(P+ow] =0 , (11.10)
[pW(S+1§V2)+Pv+q]=o , (11.11)
[psw+1§q3 20, (11.72)

in which [y] = Yo = ¥y is the discontinuous jump of y across ™ (t),
and the suffixes 1 and 2 denote the value of y on adjacent sides of
and arbitrarily close to £™(t), according as the discontinuity sur-
face is approached from the side 1 or the side 2, respectively.
These are called the jump conditions across the discontinuity sur-
face £*(t).

Rearranging Eq. (11.9) yields
w1[p]+pz[v] =0 . (11.13)

Similarily, using Eq. (11.9), Eqs. (11.10) and (11.11) may be written

respectively,
oqwylvI+[P] =0, (11.14)

mwﬂ5+%v2]+wv+q]=o . (11.15)
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Properties of the Jump Conditions

Equation (11.9) says that the mass flux density ow is continu-
ous across y*(t), say m=pw. If, now, Wy =0, m=0 and also W, =0
since the densities on adjacent sides of z*(t) may be assumed to be
non-zero. Then no fluid crosses £ (t) (i.e., it moves with the

fluid) and Egs. (11.13) to (11.15) become

[vl =0, (11.16)
[Pl =0, (11.17)
[q] = o (11.18)

This type of discontinuity is called a contact discontinuity and
has the property that the pressure, the fluid velocity and the heat
flux are continuous across the contact discontinuity.

If, however, [p]=o0 and w]1=o, it follows from Egs. (11.13)

and (10.74) that v and P are continuous and so

- _ 0
U-v] Wy = E;%%]‘ (11.19)

This type of discontinuity is called a phase front. Clearly a
phase front cannot exist if there is no heat conduction since Eq.
(11.19) implies that [=]=o0 if [q]=o0 and so all variables then
become continuous across the phase front; Eq. (11.15) becomes an
identity, and thus a phase front ceases to exist.

A stronger form of discontinuity, the shock, occurs when

[p]%0 and w]:fo, in which case Egqs. (11.13) and (11.14) gives



[v]=-§]%]]-=-%:]—, (11.20)
_ Oz[P] ]/2
Wy (m] - ) , (11.21)

Because of the square root in Eq. (11.21), the Tliquid pressure and
density can only either increase or decrease together, i.e. [P]

and [p] are both of the same sign. Up to this point, the mathema-
tical solution to the shock conditions is not physically realizable
because a 1iquid shock wave is known from physical observation al-
ways to be compressive, in the sense that liquid density increases
after the passage of the shock wave. The difficulty is resolved

in this case by appeal to a mathematical principle which has not

so far been used in connection with (11.9) to (11.11). At the end of
the present section, we will find that, with the help of (11.12),
only the compression shock is possible.

The selection principle utilized here for identifying a physi-
cally realizable liquid shock wave is called the entorpy condition
which comes in from outside the framework of the equations of fluid
dynamics. In general, without this selection principle the mathe-
matical shock solution would not be unique.

A further investigation for the shock discontinuity now
follows:

Subtracting U[egw]=o0 from Eq. (11.10) gives
24 _
[P+ow™] =0, (11.22)

which states that the total momentum flux density is the same in both



sides of the shock.

On the other hand, Eq. (11.71) can be rewritten as

[ow(h+% v%)

+UP+q] =0,
where h = 2 +P/p is the specific enthalpy. Using Egs. (11.9)

and (11.10), and the result [%-vz-Uv] = [%—wzj, this becomes
[pw(h-k%-wz)-kq] =0 . (11.23)

This means that the total energy flux density is the same on both
sides of the shock.

Finally, it follows from (11.12) that there is an increase in
the total entropy flux density across the shock and a corresponding
production within the shock due to thermal and mechanical and relax-
ation processes.

This completes the reduction of the balance or conservation
statements to the elementary shock conditions. For convenience, the
main shock conditions are rewritten from (11.9), (11.22), (11.23)

and (11.12) for continuity, momentum, energy, and entropy, respec-

tively,
[ow] = 0 (11.24)

[P+ou’] = 0 (11.25)

[ow(h+% w’) +q] = o (11.26)

[owS ++ q] = o (11.27)

We observe here that the shock conditions may be written with the

relative velocity w only. Such a result is a consequence of



111
Galilean relatively; for the laws of mechanics must have the same
expression in any intertial frame. (That means they must be invar-
iant if v is replaced by Vv and U by U+vO where Vs is a constant
velocity).

In what follows we shall always take m positive, with the liquid
going from side 1 to side 2. That is, we call 1liquid 1 the one into
which the shock wave moves, and liquid 2 that which remains behind
the shock. We name the side of the shock wave towards liquid 1 the
front of the shock, and that towards liquid 2 the back. (See Figure
3).

U
—
1 2
¥ .
LT L
1'Y1 2°V2

Figure 3. Flow quantities for moving discontinuity.
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The usual sityation is that the flow in the front of the shock
1s known and we ask whether the shock conditions can be used to
determine uniquely the flow behind in terms of the shock velocity
or to determine uniquely the shock velocity and the remaining flow
quantities in terms of one of the flow quantities behind.

It is assumed that the fluids ahead of and behind the shock
are essentially the same fluid and satisfy the same equation of
state (this assumption precludes certain chemical relations). Then
the thermodynamic state of the fluid is fixed by two variables,
say P and uv. The unknowns are any three of Wos PZ’ Vo> U, and the
other one is fixed as a parameter. To determine these unknowns in
a unique manner, three equations, (11.24) to (11.26), are available.

As a matter of completeness, we shall establish four important
properties of the liquid state on either side of a shock wave,
namely:
1°. Only compression shocks, [P]>o0, are possible, assuming that
(azu/aP2)5> 0. Correspondingly, [p]>0 and [w]<o.
2°. The increase of the total entropy flux density across a weak
shock is at most of the third order in the shock strength, or the
pressure jump [P].
3°. The flow velocity relative to the shock wave is supersonic at
the front side, subsonic at the back side.

To prove these statements, we first use the shock conditions
to derive some useful relations.

Combining the continuity and momentum conditions (Egs. (11.24)

and (11.25)) yields
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Wi, = Lg% ) (11.28)

Further manipulation of Egs. (11.24) and (11.25) leads to the non-

dimensional relation

p )
Liz._. - Cw] - M?ﬂ [U_Ul , (11.29)
p]C] 1 1

where M]n = w]/c] is the shock Mach number. This result is valid
for all types of fluid dynamic discontinuities and shows that a
decrease in w is associated with an increase in P and an increase in
p. Conversely, an increase in w is associated with a decrease in P
and a decrease in p. This allows the immediate classification of all
discontinuities into those of compression (deceleration) types and
those of expansion (acceleration) types. If the three quantities
equated in Eq. (10.29) are zero, there is no discontinuity. If they
are small the discontinuity is called weak.

It will be convenient to introduce the nondimensional pressure

jump 1,

n= Ll (11.30)
p]C

By definition, the numerical value of 1 is a measure of the strength

of the shock. Two extreme cases exist:

I << 1 weak shock,

I >> 1 strong shock. (11.31)
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Using (10.28), the energy condition can be expressed in the form
- 1 q
[h] = o [P]+5 [VI[PI-[ 27 . (11.32)

For non-heat conducting fluids, g = o, this is the famous Rankine-
Hugoniot equation which has the useful property that it contains
only thermodynamic quantities.

In general, shocks are classified according to the sign of the

pressure jump [P]:

[P]> 0 compression shocks,

[P] < o rarefaction shocks.

To calculate the entropy change in terms of the pressure change
for a weak shock, we expand h(S,P) and u(S,P) of Eq. (11.32) in

a Taylor series. Then using the identities T = (ah/aS)p and

v = (ah/aP)S and retaining terms up to third order in [P] (because
the first- and second-order terms in [P] are cancelled) and of the

first-order only in [S], Eq. (11.32) gives the important result

) .
47-._M (3v 3
[mS+T ] 5T ( 2)5,1[P] (11.33)
1 1 3P
Rewritten in nondimensional form
97142 3
[mS+—T]] 3 C]T]H , (11.34)
where
c* ( & (11.35)
T =~ (%) .
2u3 8P2 S

Since the temperature behind the shock wave must be higher than that
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in front of it, (i.e., T :>T]) it follows that

2

q q

_ 2 1 q
(91-2-dopay,

T T2 T] T]

and Eq. (11.33) leads to
m 82 3
[ms-+%1 ‘T (—;gqs (P17 (11.36)
8 9

The entropy condition (11.27) implies that the right-hand side of

(11.36) must be positive; thus the pressure jump [P] necessarily has

2
the same sign as (g;%)s 1 (or T). Except in bizarre cases, T>o0.
In particular, for a liquid satisfying the Tait equation (2.7), we
have
r=2l, (11.37)

in which y is not the ratio of specific heats, see Section 2, but
satisfies y21; e.g. water has y = 7, giving T = 4. Values of T
for various liquids can be found in the Tliterature. Roughly, we
can take T to be of order unity for fluids in general. In any
case, assuming T>o0 it follows that [P]> o0, and only compression
shocks are possible for normal fluids. Correspondingly, [w]< o and
[p]l>0 from Eq. (11.29). This proves assertion 1°. At the same
time, assertion 2° follows from (11.36).

Finally, the first part of property 3° follows immediately from

1°. For, since S,>S; and 3P/3S> 0, Eq. (11.28) yields

P(pZ’SZ) - P(D]sS]) N P(QZ’S]) = P(Q] sS])
P27 °27 9

"2 T
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i aP(ﬁgs]) aP(p],S]) -
— > 3

2
3p ap (

_ A2
p]ss-l) - C-I ]

in which 5 is a properly chosen intermediate value between oy and

Po- Hence w$:>c$ by property 1°, and so Wy > €y

Alternatively, using the entropy condition and the Hugoniot

diagram, both parts of assertion 3° can be shown to be true; see,

for example, Landau and Lifshitz [24] or Zel'dovich and Rajzer [38].
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CHAPTER FOUR - THERMAL STRESSES IN THE FROZEN PHASE

This chapter is devoted to the discussion of the displacement
problem which was formulated in Section 3 and was referred to as
Problem III. Find a function u(x,t) satisfying the following con-
ditions:

2

(I1I.1) utt = (]+UX)UXX in Q9 = {(x,t): o<x<s(t), o<t<t}

(II1.2) u(x,0) = o
(I11.3) ut(x,o) = f(x)

(I11.4) u(o,t) =0
(I1I1.5) u_(s(t),t) = x(s(t))

and the compatibility conditions
(I11.6) f(o) =0, x(a) =0 .

Here w2 is a constant and, s, f and X are given functions of
their respective arguments. We shall assume that in 2 the functions
f and X are continuously differentiable, while the function u is
twice continuously differentiable.

As mentioned in Section 3, the knowledge of the value u(x,t)
of the wave function u at a general point (x,t), i.e., the solution

of Problem III, is sufficient to determine the stress and strain

components by using Eqs. (2.38), (2.39) and (2.40).

12.  The Method of Characteristics Applied
to the Displacement Problem

If we define

(12.1)
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then (III.1) can be written as two coupled partial differential equa-

tions of the first order:

2 -
Vi - H (w)wX =0, (12.2)
Wy-V, =0, (12.3)
where
o) = w2(14w) . (12.4)

Equation (12.3) is a consistency condition, whereas Eq. (12.2)
describes the nonlinear behavior given by (III.1). In terms of the
unknowns w and v, Problem III is transformed into
Problem V. Find a pair of functions (w(x,t), v(x,t)) satisfying
the following conditions:

(v.1) vt-HZ(w)wX =0

(X,t)wQ]
(v.2) Wy -V, =0
(v.3) w(x,0) = o
0<x<a
(vV.4) v(x,0) = f(x)
(V.5) v(o,t) = o0 _
ostzst

(v.6) w(s(t),t) = x(s(t))
where H(w) is defined by (12.4).

The solution to Problem III is clearly recovered from that of
Problem V by integration.

If we now multiply (12.3) by H(w) and add and subtract the result
to (12.2), we obtain the pair of equations:

- 2. -
vetHwp s Hy - Hw, =0 (12.5)
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or
+ +
Jt'*-H(w)Jx =0, (12.7)
where
< w
J =v¢JHUﬂMw‘=ViRW). (12.8)

Equations (12.6) and (12.7) are the characteristic equations
for equations (12.2) and (12.3). Here the variables J  and 0t are
the Riemann invariants; J s invariant along the characteristic
r7: dx = -Hdt and J° is invariant along the characteristic r :

dx = +Hdt (see Section 9).

From Eq. (12.4), we get

R(w) = JWH(W')dw' = 23—‘“(1+w)3/2 . (12.9)

Then Egs. (12.8) become

a* = v123—w(1+w)3/2 : (12.10)
Again, the Riemann invariants are determined up to an arbitrary
constant, which can always be dropped for convenience. This was

actually done in Eq. (12.9) and hence also in (12.10). Thus, sub-
tracting Eqs. (12.10) from each other and taking the inverse yield

w1+ (0= 051 (12.11)
w
Also, adding the two equations in (12.10), we obtain
v=L0Tedt) (12.12)

2
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The equations in Eqs. (12.11) and (12.12) are evaluated for the same
values of their arguments.

It is desirable now to obtain the solution to Problem V at a
typical point (x,t) in Q]. This point will be called either D], 02
or D3 whenever it belongs to either the region 1, 2 or 3. (See
Figure 4). -

For convenience, we will employ the same notation introduced in

Section 9. Thus

+ + .
J;(g,t) = J (xa,o) with X, = xa(x,t), (12.13)
t ‘ M a
k x
g
-
+
T
3 2
1
D](x,t)
Da(x't) /-/\.
\
./- \' Dz(x,t
4 N\
E, (0,0)f ", ' ) _
S 4 \ e E (500)
., S \ X
'..', \ "".-
o S
, \
L . : \ -
0 N](x],o) N2(x2,o) N3 N4 Ns(xs,o) NG(XG'O) M(a,0) Q(b,0) X

Figure 4. Sketch of characteristics for the frozen phase.
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where again o is a positive real number, not necessarily an integer.

Then, according to (V.3) and (V.4), we obtain

(x,t) = F(x )iz—g,wo (12.14)

o

Q 4

J

Clearly, the solution at D] is determined completely by the
initial data on the 1ine OM. In fact, by the invariance properties
of J* and J~ along their respective characteristic curves rt and

T , we obtain

(D7) = 9 (x:t) 5 37(Dy) = (st (12.15)

Hence, on employing the formulas (12.11) and (12.12), we get
- 3 ; 2/3
W(Dy) = =1+ [T +5= {fxg) - fx)1] (12.16)

V(D)) = 5 (F(xg) + Flx))3 (12.17)

where X; = xi(x,t) for i=1,6. This is the solution of Problem V
at a general point D] = (Xx,t) in the region 1.

’ Now the r+ characteristic issuing from N5 and impinging on
the freezing front at E} carries the initial value Jg(x,t). On

S, we have

Te(s(2)sn) = v(s(x)r) - B2+ u(s(x),0)¥2
so that

v(s(2),t) = J(s(x),n) #8201+ x(s(2)) /% . (12.18)

In order to find the solution of Problem V at a general point D2

I

near the moving boundary x = s(t) in the region 2, one has to
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determine the Riemann invariants at this point. Since J+(D2)
J;(x,t), it remains to find J_(DZ). In doing so, we consider the 1~
characteristic emanating from E} after refelction on s and passing
through the point D,. We then define the tangent line at E] to

that r~ characteristic by

Ko x = s(t) - w(1+x(s(e)) &t -1) (12.19)
and prescribe the Riemann invariant J° along that I characteristic by

J [s(t)»t] = v(s(t),t) +R(w(s(1),1))

= De(s(x)se) + 20+ x(s(:)) Y2 (12.20)

with t(x,t) determined implicitly from (12.19).

Then, on setting

R(D,) = 5 (37[s(x(x,1)) » t(6,1)]-J506 1)), (12.21)
v(0,) = 5 IIs(6t) s <1+ Iyt . (12.22)
we see at once that the Riemann invariant J+(D2) = J;(x,t) and

J(D,y) = I [s(t(xst)),e(x,t)] at the point D, = (x,t) satisfy the
system of equations (12.7) and (12.6). Using (12.9) to calculate

w(D2) corresponding to R(D2) in (12.21), we obtain

w(Dy) = <1+ [ 10 [s(= (0 ))ur (1)1 - 9306, t0017° . (12.23)

Therefore, the values v(D,) and w(D2) of the functions v and w

5)
given by (12.22) and (12.23) form a solution to the system of equa-
tions (V.1) and (v.2). This solution satisfies the boundary condi~

tion (V.6). Moreover, it is unique since Eg. (12.19) has only one
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root ¢+ = t(x,t).
On the Teft end x = o, we apply a similar procedure. The r_

Characteristic carrying the initial value J'(xz,o) will impinge on

the fixed boundary x = o after some time t, i.e., at the pointf2
in Figure 4. On the boundary x = o0, we have upon using (v.5) the

result

I3l0st) = EH1+w(0,0))2 . (12.24)

Again, assume that we wish to determine the values v(x,t) and
w(x,t) of the functions v and w at a point D3 near the boundary

X = 0 with coordinates (x,t). Then as mentioned above, we have to
evaluate the Riemann invariants at D,. Since J“(D3) = J;(x,t),

. . . +
we only have to specify J+(D To this end, we consider the T

3)'
characteristic issuing from Eé after reflection on the boundary
X = 0 and passing through the point D3. Then we define the tangent

Tine at Eé to that I characteristic by

Kox o= w[% Jé(o,r)]m(t-r) (12.25)

. . +
and define the Riemann invariant J+(o,1) along that I' character-
istic by

" (0,7) = v(0,7) = R(0,7) = -05(0,7) (12.26)

with t(x,t) found implicitly by (12.25).

Thus, on writing

R(Dy) = 5 (;(x,t) - d5L0,e(x,t)]) (12.27)
v(D3) = 5 (9506, 1) + 35[0,x(x,1)]) (12.28)
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we readily see that the Riemann invariants J_(D3)
+

J (D3) = Jé[o,r(x,t)] form a unique solution to the equations

= J4(x,t) and

(12.6) and (12.7), since Eq. (12.25) has only one root t = 1(xX,t).
Using the relation (12.9) to evaluate w(D3) corresponding to

R(D3) in (12.27), we get
W(Dy) = -1+ [ (37 (x,t) - 93Lose () I3 (12.29)

Hence, the values of v(D3) and w(D3) of the functions v and w
given by (12.29) and (12.28) constitute a unique solution to the
system (V.1) and (V.2) satisfying the boundary condition (V.5).

As remarked in Section 9, any statement regarding nonlinear
equations is meant to be valid only for sufficiently small regions.
We then summarize the above discussion and state a theorem similar
to that of Section 9:
Theorem 8. Let f(x) and x(x) (o < x < b) be continuously differen-
tiable functions and satisfy the conditions (II1.6). Then there exists
a unique solution v(x,t), w(x,t) to Problem V for all t < t™* for
some positive constant £ < . Furthermore, the solution is con-
tinuously differentiable.

By the previous remarks, a further quadrature to the solution
of Problem V is needed before the solution of Problem III can be
determined. The following result then follows at once from Theorem 8:
Theorem 9. Problem III possesses a unique, twice continuously dif-

ferentiable solution u(x,t) for all t < t**,
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13.  The Development of ‘Discontinuities in the Solution

of the Displacement Problem

ke now turn to the application of the Jeffrey-Lax theory to
study Probeim III for wave breakdown. We further developed this
theory in Section 10 to calculate an asymptotic estimate for the
earliest time of breakdown in the solution of Problem II. At this
critical time the derivative of the solution becomes unbounded. As
Problem V is a mixed initial and boundary value problem it will re-
quire conversion to a pure initial value problem before Jeffrey's
estimates [19] can be used. This will be accomplished later by a
suitable extension of the solution from the fundamental interval
[0,a] to the entire initial line.

The system of equations involved (see Egs. (12.2) and (12.3)) is

Ut + MUX =0 (13.1)
in which
. v . { 0 -H2
U= wl M= -1 o (13.2)
and
Hw) = w(1+w)/2 . (13.3)

The characteristic values of M are
- +
A =-H and A = +H (13.4)
and the corresponding left eigenvectors are

[1,H] and [1,-H] . (13.5)
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Therefore, we have along the characteristic curves

-, dx *odx
rTigp = -Hoand 17 +H (13.6)

the Riemann invariant relationships

vi&ew)¥? - g (13.7)
and

v-ew)¥2 - gt (13.8)
respectively.

Subtracting £q. (13.8) from Eq. (13.7) and taking the inverse

gives again
_ 3 ,,- +,42/3
w = ']'*[EZ{J -J)] . (12.11)

In Jeffrey's paper, we need (3r"/3J") ,(3A~/3J+) ,(8A+/8J-)
and (3A+/3J+). These quantities will be respectively denoted by

A_ o A_’+, A+’_ and i

b

+,+°
In terms of J  and J+, the defining relation of H using (12.11)

becomes
H= HI,JT) = w[%(d’—d+)]]/3 (13.9)
from which
§=%¢, ;JHTL%qJ (13.10)
where
o= [0 -ah 10 (13.11)

Hence, we have
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- 1 1
A _)\+:_Z¢’ )\+=)\+_=+Z¢. (]3]2)

We may further notice from (13.12) that »_ _ and A, , are both nega-
tive, as required in Jeffrey's analysis, provided ¢ is positive.
(Otherwise the signs of J~ and J7 must be changed.) Initially

(t=0), we have

A= ¢, A =c 3 A=A, = Ao, = A

1 ]
LT et =g (13.03)

It is at this point in the argument that the problem requires
conversion to an equivalent initial value problem. We may first note
that the specification of the initial values of v and w on [0,a]

+ .
Jo(x,o) on this interval.

determines the initial values of Jz(x)
The boundary conditions that are to be imposed on v and w are

v(o,t) = 0o and w(s(t),t) = x(s(t)) for all t 2 0. So, by virtue of
(12.11) and (12.12) and the compatibility condition x(a) = o, we

obtain

- +

3J (a) ad
- oy - o’ _"o(a) |

Jo(o)-FJO(o) o and X T o .

Therefore, by a suitable smooth extension of J;(x) iJ;(X) from [o0,a]

to the entire initial 1ine, the boundary conditions may be disregarded

since the problem becomes then a pure initial value problem.
Considering the pure initial value problem just defined and

using Jeffrey's estimates for the tinf and tsu (see Sec. 10 for

p
their precise definitions) show that when max(BJ-/ax)t=0 and
max(8J+/8x) are positive, t. . is the smaller of the two quantities

t=0 inf
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. , i . (13.14)
J -J J7-J
=k ! YV TVk 1
Jgg?g_[cb exp (=g—*) Jmax f* (x) Jn+1aX_[¢ exp(Tg—*)Imax f'(x)

| Similarly, tSup is the smaller of the two quantities

1

|

‘ 4 , . (13.15)

‘ gtogt Jo-d°

| 3 Y V% ! 1 wnlSx—Y '

: Jm:g_[cb exp(Tg—*) Jmax f'(x) Jn+113_[q> exp(=g——) Jmax f'(x)

It is to be remembered, as remarked in Sec. 10, that J;(x) and
J;(x) (and so J° and J+, since they are constant along their respec-
tive characteristics) differ only slightly from their constant values
J, and J:. Here f'(x) means df(x)/dx.

When J~ and J+ in these expressions are replaced by their
associated constant values J, and J:, as was done by Lax [25], so

that J7 = J7 and J7 = J7, the estimates tin¢ and tsup coincide with

f
t
c
4
t = . = ! . 13.16
c Ergjgz::ﬁg- where g = max f'(x) ( )

which is the simplest asymptotic estimate for the time of break-
down in the solution of Problem V and hence of Problem III.

This is precisely the result obtained by Lax when account is
taken for the fact that his initial conditions are differently
described from those considered here. In his paper, Lax [25] used
different comparison theorems from those applied by Jeffrey [19]
in which the former assumed that J° = J, , J+ = J: in order to study

the existence of solutions of the nonlinear string equation,
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Eq. (III.1). This equation was previously studied by Zabusky [37],
who utilized the hodograph method to develop both a solution and an
estimate for the time of breakdown in this solution.
Remark. A similar discussion to that at the end of Section 10

may be carried out here to deduce the main result of this chapter.

Theorem 10. There exists a value tC:>0 depending on the data such

that for o s t< tc, Problem III is well-posed.

*k

We finally point out that tC < t*™, where t** is given in

Theorem 8.
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