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Some Communication Algorithms for Gaussian and Eisenstein
Jacobinetworks

Chapter 1

Introduction

Parallel computers are classified into two categories: shared memory
multiprocessors and distributed multi computers. A sharethory multiprocessor
consists of a number @rocessors that communicate with eather through oner
more shared memory modules. I distributed multiprocessor, howevethe
processing elements communicate with each other over an interconnection network.
The interconnection network plays important role in the design of high perfoeman
computes. In the past many machines have been designed baséuk doroidal
[12][35] or the De Bruijn topology [8]. Recently two new networks, Gaussian and
Eisensteinwere introduced 15][27]. They are based on quotient rings of Gaussian
and Eisenstein integers. In thigesis some topological properties and communication

algorithms for these networks are described.

Gaussian networkeererecently proposedlp][27]. Thesenetworks are based on
guotient rings of Gaussian integers. Each nodeearehetworlks is labeled agso+ JQ
By choosing = &+ ¢5Qtwo nodes A and B are connected if and only &f
0 G€Q is +1 or #i. Gaussian networks are degfeer symmetric networks with

¢¥ + G¥ nodes.
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The other recently introduced interconnection netwanle called the Eisenstein
Jacobinetworks, andarebased on the quotient rings thie EisensteinJacobiintegers.
In these networksnodes are labeled ab+ «¥, where’ = (1+ ‘@3)/2and by
choosing = &+ ¢, two nodes A and B are adjacent& 6 G£Q is+1, +”,
or +” 2. The Eisensteidacobinetworks are degresix symmetric withc? + 6 + ¢xo

nodes.

In the rest of this chapter, a brief summary of rasanlthe thesisre given.

1.1 Edge Disjoint Hamiltonian Cycles

The generation of edge disjoint Hamiltonian cycles for Gaussian netwatks w
| = O+ &3and "B o) = 1 has already been investigated &B][3]. However,
finding edge disjoint Hamiltonian cyclés these networks whetheged Gy = Q>
1 has been an open research problérnis thesigrovidesa solution to this problernm

Chapter 2

Some efficient communication algorithms can be designed based on these disjoint
Hamiltonian cycles. For example, consider thet@hll communicationalgorithm,
where each node broadcasts a message to all other 2a44][ 10]. In a single 1/0
port model, this problem can be solved optimdlly,first generating a Hamiltonian
cycle of the nodes and then exchanging the message as fdhatls first step, each

node sends its message to iteighbor in the ring.In the ith step,

‘0= 2,3,8,(0 7 1), wherel = ¢*+ of is the total number of nodes, each node
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sendsto its neighbotthe message which it receives in the previous s$fepe could
find edge disjoint Hamiltonian cycles, the above algorittould also be extended to
the case o& multiport model, where a node can send or receive from all its neighbors

in unit time.

1.2 Communication Algorithmsand Resource Placement

The design of efficient communication algorithrim a multicomputer is quite
crucial to its performance. There are four communication primifi2&$10]: oneto-
all, all-to-all, oneto-all personalized, and aib-all personalizedin the case obneto-
all communicationa node wants to send its message to all other nodesnettherk
wherasin all-to-all communicationeach node wants to send its message to all other
nodes in the network. In ofie-all personalized communication, a node seads
distinct message to every node in the netwamkd in all-to-all personalized
comnunication every node perforsoneto-all personalized communication. In this
thesis, all these algorithns are studied for Eisenstein networkswith | = O+

O+ 1 7. These algorithns can communicate messages witlto node getting a

redundant messag€hesealgorithims aredescribed irdetail inChapter3.

In parallel systems, some resources, such as certain software, |/@reetnstalled
in some nodes and all other nodes share these resoiiteesoptimal resource
placement problem can be addressetivo different ways 27][31][11][6]. The se
called jadjacency problem ensgréhat any nosresource node has j neighboring
resource nodes and that no two resource nodes are next to each other. The other

approach is the-embedding or-tlominating set pitdem. This resource placement
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will grant every node a resource within a distancé afd that the resource nodes are

separated by at leab+ 1.

This problem is analogous to the selection of codewords in-eoroecting codes
[9][11][24][6]. Recenly in [6], perfect codes based on Eisensticobigraphs are
addressed. In addition, the solution to a particular case of this problem is considered in
[26][24]. In [26][24] it is assumed that the number of nodes in the netwaik s
Gf Xy whereasn our case the number of nodes in the network is 6f + (X

wherey® O.

In Chapter3, we present a solution to theldminating set problerfor a subfamily
of degree six circulant graphs based on Eisenst@iobiintegers. This gives a perfect
code over Eisensteiacobiintegers as a solution to-embedding and resource

1+'03
>

replacement problem%his problem has been solved in [25][29] withr

1.4 Thesis Structure and Results

In this section, wegive detaik ofthe organization of the rest of this thesis. For each

chapter, we summarize our main results.

Chapter 2 is devoted to the definition and properties of Gaussian gamgohs
construcing two edge disjoint Hamiltonian cycefor| = &+ whenged QY@ =
Q> 1. First, we define Gaussian graphs in Sectiona®.dgraphsthatare built over

qguotient rings of Gaussian integers. We also give a sjrmyptedimensional drawing
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for Gaussian graphs. This drawing is based on the fact thatutmberof graph
verticesis the sum of two squares$n addition we statetheorems describing the
diameter and the average distance of Gaussian ggapés in [27] Section 22 is
devoted to the problem ajenerang two edge disjoint Hamiltonian cyclem a
Gaussian @aph. There, we providéhe previous workthat hasbeen doneon this
problem. Then in Section 2.8nalgorithm forgeneratingsuchcycles forthe Gaussian
networks whenged (3o = 'Q> 1 is given Finally, Section 2.5rovides a summary

of the dapter.

In Chapter 3, Section 3.1givesthe definition ofthe Eisensteinlacobi network
We also provide a simple drawing to illustrate how to draw these graphs. In addition
we statetheorems describing the diameter and the average distarEsesfstein
Jacobi graphs. In Section 3.2, we present efficient algorithms for some basic
communication operatiain EisensteinJacobi networkwith | = O+ O+ 1 . In
all of thesealgorithms,no node getsedundant data. In Section 3.2.1, we describe the
procedure to implement an algorithm for eoeall communication Section 3.2.2
introduces an algorithm for al-to-all communication in the EisensteinJacobi
networls. In Section 3.2.3, an efficient algdmih for oneto-all personalized
communication is given. Section 3.2.4 describes the procedtoe all-to-all

personalizedommunicationn the EisensteinJacobi network

We consider the problem of finding perfeetidminating sets ovefisensteinlacobi

graphsin Section 3.3Section3.3.1 is devoted tdinding a solution tahe resource
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placementproblem for Eisensteinlacobi network Finally, Section 3 draws the

conclusions of this chapter

Finally, in Chapter4, after briefly describing theontributions some open problems

are presented.



Chapter 2

Edge Disjoint Hamiltonian Cycles in Gaussian Network

2.1 Gaussian Grapls

Gaussiangraphshave beerrecently introducedas a suitable topology model for
interconnection networkglL5][27]. In this chapter,we describeghese networks using
different Gaussian representaoihedistance related propertiaadthe diameter of
these graphsre also explainedrinally, solutiors to the problem of finding edge

disjoint Hamiltonian cyclesre given

2.1.1 Quotient Rings of Gaussian Integers

The Gaussian integesg Qis the subset of the complex numbers witlegerreal

and imaginary partghat is,
d[P= {o+ dyoN ¥}
I "Qis aEuclidean domain and the norm is defined as:
0 DRO &
W+ Q" o + P

Then, for everyl ,“ N JQ with © 0 there exist A,i ¥ R such that

| = R“ +iwith0 1 < 0 “ whered | = @+ Q= 6F + ¢¥. This means that
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there exist& Euclidean division algorithm foBaussia integersTypically, we denote
the set of remainders of the division by any integer 0 asdy;. This set is usually
called the integersnodulot . In an analogousvay, we canconsidera]Q , i.e. the
Gaussian integermodulgl . It is well known that the numbesf residue classes
modulo a Gaussian integer 0 is equal tad (| ) [17] and variousepresentations of

these residue classes as pointadomplex plane are givan [21].

Oneof the methods described in number theory boaksif as follows GivenO
| N u['Q we consider the finite set of the Gaussian integamxlulo] oryu['Q >
ff @€Q |1 ™ u['Q}. Forany | N a['Q with| = &+ ¢5Qone of therepreserst-

ion with smallest norm of its classny[Q orf G£€Q can be computed as

z

Tl
<I>2+<I>2|'

I GaeqQ =171 The operation [c+di] denotes rounding in Gaussian

integers and is defined g+ Q= [d} + [ Qith [c] denoting the rounding to the

closest integer. Besides; is the conjugate of.

2.1.2 Definition of Gaussian Graphs

In this section,we describe theGaussian graphandthen show some examples to

illustrate the interconnection topology.
Gaussian graphs are defined over quotient rings of Gaussian irdsdeli®ws

Definition 2.1[27]: Given| = &+ &3O d['P we define the grapid (w, O) where:



) w= d[Q isthe node set, and

o= {0 )" ox ol 1)k *x1,+@&Q }isthe edge set.
We call"® the Gaussian network generated by

Gaussian graphs aeeregular degree fougraph,since every vertex is adjacent with
four othervertices In addition,they are undirected, connectethdvertexsymmetric

by definition.

Next, we describe how to draw these graphs in a constructiveTliaye are many
ways to draw such a grapile give four simple ways to represent these grashis
[27][15][2]]. For all thesaepresentatiosy we assume that = @+ 3@ ¥[‘Rwith

0<®d

1 Utah Representation:
Gaussian graphs can be represented as a-likediashion The idea is to arrange
¢f + of vertices in two attached square mesh#s x wand Ox @ vertices
respectively. The bigger square will be to the right of the smaller square. The zero
vertex will be located at the bottom left corner of the smaller square as shown in

Figure 2.1

Each node is adjacetd four other vertices in four different directiorsorth, East,
South and West Node B is adjacent to node A in the North direction "tk

0 0 aé¢Q ,inthe Eastdirectonitk 6 0 &a£Q , in the South direction if
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X 6 0 af&€Q , and in the West direction if 1k 0 0 d€Q . The
connection between a node and its neighbors is clear if the vertex is not ladaed
borders of the two mesh squares. For theicestocatedin the borders,Theorem 2.2

defines a simple way to findts adjacent neighbors.

b

Figure 2.1: UtalRepresentation fahe GraphGeneratedy » = +

Theorem 2.2[27]: Let| = &+ ¢¥be the graph generator whére ¢ ¢ and”"Ybe
the set of all the vertices locatatthe borders of the two squarést 0 = w+ WQ Y

then the wragaround edges adefinedas:

i) f0 o ® 1  thend isconnected tow+ ¢ + @ 1 "Grom the
Southdirection.

i) fo @ O+o 1thendisconnectedtow o + & 1 "Grom the
South direction.

i)IfO @ & 1  thendisconnected to®d+ @ 1 + W+ @ & Grom
the Westdirection.

theno is connected tod+ @ 1 + & & "Grom the

€
[EE

iv) IF 6 &

West direction.
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Then, the graph defined by this adjacency pattern is isomorphic to the Gaussian

graph generated by. o

The proof for adjacency pattern is easy by using the plane tessellationd.djsan [
[37]. Figure 2.2 shows the plane tessellation associatédthe Gaussian graph for

| =6+ 80Q

:0:0‘.0’0”0’00“4
ot RN
L= B S
.0.0.00000000000o0o
00
¢ o TR S S R S S

0000000090009+++00++0¢000000:0:¢...
R T S S S S e S e S S S
R R R s e R R R
B R R e R e e
0Q‘PQQ.00Q¢099Q%:Q:"'ﬁ:’:gvfQQ"OQ#OQQQQ

- +.¢0$¢000§¢0¢9++

Figure 2.2: Plane Tessellation Associatth » = +

Example 2.1: Let us consider the Gaussian graph generated Hy3 + 4QWe need
to arrange the 25 vertices in two attached mesh&$ afid4? vertices respectively.
Then by following the wraparound edge patteswlescribed in Theorem 2.&e

obtain the graph shown in Figure 2.3.
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\./ .[‘.J‘l.'
‘ 'A 17 ' '
NNATRLFT

-y

. SL /AN
g ApAchelas o

S

NI LY

Figure 2.3: UtalRepresentation fahe GraphGeneratedy » = +

Example 2.2: Figure 24 shows some other Gaussian graphs fo= 6Q = 1+
6'Q =2+ 6Qand| = 6+ 6QAs we can seewhen w= 0the Gaussian graph

becomsidentical to Tousgraph.

erere e rere S enenens
QLA 5
L SEOLOTE QIOIOISIe
LA LG ISISH
SRR S E D
ESIEHY RS

Figure 24: Utah Representation for Gaussian Graphs.
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1 DiamondRepresentation:

This representatiowas recently introduced for Gaussian graphg15]. The idea
here is to draw a square of siges . We can draw this square [fiyst locatingthe
four poins in the complex plane where tlxeaxis represestthe real dimension and
the yaxis represestthe imaginary dimension. The points &g¢ ,"Q, and| & 1.
Then the graph vertices will be all posinside that square and the zero vertex. The
only vertices lanithg on the square borders that will be counted on the guaptine

points which land on the line 0 amdor 0 andQQ.

Each node in the squaiseconnectedo four otherneighboring nodeone from each
side. Thenodes in the bordewill have wrap-around lirks with other node. Theorem

2.3 defines a simple way for the wraground links.

Theorem 2.3:Let| = &+ ¢5Cbe the graph generat® < ¢ ®and"Ybe the set of
all the vertices locateat the squareborders. Letd = w+ 3 Y then the wrap

around edges adefinedas:

i) fow=w=0 theno isconnectedto 1+| ,1+ Nand
| 1+Q Q
i) If 0< WEEQO> & thend isconnected td + N+ 1andd + R Q

i) If 0> WCEQW> w theno is connected t® + | lando+|] Q

Figure 25 shows the plane tessellation associatéd the Gaussian graph for

| = 3+ 4CQusingthe damondrepresentation
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Figure 25: Plane Tessellation Associatéth » = +

Example 2.3: Let us consider the Gaussian graph generated by3 + 4'QWe need
to locate four points which ar8 = 0,|] =3+ 4QQ= 4+ 3Qand|] & 1 =
1+ 7°QThen by following the wraparound edge patteslescribed in Theorem 3.

we obtain the graph shown in Figure2.
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Figure 26: DiamondRepresentatiofor the Graph Generatey » =

+

1 RectangleRepresentation:

This representationis more useful whengcd (3o = Q> 1. For WO+ WQ

withgcd (3o = 'Q the set of pointY= o+ JQs0 < % 0 W<

forms a complete residue clasgesQ [21]. There ar@¥ + ¢¥ points in this set.

Furthermore, all points in this set are distinct uridé€) as shown inZ1].

The ideato represent the grapis to arrangei¥ + Gf vertices in a rectanglef

o, Jed

PGP
size( S

) x 'Q The zero nodes located on the lower left corner of the rectangte

Figure 27 shows Eachinterior node in therectangleis connectedwith four other
neighbomg nodes one from each side. The nad@ the border havevrap-around

links with other nods, as explained iTheorem 24.
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Figure 27: RectangleRepresentation fahe Graph Generatedy » = +

Theorem 24[21]: Let | = O+ &JQbe the graph generatowhere 0< &
> v w o~y PGP “ .
wgcdww =Q i = 5 and "Ybe the set of all vertices locatatlthe rectangle

bordersFirst,we need tdind "®a £Q ), sinceged (Y& = Q we can writéQas:
00+ LM=Q 1)

Lett = (D GO (6£Qi).Then "T&aéQ )=i+ Q 1 'QNowletd = co+ &3

“Ythen the wragaround edges are define as:

i) f0 w<i ¢ theno is connected tow+ ¢ + 'Q 1 Ofrom the
South

i) fi €< i 1thenoisconnectedtow (i &) + Q 1 "Grom
the South.

iyfo w Q 1 theno isconnected toi 1 + «Jrom the West

o
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Example 2.4: Let us consider the Gaussian graph generated byh+ 3G 4 + 4°Q
Here, thegcd (3@ = 4 andi = 8. We need to arrange tH2 vertices ina rectangle
of size 4 x 8. Then by solving equation (1) we camrhoosed = 1,0 = 2. Then
WEQ = 4+ 3'QNow, by following the wraparound edge pattesrdescribed in

Theorem 24, we obtain the graph shown in Figur®.2.

N N
\....e,e,@--

A/A/AVA\ =
O 'o,'\o» \ogo'o,

'N

Figure 28: RectangleRepresentation fahe Graph Generatedy » = +

2.1.3 Distance Properties of Gaussian Graphs

In this section,the propertiegor the diameter and the average distance of a Gaussian
graph arereviewed The diameterQis defined asthe length of any longest shortest
path among all pairs ofertices of the grapi.o this aim, we will describe the vertex
to-vertex distancealistribution of any Gaussian grag@7]. Note that the distance

betweerthetwo verticeg and’ in "O can be expressed:as

O 1, =min L8+ wBsST [ Kk o+ JFa£Q )}
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Also, sinceQ is vertexsymmetric, we can define the weight of vertegits distance

to vertex 0) as
& T =0Q 1,0 =min g5+ BST Kk o+ @AGEQ )},

Example 25: Let | = 3+ 4QWe want to find the distance between nod#
andl + "QFigure 2.9 shows an example of thidistance.Now, 1 1+Q=

2 heEQ = 2 EQ . Thus, the distance is 2. The shortest path fforh) to
(1+ Qisgivenby 1, 1 QL + "QNote that if we use the pathl,0,1,1 + Q

the distance becomes 3.

Figure 29: Graphical Representation of the Distance Induced by the Gaussian Graph
Generated by = +

To compute the distance distribution of a Gaussian grapd enough to findhe
number of vertices of weight s, for = 0,1,...,"Q whereQis the diameter of the
graph. This number will be denoted)vas(i). Next, we state a couple tifeoremghat

characterize the distance distribution of odd and even order Gaussian graphs.
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Theorem 25[27]: Let0 | = &+ & ¢I'Pbe such thab< & @b = ¢F +

¥ bean oddinteger ando = %‘”1 The distance distribution of the grajih is as

follows:
)Y 0=1
iy Y i =4 ifo<i<o
iy [ =40 () fe<i & 1.
Theorem 2.6[27: Let0 | = &+ 3@ I Pbe suchthab< & @O = F +

of bean even integeand 6 = WT“’ The distance distribution of the grafih is as

follows:
) Y 0 =1
i) Y i =4 ifo<i<o
i)y 0 =20 1.
V)Y i =4d i) ifo<i<a
v) Y @ =1

We refer to R7] for the proo§ of Theorem 5 and 26. Using the distance
distribution of Gaussian graphs proved in Theoréhisand 2.6 in [27], a closed

formula for their diameter arnttieaverage distance can be easily deduced.

Corollary 2.7[27]: Let0 | = &+ o I'Pbe suchthab< & «let =

Gf + G¥ be the norm of . The diametelQof the Gaussian grap®, zos:
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O cZ) if 0 iseven
w 1 if 0 is odd

Example 2.6: Figure 2.10 shows a Gaussian netwoglenerated by = 3+ 5Qwith

34 nods anddiameterQ= @= 5.

+

Figure 2.10: Gaussiadetwork withsy =

2.2 Edge DisjointHamiltonian Cycles in Gaussian Networks

2.2.1 Previous Work
Finding edge disjoinHamiltonian cycles for Gaussianaphs has been investigated

before in L5][3]. In both papes, a solution to this problem given only when
gcd Q3@ = 1, where the graph is generated by ¢+ ¢3Q

However the edge disjoint Hamiltonian cycle for Gaussian graphs generated by
| = &+ Qvhen theged @ = Q> 1 hasnot beeninvestigatedand in this section

we give some solutiongo this problem When the gcd (3o = 1, the first

Hamiltonian cycle can be generated by addirtg the starting nodé (&+ ¢S times.
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For example, starting from nodk the "& node will be0 + "qa& £€Q ). The other
cycle can be generated hgiding Qo the starting nodd-igure 211 shows an example
with| = 3+ 5Qthe solid linecycle andthe dotted line cycle form two edge disjoint
Hamiltonian cycls. The following argument shows why thdss Hamiltonian cycles

are edge disjoint.

Suppose0+i =0+ 0 G€Q for some integers ando. Theni 0= 04€Q ,
andi 0is an integer. Thismplies| | i 0. However,the smallest integer that
| can divide is ¢¥ + ¢¥. This impliesi 6= ¢?+ of. Thus, the cycle is
Hamiltonian. Similarly, it can be proved that additsgo a starting nodwill result in
a Hamiltonian cycle. Furthermore, from any node, the first cycle traseaisag the
red dimension edges and the second alongrtfaginary dimensioedges;so there is

no common edge between these two cy(déf 3].

Figure 2.11: Edg®isjoint HamiltonianCyclewith » =+
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2.3 Edge Disjoint HamiltonianCycles in Gaussian Network with
J —
=L ==
Here we considehow to construct two edge disjoint Hamiltonian cycldsenthe

ged 3o = Q> 1. The following theorem is useful in generating the Hamiltonian

cycle.

Theorem 2.8: Let| = &+ O y['Randthegcd 3® = Q Thenin the Gaussian
network generated by, there existwo sets ofQnode disjoint cyclessachcycle isof
length i = (&% + 6f)j ‘Q The edges in the first set of cycles are in the real dimension

and the second along the imaginary dimension

Proof: Start with nodd ; and traverse the successive nodes with node addresses
increased by 1 ( or always increased by"Q Since the number of nodes is finite,
some node has to be revisited such that the cythelisngthof the least integefi.e.

.+ Q=1,4€Q . This impliesQ= 04 £€Q , i.e. Qs the least Gaussiamultiple

of| thatis an integer

ThismeansQ=1| = o+ dQ O+ Q= O @ + W+ G QSince™Qis an
integer the imaginary part is zerand sodx+ cxw= 0. Since thegcd GG = Q we
get ®= A'Q, o= @Qandged ¢y, = 1. ThereforeQ yw+ o = 0. Snce
theged G, @ =1, we get (y&O= @ This implies &= "@, 0= "0y.

ThereforeQ= (X @ = Gy + B = M O2+ Q2 = Q“’Z;wz)
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We need to prove thatQ= 1. If “’2;‘*’2: 04€¢Q , then "Q= 1. Now,

TEz062+ 4’ =00+ a6 @0

= QO+ QU0ER Q0= H+dQE QQ

This implies &+ GQ ¢y Q' Q& EQ = 0. Thus,"O= 1.

This proves there is a cycle of Iengflﬁzc);—m2 if we start with nodé ; and traverse the

successive nodes by addibgo the previous node address.

In addition we needo provethere aréQ nodedisjoint cycles Suppos€ » is not a

node in the above cycl&V/e ned to prove, by adding successid@ s T ;twe get

another cycle of Iengti;-‘f,;'z—‘*’)2 and there is no common nobetween this cycle and the

above cycle We will prove this by contradiction.Suppose | ,+ Q = T+
'Q a£Q wherel ; is a node in the first cycland’Q,’Q@ i. This implieg ; +
Q Q =1,(a&Q ). Thisis not possibldbecaussQ Qs 1i;therefore] , is

not in the first cycle. Extending the aboayumentwe can se¢hatthere are dhode
disjoint cycles oiength%.
y

Example 2.7: Consider thegraphgenerated by = 4 + 4°Q Then, thegraph hagour
node disjointcyclesin each dimensigrand each cycleontains8 nodes.Figure 2.12

shows this graph irectangleepresentatios
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Q0000000 %
W%@
Q0000000

Figure 2.12FourDisjoint Cycles in both dimensions in Gaussian Network with
[

Theorem?.8indicates that we hav@disjoint cycles ofength (¢¥ + ¢¥)j ‘Qin each
dimension Thus, we not only need to combine these cycles to form one Hamiltonian
cycle but also to make sure that the remaining edges also form another Hamiltonian

cycle.

Now based orthe value ofQQ we can divide the Gaussian networks into two cases:
Gaussian network with odtumberof cycles(Qodd)and Gaussian network with even
numberof cycles(Qeven) First, we present and pve how to generatesuch cycles
whenQis odd and thenby using he same argumente showhow to generatdhese

cycles wheMis even.

Let'Q= 20+ 1, the node visiting sequence for the first Hamiltonian cycle v@én

odd is as follows:

1. Staring from the zero nodego to node “Qwhich takes us to cyclaumber
‘Q 1; from thisnode go in the right direction (along the real dimension) and

visit all the nodes except the last two nontethis cycle
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2. The following two steparerepeated foro0 1 times.
a. Go to the next cycle by addingQThengoing along theeft direction,
visit all the nodegxcept the last noda this cycle
b. Go to the next cycle by addingQ Then going along the right
direction,visit all the nodes except the last three naddhis cycle
3. Then visit all nodes cycles2 throughQ 1 not visited inStep 1 andstep 2
4. From the lastnodevisited in cycléQ 1, visit the adjacent node inycle
number zero and all tiremainingnodes in tis cycle.
5. Thenmove tocycle number land visit all the nodes in ighcycle then get

back to the starting node

Figure 2.13howsthe node sequence usedyeneratehefirst Hamiltonian cycle.

5000 W@ggggggggg
50

£ 660-6060-6600006000
|3 80 000000000000000

Figure 2.13: First Hamiltonian Cycle fgr ., .

Table2.1 shows th@ode sequence genengithe first Hamiltonian cycleandTable
2.2 showsanothemode sequencgeneraing the second Hamiltonian cycle wheéns

odd. In each of thetables, we represent a Gaussian integer as a pair of two
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numberso+ & (&) wherei = (¢¥ + 6¥)j Q These numbers need to be taken

under(a €Q ).

Cycle Nodes
Number
0 (0,0) Step 1
-1 (0-1),(1;1),2;1) , ;1) r
-(2)) (r-2j-1-2)),(-2j-2,-2]) , €-2jH1,42)) Step 2
-(2+1) | (r-2j+1,-(2j+1)),(r-2j+2-(2j+1)) , €-2]-8,-(2j+1)) =12,..t1
e e
2(k-t)-1 (r-2t-2+2k,-2t-1+2K),(r-2t-1+2Kk,-2t-1+2Kk), Step3
(r-2t+2k,-2t-1+2K) k=1,2,...,t1
2(K-t) (r-2t+2Kk,-2t+2k)
-1 (r-2,-1),(r-1,-1) Step 4
0 (r-1,0),¢-2, 0) , é, (1, 0)
-d+1 (1,-d+1),(2;d+1 ) , éd+1) 0 , Step 5
0 (0,0

Table 2.1: The First Hamiltonian Cycle #Odd
Lemma 29: Thesequencshown inTable2.1 givesa Hamiltonian cycle.

Proof: LetQ= 20+ 1. Each consecutive pair of nodiesthe tablerepresentin edge.
Each row in the table represents the order in which the nodes are visieedodes
visited in each row are in the real dimensidhe last node of a rowg adjacent to the
first node inthe next rowand this edge is in the imaginary dimensilonthe last row,
the last node of the cycle {®,0) which is the starting noddhe number oflistinct

nodes visited irrach stejis calculatedas follows:

In Step one(i 1) nodesarevisited

In Steptwo (0 1)((i 1)+ (i 3)) nodesarevisited
In Step three(0 1)(1 + 3) nodesarevisited

In Step four2 + (i 1) nodesarevisited

In Step fife,i nodesarevisited

agrwOWdDE
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Thus, thetotal number of nodes is20+ 11 = ‘A = &F + 6% nodes.Therefore the

nodesequence given inable2.1 generatea Hamiltonian cycle y
Cycle Nodes
Number
0 (0,0) Step 1
-1 (_1’0)’(_1’1)’(_1 ) 2 )'l,f‘é), (
-(2)) (-2j,r-2J-1,),(-2j,r-2j-2) , €2j,r{2j+1) Step 2
-(2j+1) (-(2j+1) r-2j+1),(-(2j+1) r-2j+2) , é(2jH1),r-2j-3) | j=1,2,...,t1
e e
2(k-t)-1 (-2t-1+2K,r-2t-2+2K), (-2t-1+2k r-2t-1+2K), Step 3
(-2t-1+2Kk r-2t+2K) k=1,2,...,t1
2(K-t) (-2t+2k r-2t+2Kk)
-1 (-1,r-2),(-1r-1) Step 4
0 Or-1),0r-2), €, (0, 1)
-d+1 (-d+1,1),(d+1 , 2 )-d+BQ) ( Step 5
0 (0,0)

Table 2.2: The Second Hamiltonian Cycle ®®dd
Lemma 210: Thesequencshown in Bble2.2 givesa Hamiltonian cycle.

Proof: It is amilar to the proof of Lemma2.9. Note that he node sequence given in
this table is obtained from the node sequenceTable 2.1 as follows. If two
consecutive nodes differ byl, 1,+"Qor "Qthe corresponding nodes in Table 2.2
differ by+"Q "Q+ 1, or 1, respectivelyHere, the nodes visited in each row are in the
imaginary dimensionagain,the last node in a row is adjacent to the first node in the
next row and this edge is along the real dimensi®mce tle nodes are all distinct,

with ¢¥ + 6f elementsthe sequence forms a Hamiltonian cycle. y
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Theorem 211: The two Hamiltonian cyclesonstructedusing Lemma2.9 and 210

are edge disjoint.

Proof: Now we need to prove that these two Hamiltonian cycles are edge disjoint. As
Table 2.1shows we constructhe first Hamiltoniarcycle by visiting the nodesising
the edges inthe realdimensionby either adding osubtractindl, unless we want to
visit the next cyclein which casewe need to usene edge in theamaginary
dimension Similarly, Table 2.2shows thatve constructhe second Hamiltonian cycle
by visiting the nodesising the edgem the imaginarydimensionby either adding or
subtractingQunless we want to visit the next cycle which casewe useone edge in

the real dimension.

Note that the first Hamiltonian cycle uses exa@ly 2 edges belonging to the
imaginary dimensiorand the remaining edges are in the real dimension. On the other
hand, the second Hamiltonian cycle us@ 2 edges belonging to the real

dimensionand the remaining edges are alongithaginarydimension.

In order to provehatthese two Hamiltoniarycles are edg disjoint we have to
showthe2Q 2 edgeswhich belong to the imaginary dimensiorTable 2.1 are not
being used iMable 2.2 similarly, we have to show th2Q 2 edges, which belong to

thereal dimension in Table 2.2re not in Table 2.1

Table 2.3shows all edges traveling in the imaginaryndnsionused in thefirst
Hamiltonian cycleusing the representation asTable 2.1and their equivalent edge

values using the representati@sin Table 2.2 Similarly, Table 2.4 shows all edges
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belongng to the real dimension in the second Hamiltonian cycle using the
representation as ifiable 2.2 and theequivalent edge valuessing the representation

asin Table 2.1.

As we can see, nore the edges given in Table 2.3 is in Table, 212d similarly,
none of the edges given in Table 2.4 is in Table Phk. edges shown in columA

and B are equivalent to the edges shown in cofu@and D. This is becaugse 0 k

OreQ O GQ1 Q

0 Ok I 1@ + i1 Q= 5 k 04 €Q . Thus, these two

Hamiltonian cycles generated by the node sequences given irs Pabland 2.2 are

edge disjoint. y

First Hamiltonian cycle edges in Equivalent edges value
imaginary direction
A B C D
(O’O) (01'1) (O’O) (O"l)
(0,1) (1.1) (0,1) (1,1)
(O’O) (01'1) (O’O) (O"l)
(r-1,0) (r-1,-1) (-1, (-1,r-1)
(r-2j-1,-2j+1) (r-2j-1,-2)) (-2j-1,r-2j+1) (-2J-1,r-2))
(r-2j,-2j+1) (r-2j,-2j) (-2j,r-2j+1) (-2j,r-2))
(r-2j+1-2j) (r-2j+1-(2j+1)) (-2j+1r-2)) (-2j+1,r-(2j+1))
(r-2j,-2)) (r-2,-(2+1)) (-2).r-2)) (-2.,r-(2+1))

Table 2.3The H®

Edges Belonigg to the Imaginary Dimension in Table 2.1
, 8,4 ).
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First Hamiltonian cycle edges in Equivalent edges value
imaginary direction
A B C D
(O’O) (-1!0) (O!O) ('1’0)
(1,0) (1,1) (1,0) (1,1)
(0,0) (-1,0) (0,0) (-1,0)
(0,r-1) (-1,r-1) (r-1) (r-1,-1)
(-2j+1r-2j-1) (-2j,r-2j-1) (r-2j+1,-2j-1) (r-2j,-2j-1)
(-2j+1.r-2)) (-2),r-2)) (r-2j+1,2)) (r-2j,-2))
(-2),r-2j+1) (-(2j+1),r-2j+1) (r-2j,-2j+1) (r-(2)+1),-2j+1)
(-2,r-2)) (-(2+1).r-2)) (r-2,-2)) (r-(2+1)-2))

Table 2.4: The ®

Edges Belonigg to the Real Dimension in Table 2.2

(here

, 8,4 ).

Example 2.8: Let| = 3+ 6'QBy following the node sequence givenTiable 2.1

we getthe first Hamiltoniarcycleas

0, Q1 Q2 Q3

Q4 Q5 Q6

Q7

Q8 Q9

Q10 Q11 Q12

Q13 Q14 "Qi4,13,12,11,10,9,8,7,6,5,4,3,2,1,1+ Q2+ Q3+ 'Q

A4+ 05+ Q6+ Q7+ Q8+ Q9+ Q10+ N1+ Q12+ Q13+ Q14 + "QQO.

Then we take the& £€Q

for each of these node¥he malular operation varies

depending on which representation we. ddoreover,by following the node sequence

given inTable 2.2we get thesecondHamiltonian cycleas

0, 1, 1+Q 1+2Q 1+3Q 1+4Q 1+5Q 1,+6Q 1+7Q 1+ 80Q

1+49Q 1+10Q 1+ 11Q 1+12Q 1+ 13Q 1+ 14Q14Q13Q12'Q11°Q

,10'Q9'0Q8'Q7'Q6'Q5Q4'Q3 Q20 QL+ Q1+ 2Q1+ 3 Q1+ 4Q1+ 5Q1+ 6Q

1+7Q1+80Q1+9Q1+ 100Q1+ 11Q1+ 12Q1+ 13'Q1+ 14'Q1,0.
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Figure 2.8 shows the first Hamiltonian cyclend Figure 2.3 shows the second
Hamiltoniancycle. It can be seen that no edge is common in both cy€les cycles

are shown using botlitah andrectanglerepresentation

Figure 2.4: TheFirst EdgeDisjoint HamiltonianCycle for » = +

Figure 2.5: TheSecond Edg®isjoint HamiltonianCycle for » = +
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Next, we describe the result when d is evieet Q= 20, the node visiting sequence

for the first Hamiltonians as follows:

1. Staring from the zero nodego to node “Qwhich takes us to cyclaumber
‘Q 1; from thisnode,go in the right direction (along the real dimension) and
visit all the nodes except the last two noutethis cycle

2. The following two steparerepeated fordo 2 times.

a. Go to the next cycle by addingQThen going along the left direction,
visit all the nodes except the last node in this cycle

b. Go to the next cycle by addingQ Then going along the right
direction,visit all the nodes except the last three nadehkis cycle.

3. Then go one more step to the right by adding one. After guato cyle
number2, and visit all the nodes in theycle.

4. Then visit all nodef cycles2 throughQ 1 not visited in Step 1 and Step 2

5. From the lastnodevisited in cycléQ 1, visit the adjacent node inycle
number zero and all the remaining nodes is dkicle.

6. Thenmove tocycle number land visit all the nodes in igcycle then get

back to the starting node.

Figure 2.5 shows the node sequence used to generafeghkelamiltonian cycle.



33

ool

L oo oooooo
e
3
L 0000000000000

Figure 2.5: First Hamiltonian Cycle fof; . .

Table2.5 shows thenode sequence genengtthe first Hamiltonian cycle whefis
even andTable 26 showsanothemode sequence genengtthe second Hamiltonian
cycle whenQis even In each of the tablesye represent a Gaussian integer as a pair
of two numberso+ S (@) wherel = (¢¥ + 6f)j 'Q These numbers need to be

taken undefa £€Q| ).
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(0,0)

Cycle Nodes
Number

0 (0,0) Step 1

-1 (0-1),(1;1),(2;1) , ;1) r

-(2)) (r-2j-1-2)),(-2j-2,-2]) , €-2jH1,42)) Step2
-(2j+1) (r-2j+1,-(2j+1)),(r-2j+2,-(2j+1)) , €é-2j-8,-(2j+1)) j=1,2,...,t2

é €
-d+3 (r-2t+2,-d+3) Step 3
-d+2 (r-2t+2,-d+2),(r-2t+1,-d+2),...,(F2t+3,-d+2)

-d+3 (r-2t+3,-d+3),(r-2t+4,-d+3) Step 4
2(K-t) (r-2t+2Kk,-2t+2Kk) k=23,...,t:2
2(k-t)+1 (r-2t+2Kk,-2t+2k+1), (r-2t+2k+1,-2t+2k+1),

(r-2t+2k+2,-2t+2k+1)

-2 (r-2,-2)

-1 (r-2,-1),(r-1,-1) Step 5

0 (r-1,00-2, 0) , é, (1, 0)

-d+1 (1,-d+1),(2;d+1 ) , éd+1) 0, Step 6

0

Table 25: The FirstHamiltonian Cycle ér ™ Even

Lemma 212: Thesequencshown in &ble2.5 givesa Hamiltonian cycle.

Proof: It is similar to theproof of Lemma2 9.



35

Cycle Nodes
Number
0 (0,0) Step 1
-1 (-1’0)1(-1’1)1('1 ) 2 )-l,l’-@), (
-(2)) (-2j,r-2j-1,),(-2j,r-2j-2) , €2j,r2j+1) Step 2
-(2j+1) (-(2j+2) r-2j+1),(-(2j+1) r-2)) , €é(2jH1),r-2j-3) j=1,2,...,t2
é €
-d+3 (-d+3,r-2t+2) Step 3
-d+2 (-d+2,r-2t+2),(-d+2 r-2t+1),...,d+2,r-2t+3)
-d+3 (-d+3,r-2t+3),(-d+3 r-2t+4) Step 4
2(k-t) (-2t+2k r-2t+2K) k=2,3,...,t2
2(k-t)+1 (-2t+2k+1r-2t2K),(-2t+2k+1 r-2t+2k+1),
(-2t+2k+1,F2t+2k+2)
-2 (-2r-2)
-1 (-1,r-2),(-1r-1) Step 5
0 Or-1),0r-2), €, (0, 1)
-d+1 (-d+1,1),cd+1 , 2 )-d+BQ) ( Step 6
0 (0,0)

Table 2.6: The Second Hamiltonian Cycle™Even

Lemma 213: Thesequencshown in Bble2.6 givesa Hamiltonian cycle.

Proof: It is similar tothe proof of Lemma2.10.

Theorem 214: Thetwo Hamiltonian cyclegonstructedusing Lemma 2.2 and 213,

are edge disjoint.

Proof: The praf is similar to that ofTheorem 2.11Table 2.7shows all edges

traveling in the imaginary dimension used in firat Hamiltonian cycleusing the

representation as in Table 2.&nd their equivalent edge valjeusing he

representatiomsin Table 2.6 Similarly, Table 2.8 shows all edges belongto the
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real dimension used in the second Hamiltonian ¢yedeng the representation as in

Table 2.6 and their equivalent edge values using the represemisitiohable 2.5

As we can see, none of the edges given in Table 2.5 is in Tablend.8imilarly,
none of the edges given in Table 2.7 is in Table 2tfis, these two Hamiltonian

cycles generated by the node sequences given in Table 2.1 and 2.2 are edge disjoint.

v

First Hamiltonian cycle edges in Equivalent edges value
imaginary direction
A B C D
(O’O) (0!'1) (0,0) (01'1)
(0.1) (1.1) (0.1) 1.1)
(O’O) (0!'1) (0,0) (01'1)
(r-1,0) (r-1,-1) (-1,r) (-1,r-1)
(r-4,3) (r-4,2) (-4,r+3) (-4,r+2)
(r-5,3) (r-5,2) (-5,r+3) (-5,r+2)
(r-2j-1,-2j+1) (r-2j-1,-2j) (-2)-1,r-2j+1) (-2)-1,r-2j)
(r-2j,-2j+1) (r-2),-2)) (-2),r-2j+1) (-2),r-2))
(r-2j+1.-2j) (r-2j+1-(2j+1)) (-2)+1,r-2)) (-2)+1,r-(2j+1))
(r-2j,-2)) (r-2j,-(2j+1)) (-2),r-2)) (-2),r-(2j+1))

Table 2.7: The ® Edges Belonigg to the Imaginary Dimension in Table 2.5

=, ,8,« ).
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First Hamiltonian cycle edges in Equivalent edges value
imaginary direction
A B C D
(O’O) (-1!0) (O!O) ('1’0)
(1,0) (1,1) (1,0) (1,1)
(O’O) (_1’0) (O’O) (_1!0)
(O,r-1) (-1,-1) (r-1) (r-1,-1)
(3,r-4) (2,r-4) (r+3,4) (r+2-4)
(3,r-5) (2,r-5) (r+3,5) (r+2,-5)
(-2j+1,r-2j-1) (-2j,r-2j-1) (r-2j+1,-2j-1) (r-2j,-2j-1)
(-2j+1,r-2j) (-2,r-2j) (r-2j+1,2)) (r-2j,-2j)
(-2],r-2j+1) (-(2j+1),r-2j+1) (r-2j,-2j+1) (r-(2j+1)-2j+1)
(-2},r-2)) (-(2j+1),r-2)) (r-2j,-2)) (r-(2j+1)-2))

Table 2.8: The ® Edges Belonigg to the Real Dimension in Table 2.6

, 8,4 ).

2.4 Conclusion

In this chapterjt has been shown th#tte Gaussian network witlged (3 = 'Q>

1 contains chodedisjoint cyclesAny two consecutive nodes in these cycles diffsr
+1(or= "R By removing2Q appropriateedges from these cycles and connecfiy
appropriateedgeshelonging tamaginary dimension, we have shown that the rasatilt
sequence of edges form the first Hamiltonian cycle. Furthermore, the remaining edges

form the second Hamiltonian cycle, which is edge disjoint from the first one.
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Chapter 3

Communication Algorithms and Resource Placemenin
EisensteirJacobi Networks

Eisensteirdacobigraphs have been recenthtroducedas a suitable topology for
interconnection network in2p]. The methodologydescribed in the previouhapter
for the Gaussiametworks canalsobe applied to definéhe EisensteirJacobigraphs.
Here, we describéhe Eisensteinlacobinetworks whose vertices are lakedlby the

elements of quotient rings &isensteinJacobiintegers.

The rest of this chpter is organied as follows.In Section 3.1 EisensteinJacobi

networksare described. In additiothe distancgropertiesarealsogiven In Section

3.2, some communication algorithms are designed. Section 3.3 describes
solutions to the resourggacements in these networks.
3.1 EisensteirlacobiGraphs
3.1.1 Quotient Rings of Eisensteilacobilntegers
The ring of theEisensteinJacobiintegersd [ § ] i s defined as

BT = {or & oo &)

where” = (1 + ‘WM3)/2 and”? = 1+ . It can be proved that®["] is a

Euclidean domain with norm

some
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D u” )

W+ o oF+ & + G

Notethat” G+ & = O+ & o+« .Since O+ = O+0 o,
0w+ o = o+td wrw
=W+ ol +ad + P w2

=+ o+ @ P 1+7)
= OF + QO+ GF” + GF "
= GF + GF + GO

Theunitsoif } ] are the eequloonet Bawit b,%np N,

For every0 | N d["], we can considea[”]g={f (¢ €Q )|f N ¥["]}, which

is clearly a finite set

3.1.2 Definition ofEisensteinJacobiNetworks

In this section, we describEisensteinlacobi networks, and then show some

examples to illustrate the interconnection topology.

EisensteinJacobigraphs are defined ovéhe quotient rings ofEisensteinlacobi

integersas follows

Definition 3.1: Let | = w+ o N ¥[”] and consided["], . We denote the

Eisenstein)acobigraphgenerated by asQ) = o, 0, and it is defined as follows:

~

N,
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Ak = u["], is the set of nodes, and

ARo= 1 voxwst [ =+1,£",£"2(0£Q )}isthe set of edges.

Note that anyEisensteirlacobigraph is a regulagraph of degree spsince every

vertex is adjacertb exactly six other vertices.

The representation of the graph has the special feature that all the vertices are
obtainedat a minimum distance from the central vertex, which we have stated to be
vertex zero. Figure3.1 gives an example of this representation for Eigenstein

Jacobigraph generated by = 3 + 4”.

A
i
A,
|
g';é
.
W

Qﬂgﬁ', ' ‘4‘- _
R TSI
S e e

=

P
5
\
1y
O
D
—

4

Figure 3.1 EisensteinJacobiNetwork withy =  + z.
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3.1.3 Distance Properties &isensteinrJacobiGraphs

Over this quotient ringof EisensteinJacobiintegerswe can define a new distance,

which is presented if20][30] as follows.

Definition 34: Let 0 | N w[”]. Forl ,J ¥ u["] , consider®+ «J + @" 2 in the

classof [ with 8+ B+ VSminimum. The distanc® betweeri and' is:
Q = LB+ LB+ LS
As in the Gaussian cad®, defines a distance over the quotient ], .

Definition 3.5[15]: Let nonzerad N 6. Then w is in thé&h sectorif 0 is between

"Q1gng @
Theorem 36[15]: Let0 N 6.1f U is in the’@h sectorthenQ (0,0) = @+ ® where
0= 21+ @ Candiyw 0. u

Theorem 37[15]: Let| = &+ ¥ be nonzero wittD & @ "Y= (O+ ®)j 2,
andd = (&O+ 20)j 3. For any positivénteger o, let ® 6 be the number of nodes

with distanced from 0in theQ) networkgenerated by . Then

1 =0
"v60 T o0 Y
W o= |‘p18 0 o "(D;Y< o< 0
"2 Q’b)k W a€Q3 Qo= 0

Vo) o> 0
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Example 38: For the'Q) network in Figure3.4, we havg = 2+ 3" with 4+ 9+
6 = 19 nodes in the network, aritY= 5] 2 ,0 = 8j 3. Theorem 3 distributes the

nodesas follows
wO0=1 wl=6 w?2 =12

3.2 Communication Algorithms in EisensteirJacobi Network

In parallel systems processors need to exchartbeir data. The efficiency ofthe
parallel programs depends on the efficiency of how this data is transmitted among the
nodes. There are four differe@ommonly useccommunicationpatterns in parallel
systems. They ar®neto-al communication all-to-al communication, one-to-all
personalizedcommunication, andal-to-all personalizedcommunication[10][22].
Efficient implementation of these procedures can imprineperformance of the

system and redudbe development effort and cost.

The simplest and mbsundamental communication operation is the -tmall
communication (or broadcasg). In this case, a node sends its message to all other
nodes in the network. Thdl do-all broadcast is defined as the processhich every
node broadcasts its infortm@n to all other nodes in the syster@neto-al
personalizeccommunication is the process which the source node sends unique
information toeachnode in the systenAll -to-al personalizedcommunication is the

processy whitchevery nodesendglistinct information to every other node.

We now briefly explain how these communication algorithms are used in some real

applications. For the time being, assume that a parallel systetngrasessor nodes.
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Consider the matrixector multiplication Oz X 0zx1 = Ogx1. Assume that the
processor node 1 contains battand 6. A fast parallel algorithm can be designed as
follows. Processor 1 can sette @ row of & and the column vectdd to the &>
processor nodend that node calculatéise ‘& row element o. Here, we need to
send® to all processor nodes, which is the doell broadcastingAlternatively,
sending & row of 6 to the "& processor node requires etweall personalized

communication.

Now consider a matrixnatrix multiplication 6 x 6 = 6. Assume all processor
nodes have both and6. Each processor node is responsible for calculating a sub
matrix of 6. If all processor nodes need the entirematrix, then an afto-all

broadcastig is required.

To see the usefulness of the-talall personalized communicatipeonsider the
transpose of a matrixd QY = 6 '0Q wherel “QQ &. Assume that the
" processor node contains tf&row. The & processor node sends teEement
O[] to processor);, 0[(2] to processor,, and0[Z] to processonr;. In this
case, every processor node sends a distinct element to every other processor node,

which is the alito-all personalized communication.

In this chapte we present algorithms for each of the communication patterns

mentioned above.
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3.2.1 Oneto-All Communication

In this section an optimal broadcast routing fahe Eisenstehdacobinetworks
where] = O+ ("O+ 1)” is presentedThe algorithm issimple and since the network
is vertex symmetric, any node in the network can be assumed as the source node

Hence, it can be easily implemented in hardware.

Figure3.2: Oneto-All Broadcasing in EisensteirJacobi Networkvith » =+ z.

The number of nodes ithe Eisensteindacobinetworkwith | = &+ ¢ is equal to
the sum ofthe squaresof ¢ and @ plus their product. In our case, a and b are
respectivelyQand '@+ 1, and consequentl{(( + O+ 12+ Q0O+ 1) G€Q6 =
1. This suggests that, once an arbitrary node is fixed, the rest of the network nodes

a1
2

canbe divided into six different subsetsach having nodes. Figur&.2 shows

the central nod€0,0) and the six partitions, each Wiggj—l) nodes. Each of these

partitions forms a discrete trianghnd we call this special triangle ®triangle.
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The main idea of the broadcast algorithm is as follows. In the initial step of the
broadcasting algorithpthe node 0,0 sends its message to tex neighborsand
then each of these neighboring nodes broadcasts the message to the node®in their

triangle.

We assume a router model witfalf-duplex links and alport capability.In this
case,a node cannot send and receive messages througbgenat the same time.
Routerscan support both broadcasind unicastwith the first header bit in every
packet (B/U) indicating the class of routing seryice when B/U=1, this indicates the
broadcastingand B/U=0, the unicastingn the case of brakrast routing, the second
field in the packet header, denoted as distance, will be set to the network di@meter
when the broadcast communication starts. Before each new hop, every router will
decrement this fieldand when distance reaches zero, thedwastis completedThe
third and last field in the packet header, denoted as direction, has six bits to indicate to
the router the output ports to which the packet will be forwargiggire 3.3 shows the

directions of the edges.

r? (NwW) r (NE)

rt W) > r° (E)
rt(sw re(sB

Figure 3.3: Thdirectionsof the Edges
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Assume nod€0,0) is the source node. As explained before, in the initial step, it
sends the message to its six neighboring nodes”® O,”? 6 , 1=
"d®, "="%*"Y ,and "?="%"0, and these six nodes are responsible for
broadcasting the message to the nodes wittgin own Qtriangles, call it as thé@?Q

triangle.As Figure 3.4 showst&tepo, whered= 1,2,8 ,'Q 1, in the'®Gtriangle

the node 0 ” ®sends the message to nodés 1 " Qand 0" %+ ” 21 wherasall
other nodesvhich received the messageSip o 1 send the message to the nodes

along the dimensioh®!. The complete algorithm is shown in Fig®B.

)+t (t+Dr? t)r°+r

tr°

Figure 3.4z Dimension.

In this algorithm, no nodeeceives duplicate messages. Note that the utilization of
the network links is balanced, as in steghere aré packets traveling in each of the
network quadrants. This means it is posstblanake a balanced use of the E, NE,

NW, W, SW, and SE network links when all nodes broadcast at once.

In this algorithm sinceno node receives duplicate messaged it require Qsteps
whereQis the network diametgthis algorithm is optimal. Besidesincethe network
is node symmetriany node can be a source noaied thus this algorithm is universal

for every node in the network.
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The time complexity of the algorithm can be calculated as followsgLie¢ the
startup time to send a packef, be the time to transfer one word, andbe the size of
the packet. In this algorithm, a packet has to travel exactly k nodes away from the

source node. Thus, the total time required is

Yo ¢ = A+ Q0 Q

Algorithm: Forward to NE and Forward to E with
direction = 100000

-incoming pockets with direction = 000011

Forward to NW and Forward to NE with

direction = 000001

-incoming pockets with direction = 000110

Forward to W and Forward to NW with
direction = 000010

-incoming pockets with direction = 001100

Forward to SW and Forward to W with
direction = 000100

-incoming pockets with direction = 011000

Forward to SE. Forward to SW with direction
= 001000

-incoming pockets with direction = 100000
Forward to E

-incoming pockets with direction = 010000
Forward to SE

-incoming pockets with direction = 001000
Forward to SW
-incoming pockets with direction = 000100
Forward to W

-incoming pockets with direction = 000010
Forward to NW

-incoming pockets with direction = 000001
Forward to NE
End

If distance = k then
distance = distance -1
send packet to E with
direction = 110000
send packet to NE with
direction = 100001
send packet to NW with
direction = 000011
send packet to W with
direction = 000110
send packet to SW with
direction = 001100
send packet to SE with
direction = 011000
End
If distance = 0 then
CONSUME pocket
End
If 0 < distance < k then
CONSUME pocket
distance = distance -1
-incoming pockets with direction = 110000
Forward to E and Forward to SE with
direction = 010000
-incoming pockets with direction = 100001

Figure 35: Oneto-All Broadcasting Algorithm for Eisenstein Network where
=, ),
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3.2.2 Alkto-All Communication

In this section, we describthe all-to-all broadcasting algorithm fdhe Eisenstein
Jacobinetworkswhen = O+ ("Q+ 1)”. In this communication pattern, each node in
the networksendsts message tevery other node in the netwomdore clearly, each

node perforrmaoneto-all broadcasting.

Since no node can send and receive a message over thedsggatthe same time,
we camot applythe oneto-all broadcastinglgorithm forall the nodesn the network
at the same timeHowever, he ideaof the proposed algorithns based ora three
phaseoneto-all broadcasting algorithm where every phasegach nodebroadcasts
its messagéo nodes in two distincRtriangles. By the end of phase three, every node
hasbroadcast its message to all six triangles. We usetlirggphasealgorithm in

order to avoid network contention. The algorithm is first descritsgd) an example.

Example 3.9: Consider théQ) network generated hy = 2 + 3" . In phase one, every

node sends its messages using NW and W edges. B@ushRows step one of phase

one. As Figurd.7 shows, in step two, every node broadcasts the received message in
the previous step to its corresponding triangle. After that, phase twq stastsich

each node sends its message using NE and E edges and repeats the broadcasting as in
phase one. Fingl] in phase threeeach node sends its message using SE and SW

edges and again repeats the broadcasting as in phase one.



Figure3.7: Step Two of Phas@ne for All-to-all Broadcasting iqf”u, z-

49
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Algorithm:

If distance = k and phase =1 then
distance = distance -1
phase = 2
send packet to NW with
direction = 000011
send packet to W with
direction = 000110
else if distance = k and phase = 2 then
distance = distance -1
phase =3
send packet to E with
direction = 110000
send packet to NE with
direction = 100001
else distance = k and phase = 3 then
distance = distance -1
send packet to SW with
direction = 001100
send packet to SE with
direction = 011000
End

If distance =0 and phase 3 then
CONSUME pocket
distance = k

else If distance = 0
CONSUME pocket

End

If 0 < distance < k then
CONSUME pocket
COMBINE pockets
distance = distance -1

-incoming pockets with direction = 110000

Forward to E and Forward to SE with
direction = 010000

-incoming pockets with direction = 100001
Forward to NE and Forward to E with
direction = 100000

-incoming pockets with direction = 000011

Forward to NW and Forward to NE with

direction = 000001

-incoming pockets with direction = 000110

Forward to W and Forward to NW with
direction = 000010

-incoming pockets with direction = 001100

Forward to SW and Forward to W with
direction = 000100

-incoming pockets with direction = 011000

Forward to SE. Forward to SW with
direction = 001000

-incoming pockets with direction = 100000
Forward to E

-incoming pockets with direction = 010000
Forward to SE

-incoming pockets with direction = 001000
Forward to SW
-incoming pockets with direction = 000100
Forward to W

-incoming pockets with direction = 000010
Forward to NW

-incoming pockets with direction = 000001
Forward to NE
End

Figure 38: All-to-All Broadcasting Algorithm for Eisenstein Network where
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As Figure 38 shows, n the initial stepof phase 1a node sends its message along
two dimensionsNW and W. Thus, at the end of this step, a given node receives
messages from at most two nodes, which are adjacent to it in SE and E diréetion
the next step, the node that receives a message from its SE adjacent node (E adjacent
node) sends the meggaalong NW and NE directions (along W and NW dired)jion
From this step onwardsll the messages flow only along the W, NW, and NE
directions. This is because at the initial stap message was sent along the NE
direction and so all the messages tflatv along the NE direction must go only in this

direction.

Therefore, a node can receive messages from its E, SE, and SW adjacent nodes and
send along W, NW, and NE directions. Thus, there is no edge contention in this

algorithm.

Now, let us calcul® the time complexity of each phasgéyich will be the same for
each. Inphase ongfor example, mice there are k steps required for each phase the
start up time iS( . Now, we calculate the transmission time. At the first step, a node
will receive two messages, one from the E and the other from SE adjacent nodes. At

the ®step,’x 2,3,8,Q 1:

1. A node receives one message from the E adjacent node (this message is fro
the node at a distance j along the E direction).
2. A node receive ‘Omessages from the SE adjacent node (these messages are

from nodes at a distand&rom the receiving nodedistanceQ along the SE
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direction and@ distance along the E directionhere @+ @="00 QQ
Q.
3. A node receiveX) 1 messages from the SW adjacent node (these messages

are from nodes at a distan€from the receiving nodedistance’Q along the

SW direction and distanc@ along the SE direction, wher@+ '@= "Q1

’;‘9 '?‘Q '?‘Q 1 ) )

As Figure3.9 shows the’Q 1 messages received from the SW adjacent node and
the only message received from thadjacennode i.e. message sent by the node at a
distance€Calong the SE directigmust be sent to the NE adjac@ode. Similarly, the
"Omessages received from the SE adjacent node and the one message received from
the E adjacent node (a total’®f 1 messages) must be sent to the NW adjacent node.
Furthermorethe message received from the E adjacent node musemeto the W

adjacent node.

A8 M B8{a}
M M={m}
B={al,a2,é ,a(j-1)} A={al,a2,é ,aj}

Figure3.9: Messagddroadcast in Step
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To summarize, at th€%step of the algorithira node has to sef@ 1, ‘Qand1
messages to its NW, NBEnd W adjacent nodes respectively, @ 1,2,...,Q 1.
Thus, in each step, the messages sent to the NW adjacent nodes take the maximum

time. Therefore, the transmission time required is:

A ¢ £ 0 )
1+2+3+E+ qu)u:q',u—2

Since the algorithm uses three pbs, the total time required is:

o N N
Y o @ = 300 &0 ).

3.2.3 Oneto-All Personalized Communication

The me-to-all personalized communication is different frame-to-all broadcast in
that a node starts withh 1 distinct messagesvherel is the number of nodeand
eachof themessagghas to be sen to different node In other words, a single source

node sends a distinct message to every other node in the network.

Initially, the source node (node 0) comsiall the messageand each message is
identified by the labels ots destination node. In the first communication step, the
source node divides the messages into six groups according to ttrisixgles and
then sends each group of messages todde responsible for th@triangle. In each
of these triangles, every node follows the same broadcast pattern used intiralbne
communication except that it first combines all the messages needed for the next step

and then sends this long message.
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(©) (d)

Figure3.10: Oneto-all Personalized Communication Broadcast.

Figure 3.10 shows the communication steps for the -tmall personalized
communication broadcast in a single triangle, which has six nodes. In the starting
phase (a), the source node contains all the messages. In the first step (b), the source
node divides the megges into six groups and then sends the six messages associated
with the NW "Qtriangle. In step two (c), nodé keeps its message, divides the
remaining messages into two groups according to the routing algorithm used in one
to-all broadcast, and sends tinéo its adjacent nodes in thtriangle. Finally, in step
three (d), nodes 4 and 2 keep their messages and send the other messages to their next

neighbors. Thus, after step three all the nodes have received their messages.

In this algorithm, no nodeeceivesa duplicate message. Besides, because the
network is node symmettiany node can be a source noaled thus this algorithm is

universal for every node in the netwoilhe time required for this broadcast can be
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calculated as follows. In th€2Qtriangle, the number of messages to be sent along
the” ©dimension is more than or equal to the messages sent aIth trdimension.

So we will calculate the time required to send alond’ fAgimension. The number of
messages semlong the ” dimension at stepd is 1+ 2+ E + Q ofor 0=

0,1,2,8 ,"Q 1. Thusthe number of messages sent is:

_po a1 _ 1570 o v~ _ 1 Q- Q-
_B"ﬁlT_ EB"Ql @+ Q= > Bg, @+ Bg,Q
_ 1201201 T0o1 _ 001 201 1 = Q1 (0r2)
T2 6 2 T4 3 B 6 '

Thereforethe required time fothis communication is:

. i s QO (Br2)
Yoo & aniaictaign = Q QF QU —————.

3.2.4 Alkto-All Personalized Communication

In the all-to-all personalized communication, each node sends a distinct message to
every other node in theetwork. More clearly, every node performs a -tmall
personalized communication. This communication is one of the most expensive
operations in terms of communication complexity. This pattern is useful in
applicatiors like fast Fourier transform, matrixansposeand some parallel database

join operations.

The communication patterns of the -&Hall personalized communication are

identical to those of the atib-all broadcast. Only the size and the contents of messages
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are different. The algorithm & is to combine the aib-all and the ondo-all

personalized communications together.

Again, this algorithm uses three phases, similar to théo-all communication
algorithm. Initially, each node contains all the messateslabels of their dastation
nodes identified within the messages. In phase @seh node uses only two edges to
send the messages in order to avoid the conflict of sending and receiving the messages
at the same time through an edge. In the first communication step, eactliidds
the messages according to the 'Sixiangles and then sends two groups of messages
to two adjacent nodes, say W and NW adjacent noblesseare responsible for
sending messages to their correspond@igangles. In each of these tw@trianges,
each node follows the same broadcast pattern used in tHe-aldroadcast, except
that it sends all the messages needed for the next step as a group in the same way as in
the oneto-all personalized communication pattern. Similarly, the saoeuss in
phass two and thregexcept that each node sends the messages to two different
adjacent nodes (and so two differé@triangles) in each phase. In each phasery
node sends its messages to two of the six triangles and so by the end of the phase

threg every node sends its messages to the entire network.

Similar to what we have shown in the case of thetoadlll communication
algorithm, in the first stepof the algorithm, a node can receive from its E and SE
adjacent nodes. From next step onwards, a node recesgsages from only its E,

SE, and SW adjacent nodes and sends to its W, NW, and NE adjacent nodes. Thus,

there is no edge conflict in this algibwin.
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Steps Direction Number of messages
Step 1 W 1+2+...+k
NW 1+2+...+k
NE 0
Step 2 W 1+2+...+(k1)
NW (1+2+...+(k1))+(k-1)
NE k-1
Step 3 W 1+2+...+(k2)
NW (1+2+...+(k2))+2(k-2)
NE 2(k-2)
Step | W 1+2+...+(kj+1)
NW (1+2+...+(kj+1))+(k-j+1)(j-1)
NE (k-j+1)(j-1)

Table3.1: The Number of Messages Sent to the W, NW, and NE Adjacent Nodes in
Phase One

Now, we calculate the time taken by the algorithm. T&dleshows the size of the
messages sent along W, N#hd NE adjacent nodes in each steom this tablgit is
clear that the data transfer time is the maximum for sending data to the NW adjacent

node of a given node. Thus, the total number of data transfer is as follows:

Yo acim = BBi(1+2+E+(Q @ 1)+BE R @1(0 Y

=2, 2% +BR, 0 @1 Q1

=B®,-+BR,;+BE, (170 1 B+Q
o G n Q K %, ¥, K ¥ Kok
=Bg,5+Bg,;+Bg; @+2°Q Bg, O+ 1 Bg,®

=Bg, O 2"‘; Q B%l% Bg, O 1
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_ 2»5

Q5 Q 3 T~
_2os5 (o) 1 Qo1 (2% 1) -
B 4 2 6 o)
01 (20r)

6
Thus, the total time complexity of the algorithm is:

v P o ¢ S X e 1
Y ¢ copaiteaan =3 QQF QU ——(———

3.3 Resource Placemenin EisensteinJacobi Graphs

As we explained beforea parallel system may contain a limited amount of
resourcesand these resources need to be distributed so that all nodes in the system
can access themmiformly. One suchresourceplacement method is theembedding
The 6-embeddingor o-dominating set problemis defined as aesource placement
that grans every node a resource within a distanced,odind the resource nodes are

separated by at leazb+ 1.

Some solutions to this problem fone ‘Q) network are given in [25][29] with

v Ty " 1+@3
| = 0+ o, where’ =

andthe normaf ,0 | = ¥+ o & In this case,

the number of nodes in th@) network is¢¥ + ¢¥  ¢xa Here, we have given a result

. v Ty . 1+03 ” o, 5 vy
assuming = @+ &, where’ = ——and the norm of ,0 | = W+ oF + G

Thus, the number of nodes in our caséfis+ of + ¢x3 whereas, the number of nodes

in [25][29] as mentioned before & + ¢¥ Gy in some cases the number of nodes
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can be equal. For example &> 0 for the method proposed here and onéof &
is less tharD in the method proposed in [25][2%hen we get the same number of

nodes.

3.3.1 Thé€tDominating Set Problem

As described earliethe problem of perfeardominating sets has been previously
considered for other graphg28][6]. The concepts of domination and perfect

dominating set are defined as follows:

Definition 3.10: A vertex 6 of a graph™Ois said too-dominate another vertex if
0(6,0) 6 where'O denotes the graph distance. Then, a vertex stilv€ety is
called a perfecb-dominating set if every vertex 60is 0-dominated by a unique

vertex in"Y

In thissectionwe study the existence of perféafiominating sets ovefisenstein
Jacobigraphs. Such sets are idealuf' | . This problemis directly related tathe
designingd-error correcting perfect codes in the ring EisensteirJacobiintegers
using the Eisensteirlacobi graph distance metricLet us first introduce some

necessary definitions.

Given0 | = @+ & M ¥["], an integed> 0, and a vertex N O, a ball of

radiusocentered in embedded ifQ) is the set:
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6, ={v®IQ(C.) o

For any , the cardinality oB,(f ) is1+ B_, 6Q= 3¢ + 30+ 1.

A subset’Yof the vertices irQ) is called a perfect dominating set if every node in
Q) is 6-dominated by exactly one node ™ If “Yis ao-dominating setthen the set

"Y'= ‘s =1 4|, N "Yisalso a>dominating set.

An ideal ‘Gn the quotient ringd[”], is a subsebdf y[”], such thatthe following

rules hold

1 Forany ,” N Qthenr * N 'O
1 Forany ™y ”, andany N QOthem ‘' N O

The ideal generated by an elemént u[”] is denotd as (I ). This means every
element in(f ) is a multiple off . Thefollowing theorem gives the main result of this

section.
Theorem3.11: Let | = &+ &3 andobe a positive integethen
i) Iff = 0+ (0+ 1)” divides| then"Y= T P u[”] is a perfect-dominating
setinQy .
i) Iff ®= 20+1 0+ 1" divides| then"Y= (I § P u["] is a perfect

dominating set ifQ) .

i) If 1 2 20+ 1 + ¢ divides| then"Y=( P u["] is a perfecto-

dominating set ifQ) .
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- C () ,
Proof: First, note that S has exacx-h%—) elementg29]. Next, we prove the first part

of the theorem. The secomaid the thirgoarts can be proved usiragsimilar argument.
We need to prove thatif,f ; ™ "Y,thenQ T, 20+ 1, whereQ denotes the

EisensteinJacobigraphdistance.

Considerf 1,1 » N "YThenl 1 =| 4 and ,=]| 5 , with] 1,| o, ¥ " . We have
toprovethal 1,1, =Q |4, J =Q |1 |,7,0 20+ 1. Notethatit

is enough to prove that, foranys ” ,'Q ‘1,0 20+ 1.

SupposeQ ‘T ,0 20 This means that there exish@ andd such thatt =
W+ &+ 02 aEQ , with LB+ LB+ HS 20 Note thatd ‘f =0 ¢ 01
Now | =3¢¥+30+1,andl) o+ & +d2 =0 @ G+ o+aq”
= 0 %+ O+@’+ © a4 w+a
=+ P+ 0P+ QO+ G G

(Ts+ Lo+ P9? 4%, sincep+ L+ L 20

402
3%%+30+1

As(O * 0(f) 4¢ then0 * < 2for 6> 0. This implies' is a unit,

e ={x1,+",+"2} Since‘ v {+1,+",+"2},Q ‘1,0 = Q 1,0 = 20+ 1,

and this leads to a contradiction. Thus, the distance between any two resource nodes is

at leas20+ 1. Furthermore, the number of eIement§Yﬁs% , the set S is a perfect

o-dominating set.
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For the second part of tlleeorem,
[ *= 20+ 1 O+17 = 20+1 "+ 73 o+ 1"
= 20+17"°+d = 20+17°+ 1 73
= 0+1"%+0= 0+1"%°+ 6,
Thus, byTheorem 3,0 (‘T ®0) = 20+ 1.
Similarly, for the third part,
[eR 20+1 +F = 20 1+F =0 1+ O0+1 =2+ o+173

and hencgby Theorem &,Q ‘1 3 = 20+ 1.

Example 312: Let| = 5+ 6”. Sincel+ 2" divides5+ 6", theideal "Y= {1+
2", 4 ", 3+", 2+3", 1+5"5 4", 5+4,1 5,2 3,3 "4+

, 1 27,0} is a perfect dominating set iiQ},¢s . Figure 3.11 illustrates this

example. The wra@round links ofQ%, - have been omitted for the sake of clarity.



P

Figure 311: Perfect iDominatingSet in Wlh z-
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Table 3.2 gives som@dominating generatofs for a given networks generated by

| I 0
1+5 [ 1+2 |1
5 ° |3 2 |1
4 7 [ 3+ 1
1+8 | 2+3 |2
8 " |5 3 |2
7 | s+ |2
1+11" | 3+4" |3
11 " |7 4 |3
10 " | 7+3 |3

Table 3.2 SomeValues for» and s where 1 Divides) .
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3.4 Conclusion
In summary, we presentecommunicationalgorithns for the Eisenstexdacobi
networks when| = 'O+ ("O+ 1)”. In all proposed algorithms, the number of steps
required to complete the algorithm is minimum. kebe the startup time to send a
packet,g, be the time to transfer one word, ande the size of the packa/henQis
the network diameter, the number of steps and time required for each communication

pattern are as follows:

f Oneto-all broadcast require@steps andg + g, 0 "Qtime.

foXe'y!
2

 All-to-all broadcast require8Qsteps an®(q Q&+ ¢, 0 ) time.

f Oneto-dl personalized broadcast requir€steps and

Q1 (2)

QO+ 0 time.

f All-to-all personalized broadcast requi@tsteps and

3 g0+ g0 2 time.

In all these algorithms, no node receives redundant messages. Furthermore, the
proposed algorithms are optimal or close to optimal, at least in terms of the number of

steps required.

In [25][29], a solutionto 6-dominating set problem is given f@) network with

123 and the norm of , 0| =&+ af & lin this

| = O+ ¥, assuming” =

section we have given raother solution for thed-dominating set problem fo@0)
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networks with = O+ & , where’ = #and the norm of0 | = ¥ + G + ¢,

which givesthetotal number of nodds the network asi¥ + ¢¥ + ¢xa



66

Chapter 4

Future Research

There are some open research problems related to the topics of this thesis. In this
chapter,the problems are divided into three sectior&ection4.1 introduces the
problem of findng three edge disjoint Hamiltoniancycles in Eisensteidacobi
networls. In Section 4.2, we describe the "@adjacency placemenproblem in
Eisensteinlacobi network Finally, in Section4.3, the problem obroadcasting in

generaEisensteinJacobinetworks is described

4.1 EdgeDisjoint Hamiltonian C ycles in EisensteinJacobi Networks
Chapter 2 of this thesis provideal solution for generatg two edge disjoint
Hamiltonian cyclesn Gaussian netwoskwhenged (3@ = Q> 1, and so the edge
disjoint Hamiltonian cycle inthe Gaussian network isow completely solved. On the
other hand, for Eisensteilacobi networg the problem is solved whegcd Q3o =

1in [15][3], butit is not clear how to solve this problem whgsd @y = Q> 1.

Studying and analyzing the relationshiyfgtween the real imhension and the
imaginary dmensionhelped us to construct the edge disjoint Hamiltonian cycles for
the Gaussiametworks However, in the case tiie EisensteinJacobi networksimilar

approacksseenedtoo complicated because thesewnaitks are of degree six.
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Our preliminary investigation indicates thatarting from some nogdé we proceed

along thel,”, or” 2 dimension, we get a cycle of Ieng“fﬁ‘féﬁg It is not clear how

to combine these smaller cycles to foHamiltonian cycle in such a wayhat the

edges fornthreeedge disjoint Hamiltonian cycles.

4.2 Broadcasting in EisensteirJacobi Networksin the General Case
Chapter 3 introduced four primitive communication patterns:toradl, all-to-all,
oneto-all personalized, and aib-all personalized for Eisenstelacobi networks
when = "0+ ("Q+ 1)”. Designing efficient algorithms for general Eisenstigobi

networks are challenging research topics.

4.3 Ladjacency in EisensteirJacobi Networks

Resource placement problsrare divided into threelasses. The first class of the
problem is called the distangeproblem.This problem considers placing resources
such that each node the network either has a copy of the resource or is at a distance
of at mosto from at least one node having a copy of the resoiitee second class of
the problem is calledhe "@adjacency problemThis problem considers placing
resources such thaaeh nonresurse node is adjacent @esource nodes. The third
class of the problem is the generalized placement problem, which is a combination of

the distance and the@adjacency problems.
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In chapter3, we provided a solutiomo the distance problem forthe Eisenstein

Jacobi networlandsolutiors for the other two classes pfoblens are not yet known
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