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The purpose of this qualitative case study was to investigate the development of social 

norms in a fifth-grade reform-based mathematics classroom through a close 

examination of one teacher’s actions during the first three weeks of school.  This study 

offers insights into the following research questions: 1) How does an elementary 

teacher in a reform-based mathematics classroom negotiate the development of social 

norms through the context of mathematics at the beginning of the school year?  2) 

What is the role of social norms in the development of sociomathematical norms?      

3) In what ways do teacher moves support or hinder the development of 

sociomathematical norms? 

The main data sources were videotaped classroom observations and teacher 

interviews. Data analysis involved a two-cycle coding process utilizing several coding 



  
 

strategies.  The work of Kazemi and Stipek (2001) was used in conceptualizing the 

categories of social norms found in the data.  

The findings describe the context of the classroom; the teacher’s beliefs, 

values, and attitudes towards mathematics; and how the teacher set the stage for 

learning mathematics.  There were four specific social norms found in the data that 

had the potential to become building blocks for sociomathematical norms: 1) students 

collaborate to solve problems, 2) students view mistakes as a natural part of the 

learning process, 3) students share strategies and explain their thinking, and 4) 

students solve problems using a variety of strategies and representations. 

The teacher negotiated the development of social norms through his choice of 

high-cognitive demand tasks and collaborative grouping structures as well as 

pedagogical moves that held students accountable and probed their mathematical 

thinking.  This happened in the context of a supportive classroom environment where 

students were willing to take risks and talk about their mathematical thinking.   

The teacher’s role as a mathematical authority in the classroom, his use of 

questioning that sometimes diminished students’ thinking, and his language that 

communicated mixed messages regarding the nature of mathematics may have 

hindered the development of productive sociomathematical norms. 

This study has implications for preservice and inservice teachers as well as 

administrators and professional development leaders in the field of mathematics 

education.   
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BEGINNING THE YEAR IN A FIFTH-GRADE REFORM-BASED MATHEMATICS CLASSROOM:  

A CASE STUDY OF THE DEVELOPMENT OF NORMS 
 

Chapter 1: Introduction 

Purpose and Background 

The purpose of this study is to analyze a teacher’s role in the development of a 

classroom culture that supports students’ mathematical thinking and learning.  In 

particular, this case study seeks to contribute to a better understanding of how social 

norms are developed in a reform-based mathematics classroom at the beginning of the 

year and what potential those social norms have to promote the growth of 

sociomathematical norms.   

The National Council of Teachers of Mathematics (NCTM) in its Principles 

and Standards for School Mathematics (2000) identifies six key principles of a high-

quality mathematics education for students.  One of those, the Teaching Principle, 

describes the teacher’s role in developing a challenging and supportive learning 

environment.  The following excerpt alludes to a variety of the social and 

sociomathematical norms that are critical for an effective reform-based mathematics 

classroom: 

Teachers establish and nurture an environment conducive to learning 
mathematics through the decisions they make, the conversations they 
orchestrate, and the physical setting they create.  Teachers’ actions are 
what encourage students to think, question, solve problems, and discuss 
their ideas, strategies, and solutions.  The teacher is responsible for 
creating an intellectual environment where serious mathematical 
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thinking is the norm.  More than just a physical setting with desks, 
bulletin boards, and posters, the classroom environment communicates 
subtle messages about what is valued in learning and doing 
mathematics.  Are students’ discussion and collaboration encouraged?  
Are students expected to justify their thinking?  If students are to learn 
to make conjectures, experiment with various approaches to solving 
problems, construct mathematical arguments and respond to others’ 
arguments, then creating an environment that fosters these kinds of 
activities is essential.  (NCTM 2000, p. 18) 
 
McClain and Cobb (2001) suggest that the teacher’s role is vital in the 

establishment of such an environment and thus “necessarily requires a sense of 

knowing in action on the part of the teacher as he or she attempts to capitalize on 

opportunities for mathematical learning that emerge from students’ activity and 

explanations” (p. 236).  The act of teaching in a reform-based classroom is a 

remarkably complex endeavor and this idea of knowing in action involves making on-

the-spot pedagogical decisions while at the same time monitoring classroom 

discussions, interpreting student explanations, and providing direction and guidance as 

deemed appropriate.   

Smith (1996) suggests that one of the primary barriers to reform efforts in 

mathematics education is that “a mismatch exists between the pedagogy of current 

reform and the basis on which mathematics teachers have traditionally felt efficacious 

in directing student learning” (p. 388).  Even teachers who strive to embrace changes 

called for by reform efforts often feel vulnerable and unsure about their teaching 

(Wood, Cobb, & Yackel, 1991).  Smith puts forward the suggestion that “productive 

new ‘moorings’ for efficacy” (p. 387) are needed in order to maximize the impact of 
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reform.  Such moorings might include offering a detailed vision of the teacher’s role in 

creating and sustaining a classroom environment which promotes understanding.  

Mathematics curriculum and instruction in the United States has typically been 

characterized as focusing on learning skills and procedures and addressing many 

topics at a superficial level (Flanders, 1987; Stigler & Hiebert, 1997; Stigler & 

Hiebert, 1999).  For more than 25 years, the National Council of Teachers of 

Mathematics (NCTM) has pressed for the development of curricula that are 

challenging and engaging for students, and instruction that leads to deep 

understandings of the relationships among mathematical concepts.  Guidelines for 

changes in curricula and instruction have come through several NCTM publications.  

In response to NCTM’s call for reform, the National Science Foundation (NSF) 

provided funding for the development of several elementary mathematics curricula 

that embraced the standards.   

According to Mokros, Russell, and Economopoulos (1995), a reform-based 

curriculum can support the development of a strong mathematics program by 

providing meaningful and coherent problems that enable students to build 

mathematical understandings and by providing support for teachers in their own 

mathematical and pedagogical growth.  Bay (2000) suggests that while a reform-based 

curriculum can support teachers who know how to implement reform practices, in and 

of itself, the curriculum does not result in different teaching.  

In their article describing the research on the Trends in International 

Mathematics and Science Study (TIMSS) Video Study, Stigler & Hiebert (2004) 
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suggest that because we spend the majority of our early lives being enculturated to the 

act of teaching, making a system-wide change is very difficult. 

Teaching is a cultural activity: learned implicitly, hard to see from 
within the culture, and hard to change….The cultural act of teaching–
the ways in which the teacher and students interact about the subject–
can be more powerful than the curriculum materials that teachers use. 
(p. 16) 
 

They further indicate that the U. S. teachers in the TIMSS Video Study 

overwhelmingly tended to transform high-cognitive demand tasks—the kind of 

problems one would expect to see in reform-based curriculum—into low-cognitive 

demand exercises.  This emphasizes the point that the adoption of a reform-based 

curriculum will not necessarily result in desired changes in teaching behaviors. 

“Beliefs about how to do mathematics and what [it] means to know 

[mathematics] in school are acquired through years of watching, listening, and 

participating” (Lampert, 1990, p. 32).  Because most teachers did not learn in an 

environment that focused on making meaning of mathematics, teaching mathematics 

in this way requires a paradigm shift.  Even teachers who have attempted to teach with 

understanding for many years still find themselves learning from their own practice.   

The development of sociomathematical norms is imperative in an effective 

reform-based mathematics classroom.  One of my goals in this study is to investigate 

the development of social norms at the beginning of the year, with particular attention 

to what role social norms play in the growth of sociomathematical norms.  In doing so, 

I hope to shed light on some high-leverage practices which may promote and sustain a 

classroom environment in which serious mathematical thinking is the norm. 
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Research Questions 

In order to explore the development of social and sociomathematical norms in 

a reform-based elementary mathematics classroom, the following three questions 

focused my study: 

1) How does an elementary teacher in a reform-based mathematics classroom 

negotiate the development of social norms through the context of 

mathematics at the beginning of the school year? 

2) What is the role of social norms in the development of sociomathematical 

norms? 

3) In what ways do teacher moves support or hinder the development of 

sociomathematical norms? 

In answering these questions, I describe the context of one teacher’s classroom 

at the beginning of the school year and use examples from the data to illustrate how 

social norms were negotiated between the teacher and his students.  I identify which 

social norms in the classroom came to be taken-as-shared and which were still in a 

state of infancy.  In addition, I investigate the role of social norms in the development 

of sociomathematical norms and highlight particular social norms that had leverage 

towards this end.  Finally, I explore how certain pedagogical moves of the teacher 

facilitated or hindered this process. 
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Significance of the Study 

This study is situated in a substantial body of research related to the 

negotiation of social and sociomathematical norms (Cobb, Wood, & Yackel, 1993; 

Cobb, Yackel, & Wood 1989; Kazemi, & Stipek, 2001; Lo & Wheatley, 1994; 

McClain & Cobb, 2001; Wood, Cobb, & Yackel, 1991; Yackel & Cobb, 1996).  These 

studies have provided an excellent grounding in the importance of the development of 

social and sociomathematical norms within reform-based classrooms.  In the studies 

conducted by Cobb et al. in particular, the researchers conducted teaching experiments 

in primary classrooms in which they worked in collaboration with the teachers who 

were selected for the studies based, in part, on their desire to reform their practice.  In 

these studies, the researchers played an active role in developing and selecting the 

instructional activities and sequences.   

In contrast, my study focused on an exemplary upper elementary teacher who 

embraced the practice of reform-based mathematics teaching but did not have the 

extensive training and support in implementing such a program as was present in the 

studies mentioned above.  While it is likely that the process of an outsider examining 

his teaching may have impacted the teacher’s practice, my intended role as a 

researcher in this study was to observe rather than influence.  I did not actively guide 

the teacher’s decision-making processes, and, in fact, purposely kept my interactions 

with the teacher to a minimum as needed for clarity.  Rather than influencing, I hoped 

to uncover and learn from the teacher’s current practice.  I was interested in 

discovering how a teacher with reform-minded beliefs but limited support would enact 
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those beliefs using a reform-based curriculum. In particular, by conducting this 

research during the first three weeks of school, I wanted to observe how he proactively 

negotiated the social norms that developed in his classroom through the decisions he 

made, the conversations he orchestrated, and the physical setting he created. 

The studies listed above also have clarified the difference between social and 

sociomathematical norms.  While social norms refer to agreements and expectations 

that can apply to any subject area, sociomathematical norms are specific to 

mathematical activity.  Kazemi (1998) suggests that while the negotiation of social 

norms consistent with reform-minded mathematics instruction is essential for helping 

students build sophisticated understandings of mathematics, it is not sufficient.  In 

addition, the teacher needs to press for the development of such sociomathematical 

norms as an explanation consisting of a mathematical argument rather than a set of 

procedural instructions and collaborative mathematical work requiring individual 

accountability for the mathematical justification of the work.  Kazemi & Stipek (2001) 

suggest that “supporting teachers to create sociomathematical norms in their 

classrooms requires more than describing discrete behaviors [to be required of 

students]” (p. 79).  Further, they call for continued research to investigate “how 

sociomathematical norms are created and sustained” (p. 79).  Through this study, I 

examined the development of social norms in the classroom with an eye on the 

horizon of sociomathematical norms.  I sought to understand the role of social norms 

in the development of sociomathematical norms and how pedagogical moves of the 

teacher might facilitate or hinder their development. 
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Researcher’s Disclosure 

Early in my own career as a teacher, I taught mathematics in much the same 

way that I learned mathematics as a student: I explained concepts and procedural steps 

as clearly as possible and gave students appropriate opportunities to practice.  I was, 

however, dissatisfied with this traditional way of teaching and determined to make 

mathematics more meaningful for my students.  To that end I began to take classes to 

improve my mathematics instruction.  Through the classes and workshops, I learned 

the importance of using manipulatives and visual models to help students “see” 

mathematical relationships.  I purchased base-ten blocks so that students would better 

understand regrouping and place value.  I incorporated many hands-on activities and 

games in my instruction so that students would enjoy math. I used manipulatives and 

visual models to help illustrate the steps in an algorithm and was very patient in 

guiding students through the procedure when they couldn’t remember.  When a child 

just didn’t understand my way of explaining, I often had other children explain how 

they thought about and remembered mathematical ideas or procedures.   

While these were noble efforts, the nature of my mathematics instruction did 

not really change until my focus shifted from what I was doing to what the students 

were doing and I started listening to children explain their mathematical thinking.  

This happened when I enrolled in a class called Cognitively Guided Instruction (CGI).  

Based on a large body of research centered on understanding children’s mathematical 

thinking, CGI came out of a project at the University of Wisconsin-Madison 

(Carpenter, Fennema, Peterson, Chiang, & Loef, 1989; Carpenter & Fennema, 1992; 
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Fennema, Franke, Carpenter, & Carey, 1993).  Prompted by an assignment in this 

class, I interviewed students about their mathematical thinking and problem-solving 

strategies.  As I listened to what students had to say, I began to realize how little I 

knew about their mathematical understandings.  On one hand, some of their thinking 

was far more sophisticated that I would ever have imagined, and, on the other hand, 

some of the concepts that I had so carefully and clearly explained were obviously not 

yet part of their mental schema.  As I began to listen to students, my mathematics 

teaching transformed from a model of tell and compel to that of share and compare– 

“a culture of discourse that children create to learn mathematics with confidence and 

understanding” (Buschman, 2003, p. 5). 

In the years to come, I continued on my quest to understand students’ 

mathematical thinking and make the learning of mathematics a sense-making 

endeavor for students.  In my naïveté, I believed that all teachers were making the 

journey with me.  I felt certain that what I had come to know and understand, others 

had also come to know and understand simultaneously. When I moved into the role of 

a mathematics specialist and began to spend time in schools and classrooms, I came to 

realize that this was not commonly the case. 

As a mathematics specialist in a school district curriculum department, my job 

was to support teachers in the implementation of a reform-based curriculum.  Teachers 

in the district had a variety of professional development opportunities, including the 

opportunity to visit other classrooms.  In the fall of the first year of implementation, I 

went with two fourth-grade teachers to watch Mrs. Sanchez (a pseudonym), an 
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exemplary teacher in another district who was beginning her third year using the same 

reform-based curriculum.  Mrs. Sanchez had “looped” with her class from grade three 

to grade four, so even though it was only early October, she had been with the class 

for more than a year.  In addition, she had taught the fourth grade curriculum 

previously, so she was also familiar with both the third and fourth grade scope and 

sequence.  The classroom environment was replete with examples of 

sociomathematical norms in practice in both small group and whole group settings.  

Students questioned one another’s thinking and used mathematical argumentation to 

explain and justify their work.   

On the way back to our district, as we debriefed the lesson we had observed, 

one of the teachers said, “Wow!  That wouldn’t work with my kids.  That class is just 

different from mine!  The kids worked together so well.  The conversations they had 

about math were impressive and they really listened to each other.  It must be because 

she’s had them for two years.”  Teachers who are attempting to implement a reform-

based curriculum often recognize the power of an effective, supportive mathematical 

environment when they see it in action.  While they are interested in creating such a 

climate in their own classroom, they also recognize the complexity of doing so and 

that simply telling students to talk to one another about mathematics will not result in 

such an environment.  Often teachers seem to believe that there are factors within their 

own classrooms that would prevent the establishment of such an environment, 

illustrated by the comment, “That wouldn’t work with my kids.”     
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Because of my own personal journey and beliefs about teaching and learning 

mathematics, I trust sociomathematical norms can be developed with any group of 

students given an appropriate learning environment.  While the fact that Mrs. Sanchez 

was with the same students for a second year certainly contributed to the level of 

discourse in the classroom, much more had gone into the creation of this rich 

environment than the passage of time. This observation and the subsequent 

conversation with the two teachers who were struggling to implement a reform-based 

curriculum in their own classroom planted a seed of interest for me. Social norms are 

part of every classroom culture, but how do teachers develop the kinds of social norms 

that will lead to the kinds of sociomathematical norms needed in reform-based 

classrooms?  What are the pedagogical moves a teacher can make to ensure that 

children will talk about mathematics in the way that NCTM advocates?  It is for this 

reason that I chose to study how teachers enact the development of social norms in 

their classrooms at the beginning of the school year. 

Definition of Key Terms 

In order to bring further clarity for the purpose of this research, the following 

definitions are offered. 

Cognitive Demand 

Cognitive demand refers to the level of thought processes that must be 

employed by an individual when working on a task.  A task carried out at a low level 

of cognitive demand would require thought processes such as recalling facts, 
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definitions or formulas, or following a set of given procedures to complete the task.  A 

task carried out at a high level of cognitive demand would require significantly more 

engagement of the brain through sophisticated processing.  Such elevated thought 

processes come into play when an individual must make connections among various 

concepts and representations, explain and justify a solution, or make and investigate a 

conjecture. 

Mathematical Representations 

According to the National Council of Teachers of Mathematics (NCTM, 

2000), “the term representation refers to both process and to product—in other words, 

the act of capturing a mathematical concept or relationship in some form and to the 

form itself” (p.67).  Further, a representation can take the form of being “external” 

(observable) as well as “internal”—that is, in the mind of the person doing the 

mathematics.  Such mathematical representations might take the form of a verbal 

description, a numerical or symbolic notation, or a graphical depiction.  When 

referring to a product, representations can be formal (such as tables, charts, graphs, or 

equations) or informal (such as drawings, diagram, models, or informal uses of 

numbers and symbols).  Mathematical representations are not ends in themselves but 

rather should be used as vehicles to support the understanding of and communication 

about mathematical concepts. 

Mathematical Strategies 

Mathematical strategies are the methods or series of thought processes and 

actions one uses to attempt to solve a mathematical problem or achieve a mathematical 
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goal.  Mathematical strategies are not always fully conceptualized before they are 

implemented and sometime result in false starts, dead ends, and backtracking. 

National Council of Teachers of Mathematics (NCTM) 

The National Council of Teachers of Mathematics (NCTM) is a professional 

organization comprised of mathematics educators from around the world who work 

with students in various capacities and at all educational levels from pre-kindergarten 

through graduate school.  NCTM’s mission is to provide vision, leadership, and 

professional development to an international community interested in ensuring 

equitable mathematics learning of the highest quality for all students. 

Plenary Session 

In the context of this dissertation, a plenary session refers to a segment of the 

classroom instructional time in which all members of the class are in attendance.  This 

session generally involves a whole group discussion of the mathematics that is under 

investigation.  It commonly takes place at the beginning and/or end of the class 

session, but it is not limited to that timeframe. 

Reform Mathematics Curriculum 

Reform mathematics curriculum is curriculum written to address the 

underlying intent of NCTM’s Principles and Standards for School Mathematics.  This 

includes not only the content standards, but also, and perhaps more importantly, the 

process standards and principles.  The headings for these standards and principles are 

listed in Table 1.1.   
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Table 1.1 -- NCTM Principles and Standards 

 

Reform mathematics curriculum is also referred to as standards-based 

mathematics curriculum in the literature.  However, it is the practice of every 

publisher to refer to their curriculum as “standards-based,” so I prefer to use the term 

reform-based mathematics curriculum for clarity.  Some of the currently published 

elementary reform-based mathematics curricula include Everyday Mathematics 

(University of Chicago School Mathematics Program, 2001); Investigations in 

Number, Data, and Space (TERC, 2004); Bridges in Mathematics (Math Learning 

Center, 1999); and Math Trailblazers (Teaching Integrated Math and Science Project, 

2003).  

Reform-based Mathematics Teaching 

Reform-based mathematics teaching addresses the underlying intent of 

NCTM’s Principles and Standards for School Mathematics.  In addition to attending 
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to the content standards, such teaching focuses on helping students make sense of the 

mathematics they are studying. 

Social Norms 

Social norms are more than simply rules or expectations.  They are regularities 

in classroom social interactions which are based upon implicitly shared group 

agreements.  Some of the social norms one might see in a classroom include students 

collaborating to solve problems or students sharing their thinking about an issue, 

problem, or solution.  

Sociomathematical Norms 

Sociomathematical norms are norms that are specific to the mathematical 

aspects of the social interactions.  For example, students sharing their thinking about 

an issue, problem, or solution is a social norm that could take place in any content area 

such as language arts, science, or social studies.  Giving an explanation about the 

mathematical aspects of an issue, problem, or solution based upon mathematical 

argumentation would constitute a sociomathematical norm.   Some sociomathematical 

norms are more productive than others in developing the kind of discourse community 

called for by the NCTM standards.  

Task   

In the context of this dissertation, I am using the word task to mean a defined 

mathematical problem or investigation.  The cognitive demand of a task can vary 

based upon the complexity of the task, the way in which the task it set up and enacted, 

and the level of expertise of the student. 
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Summary 

Through this case study, I seek to contribute to a better understanding of how 

social norms are developed in a reform-based mathematics classroom at the beginning 

of the year and what potential those social norms have to promote the growth of 

sociomathematical norms.  In this chapter, I have set forth the foundation, background, 

and significance of the study.  In addition, I have disclosed my own personal interest 

and background related to this topic and discussed many of the terms that underlie this 

study.   

Chapter 2 of this dissertation presents the literature review that provides a lens 

for examining the development of social and sociomathematical norms within the 

context of a mathematics classroom.  The literature review begins with a broad look at 

the context of mathematics reform and its theoretical roots, and then discusses the 

relevant literature on the topic of social and sociomathematical norms in the context of 

both traditional and reform-based mathematics classrooms.  Chapter 3 describes my 

methods and methodology.  Along with providing a description of my own 

perspective as a researcher, I also explain the selection criteria and process for 

choosing the participant, the procedures and sources used for collecting data, and the 

data analysis process used to identify and analyze the categories that emerged from the 

study.  Chapter 4 presents a detailed description of the findings of the study.  Also 

included in this chapter is a discussion of four specific social norms found in the data 

that have the potential to become building blocks for the development of 

sociomathematical norms.  In Chapter 5, I present the key findings related to each of 
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the research questions, including a discussion of how these findings relate to the 

existing literature.  Finally, I offer a set of applications and recommendations based 

upon the findings as well as suggestions for further research. 
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Chapter 2: Literature Review 

Introduction 

This chapter presents a review of the literature in two major areas that lay the 

foundation for my study: The Context of Mathematics Reform and Social and 

Sociomathematical Norms.  To better understand the role of social norms in a reform-

based mathematics classroom and what potential those social norms have to promote 

the growth of sociomathematical norms, it is important to frame the context of 

mathematics reform and examine the literature of social and sociomathematical norms. 

Within the context of mathematics reform, I first present a brief historical 

perspective on the mathematics reform movement and then offer a detailed look at the 

research around excellence in mathematics teaching as defined by the National 

Council of Teacher’s of Mathematics’ Professional Standards for Teaching 

Mathematics.  I then discuss the significance of constructivist epistemology and 

related learning theories to reform-based mathematics and the implications for the 

teaching and learning environment. 

To begin the exploration of social and sociomathematical norms, I offer a brief 

look at the construct of social norms and an examination of how norms, in general, 

might develop.  Next, I examine the literature specific to social norms in the 

mathematics classroom followed by a comparison of social norms in traditional 

classrooms and in reform-based classrooms.  Finally, I provide a review of the 

literature on the role of social and sociomathematical norms in classroom discourse.  
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The Context of Mathematics Reform 

Over the past three decades, the National Council of Teachers of Mathematics 

(NCTM) has played a major role in the reform of mathematics teaching and learning.  

In 1980, the NCTM Board of Directors issued An Agenda for Action: 

Recommendations for School Mathematics for the 1980s.  This document was an 

effort to provide new direction for schools and teachers after a decade of back-to-

basics reaction to the new math era of the 1960s and early 1970s.  Much commentary 

on mathematics education during the remainder of the 1980s alluded to the report, and 

it paved the way for the Curriculum and Evaluation Standards for School 

Mathematics published by NCTM in 1989.  This publication, often referred to as the 

“NCTM Standards,” stressed that “the study of mathematics should emphasize 

reasoning so that students can believe that mathematics makes sense” (NCTM, 1989, 

p. 29).  

During the 1990s, NCTM produced two more groundbreaking documents.  In 

1991 NCTM set forth a document called the Professional Standards for Teaching 

Mathematics that outlined and described the major shifts that need to take place within 

the mathematical environment of the classroom in order to move from “learning 

mathematics as accumulating facts and procedures to learning mathematics as an 

integrated set of intellectual tools for making sense of mathematical situations” (p. 2).  

This set of professional standards presented a vision of what teaching should entail to 

support the changes in curriculum recommended in the 1989 Curriculum and 

Evaluation Standards for School Mathematics as well as how teaching should be 
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evaluated for the purpose of improvement.  In 1995 NCTM released the Assessment 

Standards for Teaching Mathematics.  This important document was written because 

“new assessment strategies and practices need to be developed that will enable 

teachers and others to assess students’ performance in a manner that reflects the 

NCTM’s reform vision for school mathematics” (NCTM, 1995, p. 1).  At the end of 

the decade, NCTM began work on revising the NCTM Standards.  In April 2000, the 

NCTM released its Principles and Standards for School Mathematics, which updated 

the 1989 Curriculum and Evaluation Standards. 

Professional Standards for Teaching Mathematics 

Because the Principles and Standards for School Mathematics (NCTM, 2000) 

focuses on curriculum and the Professional Standards for Teaching Mathematics 

(NCTM, 1995) defines the teaching aspects of mathematics education reform, both 

continue to play a major role in defining mathematics education reform.  In particular, 

the Professional Standards for Teaching Mathematics helps to define excellence in 

mathematics teaching in four areas: 1) selecting mathematical tasks; 2) orchestrating, 

promoting, and enhancing discourse; 3) creating a learning environment; and 4) 

analyzing teaching and learning.  These four areas provide a framework for examining 

teaching in a reform-based classroom. 

Mathematical tasks.  Posing worthwhile mathematical tasks that engage 

students’ intellect and develop their mathematical understanding is a critical role of 

the teacher (NCTM, 1991, p. 25).  The significant role of tasks in the interplay 

between teaching and learning has been widely recognized (Doyle, 1983; Krainer, 



21  
 

1993; Stein & Lane, 1996).  The tasks that are selected and used in the classroom form 

the basis for student learning.  According to Doyle (1983), "Tasks inf1uence learners 

by directing their attention to particular aspects of content and by specifying ways of 

processing information" (p. 161).  The type of task posed will naturally prescribe the 

type of thinking in which students will need to engage.  Stein, Smith, Henningsen, and 

Silver (2000) suggest that it is important for teachers to be clear about their goals for 

student learning and then choose a task that will match those goals.  Routine, 

procedure-oriented tasks require students to recall a set of steps needed to solve the 

problem and may be appropriate if speed and fluency are the primary learning goals.  

However, when the primary learning goal is for students to explain, justify, and 

compare their solution processes and interpret the reasonableness of their own and 

others’ actions and solutions, then high-level cognitive demand tasks are needed.  

According to Stein, Grover, and Henningsen (1996) such tasks are “characterized by 

features such as having more than one solution strategy, as being able to be 

represented in multiple ways, and as demanding that students communicate and justify 

their procedures and understandings in written and/or oral form” (p. 456).   

Stein, Smith et al. (2000) propose a Task Analysis Guide for rating the 

cognitive demand of tasks based upon the kind of thinking it demands from students.  

Tasks can be classified as having lower-level or higher-level cognitive demands.  

Tasks with lower-level cognitive demands are classified as memorization and 

procedures without connections to understanding, meaning, or concepts.  Typically 

when working on such tasks, students are expected to solve multiple similar problems 
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within one assignment.  Higher-level cognitive demand tasks are classified as 

procedures with connections to understanding, meaning, or concepts and doing 

mathematics (that is, no implicit or explicit pathway for a solution is suggested by the 

task).  Students would typically perform only a few problems in a sitting.   

Stein, Smith et al. (2000) also put forward a Mathematical Tasks Framework 

for reflecting upon the way in which tasks unfold during the lesson including how 

tasks are set up by the teacher and how they are enacted by students.  The cognitive 

demand of a task is not always maintained as it passes from one phase to another.  

There are a variety of conditions under which the cognitive demand of a task might 

diminish.  This might happen if the problematic nature of the task is made routine by 

the teacher taking over the thinking and reasoning about the task and showing students 

how to do the problem, or by students pressing the teacher to reduce the complexity of 

the task by specifying specific procedures to follow.  The cognitive demand of the task 

could also be diminished if the teacher shifts the emphasis from sense-making about 

the problem to the accuracy or completeness of the answer (Stein & Smith, 1998; 

Henningsen & Stein, 1997).  Kilpatrick, Swafford, and Findell (2001) claim 

the quality of instruction depends… on whether teachers select 
cognitively demanding tasks, plan the lesson by elaborating the 
mathematics that the students are to learn through those tasks, and 
allocate sufficient time for the students to engage in and spend time on 
the tasks.  (p. 9) 
 
There is a cumulative effect of the selection of daily tasks in the development 

of students’ implicit ideas about the nature of mathematics (Stein & Lane, 1996; Stein, 

Smith, Henningsen, & Silver, 2000).  The kinds of tasks in which students engage 
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day-in and day-out send a message about what it means to do mathematics.  In a study 

of the practices and epistemological beliefs of 70 research mathematicians, Burton 

(1999) found that mathematicians often work in a state of uncertainty, and there is a 

powerful sense of achievement when an Aha! is reached.  It is by working through the 

frustration of uncertainty—by “picking up a piece [of the jigsaw puzzle] and seeing 

that it should be turned around and put in a different way” (p. 133)—that 

mathematicians get to experience the euphoria of coming to know.  When teachers 

regularly select and implement tasks which require substantial time and cognitive 

effort, students come to know that doing mathematics requires perseverance and 

results in making sense of the mathematics—achieving the Aha! moment. 

Discourse.  NCTM’s Professional Standards for Teaching (1991) proposes 

three important teacher roles related to mathematical discourse: 1) orchestrating 

discourse by posing questions that elicit students’ mathematical thinking, listening 

carefully to students’ ideas, and deciding upon a trajectory for pursuing students’ 

mathematical ideas; 2) promoting discourse in which students make conjectures, listen 

and respond to one another’s mathematical ideas, and justify the validity of solutions 

using mathematical reasoning; and 3) enhancing discourse by encouraging the use of 

both physical and mental tools including manipulatives, pictures, diagrams, tables, 

graphs, stories, metaphors, and invented and conventional terms and symbols.  The 

teacher’s role in the promotion of classroom discourse is critical.  Cazden (2001) 

points out that unlike other crowded locations such as restaurants, buses, or 

playgrounds in which simultaneous conversations are the norm, “in classrooms one 
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person, the teacher, is responsible for controlling all the talk that occurs while the class 

is officially in session—controlling not just negatively, as a traffic officer does to 

avoid collisions, but also positively, to enhance the purposes of education” (p. 2). 

Efforts to reform mathematics teaching have included an endeavor to 

transform traditional mathematics classrooms with a uni-directional communication 

style into classrooms in which all participants engage in a mathematical discourse 

community (Sherin, 2002).  Numerous studies have suggested that such discourse 

communities have significant potential for impacting students’ learning (Boaler, 2002; 

Cobb, Boufi, McClain, & Whitenack, 1997; Cobb, Wood, & Yackel, 1993; Hiebert & 

Wearne 1993; Kazemi & Stipek, 2001; Lampert, 2001).  Mathematical discourse 

includes ways of thinking, talking, representing, agreeing and disagreeing about 

mathematical ideas with mathematical reasoning and evidence being the basis for the 

discourse (NCTM, 1991).  In order to develop a community of discourse, the teacher 

must support both the form and the content of classroom discourse (Sherin, 2002; 

Wood, 1997).  Supporting the form of classroom discourse—that is, developing the 

understanding of how to talk—requires the development of social norms which 

establish who talks to whom, when, and in what ways.  Supporting the content of 

mathematical discourse—that is, developing the understanding of what to say—goes 

beyond social norms into the realm of sociomathematical norms.  Supporting the 

content of mathematical discourse refers to developing the desired depth and 

complexity of the mathematical ideas.  Social and sociomathematical norms and their 
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relationship to discourse will be discussed in more detail in a subsequent section of 

this chapter. 

Several important pedagogical moves by the teacher can play a role in the 

development of a mathematical discourse community.  These pedagogical moves 

include questioning, using wait time, promoting the sharing and justification of 

strategies, and promoting the use of multiple representations. 

Questioning plays an important role in the elicitations of student thinking and 

the promotion of discourse in the mathematics classroom.  Boaler and Humphreys 

(2005) eloquently describe the importance of the role of teacher questioning: 

As students work on mathematics problems in lessons, they traverse 
different sections of the mathematical terrain (Greeno, 1991).  
Sometimes their paths are narrow—they may be led down a series of 
steps, without ever stopping to look at the broader landscape around 
them.  Sometimes students wander unproductively around, never 
getting a sense of where they are in the terrain.  The questions teachers 
ask guide the students through particular pathways in the mathematical 
environment.  In our analyses of lessons that start from the same task, 
we find that some teachers ask surface questions that do not take 
students deeper into mathematical issues; we think of those students as 
walking on a path that surrounds a beautiful forest without ever 
stepping into the forest to look at the trees.  Other teachers ask 
questions that are more probing but that do not build carefully toward 
key concepts.  We think of these students as stepping in and out of the 
forest, catching glimpses of trees and flowers but not learning where 
they are in relation to each other or how they may navigate their way 
through the forest.  Other teachers ask questions that target key 
concepts and build carefully to enable students to find their way 
around.  Those students experience the forest fully—the walk through, 
looking at the trees and flowers, and they also climb some of the trees 
and look at the whole terrain, getting a sense of where they are.  The 
initial tasks that teachers use are critical to setting up the particular 
terrain that students will explore, but the questions that teachers use to 
guide students become the pathways that students walk along and that 
shape their experience of the terrain.  (p. 36) 
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In an effort to support teachers in asking the kinds of questions that are likely 

to be productive, Boaler and Humphreys (2005) propose a categorization of different 

question types that go beyond a simplistic organization of open and closed questions 

or higher- and lower-order questions.  Their categorization of questions is not 

hierarchical but rather focuses on identifying the purpose of the question.  They 

indicate that in their analyses of more than twenty hours of lessons, 95% of the 

questions asked in traditional classrooms were questions that gathered information or 

lead students through a method.  They also found that teachers using reform 

approaches were much more likely to ask questions which probed students in an effort 

to get them to explain their thinking.  Questions that press students to explore 

mathematical meanings and relationship are critically important, but they were rarely 

observed.  Boaler and Humphreys (2005) suggest that all types of questions are 

needed to take students into important mathematical terrain.  By being familiar with a 

variety of types of questions and their purpose, teachers can proactively plan the 

trajectory of their questioning. 

While it may seem odd to think about the absence of talk as important in 

discourse, the use of wait time has been found to be a critical pedagogical move in 

developing a discourse community.  Cazden (2001) talks about the temporal 

relationship between teacher and student utterances as being thought of in terms of 

micro relations (a matter of seconds) and more macro relations (a matter of minutes).  

The placement, duration, and effect of silence have been thoroughly studied and are 

frequently discussed in the literature (Rowe, 1986; Tobin, 1986, Sadker & Sadker, 
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1994).  Specifically, Rowe found that “when teachers ask questions of students, they 

typically wait one second or less for the students to start a reply; after the student stops 

speaking teachers begin their reaction or ask the next questions in less than one 

second” (p. 43).  By contrast, “when teachers wait for three second or more, especially 

after a student response, there are pronounced changes in student use of language and 

logic as well as in student and teacher attitudes and expectations” (p. 43).  Wait time 

can help increase student engagement and level the playing field around status issues 

when it is used after posing a question, after calling on a student, and after a student 

gives a response. 

While wait time generally has a micro temporal relationship between 

utterances, another form of wait time, sometimes referred to as private think time 

(Blanke, 2009; Knott, 2007), tends to have a more macro temporal relationship 

between utterances, measured in minutes rather than seconds. In her study of a third-

grade teacher’s effective use of mathematical discourse, Blanke (2009) found that the 

use of private think time enhanced the discourse and communicated a set of beliefs 

about student abilities. 

[The teacher] often chose to ask students to use private think time 
(PTT) about the mathematics in a lesson.  Her use of this silent wait 
time often provoked more productive mathematical discussion among 
her students than if she had asked another question.  Such silence 
conveyed the message that reflective, thoughtful responses were 
possible and valuable.  (p. 114-115) 
 

Private think time is commonly used after the teacher poses a problem or asks a 

question that requires significant cognitive thought.  Knott (2007) describes a structure 

of participation in which small groups of students are given a mathematical task and 
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asked to spend time thinking about and working on the task individually.  By giving 

students private think time prior to discussing potential solution paths with their 

group, all students are given the opportunity to consider the problem and formulate 

mathematical ideas.  Cohen (1994) suggests that group work frequently surfaces status 

issues and high-status members are often likely to begin talking more quickly than 

low-status members.  This creates a self-perpetuating spiral of positive effects for 

high-status individuals, and of negative effects for low-status individuals.  Private 

think time can mitigate those status issues and increase individual accountability to the 

group.   

Another important pedagogical move in establishing a discourse community is 

promoting the sharing and justification of strategies.  “Students should engage in 

making conjectures, proposing approaches and solutions to problems, and arguing 

about the validity of particular claims…. above all, the discourse should be focus on 

making sense of mathematical ideas” (NCTM, 1991, p. 45).  Kilpatrick, Swafford, and 

Findell (2001) describe five interconnected strands of mathematical learning that they 

suggest are essential for mathematical proficiency.  One of those strands is “the 

capacity for logical thought, reflection, explanation, and justification” (p. 5).  In her 

study of practices that promote conceptual understanding, Kazemi (1998) found that, 

although all of the teachers in her study engaged in the practice of having students 

share their strategies, higher levels of conceptual thinking among students were found 

in classrooms where “explanations consisted of mathematical arguments, not simply 

procedural summaries of the steps taken to solve the problem” (p. 411).  Hiebert et al. 
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(1997) suggests that one of the outcomes of establishing justification as a norm in the 

classroom is that students come to understand that “the authority for reasonability and 

correctness lies in the logic and structure of the subject” (p. 9-10). 

Mathematical representations, both formal and informal, are another important 

tool in communicating mathematical ideas.  “Representations should be treated as 

essential elements in supporting students’ understanding of mathematical concepts and 

relationships [and] in communicating mathematical approaches, arguments, and 

understandings to one’s self and to other” (NCTM, 2001, p. 67).  When teachers 

encourage multiple strategies for solving problems, students will naturally represent 

their thinking in a variety of ways.  In their analysis of sociomathematical norms in a 

first-grade classroom, McClain and Cobb (2001) noted that it had become a norm for 

students to explain their reasoning by speaking in terms of a physical metaphor or by 

actually manipulating a physical model such as an arithmetic rack when other students 

indicated confusion over their original explanation.  In addition, the teacher in this 

study made it a regular practice to make a record of students’ solutions often by 

adding more formal mathematical notation to their informal representations.  These 

public records supported the students’ ability to clarify similarities and differences in 

strategies.  Silver, Ghousseini, Gosen, Charalambous, and Font Strawhun (2005) 

found that when students solved problems in different ways, the development of 

mathematical understanding was supported by shifting between representations, 

comparing strategies, and connecting ideas and concepts.  Marzano, Pickering, and 

Pollock (2001) suggest “the very act of generating a concrete representation 
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establishes an ‘image’ of the knowledge in the students’ minds” (p. 78).  By 

supporting students’ use of various representations and by encouraging them to draw 

on those representations to compare and contrast solution strategies, teachers further 

enhance the development of a discourse community.  

Environment.  Hand in hand with the importance of the teacher’s part in 

establishing a discourse community is the teacher’s role in creating a mathematical 

learning environment that provides the needed time for students to grapple with 

significant ideas, supports students in working collaboratively to make sense of 

mathematics, and encourages students to take intellectual risks by raising questions 

and engaging in mathematical arguments (NCTM, 1991). 

The mathematical learning environment established in the classroom implicitly 

conveys the teacher’s beliefs and values related to mathematics (Boaler, 1999).  These, 

in turn, affect students’ mathematical dispositions in the classroom.  Schoenfeld 

(1992) claims that students extract their beliefs about formal mathematics in large part 

from their experiences in the classroom.  He further indicates that these beliefs “shape 

their behavior in ways that have extraordinarily powerful (and often negative) 

consequences” (p. 359).  Schoenfeld (1988, 1992) found that one of the beliefs that 

many students hold about mathematics is that if a student understands the mathematics 

they have studied, they should be able to solve any related problem in five minutes or 

less.  This belief seriously undermines the goal that students acquire “ways of 

thinking, habit of persistence and curiosity, and confidence in unfamiliar situations” 

(NCTM, 2001, p. 52).  In order to counteract this belief, it is critical that teachers 
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regularly provide well-chosen, high-cognitive demand tasks that pique students’ 

curiosity and provide a level of challenge that encourages perseverance. 

Providing opportunities for students to work together with the goal of making 

sense of mathematics is essential for building a mathematical environment that 

supports learning.  Skemp (1987) suggests that relational understanding—

understanding in which a learner makes sense of an idea because he or she is able to 

associate it with many other existing ideas—enhances memory and is self-generative.   

The building of relational understandings in the classroom can be supported by 

providing opportunities for students to work together in a variety of structures: pairs, 

small groups, and whole class.  Contrary to stereotypical views, mathematicians 

overwhelmingly spend significant amounts of time working in collaboration with 

others, drawing on the strength of collective thinking.  In his study on the beliefs and 

practices of research mathematicians, Burton (1999) says, 

An individualistic teaching/learning model locates responsibility within 
the learner and supports a teaching style which is content-based and 
fragmented.  A collaborative model emphasises [sic] the group 
functioning in exploring and negotiating meaning….Out of such a 
model, connectivities naturally are generated as different members of 
the group share their perceptions and investigate alternative 
understandings and methods for gaining such understandings.  The 
world of knowing described by my participants, a world of 
uncertainties and explorations, and the feelings of excitement, 
frustration and satisfaction, associated with these journeys, but, above 
all, a world of connections, relationships and linkages, is a natural 
outcome of this model and equally available to learners of any 
sophistication…. Not only does [working in isolation] fail to support 
learners in constructing any Big, or even smaller, Picture but it also 
deprives them of the very pleasure of which these research 
mathematicians speak—the pleasure of making a connection.  (p. 139-
140) 
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The willingness of students to engage in intellectual risk-taking is a landmark 

of a supportive mathematical learning environment.  The National Research Council 

(2005) says  

A focus on student thinking requires classroom norms that encourage 
the expression of ideas (tentative and certain, partially and fully 
formed), as well as risk taking.  It requires that mistakes be viewed not 
as revelations of inadequacy, but as helpful contributions in the search 
for understanding.  (p. 20) 
 

Because the goal in a reform-based mathematics classroom is for students to make 

sense of the mathematics, it is desirable to establish the view that errors are both 

acceptable and useful in the classroom.  Kazemi and Stipek (2001) claim that 

“teachers can press for conceptual thinking by promoting the sociomathematical 

norms that mistakes are opportunities to reconceptualize a problem, explore 

contradictions to a solution approach, and try out alternative strategies” (p. 72).  When 

such sociomathematical norms are established in a classroom, errors can serve as entry 

points to further discussion involving mathematical justification. 

Analysis of teaching and learning.  The on-going analysis of teaching and 

learning is the final area that helps to define excellence in mathematics teaching in the 

Professional Standards for Teaching Mathematics.  This includes engaging in an 

ongoing analysis of teaching and learning by examining the effects of the tasks, 

discourse, and learning environment on the students’ mathematical knowledge, skills, 

and disposition in order to improve future instruction (NCTM, 1991).   

As they monitor students’ understandings of, and dispositions toward, 
mathematics, teachers should ask themselves questions about the nature 
of the learning environment they have created, of the tasks they have 
been using, and of the kind of discourse they have been fostering…. 
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Teachers need to analyze continually what they are seeing and hearing 
and explore alternative interpretations of that information.  They need 
to consider what such insights suggest about how the environment, 
tasks, and discourse could be enhanced, revised, or adapted in order to 
help students learn.  (p. 64) 
 

Schön (1987) stresses the importance of teachers framing and reframing problems in 

light of information gained in the classroom.  He describes reflection-in-action and 

reflection-on-action as the mechanisms that reflective practitioners use as a means of 

continually learning from their experiences.  In her analysis of the practices of a highly 

successful teacher, Blanke (2009) found the teacher’s ability “to monitor her students, 

adjust her questioning, and reflect on the mathematical thoughts of her students while 

teaching” (p. 155) played a critical role in the teacher’s effectiveness.  Such a 

reflective practice also plays an important role in teachers’ transitions to reform-based 

mathematics instructional practices (Carpenter, Fennema & Franke, 1996; White, 

2004; Wood, Cobb, & Yackel, 1991).  White found that one of the important elements 

in the journey of the teachers’ change to reform-based practices was the centrality of 

teaching.  “It was the reading of their students that motivated these teachers to change. 

It was the discussions with other teachers that helped them learn to use the 

innovations effectively. It is teaching that is the center of their thinking and the focus 

of the innovations” (p. 181).  This exemplifies how reflecting on one’s own 

experiences—both individually and in collaboration with others—can maximize the 

process of understanding and improving the teaching of mathematics.  
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Theoretical Roots of Mathematics Reform: Constructivism 

The salient difference between the teaching actions of a traditional 

mathematics teacher and one whose practice embraces the reform outlined in the 

Professional Standards for Teaching Mathematics (NCTM, 1995) may be rooted in 

the epistemological assumptions held by each teacher.  A traditional mathematics 

teacher likely holds a positivist view on the nature of reality—that there exists eternal, 

unchanging truth in the universe waiting to become known through scientific 

exploration (Marshall, 1973).  Translated into learning theory, this perspective holds 

that the teacher’s primary role is to transmit knowledge to students by lucidly 

explaining a concept or process.  The presence of other students in the classroom is 

incidental and has no bearing upon the learning that takes place.  In contrast, the 

reform-based teacher’s actions indicate a belief in a learning theory that proposes 

mathematical understanding is constructed when students grapple with new ideas and 

impose their own interpretation on these new ideas.  The social context of the lesson, 

rather than being incidental, is imperative to the learning.  According to this 

constructivist viewpoint, an individual’s reality is constructed based upon his or her 

experiences and new knowledge is evaluated based upon its fit with those experiences.  

Since there is no eternal, true reality constructed the same way by every individual, it 

is through a social setting that individuals come to share an understanding of reality 

(Lesh, Doerr, Carmpona, & Hjalmarson, 2003). 

Constructivist learning theory has its roots in the work of Piaget and Vygotsky 

(Howe, 2003) and has emerged as a major learning theory in mathematics education 
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(Ernest, 2001). Within the constructivist paradigm, there are differing views about 

what experiences—personal or social—actually advance learning.  Radical 

constructivism (von Glaserfeld, 1990) posits that the construction of knowledge is a 

result of the cognitive effort of the individual learner in dialogue with his or her 

experiential world.  In contrast, social constructivism conceives of learning as 

occurring in one’s emerging thoughts and views individuals as indissolubly 

interconnected with the social realm (Ernest, 2001).  While there are discrepancies 

between the various “brands” of constructivism, Cobb (1994) suggests that there is 

common ground.  He proposes that “mathematical learning should be viewed as both a 

process of active individual construction and a process of enculturation into the 

mathematical practices of wider society” (p. 13).   

In all of its forms, constructivism rejects the idea that knowledge is passively 

received through the senses or by way of communication, but rather it takes the view 

that knowledge and understanding are actively built by the learner.  As such, a 

constructivist learning theory has significant implications for mathematics instruction 

(Confrey, 1990).  Because students bring their own experiences and knowledge into a 

learning situation, they may approach a mathematical situation in a different manner 

than would an adult who has had significant experience with the idea (Piaget, as cited 

in Confrey, 1990).  As a result, students have a “different form of argument, [their 

ideas] are built from different materials, and are based on different experiences” 

(Confrey, 1990, p. 109).  Even when these ideas are obviously illogical to an adult, 

within the realm of the child’s experience, they make perfect sense.  When students 
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are confronted with new knowledge that conflicts with their prior ideas, a state of 

disequilibrium arises.  Meaningful learning can take place when the student examines 

the previously held beliefs and revises those beliefs in order to return to a state of 

equilibrium. Confrey suggests that a landmark of powerful knowledge construction is 

believing what you know.  “To a constructivist, knowledge without belief is 

contradictory.  Thus, I wish to assert, that personal autonomy is the backbone of the 

process of construction” (Confrey, 1990, p. 111, emphasis in the original text).  When 

children move from a state of disequilibrium back to equilibrium because they have 

examined their prior beliefs and found them to be flawed, they move from knowledge 

of a concept to belief in a concept.  

Vygotsky (1978) postulates that social interaction has a critical role in the 

process of learning.  It is through interacting with others that mental processes are 

developed.  Through his concept of the Zone of Proximal Development (ZDP), 

Vygotsky claims that interaction and collaboration with adults and more capable peers 

enables learner to construct new knowledge.  For example, a child may begin with a 

preconception or an underdeveloped concept, which represents what the child can do 

without assistance–his or her independent performance level.  Through interaction 

with another individual who has more knowledge or understanding of the concept, the 

child is able operate at an assisted level of performance, and he or she is able to 

incorporate new ideas, or portions of new ideas into his or her own schema.  In this 

dynamic, cyclical process of scaffolding, a child moves between assisted and 
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independent levels of performance while building upon his or her understanding of 

various concepts.   

Goos (2004) views the ZDP as a symbolic space that can serve to analyze 

learning through three aspects: scaffolding, collaboration, and interweaving.  Looking 

at the ZDP as scaffolding is the most common view of Vygotsky’s analysis, but Goos 

suggests this is only part of the picture.  Vygotsky also analyzed the ZDP in terms of 

collaboration–equal status partnerships working together.  Through the lens of 

mathematics education, there is learning potential when students work in problem-

solving situations with peers of relatively equal expertise.  Although individuals may 

have incomplete understandings, through the process of collaborating they “have an 

opportunity to own the ideas they are constructing and to experience themselves and 

their partners as active participants in creating personal mathematical insights” (p. 

263).  According to Goos, interweaving everyday and scientific concepts is a third 

aspect of the ZDP that arises from Vygotsky’s theory.  In this view, the ZDP can also 

be conceptualized as the symbolic space between a child’s intuitive understandings 

about mathematics and the formalized concepts of the academic mathematics 

community.  The goal is not simply to replace a student’s concepts but rather to 

interweave them with formalized concepts.  Goos suggests that “as a representative of 

the mathematical culture in the classroom, it is the teacher who has the capacity to see 

in the students’ ideas the links to the language and concepts of the wider community 

of mathematics” (p. 263-264).  Vygotsky’s theorizing about the ZDP and the role 
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social interaction plays in the development of new mental constructs provide the 

foundational underpinnings of social constructivism. 

While there is some theoretical argumentation surrounding constructivism, 

there is also much agreement about the nature of mathematics, the nature of 

mathematical learners, and appropriate forms of pedagogy in mathematics (Davis, 

Maher, & Noddings, 1990).  Indeed, constructivists agree that mathematical learning 

is not just about numbers and formulas, but rather it involves the active manipulation 

of mathematical meanings.  The notion that mathematics is learned in a cumulative, 

linear fashion through the acquisition of rote skills is rejected by constructivists.  

Instead, constructivists see the learning process as a quest for meaning–one in which 

preconceptions, misconceptions, and partially developed conceptions are met along 

the way.  The constructivist teacher’s role is to anticipate and watch for such 

conceptions and plan activities that will allow students to recognize and analyze their 

own thinking and challenge ideas they find faulty.  In looking at mathematics teaching 

and learning through the lens of constructivism, Davis, Maher, and Noddings (1990) 

say,  

Constructivism does not offer pedagogical recipes or convenience.  It 
asks much of us.  Many familiar tools, and many familiar attitudes, 
must be questioned, modified, or just plain discarded.  We can no 
longer rely on the fact that a student has demonstrated a 
“performance”—has added fractions correctly, or solved a quadratic 
equation—to assure us that everything is just as it needs to be.  Correct 
performance or not, the student may have some seriously wrong ways 
of thinking about mathematics, and these errors will prove powerful, 
and harmful, in the long run, even if they do not on today’s test. Nor is 
that the only way in which constructivism inconveniences us.  If indeed 
a student does misunderstand, constructivism tells us that merely 
showing the student “the right way to do the problem” will probably 
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not suffice to straighten things out.  We must probe deeper, and make 
contact with the student’s ways of thinking.  (p.188) 
 

Social and Sociomathematical Norms 

The development of social norms is a cultural phenomenon which has been 

widely explored in psychological, sociological, and educational traditions with the 

emergence of diverse theories and perspectives.  For the purpose of this study, I will 

draw primarily from the educational traditions with an acknowledgement of the affect 

of psychological and sociological influences on educational theories related to social 

norms.  Cobb, Gravemeijer, Yackel, McClain, and Whitenack (1997) suggest a 

framework for thinking about classroom social norms as being embedded in the 

context of general school norms, which are, in turn, situated within general societal 

norms. 

Fine (2001) proposes that social norms “have a rulelike quality, tied to widely 

held values, but go beyond cognition to incorporate behavior.  Norms are ultimately 

performed by individuals within a social system” (p. 139-140).  In this view, norms 

are guidelines to action that can be transmitted through the process of socialization. 

Fine (2001) and Horne (2001) both view social norms as “negotiated.”  Horne (2001) 

asserts, 

For people to interact successfully, they must share common 
understandings of the situation they are in, their behaviors, and their 
roles…. Typically, these commonalities have been developed during 
previous encounters.  When individuals are placed in new situations, 
they are able to draw on their past experience to evaluate what is 
happening and to assess what they ought to do.  Sometimes, however, a 
situation is problematic.  Participants may have different or conflicting 
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understandings, or old definitions learned from past experience may not 
apply.  Under such conditions actors must negotiate mutually agreed-
upon understandings for their interactions to flow smoothly.  (p. 11) 

 
When viewed as malleable social constructions, social norms have the 

potential for restructuring.  Horne (2001) suggests that exposure to alternative 

behavior is one of the conditions under which new norms might emerge.  This may 

happen when individuals are exposed to new circumstances which create uncertainty 

about the best course of action or when they encounter other people who adhere to a 

different set of norms.  This is a condition that occurs regularly within the context of a 

classroom. 

Social Norms in the Mathematics Classroom 

In simplest form, social norms in the context of a mathematics classroom are 

the implicit agreements within the classroom that guide the way students participate in 

classroom activities and interact with their peers and teachers.  Cobb and Yackel 

(1996) state,  

Social norms are not psychological processes or entities that can be 
attributed to any particular individual.  Instead, they characterize 
regularities in communal or collective classroom activity and are 
considered to be jointly established by the teacher and students as 
members of the classroom community.  (p.178) 
 

Lampert (1990) suggests that it is the patterns of student and teacher interaction that 

help to build a participation structure within the classroom.  Norms are not simply a 

set of rules put in place by the teacher.  In other words, the social norms in any 

classroom determine the nature and content of interactions within the classroom, and, 
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likewise, the classroom interactions and activities help to establish the social norms.  

The process is both reflexive and recursive (Lampert, 1990; Lo & Wheatley, 1994). 

In delineating the participation structure within a mathematics classroom, 

many factors come into play.  These include building mutually understood and 

accepted conventions, beliefs, and values regarding such things as the role of the 

students and teacher in providing explanations and justifying solutions; the usefulness 

of tools, models, representations and multiple strategies; and the nature and structure 

of mathematical reasoning.  Cobb and Yackel (1996) have developed an interpretive 

framework for looking at the relationship between individual perspectives (beliefs, 

values, and conceptions) and social perspectives (social norms, sociomathematical 

norms, and classroom practices).  They suggest that as a teacher guides a renegotiation 

of social norms within the classroom, she is at the same time supporting the 

reorganization of individual students’ beliefs. 

In essence, the social norms of the mathematics classroom are a complex set of 

mutually understood practices that moderate not only the communication in the 

classroom, but the entire learning environment.  They are the implicit obligations and 

expectations that both guide and are shaped by the teaching and learning activities in 

the classroom. 

Social Norms: Traditional vs. Reform-based Classroom 

Social norms exist in all classrooms. Goos (2004) proposes that “in a sense, all 

classrooms are communities of practice—but classroom communities differ in the 

kinds of learning and practices that become codified and accepted as appropriate by 
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teachers and students” (p. 259).  How those norms differ from classroom to classroom 

is largely influence by the epistemological beliefs of the classroom teacher and how 

those beliefs are manifested in teaching practices.  While norms are in a perpetual state 

of negotiation and are jointly created by members of the classroom community, it is 

the teacher—being in the position of social and intellectual authority—who sets the 

tone and frames the process (Lampert, 1990). 

Traditional classrooms.  The pedagogy in a traditional mathematics classroom 

tends to focus heavily on the teacher demonstrating and explaining procedures 

followed by students practicing and memorizing the rules and procedures presented by 

the teacher (Boaler, 1999; Lampert, 1990; Schoenfeld, 1988).  Lampert (1990) 

indicates that within the context of traditional schooling, the concept of doing 

mathematics is tied to the notion of selecting the appropriate procedure to quickly find 

the right answer.  She declares that in traditional mathematics classrooms “doing 

mathematics means following the rules laid down by the teacher; knowing 

mathematics means remembering and applying the correct rule when the teacher asks 

a question; and mathematical truth is determined when the answer is ratified by the 

teacher” (p. 32).  The pedagogical focus of a traditional mathematics classroom will 

necessarily lead to social norms that are related to the beliefs espoused by the 

practitioner. 

Perhaps the best way to illustrate the social norms one would expect to see in a 

traditional classroom is to describe several typical interactions that take place during 

traditional mathematics lessons.  In her analysis of data from case studies of two 
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schools, Boaler (1999) looked at what she termed the “constraints and affordances” (p. 

260) provided by the communities of practice in each school.  In one school, which 

she referred to as Amber Hill, students were taught using a traditional approach, and 

several social norms can be seen in her description: 

In mathematics lessons at Amber Hill school, the students would be 
given demonstrations of mathematical procedures which they practised 
[sic] in textbook exercises.  They rarely ever had to make choices about 
mathematical procedures, because they were always expected to follow 
the procedure they had just been taught on the board.  (p. 266) 
 

This description gives a clear indication that in this classroom it was expected that the 

teacher’s role was to explain how to do the procedures and the student’s role was to 

complete the problems in the same way that was demonstrated by the teacher. 

Another social norm described in this case study was related to the interaction 

between the student and teacher when the student was not sure how to solve a 

particular problem.  Boaler (2002) describes how a student who is unsure of how to 

solve a problem in the textbook went to the teacher for clarification.  The teacher’s 

response was to tell the student what method needed to be used for the problem and to 

demonstrate the procedure.  Boaler (1998) indicates that this was a typical response in 

such a situation and this norm seemed to be confirmed in a statement made by the 

teacher:  

Students are generally good, unless a question is slightly different to 
what they are used to…. If you look at the question and tell them that 
it's basically asking them to multiply 86 by 32, or something, they can 
do it, but otherwise they just look at the question and go blank.  
(Boaler, 1998, p. 49) 
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Because of the negotiated nature of social norms, the actual norms observed in 

any two classrooms will be different; however, it is possible to identify the types of 

norms one might expect to see in a traditional mathematics classroom (Boaler, 1999; 

Lampert, 1990).  While this is by no means a comprehensive list, the following are 

norms one might expect to observe: 

• The teacher explains mathematical procedures and concepts. 

• The teacher does most of the talking during the class.  

• The students work in isolation and do little talking except to ask questions 

or answer questions posed by the teacher. 

• The students complete problems in the way that is shown by the teacher or 

by examples in the textbook. 

• The teacher (perhaps with the aid of the textbook) is the intellectual 

authority that determines if an answer is correct. 

• Confusion is not a desired state.  If a student is confused, he or she should 

get clarification from the teacher about how to complete the problem. 

Reform-based classrooms.  In contrast to the social norms in a traditional 

classroom, the norms in a reform-based classroom are based upon very different 

epistemological and pedagogical viewpoints.  While the pedagogy in a traditional 

mathematics classroom focuses heavily on the teacher demonstrating and explaining 

procedures, in a reform-based classroom, students take a more active role in offering 

mathematical explanations and defending mathematical ideas (Boaler, 1999; Goos, 

2004; Lampert, 1990).  Ball (1993) suggests that students in reform classrooms should 
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make conjectures, reason logically, and engage in mathematical arguments.  She goes 

on to say that “a view of mathematics that centers on learning to think mathematically 

suggests that the teacher should not necessarily show and tell students how to ‘do it’ 

but that [students] should instead learn to grapple with difficult ideas and problems” 

(p. 377). 

In order to illustrate the social norms one would expect to see in a reform-

based classroom I draw upon the research of Lo and Wheatley (1994), who describe 

that one of their insights into the role of social norms came from the analysis of a 

frequently occurring event in the third grade classroom in which they conducted their 

research.  They termed this event “student non-acceptance” (p. 151) because it 

referred to a situation in which one student disagreed with, didn’t understand, or in 

some other way did not accept the explanation offered by a peer.  They described 

several episodes of student non-acceptance, including one in September in which two 

students, Brad and Melvin, were explaining to the class how they got an answer of 66 

to the problem 43+23.  In telling about their strategy, Brad decomposed the numbers 

and started with 40, then added 10 to get 50, added another 10 to get 60 and then 

added 6 more to arrive at 66.  While his explanation was clear to most of the students, 

he did not explicitly state that he decomposed the 23 to 10 + 10 + 3.  As a result 

another student, Casey, was confused about his explanation and asked where the tens 

came from.  There was some dialog between Casey, Brad, and Melvin, which still did 

not clear up Casey’s lack of understanding largely due to the fact that Brad couldn’t 

see why Casey was confused.  Then another student, Jenny, interjected, “Brad, what 
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she’s talking about is when you said you added 10 to the 40 (Brad: oh, oh) and then 

you added another 10” (p.151).   

This interaction suggests that a number of social norms are understood and 

practiced in this classroom.  First, Brad and Melvin were providing an explanation of 

the strategy they used to solve the problem.  Second, Casey was attempting to make 

sense of the explanation given by Brad and asked where the tens came from because it 

did not make sense to her.  Brad didn’t understand where Casey’s point of confusion 

was, so both Melvin and Jenny jumped in to clarify.  This is an indication that Melvin 

and Jenny felt obliged to help all parties make sense of the problem.  Lo and Wheatley 

(1994) described the exchange this way:  

There was an emerging sense of forming an intellectual community, 
and the sense of helping each other learn.  A question thus was 
considered as a request for clarification or justification, and it was put 
forth to all class members, not just for the presenters. (p. 152) 
 
A reform-based approach to teaching and learning mathematics naturally leads 

to very different social norms in the classroom.  These norms will vary from 

classroom to classroom, but in a reform-based classroom one might expect to see the 

following norms: 

• Students use a variety of strategies to solve a problem.  

• Students explain their strategies for solving problems. 

• Students talk to and collaborate with others during the mathematics class. 

• Students listen to and try to make sense of the explanations given by 

others.  
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• Students ask for clarification if they are confused by the explanation of 

another student. 

• Students believe that the accuracy of an answer can be determined through 

reasoning.  

Social and Sociomathematical Norms: Their Role in Classroom Discourse 

Many of the social norms that are negotiated in a mathematics classroom 

revolve around the participation structure of classroom discourse.  The norms for 

discourse in a traditional classroom are very different from those in a reform-based 

classroom.  The pattern of student-teacher interaction in a traditional mathematics 

classroom can be characterized as that of taking turns—first the teacher asks a 

question, then a student is called upon to respond to that question.  This type of 

discourse leaves little room for students to articulate their own ideas because generally 

the goal is to fill in the blank of the teacher’s question with the correct answer (Seeger, 

1998).  Edwards and Furlong (1978) indicate that “the pupil will normally suspend 

any knowledge he has about the subject until he has found out the teacher’s frame of 

reference, and moved (or appeared to move) into it” (p. 104).  

Other characteristics of this turn-taking kind of interaction include “all student 

utterances are teacher initiated; virtually no verbal interaction takes place among 

students; there are virtually no student questions; students’ utterances consist mostly 

of short sentences or just one word” (Seeger, 1998, p. 93).  Seeger describes this type 

of discourse as having the surface appearance of a laminar flow.  The orderliness of 

this pattern of communication gives the illusion that learning is taking place; however, 
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students are often just fulfilling the obligation of the interaction.  Rather than focusing 

on mathematical reasoning, the students’ thinking is focused on giving the response 

the teacher is expecting. 

In contrast to the laminar flow of discourse in the traditional classroom, the 

flow of discourse in the reform-based classroom can be characterized as turbulent 

(Seeger, 1998).  The pattern and content of the interactions are often less predictable.  

The teacher’s role is less directive and students are often initiators in the dialogue.  

Students are likely to ask questions, give explanations, and interact with both the 

teacher and with other students.  While the appearance of this kind of discourse may 

be disorderly, students are much more likely to be mathematically engaged in the 

conversation (Cobb, Wood, & Yackel, 1993; Wood, 1997).   

In addition to social norms, sociomathematical norms also guide the direction 

of discourse in the reform-based classroom.  “Socio-mathematical norms differ from 

general social norms … in that they concern the normative aspects of classroom 

actions and interactions that are specifically mathematical” (McClain & Cobb, 2001, 

p. 237).  According to Yackel and Cobb (1996), the expectation that students explain 

how they arrived at a solution is a social norm whereas what constitutes an acceptable 

mathematical explanation is a sociomathematical norm; the expectations that students 

share different strategies to solving problems is a social norm whereas what counts as 

a different strategy from those already presented is a sociomathematical norm. 

According to Elliott, et al. (2009), the nature of the mathematical discourse in a 

classroom guides how and what students share of their mathematical thinking.  They 
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further suggest that not all sociomathematical norms promote students’ mathematical 

learning.  For example, the sharing of mathematical processes used to arrive at a 

solution are likely to be less beneficial than sharing the mathematical justifications 

underlying the processes.   Productive sociomathematical norms are a driving force 

behind classroom discourse that move the conversation from superficial to rich, 

mathematical discussions.  In their study related to conceptual mathematical thinking 

in four upper-elementary classrooms, Kazemi and Stipek (2001) found that a high-

press for conceptual thinking could be attributed to the productive sociomathematical 

norms in place in those classrooms.  Specifically, they stated that the differences 

between the classes with a high- and low-press for conceptual thinking could be linked 

to the sociomathematical norms that guided the interactions in the classroom.  Yackel 

and Cobb (1996) suggest that strong sociomathematical norms in a classroom lead to 

the development of intellectual autonomy among students because “the teacher guides 

the development of a community of validators and thus encourages the devolution of 

responsibility” (p. 472).  Yackel and Cobb (1996) further tell us, 

The analysis of socio-mathematical norms indicates that the teacher 
plays a central role in establishing the mathematical quality of the 
classroom environment and in establishing norms for mathematical 
aspects of students’ activity.  It further highlights the significance of the 
teacher’s own personal mathematical beliefs and values and their own 
mathematical knowledge and understanding.  In this way, the critical 
and central role of the teacher as a representative of the mathematical 
community is underscored.  (p. 475) 
 
 

Social and sociomathematical norms in the mathematics classroom are a 

complex set of mutually understood practices that moderate not only the 
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communication in the classroom, but the entire learning environment.  They are the 

implicit obligations and expectations that both guide and are shaped by the teaching 

and learning activities in the classroom.  The negotiation of social and 

sociomathematical norms within a classroom is a process that is on-going and is 

largely guided by the beliefs of the classroom teacher.   

Summary 

Over the last three decades, the NCTM has been at the forefront in identifying 

and describing excellence in mathematics teaching and learning.  The Professional 

Standards for Teaching Mathematics (NCTM, 1991) and the Principals and 

Standards for School Mathematics (NCTM, 2000) are particularly pertinent for 

describing reform-based mathematics.  The importance of four key areas in the 

Professional Standards for Teaching Mathematics—selecting mathematical tasks, 

promoting discourse, creating a learning environment, and analyzing teaching and 

learning—are well supported in the research literature.  These four areas are highly 

interconnected.  The use of high-cognitive demand tasks is critical because such tasks 

provide opportunities for the development of discourse communities in which students 

explain, justify, and compare their solution processes and interpret the reasonableness 

of their own and others’ ideas.  Likewise, the development of a discourse community 

cannot happen without a supportive environment in which students feel safe enough to 

take intellectual risks by raising questions and engaging in mathematical arguments 

for the purpose of making sense of the mathematics.  Finally, it is through the ongoing 
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analysis of teaching and learning—the ability to be a reflective practitioner—that 

teachers can work to achieve the vision of a reform-based mathematics classroom.   

NCTM’s standards documents are grounded in constructivist learning theory, 

which provides the framework for reform-based teaching and learning.  

Constructivism has its roots in the early and mid twentieth century work of Piaget and 

Vygotsky.  Although there are a variety of different views within the constructivist 

paradigm, there is general agreement that mathematical learning must involve sense-

making on the part of the learner, while the teacher must strive to understand the 

students’ ways of thinking.  By understanding the students’ misconceptions and 

partially formed conceptions, the teacher can plan activities that will allow students to 

recognize and analyze their own thinking and challenge ideas they find faulty. 

The research on discourse in reform-based classrooms emphasizes the 

importance of both social and sociomathematical norms. Social norms are the implicit 

agreements within the classroom that guide the way students participate in classroom 

activities and interact with their peers and teachers.  Social norms are present in all 

classrooms, though it is clear from the literature that there are significant differences 

between the social norms formed in a traditional mathematics classroom and those 

developed in a reform-based mathematics classroom.  In a traditional classroom, 

norms may include agreements that students commonly work by themselves and do 

very little talking.  In a reform-based classroom, social norms may include agreements 

that students commonly work with others and discuss their ideas.   
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While social norms could be in place in a classroom studying any curricular 

topic (e.g. students might work together, discuss their ideas, and justify their answers 

during reading or science or social studies), sociomathematical norms are specific to 

mathematical actions and interactions (e.g. students have an implicit agreement about 

what constitutes an acceptable mathematical explanation).  The research literature 

reveals the complex and reflexive nature of productive sociomathematical norms and 

the creation of a mathematical discourse community.  The two are interwoven in a 

complex web of classroom interaction with each supporting the other.   

In this chapter I have provided a literature review that offers a lens for 

examining the development of social and sociomathematical norms within the context 

of a mathematics classroom.  Chapter 3 describes the methods and methodology used 

in the study.  I begin by describing my own perspective as a researcher and then 

explain the selection criteria and process for choosing the participant.  In addition, I 

outline the procedures and sources used for collecting data.  Finally, I give details of 

the data analysis process used to identify and analyze the categories that surfaced from 

the data in the study. 
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Chapter 3: Research Design and Methodology 

Overview 

This study explored the teaching actions of an upper elementary teacher, John 

Ellis (pseudonym), as he negotiated the social norms in the classroom at the beginning 

of the year—that is, the implicit agreements, obligations, and expectations that guided 

the way students participated in and communicated about activities in the mathematics 

classroom.  Since the beginning of the school year is such an important time for the 

development of social norms, it was particularly relevant to conduct this study during 

the first three weeks of school.   

This chapter presents the research design and methodology by describing my 

research perspectives, the selection criteria and process for choosing the participant 

and securing informed consent, the procedures and sources used for collecting data, 

and the data analysis process used to identify and analyze the categories that emerged 

from the study.  A discussion of validity and reliability is found at the end of this 

chapter. 

Research Perspectives 

It is a search for understanding, rather that the search for truth, that guides my 

study.  Because I am interested in “insight, discovery, and interpretation rather than 

hypothesis testing” (Merriam, 1998, p. 28-29), I have selected a qualitative rather than 

a quantitative methodology.  Qualitative methodologies provide the opportunity to 
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understand how events, actions and meanings are shaped by their context (Maxwell, 

2004).  With an inherent openness and flexibility, qualitative research provides the 

opportunity for identifying unanticipated influences and generating new theories.  

Because of its plasticity, qualitative research “allows you to modify your design and 

focus during the research to understand new discoveries and relationships” (Maxwell, 

2005, p. 22).  It also addresses a practical goal of my study: to generate theories that 

are “understandable and experientially credible” (Maxwell, 2005, p. 24) to teachers 

and others interested in this topic.   

More specifically, this qualitative study is based on naturalistic inquiry in that 

the research takes place in a real world setting (i.e. the classroom) and, as the 

researcher, I make no attempt to manipulate the phenomenon of interest.  “The 

phenomenon of interest unfolds naturally in that it has no predetermined course 

established by and for the researcher such as would occur in a laboratory or other 

controlled setting” (Patton, 2002, p. 39).  The research instrument in naturalistic 

inquiry is a human instrument, “one fully adaptive to the indeterminate situation that 

will be encountered.  The human instrument builds upon his or her tacit knowledge as 

much as if not more than upon propositional knowledge, and uses methods that are 

appropriate to humanly implemented inquiry” (Lincoln & Guba, 1985, p. 187).   

Since the goal of my research is to offer a perspective that may help the reader 

better understand a certain phenomenon, the use of a case study is warranted.  Case 

study design is particularly suitable to studies that strive for “an intensive, holistic 

description and analysis of a … phenomenon” (Merriam, 1998, p. 21), with the 
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phenomenon in this case being the culture of interaction between the teacher and 

students.  Stake (2005) indicates that using a case study is not so much a 

methodological choice, but rather it is a choice of what is to be studied.  The case I 

have chosen to study—one teacher’s fifth-grade mathematics classroom—fits Stake’s 

definition of an instrumental case study.  In other words, the choice of this case is 

made not only to understand the case, but also to advance an understanding of the 

development of social norms and their role in the development of sociomathematical 

norms.  Because an instrumental case study serves to help us understand phenomena 

or relationships within the case, the need for categorical data is great (Stake, 1995).  

As a result, grounded theory methodology is well suited to analysis of instrumental 

case studies because it provides a “set of flexible analytic guidelines that enable the 

researcher to focus their data collection and to build inductive middle-range theories 

through successive levels of data analysis and conceptual development” (Charmaz, 

2005, p.507). 

Selection Criteria and Process 

Patton (2002) describes a participant selection strategy called purposeful 

sampling in which criteria are set for the selection of participants who have the 

potential to contribute significant data related to the phenomenon being studied.  Prior 

to beginning my search for participants, I identified a set of criteria for selecting an 

informant based upon my literature review.  What follows is a list of the primary 

criteria and the rationale behind them. 
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Criterion 1: Teachers who had been identified by a building principal as being 

an exemplary elementary teacher.  Rationale: By working with teachers identified as 

exemplary I anticipate observing more of what is possible than what is problematic 

(Shulman, 1983). 

Criterion 2: Teachers who would be teaching third-, fourth-, or fifth-grade in 

the up-coming school year.  Rationale: The majority of the research in the literature 

related to the development of social norms takes place in primary classrooms (Cobb, 

Yackel, & Wood, 1989; Lo & Wheatley, 1994; McClain & Cobb, 2001; Yackel & 

Cobb, 1996), I hope to further contribute to the literature by situating my investigation 

in an upper elementary classroom.   

Criterion 3: Teachers who attended the summer professional development for 

Investigations in Number, Data, and Space (TERC, 2004), fully implemented the 

curriculum at their grade level during the previous year, and would be teaching again 

at the same grade level.  Rationale: By remaining at the same grade level, teachers will 

be able to focus more of their efforts on developing the culture in their classroom 

rather than focusing on teaching a curriculum that is new to them.  In addition, 

voluntary participation in professional development is a strong indicator of a 

willingness to shift to reform-based teaching (White, 2004) and offers potential to 

impact lasting change in practice (Vacc & Bright, 1999). 

Criterion 4: Teachers who held beliefs about teaching mathematics that were in 

line with reform-based mathematics teaching.  Rationale: The purpose of this study is 

to examine the development of social norms in a reform-based classroom.  Teachers 
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whose beliefs are in conflict with reform-based mathematics teaching are not likely to 

develop the same social norms as those whose beliefs are in line with such teaching.  

(Schifter & Fosnot, 1993; Wood, Cobb & Yackel, 1991).   

Selection Process 

My initial goal was to identify a pool of four to six teachers from which to 

select my participant.  I began the search by asking district mathematics curriculum 

specialists to identify building principals who actively supported their staff in the 

implementation of Investigations in Number, Data, and Space (TERC, 2004) during 

the previous year.  I contacted these principals and asked them to identify upper 

elementary teachers they considered to be exemplary teachers who were consistent in 

using the curriculum and reform teaching methods.  Through this process I began with 

a pool of six teachers.   

In August I contacted each of the teachers, outlined the research study, and 

inquired about their interest and willingness to participate in the study.  Five of the six 

teachers I contacted expressed a willingness to participate, and through the initial 

interview I confirmed that four teachers fit the primary criteria.   

Since all four of the remaining teachers met the criteria for the study, I needed 

to consider secondary criteria which included (1) teachers in schools with higher 

poverty and diversity and (2) teachers who taught at the same grade level for at least 

the past three years.  Using the secondary criteria two participants were selected to 

participate in the study: fifth-grade teacher John Ellis at Meadow Elementary School 
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and fifth-grade teacher Mary Spears at Pine Valley Elementary School.  Teachers and 

schools are identified here using pseudonyms.   

Informed Consent 

After selecting the teacher participants in the study, I gave them each a copy of 

the Informed Consent Document (Appendix A) as required by Oregon State 

University’s Institutional Review Board.  The Informed Consent document put the 

purpose of the study in writing and outlined the time commitment and responsibilities 

of the participants.  It reiterated to the participants that their participation was entirely 

voluntary, that they would not receive any compensation for their participation, and 

that they were free to leave the study at any time without negative consequences.  

While the risks of the study were limited to potential embarrassment should someone 

recognize them while reading the dissertation, those risks would be minimized by 

keeping their identity anonymous through the use of pseudonyms in the writing of this 

dissertation.  Contact information was included in the document in case the 

participants had any questions or concerns before, during, or after the study.   

 I met individually with each teacher to discuss the Informed Consent 

Document, and we discussed all questions and concerns.  After any concerns were 

addressed, we each signed two copies of the Informed Consent.  I gave a copy to each 

participant and kept a copy for my records.   

In addition to the Informed Consent Document signed by each teacher, I also 

sent an Informed Consent Parental Permission to Videotape Document (Appendix B) 

to the parents of the students in the classes.  This document outlined the study and 
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asked parents to indicate whether or not they gave permission for their child to be 

videotaped during this study.  The document indicated that their child’s participation 

was completely voluntary and that if they decide not to allow their child to be 

videotaped their child would still be able to actively participate in class with no 

penalty.  Contact information was included in the document in case the parents had 

any questions or concerns before, during, or after the study.  This document was 

translated into Spanish for those parents whose primary language was Spanish.   

On the first day of class, students were given an Assent Document (Appendix 

C).  I read the document to the class and then gave students an opportunity to ask 

questions about the study and their participation in it.  I told the students that even if 

their parents gave consent for them to be videotaped, it was OK for them to decide that 

they didn’t want to participate.  I indicated that if they decided not to be videotaped, 

that they would still be able to participate in math class and I would just not include 

them on the videotape.  After all questions were answered, I asked students to write 

their name and sign the Assent Document if they wanted to be videotaped and to write 

their name and the word “don’t” if they did not want to be videotaped.  This document 

was also translated and read in Spanish for those students whose primary language 

was Spanish.   

Refinement of Participant Selection 

By the end of the data collection phase, it was evident that only one of the two 

selected teachers met Criterion 4: teachers who held beliefs about teaching 

mathematics that were in line with reform-based mathematics teaching.  Although her 
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initial interview indicated that Mary Spears held reform-based beliefs, her classroom 

practices were more in line with those of a traditional teacher.  As a result, I chose to 

redefine the case to a single classroom, and limited the data analysis to that of John 

Ellis and his classroom.  Although the data collection process was the same in both 

classrooms, in the next section I only describe the data collection in John’s classroom.   

Data Sources and Collection 

Data collection methods used in this study included an initial and a follow-up 

interview, videotaped lesson observations, field notes, public records, and researcher 

memos. 

Interviews 

Prior to the beginning of school, I met with John in his classroom for the initial 

interview.  In this semi-structured interview (see Appendix D), I asked John to 

describe his teaching background, his experiences with teaching mathematics, and his 

professional development experiences related to teaching mathematics.  I also inquired 

about his beliefs and philosophy related to the teaching and learning of mathematics.  I 

was interested in learning about how he viewed the role of social and 

sociomathematical norms in a reform–based mathematics classroom.   

This interview was designed to acquire a good sense of the knowledge and 

beliefs that guided John’s decision-making which would, in turn, influence his 

classroom practice.  The initial interview was approximately an hour long and was 

audiotaped for later transcription and coding.   
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Following the conclusion of the study, we met again for a follow-up interview, 

which lasted about an hour (see Appendix E).  This interview allowed me to gain more 

insight into John’s decision-making process as it related to several of the themes that 

emerged from the classroom episodes.  I also asked John to reflect on the influence he 

perceived the Investigations in Number, Data, and Space (TERC, 2004) curriculum 

had on his thinking and teaching, on his knowledge and beliefs about mathematics, 

and on his students’ beliefs and learning related to mathematics.  The follow-up 

interview was also audiotaped for later transcription and coding.   

Lesson Observations 

Beginning on the first day of school and throughout the three-week period of 

this study, I observed 14 sixty- to eighty-minute mathematics lessons in John’s 

classroom.  These lessons were videotaped, with the primary focus being on the 

teacher.  When the teacher moved around the classroom while groups were working, 

the camera followed the teacher and recorded the interactions between the teacher and 

students.  All videotaped lessons were transcribed for the purpose of data analysis.   

The purpose of the videotaped lesson observations was to explore John’s 

teaching actions as he negotiated the social norms with his students at the beginning of 

the school year.  Transcriptions of the videotaped lessons served as a primary source 

for data analysis.   

Field Notes 

Following each lesson, I recorded field notes related to observations during the 

day’s session.  While some of the field notes were descriptive—particularly describing 
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things that would not be evident from reviewing the videotape, many of the field notes 

were reflective.  These notes included feelings, ideas, impressions, and speculation 

about what was happening in the classroom related to the development of social 

norms.   

The purpose of the field notes was two-fold.  First, these notes served as a 

secondary source of data.  The combination of the field notes with the transcribed 

lesson observations provided a more accurate picture of John’s teaching practice than 

either source could on its own.  Second, the field notes were an opportunity to bridge 

between the data collection and data analysis process.  Many initial hunches began to 

develop through the process of writing field notes.  Bogdan & Biklen (1998) suggest 

that data analysis should begin during the data collection process and that speculation 

is both productive and necessary in qualitative research.   

Public Records 

Public records were used to provide demographic information about the 

setting.  This included such things as the ethnic breakdown of enrollment in the school 

as well as the data on the percentage of students eligible for free and reduced lunch.   

Researcher Memos 

As I began the data analysis process with the initial reading of the transcripts, I 

simultaneously began to write memos.  Frequently during the data analysis process, 

codes and meaningful ideas related to the development of social or sociomathematical 

norms were written as memos.  Charmaz (2006) indicates “memo-writing constitutes a 

crucial method in grounded theory because it prompts you to analyze your data and 
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codes early in the research process” (p. 72).  Initially, I used the memos as a way of 

exploring what was happening in the data and a means of capturing insights.  As the 

data analysis progressed, memo writing became a means to make comparisons 

between codes and other codes and between codes and categories.   

Data Analysis 

This section goes into detail about how the transcripts from the observations 

were analyzed.  After this description, the analysis of other data sources will be 

discussed.   

Observational Data  

All videotaped lessons were transcribed verbatim, and line numbers were 

assigned for ease of reference for coding purposes and quotes used within the study.  

The coding process used with the lesson observation transcripts was a two-cycle 

process utilizing several coding strategies.  The actual videos were reviewed as needed 

to clarify or corroborate findings that were not evident in the transcripts, such as the 

use of wait time, capturing teacher generated records of student thinking, or other non-

verbal episodes in the data.   

First Cycle Coding.  Descriptive or topic coding was used as a method for my 

First Cycle coding.  According to Saldaña (2009, p. 70-71) “Descriptive Coding 

summarizes in a word or short phrase—most often as a noun—the basic topic of a 

passage of qualitative data….  Descriptive Codes from data collected across various 

time periods and charted in matrices are also essential for assessing longitudinal 
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participant change.”  In addition, according to Saldaña (2009) and Wolcott (1994) 

Descriptive Coding creates a categorized inventory, tabular account, or summary of 

the data’s contents.  It is essential groundwork for Second Cycle coding and further 

analysis of interpretation.   

Beginning with day one, I read through the transcripts from the classroom 

observations to get a big picture view of the day.  I then carefully re-read the 

transcripts and assigned codes to each segment of data.  In some cases this meant line-

by-line coding, and in other cases it meant coding a larger chunk of data which could 

be described as a classroom incidence (Charmaz, 2006).   

Forty-two codes emerged out of my First Cycle coding.  I created a matrix of 

the codes chronologically as they appeared in the data.  I assigned each day a color 

and identified the beginning of each new week.  The matrix also indicated the line(s) 

in the data where each code was found.  See Table 3.1 for a summary of the 42 codes 

and the number of occurrences each week.   

Table 3.1 -- Codes and Number of Occurrences by Week  
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Table 3.1 Cont. -- Codes and Number of Occurrences by Week   
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Second Cycle Coding.  Second Cycle coding methods are advanced ways of 

reorganizing and reanalyzing data coded through First Cycle methods.  During Second 

Cycle coding the researcher fits categories one with another to develop a coherent 

synthesis of the entirety of the data.  According to Saldaña (2009), the primary goal 

for Second Cycle coding is to “develop a sense of categorical, thematic, conceptual 

and or theoretical organization from your array of First Cycle codes” (p. 149).   

My Second Cycle coding methodology mainly utilized Pattern Coding.  

Pattern Coding is appropriate for the development of major themes from the data as 

well as the formation of theoretical constructs and processes.  Pattern Codes are  

explanatory or inferential codes, ones that identify an emergent theme, 
configuration, or explanation.  They pull together a lot of material into 
a more meaningful and parsimonious unit of analysis… Pattern Coding 
is a way of grouping those summaries into a smaller number of sets, 
themes, or constructs.  (Miles & Huberman, 1994, p. 69) 
    
I began this process by listing each First Cycle code on a separate note card.  

These cards were then reviewed for commonalities and similar codes were grouped 

together.  Several of the codes reflected John’s perspectives about the teaching and 

learning of mathematics.  They clearly answered questions such as the following: 1) 

What are John’s beliefs about mathematics and how mathematical understanding is 

developed?  2) What values did he have related to mathematics?  3) What attitudes did 

he exhibit to his students about mathematics?  These codes were grouped together 

forming a construct around values.   

Although Pattern Coding was the main methodology used for my Second 

Cycle coding, I also believed it was important to pay attention to the most frequent 
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codes found during the first week of school (i.e. collaborative learning and sharing 

ideas/strategies).  Charmaz (2006) refers to this as Focus Coding.  These codes would 

give me a clue as to how John set the stage for learning mathematics in his classroom.   

After these codes were separated out, what was left was a variety of 

pedagogical moves of varying levels of sophistication.  At that point I found the work 

of Kazemi and Stipek (2001) helpful as a way of conceptualizing the codes into 

categories of social norms found in the data.   

Other Data Sources 

Data from the field notes and public records were used to provide information 

regarding demographics for the study.  Field notes and interview transcripts were an 

additional data source to supplement and support the findings of the observational data 

discussed in Chapter 4.   

I utilized the process of memo-writing during the initial stages of data analysis.  

While reading the transcripts during the First Cycle coding process, I used memos to 

capture initial thoughts, questions, and hunches related to the data.  This also helped 

me find relationships between codes.  As categories formed with my data, I referred 

back to my memos as a way of reflecting more deeply on the findings and used them 

to guide the discussion sections of the study.   

Trustworthiness and Authenticity 

There is much debate over the use of the terms and constructs of reliability and 

validity in qualitative research.  In everyday terms, reliability refers to the 
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dependability of a person or claim.  If we say that a claim is reliable, we mean that we 

believe in its veracity.  Similarly, validity refers to the legitimacy of the claim.  When 

we refer to a claim as being valid, we mean that the arguments that support the claim 

are logical and well grounded.  With respect to research, these terms essentially mean 

the same thing.  Schwandt (2001) refers to validity and reliability as epistemic 

criterion—benchmarks or norms that guide judgments about the truth of a knowledge 

claim.  “Some analysts argue that validity may be an inappropriate term in a critical 

research context, as it simply reflects a concern for acceptance within a positivist 

concept of research rigor” (Kincheloe & McLaren, 1998, p. 287).  Denzin and Lincoln 

(2000) suggest that within a constructivist paradigm of inquiry, the terms internal and 

external validity are replace with the criteria of trustworthiness and authenticity.   

I take the stance that regardless of the terms used, qualitative researchers do 

have the obligation of convincing themselves, and their audience, that their findings 

are genuine and dependable (Merraim, 1998).  Lincoln and Guba (1985) describe the 

trustworthiness of naturalistic investigation as being the quality that makes it 

noteworthy to the audience.   

In order to demonstrate trustworthiness and authenticity in my own case study 

research, my methodology was based on the suggestions of Gall, Gall, and Borg 

(1999), Lincoln and Guba (1985), and Stake (1995), and included the following: 

extended fieldwork, triangulation, and reflexivity.   
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Extended Field Work 

 Because of the importance of a strong chain of evidence and a thick 

description in qualitative research, spending significant time in the research setting is 

critical to a trustworthy inquiry (Gall, Gall, & Borg, 1999).  The nature of my study 

required that I investigate the happenings in a classroom at the beginning of the school 

year.  The duration of my observations was over the period three weeks of school, and 

I was in the research setting on a daily basis.  This provided an opportunity to collect a 

significant amount of data—nearly 18 hours of videotaped and transcribed 

observations, with related field notes.   

Triangulation of Data   

Triangulation is the notion that having multiple data sources of the same event 

will strengthen the integrity of a claim, thereby helping to establish the trustworthiness 

of that claim (Stake, 1995).  Triangulation of data helps to build of a strong chain of 

evidence.  Within my study, I have numerous sources of data.  This includes 

videotapes of observations, field notes from observations, transcripts from the video 

recordings of observations, formal interviews of teacher participant, and transcripts 

from formal interviews.  By having these multiple sources of data, I had means of 

checking my interpretation of one set of data by comparing it to another.  Differences 

in sets of data may reveal important ideas that would otherwise have been missed.   

Reflexivity 

Of great importance to me as I carried out my study was that I continually 

engage in the process of self-reflection on my personal biases.  Though I was the 
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inquirer, I was also a part of the setting and context of the phenomenon I was 

studying.  As the inquirer, I was the primary measuring instrument (Gall, Gall, & 

Borg, 1999; Guba & Lincoln, 1982), and as such it was important that I continually 

reflected on how my personal experiences impact my interpretation of the situation 

and how my presence in the classroom may have impacted the phenomenon I was 

investigating.  Discussions with my major professor regarding my interpretation of the 

data and the use of memos were two specific ways that strengthened reflexivity in my 

study.   

Summary 

This instrumental case study of a fifth-grade teacher’s first three weeks of 

teaching mathematics attempts to shed light on the following research questions: 

1) How does an elementary teacher in a reform-based mathematics classroom 

negotiate the development of social norms through the context of 

mathematics at the beginning of the school year? 

2) What is the role of social norms in the development of sociomathematical 

norms? 

3) In what ways do teacher moves support or hinder the development of 

sociomathematical norms? 

Because the purpose of this research was to understand a particular 

phenomenon, methods of naturalistic inquiry were used to investigate the research 

questions.  Four main criteria were used to identify a pool of potential participants: 1) 
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teachers who had been identified by a building principal as being an exemplary 

elementary teacher; 2) teachers who would be teaching third-, fourth-, or fifth-grade in 

the up-coming school year; 3) teachers who attended the summer professional 

development for Investigations in Number, Data, and Space (TERC, 2004), fully 

implemented the curriculum at their grade level during the previous year, and would 

be teaching again at the same grade level; and 4) teachers who held beliefs about 

teaching mathematics that were in line with reform-based mathematics teaching.  With 

a pool of four potential participants, I used a set of secondary criteria to select the two 

teachers who would inform my study: 1) teachers in schools with higher poverty and 

diversity and 2) teachers who taught at the same grade level for at least the past three 

years.  Both the teachers and the parents in the study were provided with Informed 

Consent documents.  Through the use of an Assent document, students were also 

given an opportunity to decide if they wanted to participate in the study.   

The main data sources in this study were an initial and a follow-up interview 

and videotaped lesson observations, all of which were transcribed.  In addition, field 

notes, public records, and researcher memos served as secondary sources of data.   

After data were collected from the two teachers, it was evident that only one of 

the teachers met Criterion 4 in that his beliefs were in line with reform-based 

mathematics teaching.  Because of this, data for this study were only analyzed from 

one teacher and his classroom.   

I used a two-cycle coding process to analyze the transcripts of the lesson 

observations.  First Cycle coding used descriptive or topic coding as a way to 



72  
 

categorized the data’s contents.  Second Cycle coding was a means of reorganizing 

and reanalyzing data coded through First Cycle methods.  My Second Cycle coding 

methodology utilized Pattern Coding to develop major themes from the data and form 

theoretical constructs and Focus Coding as a way to identify the most frequent codes 

found during the first week.  Finally, the work of Kazemi and Stipek (2001) was used 

in conceptualizing the categories of social norms found in the data.  In order to 

demonstrate trustworthiness and authenticity in my research, my methodology 

included the following: extended fieldwork, triangulation, and reflexivity.   

Chapter 4 discusses the findings from my study.  This chapter is divided into 

four main sections.  Part One describes of the context of the study including a brief 

overview of the mathematics tasks used in the classroom over the three weeks.  Part 

Two describes John’s beliefs, values, and attitudes in order to provide a lens for 

viewing his teaching of mathematics.  Part Three discusses key themes that emerged 

as John developed the classroom culture within his mathematics instruction.  Part Four 

identifies four specific social norms found in the data and discusses how those norms 

had the potential to become building blocks for the development of sociomathematical 

norms.   
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Chapter 4: Findings 

Introduction 

In order to investigate the research questions, I examined the teaching practice 

of one teacher during the first three weeks of school in order to gain a better 

understanding of the social norms that were developed in his mathematics classroom 

and how those norms were negotiated over the course of that time.  Although there 

were many social norms established in the classroom both while I was present and 

when I wasn’t present, this research focused on the social norms established within the 

context of mathematics instruction.  With this focus, I was able to more closely 

consider the role of social norms in the development of sociomathematical norms.   

This chapter is divided into four main sections.  Part 1 begins with a detailed 

description of the context of the study, including the physical and demographical 

setting of the school and classroom as well as the curricular context within which the 

teacher worked.  This section includes a brief overview of the mathematics tasks used 

in the classroom over the three weeks.  Part 2 describes John’s beliefs, values, and 

attitudes in order to provide a lens for viewing his teaching of mathematics.  Part 3 

discusses how John set the stage for learning mathematics in his classroom with 

attention to how he used tasks as a vehicle for getting his students to work together 

and share ideas and strategies.  It also discusses his use of questioning.  Part 4 takes a 

look at four specific social norms found in the data that have the potential to become 

building blocks for the development of sociomathematical norms.  Although there is 
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some overlap between Parts 1-3 and Part 4, the focus is different.  Part 4 includes a 

compilation and synthesis of the data from Parts 1, 2, and 3 with the purpose of 

folding back the complex layering of teaching to reveal the impact teacher moves have 

on the development of social norms (as illustrated in Figure 4.1).  Part 4 also includes 

a discussion of each of the four social norms with an eye towards the goal of creating a 

classroom culture where the mathematical discourse embraces sociomathematical 

norms. 

 

 

 

 

 

 

 

 

 

 

 

 

In this chapter, I refer to the transcripts of the observed lessons and interviews.  

Each quoted lesson transcript has a reference indicating the week, day, and line on 

which the quotation begins.  For example, a quote from week one, day four, which 

Figure 4.1  Impact of Teacher Moves on the Development of Social Norms 
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began on line 210, would be cited as W1, D4, L210.  Each quoted interview transcript 

has a reference to the interview and the line on which the quotation begins.  For 

example, quote from the initial interview beginning on line 15 would be cited as I1, 

L15 and a quote from line 137 of the second and final interview would be cited as I2, 

L137.   

Part 1: The Context 

This study took place in a large suburban school district in the Pacific 

Northwest.  At the time of the study, the teacher, John Ellis, had been teaching for six 

years, the last four of which were as a fifth-grade teacher at Meadowview Elementary.  

In the initial interview, John described his background in mathematics.  As a student 

in public schools he experienced very traditional instruction in mathematics, with the 

teacher explaining the steps and the student practicing those steps by completing 

exercises in the textbook.  He indicated that talking among students was generally 

discouraged in his mathematics classes.  It was clear that John had no opportunities to 

learn mathematics in a reform-based environment during his pre-college education.   

Meadowview was a school-wide Title I school with 73% free and reduced 

lunch and a diverse student population of just under 500 students.  In John’s class of 

27 students, there were 13 girls and 14 boys.  Nine students were English Language 

Learners (ELL), 3 were identified as talented and gifted (TAG) and 4 were on 

individual education plans (IEPs).  The ethnic diversity of his class was representative 

of the school, with 10 Hispanic, 3 Russian, and 1 African American student.   
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On the first day of school, the initial impression of the physical layout of 

John’s classroom was one of a somewhat stark environment.  At the beginning of the 

week, the walls had only a few commercially made posters and the bulletin boards 

were empty except for a calendar area and student check-in and lunch count section.  

However, by the end of the week, the classroom was filled with student work as well 

as posters and public records of student thinking made during classroom discussions.  

Throughout the week, John created a warm and inviting classroom setting and at the 

same time promoted student involvement and ownership of the environment.   

The teacher’s desk was situated in a corner at the front of the room.  Students 

sat at 2’x 4’ tables that accommodated two students.  One the first day of school the 

tables were situated so that there were groups of four or six students in a row, but all 

students faced the front of the classroom.  By the third day of school, the tables were 

rearranged so that students were sitting in groups of four and facing one another.  

Students’ books and personal materials were stored in cubbies on one wall of the 

classroom while things like pencils, paper, crayons, and scissors were readily available 

at the student tables.  Students also had ready access to mathematics tools and 

manipulatives that were stored near the cubby area.   

The district was in the second year of implementation of the elementary reform 

mathematics curriculum Investigations in Number, Data, and Space (TERC, 2004).  

There was a district expectation that mathematics would be taught for a minimum of 

60 minutes per day.  The integrity of implementation across the district varied from 

school to school but was at a high level at Meadowview.  John had used the district-
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adopted curriculum during the previous year, so he was familiar with the philosophy, 

scope, and sequence of the fifth-grade program.  He was committed to using 

Investigations in Number, Data, and Space (TERC, 2004) as his core curriculum and 

did so consistently during the observation time.  During the previous summer, John 

attended a three-day workshop facilitated by the staff of the curriculum’s publishing 

company.  The purpose of this workshop, which was offered to all elementary teachers 

in the district, was to familiarize teachers with the curriculum, including the 

organization of the materials and the teaching and learning philosophy underlying 

those materials.  This workshop and the classes he took during his undergraduate 

teacher preparation program were the extent of John’s formal training in teaching 

mathematics.  He did indicate that during his student-teaching experience, his 

cooperating teacher embraced a constructivist philosophy of teaching mathematics.  

As a result of that experience, he had always tried to make mathematics fun and 

relevant to students (I1, L278).   

The mathematics lessons in Investigations in Number, Data, and Space 

(TERC, 2004) were written to engage students in tasks with high levels of cognitive 

demand.  The following three tables describe the mathematical tasks during the first 

three weeks of school as they were implemented in John’s classroom.  Note that the 

first week of school had only four instructional days.   
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Table 4.1 -- Mathematical Tasks, Week 1 

 

During the first week of school the mathematical focus was largely on 

reviewing factors and multiples and other properties of numbers, a topic that had been 

introduced in grade four.  At the end of the week, students began to apply their 

understanding of the properties of numbers by using clues (e.g. I am an even number, 

If you count by eights you will say my name, I am a factor of 200, etc.) to determine 

the solution(s) to a number puzzle.  This was an introduction to work that would be 

continued the following week.   
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Table 4.2 -- Mathematical Tasks, Week 2 

 
The second week of school began with a continuation of the work with number 

puzzles.  Students worked together to solve a variety of challenging puzzles, including 

two puzzles that had no solution.  Next, the mathematical emphasis shifted to factors 

and multiples of larger numbers.  Students worked to find the factors of all multiples 

of 100 through 1000 (e.g. 100, 200, 300, etc.).  Group discussion then helped students 

focus on the relationship between the factors of various multiples of 100; for example: 

What is the relationship between the factors of 200 and the factors of 600?  The week 

ended with pairs of students building an array of 1000 squares, an activity that was 

continued into the following week.   
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Table 4.3 -- Mathematical Tasks, Week 3 

 

Week three began with students comparing their arrays of 1000 squares, which 

took various forms including 1-by-1000, 4-by-250, 10-by-100, 20-by-50, and 40-by-
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25.  Students again looked at number relationships by identifying where specific 

numbers would be if each square in a 20-by-50 rectangle were numbered.  The focus 

then moved to larger numbers, looking at the relationship among factors of 100, 1,000, 

and 10,000.  The week culminated with three days of work on multiplication clusters: 

using simpler problems that can be solved mentally (like 2 x 5, 20 x 5, 40 x 5, and/or 

42 x 10) to help find the solution to a problem that can’t be readily solved mentally 

(like 42 x 5).  Students worked individually, in groups, and participated in whole class 

discussions related to multiplication clusters.   

Part 2: John’s Beliefs, Values, and Attitudes About Mathematics 

Teachers’ beliefs about the teaching and learning of mathematics can have a 

significant impact upon the instructional decisions they make (Bishop, 2001).  Beliefs 

are associated with what the teacher thinks is true (or would ideally be true) in relation 

to mathematics and the teaching and learning of mathematics.  Values—what the 

teacher holds in high regard—are internalized from beliefs to which he or she is 

deeply committed.  Generally, beliefs and values are durable and quite resistant to 

change.  Attitudes, which are often a function of experience, are more pliable and may 

readily change with additional input, experience, or persuasion.  While one might 

naturally expect attitudes, beliefs, and values to be aligned, it is not uncommon for 

teachers to exhibit attitudes that are in conflict with their beliefs or stated beliefs 

(Franke, Fennema, Carpenter, Ansell, & Behrend, 1998).  John’s beliefs, attitudes, and 

values about mathematics were both explicit and implicit in the data.   
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Beliefs 

 One of the beliefs implicit in John’s interaction with students was the notion 

that there is a specialized knowledge in mathematics which includes a unique 

language and notation.  On several occasions he made reference to recording a 

mathematical idea the way a mathematician would record it.  On the first day of class, 

he said “Mathematicians actually consider squares to be a special type of rectangle.  

Let’s see if we can figure out why” (W1, D1, L217).   He used a variety of strategies 

to help students develop and use a mathematical vocabulary.  He elicited student 

thinking in defining critical vocabulary, created posters using student language and 

ideas, and then encouraged students to refer to those posters when needed.   

The belief that mathematics is more than facts and procedures was evident in 

John’s implementation of mathematical tasks.  Through questioning and modeling, he 

emphasized the idea that mathematics should be a sense-making endeavor.  He 

encouraged students to make predictions, look for patterns, share strategies, and justify 

their answers.  In addition to the implicit evidence of this belief, John also stated in the 

initial interview that he believed in the importance of students seeing the everyday 

applications of mathematics.  “Unless students can apply the math to real situations, 

there really isn’t a lot of point.  They have to be able to do the real math.  They have 

to make sense of it” (I1, L47).   

John also believed that mathematical understanding is something that takes 

time to develop.  This was evidenced by the fact that John regularly allocated more 

than the minimum of 60 minutes per day for mathematics expected by the district.  
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Depending on his schedule each day, math class lasted from 65 to 80 minutes.  This 

allotment of time was supported, but not mandated by his school principal.  In 

addition, John honored students’ need for time to think and formulate ideas by giving 

students ample wait time to answer a question or express an idea.  He acknowledged 

the idea that some mathematical concepts are challenging, and he didn’t shy away 

from productive disequilibrium.  He made statement to students such as, “It’s okay if 

you struggle a little bit, I expect you to struggle” (W3, D2, L512) or “If those last two 

don’t make sense to you now, that’s okay, we’ll talk about those as we move on” (W2, 

D1, L47).   John also implemented tasks in such a way as to encourage a view of 

mathematics as a work in progress or a “rough draft” that can be reviewed and revised 

over time.  Students worked on one activity in small chunks of time over several days.   

Our temporary factor posters are back here.  They’re kind of like our 
working copies.  I’m going to give you and your partner some time to 
write down the factor pairs you found for your number up on these 
posters.  Right now, I’m not worried if you write them in order, I just 
want to get what you’ve found so far listed…  Later today, when you 
have a chance, you can go back and start looking at the lists to see if 
you agree.  You’ll be able to add to any list and also, if you disagree, 
you can put a dot next to the factor.  We’ll discuss some of the disputed 
factors tomorrow.  (W3, D1, L32) 
 
Although John did not always seem at ease in dealing with student errors, there 

was evidence that he believed that errors could be a source of learning.  On a variety 

of occasions, he asked students to share their errors with the whole group.  Sometimes 

the purpose was to highlight the need for an answer to make sense and other times it 

was to bring out a common misconception that students might have about the concept.  

He also used the opportunity to help students see that while a minor error in 
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computation could result in an incorrect answer, the strategy used to solve the problem 

may still be sound.   

Values 

John’s actions and statements embodied the following values related to 

mathematics: 1) the process of doing mathematics, and 2) the use of collaborative 

learning to explore mathematics.  These values were essential as they set the 

foundation for important social norms that have the potential to lead to 

sociomathematical norms.  By valuing the process of mathematics, John orchestrated 

situations in which students were required to talk about their mathematical thinking 

and reasoning.  Communication via group work forced some of the mathematical talk 

fundamentally necessary for the development of sociomathematical norms.   

Process of Doing Mathematics.  The importance John placed on process in 

mathematics is amply illustrated in the data.  During the first week, in his directions 

about a group assignment, John said “Then, we’ll come back together, and I’ll want to 

hear how your group came up with your answer.  What tools did you use, how did you 

use them, how did you narrow it down, how did you come up with your answer?”  

(W1, D4, L247)  After the group activity, John pulled the group back together and 

reiterated the importance of process: 

When you’re sharing, I’m not as concerned that you tell me, ‘well, the 
answer was this.’  I’m more concerned of how your group came up 
with getting the answer.  What tools did you use?  Did you use tiles?  
Did you use the 300s chart?  Did you use a calculator?  Did you use a 
couple of them together?  I want you to share with the class how you 
used those tools.  (W1, D4, L442) 
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John encouraged a level of student autonomy when students were engaging in 

mathematics by emphasizing the fact that students were free to choose and use a 

variety of tools in their problem-solving endeavors.  On numerous occasions, John 

stressed that students were free to get the materials they needed to assist them in 

thinking about the mathematics.  One example of this was at the beginning of week 

two when John told students, “You’re not limited to what I give you…if you need 

graph paper or tiles, you can feel free to come and get those as you need them”  (W2, 

D1, L148).   

Also in week two, John emphasized the value of process by helping a student 

recognize and articulate his problem-solving strategy and why it was a valuable 

process.  This example illustrated not only how John communicated the importance of 

process globally to the whole class, but it also reinforced the process specifically with 

individual students and events.   

T: How did people get their answers?  What strategy did you use to 
come up with 600, or even if you did 625 or 675, what was your 
strategy?  Hasani?   
Ha: Um, four quarters in a dollar so, four 25s is a hundred, so I counted 
100 for each group, and then, um, so, I made 100, 200, 300, 400, 500 
[pointing with his hands to indicate groups of four students] and then, 
um, then, there’s three over there and one over there.  But I got it 
wrong.   
T: But, good strategy.  Even if you may have made a mistake, really 
good strategy.  You realized that four people makes 100, so instead of 
counting 25, 50, 75, you said, well that’s easy, there’s 100, there’s four, 
oh there’s four, there’s 200, there’s four, there’s 300.  A lot quicker 
way to count, really good strategy.  Who has another strategy you used 
to come up with a prediction?  Pedro?  (W2,D3 L317) 
 
In week three, John was still emphasizing process when he said to the whole 

class before they began a task, “So it’s really important that you’re spending time 
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talking to each other and explaining how it is you are getting the answers.  It’s more 

important than the right answer.  Okay?”  (W3,D4 L32).  As students were working 

that day, John spent time interviewing individual students to assess their ability to use 

multiplication clusters as a strategy for multiplying larger numbers.  He asked each 

student to choose one multiplication problem and explain how he or she solved the 

problem.   

T: Which one do you want to talk about here?  This one you’re doing 
right here? 
G1: Is it wrong? 
T: Right now I’m not really worried about if it’s right or wrong.  I just 
want to know how you’re doing them.  Can you explain to me how you 
got your answer?  (Note: the student’s answer was correct.)  
(W3,D4, L225) 
 

Even into the third week of school, John was continuing to emphasize to students that 

he placed a high value on the process of doing mathematics—in this case the process 

the student used was of more importance to John than the answer.   

Collaborative Learning.  The value of working together in mathematics was 

extremely important in John’s teaching.  He had students working in pairs or small 

groups in almost every lesson.  Even the first day of class involved a collaborative 

team-building activity in which students were not allowed to talk to each other during 

part of the lesson.  At the end of this discussion John was explicit about the 

importance of working together in the learning process.   

The important thing that I…want you to start realizing is that we’re 
going to do a lot of working together in class.…When we’re working in 
groups I want you to be able to talk and share ideas.  (W1, D1, L70) 
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One of the ways that John communicated the value he place upon collaborative 

learning was through praise and recognition of groups working together.  At the end of 

the first week, he publically acknowledged all students for their diligent group work 

on a task when he said, 

Pat yourselves on the back, and tell yourselves “good job.”  Then tell 
your group “thank you for helping me do a good job.” …So, really 
good job.  I am proud of you guys.  This was, I think, the best math 
time we’ve had yet.  Lots of really good conversations.  (W1, D4, 
L627) 
  
Although John also emphasized individual accountability, some form of 

working with others was included in every lesson.  Even at times when students 

weren’t actively working in pairs or groups, John created situations in which students 

were expected to turn to a partner and discuss their thinking.  During group 

discussions in the first week, John frequently said things like “Tell your partner.  Tell 

your partner.  Don’t tell me, tell your partner” (W1, D1, L203) and “Turn to your 

partner next to you and see if you can figure it out” (W1, D3, L102).  This pattern 

continued in week two: “Turn to the person next to you.  See if you can figure out a 

way to determine how many people have counted by 25s.  We stopped at 225.  Talk to 

the person next to you” (W2, D3, L28).  During weeks two and three, John put quite at 

bit of effort into helping students work together productively both in pairs and in 

groups.  This will be discussed more in the next section.   

Attitudes 

John exhibited a very positive attitude toward mathematics and often conveyed 

to students the idea that math should be fun and enjoyable.  In the initial interview, 
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John indicated that he liked mathematics and that he wanted to instill his enjoyment of 

the subject in his students.  “When kids have fun with math, they’re more likely to 

learn.  I want them to enjoy themselves” (I1, L179).  On the first day of school he said 

to students, “Last year in math, you probably did some fun activities.  We’re going to 

do even more fun things because now you’re fifth-graders.  And you’re going to find 

out that fifth-grade is like the best year of your elementary school years.  So we’re 

going to have lots of fun in math” (W1, D1, L107). 

Another attitude John conveyed was in regards to efficiency in mathematics 

(i.e. being fast and easy) and was evident in the data on the first day of school when 

John said to the students 

I don’t know about you, but usually when I do any kind of problem I 
want to find the fastest and easiest way to solve it.  And I know that the 
way I do things isn’t always the fastest and easiest way and if someone 
else has a way that’s easier and faster, then I want to make sure that I 
listen to them so that I can start doing it their way.  (W1, D1, L79) 
 

Although this attitude of mathematics being fast and easy did not come out in the 

initial interview, it continued to be evident through all three weeks of the data.  John 

frequently made references to a strategy being fast or to finding an easier way of doing 

something.  In week two, he said to the class, “Remember, when we’re doing math we 

want strategies that work and that are fast, because we don’t want to waste all of our 

time.  We want to get things done fast and correctly” (W2, D3, L388).   

Summary 

John’s beliefs, values, and attitudes guided his interactions with his students 

around mathematics.  He believed that mathematics has a specialized language and 
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notation and that it is more than facts and procedures, so that developing a 

mathematical understanding takes time.  He also believed that examining errors is time 

well spent since errors can be a source of learning.  John valued the process of doing 

mathematics.  He also valued collaborative learning as a means of exploring 

mathematics.  John’s attitudes included the ideas that mathematics should be fun and 

engaging for students and that fast and easy strategies were important for students as 

they engaged in mathematics.  These beliefs, values, and attitudes came into play as 

John began to set the stage for learning mathematics in his fifth-grade classroom.   

Part 3: Setting the Stage for Learning Mathematics 

Establishing a positive classroom climate in mathematics and beginning the 

development of a community of learners were important goals for the start of the 

school year in John’s classroom.  He appeared to accomplish this through his 

emphasis on 1) students working together on tasks, which was also a vehicle for 

increasing discourse in his classroom, and 2) the sharing of ideas and strategies 

related to the tasks.  These were the two most prominent themes that emerged from the 

data.  Through these two pathways, which developed into a variety of social norms in 

his classroom, John began to build the climate of trust and risk-taking imperative for 

moving into the realm of sociomathematical norms.  It is important to look at the 

progression of these categories longitudinally to get a sense of their development over 

the three weeks.   
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A careful examination of the data related to this section revealed the 

importance of John’s use of tasks.  By examining his use of high-cognitive demand 

tasks, one can begin to see how the two themes of working together and sharing ideas 

and strategies unfolded during the first three weeks of school.  Therefore, this section 

begins with an examination of the role of tasks in John’s classroom, followed by a 

look at how John set the stage for learning through working together and sharing ideas 

and strategies.  Because John also used questioning as a pedagogical move to set the 

stage for learning, this section ends with a focused lens on teacher questioning, 

including three specific types of questioning that impacted the development of social 

norms in the classroom.   

Role of Tasks 

One of the critical components of a high-cognitive demand task is allowing 

enough time for students to investigate a mathematical idea in depth, an important first 

step in the promotion of mathematical discourse (Stein, Grover, & Henningsen, 1996).  

The exploration of rich mathematical ideas can provide fertile ground for discussion, 

even when students are novices with discourse.  Another indicator of a high level of 

cognitive demand is a task which requires students to explore relationships among 

mathematical ideas and build connections among various mathematical 

representations (NCTM, 1991).  The curriculum John used was designed with 

exploration of mathematical ideas in mind and there was evidence in his teaching that 

he placed a high value on allowing students ample time to think through and talk about 
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mathematical ideas.  He taught the lessons in the unit as outlined by the teacher’s 

guide, devoting at least the recommended amount of time to each session.   

One example of providing students with ample time to investigate and make 

connections among mathematical ideas occurred during week two.  As mentioned 

earlier, students spent several days finding and examining the factors for multiples of 

100 from 100 to 1000.  This cognitively demanding task required students to look for 

relationships among factors of the multiples of 100, and later apply their 

understanding to a different context.   

On the first day of this exploration, the whole class worked together to list the 

factors of 100 and then of 200.  Next, the teacher asked groups of students to look for 

similarities and relationships between the two lists.  By posing this open-ended task, 

John gave students an opportunity to explore and discuss a variety of rich 

mathematical ideas and connections.   

On the second day of this investigation, each group of students chose one of 

the remaining multiples of 100 and was given the task of finding as many factors for 

their number as possible.  In his directions to the class, John encouraged students to 

think back to the relationships they had found between the factors of 100 and 200 the 

previous day and to try to use those ideas in their current work.  John also made it 

clear that the work they were doing on this day would be a starting place and that their 

work on this investigation is a work in progress.   

T: Your goal is to find as many factors as you can for your number.  
Eventually, our goal will be that we find them all.  So if you can think 
of a systematic way of finding factors, that would be great.  But again, 
if you don’t find them all, I’m not really concerned.  I at least want you 
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to get at good start of a list.  Later we’ll put the lists up in the room, and 
as we find more later on—say we realize, ah, we forgot one for 600—
then we could just add it to the list.  Once we have the lists up we can 
start looking at them and adding to them.  This is just the start.   
(W2, D5, L34) 
 
Later, on the second day of this investigation, the groups wrote their factors in 

pairs on a poster (e.g. 1 x 400, 2 x 200 as factor pairs of 400).  Again, John reiterated 

the idea of mathematical work as something that can take place over time.   

T: Over the next couple of days, if you ever think of another factor pair 
for any of them, you may add it to any chart you want, even if it was 
not your number. Once we’ve had time to look at them and we’re pretty 
sure we’ve got them all, we’ll have Mrs. M make a final draft of our 
posters.  (W3, D1, L44) 
 
On the third day of this investigation, students were challenged to figure out a 

way to build an array of 1000 squares using grids that were 15 by 20.  In order to 

accomplish this and actually end up with a rectangle, students had to apply some of 

their ideas about factors to a different representation of the mathematical idea.   

The level of cognitive demand that students actually experience depends not 

only upon the task, but also how the task is implemented by the teacher.  It was, in 

large part, the choice of tasks which afforded John’s students the opportunities to work 

together and the occasions to share ideas and strategies.   

Working Together 

John used the context of mathematics as a springboard for establishing 

classroom norms.  The progression of the lessons provided the class with opportunities 

to negotiate norms related to social interactions while also focusing on mathematical 

concepts.   
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The theme of working together was prominent in the classroom.  Nearly every 

lesson included some activity in which students were working in pairs or groups.  The 

value John placed on group work was indicated in the data by his use of strategies to 

encourage students to work together within groups and his attempts to hold each 

student accountable both to and for his or her group.   

Week one.  On the first day of class, students participated in two team-building 

tasks: 1) Lining up across the front of the class in order from shortest to tallest, and 2) 

lining up in order of birth month and day, with January birthdays in the front of the 

classroom and December birthdays in the back of the classroom.  Each of these tasks 

was done without verbal communication.  Students found the first activity relatively 

simple and were able to quickly and accurately line up in order of height.  The second 

activity was more challenging.  A number of students with March birthdays were lined 

up with the May birthdays and, likewise, students with June and July birthdays were 

interspersed.  In the follow-up discussion of the second activity, students indicated that 

the lack of clear communication led to mistakes.  One student said, “When people 

were doing sign language and …doing the “m” sign, you didn’t know if they were in 

March or May” (W1, D1, L51).  At the end of this discussion the teacher was explicit 

about the importance of working together in the learning process when he said, “we’re 

going to do a lot of working together in class” (W1, D1, L70).   

Over the next two days, John had students working in pairs during the math 

activity, with each person responsible for making a record of the work that was done 

by the pair.  During these pair activities, he circulated around the class asking 
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questions and ensuring that students were focused on the mathematics of the task.  He 

encouraged students to actively talk about their thinking by making statements like, 

“Talk to your partner.  Don’t tell me, tell your partner” (W1, D1, L203) and “What did 

your partner say about this?” (W1, D1, L181).   

During the first week, John also emphasized that, although students were 

working together, each person was responsible for recording the work done and being 

able to explain what the pair had found in the investigation.   

B: Can we work together with our partners? 
T: Yes, you can help your partners out, but you each need to be doing 
your own record of it on your own piece of graph paper so you can 
explain it.  (W1, D3, L611) 
 
On the fourth day of class, the Friday of the first week of school, John 

structured the activity so that students were working in a group of four.   

We are going to be doing some puzzles today and they are like a little 
mystery.  Kind of like a little mystery game.  I am going to give your 
group each a set of four clues.  Each person in your group gets one 
clue.  Doesn’t matter who gets which one, just when you get it, just 
pass the four clues to everybody.  You will then take turns having one 
person read their clue, and go around so you have all four clues read, 
and your goal is to try to figure out what number fits for all the 
clues….Then, we’ll come back together, and I want to hear how your 
group came up with your answer.  (W1, D4, L230) 
 
During this activity, John again moved from group to group listening in and 

asking questions.  One of the ideas he again stressed with the groups was the 

importance of each person in the group being able to explain the work of the group, 

thus holding group members accountable to the entire group.  When he arrived at one 

group, the group did not appear to be making any progress.   
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T: This one looks like a silent group.  That means that you either deep 
in thought or you’re done.  (shaking of heads) You’re not?  Now did 
you guys work together?   
B1: Yes 
T: Do you all know the answer?  
B2: They didn’t get it.  (pointing at two other students) 
T: They didn’t get it?  Well let’s start again.  What tools are we going 
to use here?  Where are we going to start with the tools?  You figure, 
oh, you want to start with your clue?  What’s your clue?   
B3: It’s a multiple of 15.   
T: Okay, so what does that mean?   
B1: inaudible response 
T: And how are you going to remember what your multiples are?  Is 
there a… 
B3: Write them down.   
T: You could write them down.  Is there another tool on the table you 
might be able to use to help you keep track that has numbers on it?   
B2: The 300 chart.   
T: Why don’t you see, using your ideas, if you could maybe 
incorporate using that chart to keep track of things to help them, since 
they seem to have gotten lost and you understood it?  Okay?  See if that 
will help you (talking to B1 and B4).  So, maybe you (talking to B2) 
should give him (referring to B1) the chart, and he can maybe mark 
things, alright?  (W1, D4, L358) 
 

During this interaction, John helped a group of students refocus on the tools and 

strategies they were using to solve a problem in an effort to involve all of the students 

in the group.   

Week two.  During the second week, John began to focus on getting groups to 

work together more collaboratively, while holding individual students accountable for 

participation and learning.  On Monday of the second week of class, students 

continued to work on the number puzzles from the previous week.  After launching the 

lesson with a whole group discussion of some of the strategies students had used on 

Friday, John spent much of his time circulating around the class encouraging groups to 
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be collaborative.  The following interaction occurred just as groups got started 

working: 

B1: I don’t get it.   
T: Someone in your group will help explain it to you.  Does someone in 
your group understand?  (Two students raise their hands) You two 
understand?  Okay.  (Looks back at B1) Good, then you’ll be okay.  It’s 
the beauty of working together.  (W2, D1, L217) 
 

John continued to move from group to group, encouraging all members to actively 

participate.  He stopped to listen in on a group in which a girl, Laura, was leading the 

group.  After listening to Laura tell the group how she was going to use a calculator to 

find a number that was a factor of 42 and a factor of 70, John interjected, “Nice 

explanation.  Now make sure if Laura’s going to be using the calculator on this puzzle, 

then the next time one of the other people in the group should have the chance to do 

it” (W2, D1, L242).  Next, he turned to a group who was having difficulty getting 

started.  Two of the group members were arguing about whether each person should 

read his or her clue out loud or if the clues should be placed in the middle of the table.  

John suggested, 

Because you’re going to do more than one puzzle, for this puzzle why 
don’t you put them all in the middle where everyone can see them and 
then the next puzzle you all get to keep your own clue and read them.  
Would that be okay, Justin?  (nod from Justin) Would that be okay, 
Olivia?  (nod from Olivia).  Okay, so this puzzle, let’s put them all in 
the middle and then next puzzle, you guys will all have your clue, and 
you’ll read them to each other and try to be good listeners.   
(W2, D1, L261) 
 

Several minutes later, John came across another group in which only two of the group 

members were contributing to the work.   

T: How many people are in your group? 
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B1: Four.   
G1: Four.   
T: Four, so I want you all helping each other.  Okay?  
B1: They aren’t helping.   
T: Ah, here’s what I would like your group to do then.  You’re all 
going to be in charge of one clue, and you go around and you work 
together to figure out each person’s clue.  So, Ethan, you want to start?   
. 
. 
. 
B1: My number is a factor of 42.   
T: Okay.  So, now, your whole group’s job is to find factors of… 
B1: 42.   
T: 42.  And it looks like Allison might have an idea, so why don’t you 
listen to Allison about her idea of how to find factors of 42.   
(W2, D1, L438) 
 
In addition to structuring lessons so that students had opportunities to work in 

pairs or groups, John used a variety of strategies to encourage students to work 

collaboratively and engage in discussion with those groups.  He encouraged all 

students in the group to participate and ask one another questions.  For example, he 

told one student, “Ask Ashley what she’s drawing.  That might help you figure it out” 

(W2, D2, L212).   

One of the ways that John encouraged productive group work was by 

continually checking in with groups and asking, “How are we doing?” (W2, D1, 

L297).  John also used acknowledgment and praise to promote collaborative group 

work with statements like, “This group was working well together even when I wasn’t 

with them” (W2, D1, L977).  At times he used specific statements of observation such 

as “I hear Allison telling Olivia how she is thinking about it” (W1, D2, L104), and 

“James is talking to Carlos…I’m hearing some good things over here” (W2, D4, 

L337).   
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Week three.  John continued to stress the usefulness of collaborative work and 

pressed on what it meant to work together.  He began to place even more emphasis on 

individual and group accountability when working together.  Week three began with 

students continuing work from the previous week—making an array of 1000 squares 

built from graph paper that had 300 squares in a 15 by 20 array.  Pairs had some time 

to complete their array and get ready to share their work with another pair.  To begin 

this activity, John said to students 

In order to do this we are going to have to get back into the partnership 
in which you worked to make your rectangle or rectangles on Friday.  
We are going to do some sharing, so you need to be ready to explain to 
another partnership how you and your partner came up with that 
rectangle.  (W3, D1, L11) 
 
Later that day, the class was involved in a discussion about numbering the 

squares in their 20 x 50 arrays. Without numbering each individual square, John asked 

students to predict where certain numbers would be on the array.  In the following 

interaction, John was explicit about the fact that he expected students to actively 

participate in group discussions:   

T: If we were to count the squares on this array starting in the top left 
corner and going across, it would be kind of like our 300 charts with 
each square numbered.  I want you to talk with your group about where 
you would find the number 149.  (pause)  I’m going to give you a 
moment to talk about that.  (pause…groups talking) OK, who has an 
idea? 
Only one student raises hand. 
T: By the looks of it this either means that I didn’t give you enough 
time or groups weren’t talking about what you needed to be talking 
about.  I know that there’s more than one person who has an idea about 
this and that’s why we talk with our partners and our groups.  If you 
don’t have an idea, then you need to be listening in to hear about an 
idea that someone else has.  That’s your job.  So I’m going to give you 
a little more time to talk with you group or your partner.  I expect to see 
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more hands.  Talk to your partner.  Listen to your partner.  How could 
you figure out where the number 149 would be without counting each 
individual square? 
Pause 
T: OK.  Where would I find it – 149?  How do you know? 
Many hands go up. 
T: Oh good, I see a lot more hands which means that I saw partners 
sharing.  (W3, D1, L589) 
 
On Wednesday of the third week, the class was working on solving 

multiplication clusters.  Although students were each expected to record work on their 

own papers, John still encouraged students to collaborate.  In addition, he gave them 

some specific examples of what collaborating might sound like in a group.   

T: Work in your groups.  Help each other out.  Help explain.  If you’ve 
got it, explain it to the rest of the people in your group.  Ah, here’s what 
I did, I realized that 5x8 and 10x8 are going to go together to give me 
my answer for 15x8.  And maybe someone else will say, ah, I realized 
that if I take half of that one it’s going to give me my answer.  Explain.  
Help each other.  Okay?  (W3, D3, L525) 
 

The following day, John again gave explicit examples of what he wanted students to 

say to one another.   

T: If you are finished and your partner is not finished, you may help 
each other.  I encourage you, please, ask them, “How did you get those 
answers?  Please explain to me what you did.”  Those are the kinds of 
questions you need to ask each other.  (W3, D4, L51) 

 
Later on Thursday, when John brought the class back together for the lesson 

summary, he asked groups to talk about how knowing the answer to 20 times 4 and the 

answer to 3 times 4 would help one find the answer to 23 times 4.  He gave groups 

several minutes to discuss the question before saying, 

T: Let’s hear some of the things that were mentioned in your group 
about this.  To take 20 times 4 and 3 times 4.  Why does that work?   
Pause.   
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T: Only two people, hmmm.  So I’m just going to call on someone.  
Rachel.  What did your group talk about? 
S: I don’t really know, I didn’t get it. 
T: Hold on, Rachel.  You don’t know?  Now, and I’m not, I don’t want 
to pick on you, Rachel, but this isn’t Rachel’s fault that she doesn’t 
know.  This could very well be her group’s fault, because maybe her 
group didn’t actually talk about it.  When I give your groups time to 
talk about these things, I expect that everyone is listening to what each 
other says.  I should be able to call on anyone in any group, and you 
should be able to tell me what your group talked about.  If not, either 
you weren’t listening in your group, or maybe your group wasn’t 
talking about what you were supposed to be talking about.  There are 
three or four of you in a group.  That’s three or four different ideas that 
you could be listening to and hearing about that can help you solve 
problems in math.  We need to make sure we are listening to each 
other, and that when I give you that time, you’re actually talking about 
what I tell you to talk about.  After we have time to share like that, I 
should see 27 hands in the air because everybody should either have 
their own idea or be able to tell me something that some else in the 
group said.  Otherwise you guys aren’t doing your job.  Okay, we’re 
going to try again.  You have 90 seconds to talk in your groups.  Make 
sure everybody has an idea of why this works.  Share your ideas.  
Listen to one another.  (W3, D4, L502) 

 
In this example of holding groups and individuals accountable during a plenary 

discussion, John not only gave a very clear set of guidelines, but also gave the class an 

opportunity to rehearse immediately.  What followed was a classroom discussion 

related to the distributive property of multiplication.  Students were much more 

engaged in the group conversation after this wake-up call from the teacher than they 

had been in previous conversations this week.   

Sharing Ideas and Strategies 

John believed that the act of students sharing their thinking was a valuable part 

of learning, both for the student doing the sharing and for those who were listening.  
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He frequently emphasized to the class the importance of listening to the strategies of 

other students.   

It’s good to hear everyone’s ideas so that we can learn new ways to 
solve a problem…So it’s important that we do a lot of sharing of ideas 
in here.  And it’s important that we are listening to each other and 
maybe trying out those new ideas so that we can be better students and 
better learners.  (W1, D1, L79).   
 
The sharing of ideas and strategies in John’s classroom was not limited to fully 

formed ideas and correct answers.  Although John did facilitate the sharing of many 

productive ideas and strategies, he did not shy away from the discussion of errors and 

misconceptions.  This section includes examples of how conversations about mistakes 

and misconceptions became an important part of the sharing of ideas and strategies. 

Week one.  Beginning on the second day of class, John prepared students to be 

ready to share their strategies with the class.  Working in pairs, students used tile to 

build as many rectangles as possible for a particular number between 10 and 30.  

Before students began this activity, John told the class that he would have some pairs 

share their strategies for knowing how they had found all of the possible rectangles for 

their number. 

 As he circulated around the class while students were working, he asked pairs 

questions about the work they were doing.  Some students appeared at ease with this, 

while others seemed uncomfortable.  One pair of girls seemed particularly uneasy 

about being asked to explain their thinking: 

T: What number did you guys pick?   
G1: 20  
T: Let’s see.  I see a 4 by 5 and a 1 by 20 and a 2 by 10.  How do you 
know that’s all you can make? 
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G1: Are there more?  (looking questioningly at the teacher) 
T: I don’t know, that’s what I’m wondering.  What do you think? 
(asking the first girl’s partner) 
G2: No. 
T: Why do you say no? 
(no response from G2) 
G1: I don’t know, I guess there must be some more… (trailing off and 
looking up at the teacher questioningly).  (W1, D2, L281) 
 
As evidenced in this interaction, not all students were familiar with being 

asked to explain their thinking or defend their reasoning.  The girls in this interaction 

seemed to interpret the questioning as an indication that they had made a mistake or 

hadn’t completed the task.  Even though their work was accurate and complete, they 

were hesitant to respond and looked to John to give an indication about the accuracy 

of their answers.   

As he moved through the class, he also asked several pairs of students if they 

would be willing to share their ideas with the class.  When the class came back 

together for a discussion, John asked for volunteers to share their ideas. 

T: Alright.  I want to take some time now to share a little bit about the 
different numbers that you picked and what rectangles you found that 
you can build and I really want to start hearing about how you and your 
partner went about deciding what types of rectangles you could make.  
And finally when you got to the point where you said “we’ve got them 
all” how did you know you got them all?  I heard a lot of different, 
really good strategies for saying that’s how we knew we couldn’t make 
anymore.  So I want to make sure we hear some of those ideas.  So let’s 
just start.  Somebody raise their hand and tell me one of the numbers 
that you picked and your strategy for knowing.  (W1, D2, L357)  

 
John seemed to be cognizant that many students may feel uncomfortable 

talking about mistakes, and to do so students must feel safe enough to be willing to 

take risks.  During the first week of class, John did not specifically bring out any 
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errors during whole class discussions and sharing of strategies.  He did, however, deal 

with errors in small groups by circulating around the room asking questions.  He was 

careful to ask students to explain their reasoning about both correct and incorrect 

answers.  He also encouraged students to explore conjectures that were emerging from 

their work.  For example, on the second day of class when students were building as 

many rectangles as possible for a particular number of tiles, he listened in as a boy and 

a girl explained that they thought all odd numbers would have only one rectangle.  

They had started with 17 tiles and found that the only rectangle that could be made 

was a 1 by 17.  He acknowledged their idea and challenged them to try it out with 

other odd numbers. 

B1 and G1: First we did 1 by 17, then we tried 2, then 3, then 4 and we 
kept going.  But 1 by 17 was the only one [that worked]. 
T: and you found 19 the same way?   
G1: Yea, it was the same thing for 19. 
T: OK, so pick another odd number and see if that is true.  Remember 
it’s got to be between 10 and 30.  How about… is 15 odd?  Why don’t 
you try 15?  And see if you can make more than one rectangle.  It’s a 
good theory… let’s find out if it’s going to work.  (W1, D2, L213) 
 
Week two.  As students became more comfortable with sharing their strategies, 

John began to press them for more information about the strategy.  During the second 

week of class, students were counting around the class by 25s, with the first person 

saying 25, the next saying 50 and so forth.  At 225, John stopped the class and asked 

students to talk with partners to figure out a way to determine how many people had 

counted so far.  After several other students had shared, he called on Sara to share her 

strategy.  When he pressed her for more information about her strategy, she was 

clearly uncomfortable.  John acknowledged her discomfort and then described her 
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strategy to the class while continuing to check-in with her by stating his explanation in 

the form of a question.   

Sa: Um, counting backwards. 
T: Ooh.  I never thought of that.  That’s a good way.  So, tell me more. 
Tell me how you did that.  What were you doing in your head?  Can 
you say it out loud how you did it in your head?  So where did you 
start, if you counted backwards in your head, did you start with two 
twenty-five in your head? 
Sa: Mm-hmm. 
T: And then what was next?  
Sa: 200.  (speaking very quietly; body language indicates she is 
uncomfortable) 
T: I know I’m putting you on the spot and that makes you nervous.  So 
you, like, counted back, so 225, 200, and then take off another 25, so 
175, until you got back to zero?  (Sara nods) And did you somehow 
keep track while you were doing that in your head to figure out how 
many it was?  (Sara nods) Like, 225, 200, 175, (John demonstrates 
counting to keep track on his fingers) somehow counted so you ended 
up with nine?  That’s a good strategy, counting backwards, that would 
work.  (W2, D3, L80) 

 
By the second week of school, John began to deal with errors during plenary 

sessions.  Toward the end of the day on Tuesday of the second week, students were 

comparing answers and sharing strategies for solving number puzzles.  John asked 

groups to record their answers to several of the puzzles and then asked students to put 

a star next to any answers they wanted to challenge—in other words, any answer with 

which they disagreed.  After the students finished marking their challenges, John said 

T: I think what we’ll probably do is look at puzzle seven, just because it 
looks like someone has challenged every single answer listed.  That 
might be a good one to see, which one of those answers, if any of them, 
are the ones that actually fit those clues.  But we do have some 
challenges.  Can anyone think of reasons why someone might make a 
mistake or get the wrong answer?  Where are places that, in doing these 
puzzles, where you can see that a mistake might be made?   
(W2, D2, L496) 
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In response, several students suggested possible reasons, mostly procedural, why 

someone might make a mistake and come up with an incorrect answer.   

During this week, John also began asking students to publically share their 

thought processes behind an incorrect answer.  In the lesson that began with counting 

around the class by 25s, John asked students to write down a prediction of what 

number the last person in the class would say.  He noticed that Olivia had written 24 x 

25 and had come up with an incorrect answer of 109.  Then she crossed out her answer 

and did some mental computation and wrote down an answer of 625.  He wanted to 

bring this to the attention of the class for the purpose of highlighting the importance of 

making sense of the mathematics rather than blindly following a procedure.  At the 

same time, he recognized that sharing a mistake involved a student’s willingness to 

take a risk and might place the student in an uncomfortable position.   

T: Olivia, I saw you did something else with your 300s chart—the first 
thing that you tried to do. 
Ol: I tried to multiply them together, 24 times 25. 
T: Good. Twenty-four, how did you get 24? 
Ol: Uh, 24 is how many kids in the class. 
T: And, now, you tried to do 24 times 25, and, do you mind?  I don’t 
want to put you on the spot.  If you don’t want to share you don’t have 
to, but would you mind sharing what you got for your answer? 
Ol: I got 109, but that’s not a multiple of 25, so I tried exactly what I 
did last time.  I numbered the numbers, but I did 25 of the 25s when I 
should have done 24 of them ‘cuz that’s how many kids are in the class.  
That’s why I got 625 instead of 600.  
T: Oh, okay. 
Ol: I should have gotten 650 because two kids came back. 
T: Okay, good.  Do you know what I really appreciate about your 
sharing is that you tried a strategy—you realized that, oh, this is easy, 
there were 24 kids times 25, because they’re counting by 25s.   Then 
you tried a procedure to multiply those two numbers.  But when you 
looked at your answer you went, wait a minute, that’s 109, that can’t be 
it.  I’m glad that you didn’t just stop and think, 109, that’s my answer. 
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You realized that that can’t be the answer because 109 isn’t a multiple 
of 25.  So you thought ‘somehow I made a mistake in my multiplying.’ 
So then you said, well, what else do I know how to do?  So you went to 
another strategy that you knew had worked for you before.  Thank you 
for sharing that.  (W2, D3, L357) 

 
Week three.  During the third week, John continued to orchestrate many 

opportunities for students to share their strategies both in small groups and with the 

whole class, but an emphasis on efficiency of strategies began to emerge.  He did not 

discourage students from exploring a variety of strategies.  In fact, he encouraged 

students to use any mathematically valid strategy to solve a problem.  However, this 

week, he began to press on the idea of some strategies being more efficient than 

others.  When it seemed appropriate, he encouraged the use of a more efficient 

strategy.   

On Monday of the third week, when students were working to identify where 

specific numbers would fall on the array of 1000 squares with dimensions of 20-by-

50, John was listening in as two students were locating the square for the number 640.  

They had already determined where the number 650 was located based upon the 

pattern of each line ending with a multiple of 50.  Earlier however, they had placed the 

number 40 on the chart and John noticed that they didn’t use that information to help 

figure out where 640 was located.   

T: Okay.  So you counted back to get to 640 because that was faster 
than going back here (pointing to 601 at the beginning of the line) and 
counting forward to 40. 
B1: Yep. 
T: If I were to ask you where 840 was, how could you find that? 
B1: The same way, ‘cuz, ‘cuz you can go750…well, back here was 
600… 
B2: 650 
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B1: Yea, ,650, 700, 750, 800, 850, and count back 1, 
B1 and B2:  2, 3, 4, 5, 6, 7, 8, 9, 10 
T: Could knowing where 640 is located help you find 840 without 
having to do that final counting backward? 
B2: Yeah!  It would just be right down here. 
T: Ah, so you could go off that one.  So what if I wanted you to find 
440? 
B1: We could just start here (pointing at 640) and go 540, 440 
(pointing at every line as he counts). 
B2: No, no!  It has to be every other line, so that’s just 540, 440 would 
be here. 
B1: Oh yea.  (W3, D1, L807) 
 
On Wednesday, when students were solving multiplication clusters, John 

stopped at the desk of a student who was solving a cluster of problems.  The student 

had already solved 10 x 5, 20 x 5, and 8 x 5 when John arrived.  The next problem the 

student was solving was 18 x 5, and the student began counting by 5s.  John 

interrupted his counting and asked, 

T: Can you think of a way to use the problems that you’ve already 
solved to figure out 18 times 5?  I don’t want to count by fives.  That 
leaves too much room for mistake, because I don’t have 18 fingers.  I 
could use my toes, but then the room would start smelling, so we’ve 
got to think of something different.  Are there any of these that I could 
use that would help me solve 18 times 5? 
After long pause, there was no response from the student. 
T: Olivia, what do you think? 
Ol: Well, 20 times 5 could help. 
T: What do you think, Alexi, could you use 20 times 5 to help you 
figure out what 18 times 5 would be? 
Al: I don’t know. 
T: Olivia, can you explain how you would use 20 times 5. 
Ol: Well, I think about it like this: 20 times 5 means that I have 20 fives 
and I just need 18 fives.  That’s just two less fives. 
T: So Alexi, if 20 times 5 is… let’s see (looking at Alexi’s 
paper)…100, and we need two less fives than 100, what would that be? 
Al: um… (student looks at a 300 chart)…um…90? 
T: You say that with a question in your voice.  Are you sure? 
Al: um…I think so. 
T: How do you know? 
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Al: Well, two fives is ten so…um… I have to go 10 less than 100. 
T: Yep.  You’ve proven it to me.  (W3, D3, L440) 
 
Through this week there were also several times when John made a record of a 

student’s strategy.  In one example, a student explained the mental process she had 

used to multiply 233 x 5.  It was quite evident that not many students were making 

sense of what she had done.  John used this opportunity to restate the student’s 

strategy and use informal mathematical notation to record her thinking.  The written 

record is shown in Figure 4.1. 

T: Can I write some things down that you said?  So first you started 
with 200 times10 equals 2000. 
G: Uh-huh. 
T: Then you looked at the 33 and you thought of 30 times 10 because 
you know that… 
G: 10 times 10 is 100 and this was like three of them. 
T: So that gave you… 
G: Um…300 
T: 300, and that left you with how many left? 
G: Three… well, three tens 30. 
T: So how did you get from there to the answer to 233 x 5? 
G: Um.  Then I cut each one in half. 
T: So, like, half of 2000… 
G: Yea, then half of 300 and half of 30. 
T: Then what? 
G: I added the 1000 and 150 and 15 and got 1165. 
T: I’m impress you could keep all of that straight in your head.  Don’t 
think that you have to.  Writing it out like this – you can do that. 
(W3, D3, L671) 
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Figure 4.2 -- Written Record of Student Strategy 

By making a written record of the student’s thinking, John seemed to help a number of 

students better understand her strategy.   

Teacher Questioning 

The kinds of questions teachers ask serve as an indicator to students about 

what the teachers believe is important in mathematics and what kind of interaction 

they value.  Questions can serve a variety of purposes.  Although examples of John’s 

questioning strategies are evident throughout this chapter, this sections highlights three 

main ways he used questioning: 1) to call for explanation/justification, 2) to shift the 
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mathematical authority away from the teacher and onto the mathematics, and 3) to 

lead students to mathematical clarity. 

On the first day of class, when students were given the task described earlier of 

lining up from shortest to tallest without verbal communication, John used questioning 

to set the expectation that just giving an answer is not enough.  As a follow-up to the 

very first question he posed to his students, John asked them to give a justification for 

their answers.   

OK, let’s talk about lining up things.  Hard or easy?  (pause)  Thumbs 
up if you thought it was easy, thumbs down if you thought it was hard.  
(pause)  Someone with thumbs down, why was it hard?  Why did you 
think it was hard?  (W1, D1, L20) 
 

The way the he posed this first question required all students to silently respond to a 

low level question (hard or easy?) and then pushed students to think about a 

justification for their answers.  This expectation that required students to think about 

and give a justification for the reasoning behind their answers was one that was 

pervasive from the very beginning of school.  On this first day of class, there were six 

other instances when the teacher posed similar questions, asking students to justify 

their answers.  In the initial interview, John indicated that explaining reasoning behind 

answers was something he valued not only in mathematics, but in all subject areas.  He 

said that asking for justification was an integral part of his teaching all day (I1, L388).  

By posing high-leverage questions that pressed for explanations on the first day of 

class, and continuing to use those kinds of questions on a daily basis, John indicated to 

his students the value he placed on the practice of explaining one’s thinking.  This 

expectation set the stage for developing an important social norm in his classroom.   
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Students whose previous mathematical experiences have been largely 

traditional often view the teacher as the dispenser of knowledge and the mathematical 

authority in the classroom.  During the initial interview, John indicated that he did not 

view his role as a dispenser of knowledge (I1, L329).  One of the ways he conveyed 

this to his students was in the way he responded to their questions with questions that 

communicated he valued students’ thinking and ideas.  On the first day of class, when 

students were given the task of lining up across the front of the class in order of their 

birthday without communicating by talking, one of the students asked a question about 

the activity: 

B1: But what if we’re the same? 
T: Hmm… What do you think you should do if you have the same 
birthday? 
B2: See which one’s the first one. 
T: There’s an idea.  If you could figure out without talking—who was 
born first on that day. 
B1: We could just stand right in front of each other. 
T: There’s another good idea.  (W1, D1, L42) 
 

Although this example from the first day of school was not specific to mathematics, it 

did indicate John’s expectation that students do their own thinking to come up with 

ideas that could make sense.  Later, during the second week, there is evidence that 

students began to internalize the idea that the teacher would not be the mathematical 

authority, but rather students must try to reason through their questions. 

T: How we doing here, ladies?  (teacher stopping at a table of 4 girls 
working on finding factors of 600) Now, oh good, so you’re, you’re 
making your list, and you’re pairing them up. 
G1: So, like, 25, 50…right, how many 25s would it take?  So how 
many 25s are in 100?  
G2: Four.   
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G1: So 600 is six, so 6 times 25.  Would [a factor pair of 600] be 6 
times 25?  (looking at teacher for a response) 
G3: No, no. That doesn’t make sense. 
T: Is there a way you can check? 
G1: Yeah, how many 25s are in 100?  Four. 
G3: And then it goes 25, 50, 75, 100 for the next 100.  
G1: So, 200 would be eight.  That would be 800. That’s too much. 
G2: No.  It’s not 800, it’s eight twenty-fives. 
G1: Huh? 
G3: See… (inaudible) 
(teacher leaves while the four girls at table continue to discuss 
problem)  (W2, D5, L125) 
 

In this example, although one of the students did ask John if an answer was correct, 

another student jumped right in to indicate that the answer didn’t make sense.  With 

very little prompting from the teacher, the group began a discussion to reason through 

the answer. 

In addition to questioning for justification and to shift the mathematical 

authority, John used leading questions quite extensively to help bring clarity to 

mathematical ideas or to lead students toward a specific strategy.  Rather than directly 

giving students information, he used questioning to help guide them through a process 

of reasoning to arrive at a conclusion.  On the second day of class, when students were 

working in pairs to build rectangular arrays, their goal was to identify all of the factors 

of their chosen number(s).  During this activity, John circulated around the class, 

interacting with pairs of students.  In the following interaction, he used questioning to 

help students clarify an idea related to the commutative property of multiplication. 

T: And so what are the dimensions of this one? 
G1: 2  by 13 
T: So now, are these two different rectangles?  (referring to a 2 by 13 
and a 13 by 2 rectangle) 
G1: yes… I think… (pause, student looks at teacher for confirmation) 
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T: I don’t know; that’s what I’m wondering.  What do you think? 
G2: No. 
T: Why do you say no? 
G2: They’re the same, but because it’s 13 down and 2 across and 
(inaudible) 
T: So you think it’s the same rectangle.  What is the only difference 
between those two?  What did you do? 
G2: We turned it. 
T: Yea you just turned it.  So, when you’re naming the dimensions, 
would you count these two as different rectangles or just as the same 
turned? 
G1:They would be the same—13 by 2 or 2 by 13—same numbers. 
(W1, D2, L136) 
 
During the same lesson with another pair of students, John used questioning to 

lead the students towards a systematic strategy.  He then encouraged them to test out 

the strategy with another number. 

T: So it looks like you have an 8 by … 2.  What’s this one? 
B1: 4 by 4 
T: And then, what is the last one you just found? 
G1: 1 by 16 
T: … so do you think there’s more? 
G1: No. 
T: You don’t think so?  How can we know? 
B1: Well… we can’t think of any more. 
T: You can’t think of any more?  Is there a way that you could check to 
see if there are any more? 
G1: I don’t know. 
T: Let’s look at this.  You’ve made a 1 by 16… you made a 2 by 8, 
what could you try next? 
B1: Well, three wouldn’t work. 
T: How do you know not a three by something? 
B1: Three times five is 15, so there’s extra.  It doesn’t work (student 
pushes tiles into a 3 by 5 array and shows that there is an extra tile). 
T: OK, so you’re thinking of multiplication to help you out.  So you 
know 3 didn’t work.  What’s next? 
T listens/watches while B1 and G1 try making arrays of 16 tiles with a 
length of 5, 6, 7 and 8. 
T: …you know what, you’ve convinced me.  I believe you got them all.  
I want you to remember that…because I want you to share that with the 



114  
 

class, how you did that, OK?  Now, why don’t you pick a new number 
and try your system out and see if it can work for a different number. 
(W1, D2, L184) 
 
The preceding two examples showed how John used questioning to lead 

students toward a specific conclusion or strategy.  This use of leading questions was 

quite prominent in the data.  

Summary 

During the first week of school, John began to set the stage for learning by 

emphasizing the expectation that students would work together during mathematics 

and that this collaboration was important for learning.  He chose tasks which not only 

lent themselves to collaboration, but also pressed on the importance of sharing ideas 

and strategies.  Most of the collaborative work throughout the first week was done in 

pairs and John spent time teaching students how to “turn and talk” about mathematical 

ideas with a partner.  He called attention to the importance of listening to the strategies 

of other students in order to get different ideas and better understand mathematical 

concepts.  During this first week, he checked in with students ahead of time to ask 

about their willingness to share their strategies or asked for volunteers.  He also 

praised students for their willingness to share their ideas.  John continually used 

questioning to prompt students to provide reasoning for their answers.  Initially, some 

students took this as an indication that they had given an incorrect answer.  John de-

emphasized the importance of the answer over the process and continued to ask for 

justification of both correct and incorrect answers.  While he did deal with errors and 

used them as opportunities for learning with individuals and pairs of students, he did 
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not directly bring up errors or misconceptions during a whole group discussion during 

the first week of school. 

During the second week of school, student collaboration progressed from being 

mostly partner work to small groups of three or four students.  John began to hold 

students accountable for their participation and learning within the group setting.  

While groups were working, John circulated around the classroom to listen in and 

keep students focused on the mathematical task.  He used questioning as the primary 

means of getting students to work together or to get started on the task.  During whole 

group discussions of the tasks, John began to press students for more detail about the 

strategies they used.  He also began to use student mistakes as opportunities for in-

depth discussions during these plenary sessions.  The first several times he did this, he 

asked the students ahead of time if they would be willing to describe the mistake in 

their thinking.  Sense-making, especially as it related to errors, was an important code 

that became evident during the second week and continued on into the third week. 

During the third week of school, in addition to holding students accountable 

within their groups, John also began to hold groups accountable for individual 

learning.  In a few instances during this week, there was an emphasis on going beyond 

describing a strategy to providing a mathematical justification for an answer.  John 

had students explore a variety of strategies, and in several cases he pressed students to 

use a more efficient strategy to solve a problem.  He also made a public record of a 

student’s multiplication strategy with the purpose of making that student’s thinking 

clearer to other students.   
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Throughout the three weeks, John consistently used questioning as a vehicle to 

encourage students to share their ideas and strategies and press on students to explain 

or defend their answers.  When students showed a lack of confidence in their ideas or 

answers, John frequently responded with a question like “What do you think?” or 

“How did you figure that out?”  In doing so, he attempted to shift the students’ view of 

the mathematical authority onto the mathematics.  During all three weeks, John also 

consistently used leading questions to help bring clarity to mathematical ideas or to 

lead students toward a specific strategy. 

Part 4: The Development of Social Norms 

This section identifies clusters of codes around four subsections which 

describe social norms that developed during the first three weeks of school: 1) students 

collaborate to solve problems, 2) students view making mistakes as a natural part of 

the learning process, 3) students share strategies and explain their thinking, and 4) 

students solve problems using a variety of strategies and representations.  Each 

subsection provides a summary of the development of the social norm and is a 

synthesis of ideas previously discussed in Parts 1, 2, and 3.  Where additional 

references are given from the transcripts, these citations are included because they are 

key aspects that either hinder or enhance movement toward a sociomathematical 

norm.  Following each section is a discussion about what it would take to move the 

social norm into the realm of a sociomathematical norm and any evidence in the data 

of movement in this direction. 
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Students Collaborate to Solve Problems 

As indicated in Part 3 of this chapter, one of the major themes that surfaced 

from the data was working together.  Collaborative learning was a code that began on 

the first day of school and was present every day through the observation period.  It 

was, by far, the most prolific code with more than fifty occurrences over the three-

week observation.  John chose tasks and structured his classroom in such a way that 

students worked together from the first day of school.  In addition to the code 

collaborative learning, there were three other codes that came out of the data late in 

the first week and during the second week related to the theme of working together: 

being stuck/struggling, individual/group accountability, and encourages sense-

making.  It was clear from the data that working together to solve problems became a 

well established social norm in the classroom by the end of the third week. 

The code being stuck/struggling emerged from the data in week two and 

continued into week three.  In the analysis process, it became clear that the code fit 

into the theme of working together because in each instance, John encouraged the use 

of group members when students felt stuck.  By promoting the idea that it was natural 

to struggle or feel stuck at times when one was doing mathematics and by opening the 

door to the notion that working together was a good thing to do when one was stuck, 

John further promoted the social norm of collaborating to solve problems. 

In addition to providing opportunities for students to work together, John 

promoted accountability during the group work.  By actively circulating around the 

classroom, listening in as pairs or groups worked together, and asking questions to 
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focus or probe the work of the groups, John attempted to create an environment in 

which students were individually accountable for participating and the group was 

accountable for being sure that all members understood the mathematics.  John 

clarified that working together was an accepted behavior and that it was equally 

important for each person to understand and record the work that was done together.   

On Thursday of the third week of school, students were working in groups of 

four to review the posters listing factor pairs for multiples of 100.  In this important 

episode, one group was looking over the factor pairs for 300.  John posed a question to 

the group in an effort to get them to think more deeply and make sense of the 

mathematics. 

T: Okay, so, here I see 5 times 60, here I see 50 times 6…do we need 
them twice up here?  Or is that the same? 
G1: They’re not the same. 
T: What do you think?  (asking another student) 
G2: I think that this is…umm…(long pause) 
T: Ethan, what do you think? 
Et: I don’t know. 
T: 5 times…that’s why I’m asking you…5 times 60 and 50 times 6. Is 
that the same? 
Et: I think so. 
T: Why is it the same? 
Et: Well, they’re both the exact same number—300. 
T: You’re right, you’re right, why? 
B2: Yeah, ‘cuz, uh, 50 has just the 5 right there, and that’s 50, and that 
the 6 right there, and the 60 right there. 
T: The six right there.  So, the same answer, how about the same 
rectangle? 
Et: Uh, I don’t know. 
G1: They are the same rectangle. 
T: If you’re going to make a rectangle 5 by 60 and 50 by 6, would they 
look the same or would they look different? 
Et: The same. 
B2: No, they’d look different, but they’d be the same. 
T: They’d look different but they’d be the same? 
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B2: Yeah. 
T: See if you can explain that.  See if you guys can come to an 
agreement on that.  (teacher moves off to another table)   
(W3, D4, L213) 
 

In this example, John pressed the group to find a mathematical argument that would 

allow them to make sense of and come to a consensus about a mathematical idea.  

However, there was no follow-up to this episode and, as a result, no evidence in the 

data as to whether or not the students in this group were able to come to a consensus.   

Discussion 

When there is evidence, as there was in John’s classroom, that collaborating to 

solve a problem has become a taken-as-shared expectation in a classroom, that shared 

understanding constitutes a social norm—that is, collaborating to solve problems has 

become a regularity in classroom social interaction patterns.  According to Kazemi 

and Stipek (2001), the social norm collaborating to solve problems can be moved into 

the realm of a sociomathematical norm by “holding each student accountable for 

thinking through the mathematics involved in a problem and promoting the idea that 

consensus should be reached through mathematical argumentation” (p. 76).   

There was ample evidence of John’s attempts to establish the social norm that 

students were individually and collectively accountable when working together, a 

necessary prerequisite for moving this social norm into a sociomathematical norm.  

However, by the third week of the school year, there was little evidence that such 

accountability had become taken-as-shared in the classroom.   
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Although there were a few examples of John pressing a group of students to 

come to a consensus through mathematical argumentation as described earlier in the 

factor pairs for 300 episode, there was not enough evidence in the data to make the 

claim that it was an established sociomathematical norm in the classroom at this point 

in the school year.   It does seem likely, though, that there was potential for growth in 

this direction.  By establishing a shared expectation for collaborative work and 

pressing for accountability, John had clearly laid some of the foundational work 

needed for this productive sociomathematical norm. 

Students View Making Mistakes as a Natural Part of the Learning Process 

The social norm that mistakes are acceptable and even useful is commonly 

established in many classrooms.  During the first three weeks of school, John worked 

to create an environment in which students would feel comfortable sharing mistakes 

and not feel embarrassed about making errors.  As a result, the social norm that 

students view making mistakes as a natural part of the learning process was 

established in John’s classroom.   

As indicated in Part 3 of this chapter, by the second week of school, John 

began asking students to publically share their thought processes behind an incorrect 

answer.  He also spoke directly to students about making mistakes and, along with a 

number of other episodes, these instances were coded as dealing with errors.  John 

tried to put students at ease about making mistakes—to convey that it was a natural 

part of learning.  This was evident in the following statement: 
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T: Do all of us make mistakes? 
Collective “yes” from the class. 
T: Yeah, we all make mistakes.  So it’s not a big deal, that, if you 
picked one of these numbers that have been challenged, we’re not 
going to be upset, you know, we’re not going to tease you or make fun 
of you for getting the wrong answer.  We’re going to just think that you 
actually tried to solve it, and we’re going to see if we can help you out 
so that when we do this again for your homework, which is coming up, 
that you hopefully will be able to not make that same mistake twice, or, 
at least have a way that you will be able to go back and check to make 
sure that you did get it right.  (W2, D2, L519) 
 

This statement, as well as a variety of the episodes in which students were sharing 

mistakes, is indicative of the focus on procedural aspects of solving problems and 

John’s desire to help student avoid repeating the same procedural mistakes. 

Toward the end of the second week, there were several episodes in which the 

focus of looking at errors was to help students make sense of the mathematics.  This 

was in contrast to earlier statements which focused on correcting procedural mistakes.  

One example of this happened when students were counting around the class by 25s 

and John asked them to make a prediction of what number the last person in the class 

would say.  Students made a public record of the predictions which included 600, 625, 

675, 140, and 12.  When they had finished counting, the class discussed the feasibility 

of the various predictions.  By having student share their though processes behind the 

predictions 140 and 12, John focused attention on the reasonableness (or lack thereof) 

of an answer.   

There was clear evidence that even at this point in the year, students viewed 

mistakes as a natural part of the learning process.  However, student comfort with 

sharing their mistakes publically was still developing.  While there were a number of 
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students who did seem willing to share and examine mistakes, the majority of students 

were not yet at that point. 

Discussion 

According to Kazemi and Stipek (2001), 

Teachers can press for conceptual thinking by promoting the 
sociomathematical norm that mistakes are opportunities to 
reconceptualize the problem, explore contradictions to a solution 
approach, and try out alternative strategies.  Thus, inadequate solutions 
serve as entry point for further mathematical discussion involving 
justification and verification.  (p. 72) 
 

They further indicate that in classrooms where this sociomathematical norm was 

established, the teachers conveyed to students that the goal in looking critically at 

strategies and solutions was to develop an understanding of mathematical concepts.  In 

classrooms that had not developed this sociomathematical norm, the teachers often 

passed over incorrect solutions until an adequate solution was offered.  When students 

made mistakes in these classrooms, the teachers frequently precluded further 

mathematical inquiry by providing the mathematical reasoning themselves. 

 During the second week of school John began to bring errors to the forefront 

during plenary sessions and used them as a site for learning and an opportunity to 

further mathematical discussion, important preliminary steps in developing this 

productive sociomathematical norm.  While there were occasions in plenary sessions 

when the focus of examining errors was to make sense of and justify the mathematics, 

the majority of the discussions related to errors centered on ways to avoid procedural 

mistakes rather than on looking at mistakes as opportunities for new learning.  This 
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goal of avoiding procedural mistakes was evident in his statement, “You hopefully 

will be able to not make that same mistake twice, or, at least have a way that you will 

be able to go back and check to make sure that you did get it right.” 

There were some important foundational aspects of the classroom culture that 

served to provide key underpinnings for this sociomathematical norm.  John worked to 

create a climate in which students would feel comfortable sharing mistakes.  He did 

not gloss over or ignore incorrect solutions, but rather incorporated them into his 

instructional plan.  When students made mistakes in small group settings, John used 

questioning to encourage the students to think further about their strategies or 

solutions.  In those settings, he rarely jumped in to indicate the accuracy of an answer 

or to provide the mathematical reasoning.  Instead, he used questioning to tease out 

ideas from the students.  It was mainly in large group settings that the discussions 

focused on avoiding procedural mistakes.  In order for this norm to move more solidly 

into the realm of a productive sociomathematical norm, John would need to shift the 

public goal of the exploration of errors from avoiding procedural missteps to 

examining contradictions as a way to promote conceptual understanding through 

justification. 

Students Share Strategies and Explain Their Thinking 

There was ample evidence in the data that there was a taken-as-shared 

expectation that students would share strategies and explain their thinking.  As 

indicated in Part 2 and Part 3 of this chapter, one of the major themes that surfaced 

from the data was sharing ideas and strategies.  Even on the first day of school, many 
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students were eager to share their strategies for thinking about and solving problems.  

The pattern of reinforcing this social norm continued throughout the research period.   

In addition to the code sharing ideas/strategies, which was evident nearly 

every day throughout the observation period, a number of other codes related to this 

social norm surfaced from the data during the first and second weeks of school: 

presses students to defend/explain an answer, encourages students to elaborate on an 

idea, restates a student’s explanation to clarify/summarize, proof, checks for 

understanding of a strategy, listening to others, and encourages students to agree or 

disagree with a mathematical idea presented by another student. 

Although initially John was sometimes met with silence or stilted answers, by 

the end of the three week period, students seemed accustomed to being asked to 

support their answers and were generally willing to share their ideas.  The majority of 

the time when John asked questions or encouraged students to explain their answers or 

elaborate on ideas, the responses from students tended to be framed in terms of 

procedures rather than the mathematical reasoning behind their procedures.  This may 

have been partly a result of John’s questioning.  For example, on Friday of the first 

week, when the class was solving number puzzles, John stopped at one table to inquire 

about their solution to one of the puzzles. 

T: Let’s hear about it.  
B1: It’s a multiple of 15.  It has to be a number less than 100.  The 
number is odd, and the number is greater than 50, so that means it’s 75. 
T: How did you get 75? 
B1: Because it has to be a multiple of 15.  Fifteen, 30, 75, and it has to 
be… 
T: Wait, wait, go back [to your work with the 15].  How did you get 
your multiples of 15? 



125  
 

B1: We counted by 15s. 
T: You counted by 15s? 
B1: And David checked on the calculator. 
B2: Yeah. 
T: Okay, so you used your calculator to find the multiples of 15.  Okay. 
B1: And then it has to be less than 100, and it has to be, by finding the 
other one less than 100 that is odd and over 50.  (W1, D4, L331) 

 
It was interesting to note in this exchange that even though the student did begin to 

give some mathematical reasoning behind his answer (“because it has to be a multiple 

of 15”), John’s question brought the focus back to how the students counted by 15s 

rather than on the mathematical reasoning.   

Although his focus in the previous example was on the steps taken to arrive at 

an answer, John did, on occasion, emphasize the notion of proving or justifying an 

answer.  During the first week of school, he said, “I think almost everyone came up 

with the same answer, so we must be right, but we’re going to have to prove it” (W1, 

D4, L441).  By the end of the second week of school and continuing into the third 

week, there were a few instances of the beginnings of students going beyond 

explaining how, to offering justification for the mathematical reasoning behind the 

“how.”  In this first example, a student made an observation about the relationship 

between factors of 100 and factors of 200. 

G1: I noticed that if you add 50 and 50, it’s 100 …and 5, like, if you 
add it two times, like 5 plus 5 is 10, 25 and 25 is 50, 20 plus 20 is 40.… 
(Teacher is drawing arrows on the chart to indicate this relationship.) 
T: Good.  So you started noticing that if you double these numbers 
(pointing to the factors of 100), it works for 200.  Did anybody have a 
guess of why that works?  ‘Cuz you’re right.  Why is it that we can just 
double our factors for 100 and they’re going to work for 200?  Why do 
you think that works?  James, why do you think that works?   
Ja: Because, um, it’s half of it. 
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T: Oh, I like how you said that.  It’s half, 100 is half of 200.  So you’re 
all thinking of it the other way.  You can go the other way.  Instead of 
doubling 50, half of 100 is 50.  It goes both ways.  If you look at 100 
and 200, is 200 just double 100?  If we take 100 and double it, do we 
get 200?  Does that work?  And we think back to when we were 
counting around the room, and we said that if we double 25 we get 50, 
so if we double our answer we would get the answer.  Kind of the same 
thing is going on here.  If we find out 100, if we double those factors, 
then they give us factors for 200.  Now, knowing that, are there some 
factors that we could maybe add here that we know for sure are going 
to work?  (W2, D4, L406) 
 

In this example, James seemed to have a good intuitive sense of why doubling a factor 

of 100 would produce a factor of 200.  However, his explanation was very brief 

(“because it’s half of it”), and John did not probe for more information from the 

student.  Instead, John restated and expanded upon James’ idea in an effort to make it 

clear for other students.  He also made an attempt to prove or justify James’ 

mathematical idea. 

Later that same day, the class worked in pairs to brainstorm ways to use easier 

factor pairs to help them remember or quickly figure out some of the more challenging 

basic facts.  In a class discussion, students were sharing some of the ways they could 

solve 6 x 7 if they didn’t immediately know the answer. 

B1: We counted by 14 three times, and (inaudible). 
T: You counted by… 
B1: 14s three times.  
T: 14s three times.  Whoa.  Why did you do that?  
B1: ‘Cuz it worked. 
T: You knew that it worked out.  Carlos, can you help your partner 
explain?  Why did you do 14… three times? 
Ca: Because… we knew, um, that two 7s is, um, 14, so we added, we 
put the two sevens in so we wouldn’t have to count by sevens and we 
had less numbers, then we counted, added them. 
T: Good.  What a good strategy.  Do you understand how they did that? 
(asking the class) 
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A few “yes” and a few “no” responses from the class. 
T: So they doubled their seven so they wouldn’t have to count as much 
and since you’re counting twice as many, that means you had to do it 
half as many times.  So if we doubled the seven, instead of counting 
seven 6 times, by doubling it, you only had to count 14 three times.  
Wow.  Never thought of that.  That’s a really good one.  So what you 
really did was doing 14 times 3.  Double that (pointing to the 7), half 
that (pointing to the 6).  (W2, D4, L771) 
 

In this example, the student’s explanation tiptoed into the realm of justification.  John 

checked with the class about their understanding of the strategy and when it was 

evident that not everyone was making sense of the strategy, he again followed-up with 

a restatement and gave a more detailed justification.   

During the first week of school, John strongly emphasized the importance of 

students listening to one another when they were sharing ideas and strategies.  This 

emphasis carried on into weeks two and three.  Though he occasionally stressed the 

importance of listening as a means of gaining an understanding of what another 

student was thinking, more often, he accentuated the importance of developing new 

strategies.   

While John stressed the notion of students listening to one another, there were 

only a few instances during each of the three weeks in which John encouraged 

students to agree or disagree with the substance of another student’s idea.  These 

interactions tended to be teacher-led and superficial, and even though John sometimes 

encouraged students to think and talk with a partner about whether or not they agreed 

with a statement made by another student, there was seldom any follow-up for 

students to express to the whole group why they agreed or disagreed.  Encouraging 

students to question each others’ thinking, while done occasionally, was not done 
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frequently enough to establish it as a social norm in the classroom.  There was no 

evidence that students had internalized this into their own behavior patterns. 

Discussion 

As supported by a significant amount of evidence from the data, the social 

norm that students would share strategies and explain their thinking was clearly a 

shared expectation in John’s classroom.  Yackel and Cobb (1996) propose that this 

social norm moves into the realm of a sociomathematical norm when there is also a 

shared understanding of what constitutes an acceptable mathematical explanation.  In 

the reform-based mathematics classroom studied by Yackel and Cobb (1996), students  

took seriously their obligation to try to make sense of the explanations 
of others.  As a consequence, explanations were frequently challenged 
if they could be interpreted as relying on procedural instructions or if 
they used language that did not carry the significance of actions on 
taken-as-shared mathematical objects, which were experientially real 
for the students.  These challenges in turn gave rise to situations for the 
teacher and students to negotiate what was acceptable as a 
mathematical explanation.  (p. 68) 
 

Voigt (1995) suggests, “One can never be sure that two persons are thinking similarly 

if they collaborate without conflict” (p. 172).  This provides added support for the 

notion that questioning and challenging other students’ thinking is essential in the 

development of this sociomathematical norm.  Kazemi and Stipek (2001) indicate that 

in classrooms with a high press for conceptual thinking, an explanation must “consist 

of a mathematical argument, not simply a procedural description or summary” (p. 64).  

They further suggest that an explicit link between various mathematical 
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representations can provide a context for extended conversations about relevant 

mathematical ideas and, thus, support mathematical argumentation. 

While the many examples in John’s classroom made it clear that students’ 

explaining their thinking was a well-established social norm by the end of the third 

week, there was only a small amount of evidence that this social norm had begun to 

develop into a productive sociomathematical norm.  As suggested by Yackel and Cobb 

(1996), a preliminary step in developing a conception of what constitutes an 

acceptable mathematical explanation is the understanding that mathematics rather than 

status or social reasons should form the basis for the validity of an explanation.  For 

many students, their prior experiences of doing mathematics in school consist only of 

the teacher—acting as the classroom authority—providing rationale.  As a result, it is 

not uncommon for such students to experience confusion and self-doubt when asked 

to explain their thinking.  Likewise, those students may readily accept an explanation 

as valid simply because the student giving the explanation is deemed to be “smarter” 

(Yackel & Cobb, 1996).  This important preliminary step—recognizing that accuracy 

should be based upon mathematical reasoning, not on the status of the person giving 

an answer—was in the process of negotiation in John’s classroom over the three-week 

period.  Some students did view status as the basis for an acceptable rationale.  This 

was evidenced by students looking to the teacher to provide affirmation of correct 

answers and by the self-doubt expressed when they were asked to give a justification.  

In individual and small group settings, John worked to reshape this norm with 
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responses like “What do you think the answer is?”  or  “That’s what I want you to 

decide.” 

Although John’s responses to individuals and small groups worked to re-

negotiate this important foundational perspective, some of his pedagogical moves 

during plenary sessions undermined the negotiation and maintained his status as the 

mathematics authority.  There seemed to be a dichotomy in John’s beliefs and 

pedagogy related to mathematical authority.  He indicated in the initial interview that 

he did not view his role as a dispenser of knowledge, and when working with 

individuals and small groups he used questioning as a means of shifting the authority 

for the accuracy of an answer away from status and onto mathematical rationale.  

However, there were also a number of factors that worked to sustain his status as the 

mathematical authority in the class, particularly during plenary sessions.  First, his 

unconscious use of language during these sessions centered John as the focal point of 

the discussion in statements such as the following: “Tell me how you did that,”  “I 

never thought of that.  That’s a good way.  So, tell me more,”  “I want to hear how 

your group came up with your answer,”  “Are there any of these that I could use that 

would help me solve 18 times 5?”  “Right now, I’m not worried if you write them in 

order, I just want to get what you’ve found so far listed,” and “My goal is to give you 

at least two or three other strategies that you can use.”  In addition, John tended to 

dominate the conversation during plenary session.  Rather than prompting students for 

further explanations or encouraging students to ask clarifying questions, he frequently 

restated or elaborated upon students’ ideas.  Finally, his physical presence during 
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whole class discussion was almost always front and center.  This was, in part, because 

of his use of the overhead, but he seldom stepped to the side while students took over 

the role of explaining their thoughts. 

In addition to the mixed messages related to mathematical authority, John’s 

class had not yet developed common expectations that an explanation must consist of 

more than a procedural account or that they were obligated to try to make sense of and 

question one another’s explanations.  Several pedagogical teacher moves were either 

missing or problematic when it came to moving this social norm into the realm of a 

sociomathematical norm. 

This was another area where there seemed to be a dichotomy in John’s beliefs 

and pedagogy.  On one hand, it was clear that he believed that mathematics was more 

than a collection of facts and procedures.  On many occasions, he emphasized the idea 

that mathematics should be a sense-making endeavor, and he drew attention to the 

idea of proof (“We must be right, but we’re going to have to prove it”).  On the other 

hand, he frequently used language which indicated his desire for strategies to be fast 

and easy.  Much of his questioning tended to keep students focused on procedures 

rather than pressing for mathematical argumentation:  “How did you get your 

multiples of 15?  How did you do that?  Can you explain how you came up with that?  

Tell me how you did that.  What were you doing in your head?  And then what was 

next?  How did you use multiplication to help you figure that out?”  It seemed as if 

John’s focus on getting students to share their strategies obscured much of the 

potential discussion of why those strategies did or didn’t work or how they compared 
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to other strategies.  This focus had a tendency to lower the cognitive demand of the 

mathematical tasks. 

There were some occasions in which John used questioning to move beyond a 

focus on procedures and push students for a mathematical argument.  But when a 

partial or hard to follow explanation was given, as with the case of James cited earlier, 

rather than follow up by asking probing questions or by encouraging students to ask 

questions, John frequently restated and further clarified the student’s explanation or 

even provided his own justification.  This was, perhaps, a missed opportunity to begin 

to develop this into a productive sociomathematical norm.  During the episode in 

which students were sharing some of the ways they could solve 6 x 7 if they didn’t 

immediately know the answer, John pressed a pair of student to explain why they 

counted by 14 three times to get the answer.  In response to the initial answer “because 

it works,” John further probed for a mathematical argument.  Carlos made a beginning 

attempt at a mathematical argument, though understanding his explanation required 

significant inference.  John followed up by asking the class, “Do you understand how 

they did that?”  By asking this question John opened the door to a further negotiation 

of what is an acceptable explanation in the classroom.  There was potential for John or 

the students to ask questions that would indicate that further clarification was needed.  

Unfortunately, though it was clear by the class’ response to John’s question that 

Carlos’ explanation was not taken-as-shared, this was another missed opportunity to 

further develop this sociomathematical norm.  Instead, John restated Carlos’ 

explanation in a way that blurred the mathematical argument aspect and refocused the 
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explanation on the procedures of the strategy.  In addition, the fact that John asked, 

“Do you understand how they did that?” rather than “Do you understand why they did 

that?” further emphasized the procedural aspects of Carlos’ explanation rather than 

shifting the focus to the justification of the explanation. 

Although John did encourage students to use a variety of tools and 

representation when solving problems, he did not place the same emphasis on 

encouraging student to use those tools as a means of making their thinking clearer to 

themselves and to others.  As indicated by Kazemi and Stipek (2001), explicitly 

emphasizing the link between graphic and numeric representations is one way to 

provide a context for extended conversations and enhance mathematical 

understanding.  There were numerous instances during weeks two and three, including 

the two episodes mentioned in the previous paragraph, in which a graphical 

representation of the mathematics and its link to the numeric representation would 

have greatly enhanced both the discussion and student understanding. 

The social norm that students would share strategies and explain their thinking 

was well established in John’s classroom.  Since students also had a shared 

understanding that they had a responsibility to provide reasoning behind an answer, 

John had clearly laid some important foundational work.  In order to shift more fully 

into the realm of a productive sociomathematical norm, several key pedagogical 

moves would need to be in place.  Such pedagogical moves would need to press 

students for explanations that transcend procedural descriptions and move into the 

sphere of mathematical argumentation.  They would also need to encourage the use of 
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tools and representations to make a student’s thinking clearer to others.  Finally, these 

pedagogical moves should explicitly help students focus on making sense of and 

questioning others’ explanations while shifting the mathematical authority away from 

the teacher.  These pedagogical moves would serve to maintain the high-cognitive 

demand of the chosen mathematical tasks.   

Students Solve Problems Using a Variety of Strategies and Representations 

An important social norm in John’s classroom as discussed previously was 

students sharing their strategies for solving problems.  Underlying this norm is a 

secondary expectation that students will use a variety of strategies and representations 

when solving problems.  In this section, I focus on the multiple strategies and 

representations used when students were engaged in the process of problem-solving 

which was not a focus of the previous discussion but was evident in the data.  

Although there is some overlap of data between this section and the previous one, 

there will be more citations from the data in this section since these were not evident 

in Part 3. 

 There were numerous codes related to this category including: multiple 

strategies, using tools, making a mathematical record, using a model to depict 

mathematical ideas, clarifying what counts as different, making a comparison of 

strategies, and  making connections.  Several times during the initial interview, John 

mentioned the importance of students developing multiple strategies for solving 

problems.  From the first day of school John emphasized to students the expectation 

that they develop multiple ways to look at and solve a problem. 
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[When] you’re working in groups there’s going to be a lot of different 
ideas that each of you are going to have in how to solve problems and 
there’s not one way that is better than the other.  (W1, D1, L76) 
 

This emphasis continued in week two and again in week three during a plenary session 

when he reiterated the importance of developing multiple strategies when a student 

shared a standard algorithm to solve a multiplication problem. 

T: Does this way work? 
B: Yeah. 
T: You better believe it works, and if you know how to do it and it 
makes sense, it’s a perfect strategy that you can use.  My goal is to give 
you at least two or three other strategies that you can use.  So that 
maybe if you get to a problem where [one strategy] isn’t working for 
you or you’re not sure, you’ll have some other way that you’ll be able 
to solve the problem.  (W3, D2, L498) 
 

In this instance, John validated one strategy while accentuating the importance of 

developing multiple strategies. 

One of the ways that John encouraged the use of a variety of strategies was to 

provide and encourage the use of an assortment of tools.  With many activities, 

students had free access to many different mathematical tools including tile, graph 

paper, 300 charts, and calculators.  In addition to making tools available, John also 

encouraged students to share how they used the tools as a way of calling attention to a 

variety of strategies. 

Making a mathematical record was a code that emerged from the data as one 

way that John encouraged students to use a variety of representations.  On the second 

day of school, when he introduced the activity in which students were to build as 

many rectangles as possible with a given number of tiles, John encouraged students to 

make a mathematical record of their work by indicating to students, “Every time you 
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make a new rectangle, you need a place where you can record it so you can keep 

track”  (W1, D2, L74).  He then modeled on the overhead building a 4-by-2 rectangle 

with eight tiles, recording it on graph paper, and labeling the dimensions and area.  In 

this activity, students first used tiles to discover how many different rectangles could 

be built from a given number.  Then they translated this physical model into a 

mathematical representation.  During a subsequent lesson, John helped students make 

the connection from this model to the mathematical concept of finding factors.  By 

doing so, he encouraged students to use and think about a variety of representations of 

the same mathematical concept.   

In addition to prompting students to make mathematical records, John also 

used a model to help clarify what counts as different as related to a specific 

mathematical idea.  When listing rectangles for the number 18 in a plenary session, 

one group indicated 9-by-2 and another group said 2-by-9.  John recorded a model of 

each of the rectangle (Figure 4.2), and rotated one of the rectangles so that both had 

the same orientation (Figure 4.3). 

 
Figure 4.3 -- 9-by-2 and 2-by-9 Rectangles 
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Figure 4.4 -- 9-by-2 Rectangle Rotated to Show Congruence 

T: Pedro, what do you think. Did I make two different rectangles?  
Pe: They’re the same except…yeah. 
T: I did?  How come; why do you say that, Pedro? 
Pe: Cuz, they’re just the same…at first they looked different, but all 
you did was just like, turned it around. 
T: I love what you said.  You said they’re the same, except one’s turned 
around, right?  So I’m going to ask the question again, are they 
different? 
Pe: No.  They’re the same.  (W1, D2, L399) 
 

In doing this, John used a model of a rectangle to illustrate the idea that by rotating a      

2-by-9 rectangle, it was easy to see that a 9-by-2 and a 2-by-9 rectangle were 

congruent and, therefore, considered the same rather than counting as different. 

With only four coded episodes, using a model to depict mathematical ideas 

was not a prominent code in the data.  However, there was a key episode that 

happened during week three as was described earlier in Part 3.  In this example, John 

had students use their 20-by-50 array as a model when talking about the relationship 
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of numbers from 1 to 1000 and where those numbers would be placed in that array of 

1000 squares.   

Although the code making a comparison of strategies came out of the data in 

the second week of school, there was only a single episode related to that code.  In this 

instance, it was the teacher making a comparison of strategies.  When students were 

sharing strategies for remembering the “harder” basic facts, John made a comment 

about one student’s strategy:  

Very similar to Allison’s strategy, where she started one above and 
then subtracted (referring to using 7 x 7 to figure out 7 x 6).  You 
started below and then added the extra seven to get your seven times 
six (referring to using 7 x 5 to figure out 7 x 6).  (W2, D4, L801) 
 

While John did ask students to compare their results on a variety of occasions, the 

aforementioned was the only episode related to the comparison of strategies in the 

data.  As a result, there was no evidence that John strove to develop the comparison of 

strategies as a norm in the classroom at this point in the school year.   

John did endeavor to help students make connections among various 

mathematical ideas and representations, and occasionally, between representations and 

strategies.  On several occasions, John also asked students to use information from one 

problem to solve another problem, helping students make a connection to use 

something they already knew to solve a problem for which they didn’t yet have a 

solution path. 
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Discussion 

There is ample evidence that students in John’s classroom used a variety of 

strategies and representations to solve problems and that this norm was taken-as-

shared.  In order to move into the realm of a productive sociomathematical norm, 

students must compare their strategies and results for mathematically significant 

similarities and differences.  Yackel and Cobb (1996) suggest that it is the 

understanding of what constitutes a mathematical difference that moves this to a 

sociomathematical norm.  In addition, they indicate that such a sociomathematical 

norm supports higher-level cognitive activity.  Kazemi and Stipek (2001) propose that 

in classrooms with a high press for conceptual learning, mathematical thinking 

requires understanding relationships among multiple strategies and representations.   

Although the social norm of using a variety of strategies and representations to 

solve problems was well established in John’s classroom, a variety of pedagogical 

teacher moves were, again, either missing or problematic when it came to moving this 

social norm into the realm of a productive sociomathematical norm.   

John’s focus seemed to be on helping students develop a “toolkit’ of strategies 

and representations to solve problems with the goal of having a collection of strategies 

to use in case one gets stuck.  This was evidenced in the initial interview as well as by 

his statement quoted earlier, “If you get to a problem where [one strategy] isn’t 

working for you or you’re not sure, you’ll have some other way that you’ll be able to 

solve the problem.”  For John, the purpose of having students share and discuss 

different strategies and representations was to build that repertoire.  In order to move 
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toward a productive sociomathematical norm, he would need to go beyond having 

students build a collection of strategies: It would be important for John to have a 

strategic pedagogical focus on having students make comparisons of strategies in 

order to analyze the mathematical similarities and differences of those strategies.  

Although John supported the use of a variety of strategies and encouraged the making 

of connections between mathematical ideas, he did not enact any pedagogical moves 

to promote the comparison of strategies. 

Additionally, when one is looking for sound mathematical reasoning in a 

strategy, it is problematic to say that “there’s not one way that is better than the other.”  

It may well be that one strategy is mathematically sound and generalizable while 

another may only work in specific instances, be less efficacious, or be mathematically 

unsound.  Because of this, it is important to not only promote a variety of strategies, 

but also to examine and compare the underlying mathematics of the various strategies.  

Interestingly, there were a few instances in which John encouraged students to use a 

more efficient strategy, which seems to be in direct conflict with the previous 

statement.  However, even when he did encourage the use of a more efficient strategy, 

there was no explicit discussion about why one strategy might be more efficient than 

another. 

John did begin to help students develop an understanding of the relationships 

among various representations.  In the episode in which John modeled drawing a 4-by-

2 rectangle on graph paper, he showed students how to translate the physical model of 

eight tiles into a graphical representation, to which he then added numeric labels.  
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However, there was no explicit discussion about the usefulness of such a 

representation nor was there any dialogue about what constitutes a good mathematical 

representation. 

Although the social norm that students would solve problems using a variety of 

strategies and representations was well established in John’s classroom, several key 

pedagogical moves would need to be in place in order to shift into the realm of a 

productive sociomathematical norm.  Such pedagogical moves would need to 

encourage the comparison of strategies in order for students to develop a shared 

understanding of what constitutes a mathematical difference.  They would also need to 

explicitly focus on the relationship between strategies and representations. 

Summary 

The findings discussed in this chapter have focused on the social norms that 

were developed within the context of mathematics in John’s fifth-grade classroom 

during the first three weeks of school and how those norms were negotiated over the 

course of that time.  Through this investigation of the development of social norms at 

the beginning of a school year and by revisiting the literature on sociomathematical 

norms, I have had the opportunity to closely consider and discuss the role that social 

norms play in the development of sociomathematical norms.   

This study was situated in an ethnically diverse fifth-grade classroom in which 

the teacher utilized the reform-based mathematics program Investigations in Data, 

Number, and Space (TERC, 2004).  John had attended a three-day workshop the 
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previous year designed to familiarize teachers in the district with the program and was 

committed to continuing to use it as his core mathematics curriculum.  As a reform-

based curriculum, the mathematics lessons were written to engage students in tasks 

with high levels of cognitive demand. 

John’s beliefs, values, and attitudes were evident in both his statements during 

interviews and in his interactions with his students around mathematics.  The belief 

that mathematics is more than facts and procedures was apparent in John’s 

implementation of mathematical tasks.  By encouraging students to make predictions, 

look for patterns, share strategies, and justify their answers, his belief that mathematics 

should also be about sense-making was manifested.  John believed that developing 

mathematical understanding takes time and he placed a high value on the process of 

doing mathematics.  There was also significant evidence that he valued collaborative 

learning as a means of investigating mathematical ideas.  John’s attitude that 

mathematics should be fun and engaging for students was evident both in his use of 

language with students and in his enthusiasm for mathematics.  He also communicated 

the attitude that fast and easy strategies were important for students as they engaged in 

mathematics.  These beliefs, values, and attitudes came into play as John set the stage 

for learning mathematics in his classroom. 

Working together and sharing ideas and strategies were two important themes 

from the data.  Early on, John emphasized the expectation that students would work 

together during mathematics and that this collaboration was important for learning.  

He chose tasks which not only lent themselves to collaboration, but also pressed on the 
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importance of sharing ideas and strategies.  The collaborative work began in pairs and 

later progressed to groups of four when appropriate to the task.  As time progressed, 

John worked to hold students accountable for their participation and learning within 

the group setting and also began to hold groups accountable for individual learning.  

While groups were working, John circulated around the classroom to listen in and 

keep students focused on the mathematical task.  He used questioning as the primary 

means of getting students to work together or to get started on the task.  John called 

attention to the importance of listening to the strategies of other students in order to 

get different ideas and build a repertoire of strategies.  During plenary sessions, John 

frequently used questioning to prompt students to share their strategies and provide 

reasoning for their answers.  By the second week of school John also began to use 

student mistakes as opportunities for discussions during these plenary sessions.   

Four specific social norms were developed in John’s classroom during the first 

three weeks of school with the potential to become building blocks for the 

development of sociomathematical norms: 1) students collaborate to solve problems, 

2) students solve problems using a variety of strategies and representations, 3) students 

share strategies and explain their thinking, and 4) students view making mistakes as a 

natural part of the learning process.  While each of these social norms had the 

potential to develop into productive sociomathematical norms, there were specific 

pedagogical teacher moves which were either missing or problematic when it came to 

moving each social norm into the realm of a sociomathematical norm at the beginning 

of the school year. 
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In Chapter 5, I present the key findings related to each of my research 

questions.  Although a major portion of the discussion was included in Chapter 4, I 

include some additional comments about the findings.  Finally, I recommend some 

potential applications of the research findings to various audiences, discuss limitations 

of the study, make suggestions for further research, and finish with some concluding 

thoughts. 
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Chapter 5: Conclusions 

Introduction 

Through this study, I seek to better understand the role the teacher plays in the 

development of social norms at the beginning of the school year and how those social 

norms have the potential to develop into sociomathematical norms.  In this final 

chapter, I restate the research questions posed in Chapter 1 and review the methods 

used to gather and analyze the data.  I then present the key findings of the research 

related to each of the research questions.  While a discussion of the role of social 

norms in the development of sociomathematical norms was included in Chapter 4, a 

discussion of other research findings is included in Chapter 5.  This discussion is 

followed by recommended applications, limitations of the study, suggestions for 

further research and concluding thoughts. 

Summary of Research Questions and Methodology 

This qualitative study helps fill the gap in the research on the development of 

social norms in an elementary mathematics classroom through a close examination of 

one teacher’s actions.  It includes the interactions between the teacher and his students 

during the first three weeks of the school year.  While studies of social and 

sociomathematical norms are present in the literature (Cobb, Yackel, & Wood, 1989; 

Kazemi & Stipek, 2001; Lo & Wheatley, 1994; McClain & Cobb, 2001; Wood, Cobb, 

& Yackel, 1991; Yackel & Cobb, 1996), those studies take place well into the school 
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year, at a time when the establishment of social norms is already firmly grounded.  

Although I recognize and acknowledge that social and sociomathematical norms are 

continually open to renegotiation in the classroom (Lo & Wheatley, 1994; McClain & 

Cobb, 2001; Yackel & Cobb, 1996), through this study I look specifically at the role 

the teacher plays in the development of social norms at the beginning of the school 

year.  I also focus on how the development of those social norms have the potential to 

grow into the kinds of sociomathematical norms needed to support students’ 

mathematical understanding in a reform-based classroom.  In addition, the previous 

studies examine the practice of teachers who are provided with significant support in 

the implementation of reform-based teaching practices.  In contrast, my study looks at 

the practices of a teacher who embraces reform-based practices, but has only had 

minimal professional development and no significant on-going support for 

implementing those practices. 

The following three questions guided my study: 1) How does an elementary 

teacher in a reform-based mathematics classroom negotiate the development of social 

norms through the context of mathematics at the beginning of the school year?  2) 

What is the role of social norms in the development of sociomathematical norms?  3) 

In what ways do teacher moves support or hinder the development of 

sociomathematical norms?  These research questions provided the lenses for 

exploration in this instrumental case study. 

The data were mainly derived from videotaped classroom observations and 

interviews with the teacher, which were later transcribed.  Field notes, public records, 
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and researcher memos also provided a secondary source of data.  The coding process 

used with the lesson observation transcripts was a two-cycle process utilizing several 

coding strategies.  Descriptive or topic coding was used as a method for my First 

Cycle coding.  These codes created a categorized inventory of the data’s contents and 

laid the groundwork for Second Cycle coding and further analysis.  Second Cycle 

coding was a means of reorganizing and reanalyzing data coded through First Cycle 

methods.  My Second Cycle coding methodology mainly utilized Pattern Coding, 

which is appropriate for the development of major themes from the data as well as the 

formation of theoretical constructs and processes 

In addition to Pattern Coding, I also used Focus Coding during Second Cycle 

coding as a means of identifying and paying attention to the most frequent codes 

found during the first week of school.  Lastly, I found the work of Kazemi and Stipek 

(2001) helpful in conceptualizing the categories of social norms found in the data. 

Key Findings Related to the Research Questions 

In this section I return to my original questions and synthesize key findings 

related to those questions.  

1.  How does an elementary teacher in a reform-based mathematics classroom 

negotiate the development of social norms through the context of mathematics at the 

beginning of the school year? 

John negotiated the development of social norms through the context of 

mathematics in four major ways: 1) his choice of tasks, many of which were of a high 
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level of cognitive demand; 2) his use of collaborative grouping structures; 3) his use of 

statements to set, model, and hold students accountable to expectations; and 4) his use 

of questioning to probe student thinking. 

John’s beliefs, values, and attitudes played a significant role in the 

development of social norms in the classroom because they impacted his selection of 

mathematical tasks and the way in which he structured the class in working on those 

tasks.  John used a reform-based curriculum that incorporated tasks, many of which 

could be categorized as having a high level of cognitive demand.  The selection of 

tasks was critical to the development of social norms in John’s class because those 

tasks provided the vehicle for setting up collaborative work, encouraging students to 

use a variety of strategies and representations, and providing students with 

opportunities to share their strategies and explain their thinking.  Although it would be 

possible for students to work together on low-cognitive demand tasks, when the goal 

is for students to make sense of the mathematics, a rich, high-cognitive demand task 

provides depth for developing conceptual understandings.  Because such a task is 

problematic—similar to a puzzle waiting to be solved—it also provides opportunities 

for sustained engagement and genuine discourse. 

John’s selection of tasks worked in concert with his use of collaborative 

structures.  From the first day of school, John was clear with students that there was an 

expectation that they work together and discuss ideas as a regular part of their 

mathematics class.  He set up the tasks in such a way that talking with other students 

was integral to the enactment of the task.  While students did occasionally do some of 
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their work independently, most often they worked in pairs or groups.  Often when 

setting up a task or during a plenary discussion, John had students “turn and talk” to 

their partner.  The use of collaborative structures encouraged students to work together 

and provided opportunities for them to share strategies and explain their thinking to 

one another, important social norms in his classroom. 

During the time that students worked collaboratively on tasks, John circulated 

around the class, listening in on student talk and making statements that were 

purposeful for setting and modeling expectations or holding students accountable.  At 

other times, the purpose of John’s statements was to intervene in order to get a group 

back on task or to work together productively.  Occasionally, he used statements of 

observation or praise for these purposes, such as “This group is working well 

together” or “I hear Allison telling Olivia how she is thinking about it.” 

Another way that John negotiated the development of norms was through his 

questioning.  He used questioning to press students to explain their thinking.  

Although some of John’s questions began to move into the realm of mathematical 

justification, the majority of his questions at this point in the year focused on engaging 

students in teacher-to-student mathematical discourse.  “How do you know that’s all 

you can make?” or “Tell me how you did that.  What were you doing in your head?” 

are examples of this type of questioning. 

John’s negotiations of the development of social norms in these four ways 

were important beginnings for the development of sociomathematical norms in his 

classroom.  Although each of these ways was productive in establishing social norms, 
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it really was the interplay between the choice of tasks, the use of collaborative groups, 

and the use of statements and questions, that brought John closer to the heart of 

mathematics reform. 

2.  What is the role of social norms in the development of sociomathematical norms? 

The data from the study gave clear indication that the social norms that 

developed in John’s classroom were the foundation as well as the building blocks for 

the development of sociomathematical norms.  The four social norms that were most 

productive for this development were the following: 1) students collaborate to solve 

problems, 2) students view making mistakes as a natural part of the learning process, 

3) students share strategies and explain their thinking, and 4) students solve problems 

using a variety of strategies and representations. 

Student collaboration in solving problems coupled with John’s pedagogical 

moves to hold students individually and collectively accountable when working 

together were prerequisites to the development of sociomathematical norms.  Without 

these opportunities to work together on high-cognitive demand tasks, which created 

opportunities for student discourse, there would be no potential for students to come to 

consensus through mathematical argumentation and establish this highly productive 

sociomathematical norm. 

The idea of viewing mistakes as a natural part of the learning process was 

established as a social norm in John’s classroom.  The movement at the beginning of 

the school year from correcting procedural mistakes to looking at errors as a means to 

help students make sense of the mathematics was an important step in the 
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development of this sociomathematical norm.  When errors become a site for learning 

and an opportunity to further mathematical discussions, there is potential to examine 

contradictions as a way to promote conceptual understanding through justification and 

mathematical reasoning, thus moving closer to a sociomathematical norm. 

The social norm that students share strategies and explain their thinking is 

critical in a reform-based mathematics classroom, and John clearly laid some 

important groundwork in this area.  As students begin to go beyond explaining how to 

offering justification for the mathematical reasoning behind the “how,” they move into 

the realm of a sociomathematical norm.  Negotiating a shared understand of what 

constitutes an acceptable mathematical explanation or justification can also support 

mathematical argumentation. 

When students share strategies and explain their thinking to each other, they 

become exposed to a variety of problem-solving strategies and representations.  

Through this process, solving problems using multiple strategies and representations, 

including the use of tools and mathematical records, became a norm in John’s 

classroom.  Although this is an important social norm, it is the comparison of 

strategies, searching for mathematically significant similarities and differences, that 

moves it into a sociomathematical norm.  It is important to understand these 

mathematical relationships in order to deepen conceptual knowledge and develop a 

shared understanding of what constitutes a robust mathematical comparison. 

It is clear that the social norms established in John’s classroom were important 

first steps for the development of the mathematical knowledge, skills, and dispositions 
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required for the establishment of sociomathematical norms in a reform-based 

classroom.  Although it takes time, persistence, and dedication to develop 

sociomathematical norms, it was clear in this study that the first three weeks of school 

can be an important time for paving the way for this mathematical goal.   

3.  In what ways do teacher moves support or hinder the development of 

sociomathematical norms? 

In a sense, most of the pedagogical moves made by John as discussed in the 

previous two sections supported the development of sociomathematical norms.  These 

included the following: enacting tasks in ways that kept the cognitive demand high, 

using collaborative groupings that provided opportunities for discourse, holding 

students individually and collectively accountable when working together, viewing 

mistakes as a useful part of the learning process, promoting the idea that problems can 

be solved using a variety of strategies and representations, and pressing students to 

explain their thinking in a manner that pushed for mathematical reasoning and 

justification  Although the quality and quantity of these teacher moves varied in 

relation to the goal of developing sociomathematical norms—some moves were 

strongly present throughout the three-week period, while others had just begun to 

emerge and hadn’t yet impacted the negotiation process—all of these moves were 

productive in making progress towards that goal. 

In addition to those described in the preceding paragraph, there were several 

other teacher moves that supported the development of sociomathematical norms.  

Beginning on the first day of school, John set the groundwork for a supportive 
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classroom environment.  Through his interactions with students, he worked to create a 

sense of safety, trust, and caring.  His positive disposition and interaction style set the 

tone for the classroom climate.  In order for students to be willing to take risks in the 

mathematics classroom—to be willing to stand in front of their peers and talk about 

their mathematical thinking, missteps, and partially formed ideas—this supportive 

classroom environment is critical.   

The use of time was another important teacher move in supporting the 

development of sociomathematical norms.  There were two ways that John used time 

to communicate the importance of sense-making in mathematics.  First, he provided 

for ample time for students to engage in high-cognitive demand tasks.  Students 

commonly worked on a single task for much of the class period.  In addition, John 

regularly allocated more than the minimum 60 minutes of mathematics instructional 

time expected by the district.  Second, he regularly used wait time in three ways: 1) 

between the moment he posed a question during a plenary session and when he called 

on a student, 2) between the moment he called on a student in a plenary session and 

when he restated the question or moved to another student for a response, and 3) 

between the moment he posed a question to an individual or small group and when he 

followed up with a different question or probe.  This use of wait time implicitly 

indicated a belief that it takes time to make sense of a question and form a response.  

In order for students to fully engage in mathematical argumentation, an important 

sociomathematical norm, they must strive to make sense of the mathematics. 
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One other teacher move that supported progression toward the negotiation of 

sociomathematical norms was the use of multiple representations.  John frequently 

encouraged students to make a record of their mathematical ideas using a variety of 

representations.  On several occasions, he used models as a way to depict and clarify 

important mathematical ideas.  In the third week of school, John used symbols to 

make a record of a student’s mental multiplication strategy.  Encouraging the use of 

multiple representations sets the foundation for understanding relationships among 

those representations. 

Although many of John’s teacher moves supported the development of 

sociomathematical norms, there were also some teacher moves that hindered their 

development.  Several of these moves related to John’s role as the mathematical 

authority in the classroom.  Although John did successfully shift the authority for the 

accuracy of an answer away from himself, there were a number of other ways he 

maintained the mathematical authority in the classroom.  During plenary sessions, he 

was generally at the front and center of the classroom, and he seldom had students 

come to the front of the room when sharing their ideas.  He was the primary speaker 

during those sessions and he unconsciously used the pronouns I, me and my when 

asking questions and making statements.  These teacher moves served to put him at 

the center of the discussion and maintained his mathematical authority.  In addition, 

when students gave brief or difficult to follow mathematical explanations, he 

frequently took over the role of restating and expanding upon student ideas, and even 

went beyond students’ explanations to justify their strategies and solutions.  Although 
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revoicing can sometimes be a productive teacher move, the frequency and extent with 

which John did this tended to diminish students’ thinking and, thus, hindered the 

development of sociomathematical norms. 

Another teacher move that hindered the development of sociomathematical 

norms was John’s use of questioning in ways that kept students focused on how they 

solved a problem rather than why their solution had mathematical merit.  On several 

occasions when students began to describe the mathematical reasoning behind their 

strategy, John’s questions brought the discussion back to how they solved the 

problem.  This focus was also evident in the exploration of errors.  The majority of 

discussions related to errors centered on how to avoid procedural mistakes rather than 

on looking at contradictions as a way to promote conceptual understanding through 

justification. 

 A final teacher move which may have hindered the development of 

sociomathematical norms was the mixed message John gave of valuing the process of 

doing mathematics while also communicating a desire for math to be fast and easy.  

On one hand it was clear that John saw mathematics as more than a collection of facts 

and procedures; however, he frequently used language that seemed to indicate that an 

important goal of mathematics was speed and simplicity.  This mixed message may 

inhibit students from engaging in the depth of thinking needed for developing sound 

mathematical arguments and focusing on sense-making. 
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Discussion 

This instrumental case study was useful because it represented some 

characteristics that were common for many teachers in this large district: a highly 

capable and well-respected teacher who embraced reform-based mathematics teaching 

practices, had attended the district-sponsored professional development for the newly 

adopted curriculum, but had very little additional coursework or professional 

development related to mathematics.  This last characteristic was not one of the 

criteria I used for selecting the case, but it ended up being very informative.  For me, 

perhaps one of the most striking and surprising findings in this research study is how 

much John accomplished with the limited amount of professional development and 

classroom support he had for the implementation of a reform-based curriculum.  In 

most studies related to reform-based practices, teachers have had significant 

professional development and ongoing support (Blanke, 2009; Lo & Wheatley, 1994; 

McClain & Cobb, 2001; Yackel & Cobb, 1996).  During the initial interview, John 

indicated that he had never heard the term “sociomathematical norm.”  Yet, despite 

this, and without further intervention, he was able to establish many critical social 

norms that became the foundation for sociomathematical norms.  Although those 

sociomathematical norms were not firmly rooted in the classroom by the end of the 

third week of school, there were many building blocks in place for their development 

and further negotiation. 

I believe that one of the primary reasons John did not make more progress 

towards establishing sociomathematical norms during the first three weeks of school is 
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because, like most teachers, he has had very few opportunities to learn mathematics in 

a discourse community of adults that promoted sociomathematical norms.  It wasn’t 

simply that he didn’t know the term sociomathematical norms; it was that he had had 

very few opportunities to experience them in a learning community.  In the initial 

interview, John indicated that he had experienced very traditional mathematics 

instruction.  Stigler and Hiebert (1999) indicate that teaching is a cultural activity.  As 

such it is “learned through informal participation over long periods of time.  It is 

something one learns to do more by growing up in a culture than by studying it 

formally” (p. 86).  If a teacher has never seen or experienced the target, there is little 

chance that he or she can build a trajectory of experiences to reach that goal.  I believe 

that if John had grown up experiencing a culture of mathematics that embraced a 

discourse community or had experienced such a community as an adult learner, he 

may have better understood the needed trajectory and begun the negotiation of 

sociomathematical norms simultaneously with that of social norms.   

Recommended Applications 

This study has implications for the preservice education of teachers and the 

professional development of inservice teachers as well as the work of professional 

development leaders and administrators in the field of mathematics education.   

Preservice Teachers 

Since the development of productive sociomathematical norms plays such an 

important role in effective reform-based mathematics teaching, it is imperative that 
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preservice teachers experience doing mathematics in an environment that fosters such 

norms.  Preservice teachers need to experience working collaboratively on high-

cognitive demand tasks and pressing one another to provide mathematical justification 

for solutions.  Even in the short amount of time they spend in a mathematics methods 

class, they need to experience the development of a mathematics community that 

emphasizes sense-making, values productive disequilibrium, encourages mathematical 

discourse, and underscores the importance of multiple strategies and representations.  

It is through these kinds of experiences—the modeling of productive pedagogical 

practices—that preservice teachers will have a foundation for understanding the goals 

of reform-based mathematics teaching.  As neophytes to teaching, preservice teachers 

are generally not ready to conceptualize the complex web of mathematics teaching; 

however, they do need opportunities to enact snippets of these practices.  For example, 

it would be helpful for preservice teachers to do the following: read through and 

categorize tasks with respect to their level of cognitive demand; practice modifying 

tasks to raise the cognitive demand; observe a mathematics lesson to practice listening 

for student understanding and justification; interview individual students about a 

specific task as a way to practice questioning and wait time; interview an individual 

student about a specific strategy as a way of practicing making a mathematical record 

of student thinking; and, interview a pair of students as a way to practice pressing 

students to find similarities and differences with their strategies. 



159  
 

Inservice Teachers 

Much of what is important in the education of preservice teachers would also 

be appropriate for inservice teachers.  In particular, inservice teachers need to 

experience doing mathematics in a supportive, collaborative environment.  Although 

many teachers resist the idea of doing mathematics as a part of their professional 

development, the importance of doing so cannot be overemphasized.  It is through the 

personal encounter of working through disequilibrium, struggling to understand 

another’s mathematical thinking, making connections between multiple 

representations, and experiencing an “Aha! moment” that teachers can find the spark 

that ignites their desire to bring the same experience to the students in their own 

classrooms.   

Inservice teachers have much more experience in orchestrating the 

complexities of the classroom than preservice teachers do.  Even still, making a 

change in one’s practice is something that happens gradually when it happens at all.  

In order to have an impact on classroom practices, professional development for 

teachers must be a sustained effort, not a single event.  In order to have the most 

impact, such professional development will advance both the teacher’s pedagogical 

knowledge and their specialized content knowledge—that is, the “mathematical 

knowledge and skills unique to teaching” and “not typically for purposes other than 

teaching” (Ball, Thames, & Phelps, 2008, p. 400).  As part of the professional 

development, teachers need opportunities to try out new practices in their own 

classroom and then reflect on those experiences with colleagues.  Inservice teachers 
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would benefit from enacting many of the same practices listed above for preservice 

teachers—categorizing and modifying tasks; listening for student understanding and 

justification; questioning and wait time; making a mathematical record; and pressing 

for similarities and differences—but, with their wealth of experience, inservice 

teachers will likely be able to implement those practices with their whole class in the 

context of instruction. 

Administrators and Professional Development Leaders 

The challenge for administrators and leaders of mathematics professional 

development is to orchestrate sustained and generative professional development in 

which teachers have the opportunity to both experience and practice mathematically 

productive teaching routines. Such opportunities need to build strong learning 

communities among colleagues within schools and districts.  Elliott et al. (2009) 

emphasize the importance of a framework of social and sociomathematical norms in 

the design of professional development activities.  When productive 

sociomathematical norms are part of the professional learning community, significant 

headway is made in mathematical learning for teachers.   

Ideally, administrators should work hand-in-hand with professional 

development leaders to transform mathematics instruction not just in individual 

classrooms, but also across the school, by changing the culture of professional 

learning.  A major goal of the professional development should be to engage teachers 

in establishing professional norms and habits-of-practice by deprivatizing the practice 

of teaching and learning within the school.  One role of administrators is to be the lead 
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learner in their schools’ professional-learning environment.  Within this learning 

environment, professional development leaders need to be transparent about the 

reasoning behind their teaching practices.  By explicitly talking about their own 

teaching moves related to mathematical learning, professional development leaders 

can make the in-the-moment decision-making process clearer to teachers and other 

instructional leaders within the school. 

Limitations of the Study 

The selection of a single teacher for this case study could be considered 

problematic.  John was chosen as the teacher participant because his classroom 

provided an opportunity to study the development of social norms and their potential 

to support the negotiation of sociomathematical norms in an environment in which the 

teacher embraced reform-based mathematic, but did not have significant professional 

development or support to implement those practices.  However, the conclusions of 

this study are only attributed to this single case.  A similar study with multiple cases 

and a cross-case analysis would give a broader perspective on this topic.  It is up to the 

readers of this study to determine if the findings of the study “make sense” within their 

own situations and are therefore transferable to another setting. 

Another limitation of the study is that, unlike many qualitative studies, 

member  checking was kept to a minimum.  This was a purposeful decision.  I was 

interested in finding out how the social norms would develop in that classroom 

without intervention.  Had I conducted post-observation interviews with John each 



162  
 

day, I may have gained further insights into his teaching decisions.  However, I was 

also aware that simply by asking questions, I could potentially have influenced his 

future decisions.  This was something I wanted to avoid. 

A third limitation of the study is that the focus of the data collection and 

analysis was on the interactions between the teacher and his students.  This gave a 

limited picture of the development of the norms in the classroom.  Data collection and 

analysis of the interactions between students would have given further information and 

insight to the development of both social and sociomathematcial norms in the 

classroom. 

Finally, as the inquirer in this qualitative study, I was the primary instrument 

for data collection and analysis and all data were mediated through me (Merriam, 

1991).  The videotape transcriptions of the observations and the transcriptions of the 

interviews did provide for accuracy in the record of that data and, in addition, I did 

seek to clarify some of my interpretations in the final interview with John.  However, 

there is no doubt that my own experiences, assumptions, and biases influenced what I 

saw in the data.  As a result, I may have failed to observe data that was present or may 

have interpreted data in a way that others would not. 

Recommendations for Further Research 

The time frame of this study was a three-week period at the beginning of the 

school year and focused on the teacher’s role in the development of norms.  One of the 

things I came to understand through this study is that, while social norms seem to be 
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negotiated in a relatively short amount of time, the development of sociomathematical 

norms takes more time.  This causes me to wonder what evidence of social and 

sociomathematical norms would I have seen after six weeks?  After six months?  By 

the end of the school year?  Since the development of norms is a negotiation among 

members of the classroom, what is the role of students in that negotiation?  What 

further insights would be gained by looking at student-to-student interactions?  Does 

the process of negotiation impact student beliefs about mathematics?  A longitudinal 

look at the development of social and sociomathematical norms from both a teacher 

and student perspective would yield interesting data and give a broader perspective on 

their development and impact. 

This study was situated in a fifth-grade classroom.  What similarities and 

differences in the development of social and sociomathematical norms would be seen 

in a primary classroom?  In a middle school classroom?  In a high school classroom? 

This study focused on a teacher who had the desire to teach using reform-based 

mathematics practices but had limited professional development and support in 

implementing those practices.  Part of the reason for choosing such a case was an 

understanding, based upon my own experience as a district mathematics specialist, 

that many teachers are in this same position.  The results of my study cause me to 

wonder what role teacher pedagogical knowledge plays in a teacher’s ability to 

facilitate the development of sociomathematical norms?  What role does mathematical 

knowledge for teaching play in a teacher’s ability to facilitate the development of 

sociomathematical norms?  What professional development experiences would be the 
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most productive in helping teachers facilitate the negotiation of sociomathematical 

norms?  Would these same experiences have similar impact on teachers who are 

reluctant to implement reform-based teaching practices?  Would these same 

experiences impact the ability of preservice teachers to facilitate the negotiation of 

sociomathematical norms during their first year of teaching?  

Concluding Thoughts 

When I went into this study I had no sense of the significance of the role that 

social norms play in the development of sociomathematical norms.  This study has 

deepened my understanding of the differences and connections between social and 

sociomathematical norms.  When I began my research, I expected to see the 

development of sociomathematical norms beginning on the first day of school, but 

what I saw was the development of social norms.  As a result, I had to reframe my 

thinking about the study and re-examine my understanding of social and 

sociomathematical norms.  Through this study, I now understand the importance of the 

relationship between the two types of norms.  I see how the development of social 

norms is foundational to the negotiation of sociomathematical norms.  While both 

types of norms can be negotiated simultaneously, social norms take root more quickly 

while sociomathematical norms take more time and explicit and focused pedagogical 

moves on the teacher’s part to develop. 

As I started into the analysis, I had doubts that this study would shed much 

light on sociomathematical norms and how they develop.  On the surface, there 
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seemed to be very little evidence of sociomathematical norms.  Because of the 

encouragement of my major professor to trust the process, I persevered through a 

laborious data analysis process (as all qualitative researchers do) and found that she 

was right.  Richardson (1994) suggests that in qualitative research writing is not 

simply a record of a reality.  Instead, the writing of all the texts of research—the field 

notes, the interview and observation transcriptions, the memos, and the reports—is a 

process of discovery.  It is through writing that we discover the subject and sometimes 

the problem.  It was through the writing that I discovered how much I learned from 

John. 

I am so grateful to John and his students for their generosity in allowing me to 

be an observer in their classroom.  I have learned so much through this study—so 

much more than simply the key findings.  As a leader of professional development, I 

think about how I can share what I have learned with teachers with whom I work.  As 

a result of John’s willingness to deprivatize his practice, I have a much better 

understanding of why teachers rarely go beyond developing social norms.  This 

understanding causes me to think about how I can raise the level of mathematical 

discourse within the professional learning communities of the teachers with whom I 

work in a way that presses on the development of sociomathematical norms.  My goal 

in doing so is to facilitate the kinds of mathematical experiences that will carry over 

into their classrooms.  I also think about how I can share what I have learned about the 

process of research with others who are beginning that journey.  I am still a neophyte 

in the realm of educational research, but I look forward to my continued growth. 
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INITIAL TEACHER INTERVIEW PROTOCOL 
 
I would like to speak with you today to gather information for my study.  I will be 
taping and transcribing the interview, but your name will not be used in reporting any 
of the data.  Please feel free to ask for clarification if you do not understand a question.  
You are also free to choose not to answer a question, if you prefer.  
 
Do you have any questions?  
 
 
1.  Would you please describe your teaching experiences?  How long have you been 
teaching?  What grade levels?  Where? 
 
2.  Would you now describe your teaching experiences specific to mathematics? 
 
Probe: What have been your successes and struggles? 
Probe: What role has curriculum played in the way you teach mathematic? 
Probe: Have you always taught math the way you do now?  If not, what prompted the 
change in your teaching? 
 
3.  Tell me about the training and professional development you have had with respect 
to teaching mathematics. 
 
Probe: What about your preservice experiences, including student-teaching? 
Probe: Which experiences have been most meaningful and productive?  Why? 
 
4.  Talk to me about how students learn mathematics. 
 
Probe: Describe your personal mathematics learning experiences (K-12 and college).  
Probe: How did your personal learning experiences impact your beliefs about the way 
students learn mathematics? 
 
5.  What is the teacher’s role in the mathematics classroom? 
 
Probe: How did your personal learning experiences impact your beliefs about the role 
of the teacher in the mathematics classroom? 
Probe: How would you describe your philosophy of teaching mathematics? 
 
6.  This study is about the development of social and sociomathematical norms in an 
elementary classroom.  How do you think these come into play in your mathematics 
classroom? 
 
Probe: What kinds of things do you do at the beginning of the year that help establish 
norms in the classroom? 
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FOLLOW-UP TEACHER INTERVIEW PROTOCOL 

 
The follow-up interview was semi-structured and guided by these questions: 
 
1.  I noticed that you frequently have students work together in mathematics.  Talk to 
me about your decision making process.  How did you decide when to have students 
work individually, in pairs, and in groups? 
 
Probe: What benefits are there to each grouping structure? 
Probe: What successes and struggles were there in having students work 
collaboratively? 
Probe: Looking back, are there any changes you would make? 
 
2.  I also noticed that you frequently have students share their ideas and strategies with 
one another.  How do you decide when and how to have students share?   
 
Probe:  What successes and struggles were there in having students share their ideas 
and strategies? 
Probe:  Looking back, are there any changes you would make? 
 
3.  What kinds of social norms seemed to be well established in your mathematics 
classroom?  That is, what kinds of interaction patterns seemed to be agreed upon or 
taken-as-shared with students in the class? 
 
Probe: What kind of shared agreements do you think students have related to what it 
means to do mathematics?  What makes you say that? 
Probe: What kind of shared agreements do you think students have related to sharing 
their ideas about mathematics? What makes you say that? 
Probe: What kind of shared agreements do you think students have related to making 
mistakes in mathematics? What makes you say that? 
 
4.  Talk to me about how your students engage in discourse about mathematics.   
 
Probe:  What are the things they do well?  What improvements would you like to see? 
How do you think you might impact those improvements? 
 
5.  How do the curriculum materials impact your instructional decision-making? 
 
Probe:  Do you think the curriculum materials have increased your knowledge related 
to teaching mathematics?  If so, how? 
Probe:  Do you think the curriculum materials have impacted your beliefs about 
teaching mathematics?  If so, how? 



 

 

 


