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Introduction

This report presents the approximate mathematical analysis which fur-
nished the basis for the construction of the curve of Report No. 1322 for
predicting the buckling stress under uniform axial compression of a long
plywood cylinder of given dimensions and type of plywood construction.
This mathematical treatment is far from complete,but it leads to predicted
buckling stresses that are in reasonably good agreement with those deter-
mined by tests on a rather extensive series of plywood cylinders and shows
the influence of the different relations among the elastic constants that are
found in different types of plywood construction. Inevitably, there is con-
siderable scatter in the results of tests and this obscures their interpreta-
tion. This is to be expected from the history of tests of isotropic cylin-
ders. The considerable variation in the buckling stresses of well-made
cylinders of the same construction, carefully tested under the same con-
ditions, indicates that this variation is to be traced to small imperfections
in shape or in material. A theory to be at all adequate should take into
account, at least approximately, the influence of initial imperfections. In
this report the point of view is adopted that buckles develop at isolated im-
perfections. It will be convenient to consider first a uniform pattern of
buckles covering the entire surface of the cylinder and associated with a
uniformly distributed pattern of initial imperfections. Then a portion of
the surface containing an isolated imperfection of shape will be studied. 

1This is one of a series of progress reports prepared by the Forest Prod-
ucts Laboratory relating to the use of wood in aircraft issued in coopera-
tion with the Army-Navy-Civil Committee on Aircraft Design Criteria.
Original report published 1943.

—2 
Maintained at Madison, Wis., in cooperation with the University of Wisconsin.
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Discussions of the buckling of isotropic cylinders and references to the
literature will be f9und inpapers by Donnell, —

3 Cox, —
4 and von Karman,

Dunn, and Tsien—, -6 . Experimentally-determined buckling stresses of
isotropic cylinders under uniform axial compression show a great deal
of scattering, and are from 15 to 60 percent of the buckling stress pre-
dict by what may be called the classical theory as developed by South-
well— and others. The failure of the classical theory can be traced to the
use of the small-deflection theory. This theory led to an expression for
the radial displacement of the form:

T TX 

A sin	 sin nO.
1

The nodal lines for such a displacement would lie along equally spaced
generators of the cylinder and along equally spaced circumferential lines.
Actually such a form of the buckled surface is not observed at any stage
of its development. Because the departure of the initial surface from a
cylindrical form may readily be of the order of magnitude of the thickness
of the cylinder in a region occupied by an initial imperfection of shape the
small-deflection theory is not applicable. Even though this departure is
initially small compared with the thickness of the cylinder, it may readily
grow, under increasing axial compression, to be of the order of the thick-
ness before buckling takes place. Consequently the large deflection theory
must be used.

Because the differential equations of the large-deflection theory are not
linear and methods of solving them are not known, it is customary in prob-
lems involving this theory to employ an energy method to obtain an approxi-
mate solution. In applying such a method a form is chosen for the deflected

3
—Donnell, L. H. "A New Theory for the Buckling of Thin Cylinders under

Axial Compression and Bending. " Trans. A. S. M. E. 56, 795, 1934.
4
—Cox, H. L. , "Stress Analysis of Thin Metal Construction. " Jour. Roy.

Aero. Soc. 44, 230, 1940.
5
von Karman, Th. and Tsien, H. S. "The Buckling of Spherical Shells by

External Pressure. " Jour. of the Aero. Sciences, 7, 43, 1939.
6
—von Karman, Th. , Dunn, L. G. , and Tsien, H. S. , "The Influence of

Curvature on the Buckling Characteristics of Structures. " Jour. of
the Aero. Sciences, 7, 276, 1940.

7
1Southwell, R. V. "On the General Theory of Elastic Stability. " Phil.

Trans. Roy. Soc. , Series A, 213, 187, 1914.
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surface which agrees as well as possible with the observed form of this
surface. There is no reason for choosing the form suggested by the linear
theory for small deflections of cylinders unless this form is in agreement
with that observed in tests.

Recently a new conception of the behavior of shells during buckling was in-
4	 5, b

troduced by Cox— and by von Karman, Tsien and Dunn— — who called atten-
tion to the fact that a cylinder deflects inward more readily than outward.
This implies a non-linear elastic resistance to radial deflection. Cox-
illustrated important features of this behavior by considering the buckling
of a strut, the center of which is braced by two elastic rods lying in a
plane perpendicular to the strut and including an angle slightly less than
180 0 . The outer ends of the rods are hinged to rigid supports. Von Karman,
Dunn, and Tsien- illustrated a similar behavior, also by means of a strut,
but with the elastic support furnished by a half ring instead of by two rods.
In both instances of non-linear elastic support, experimental realization
of the theoretical buckling load is improbable because a slight deviation
of the strut from straightness will cause it to buckle prematurely. Under
these circumstances wide variations in test results are to be expected.

Von Karman and Tsien, —
5 

applied this new concept of the buckling of shells
to the buckling of a spherical shell under uniform external pressure. An
approximate critical load was obtained that was in reasonably good agree-
ment with the results of a limited number of tests but it was only about
one-third of the critical load predicted by the classical theory.

8
In a subsequent paper — the problem of the buckling of a cylinder in uniform
axial compression was attacked in a similar way. In this paper, the entire
analysis was not completed but the results presented indicated a buckling
stress much below that predicted by the classical theory. The analysis
was based on the large-deflection theory and an energy method. The de-
formation of the buckled surface was represented by a linear combination
of the ordinary wave pattern of the classical theory, and a pattern of
diamond-shaped waves with an inward deflection in the interior of each
diamond. The introduction of a diamond-shaped wave pattern was an im-
portant innovation, recognizing as it does the form of the observed buckled
surface and the fact that the surface always buckles inward. Such a sur-
face is not approximated by the ordinary wave pattern of the classical
theory. A linear combination of a large number of such ordinary wave
patterns corresponding to a large number of terms of a double Fourier
series would be required to represent approximately the buckled surface.
8
—von Karman, Th. and Tsien, H. S. , "The Buckling of Thin Cylindrical

Shells under Axial Compression. " Jour. of the Aero. Sciences, 8, 303,
1941.

Rept. No. 1322-A	 -3-



910
In two later papers, Tsien—

,
— extended the earlier treatment by giving a

detailed consideration of energy levels and of the effects of the geometri-
cal restraints as exemplified by dead load testing, or loading in a rigid
or elastic testing machine. The most probable equilibrium state was as-
sumed to be that with the lowest energy level. This assumption implies
the existence of external disturbances of sufficient magnitude to make pos-
sible a transition from a higher energy level to a lower energy level
through equilibrium configurations at higher energy levels. The first of
Tsien's papers, to which reference has just been made, treated the buck-
ling of a column with nonlinear lateral supports. The effect was shown of
initial curvature of the strut in reducing the buckling load. In the second
paper, after a further consideration of the buckling of a strut with non-
linear support, the buckling of cylindrical shells in axial compression
and of spherical shells under uniform external pressure were treated from
the point of view suggested by the analysis of the strut. For the treatment
of the cylindrical shell, the expressions for the energy as developed in
the paper by von Karman and Tsien— were used. Explicit consideration
was therefore not given to effects of initial irregularities.

In the present analysis, the general procedure of the method of von Karman
and Tsien is followed. However, the term corresponding to the classical
theory is omitted from the expression representing the form of the deflected
surface and a diamond-shaped wave form only is assumed. In addition, in
order to study the effect of initial irregularities, a diamond-shaped initial
departure from true cylindrical form is assumed. With a small amplitude,

such an irregularity would roughly correspond to a flat spot on the surface
of the cylinder. Attention will ultimately be directed to the situation in the
vicinity of a single irregularity as the compressive loading of the cylinder
increases.

The inclusion of an additional term such as that of the classical theory in
the expression for the deflected form of the surface would be expected to
lead to a somewhat lower buckling load as this would ease to some extent
the restraint imposed by the assumption of a diamond-shaped wave form

alone. However, the labor of the numerical calculations would be greatly
increased, because a large-deflection theory is used. It, therefore,
seemed better to obtain as much information as possible from the assump
tion of a simple diamond-shaped wave form.

Tsien, H. S. , "Buckling of a Column with Nonlinear Lateral Supports.
Jour. of the Aero. Sciences, 9, 119, 1942.

10
—Tsien, H. S. , "A Theory for the Buckling of Thin Shells. " Jour. of

the Aero. Sciences, 9, 373, 1942.
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Observations of the Behavior of Cylinders During Loading
in Axial Compression

Before proceeding with the mathematical analysis which associates the
buckling phenomenon with the presence and growth of initial imperfections
of shape or material in the surface of the cylinder, certain observations,
made on the behavior of cylinders during the loading process, will be men-
tioned. Further details of these observations will be found in the report
on the experimental work, Forest Products Laboratory Report No. 1322-B.

When a cylinder was slowly loaded in axial compression, it was frequently
observed that one or more incipient buckles formed and that these grew in
size and depth and often changed in number. The fact that the incipient
buckles appeared in isolated positions suggests that they are to be associ-
ated with localized initial imperfections of shape or material of, the cylin-
der wall. At other times, failure appeared to occur suddenly with buckles
developing almost simultaneously with failure. At still other times, the
failure was almost explosive in character, usually there was complete
rupture of the cylindrical shell and no visible evidence of buckle forma-
tion. The most rational theoretical approach to the solution of the buck-
ling problem seemed to be based on the assumption of the development of
a buckle in the vicinity of an initial imperfection. Consequently, studies
were made of the distortion of the cylindrical surface as the load was
gradually increased. First, evidence that could be recorded was sought
to show the gradual growth of an initial flat spot, which is probably a fair
description of a common imperfection in shape. Second, evidence was
needed of a gradually increasing deformation at times when buckling oc-
curred almost simultaneously with failure and at those when failure oc-
curred so rapidly that no buckles were observed.

To investigate the growth of a flat spot, a light constant pressure was ap-
plied at a point on the surface of the cylinder. Contour lines were then
determined at successive increments of load along a generator and along
a circumference through the center of the spot. These contours were ob-
tained by moving a light pointer along the surface of the cylinder and,
through a pantograph, tracing the contour on a sheet of paper. Such con-
tours are shown in figures 6 and 7.-11 They agree in general form with
those of slowly forming buckles that were observed with the eye.

11
-The figures and tables in this Supplement are numbered consecutively

with those of Forest Products Laboratory Report No. 1322.
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To obtain information concerning the influence of natural imperfections on
the deformation of a cylindrical shell under increasing axial load, a small
mirror was attached to the surface of each of a series of some sixty cylin-
ders. The plane of the mirror was parallel to the tangent plane at the point
of attachment. Any rotation of the mirror about either a horizontal or a
vertical axis was observed by the vertical or horizontal displacement of
the intersection of the cross hairs of a transit with respect to the reflected
image of a sheet of graph paper in the mirror. As it was not possible to
determine in advance where a buckle would develop, the mirror would at
times be on or near a buckle and at other times far removed from any
buckle. In general, there was a steady increase in rotation about both the
horizontal and the vertical axis as load was applied to the cylinder. In one
instance, the mirror was placed near a region where a crack developed in
apparently instantaneous failure. The mirror readings, however, showed
a continuous and considerable increase in distortion in this region from the
beginning of loading up to failure. Almost invariably, the mirror readings
showed a progressive increase in distortion irrespective of whether or not
the mirror was near a point where a buckle developed. The indicated dis-
tortions varied greatly from cylinder to cylinder. Some were very small
and others were of considerable magnitude. This variation is to be attri-
buted to varying positions of the mirror with respect to imperfections of
varying magnitude. It would appear that a cylinder under axial compres-
sion is not to be thought of as maintaining its perfect cylindrical form until
a buckle suddenly develops and collapse occurs but rather that regions of
growing distortions associated with initial imperfections are to be found
scattered over the surface of the cylinder and that these distortions con-
tinue to grow until one or more of them reach proportions to induce more
or less sudden buckling, or failure due to localized stresses.

In the wave pattern assumed in the classical theory, the nodal lines are
equally-spaced horizontal circles and vertical lines. Nothing resembling
such a pattern was seen. It is conceivable that this pattern might develop
with such a small amplitude as not to be visible and then suddenly change
to the diamond-shaped pattern that is observed. However, the observa-
tions made with attached mirrors as described seemed to establish con-
clusively that there was no change in type of wave pattern as the load was
increased.

If the load is removed from a cylinder after the maximum compressive
load has been reached, the cylinder will usually resume its form except
after an explosive type of failure accompanied by the development of large
cracks in the surface. It cannot be concluded from the fact that a cylinder
returns to its original form that the buckling has taken place entirely within
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the elastic range. Indeed, cylinders in which there were visible regions
of failure returned to the cylindrical form. Even when there , were no
visible failures in the surface of a cylinder, it was often found on a second
loading that the buckling load was reduced. This indicated that some of
the material had been stressed beyond the proportional limit.

Elastic Constants of Wood. Structure and Orientation
of Plywood. Choice of Coordinates

Wood is considered to be an orthotropic material, that is, a material
which has three mutually perpendicular planes of elastic symmetry. These
planes are determined by the three principal directions, the longitudinal,
radial, and tangential directions. There are three Young's moduli, EL,
ER, and E T , associated with extensions or contractions parallel to the
longitudinal, radial, and tangential directions, respectively. There are
three shearing moduli [ILT, [ILR, and 1.1,RT. 

For example, 1.1LT is the
modulus associated with a shearing strain with respect to axes parallel
to the longitudinal and tangential directions respectively.. There are six
Poisson's ratios, (T LT' (T TL'	 TRL' o-RT , and o-TR• Thus 

CrLT 
is the

ratio of the tangential contraction to the longitudinal extension associated
with a longitudinal tension. Further details concerning the elastic con-
stants of wood and plywood are given in U. S. Forest Products Laboratory
Reports Nos. 1300, 1312, and 1316 (Appendix).

The direction of the face grain of the plywood of which a cylinder is con-
structed, will-be taken to be either axial or circumferential. For definite-
ness, the plywood will be taken to be made of rotary-cut veneers of the
same species of wood. If these conditions are not fulfilled, suitable modi-
fications can be made of the constants that appear in the analysis. These
modifications are explained in the appendix of U. S. Forest Prpducts Lab-
oratory Report No. 1316. The plywood is also assumed to be of symmet-
rical construction with respect to its middle ply.

The choice of axes is shown in figure 8, the coordinate y being measured
along the circumference. The notations for stress and strain are those of
Love. -12 The components of displacement of points in the middle surface
of the cylindrical shell in the axial, circumferential, and radial directions,

12
Love, A. E. H. "Treatise on the Mathematical Theory of Elasticity"
4th ed. 1927.
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respectively, are u, v, and w, the latter being positive inward. Since
initial irregularities of the cylindrical surface are assumed, the symbol
wo will be used to denote the initial distance, measured radially, of a
point of the middle surface from a true cylindrical surface of radius r,
and w to denote the corresponding distance at any stage of the deforma-
tion. The thickness of the wall of the cylinder is denoted by h.

Extensional Strains and Stresses

The following derivations of the differential equation for a stress function
and of the expressions for the energy of deformation are extensions, with
suitable modifications for initial irregularities, of the analysis used by
von Karman and Tsien-8 for isotropic cylinders, to plywood cylinders. For
a discussion of the approximations involved, reference should be made to
their paper arid that of Donnell. 	 The extension to plywood cylinders is
parallel in most particulars to the corresponding extension for flat plates.
More details of this extension than are given here can be found in Appendix
8 of U. S. Forest Products Laboratory Report No. 1312, "Flat Plates of
Plywood Under Uniform or Concentrated Loads. " Membrane stresses and
the corresponding strains will be denoted by primed letters.

The strains, uniform across the thickness of the cylinder wall and associ-
ated with the membrane stresses, are expressed by the equations:

2

	

au 1 aw	 1 awo=
	ax 2 ax	 2 ax

	

avaw	 1 aw 2	 woe' =	 + (—) I YY ay	 ay	 2 ay	 r	 r

e'
	 au av aw aw awo awoe
xy ay ax ax ay	 ax ay

The corresponding stresses in a given ply are related to the strains by
the equations:

X ? —= —
Ex 

(e' +	 e'
X	 xx, yx yy

Ev
Y	 =	 (e'	 +0	 e'y x	 yy xy xx

e' XX

(1)

(a)
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(4)

(5)

X = tixy e' xy =11LT e'xy

where

k=1	 o-	 1 -a-	 o-
xy yx	 LT TL

The mean membrane stresses, the mean being taken over the thickness
of the cylinder wall, are related to the strains by the equations:

1
X x = (Ea e' xx + E L T TL e'yy)

I 
Y	 =	 e'	 +E cr	 e' )
y X b yy	 L TL xx

e'X 9= IILT xY

where Ea and E
b
 are defined by the equations:

1
E =	 ). h,a h	 xi

1
E =	 )• h.
Eb h	 Y

.In these equations (E) and (E ). denote Young's moduli in the th ply inx 
directions parallel to the X and Y axes, respectively; h i denotes the
thickness of the i th ply. The summations are to be extended over all plies.
In writing equation (4) the relation

Ex cryx = Ey (3-xy
	 (6)

was used.

Hereafter, the bars denoting the mean stress components will be omitted.

From (4) it follows that:

e' xx = B X - E L o-x	 L 
Y 

y
/H

(3)
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(7)

(8)

(9)

V	 9

e	 =AY -E 0-	 X /H
YY	 y L TL x

e 3 = X hi
xy	 y LT

where
2	 2

EaEb EL crTI, 
x

A = Eani B = E/Hb

The mean membrane stress components satisfy the equations:

9

ax x ax y 0

ax + ay

ax	 aY
Y +	 y=o

ax	 ay

and can consequently be expressed in terms of a stress function as fol-
lows:

a 2 F 4 	 a2F
X =	 Y =x 

ay 2	 Y2
X

f a2F
Y	 ax ay

(10

From (1) it is found that

	

a te' XX 8
2

e'	 a
2
e'	 a 2w 2 a 2w a2w

YY xy
2 2

ay

	

ax	 ax ay	 ax ay	 ax
2 	 2

ay

( a2wo 2 a2 wo a 2w
o 1	

Zw
1

a2w.

axay	
ax2 

ay
2 r 

ax
2 r2
 ax

Introducing (10) in (7) and substituting the results in (11), the following
equation for the stress function F is obtained:
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4
a

4
F 	 a	 F	 a4

F 	 (a
Z
w A — + B + C

4ax	 ay4 ax 2 ay 2 ax ay

2	 2a waw

ax ay

2	 2
a wo

ax ay

2

(12)

(13)

(14)

(15)

2	 2a 2
wo a Z

wo 	 a w + a wn 

ax	 ay	 ax	 ax
2	 2	 r a

2 r 
a

2
a 

where

C =  1 	 ZE L TL 

LT	 H

Form of Buckles and Initial Irregularities

For w, the inward radial deflection, the following form will be chosen:

2w = g + f cos (13y- ax) cos— 	
((3y + ax)

r

where

11.

	
IT=	 a =
a

The nodal lines of the trigonometric portion of equation (14) are shown in
figure 9. The displacement in the interior of each diamond is inward. In
equation (15), a and b represent the length and width, respectively, of a
diamond.

The initial irregularities will be assumed to have the same form. This is
done for the purpose of simplifying the calculations. Then wo is chosen in
the following form:

wo
—r = g o + fo cos 2	ax) cos (Py + ax)

	
(16)

The undetermined parameters are g, f, b, and a. The quantities g o and
fo are given.

At first equations (14) and (16) will be considered to represent wave patterns
over the entire surface of a cylinder. Later attention will be directed to an
isolated irregularity of the form (16) and to its subsequent growth.
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Energy of Deformation and Virtual Work of Compressive Force 

Consider the rectangular region OABC of figure 9 with sides a and b. This
region includes all of one diamond and one-fourth of each of four other dia-
monds.

The extensional energy of deformation W 1 of the portion of the cylindrical
shell included in the region OABC of figure 9 is given by the following inte-
gral: 13

dab
1 

00
B 42 +

2 2E 0-L TL Xxt yl + 1	 2x
Y

dy dx	 (17)

8
Under the simplifying assumptions made, the changes of curvature and unit
twist are

2
a (w wo ) a

ax	 ay2
°)and

a 2 (w

ax ay

Then the flexural energy of deformation of the portion OABC of the cylin-
drical shell is given by the integra1:14

h3 a b
=

2	 24X. 3
00 [

8 22 (w 2 + E 
a2 (W wo)  

2

ay 2

+ 2ELTL
2

(w wo)
ax2

2(W - WO

ay2
+ 4X P-LT

2
(w - wo)]
ax ay

dy dx (18)

In equation (18) E 1 and E2 are proportional to the flexural rigidities in the
axial and circumferential directions of the plywood in the wall of the cylinder.
For a strip of plywood whose edges are parallel to the axial direction E 1 is
defined by the equation

E I = E (Ex)i

13-See Rept. N . 1312, page 88.
14
-See Rept. No. 1312, equation 3.21 page 46.
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where the summation is extended over all the plies. (Ex) i is the Young's
modulus of the i th ply measured in the axial direction; 1 i is the moment of
inertia with respect to the neutral axis, of the cross-seetion of the i th ply
made by a plane perpendicular to the length of the strip; and I is the moment
of inertia of the entire cross-section of the strip with respect to its central
line, that is, I= h3 /12 for a strip of unit width. The constant E 2 is simi-
larly defined for a circumferential strip. The constant X is defined in equa-
tion (3).

The virtual work of the compressive force calculated for the same region
()ABC as the product of the applied force and the change in length of this
region is given by the integral:

W3 = h (X x) dy if;	 dx
ax

b	 a au	
( 1 9 )

x =a

The expressions (14) and (16) for w and wo will now be substituted in equa-
tion (12). The stress function F can then be determined as a solution of (12).
From it the membrane stresses can be found. Then the quantities W 1' W 2'and W3 can be calculated. After this has been done the undetermined para-
meters can be found by requiring that they shall be such that the expression

W = (W 1 + W2 - W3 ) / abh

is a minimum. It proves to be more convenient to consider the mean energy
per unit volume of the cylindrical shell instead of the total energy.

Stress Function and Resulting Expressions for
Extensional Strains and Stresses

Substitution of (14) and (16) in (12) yields, after some reduction, the differ-
ential equation:

a
4
F	 8

4
F	 a	

4
FA	 + B	 +C	 S cos 4Py - (S-M) cos 4axax4

ay4 ax
2
 ay

2

- S cos 63y cos 2ax S cos 2/3Y cos 6ax - (2S-1\4) cos 2J3y cos 2ax

- 2S cos Oy cos 4ax

(20)
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S = 2r2 a
2 

g
2 (f2

M = 2(f f (22)

Let

where

F = a l cos 4gy + a 2 cos 4ax + a3 cos 6Py cos Zax

+ a
4 cos 20y cos 6ax + a5 cos 20y cos Zax	 (23)

x2
y2cos 40y cos 4ax + c 1	c2 2

On substituting (23) in (21), it is found that:

S	 S-M

256B13	 256Aa4

S

16Aa4 + 1296B13	 144Ca202

S

2
1296Aa

4
 + 116B(34 + 144Ca2

2S-M

16 (Aa4 + 1304 + Ca202)

S

128(Aa4 + Bp
4 + Ca

Then

8
2
F

	Xx =	
= - 02 (16a 1 cos 4gy + 36a 3 cos 6f3y cos Zaxay2

+ 4a4 cos 2Py cos 6ax + 4a 5 cos 2gy cos Zax	 (25)

+ 16a6 cos 413y cos 4ax) + c2

a6

a4 =

a5

(24)
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(26)

(27)

(28)

2a F
Y = 	  = - a

2 
(16a2 cos 4ax + 4a cos 613y cos Zax

ax
2

36a4 cos 20y cos 6ax 4a 5 cos 24 cos 2crx

• 16a6 cos 44 cos 4ax) c1

3
2
F 

X =	
=	 (12a3 sin 60y sin 2x 12a 4 sin 24 sin 6ax

y	 axay

▪ 4a 5 sin 20y sin 2ax 16a6 sin 40y sin 4ax)

By integrating the expression for Xx with respect to y between the limits
o and b, it can be seen that

C 2 = p,

the mean compressive stress.

From (7), (8) and (1):

Y = —
au 

+ 1 ( P ) - (
3w

2
et =

1
—H (Eb Xx - E L crTI,XX ax 2 ax	 2ax

1	 av 1 w 2 1 (3w0)2e t = (E Y	 E	 x
YY ri ay	 L crTli x	 ay 2 ay	 2 ay

w wo
r	 r

Then

3u!	 Vvy	 1 aw 2 1 aw 2= (ET-4 b	 -E

	

L crTI, Y2 3 ax	 23x

2	 ,v	
aw	

rwo)(
av	 (E Y	 E 0".	 X	 ▪ -/ ay

y	 x	 yay H

w w
r	 r
_

From the last of (28) using (25), (26), (14), and (16) it follows that:
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2

1 	
11	

S 
	

1

128B0	 128Aa4 16 (Aa4 + 81B13 4 + 9Ca202)

hab
W =1	 8

1 

16(81Aa4
 + B34 + 9Ca2 [3 7-) 64(Aa4 + Bp4 + Ca

M 2
4(2-)) +1

(31)

8v 1
= k a C 1 + EL TTE P)	 r2 02 (f 2 f

—	 16
(29)

	

ffo+ g g	 + terms periodic in y.
0	 4

On the right-hand side of (29) there will be found a term containing cos
4ax and no function of y. Its coefficient can be shown to vanish. Now v
must be a periodic function of y. Hence, the constant term in (29) must
vanish. Equating the sum of the constant terms to zero it is found that

2
0

Cl H
Ea

2 2 2
r fo2)	 (g - go)

-(f-f0) EL crTL 
4	 - H

(30)

Total Energy 

From equation (17) with the aid of (22), (24), and (25), the following ex-
pression for the extensional energy of deformation is obtained after con-
siderable reduction.

2	 8 EL TL c1
+ 4Bp + 4Ac

1
2 +

The following expression for the flexural energy of deformation is found
from (18):

p

where

abh3 r
2
	 - f0)

2

2 =	 24k	 3 E a4 + 3 E2	+ 2 Na202
1

N = EL (TTL 2XIILT

w (32)

(33)
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The following calculations are needed to obtain from equation (19) the
virtual work of the compressive force. From (28) it is found that

a
au
— dx = - a

j ax
0

EL a-TL 16 B0
2
 a cos 4gy + Bp +	 c1	 H	 1

r 2 a2 2	 2 3
+ 8	 f ) (-2 + cos 4gy)

From (25)

x)
x = a = 16a 1 g 2 cos 40y- - 36a 3 0

z
 cos 6gy

4a4	 COS 2gY

- 4a 5 g 2 
cos 20y - 16a

6
g2 cos 4gy p

Using these expressions it follows from (19) that

(34)

W
3 = abh

2 EL crTL
Bp +

H 	r 2 a2 (f2 f 2
) Pc l	 16 (35)

Conditions of Equilibrium 

The expressions (31), (32), and (35) are to be substituted in (20) to obtain
the function W which is to be minimized as a function of the undetermined
parameters.

aw
For equilibrium — = 0. Examination of (31), (32), and (35) shows that gag

appears in W only through c 1 whose connection with g is shown by (30).
It follows that

aw 	 1 aw
ag	 A aci

awIt readily follows from the equation — = 0 that

c i = 0 (36)

Reference to (25) shows that equation (36) means that the average circum-
ferential stress is zero.
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(38)

(39)

The expression for W will now be changed into a form suitable for com-
putation. If n is the number of wave panels in a circumference, this
number is related to b by the equation

b	 2-rrr	 (37)

It will be conyenient to denote the ratio b: a of the dimensions of a wave
panel by a single symbol. Let

z = b/a = a/P

The following abbreviations will also be introduced:

K = Az 4 + 81 B + 9 Cz
2

1

K2 = 81 Az
4
 + B + 9 Cz 2

K3 = Az
4
 + B + Cz

2

K4 = 3 E i z 4 + 3 Ez + 2Nz2

Using (20), (31), (32), and (35) the expression for W is found to be:

4 (f2
	 2 2W = n	 - f

z4	
1	

z4	 z4	 17z
4

+ 	  + 	
4096B 4096A 512K 1 512K2 2048K3

2 (f 2n (f - f 2 )	 -0
f )[
° 512A

Z 
4 1

+	 - fo) 	
32K3

]	 2[	

z4

256A 32K3

n4 (f f0)2
	  K4122-

2 Bp2 
- -

3 
n

2
z

2
 (f

2
 - f0

2
) p

384k	 2	 64

Further simplification will result from introducing the following notation
and making the changes in the undetermined parameters indicated below.

Let

z71 4c =  z 4	
1 	 +  z 4	 +  z

4

1 4096B 4096A 512K 	 512K2 2048K
3

z41	 1	 z
4

c = 	
2 512A 32K3 '	 c3 - 256A 4- 32K3

(40)

(41)
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c Z (3t +	 c3	 c412	 (t + o ) 2t it	 t

7-

(44)c 5

(45)az
aW = o
al

a 
w = o

K
4 
	

3z2
e4 = 384X
	 c5	

64

2 h
n—

r
r 5

= f	 =	 ,
r	 o

= f	 =
0 h h (42)

In (42) 80 and 8 represent, respectively, the initial deflection and the de-
flection at any instant, of a point in the middle surface at the center of a
diamond, the deflection being measured from the true cylindrical surface
of radius r. The quantities t and t o express the deflections as multiples
of the thickness.

Using (41) and (42), equation (40) becomes:

W= C 1 12 (t 2 - t o 2 )2 c z	 (t - to2 )	 - to)

2	 h
c 3	 - to)

2
 + c 4 11	 - to)2

- 5 11 (t -	
2

) P —
h Bp2

0	 r	 2

Axial Compressive Stress in Terms of Width and Central
Radial Deflection of A Wave Panel 

From the condition awi at = 0 it is found that

(43)

Further equilibrium conditions to be satisfied are the following:

It is apparently not possible to utilize conditions (45) in combination with
(44) because of the complicated analysis that would be involved. Accord-
ingly, a procedure similar to that followed by von Karman and Tsien 8—
will be adopted. A value will be assigned to the aspect ratio z = b/a and
the compressive stress p will be calculated as a function of t from equation
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(44) for a series of values of 11 and t o . The corresponding mean com-
pressive strain E will also be calculated for the same series of values of

and t o. From these results a series of curves representing pr/Eh
as a function of € r/h can be drawn. Such curves will be presented for
certain plywood cylinders.

The aspect ratio z = b/a will be taken to be-(E2 /E01/4. This value is
suggested by the factor K 4, defined by (39), which appears in the expres-
sion for the strain energy of bending in equation (32). This factor is the
same as one occurring in the buckling stress of a flat plate with clamped
edges. It becomes a minimum for z = (E 2 /E 1 ) 4 . This choice of the
aspect ratio is reasonably well confirmed by the dimensions of buckles
observed in tests of long cylinders.

Relation Between Mean Compressive Stress

and Mean Compressive Strain

The mean compressive strain e is expressed by

	

1 p	 1
J	

19. au dxclY a	 ax0	 0

In the case of a uniform wave pattern over the entire cylindrical surface,
e denotes the mean shortening per unit length in the axial direction.

It follows by the use of (34) that
3

= Bp + Mr 2 a(f- f02 )
(46)

= Bp + --n3 z2 (t2	 2)h
64	 0 r

In the computations the constant,

2
E Eb —L TLH =  a

x

may be replaced, with sufficient approximation, by EaEb.
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(48)

(49)

(50

(51)

Then

Ea	 1A=-g- =	 Eb	
(47)

Eb	 1
B = T/ -Ea

approximately. These values were used in the subsequent calculations.

For purposes of computation and of plotting curves, equations (44) and (46)
will be written:

(3t  +)	 Y3 Y 4 1-	 - to
2 Y 1 T1(t + to) - .Y2

sr)	 c 5

2	 ,
r	 L pr to2)
h E Eh 64a 

where

V = c /E	 = c /E ,	 = c /E
L
, y

4
 = c

4
/E

L1	 1 L'	 2	 2 L	 3

The buckling stress p of a plywood cylinder will be expressed by the
formula-15

p = kELhir

where k is a coefficient dependent upon the structure and elastic constants
of the plywood from which the cylinder is made. The value to be assigned
to k for a given cylinder will be found from a consideration of equations
(48) and (49).

Curves Representing Equations (48) and (49) As Applied to A
Typical Plywood Cylinder of Given Construction

To develop the implications of equations (48) and (49), they will be used to
discuss the buckling of a cylinder made of a given type of plywood. A 

5 Formula (51) is the same as formula (1) of Forest Products Laboratory
Rept. No. 1322.

pr 
E

L
h
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cylinder of three-ply rotary-cut Douglas-fir plywood with the grain of the
face plies in the axial direction will be chosen. The face plies will be
taken to be one-half as thick as the core. For this construction, the nota-
tion 3-ply (1: 2: 1) will be used. The elastic constants of Douglas-fir that
were needed in the calculations were taken to have the following values at
10 percent moisture content:

EL = 1,960,000 pounds per square inch

p.LT = 123,800 pounds per square inch

ET = 113,200 pounds per square inch

As Poisson's ratios for Douglas-fir had not been determined when the cal-
culations were begun, the following values—(-)1 determined for spruce were
used: TLT = 0..539 ' o-TL = 0.019. A survey of the steps in which these

ratios enter the calculations indicates that the influence of moderate changes
in their values would be small.

Equation (48) can be used to construct families of curves representing
pr/ELh as a function of for a given L and various values of	 Such
curves are shown in figures 10, 11, 12, and 13 for L = 0.1, 0.2, 0.3, and
0.5 respectively. The coordinates of the points used in plotting these curves
can be entered in equation (49) to determine the corresponding mean com-
pressive strain K. The families of curves of figures 14, 15, 16, and 17
represent pr/ELh as a function of E r/h for various values of Ti and for

= 0.1, 0.2, 0.3, and 0.5, respectively. All families of curves are as-
sociated with equilibrium configurations of the cylinder, provided that it
is assumed that the stresses remain below the proportional limit ifi every
configuration. In considering the curves, it should be recalled that is
the deflection, expressed as a multiple of the thickness of the cylinder, of
the center of the buckle from a true cylindrical surface, that 	 is the
initial value of and that r is associated with the width b of a buckle through

the relations in = n 2hir and b = 2rrr
n

The following discussion based on the second group of families of curves,
those of figures 14, 15, 16, and 17, is similar to that of Tsien1.2 in his re-
cent paper, but differs from it in the fact that	 and therefore the width of
the diamond-shaped depressions, is permitted to vary during the loading
process and that explicit account is taken of the effect of initial imperfections.

16
—Jenkin, C. F. , "Report on Materials of Construction Used in Aircraft, "

Aeronautics Research Committee (London, 1920).
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It appears that the effect of local imperfections is important and an at-
tempt is made to describe the buckling process as it develops in the
neighborhood of such imperfections.

Suppose that initially the cylinder is perfect with the exception of a single
spot whose departure from the cylindrical form is given by equation (16).
As the head of the testing machine .is lowered let it be assumed that the im-
perfection changes in size and depth but that it can be described .at any stage
by an equation of the form of (14) and further that the average compressive
stress over the distorted surface is equal to the average compressive
stress over the cylinder. This implies that the state of stress in the re-
mainder of the cylinder is not greatly disturbed by the presence of the im-
perfection nor by its subsequent growth. This can be only approximately
true. Since equation (43) gives the mean total energy per unit volume and
(46) the mean compressive strain, it is clear that under the assumptions
made, the results expressed by equations (43) and (46) can be held to apply
to the area occupied by the growing imperfection.

Consider the curves of figure 18 in which p is plotted as a function of the
mean compressive strain E for	 = 0.5 and n = 0.300, 0.400, 0.500, 0.600,
and 0.900 respectively. Fixing attention on the curve corresponding to

= 0.900 the area under this curve up to the ordinate MP is proportional
to the work done by the load in producing the mean strain E = OM while the
imperfection, maintaining the width indicated by r= 0.900, has passed
through the series of equilibrium configurations associated with points on
the curve OP. The area in question represents, in suitable units, the
mean strain energy per unit area of the region occupied by the imperfec-
tion. It is clear that the strain energy per unit area would be less, if after
arriving at the configuration denoted by Pp the intersection of the curves

= 0.900 and n= 0.600, the curve P i Pz were followed. After the configu-
ration denoted by P 2 the curve corresponding to n = 0.500 would be followed
and so on. This implies that the imperfection increases in size corres-
ponding to the increasing wave length associated with decreasing 	 Hence,
the imperfection may be expected to pass continuously through the equilibri-
um configurations associated with points on the envelope of the family of
curves of figure 17. This reasoning is based on a consideration of the
strain energy per unit area of the region occupied by the growing imper-
fection. But similar reasoning applies to the strain energy of the cylinder
as a whole since there must be less strain energy per unit area on the
average in the deformed region than in the undeformed remaining portion
of the cylinder. Successive equilibrium configurations will correspond to
points on the envelopes of families of curves such as those of figures 14,
15, 16, and 17. These envelopes are shown in figure 19 for the families
of curves for which	 = 0.1, 0.2, 0.3, and 0.5 respectively.
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For the purpose of a detailed consideration of the buckling process a
curve similar to the envelope for the case	 = 0.1 is shown separately
in figures 20 and 21• The following discussion proceeds along the same9, 10lines as Tsieny s—	 treatment of the buckling of an elastically supported
rod. Two extreme cases will be considered, one in which the mean strain
E is conceived to be controlled by the operator and the other in which the
load is controlled as in dead loading. In the first it is supposed that there
is the same control of E in a localized imperfection as in a complete cylin-
der in a rigid testing machine. Let S represent the mean strain energy
per unit area in the configuration corresponding to the point K 1 in figure
20(A). Then S is in suitable units equal to the area OK i C 1 . The graph
of the strain energy S as a function of the mean strain E is, up to the
position A, a parabolic curve such as OA in figure 20(B). The strain en-,ergy corresponding to the position K is equal to the area OKnAKnCnO
which is equal to the area of the triangle OKT;Cn plus the area Kn'AKn.
This strain energy is represented by the ordinate C nKn in figure 20(B).
It is greater than CnKn' which is associated with the same mean compres-
sive strain. Corresponding to the position K the strain energy is equal

$Suppose that this is true for the position K fn . The curve representing the
testrain energy for positions between Km whose location is obvious and Kn

crosses the strain energy curve OA, figure 20(B), at the point K n since
the strain energies CnKn and CnKri are equal. Thus a lower load than
that required for the configuration K n will maintain the same unit shorten-s	 SIing in the configuration K :n . The energy levels for points between Kn
and A", where A" is associated with the same strain as A, are lower than
those for points between	 and A. The configurations of the system may

ft	 I iKr after the configuration Kn i s
reached provided that an external impulse is present to supply the energy
necessary to carry the system over the energy hump between the configura-
tions K 	 Kn". Such a source of energy can be found in the vibrations
of the testing machine and, in case of a localized imperfection on the sur-
face of a cylinder, in the elasticity of the walls of the cylinder together
with stress readjustments in the vicinity of other imperfections on the
surface of the cylinder.

Now consider the case of dead loading, the load being increased by small
increments. Here it is assumed that the concern is with the total potential

Ito the area OKn AKnKmKn t CnO which is equal to the area of the triangle
OKn Cn plus the area Kn'AKn minus the area KnKm Kn . At some position

Ithe area K . K K I is equal to the area KAKn.n m n	 In this case the strain
energy corresponding to the position K' 	 equal to that corresponding to
the position K with the same mean strain E

then be expected to follow the curve
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energy 4) of the system which is equal to the sum of the strain energy of
deformation and the potential energy of the f load. In figure 21 (A) corre-
sponding to the configuration denoted by K 1 the strain energy of deforma-
tion is in suitable units equal to the area 0K 1 C i and the potential energy
of the load is equal to the negative of the area of the rectangle OB1K1 C1.
Hence, 4) = OB i Ki . The potential energy of configurations associated
with points on the curve OA of figure 21 (A) is represented by the para-
bolic curve of figure 21(B) in which (I) is plotted as a function of pr/E Lh
For the position K 2 the strain energy is equal to the area OAK2 C 2 0 and
the potential energy of the load is equal to the negative of the area of the
rectangle OB 2 K2 C 2 . Hence,

4) = OB 2 K2 + K2 AK2
I	 f	 1

For the position K t the strain energy is equal to the area OAKrnK tn C 1n 0
and the potential energy of the load is equal to the negative of the area of

I	 1the rectangle OB nK fn C 1n . Hence,

OBnKn' + Kn AKn KnKrnKn"

If
Kn AKn = KnKm Kn

ff

then 4) = OBnKni.

This is the same total potential energy as that associated with the point
fy

Kn . Hence, in ,figure 21(B), the .curve from Km to Kn
OA at	 if Ku' is chosen in such a way that

KnAKT: = KnKmKr:'•
1

To pass from the configuration K 	 K ' , the system must pass through
configurations having higher energy levels. If sufficient energy is supplied
from an external source, the system can be expected to jump from the con-
figuration K Knn with a suddenly increased strain. In the case of an
isolated imperfection, this energy can presumably come from the elastic
energy stored in the walls of the cylinder surrounding the imperfection.

In an elastic testing machine Tsien ci points out that a situation exists that
is intermediate between the two extreme methods of loading just discussed.
For a localized imperfection on the surface of a cylinder it would appear
that the effect of the elasticity of the remainder of the cylindrical shell
would combine with that of the testing machine and bring the condition near

crosses the curve
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to that of dead loading. The buckling stress will be .higher than that pre-
dicted under the hypothesis of dead loading if this is not true.

A curve similar to the envelope for	 = 0.5 of figure 19 is shown in figure
22(A). In a rigid testing machine the load increases with increasing mean
compressive strain until the configuration denoted by A is reached. As
the mean compressive strain is increased further the load falls off rapidly
until the point Km is reached. Beyond this point the load increases, if
none of the material has previously passed the proportional limit. If any
part of the material is stressed beyond the proportional limit at any stage
of the process local failure is to be expected. In any event, the curve of
figure 22(A) will not be followed after the proportional limit has been passed
at any point of the cylinder because in constructing this curve all of the ma-
terial has been assumed to be below the proportional limit.

Under dead loading the variation of the total potential energy is shown in
figure 22(B) as a function of the mean compressive stress p. The inter-
pretation of figure 22(B) is the same as that of figure 21(B).

If the envelope of the family of curves of p plotted as a function of c has the
form of that shown in figure 19 for	 = 1.0 both the strain energy and the
total potential energy are one-valued functions of e and p, respectively.
Failure then will be expected to occur when sufficient material at any point
in the vicinity of the imperfection passes the proportional limit and will
not be associated with a jump from one energy level to another within the
elastic range.

In situations illustrated by figures 20 and 21 failure may occur if some of
the material passes the proportional limit before the point is reached at
which the jump from one energy level to another takes place. This be-
havior may be expected in sufficiently thick cylinders or in thin cylinders
with rather large initial imperfections.

There will be wide variations in the suddenness with which buckles appear
depending upon the magnitude of the jump in energy levels. Further, fail-
ure may occur through some of the material passing the proportional limit
before such a jump takes place. In any event, when failure occurs there
will be a sudden release of the elastic energy stored in the cylinder walls.

Variability of Buckling Stress

Consideration of the curves of figure 23 which are the same as those of
figure 19 will disclose the reasons for the variability of the buckling stress
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associated with imperfections of different magnitude. For definiteness,
consider dead loading. If the existence of a sufficient external source of
energy is granted, and the elastic energy stored in the walls of the cylin-
der outside the buckle appears to be an adequate source, the buckling
stresses corresponding to initial imperfections with amplitudes of 0.1, 0.2,
0.3, and 0.5 will be proportional to the ordinates 0M 1 , 0M2, 0M3 , and
0M 5 , respectively of figure 23. These are ordinates of horizontal lines
drawn as the line 135Ktn KnKn was drawn in figure 21(A) to make the areas
Ku AK and KnKrnKn equal. The positions of these lines were estimated
by eye and, consequently, these positions are only approximately correct.
For large values of t o the stress at proportional limit will be reached in
some portion of the buckle when the quantity

k = pr/ELh	 (52)

reaches a value such as OM. For very small values of t o the envelopes13.
similar to those drawn in figure 19 will approach the envelope for t o = 0
shown in figure 19. There is thus a considerable range of values of k at
which buckling may occur, depending upon the value of t o which defines the
amplitude of the initial deflection. An intermediate value is the minimum
value of k on the envelope corresponding to t o = 0. This minimum value
of k on the envelope corresponding to 	 will be chosen as the "theoretical
value" for a cylinder made of the type of plywood under consideration,
namely, 3-ply (1: 2: 1) with the grain of the face plies in the axial direction.
This choice is made on two grounds. The value is intermediate in the range
of values that k may have when buckling occurs. Further, it is readily cal-
culated by finding the minimum value of p or k as given by equation (48) as
a function of t and 1 for t o = 0. The aspect ratio z in this equation has al-
ready been chosen as previously indicated. The formula for the minimum
value of k for the case t o = 0 will be derived in the next section.

In this discussion, the behavior of the buckle has been taken to be the same
as in a state of dead loading. In using these results for a buckle forming
in a cylinder in a more or less rigid testing machine, the assumption is
made that the elasticity of the cylindrical shell outside of the region where
the buckle is forming causes a behavior closely analogous to that under dead
loading. If this is not true, higher and more variable buckling stresses are
to be expected, for then the situation is intermediate between those illus-
trated by the discussions of figures 20 and 21. The difference between the
buckling stresses under the two extreme conditions of figures 20 and 21 will
be greater the smaller the depth of the initial imperfections. This may be
seen by considering the envelopes of figure 19 for various values of
The greater the departure from the extreme situation of dead loading as
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illustrated by figure 21, the greater will be the variability of buckling
stress, because the effect of the magnitude of initial imperfections is
greater.

The interaction between two imperfections on the surface of a cylinder as
the compressive load is increased is also, undoubtedly, a cause of the
variability of the buckling stress.

Calculation of Minimum Value of k for 	 = 0

The minimum value of k, or of p, for = 0 can be readily obtained from
equation (48) if, as in the preceding discussion, a fixed aspect ratio of the
buckle is assumed for each case under consideration. The left-hand mem-
ber of equation (48) is k. After setting	 equal to zero in (48), it is found
from the equation ak/A = 0 that:

3 Y2
=

8 yin

akSubstituting this value of in the relation - = 0, the following value of n is
obtained:

1= ( 3403 9 y2 2 ) / 32Y04 
1/2

This expression can be substituted in the preceding equation for 	 Sub-
stituting these values of and in equation (48), it is found that the formula
for the minimum value of k is:

k= 404 (32y03 
92) 1/2

/ 4y
1 c 5

(52)

Cylinders of Various Types of Plywood

Curves similar to those of figures 10 to 17 are shown in figures 24 to 31
for cylinders made of three-ply (1:2:1) Douglas-fir plywood with the grain
of the face plies in the circumferential direction. The envelopes of the
families of curves of figures 28 to 31 respectively are shown in figure 32.
For an initial imperfection of small depth, for example for 	 = 0.1, there
is the same opportunity for a jump from one equilibrium configuration to
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the order as in the cases previously considered in connection with figure
22. However for t o = 0.2 a rapid increase in compressive strain will oc-
cur with almost constant load, while for larger values of t o , in a region
that is probably critical, the load increases gradually with rather rapidly
increasing E	 In these cases where there is no evidence of a sudden jump
in the load, buckling is to be expected to be initiated by some of the material
passing the proportional limit.

For other types of plywood, envelopes of families of curves similar to
those of figures 14 to 17 and figures 28 to 31 are shown in figures 33 to 42.

Theoretical Curve. Comparison with the Results of Tests 

The minimum values of k (See equations (51) and (52)) for t 0 = 0 that will
be used in plotting a theoretical curve are shown in table 1 of Forest
Products Laboratory Report No. 1322. From the discussion in a preced-
ing section it appears that for a. given type of plywood this minimum value
is intermediate in the range of values of k associated with the critical
buckling stress corresponding to imperfections of varying magnitude. When
these minimum values of k for t o = 0 are plotted as a function of the ratio
E /(E i + E2 ) for the type of plywood concerned it is found that they can be1
satisfactorily represented by the curve of figure 1 of Forest Products Lab-
oratory Report No. 1322. The calculated values of k are represented by
crosses (x). In this figure are also shown points representing the values of
k in equation (51) determined from tests on an extensive series of birch and
poplar cylinders. Considerable scatter is to be expected on the basis of
the theoretical discussion. Furthermore, it is unavoidable that there should
be lack of complete agreement between the elastic constants of the plywood
in a cylinder and those of minor test specimens used for the determination
of those constants.

Each point in figure 1 of Forest Products Laboratory Report No. 1322 repre-
sents the mean of the buckling stresses of several cylinders of the same con-
struction and dimensions. In figure 2 of Forest Products Laboratory Report
No. 1322 the theoretical curve of figure 1 is repeated and the results of tests
on individual cylinders are shown.

A detailed description of the tests is given in Forest Products Laboratory
Report No. 1322-B.
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Use of the Theoretical Curve for Various Types of Plywood 

In formula (51) the constant k appears as a factor multiplying E L. The use
of the curve of figure 1 for cylinders made of plywood of other species than
Douglas-fir implies that a moderate change in the ratio of the modulus of
rigidity p.LT to Young's modulus EL does not greatly affect the values of k
and that the same statement is true for changes in the relevant Poisson's
ratios. The effect of a change in the .ratio of E T to EL is taken into ac-

El count in the calculation of the argument 	 . A few calculations
(E1 E2 )

made for tiLT increased by 50 percent showed an increase in k of 5 percent
or less. A. survey of the steps in which the Poisson's ratios enter into the
calculations indicates that the influence of moderate changes in their values
would be small.

For the same reasons it appears that the curve of figure 1 can be used for
cylinders made of plywood with quarter-sliced veneers. The difference in
the values of E and ET would be taken into account in the calculation of E 1R	 T
and E2 while the usual differences between il. LR and 11,LT do not appear to
be great enough to be serious. When a cylinder is made of plywood with
veneers of different species it appears that E L in equation (51) should be
the modulus of the predominant species.

Isotropic Cylinders

Envelopes of the families of curves that were obtained for isotropic cylin-
ders by plotting pr/Eh against Er/h for different values of r are shown in
figure 43 for = 0.2, 0.35, 0.5, and 1.0, respectively. Poisson's ratio
and the aspect ratio of the buckles were taken to be 0.3 and 1.0, respec-
tively. The minimum value of k = pr/Eh for 	 = 0 is 0.2426. Reasons for
expecting both higher and lower values of k in tests have been discussed in
previous sections. Figure 44, showing the scatter in results of tests on
isotropic cylinders, is reproduced from a paper by Donnell. 1 In this figure,
the ordinates and abscissas are proportional to the factor k of this report
and the radius-thickness ratio, respectively.
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Influence of Radius-Thickness Ratio

From figure 44 for isotropic cylinders, it appears that the factor k tends
to decrease as the radius-thickness ratio increases. From the standpoint
adopted in this report, this behavior would be expected because for a given
f o (equation 16) the quantity	 increases with r/h in accordance with (42).
For an imperfection of the same depth 6 0 (equation 42) on each of two cylin
ders of the same radius but of different thickness,	 is greater for the

thinner cylinder since 	 is expressed as a multiple of the thickness. If 	 it

is true, that for thick cylinders the imperfections are apt to be a smaller
fraction of the thickness than for thin cylinders, a reason for the decrease
of k in equation (51) with increasing r/h is to be found by examining the en-
velopes of figure 43 for larger values of 	 as compared with those for
smaller values of , c) . For the same reason, the factor k should be less on
the average for a thin plywood cylinder than for a thicker plywood cylinder
of the same diameter and type of plywood. This behavior was not investi-
gated in the testing program.

Conclusions

A theoretical curve has been presented for determining the buckling stress
of a long thin plywood cylinder. This curve was obtained by using approxi-
mate mathematical methods in which an attempt was made to associate the
buckling phenomenon with the growth of isolated initial imperfections of an
assumed form under increasing compressive loads. Exactly as in tests of
isotropic cylinders the results of tests on plywood cylinders show consider-
able scattering. On the basis of the theory this scattering of results of tests
is attributed to the effects of imperfections of different magnitudes in addi-
tion to inevitable experimental errors. The results of tests that are given
along with the theoretical curve should be used to form an estimate of the
extent to which the theoretical buckling stresses should be reduced for de-
sign purposes to allow for the observed scattering and for the approxima-
tions involved in the mathematical analysis.
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Figure 6.--Typical cross sections of a buckle formed in a long, thin cylinder under axial compression. The
curves were traced from the specimen by means of a pantograph. All curves are of the same
buckle formed in a 3-ply yellow birch plywood cylinder of 13.5 inches inside diameter, 23.12
inches long and 0.053 inch thick. The face veneers were 1/80 inch thick, the grain direction
parallel to the axis of the cylinder. The core was 1/40 inch thick, the grain direction perpen-
dicular to the axis of the cylinder. The growth of the buckle is shown by lines traced for
different values of the axial load P in pounds.
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Figure 7..-Typical longitudinal sections of a buckle formed in a long, thin plywood cylinder under axial
compression. The curves were traced from the specimen by means of a pantograph. The cylinder
was made of 3 plies of yellow birch veneer, face plies 1/80 inch thick and core ply 1/40 inch
thick. Inside diameter was 13.5 inches, length was 22.94 inches and thickness was 0.052 inch.
The top four sets of curves were made from the pattern caused by different side loads on the
surface of a cylinder in which the grain direction of the face plies was circumferential. The
point at, which this side load was applied was not, at, a buckle; the buckles causing failure
formed near the ends of the cylinder. The three sets of curves at the bottom were made from
the patterns formed on a cylinder in which the grain direction of the face plies was axial.
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The growth of each buckle is shown by lines traced for . different values of the axial load P in
pounds.
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Figure 12.--Three-ply (1:2:1) cylinder. Face plies axial. eo = 0.3. Figure 13.--Three-ply (1:2:1) cylinder. Face plies axial.' fo = 0.5.

Explanation of figures 10 tp 13	01111••••••n00...111

These figures show, for various values of the initial deflection,
the applied compressive stress p as a function of 6. (equation 42) which
is proportional to the deflection at the center of a depression and of 77
(equation 42) which is determined for a given cylinder by the width of a
depression in the circumferential direction. The constants of 3-ply
(1:2:1) rotary-cut Douglas-fir plywood were used in the calculations.
The face grain of the plywood was taken to be in the axial direction.
and o are expressed as multiples of the thickness h of the cylinder.
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Explanation of figures 14 to 17

These figures show the mean compressive stress p as a function of the mean compressive strain e,

for the cylinders of figures 10 to 13, respectively.-
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Figure 28.--Three-ply (1:2:1) cylinder. Face plies circumferential.
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Figure 29.--Three-ply (1:2:1) cylinder. ' Face plies circumferential.
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Explanation of figures 24 to 31

Figures 24 to 27 show the relations between the compressive stress p and the quantity f, proportional to the deflection at

the center of a buckle, for three-ply (1:2:1) cylinders with the grain of the face plies circumferential. The curves are drawn for

various values of fo , the initial value of f, and for various values of the parameter i. Figures 28 to 31 show the relations between

the compressive stress p and the mean compressive . strain E for the cases shown in the preceding four figures.

Z M 48818 F





Explanation of figures 32 to 42

Figures 32 to 42 show for cylinders of various constructions, tiie
envelopes of families of curves representing pr/E 	 as a function of
Er/h for given values of eo , a quantity which is proportional to the depth
of an initial imperfection' of shape.
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