AN ABSTRACT OF THE THESIS OF

Raj Pal Soni for the Ph.D. in Mathematics

(Name) (Degree) (Major)

Date thesis is presented April 5, 1963

Title = THE DIFFRACTION OF CYLINDRICAL WAVES BY TWO

PARALLEL HALF PLANES

Signature redacted for privacy.
Abstract approved

vvvvv

(Major Professor)Ffitz Oberhettinger
3

The electromagnetic field produced by 5. line current oriented
parallel to the edges of two perfectly c.onduc;ting parallel half
planes is considered. Maxwell's equations reduce to a single wave
equation involving only one component of the electric field. More-
" over the value: of the field is'zero on the tw/o half planes. The
problem is reduced to the determinatién of the current distribu-
tions on the two half planes. This leads to two integral eQuations ]
of the Wiener-Hopf type.

For the solution of these integral equations standard tech-

niques are used.



THE DIFFRACTION OF CYLINDRICAL WAVES BY
TWO PARALLEL HALF PLANES

by

RAJ PAL SONI

A THESIS
submitted to

OREGON STATE UNIVERSITY

in partial fulfillment of
the requirements for the
degree of '

DOCTOR OF PHILOSOPHY

June.1963.



|
APPROVED:

Signature redacted for privacy.

(74 - ™ A T T ey —

| ' , &
i Professor of Mathematics

In Charge of Major

Signature redacted for privacy.

A G Pt VN

e

Chairman of Department of Mathematics

Signature redacted for privacy.

C Y _F ey T Tee— —

Dean of Graduate School

Date| thesis is presented April 5, 1963

Typed by Carol Baker




t . }
TABLE OF CONTENTS
INTRODUCTION
FIELD OF A LINE SOURCE PLACED
BETWEEN TWO INFINITE, PARALLEL
PLANES

DIFFRACTION BY TWO PARALLEL HALF
PLANES

ASYMPTOTIC ESTIMATES
TWO INFINITE, PARALLEL PLANES
BIBLIOGRAPHY

APPENDIX

Page

11
43
51
53

56



“equations (I) then reduce to

THE DIFFRACTION OF CYLINDRICAL WAVES BY
'~ TWO PARALLEL HALF PLANES

1. INTRODUCTION

Maxwell's equatiohs for free space are

- — A
v - E =0
vV . H =0
S I
vV X E = -
Mo Tat
6» "X I:I. = € .8E
0 "8t
| /
When the sources are line currents parallel to'z-a}'dis‘;i the electric
and magnetic fields are such that EX = E° =H =.0. The

y P .

2 S
vty =L 235 IS
2 .2
c ot
where ] ‘
c = , Ulx,y,t) = 'Ez v‘(x,y,t),
Voo |
With the time dependency clwt, (II) reduces to (IIa)>
VZ u t kzu =0 . eeeem-- Ila
where ‘
k= —



The boundary conditions are

ou

—_— =0

on
or

u = 0
'g—:;_ = 0 on the boundary represents acoustic excitations in the
presence of a rigid surface whereas u = 0 on the boundary

represents electromagnetic excitations in the presence of a per-
fectly conducting surface.
In the present investigation we assume the solution of (Ila)

to be of the form u(x,y) = U.1 + US.

U, = l H(()Z)(k \/<X-X')2 + (Y"Y')Z

‘where U, is the field incident at the point A(x, y) due to a line
source of unit strgngth at B‘(x'?y') and Us, is the secondary field
which is regular in »the entire region under consideration.

The results of plane wave diffrac‘;ion by a perfectly reflect-
ing half plane were publishéd in the late nineteenth‘ century using
multivalent solutions of the wave equation. These were followed by
those of line source (.ciiiihdrical excitations) diffraction by the half
plane. The solution to the corresponding 'w‘edge problem (for both

the plane wave and the cylindrical source) was published by Carslaw

(6). For sometime-.the interest in diffraction problems slackened
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due to the extraordinary difficulties presented by this method in its
application to new préblems.

. The publi_.catiorivof (33 ) in 1931 revived the -'i'll"iteré.st of
research‘WOrker:'fs" in“chi;: fleldas can be seenifz%_ométhé::: number of
papers‘" 'published:j‘sinc;vé then Magnus (1:;7) exé;es§ed thg 's":ﬂoluti.on
of the half plane iprbble_,m with incident piane wa:vves; in terms of an
integral e;;uati.orvl of the }\iféleﬁnéranopf type. He thcnsolved ‘the inte-
gral equation by“computihg. coefficients in terms of;'B'é's'é::elj functions.
‘Copson (7) solved the s%ﬁe integral equation by usiqé Tthe Weiner-
Hopf tq¢hnique. .> The .soiutions for corhpiicated gratmgs (2_, 3,4,5,
10,11, 14) demonstrates the po;;ver of this technique in;isélving dif~
fractio'ril problems. A typical Wiener-Hopf homogeneous equation is

By R

1358 I 3 FO)L x-N)AN + g(x) = hix)

-00 <x <0
-00 .
where f(\) and h(x) are unknown functions. It is, however,

known that f(A\) = 0, A <0 and h(x) = 0, x>0 . Multiplying both

sides by &  and integrating with respect to x, one obtains

(T f(a)f(a) +gfa) = h(a)

:w >
1 (a) = ‘S E_(x)éluxdx and f (a), g(a), h(a) are

=00

defined in a similar manner.



4
The equation (IV) holds in a common strip of regularity of the func-
tions é(a), h(a), 1 (a), f (a) considered as functions of a (provided
- such a strip exists). To determine the regions of regularity of these
functions one assumes the behavior of the functions f(X), h(x), g(x),
| ik\ |
L (x) for large x. For example, let f{\)x = for large \.

= + 1 > 0.
k kl 1k2, wherek2 0

Then' o ik
ﬂahjlfa)e dn .
0

Wenote that f (a) will be regular in the lower half plane. Im a <k

Similarly if . S
h(x) =~ e.lkx asx —> =%
.0 iax
hm)=aS hix)e  dx,
)

then h(a) is regular in the upper half plane Im a > -kZ.
These half planes have a common strip iA.Im a| < kZ.

If the functions 4 {a), é(a) are also regular in this strip, the

equation‘ (IV) then has a strip of validity and can be rewritten as
V) h, (@) = £ (a) £ (a) + g (a).

The subscripts +, -, denote regularity in the upper and lower half

planes respectively.
2 (a)

£+M)

£ (a) is now expressed in the form

Then (IV)



becomes

(VI) B+(a) £ (a)

g £,6) + f_(a) £ ()

Pa) = é(a) £+(a) is now expressed in the form P+(a) + P (a).
Using this we get

(VII) E+(a) £.(a) - P (@) = P_(a) * fu(a) £ (a) = F(a).

+ -
The left hand side of (VII) is a function regular in an upper half
plane whereas. the right hand side is regular in a lower half plane.

These half planes overlap. By analytic continuation they define a

function F(a) regular in the entire a-plane.” The growths of

by
e
by
&
'
e
'
&
Fht

+ _ + _ _ (a), h+ (a)- .are s.tudled in the
proper half planes.. As it turns out, the analytic function F(a)
is a constant in the problem under investigation.

Thus fl_l_ (@) and f (a) are known in terms of the already

determined functions. Then

1 - ial
—2—;§ f_ (a) e da, A >0
£M) = -0
0 A <O
1 % '
- 1aX
‘—2“1'1_—5' h+ (a) e da, x< 0
h(x) = - 00

YO x>0



In the problem of plane wave diffraction by two parallel
half planes one gets a single integral equation of the type III pro-
vided that the direction of prop‘ogatio'n is perpgndicular to the edges
of the half planes and parallel ;co the planes. For t’hé cylindrical
source placed symmetriéally with fespgct to the two half pianes,
one again gets a single integral equation. ‘However, \&-‘hen the line
source is not symmetric with respect to the two ha}f pllanes (the line
source is still parallel to the edges of the hal}planes) we get two
integral equations of the type III. These involve four unknown
functions whose behavior at large distances is assumed to be known.
The technique used on (III) has to be applied to both the integral
equations separately. Chapter 2 is devoted to the problem of the
two parallel planes with a line source between them. In Chapter 3 -
we investigate the diffraction of a line source excitation by two
parallel half planes. Chapter 4 contains the proofs of asymptotic
estimates used. Finally in Chapter 5 we obtain the results of two

parallel planes problem from the results of Chapter 3.



2. FIELD OF A LINE SOURCE_‘PLACED BETWEEN TWO INFINITE,
PARALLEL PLANES

This chapter is primarily devoted to the derivation of the in-
duced current distrib‘utionls in the two cdriducting planes af large
distances from the source. This form's'a basis of the;aséumptions
m»ade about the induced currents in the next chapter. If the source
of incident field is oriented in such a w;y that EX = EY = HZ = 0, .the
secondary currents in the two conducting planes flow pa:aliel to the
z-axis. These secondary currents act as sources éf new radiation
and re-radiate the energy incident upon the two planes to create a
secondary field. Thvus‘the, secondary field can be constrgcted in
terms of the distributions of the induced currents in the two pianes.-; ’

Consider a cylindrical source (of un‘iit strength) which is ‘paral- —
lel to the z-axis, passes through the poiﬁt Q(x', y') and is radiating
on t§vo infinite parallel and perfectly conducting planes of zero
thickness,

y = b -0 < x < ®©

(Figure 1)
y o= -b ~0o< x < ®©



Y:b Y'A}
> X
y:_
Figure 1 l
We may assume, without any loss of generality, that x' = 0. We
further assume that y' = 0. There are two distinct cases for the

)

.pos‘sible values of y'.

i) |y'| >b.

(i) [y'] < b.
In (i) the source lies on the same side of both the planes and the one
nearer to the source aﬁ_ts«like‘ a shield. This reduces to the problém '
of a line source radiating on an infinite conducting plane. It has al-
ready been worked out by Amos (1). In (ii) the source lies between
the two planes. The assumption y' = 0 is justified due to the fact
that the main purpose of this chaptef is to obtain an estimate the
strength of the induced currents for x >1. The source is symmet-
rically located with respect to the planes and hence the strengths of
the induced currents at the same distance in.the x-direction are
equal. Let I\ ) be the strength of the.i.nduced currents at a dis-
tance M\ in the x-direction. The total field U(x,y) at the point

P(x,y) can be written as



= +
U(x, y) U, US.,‘

i'f% HC()Z)( k \I/x2+vz)

' ,»~'-,ff;,°°m) [Hf,z)(k Vier2 + 502 |

‘= Q0

where

c
]

and

+ HC()Z)( k \/x-.x 2 4 (y+b)2) ] dx .

Clearly U(x,y) = U(x, -y).

"(2.1) . U(x,vy) =-j; -H_(Z)(k «/x2+y2)

+ Hc()z)v(k \/(;-x)2+ ('y+b)2 )]d)\.

Inserting the boundary condition U(x, £b) = 0 in (2.1), we get

o]

2.2) 54 I(\) [HLZ)‘(k \ﬂx-x)z + (Zb')2)+ g (@) (klx-)\l)J dx

- Q0

2 2

(2)(k x +tb7)

= -H
) [o]

-~0 < x < o,
Integral equation (2.2) can be solved easily by the Fourier trans-
form methods. Multiélying both sides of (2.2) by exp(-iax) and
integrating with respect to x from - to o we have (24a, pp. 77,

80)
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(2.3) 2 [1+exp (- zlb\/k - )]
exp 1b\/k_—
%( |- )

provided that the exchange of the order of integration is permitted.

[o0]

T = S I(\) exp (-ia\) d\

(2. 4) I () = _exp ( -1ka ) _
' 1 + exp ( 21b\/k2-a2 )

" The arguments of (k+ta) and (k-a) in the a-plane are subject to

- sech(b Vaz-kz )

1
2

the following restrictions.

-2m € arg (k-a) < 0
(2.5)
-m £ arg (kta) < 7

We further assume that bk € /2 - p, p.> 0.

‘Taking the inversion of T (a), we get

o0
1 b= ' .
IQA) = T I (a) exp (iak ) d\
- 00 .
o0 1 2 2
. 1 T 2 ('vl)n (nt 3 n% ™ !
7_1?(3) z————r exp |
n=0 (n+-l)2 11'2 b
2
bZ
Thus IN) =~ elk)\ as N\ — oo,



11.
3. DIFFRACTION BY TWO PARALLEL HALF PLANES

In.its formulation, the problem is sirﬁilar to that of Chapter 2.
However, in the present case, the c&rlindrical source is not located
symmetrically with respect to the two half planes. This leads to
different strenghts of induced currents IO{)\ ), Il (\) in these two
conducting half planes. Furthermore, in Chapter 2, I(X\) was
determined for all X with U(x, *b) known for all x. In the present
case, L (A\)= TI.(N) = 0 for \ < 0 and U(x,b) = Ux,-b)=0

for x > 0. The problem is to determine I (\), Il()\) for X > 0

0

and U({x,b), Ufx, -b) for x < 0.
Consider a cylindrical source (of unit strength), which is parallel
to the z-axis and passes through Q(x', y'), radiating on two parallel

half planes of perfectly conducting material and zero thickness.

y = b 0 < x < ®
(Figure 2)
y = -b 0 < x < o0,
Yy
I (\)
y=b g
Q(XI,Y')
X
I
10\)
y=-b

Figure 2
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(3;1) U, = iz H(()Z) (k \/(;—X')Z +‘(Y'Y')2)

0

(3. 2) U = f 10 (.X)H'gz)(k' \/(x-x)2 + (y—b)z ) d\
.O .

NS

. 0
1

+ —Y L ov) B (6 Vixn)? + gp)% ) an
o 1 0 .

4!

3.3) Utoy) = = HZ e Veex' )2+ r-y)% )

0

i
2%
4‘O

+1 'o 2 e Vien)? + (ytb)? )de

l:o)\)H \//x\ yb))

Inserting the boundary conditions U (x, *b) = 0 for x > 0 in (3. 3),

we have
. 0 . 2
(3. 4) 1 .g) [IO()\)HE))(HX‘)‘I)
+1 () H(Z) (k V - )2+ (2b)° )J ax
f 3 @ Vo P ey ) = 0
v 0 < x < o
(3.5) l4§ [ )\)H k‘\/x N+ (2b)° ) +T(N) (klx xl)]dx
0
' %Hfhkv&xwz+mww2>=o

0 < x < o0,

- Furthermore, we note that the left hand side of (3. 4) should give the
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total field U(x,b) for x < 0 and the left hand side of (3.5) the total
field U(x, -b) for x < 0.

Equations (3.4) and (3.5) can, therefore, be written in the form

00

(3. 6) § [IO(X)H(()Z)(k|X-)\|)+ II(x)H(()Z.)(k\/(x'.x)z,{(:ab)z )] dax
0 .

0 x>0

+ P (e bext)® + ooy )® )

ii U(x,b) x< 0

- |
(3.7) g[IO(X)H(()Z)(k (x->\)2.+(zb)2)+11(x)H(()2)(k|x-x|)] ax
o
: 0 x>0
+H(()2)(k \/(X-X')2+(b+y')2) 2{ 4
T U(x, -b) x<0

Adding and subtracting (3.7) from (3.6), we have

o0

(3. 8) § pO()\)[H(()Z)(klx—)\I)+H(()2)(kV(x-)\)z + (2b)° )J an
5 |

+ H(()Z)(k \/(x-x' )2 + (b-y' )2 )

+ Héz) (k V(x-x' )2 + (bty! )2 )

x> 0

O

4

- [ U(x,b)+U(x, -b)] x<0
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(3. 9) S' p(M) [Hf)z)(k]x—)\ |- H(()Z)(k Vix-2)%+ (2b)° )]d)\
o

+ H(()Z)(k '\/(x-x' ) + b-y! % )

_H(()Z)(k \/(x-x' )2 + (bty! )2 )

0 x>0

ié [U(x,b)-U(x, -b)] x<0

. where

Py(A) = L (M) + 1 (A)

PN = L) -0

The equations (3. 8) and ’(3. 9) can be expressed as integral equations
of the Wiener-Hopf type , _ -

0

(3.10) | Y.f(X)E.(x—X)dX = g(x) + hx) -0 < x < ©

.—-00

by the following relations

(‘
Po™) A >0
fo(x)=
L0 A <0
/‘
p, M) A>0
£ 0 =
0 A <0




£, tx-A) = Hf)Z)(k|x-x|) ¥ Héz)(k Vie-n)e + @b)°
¢, ten) = HE e en ) - 5P 0 Vn? + @)

gy b = -[ B (6 Veeox)® +-y1)%)

@) 1 Vix-x)? + oty ) ]

+ Hy
g, 6 = - [HE (k Veex)? 4 oy
HP Vi) ? £ ey )]
‘ 0 X>Q
ho (x') =
-i-4[U(x,b) F U, -b)] x<0
0 x >0
hl x) =
2[UbLb)-Ubs, -b)]*  x<0

Thus obtaining

| (3.11) g fo () Lo (x-N) AN = ' go(x) + ho.(x)
(3.12) y £ 00 £ e-h)dh = g (x) + k()

- Multiplying both sides of (3.11) and (3.12) by exp(-iax) and int

from -0 to w0 we get (24a, pp. 77, 80)

)

15

-0 < x

)-00<x<00

-0 < x

-0 < x

-0 < X

—0o < x <

egrating
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(3.13) . (a) [ 1+ exp(-2ib KZ-a%)]

2 i) [y oy | YO
2 2 .
k -a

+ exp( —i|b+y' | \/kz—az )] + 1—10 {a)

f (a)
(3.14) 2—1?—[ l-exp ( -2ib \/kz-az )]

2 2
k= -a .
- -2 exp(—iax' )[ exp( -i,b-y' ,.‘}kZ_QZ )
\/kz 2
-a
—exp (-i[bt+y' | Vk —az)] + El (a)
where .
o0
f (@) = g Py M) exp(-iaX) d
.and |
- 4 0 ,
h, (@) = TS [Ux, b) % (x, -b)] exp(-iax) dx
1 -00

At this point certain assumptions about the forms of Py ), P, ),
U(x,b) and U(x,'—vb) are necessary before-we can proceed further.
First, we require that 16 \), _Il()\) be absolutely integrable over
any finite length. Furthermore, we assume that the behavior for

large distances from the source be like that of I (\) in Chapter 2.i.e.
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< C. exp (kA ) as A — and that k has a small

’10 ) 1
1

positive imaginary part.

Also

< C2 exp (-ikx) as x¥'—°0

Thus
G 0
f (a)] <€ |p (N)|an +C exp(-iah + ik\) d\
0 0 O ~ 1 o

We notice that fo(a) represents an analytic function which is regular

(a) is

in the lower half plane Im a < Im k. We also note that fo

bounded in the proper half plane Ima < Imk-¢, Imk >e¢> 0.
Similarly fl (a) represents an analytic function, regular and bounded
in Ima<. Imk - e.

A similar analysis for flo(a), h_1 (a) shows that these represent
analytic functions, regular and bounded in the upper half plane

Ima> -Imk +¢. Letus re-write (3.13) and (3.14) as

(3.15)  Hy(a) = Lexp(iox') [ exp (-i|b-y' | Vk%-a? )

+ exp (-i|b+y’ | szfaz )]
+ -1_— [ 1 + exp(-2ib ¥ kz—az)] f (a)

0
2 kz—az



(3.16) ﬁl(a) = M [exp( —iib—y'l sz—az )

21/k2-a2
- exp —i|b+y_'| .\/kz—raz )]
[1 exp (- Zlb‘\/ —a )] f (a

2\/—2

where

Io(a), Zl(a), éo(a) and él(a) in the integral forms represent

functions regular in the strip lIm al < Im k. However, the closed .

forms give analytic continuations into the whole a-plane when it is
cut fromk to © and -k to -9 along lines parallel to the real

axis. (Figure 3).

18

G- -T+id

v

T+ib

-T-i6

-k T-1i6

Figure 3
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That branch of y [k -a is considered in which

-2m £ arg (k-a) < O
- < arg (kta) < w
© Using this information, we find that (3.15) and (3.16) are valid only
in the strip IIm al < Im k which is the overlapping.region of regu-

larity of f_o (a) and h0
1 1

(a).

i [ 1 - exp ( -2ib \/:kz-a2 )]

2 sz—az

We decompose L(a) =

as

where L_ (a) and L, (a) are regular in the lower and upper, over-
lé.pping half planes. If we apply Cauchy's theorem to log L(a) ona
rectangular contour of Figure 3 and take the limit as T — ©, we

obtain

log Li(a) = L log L(t) dt - L ‘g log L{t) dt

2mi C+ t-q 2mi ) t-a

since the contributions due to the vertical sides of the rectanglilar

contour vanishas T—»

(3.17)  log L_(a) - log L, (a) = L S“ log L(t) 4, _ 1 gjlo&L(t) at
| YC

2mi t-a . 2w t-a
+ v -

sl
b

" The signs - or + attached to the functions will denote its half plane
of regularity as defined here.
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3.18) log L (a) =- I.S' log L) 4,
¥ c

(3.19) log L_(a): . ‘& log Lt) dat

27 t-a

1 5 ’:ﬁog L(t) dt
-T+id

where that branch of the logrithm function is taken on which log 1 = 0.
In fact both log L+(a) and log L (a) are given by the same integral

when &6—+ 0. Moreover,

1 T-180e Lit)
' -T-i6
put -t = z
" -T+ib
L, (-a) = exp l. lim ‘. log L(-2) dz
+ 2T T 00 -zta
T+ib
T+ib
:exp{ Loy _lg_ud}
2T Z-a
T—>co )
-T+i6
(3.20) L (-a) = ——
R + " L_(a)

Since log L(-z) = log L(z).
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To evaluate L+ (a) in a closed form, we replace C+ by the contour
shown in Figure 4. The contour must be in the lower half plane

since a in the function L+ (a) lies in the upper half plane.

t=-T

Figure 4

Applying Cauchy's theorem we have

logL(a) = __._S' { 1eXP(-21ka —tz) dt

k2-t2 t-a
YN
(3. 21) % log L+(a) = - 2111_1 S log i 1-exp (-21b k™-t7) ‘dt
1 2 2
(3.22) % log L+(a) = - —2—11;1- 1og i l-exp(-2ib Vk -t ) dtz
| C 2 Vk2-t2 (t-a)

C +C +C +C2
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We evaluate the contributions to the right hand side of (3.22) by

) , C .
CI’CZI C3 22 separately

the argument of kZ—tZ changes from -g to - 3217 from

OnCl,

the upper to the lower side of the cut.

o1 510g’ [i l—exp(—Zib\/kZ—tZ) ] dt
M e 2 Vk2_¢2 (t-a)

S‘_lzg .[,1 l1-exp( 2b VtZ—kZ) ] dt
- 2i Vi2-k?2

2Tl (t-a)Z

1 S"'T I . l-exp bV Pkl )] dt

- l ! » -
Tk -2i Vt2-k2 t-af
_g‘-ig ~l-exp(-2b VtZ—kZ ) dt

- “1—exp(.+2b "\,‘tz—kz)_) (t—o.)2

2mi
© -k

1 S'T -2b V% -K?

2mi (t- )Z de
K a

§JT

(t+a)

dt

2 . 2 T
b - \/————T K + cosh_1 L —ai de

. = = —
™ o (t+a) Vt2-k2

. ¥ dt .
In n-= S —— put t = k cosh u
. (t+a) Vt2-k2



cosh_1 I
k
n = : du
S at+kcoshu -
0 ' cosh
1
2
= 2 tan-l (t;: tank Lzl-
k2_q?
0
. T
At the upper limit, cosh u = -E
u T-k
tanh 5 = /o
As T—+o tanh -%—-1 at the upper limit. At the lower limit
tanh 0 = 0 and taking arctan on the principal branch we get,
‘ 1
T | -
lim § dt = 2 tan! (k'a
’ k+
T—w 9 (t+a) ViZ-k? V2.2 o
(3.23) lim |- 1 S‘ - .b, cosh_1 I
2mi ' i -k
T— C1
4 1
b 2a -1 k-a 2
T Lt == tr k+a
kzéa2 .
On C T < t < - = |
21 arg T2
1
- -3'2—“-— < arg (kz—'cz')2 < -

The integrand behaves asympotically as

log [exp(2bt)] _ 2bt 2b

tZ tZ t

23

|1
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2 2
\ _ : _ d
} 1 S log | i l-exp (2ib. Vk -t ) t
C

2wi 2
21 2 V%% (t-a)

ro-im/2 o
2_15_21:) at = - = ( iae = - 2
27i t i Tl 2
Te—iTr ' -
(3.24) . . lm - —1-— C - . b in the limit as T— o
e 21l 2
21
OnC 1< t <0
- = T
"2 T2 aré |
-1 < arg G(Z-tz)z < - g
. : log t . .
The integrand behaves as = > in this quadrant. As
i 2

T— o0, the contribuftion due to this part vanishes.

(3.25) . . lim - ZlTri f =0
T— o “C

22

The contirubtion from 63 is due to the phase difference of the
logrithm term in the integrand on the two sides of C3. The zeros

of the function [1—exp (-2ib W/kz—t2 )J are located on the negative

bZ

branch points of the logrithm function in the integrand. The term

l-exp (-2ib sz—tz )

H
log \i j in the integrand, for IIm tl < T,

2 V2.

2_2 2
. . . . . n-w 2
imaginary axis. The points t = -1 [————— -k } are

h
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has the same phase as

1
N 2.2 ) 2
log H t+i ’2 -k
. ,
' n=1

Nm
where N is the largest integer such that - < T

N 2 2 %
1 1 n“m 2 \ dt
- S g = - > log t+i > -k j —— »
i t-
c, c, 1t b {t-a)
N
N T iT
1 : 1
= 5 dt = - )
e 1 =1 2 2 2z
nel i|n2n2 212 e i [nfe” 2
— -k
b b
N
Z 1 1
at+iT 2 2 L
n=1 ati |27 22
2
(VP \
N | k
: 1 B 1 1.
(3. 26) T 5 = Z THT - T
C - 2
v3 o nEl a+i nz" k2 J
b

1

d b b 2a -1 [k-a |2 ]
. —— = - — P P +
(3.27) . Ia log L+(a) > i 1 - 2 tan o J
Vk -a N
|'N
-1T
+ lim 1 - 1 T/t —_coshl—
a+iT = i k
T =1 nzwz 212

ne ati -k ~



(3.27)

d

da

L log N +v , N —
n
cosh  x =~ log 2x , X ™ ®
N
~ ; for T >1
can be written as
1
2
- - b
logL(a):-h'h[l+ﬁ__tanlft+a) J+_
+ 2~ m ViZ_ a2 | kta oo™
N
+ lim Z w?n - 1 1 'Bw}'
T— | =~ nle? 212
ati > -k
b
b 2T
+ 1
o8 Tk
1
' 2
-2ba -1 k-a b b'Y b
2 ———————— tan = -5 -t — log
o kt+a 2 m m
i \/k -a
© - .
+ Z ].O' - L
Tin - 1
n=1 ati (= > -kZ2 |2

26



1
(3.28) - log L_(a) = —222 tn’l(-——k"‘)2 LI R )
E a OB T > 2 k+ 2 woowi bk
' wi k -a
0 . b \
-i
b - nw
* z mn 1
n=1 -iab bZkZ 2
+ J1-
nm 2 2
nw
Integration of (3.28) yields
1
2 .
_-2ib _4f 2 2 -1  k-a iba ba
log L+(a) = - k -a tan (k+a) -
0
ba 27 bvya ‘iba
+ —_— - -
i lo -( bk ) i * nm
n=1
2 -1
+lo 1- bzkz\ _ the +
g 2 2 ) N const.
nw
1
2
B - 2ib 2 -1 k-a, iba ba
(3.29) L+(a) =K exp - k“-a~ tan (k+a' — -
ba 2w ibya
+ log ( bk) + - :i
1 -1
0 2
RIS iba [ iba
t 2 2 nw exXpl=T &
nw



Using (3. 20)

. 7_—_'-“— _ +
(3.30) L_(a) = — :Kvexp["‘;b' Vi?oo? tan’! 22

( bzk2 ) iba iba
1- + X

Thus

1-exp(-2ib kZ--az) - 2 bZ(kZ—az)i

zm | nm

exp [ leTb 2.2

1
2
-1 ,k-a
+ tan (k+a) ) ]

2 explib sz—az ) - exp(-ib sz—az )

28

(3.31) = (K))

2ib sz—az
exp [-ib Vic?-a? ]

#* See Appendix



(3. 33)

i

N-b exp

21b _\/—Z_:_

tan -

a 2T
== v+ -
T (1-ytlog bk )

1
- o0

2
1 k+a) W 1. 2k

n=1
-~
ib o ( iba )
nmw P T
. 5 1
R sin(bVk -a ) Z exp _P_g_lba
. — 2
b ‘\/kz—a2 -
1
2ib 2 2 -1 ,kta 2
t - k -a tan (k—a?

n=1 nznz
1 b2
1 b kz 0,2 2 ba
exp |-~
N-b sin(b VkZQaz)
iba 2w 2ib [ 2 2 -1
-yt —_—) - -
02 (1 Y ].Og bk ) - .\/k a tan
0
+ i z (tan 1
2
n=1 n TI’Z -kz
2

k-a
(m)

ba

nmw

1
Z

29
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As Ial—' o in the proper half plane

1
( . B
|L+(a)| = O(]al®) , Ima 2 -8 te.
(3.34) ¢
1
2
: |L_(a| = O(lal ) , Ima £ -6+ ¢
\ -
Let Pf(a) = —;—[1 + exp (-2ib sz—az )]
P (a)
We decompose P(a) in the form P(a) = B (@) where P_(a),
+

P+(’a) are regular in lower and upper half planes with a common
strip.

The analysis for this decomposition is essentially thg same as
in the case of function L(a). We will, therefore, give only a sketch

of this analysis.

log Pa) = Zlm Y _let_gﬂt_) de - 2% ( lotng at
. C -a 1 . C -Qa
+ : i,
= log P_ (a) - log P+(a)
a1 log P(t)
(3.35) log P(a) ="~ 5 Sc R0 g .
' +
(3.36) log P (a) = - .ZL_S‘ log P(t) .
- m t-a
. C
Furthermore
1
(3.37) P (-a) = —



31

. d _ 1 log P(t)
(3. 38) 4 log P+(a) = - om E: : > dt.
X, (t-a)

Replacing C+ by the contour of Figure 4, we get

!

2" 2
d . 1 l+exp2ib Yk -t~ )| dt
(3.39) 5 log F () "2wi§ log 2 t-a?
UG
On Cl' the argument of V kz-t2 changes from —g to - 3; from

the upper side to the lower side of the cut.

2

-T
1 ‘ _ 1 " 1o 1t+texp(2b \)tz-k2 ) dt
2mi | C 2mi g 2 (t-a)
. 1 -k

(t-a)°

1 Y-T [1+exp(-2b'\/t2-k2 ,):] dt
log
- 2 "
-k

1 g_l;rg 1+exp(2b \/tz-kz) dt
2, Ltexp(-2b {fZ-KZ ) | (t-a)°

&
_ 1 g’_Tv(Zb \/tz—kz ) at
B 2

* (t-a)

"k
| 73
T Vi

[ G TSR
Y odk o (tta)
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1 ‘ b -1T
(3. 40) 1im S S‘ M cosh T
T—o0 C1
1
2
b 2a -1 k-a
= - =< |1+ —— tan ( )
i "\,l!:z‘-az kta
On C ™ < t < I
n 21, - arg » - >
—-32—1T < arg ( kz-tz) < -
The integrand is = log [exp(2bt)] = 2bt = 2b
2 -2 t
t t
' b
(3. 41) .. -—1-—§ = - = as T— o
2T C 2
21
T
c - = < <
On 22 > arg t 0
2 2 :
—w<arg(k-t)<-2£
The integrand is = —li;l)—
t

The contribution for this segment of the contour vanishes as

T— o0 .

1
(3. 42) 'zmj; =0 as T — .
22

The contribution due to C3 is again due to the phase difference

on the two sides of C_. The zeros of the function

3
[ 1+exp(-2ib '\)kz—- t2 )] are located at
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m+=)"m 1
t=-i ———-32———— x| %, n=o01,2.
b

For ]Im t| < T, the logrithm term in the integrand has the same

v 1
phase as N o+ l)ZWZ e
. 2 2
log | | [ t+1{——-—'———-— -k
2
=0 b 1
n N+ )m
where N is the largest integer such that —————— < T
- (n+ = )2n’ ';' 7 |
1 1 . nrRl T 2 dt
- = - = log t+i _— -k | —
2mi C 2mi C bZ (t—a)z
3 3 n=0 -
N -
N 1 1
- . - 2 2 1
ai+ T (n+-l) T >
n=0 . 2 2 -
ati '——E-—"— -k
b
N
1 3 1 1
3 n=0 et [ftz) T /BT k] 2
Adding up all the contributions, we have
1
d b b 2a -1 k-a, 2
-—_] T e o — + —_—— ——
da °g P+(a) 2 m [1 2 2 tan (k+a)
‘ kK =a .
‘N _
1 1
+ lim Z [ -
a+iT 1
T= o 120 (n+ %)sz 232 -
a+i > -
b
-1 T
+ a——
cosh K



We note the following asymptotic relations

34

N
1 _
— = log4daN+y , N—= o
n+'z
n=0
cosh "x =~ l0g 2x , x —~
(N+%)11’
T = 5 as T— o
1
d b b 2a -1 k-a 2 b
—log P (a) = - = - = [1+———-=— tan ~ (—— ) ]+ —
da + 2 i \/kZ_QZ k+a i
N .
)| E— E
_ T— iTnh+t=) n+=) z
2 . 2" . 2 . .
. n=0 : a+;—2——.-—-k -
b '
b b, 2T
- T log 4N + = log e
| 1
d -2ba -1 k-a, K62 b by, b
e = —_—_———— e
da log P+(a) tan (_k+a) 2 i wilog(
2 2 '
mm Vk -a
)
¥ Z b
L
=0 mi(n )
. b
_1 1
+_.
) ) m(n 2)
1
-iab bzkz =
1 t 1 1.2 2 2
(rl'i"z)vTT (n+ E) ™

—)

2bk



1
‘ 2ib [ 2 2 -1 k-a.2 iba ba
log P (a) = - == Vk"-a"tan * (50)" - -3
LT 2. 2
b ul by i bk
+ log(zbk)— a + log } 1_v 122
n=0 (n+—2—) ™
-1 |
- tha t i - iba + const.
1 1
nts)w (nt—)w
2 n=0 2
1
2
: 2ib 2 2 -1 k-a ba
= _=_- k- .2
(3. 44) P+(a) C exp - V a tan (—k+a) 5
5 i 1
+ 2= log (———) by 1_b2k2 :
= + —
n=0 (n 2) ™
-1 ‘
iba ( 1ba )
- T exp |- 7
(n+,—2_ ) (n+'z)ﬂ'
But P (a) = ————
- " P (-a)
+
1
. , . . 5
.. . ) N .
(3- 45) P(Q.) =C! exp {@_\/kz_az tan 1 (kﬂ, ) _E_(_l_ _ 1b0.
} ‘ T k--a 2 ™
1
o0 - >
b 220g () + 2 1. 2k
g Zbk i a 1 2 2
(nt—)"w
2
n=0

35°

iba -
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e -

P (a)
P)= 5o = P.@ P_(-a)
+
' .‘} 2.2 2
- 1 + exp(-2ib kz-az ) 2 b (k -a’)
(3. 45a) = (C") 1- ————
2 1.2 2
(n+—2-) Tr
n=0
exp {Z:I_b sz-az (-TT/Z)}
cH® =1
| C! =1
1
2ib 2 2 -1 k+a, 2 ba iba
(3. 46) | P_(a)— exp { - k ~a tan (k-a) - - -
= B 2.2 -
iby b m . bk Z
A ¥ 1°g(2bk)} =12
. ' n+=)"mw
2
| " n=0 :
+ iba iba
I exp |- i
(nt =)w (n+ E)TT
v ! | .
2ib .22 -1 k-a, 2 ba iba
(3' 47) P+(0,) = exp {- - k —»0. tan (-k_+(;,) - —2— - T
o0
' 2 2
iby 1 bk
+ a + — log (——} l l (1—
™ i 2bk \ (n+—1-)21r2
n=0
- _1 .
iba iba )
ST eXP 1=
(n+-2-)Tr (n+E)Tr

* See Appendix

|-



(3. 48)

| 37
o) Ima>-5+ ¢

(P, ()]
<

Oo(1) Imag 6 -c¢

| 1P

in their respective half planes.

Equations (3.15) and (3. 16) can now be rewritten as

(3. 49)

(3.50)

Let

(3.51)

. =lax!
Nkta ﬁo(a) P (a) = }S—T [ exp(-i|b-y'| sz-az )

. 2'\/l_<Ta‘
+ exp(-i|b+y’ | kz-az.- ) ] li(a) +1i P (o) fo(a),

f @)L, (o) = 2RO e ifbyt | Vie-a®)

2 sz-az
2 2

-exp(-i|bty' | \‘!k -a” )] L (a) + L (a) fl(d);

afe) = 22REX) o (fboy (VP a)

2 sz-az
+ exp (-i|b+y’ l\/kz—az )] - P+(a)

We decompose Af(a) as the difference of two analytic functions

A (a), A+(a) which are‘regular in half planes with a strip in common.

(3.52)

Afa) = A_(a) - A+(a)
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Applying Cauchy's theorem to the contour of Figure 3 we have

1 Aft) db

Afa) = 7 P t.

The integrand tends to zero on the vertical segments of the
contour and thus the contribution due to these segments tends to

zeroas T — o

(3.53)  Afa) = —— ( Alt) 4 o L gé—ﬁt—) dt.
QC .

271 t-a 2mi t-a
+
T-i6
1
A (@) = lm - — Al g4
+ T— oo 2Ti t-a
_ -T-16
(3. 54) ﬁ
T+id
A (a) = lim - I_S A(t.) dt .
k - 2mi t-a
T—
-T+i6
-1
(3.55) |A+(a) = O(|6+Ima[2) as |a|—’ 0 in the upper half
plane Im a > -6 t+ €.
-1
2
(3. 56) ]A_(a) = O(IB-ImaI ) as ]al—' o in the lower half

plane Ima € 06 - ¢
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Let

e

(3. 57) B(a) = lexp(-iax') "exp(—ilb-y' I k —az )

S 5
2 kz—az
A/ 2
-exp(-i|b+y! | kz—a )] L+(a)

We decompose B(a) as the difference of two analytic functions

B (a), B+(a) such that Bfa) = B_(a) - B+(a) In a manner simi-

lar to that of Af(a)

( B+(a) = lim - ZTl_ g‘ -—B{(i)—-— dt
T— o e -e
+
(3. 58) <
. 1 B(t)
\ B (a) = ;1—n:1°o— S XC a dt.
-1
( 2
|B+(a)| = O(|6+Imal ) . lal—' 0o, Imaz -6+ ¢
(3-59)
-1
\ B (a) = 0(|6_1ma|2), |a|—= o, Im a £ 6-¢

Equations (3.49) and (3. 50) take the form

(3. 60) N k+a ﬁo(a)P+(a)+A+(a) = A (a) + iP(a) f'o(a)
h Nk-a

(3.61) 1‘-’11(a)L+(a) + B+(a) = B (a)+ L (a) fl(a)
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The left hand of (3. 60) is regular ih.an upper half plane and the
right hand side in a lower half plane. The two half planes have a
common strip. By analytic continuation they define an analytic

function F(a) in the entire a-plane.

-1
Furthermore ]F(a)l = 0 (|a| 2 ) as Iai—’ © in the region
Irf] ag6-¢e and 1
IF(a)I = O(|a| 2) as |a|—> o for Im a >-6+e¢.

According to an extension of Liouville's theorem if Fl(a) is

analytic for all finite a and Fl(a) = O(Ial ) as [al—' o then
Fl (a) is a polynomial of degree £ m. Hence the function F(a)
defined by (3. 60) is a polynomial of degree < -é— . It follows that

F(a) is a constant. Moreover as }a[—-’ © along the negative

i

imaginary axis we note that F(a)— 0. This implies that F{a)

Thus P (a)

0 + +
i iNk-d A (a)

(3. 62) fla) = 5 o)

| _ A ()

(3. 63) Hl) =-

Nk+a P (a)

Similarly (3. 61) defines an analytic function G(a) in the entire
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a-plane and G(a) = 0. It leads to
_ B_(a)
(3.64) fl(a) = -7 @)
, B, (a)
(3. 65) H (@) = - )
+
_ 0
£, (@) = Py &) exp (-iah) dh
I _oo 1
oo .
f'o(a)+f'1(a) = 5 [po()\) + p, (\)] exp(-ia)) dx
- 00
0
= 2 S\IO(K) exp (-iak) d\
- 00
Similarly
0
f'o(a) - f'l(a) = 2& 1,1(’\) exp (-iak) d\
-~ 00
Thus
0
(3. 66) 1,0 = %S [£,(a) + £ (a)] exp (ia) da
- A >0
R
(3. 67) 110\) = E& -[f'o(a) - f_l(a)] exp (ia\) da
- A >0

f , f are given by (3. 62) and (3. 64) respectively.
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0 .
I:IO(Q) = 7—; EO (a) = S [U,b)x Ulx, -b)] exp(-iax) dx

1 -00

00
(3.68) U(x,b) = %75 [I:IO(a) + I:Il(a)] exp(iax) da

-00

x < 0

! 00
{3.69) U(x, -b) e g‘ [i:IO(a) - FII (a)] expliax) dx
- x < 0

where I:Io(a), i-_-Il(a) are given by (3.63) and (3.65) respectively.
We have, therefore, evaluated all the unknown functions in the

form of integrals (3. 66) fo (3. 69).



4. ASYMPTOTIC ESTIMATES

In this chapter we justify the assumptions of Chapter 3 re-
garding the asymptotic behavior of various functions. In pérticular
we establish the validity of (3. 34), (3.48), (3.55), (3.56) and

(3.59).

lim - —

: T-ib 22 ] .
1 : l-exp{-2ib k> -t%) |at }
L+(a) = exp o log |1 t—aJ
- z
T e T-i8 2 Ve2-t®

Letk = kl + 1l<2

z
) dt

iy 2
l-expf2ibVk -
L+(a) = exp { - 2111’15' log | i Bt t P
[2 -
-k, 2 Vk ~t2
- 00 . [ 2 2
1 § log | i l-exp{-2ibVk -t ) dt
2w A - t-a
—kl 2 sz—tz
‘ 2 2
1 07 iexp(-2ib VkZ-t2 ) | at
T o2mi log | 3 t-a |
' 2
kl 2 Vk —tZ
Here we have put 6 = 0. This is justified since contour C+ can

be replaced by the contour through the origin
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- ' ’ 2 2
1 gwlog . 1-expi-2ib Vk“-t7) dt
2mi . t-a
W/ 2 2
-k 2 Vk
.1/ 2
- 1 001 ; l-exp(-2ib Vk -tZ) dt
271 Og > 2 -t-a
k ' 2Vk"-
1 ® 1 : 1-exp(-2ib sz-tz ) di
B 2Ti °g 5 > t+a
k L 2Vk -t
1
K1 . l-exp(-2ib Vk _tz) dt
L (a) = exp( -5 log| i
+ 2Tl m t-a
-k L 2 Vk
1
00 . l-exp(- 2b\/t_ ) 1 1,
- = log | i ( - )dt
2mi ’ > 2 t-a tta
k ! -2i \/t -

1

since arg/( sz—tz )

li
t
(ST

as t varies from kl to oo .

l-exp (- 21b

(4.1) L+(a)=exp —-21'". ( logj i

N -k Z'sz—tz

_ :
} gg‘log.exp(Zb t—k) }

i
* 1/2
k

1

(4. 2) ykl 1-exp(- Zlek ) dt 1

log | i : = O(=—)

t-a a
2
—kl 2 Vk —tZ

since the integrand remains bounded for -k < t < kl
1



2
Also k“—tz # 0. An additive constant does not make any difference

as long as it is bounded.

exp(-2b \/—2-k2) -1 dt

0
(4. 3) S log - 24 fz-az
Ky 2 Vt“-x -
—
* xp(-2b Vt“-k%)-1] dt
= log -
. 2 2 tz az
1 2Vt -k

® 1
+ Sﬁ log {—)
e t) 22

1

Since the logrithm term tends to log (

dt

t -a

2

.00 2 2
(4. 4) li log | t exp (-2b tz—k2 ) -1 dt
1 :

1 o0
O(EH-«XL
i

1
—) as t —o0,

o

[o0]
S‘dt
h 2 2

t -a

2 2
2 V%2 t-e K
A l
® dt
In S log (=) tZ az put t = -iav
k)
® 1. dt ® 1 1
Then log (=) ==\ log (= .. dv
t’ 2 2 a -iav 2
k t -a kl 1+v
1
ia
i 1 d ® 14
i v i v
- 2 (loa(57) =, + 5 (1og (5
a -1 a v 2
K 1+v "k 1+v
1 1
ia ia

45

1.dt
10g(t)———Z »

t -a
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But
i 1 a 1
i v ™
-—gylog(- ) ,\,—].Og(-"""—)—,
a ia a 2
‘k 1+v
1
ia
and
. 4 . 1 LY a
_ L (log (v) -—Y—Z = - —é ‘Y log (v) + g\log(v) Y
@ k 1+v k 1+v 1 1+v
" ia " ia
. 1
~ - — _‘glog (v) dv + O(1)
@ k
1
— - ia
' k k
i 1 ) 1
~ - = | — log (-—=—) +O(l)|{x -O(=)
a ia ia a
Hence
® 1. dt ] 1
' iw
(4.5) S‘log(-t-)2 Za.,-z——log (- ,m)+0(;)
* t -a
k1

Combining the results of (4.1), (4.2), (4.3), (4.4)and (4.5) we get

S ) AT jog (-——)

i 2a ia

)+ (-

el—

L+(a) ~ exp| O (

1 1
~ exXp O(;)—E,log (-
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According to (3. 20)

1

L_-(G.) - L+(-0.)

4.7) L_(a) x _(ia)

N

Equations (4. 6) and (4. 7) justify the assumptions made re-

garding the behavior of the functions L_I__(a) and L (a) in (3. 34).

Tis z 2 | .
exp{ 1. o L+exp(-2ib Vk“-t“) | dt

2T }rlmoo;. log 2 t-a
-T-is

P+(a) =‘

We again let 6~ 0.

| [2 2
1 k1 l+exp(-2b kz-t Y dt

Pile)=exp - 70 tog 2 t-a
_kl
. 2 -
1 (5 | ltexp(-2b Vi2 k) (L1
T 2w g ' 2 t-a tta
kl
k [2
B 1 ¢ 1 l+exp(-2ib k"'—t2 ) dt
SeXP 8T 2m log 2 t-a
_kl

a gwlog 1+exp(-2b Ve2-k2 ) dt

2 : 2 2

But | : '
-\/ 2
1 S"kl og ltexp(-2ib Vk —t2) dt 1
Y a

(4.8) To2m 2 t-a



and

A/ 2
l1+texp(-2b tZ—k ) dt

0
(4. 9) -%Tfl% > ~—, = O(l) by
k1

t -a

analysis similar to that for (4. 3)

. Hence

)+ O (1)} =0O(1)

el

(4.10) |P+(a)|xexp {oO(

in the proper half plane.

Similarly
(4.11) |P (a)] = O@)
00 00
1 ) A(t) 1 Ax-i6)
A+(a)__21r1 ‘§ o t-a dt To2m x-id -a dx
-0 -i8 -0
00 00

by Cauchy-Schwarz inequality

0

(4.13) |A (a)l2 < B z‘g _dx
+ 1 . 2
*/ 00 [x-lﬁ—al
2 ] ® 2
where B = — jg IA(x—iB)I dx.
1 2
4T ‘_oo

As le—' o, arg ( .sz—tz) . , t =x-1d

2

S22
A(t) contains the terms exp (—ilb—y'l k -t ) and

48



49

exp (—i|b+y' ] sz—tz ) which decay exponentially as ]ti—’ 0 .

o :
Hence g ~»|A(t)lz dt converges and is bounded
.. 00 ) , .

B 2 < o
1
o0 d d .
§ _—L—Z = g' XZ 5 where a = u + iv
-0 Ix—iﬁ—al ‘Lo (x-u) +(&v)”
% d
(4. 14) y _ax 0 “' -
Joo |x-i5-a|2- Iﬁ+v| |5+Ima
2 “Blz -1
Hence IA+(Q)] < Tﬁ—_‘l'_l;n—a_' = O (l6 + Im a, )

1

(4. 15) ‘|A+(a)|: O(ié +Im a[ 2;) as lai—'ooin the upper half

plane Ima 2 -0 te

+00 +id ©

) 1 Al(t) ~ 1 A (x+1§) )

(4-16) A fa) = - —— Sﬁ t-a 7T 7w ) xHea
-0 +id - -

By Cauchy-Schwarz inequality we Have

2 1 2 ® g
(4.17) A (@)]° < ——3_81 |A (x+i6)| 2 dx _g S
- 47 *“Loo */_ 00 Ix+i§-a|

0

< BZZ S‘ dx .
00 |x+i6—a“
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Q0
where BZZ: 12 g |A(x+i§)|2dx < o due to reasons
41
-~ Q0
similar to that for Bl.
* 4 % dx
_9x - g‘ X where a = utiv
|x+'16«-a|2 (X—u)2 + (f)—v)2 ' '
- 00 - Q0
T T
Ié-V{ R |6-Im a—l
2 "B:a2 1
Hence IA-(G,)I < m = O(lﬁ—".[m G.i )
1
(4.18) |A (a)] = O(|6-Ima]| ) as la|— o in the lower half

plane Ima € 8- €.
The analysis for the asymptotic behavior of the functions
B+(a), B (a) is similar to that of A+(a) and A (a). By a simi-

lar reasoning we get

1

(4.19)v IB+(a)| = O(|6+Ima| 2) , |a|—>oo" Ima> -6+c¢
4

(4. 20) ]B_(a)l = O(|6—Ima| 2) , |a|—> o , Ima £ 6§ -.e

in their proper half planes.
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5. TWO INFINITE, PARALLEL PLANES

As a special case we consider a line source of unit strength
located at Q (0, 0) and oriented parallel to the z-axis, radiating

on two conducting planes of zero thickness.

-x!' < x < y‘:b
-x!' < . x < o y=-b

Then the total field U(x,y) at P(x,y) is given by

[o0]

(5.1) Ux,y) = %Héz) (kAVX2+y2).+ T;SV I00)

-X'

1P 0 Vs on)’

¥ H(()Z) € Vi-n)2 + (r4b)2)] an

The secondary currents have the same strength due to symmetry.

Boundary conditions U(x, *b) = 0 for x > -x' give

(5.2) 0 = 71 H(()Z) (3 x2'+b2.)+

i

3 [ o aeber

_x'

+ H(()Z) (k \/(:--x )2 + (Zb)2 )] ax

Also the right hand side of (5. 2) should represent the total

field for x < -x'.
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This gives

2

. ,
(5.3) g I(\) [Héz)(klx.-)\ |)+ H(()Z)(k \/(x_-x)z + (2b)7)] dx
'_X'
0 x> -x!
(2)
+H0 (k x2»+b2) =
?—U(x,b) x < -x'

Multiplying both sides by exp (-iax) and integrating with respect

tbxfrond - oto ® _
| Y AT 2
5. 4) 2 T(a) [ 1+exp(-2ib Vk —av_)] + Z.GXP(—lb k -a )'—‘,é}_w.(a)
2 2 i
k™ -a k -a
where
o0
I (a) = gv I(\) exp (-ia\) d\
-x! '
h(a) = gU(x,b)exp(—iax) dx
-0

Asx'— © , h (a)=> 0

In the limiting case as x'— ®

B3 A%
I (a) =‘_§_I()\)'exp(—ia)\)d)\

-0

Hence in this case (5.4) takes the form

[ 1+exp(-2ib sz—az )] + exp(-ib ‘\/kz-az') = 0

TP V2.2

which is the same as (2. 3).

5.5) T (a)
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APPENDIX

In the derivation of (3. 31) and (3. 45a) we used the following

result | _1— l
-1,k-a,2 -1 k+a .2 ™
tan (k+a)v+tan (k-a)- = -5
Let “1_ }_
‘ k-a .2 ' k+a, 2
| z, = (k+a) y 2, = (m)

First of all we note that in the common strip of validity of
L‘_;_(a) and L_(a), (this strip reduces to the real axis when Imk
is arbitrarily small), arg (k-a) and arg (k+a) differ by‘ T

:arg k-a)= -m

arg (k+a)= 0

Define T = ' (——)

then z. = -ir.

Restricting the argument to the principal branch we have (18, p. 34-

35)



where the logrithm

that

1+iz
Log { l-iz
l+r 1
Log (773 21 !
Log { ) —
1+ 2i
T
[Log(—l) + Log (
l1-r ’
-im + log (1-+r )
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function is taken on the principal branch such

-m £ arg (Logz) < w

Thus

when r > 1

Ive
8
jo]
N
i

(ad
o
o}
N
1

L

2i

—é{[Log (-1) + Log (

[—in + log (

1
21 Log (

2i

1

2i

+ > [:-1Tr+ log (

Log {(

1+r
1l-r

) .

r+l
r-1

ﬂ

2i

r+l

r—lﬂ

Log

1-r |
1+rv)]_

I
)

r..
(“rj_‘—)
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Again we have

ta,n_1 z_ + tah-1 z I
1 2 2 L (a)

L+(a)

Furthermore r # 0 since the result L(a) = =L (o)L {-a)

is valid only in the common strip of regularity of both L (a) and
L_*;(a). The points a = 'k which could make r=0 are outside
this strip.

'The result remains valid in the limiting cases r — 0 and

r —1.





