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Abstract. Alias periods and wavelengths for the M:, S:, N:, K•, O•, and 
P• tidal constituents are calculated for TOPEX/POSEIDON. Alias wavelengths 
calculated in previous studies are shown to be in error, and a correct method is 
presented. With the exception of the K• constituent, all of these tidal aliases for 
TOPEX/POSEIDON have periods shorter than 90 days and are unlikely to be 
confounded with long-period sea surface height signals associated with real ocean 
processes. In particular, the correspondence between the periods and wavelengths 
of the M: alias and annual baroclinic Rossby waves that plagued Geosat sea surface 
height data is avoided. The potential for aliasing residual tidal errors in smoothed 
estimates of sea surface height is calculated for the six tidal constituents. The 
potential for aliasing the lunar tidal constituents M:, N:, and O• fluctuates with 
latitude and is different for estimates made at the crossovers of ascending and 
descending ground tracks than for estimates at points midway between crossovers. 
The potential for aliasing the solar tidal constituents S:, K•, and P• varies smoothly 
with latitude. S: is strongly aliased for latitudes within 50 degrees of the equator, 
while K• and P1 are only weakly aliased in that range. A weighted least squares 
method for estimating and removing residual tidal errors from TOPEX/POSEIDON 
sea surface height data is presented. A clear understanding of the nature of aliased 
tidal error in TOPEX/POSEIDON data aids the unambiguous identification of 
real propagating sea surface height signals. Unequivocal evidence of annual period, 
westward propagating waves in the North Atlantic is presented. 

1. Introduction 

The variation of sea surface height (SSH) caused by 
the ocean tide is a large component of the signal mea- 
sured by satellite altimeters. The six most energetic 
constituents of the ocean tide are the M2, S2, N2, K1, 
O1, and P1 tides. The amplitudes of these constituents 
are large enough to obscure other SSH signals of oceano- 
graphic interest. Because the semidiurnal and diurnal 
periods of these tides are much shorter than the sam- 
pling interval of any satellite altimeter, these tidal sig- 
nals will appear in altimeter SSH data as aliased sig- 
nals at periods much longer than semidiurnal and di- 
urnal. The discrepancy between tidal period and al- 
timeter sampling interval also causes spatial aliasing of 
the tidal signals [Cartwright and Ray, 1990; Jacobs et 
al., 1992]. Because the tides are an unwanted signal 
for most applications of SSH data, a primary step when 
processing altimeter data is the removal of model-based 
estimates of the major tidal constituents from the SSH 
data. No tidal model will perfectly reproduce the true 
ocean tide, so there will always be some residual tidal 
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errors in SSH data. Because these tidal errors have the 

same periods as the tides, they alias in exactly the same 
manner. While future tide models are expected to re- 
duce the magnitude of tidal error, it is unlikely that any 
tidal model will reduce global tidal error to completely 
insignificant levels. 

The presence of significant aliased tidal errors in 
Geosat SSH data is well established [Jacobs et al., 
1992; Perigaud and Zlotnicki, 1992; $chlax and Chel- 
ton, 1994]. Detecting aliased tidal errors in Geosat SSH 
data was complicated for two reasons. First, the orbit 
errors and other measurement errors in Geosat data are 

large enough to obscure the aliased tidal errors unless 
appropriate corrections are applied. Second, the Geosat 
orbit configuration aliased the most energetic tidal con- 
stituent, the M2 tide, into a westward propagating sig- 
nal with nearly the same period and wavelength as the 
first baroclinic mode annual Rossby wave [Jacobs et al., 
1992]. This unfortunate characteristic of Geosat has 
lead to confusion and controversy regarding the pres- 
ence of both Rossby waves and aliased tidal errors in 
Geosat SSH data. 

SSH data from the TOPEX/POSEIDON altimeter 
mission are, to a large extent, free from these complica- 
tions. Orbit error has been reduced from the -• 50 cm 

root-mean-square (RMS) of the GEM-T2 orbits avail- 
able for Geosat [ Chelton and $chlax, 1993; Haines et al., 

24,761 



24,762 SCHLAX AND CHELTON: ALIASED TIDAL ERRORS 

1994] to less than 5 cm RMS for TOPEX/POSEIDON 
[Tapley et al., this issue]. Most importantly, the 9.9156- 
day repeat orbit of the TOPEX satellite was selected so 
that, with the exception of the K1 constituent, aliased 
tidal errors would not be confounded with signals as- 
sociated with real ocean processes [Parke et al., 1987]. 
TOPEX/POSEIDON data therefore provide an oppor- 
tunity to distinguish between aliased tidal errors and 
real Rossby wave propagation in SSH data. 

The objective of this study is to examine the charac- 
teristics of aliased tidal errors in TOPEX/POSEIDON 
SSH data. The six principal tidal constituents are stud- 
ied, but it is likely that only the errors in the M2 and S2 
constituents are energetic enough to be important for 
analyses of data from TOPEX/POSEIDON. 

The periods and wavelengths of the tidal aliases for 
TOPEX/POSEIDON are derived in section 2. The 
potential for aliasing these constituents into smoothed 
estimates of SSH is discussed in section 3. Section 4 

contains examples of tidal error aliasing, and a simple 
method for estimating and removing tidal errors from 
SSH data is described in section 5. New evidence of 

annual baroclinic Rossby waves in the North Atlantic is 
presented in section 6. 

2. Tide Aliasing in 
TOPEX/POSEIDON Data 

Aliased tidal signals appear as propagating waves 
in time-longitude sections of SSH. To understand how 
tidal signals alias into TOPEX/POSEIDON data, it is 
necessary to consider how TOPEX/POSEIDON sam- 
ples the sea surface. Figure 1 is a plot of the time- 
longitude coordinates sampled by TOPEX/POSEIDON 
on ascending ground tracks along an arbitrary lati- 
tude. At each of 127 longitude nodes separated by 
Ax -- 2.835 ø, there is a time series of SSH observa- 
tions with sampling interval equal to the orbital repeat 
period of At = 9.9156 days. The time series at adjacent 
longitude nodes are shifted in time by 6t = 2.967 days, 
with positive time shift to the east. 

Calculating the alias period is straightfoward. Let 
f be the frequency of the tidal constituent in question. 
Two measurement points separated by the time interval 
At are separated by fat cycles of the tidal harmonic 
and a corresponding phase difference of 

- - [fat + 

where Ix] is the greatest integer less than x [Parke et 
al., 1987; Jacobs et al., 1992]. Measurements separated 
in time by integer multiples of 

Ta - 2•rAt/64 (lb) 

sample the same phase of the tide. The tidal harmonic 
is thus aliased to a harmonic with period Ta. 

If the amplitude and phase of a tidal constituent are 
locally constant, then the same tidal harmonic is sam- 
pled by the time series at adjacent longitude nodes. 
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Figure 1. Sampling times relative to an arbitrary refer- 
ence versus the longitudes of adjacent ascending ground 
tracks for the 10-day TOPEX orbit along an arbitrary 
latitude. At = 9.9156 days is the repeat period of the 
satellite. Ax = 2.835 ø is the longitudinal spacing of the 
tracks. 6t = 2.967 days is the (eastward) relative shift 
between time series at adjacent longitudes. 

Because of the time shift, 6t, different phases of that 
harmonic are sampled by the two time series. The dif- 
ference in the phase of the tidal harmonic observed at 
nearest-time points on adjacent ascending tracks is 

6• - 2•r(f6t- [f6t + 0.5]). (2) 

Because the time series at adjacent nodes sample these 
different phases of the tidal harmonic, the aliased sig- 
nals at those nodes will relatively be shifted in phase. 

Let • and •2 be the phases of the aliased tidal signal 
for two adjacent longitude nodes. Let t• and t2 be the 
sample times of two points on adjacent ground tracks 
with t2- t• = 6t. Without loss of generality, let the 
simple harmonic sin(2•rft) represent the tidal signal. 
Because the tidal signal must equal the aliased signal 
at the sample points of both time series, 

sin •aatl + •1 - sin(2•r/tl) 

sin t2 + 

where 6•bx is the difference in tidal phase given by (2), 
and again, the tidal harmonic is assumed to have locally 
constant amplitude and phase. The difference in phase 
of the aliased signals at the adjacent nodes is 

2x 

- ½2 - - 
The spatial aliasing of tidal signals is caused by the 

juxtaposition of the phase-shifted aliased signals at ad- 
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jacent nodes. Straight lines connecting points of equal 
phase on the aliased signals appear as wave fronts in 
time-longitude sections. There is an infinite number of 
these loci of constant phase, and hence, an infinite num- 
ber of spatial aliases for each tidal constituent. Consider 
the aliased tidal signals at adjacent longitude nodes. 
The aliased signals have period Ta and are shifted in 
phase by 5%bx. Because this phase shift corresponds to 
a temporal shift of Ta(5%bx/2•r), points of equal phase 
on the two aliased signals are separated in time by 
Ta(k + 5%bx/2•r), where k is an integer. The slope of 
these constant phase lines in the time-longitude plane 
is 

+ 
Ax ' 

which corresponds to an aliasing wavelength of 

• - k + 5%b•/2•r' (3b) 
The pattern of aliasing from a given spatially uniform 

tidal constituent is the superposition of plane waves 
with period Ta and wavelengths Ak. In practice, the 
temporal and spatial separation of satellite observa- 
tions renders unobservable those spatial aliases with 

wavelengths much shorter than Ax. The aliases of a 
given tidal constituent may be illustrated by sampling 
a spatially uniform harmonic with the tidal frequency 
at the TOPEX/POSEIDON sampling points and con- 
touring the result. The aliased M2 tide (Figure 2a) ap- 
pears as the superposition of plane waves with period 
62.11 days and wavelengths A0 = 9 ø and /•-1 = 4.14 ø, 
traveling in opposite directions, with the longer wave- 
length wave traveling to the east. The other alias wave- 
lengths are all considerably shorter than the node spac- 
ing Ax = 2.835 ø for TOPEX/POSEIDON, and there- 
fore cannot be observed. The aliased S2 tide (Figure 2b) 
has period 58.74 days, westward traveling components 
with /k0 = 179.96 ø and /kz = 2.79 ø, and an eastward 
traveling component with /k-z = 2.88 ø. The higher- 
order alias wavelengths of S2 are all much shorter than 
Ax. 

Table 1 contains the TOPEX/POSEIDON alias pe- 
riods, primary alias wavelengths /k0, and secondary 
alias wavelengths /k_ z and /kz, for the six tidal con- 
stituents. These are the three longest alias wavelengths 
for each tidal constituent and are the only aliases likely 
to be observed in smoothed SSH fields constructed from 

TOPEX/POSEIDON data (see section 3). The crests 
and troughs of the plane waves corresponding to the pri- 
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Figure 2. Contour plot of TOPEX samples of a single harmonic with unit amplitude and 
spatially uniform phase at (a) the M2 frequency and (b) the S2 frequency. The contour interval 
is 0.25. Solid and dashed contours denote positive and negative values, respectively. The wave 
fronts corresponding to the observable secondary aliases are marked by solid (/k-z) and dashed 
(/k 1 ) lines. 
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Table 1. Tidal Periods, TOPEX Alias Periods, and the Three Longest Alias Wavelengths for the Six Major 
Tidal Constituents 

Period, Ta, A- x, X0, X x, 
Tide hours days deg deg deg 

M•. 12.420601 62.11 4.14 W 9.00 E 2.16 E 
S•. 12. 58.74 2.88 E 179.95 W 2.79 W 
N•. 12.658348 49.53 4.14 E 9.00 W 2.16 W 
Kx 23.93447 173.19 2.86 E 359.90 W 2.81 W 
Ox 25.819342 45.71 4.09 W 9.23 E 2.16 E 
Px 24.06589 88.89 2.86 E 359.90 W 2.81 W 

The direction of propagation for each alias is denoted as E for east and W for west. 

mary alias for the six tidal signals for TOPEX/POSEI- 
DON are plotted in Figure 3. As Figure 3 and Ta- 
ble 1 show, the primary S2, N2, P1, and K1 aliases 
are manifested as westward propagation. The peri- 
ods and wavelengths of the first three of these aliases 

are far removed from those of any realistic oceano- 
graphic signal. The nearly semiannual period of the 
K1 alias, coupled with its long wavelength, could result 
in confounding this alias with large-scale, semiannual 
signals in SSH. In TOPEX/POSEIDON data the M2 
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Figure 3. Crests and troughs (solid and dashed lines, respectively) of the propagating waves to 
which tidal constituents alias in TOPEX SSH data, for the tidal constituents (a) M2, (b) S2, (c) 
N2, (d) K1, (e) O1, and (f) Fl. 
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alias (which was easily misinterpreted as annual baro- 
clinic Rossby wave propagation in Geosat SSH data) is 
an eastward propagating signal with a 62-day period 
that is easily distinguished from Rossby waves or other 
westward propagating signals of interest. It is likely 
that these primary aliases will be readily distinguished 
in TOPEX/POSEIDON SSH data. The shorter-wave- 
length, secondary aliases, on the other hand, could be 
misinterpreted as eddy or other short-scale SSH vari- 
ability. 

For reference, the alias periods and wavelengths of the 
six tidal constituents for Geosat and the 35-day repeat 
orbit of ERS 1 are presented in Tables 2 and 3, respec- 
tively. The repeat period of Geosat was 17.05 days, 
with Ax -- 1.475 ̧, and 6t - 3.0048 days. The repeat 
period of ERS 1 is 35.0 days, with Ax = 0.719 ̧. The 
complex pattern of ground tracks associated with the 
ERS 1 35-day repeat orbit causes a periodic interrup- 
tion in the otherwise regular tidal aliasing. Ten pairs 
of adjacent ascending track nodes are separated in time 
by 6t - 15.998 days, followed by two pairs separated 
by -1.502 days. The aliasing wavelengths presented in 
Table 3 use the longer time separation. 

Previous authors [Cartwright and Ray, 1990; Jacobs 
et al., 1992] calculated alias periods and wavelengths 
for Geosat. Their method considered only the primary 
alias and used the phase shift given by (2) to calculate 
the alias wavelength, rather than the correct form given 
by (3a). The use of (2) leads to errors in the calculated 
alias wavelengths. These errors are largest for the solar 
tidal constituents. For Geosat the use of (2) when calcu- 
lating A0 for S2, K• and P• leads to values of 153.12 ̧, 
112.84 ̧ , and 428.07 ̧ , respectively. Comparison with 
Table 2 shows the large discrepancy between the correct 
wavelengths and these incorrect values. The incorrect 
method yields Geosat alias wavelengths of 7.58 ̧, 4.58 ̧, 
and 7.10 ̧ for the lunar tidal constituents M2, N2, and 
O•, which differ from the correct values by a smaller 
amount. 

3. Tide Aliasing Potential in 
TOPEX/POSEIDON Data 

Aliased tidal errors are most readily observed in time- 
longitude plots of SSH. These plots are constructed 
from uniform space-time grids of smoothed estimates of 

Table 2. Geosat Alias Periods and the Three Longest 
Alias Wavelengths for the Six Major Tidal Constituents 

Tide 

Ta, ,k-l, ,k0, 
days deg deg deg 

M•. 317.13 1.25 E 8.00 W 1.81 W 
S•. 168.82 2.46 W 179.95 E 1.49 E 
N•. 52.07 1.08 W 4.09 E 2.31 E 
K1 175.45 1.47 W 359.89 E 1.48 E 
O1 112.95 1.25 E 8.18 W 1.80 W 
P1 4465.59 1.47 W 359.88 E 1.48 E 

The direction of propagation for each alias is denoted as 
E for east and W for west. 

Table 3. ERS 1 Alias Periods and the Three Longest 
Alias Wavelengths for the Six Major Tidal Constituents 

Tide 

Ta, /•-1, /•0, /•1, 
days deg deg deg 

M2 94.49 0.67 E 8.79 E 0.78 W 
S2 0 oc oc oc 
N2 97.39 0.62 W 4.29 W 0.86 E 
K1 365.25 0.72 W 359.65 E 0.72 W 
O1 75.07 0.66 E 8.58 E 0.79 W 
P1 365.25 0.72 E 359.57 W 0.72 W 

The direction of propagation for each alias is denoted as 
E for east and W for west. 

SSH derived from altimeter data. Smoothed estimates 

are usually obtained by applying some type of linear 
smoother to the SSH data, wherein the smoothed esti- 
mate • is a weighted average of the data: 

n 

- (4) 
j--1 

In equation (4), c•j are the smoother weights, while xj, 
yj, and tj are the longitude, latitude, and time of the 
SSH datum h(xj, yj, tj), respectively. 

Consider a spatially uniform tidal error with fre- 
quency f, amplitude E = v/a • +b •, and phase 
arctan(a/b), written as 

,(x, y, t) = a cos(2•rft) + b sin(2•rft). 

The weighted average of this error will be incorporated 
into the smoothed estimate (4) as 

n n 

• -- a Z c•j cos(2•rftj) + b Z c•j sin(2•rftj). 
j=• j=• 

The magnitude of this expression depends upon a, b, 
and the sums of the harmonic terms. If the times, tj, 
coincide with phases of the tidal error that cause those 
sums to be small, then • will be small, regardless of the 
amplitude of the tidal error. If the tj are distributed so 
that either of the sums is not negligible, then, depending 
on the phase of the tidal error, • may be large enough 
to contaminate the estimate (4). In this case the high- 
frequency tidal error has been aliased into the smoothed 
estimate. 

Following this reasoning, $chlax and Chelton [1994] 
proposed the aliasing statistic 

n 

]fk(f)l - exp(-2riftj) (5) 
j--1 

as a diagnostic for the presence of tidal aliasing in a 
smoothed estimate of SSH. If the tidal error with fre- 

quency f has locally constant amplitud•e and phase, 
then it is easy to show that I•l Elh(f)l [$chlax 
and CneUon, 994]. EIA(f)[ is an upper bound for 
the amplitude of the aliased tidal s•gnal admitted to 
the smoothed estimate (4). When IA(f)I is near zero, 
the estimate is not contaminated by aliased tidal er- 
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ror. When Ilk(f)] is near unit value, the tidal error 
may be incorporated into the estimate, depending on 
the amplitude and phase of the tidal error. Because 
I.•(f)l provides only an upper bound to the fraction of 
the tidal error that might be incorporated into a given 
estimate of SSH, it is a measure of the potential for 
aliasing. The utility of the aliasing statistic is that it 
provides a quantitative measure of how a set of points, 
•xj, yj, tjl j = 1,... , n), sample a given frequency com- 
ponent, and how that component is averaged in a par- 
ticular estimate based on those points. 

The value of I.•(f)] for a specific estimate made at 
the crossing of ascending and descending ground tracks 
(crossover points) is strongly dependent on the time in- 
terval between the samples on the two tracks [Schlax 
and Chelton, 1994]. When there are no missing data, 
this time interval depends only on latitude. It is there- 
fore possible to calculate the potential for tidal alias- 
ing at crossovers as a function of latitude alone. Fig- 
ure 4 shows the variation of [•(f)l with latitude for 
the six tidal constituents considered here, for smoothed 
estimates made at crossovers. Three estimates with 

different degrees of smoothing are considered at each 
crossover. Values of the aliasing statistic are presented 
for loess estimates [Cleveland, 1979; Chelton et al., 
1990] with spatial half spans, s, of 4 ø, 6 ø, and 8 ø in 
latitude and longitude and a temporal half span of 30 
days. The loess smoother is effectively a low-pass filter 
with cutoff frequency equal to approximately s -• [Chel- 
ton and $chlax, 1994]. The large temporal half span 
insures that both the aliasing statistic and the resolu- 
tion characteristics of the estimates are constant with 

respect to the time at which the smoothed estimate is 
made [Chelton and $chlax, 1994]. Because the aliasing 
statistic is very nearly symmetric about the equator, 
only northern hemisphere values are plotted. The val- 
ues of Ifk(f)l presented here assume that there are no 
data dropouts. The presence of data dropouts can cause 
I.•(f)l to differ significantly from these ideal values, de- 
pending on the number of dropouts and their temporal 
distribution. 

The potential for aliasing the lunar tidal constituents 
M2, N2, and Ox fluctuates rapidly with latitude and 
decreases as the half span of the estimate increases. Of 
the three values of s considered here, the worst case is 
when s - 4 ø, for which the aliasing statistic is com- 
monly greater^than 0.5. There are a few isolated lati- 
tudes where ]A(f)l is small and any aliased tidal error 
signals will be attenuated, regardless of the amplitude 
of the tidal error. The aliasing statistic shows similar 
behavior when s - 6 ø and s - 8 ø, but with smaller 
values at all latitudes. 

The aliasing behavior of the solar tidal constituents 
S•, Kx, and Px is markedly different. The aliasing 
statistic for these constituents changes smoothly with 
latitude and does not depend on s. Increasing the 
amount of smoothing does not mitigate the aliasing 
of these constituents, as in the case of the lunar tidal 
constituents. The aliasing statistic for the diurnal K x 
and P x tides is minimum at the equator and increases 
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Figure 4. Variation of fk(f)l with latitude for loess 
estimates with half spans s = 4 ø (solid line), s = 6 ø 
(dashed line), and s - 8 ø (dotted line), made at the 
crossing of ascending and descending ground tracks for 
the tidal constituents (a) M•, (b) S•, (c) N•, (d) K•, 
(e) O•, and (f) P•. 

monotonically toward the poles. For latitudes higher 
than about 50 ø, the poten•tial for aliasing these tidal 
constituents is high, with IA(f)l • 0.5. Conversely, the 
aliasing statistic for the semidiurnal S2 tide is maximum 
at the equator and decreases monotonically toward the 
poles. For S2, Ifk(f)l • 0.5 for all latitudes within 50 ø 
of the equator. Smoothed SSH in the latitude band 
that comprises most of the open ocean are susceptable 
to aliasing of S2 tidal errors. 

TOPEX/POSEIDON ground tracks are separated by 
Ax -- 2.835 ø of longitude. Time-longitude sections con- 
structed from estimates made at crossovers will have 

this spatial sampling interval. According to the sam- 
pling theorem [e.g. Priestly, 1981], any spectral energy 
at wavelengths shorter than 2Ax -- 6 ø of longitude 
will be aliased into the time-longitude grid. If alias- 
ing is to be avoided, the estimates must be smoothed 
su•ciently to exclude these signals, requiring s •_ 6 ø 
for the loess smoother. Time-longitude sections with 
a grid spacing finer than Ax can be constructed us- 
ing smaller spans s in an attempt to provide higher 
resolution sea level fields and still avoid aliasing. Ide- 
ally, additional estimates at the points lying midway be- 
tween the crossovers reduce both the spatial sampling 
interval and the degree of spatial smoothing required 
by the sampling theorem by one-half. Care must be 
taken, however, not to reduce the amount of smoothing 
below that consistent with the resolution capability of 
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the altimeter ground track pattern [Chelton and $chlax, 
1994]. If time-longitude sections including estimates at 
the midpoints are constructed, it is important to un- 
derstand the aliasing characteristics of those estimates. 
Figure 5 shows the variation of ].•(f)] with latitude for 
the six tidal constituents and three half spans, for es- 
timates at the midpoints between crossovers. Again, it 
must be noted that these values of ]•(f)l are derived 
assuming no data dropouts. 

The aliasing statistic for the S2, K1, and P1 con- 
stituents is the same at midpoints and crossovers. The 
values of the aliasing statistic for the M2, N2, and O1 
constituents are qualitatively similar to those observed 
at crossovers in that, for given s, maxima and minima 
of Ifk(f)l occur at the same latitudes. The dependence 
of Ifk(f)l on s is more complicated for estimates at the 
midpoints. For the latitudes where aliasing is a concern, 
the value of •(f) l when s - 4 ø is approximately half of 
the value obtained at crossovers. This reduction occurs 

because data from adjacent crossovers are included in 
smoothed estimates constructed at midpoints, leading 
to a sampling of the tidal phases that is less favorable for 
aliasing. The factor-of-two difference between the alias- 
ing potential at crossovers and midpoints with s = 4 ø 
could result in very complicated patterns of aliased tidal 
error in time-longitude sections comprised of estimates 
at both crossovers and midpoints. For s - 6 ø, Ifk(f)l 
is also smaller at midpoints than at crossovers for most 
latitudes, but the reduction is not as large as it is for 
s:4 ø. 
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Figure 5. Same as Figure 3, for estimates made at 
locations midway between crossover points. 

Intuition suggests that tidal error aliasing should de- 
crease as s increases, because a larger span incorporates 
more data into each estimate. This is not true for the 

lunar tides when estimates are made at midpoints. The 
most surprising result from Figure 5 is that, for the lu- 
nar tides, [A(f)[ is greater for estimates with s - 6 ø 
than it is when s = 4 ø at most latitudes. This appar- 
ent paradox can be resolved by considering again how 
tidal errors are incorporated into the smoothed esti- 
mates. Increasing s from 4 ø to 6 ø at a midpoint does 
not necessarily reduce aliasing because the additional 
points do not necessarily sample the appropriate phases 
of the tidal error signal. This is demonstrated by Fig- 
ure 6, which plots the phases of the M2 harmonic that 
are included in the smoothed estimates at crossovers 

and midpoints at latitude 26.9øN. In Figure 6a, for a 
crossover, the phases sampled when s = 4 ø are evenly 
distributed. The extra points included when s = 6 ø also 
evenly sample the tidal harmonic. For both cases the 
sampled phases of the M2 harmonic average to a small 
value, little aliasing occurs, and [,•(f)[ is small. At the 
crossovers, increasing s thus decreases [,•(f)[. In Fig- 
ure 6b, at a midpoint, it is clear that when s = 4 ø, the 
data points are evenly distributed over the harmonic, 
but increasing s to 6 ø results in preferential sampling of 
one half of the tidal period. This nonuniform sampling 
of the tidal harmonic results in a larger value of 
whens=6 ø than whens=4 ø . 

The time-longitude sections presented in the remain- 
der of this article are constructed from loess estimates 

of SSH at crossovers with s = 6 ø. This choice of es- 

timate spacing and smoothing parameter retains suffi- 
ciently short-wavelength SSH signals for the purposes of 
this study and avoids the complex manifestion of tidal 
aliases that arises in time-longitude sections with es- 

(a) 

' ' I ' ' I ' ' I ' ' I ' ' I ' ' 

0 60 120 180 240 300 360 

Phase (degrees) 

(b) 

Figure 6. Phases of an M2 tidal harmonic sampled 
by data in estimates at 26.9øN for which s = 4 ø (solid 
circles) and s = 6 ø (open circles) for (a) a crossover 
point and (b) a midpoint. Only data for which c•j _> 
0.25 (see equation (4))are included. 



24,768 SCHLAX AND CHELTON: ALIASED TIDAL ERRORS 

timates at both crossovers and midpoints. Reference 
to Table I shows that this degree of smoothing should 
be sufficient to effectively eliminate all but the primary 
aliases in the time-longitude sections. The results• pre- 
sented here illustrate the complex dependence of 
on estimation location and smoothing parameter s and 
show that care must be taken to insure that aliased tidal 

errors do not obscure signals from other ocean processes 
in high-resolution time-longitude sections. 

4. Examples of Aliased Tidal Errors in 
TOPEX Data 

A series of time-longitude sections are presented to 
illustrate the presence of aliased tidal errors in SSH 
data from TOPEX/POSEIDON. These time-longitude 
sections comprise smoothed SSH estimates obtained by 
applying a loess smoother to residual SSH data. The 
SSH data used in this study were obtained from cy- 
cles 2-40 of the geophysical data records (GDRs) pro- 
duced for the NASA altimeter (hereinafter referred to 
as TOPEX) on board TOPEX/POSEIDON. Data from 
cycles 20 and 31 were not used here, because during 
these cycles the POSEIDON altimeter was in opera- 
tion and no TOPEX data are available. All of the 

standard corrections (electromagnetic bias, ionospheric 
correction, tropospheric corrections, inverse barometer 
correction, and solid Earth tide correction) were applied 
[Callahan, 1993]. The resulting SSH data and the two 
ocean tide estimates provided on the GDRs were in- 
terpolated to a uniform, along-track grid with intervals 
of approximately 6 km. The GDR tide estimates are 
from the "Cartwright and Ray" model [Cartwright and 
Ray, 1990; Cartwright et al., 1991] and the "enhanced 
Schwiderski" model [Schwiderski, 1980, 1981; Callahan, 
1993]. The mean value over the 37 repeat values of tide- 
corrected SSH data was calculated at each grid point 
and removed from the data, yielding two sets of resid- 
ual SSH data, one corresponding to each tide model. 

Smoothed SSH estimates were made using the two 
residual SSH data sets. The estimates span the first 
year of the TOPEX/POSEIDON mission at 10-day in- 
tervals at each of 22 crossover points between 290øE and 
352øE along 34.8øN and 32.4øN in the North Atlantic. 
The loess smoother used half spans, s, of 6 ø in latitude 
and longitude and 30 days in time. 

A time-longitude section along 34.8øN, constructed 
from the data corrected by the Schwiderski tide model, 
is shown in Figure 7a. There are no readily appar- 
ent propagating signals in this figure because of the 
complex interaction of signals spanning a broad range 
of periods and wavelengths. A zonally coherent sig- 

_ 

nal with nearly annual period is readily apparent and 
probably represents the large-scale seasonal cycle in this 
region. To focus on the shorter spatial scales of in- 
terest in this section, the zonal signal was removed by 
subtracting the zonal average of the smoothed SSH at 
each estimation time. The result is shown in Figure 
7b, where weak, eastward propagating signals are ap- 
parent. With the exception of K1, all of the tidal con- 

stituents studied here alias to periods shorter than 90 
days. To further enhance these short-period signals, 
Figure 7b was high-pass filtered in time by applying 
a one-dimensional loess smoother to the time series of 

estimates at each crossover and subtracting the tempo- 
rally smoothed time series from the original. The half 
span of the smoother was 100 days, so that the high- 
pass filtered time-longitude section in Figure 7c displays 
only features with periods shorter than 100 days. 

There is clear evidence for a coherent, eastward prop- 
agating SSH signal in Figure 7c. Comparison with 
Figure 3a reveals that this propagating signal has the 
same wavelength and period as the primary M2 alias 
for TOPEX/POSEIDON. Contamination from aliased 
M2 tidal errors is to be expected in SSH estimates at 
34.8øN because I•.(f)l-• 0.65 at this latitude (Figure 
4a). The propagating signal is strongest west of 337øE 
where its amplitude is 3-5 cm. The signal weakens be- 
tween 337øE and 344øE and is present again east of of 
344øE but is reduced to 2-4 cm amplitude and shifted in 
phase with respect to the signal in the western portion 
of the figure. 

A time-longitude section at 32.4øN is shown in Figure 
8a. The zonal means have been removed and the data 

have been high-pass filtered as described above. None 
of the strong, eastward propagation at the M2 alias that 
is present in Figure 7c is apparent along 32.4øN. At this 
latitude, I/•(f)l-• 0.06 for the M2 constituent (Figure 
4a). There is evidence in Figure 8a for weak westward 
propagation with amplitude 2-4 cm and wavelength and 
period corresponding to the primary S2 alias (see Fig- 
ure 3b), although it is difficult to resolve the 180 ø wave- 
length of this alias with data spanning only 60 ø of lon- 
gitude. There are other short-period signals in Figure 
8a that tend to obscure the S2 alias. The presence of 
aliased S2 tidal errors is to be expected at this latitude, 
because I/•(f)l-• 0.8 (Figure 4b). 

Because 32.4øN is a latitude where the aliasing of M• 
signals is suppressed, it is possible to induce aliasing 
of any existing M2 tidal errors by constructing SSH es- 
timates using only data from ascending or descending 
tracks [$chlax and Chelton, 1994]. The aliasing statis- 
tic is near unit value in either of these cases. A zonal 

and high-pass filtered time-longitude section at 32.4øN, 
made using only data from descending tracks is shown 
in Figure 8b. There is a strong eastward propagating 
signal at the primary M2 alias with amplitude 4-8 cm. 
As this propagation has been induced by subsampling 
the raw data specifically to maximize the aliasing of 
any M2 tidal errors, it must be concluded that both it 
and the eastward p•ropagation in Figure 7c are aliased 
M2 tidal errors. IA(f)l -• 1 for the estimates in Fig- 
ure 8b, so the aliased signal apparent there has greater 
amplitude than the aliased signal observed in Figure 
7c, for which I,•(f)l -• 0.65. These results imply that 
the M2 constituent for the Schwiderski model provided 
on the TOPEX GDRs is in error by approximately 4-8 
cm in this region. Because there are no significant data 
dropouts, the aliasing statistic is nearly constant for the 
smoothed estimates comprising each of time-longitude 
sections shown here. Any changes in the amplitude or 
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Figure ?. (a) Time-longitude section along 34.8øN of smoothed SSH corrected by the Schwiderski 
tide model, (b) Figure 7a with the zonal average of SSH removed at each estimation time, and 
(c) high-pass filtered version of Figure 7b. The contour interval is 5 cm for (a) and 2 cm for (b) 
and (c). Solid and dashed contours denote respectively positive and negative values. 

phase of the observed tidal error aliasing are therefore 
the result of geographical variations in the tidal error, 
or the interaction of real, short-period SSH variability 
with the aliased tidal error. 

For comparison with the SSH data corrected by the 
Schwiderski model, a time-longitude section at 34.8øN 
made using SSH corrected by the Cartwright and Ray 
model is presented as Figure 9, using the same filtering 
applied in Figures 7c and 8. There are features that 
are consistent with the primary M2 and S2 aliases be- 
tween about 310øE and 325øE, but with much smaller 
amplitude than in either of Figures 7 or 8. Any tidal 

aliasing west of 310øE is obscured by other short-period 
signals. The errors in the Cartwright and Ray tides in 
this region are much smaller in amplitude than the er- 
rors in the Schwiderski model, especially for the M2 
constituent. 

5. Estimating Residual Tidal Errors in 
TOPEX Data 

With the possible exception of K1, the aliases of the 
major tidal constituents are not likely to be misinter- 
preted as real oceanographic signals. The presence of 
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Figure 8. Time-longitude sections of smoothed SSH corrected by the Schwiderski tide model, 
after removing the zonal average of SSH at each estimation time and high-pass filtering as in 
Figure 7c, (a) along 32.4øN using all data and (b) along 32.4øN using only data from descending 
tracks. The contour interval is 2 cm. Solid and dashed contours denote positive and negative 
values, respectively. 

aliased tidal errors in TOPEX SSH data may nonethe- 
less obscure the signals of interest. It is desireable to 
reduce tidal errors by correcting SSH data using more 
accurate tide models. Until such models become avail- 

able, the tidal errors must be empirically estimated and 
removed prior to analysis. 

Residual tidal errors in the TOPEX SSH data can 

be estimated by a simple, multivariate weighted least 
squares procedure. Harmonics with the frequencies of 
the six major tidal constituents are fit to the SSH data. 
At each crossover, coe•cients ak and bk for k - 1, ..., 6 
are found to minimize 

360 
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Figure 9. Time-longitude section along 34.8øN of smoothed SSH corrected by the Cartwright 
and Ray tide model, after removing the zonal average of SSH at each estimation time and high- 
pass filtering as in Figure 7c. The contour interval is 2 cm. Solid and dashed contours denote 
positive and negative values, respectively. 
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- j=l 

6 2 

•-•(ak cos(2•rfktj) + bk sin(2•rf•tj))l . (6) k=l 

In the expression above, xj, yj, and tj are the longitude, 
latitude, and time of each SSH datum h(xj, yj, tj), re- 
spectively, and the f• are the frequencies of the six tidal 
constituents (see Table 1). The weights w(xj,yj) used 
here are defined by the tricubic function 

w(xj, yj) - [1-p(xj,yj)3]3 O _< p < l 
- o 

where 

x) $y 

is a normalized distance. The variables x and y are 
the longitude and latitude of the estimation location, 
respectively, and sx and sy are both set to be 6 ø to 
correspond with the spatial smoothing of the loess esti- 
mates of SSH used in section 4. The outer sum in (6) is 
taken over all data for which the weights are nonzero. 
The condition numbers [Press et al., 1992] of the linear 
systems corresponding to the least squares problem (6) 
are all near unit value, so the coefficients of the residual 
tidal errors are fully resolved by the 37 cycles of data 
used. 

Estimates of the amplitudes of the M2 and S2 tidal er- 
rors for both the Cartwright and Ray- and Schwiderski- 
corrected SSH along 34.8øN and 32.4øN between longi- 
tudes 290øE and 350øE are shown in Figure 10. The 
errors of the Cartwright and Ray model for the M2 con- 
stituent are generally less than 2 cm in amplitude, while 
the M2 errors from the Schwiderski model are nearly 3 
times as large over most of this region. These estimated 

• 4 • 

0 

(a) 

0 
2go 300 310 320 330 340 350 

Longitude 

Figure 10. Amplitudes of empirical estimates of the 
residual M2 (solid lines) and S2 (dashed lines) tide er- 
rors in the time-longitude sections along (a) 34.8øN 
and (b) 32.4øN. Thin lines denote residuals from the 
Schwiderski model and heavy lines denote residuals 
from the Cartwright and Ray model. 

amplitudes are in accord with the amplitudes of the M2 
alias apparent in Figures 7c, 8b, and 9. The S2 errors 
from both models are 2-4 cm in amplitude. 

The tidal errors estimated by this empirical method 
may be removed from the SSH data prior to smooth- 
ing and forming time-longitude sections. The estimated 
tidal error calculated at each crossover is removed from 

all of the SSH data that comprise the smoothed es- 
timate for that crossover. Figure 11 shows corrected 
time-longitude sections at 34.8øN for the Schwiderski 
and Cartwright and Ray data. In this figure, zonal av- 
erages have been subtracted and the data have been 
high-pass filtered, as described in the previous section. 
There is no evidence in Figure 11a of the aliased residual 
M2 errors that dominate the uncorrected SSH estimates 
in Figure 7c. Similarly, there is no evidence in Figure 
11b of the apparently aliased M2 and S2 tidal errors in 
Figure 9. The SSH estimates from both data sets are 
virtually identical after correcting for tidal error. Given 
the effective removal of the aliased signals over most of 
this time-longitude section, the remaining short-period 
signals in the western part of this figure are likely of 
nontidal origin. 

6. Westward Propagation in TOPEX 
Data From the North Atlantic 

Time-longitude sections of SSH in the North Atlantic 
were studied by Tokmakian and Challenor [1993] us- 
ing data from Geosat. They found evidence for an- 
nual baroclinic Rossby waves at 35øN and 30øN between 
315øE and 355øE. Schlax and Chelton [1994] examined 
Geosat data from the same region and concluded that at 
least some of the westward propagation observed there 
was aliased M2 tidal error. None of the tidal aliases 
of TOPEX/POSEIDON can be confounded with the 
Rossby wave propagation of interest in the North At- 
lantic, so the question of whether or not Rossby waves 
exist there can easily be resolved using TOPEX data. 

The time-longitude sections discussed below were 
constructed using the smoothing methods that pro- 
duced Figure 7a. The data are corrected for tides by 
the Cartwright and Ray model and tidal errors have 
been estimated and removed using the method of sec- 
tion 5. In order to isolate the long-period Rossby waves 
of interest here, the smoothed estimates of SSH were 
filtered in space and time. Signals with periods shorter 
than 100 days and wavelengths longer than 20 ø of longi- 
tude were removed by independent application of loess 
smoothers along the temporal and spatial axes. 

In Figure 12 are four filtered time-longitude sections 
along the latitudes 37.1øN, 34.8øN, 32.4øN, and 29.4øN, 
spanning the longitude range 290øE to 350øE. All four 
plots show clear evidence for westward propagation. 
Each time-longitude section is characterized by low- 
amplitude signals in the east, and higher SSH variability 
toward the west. The westward propagating signals are 
obscured in the far western regions along each latitude, 
possibly a result of the influence of meanders of the 
Gulf Stream extension. At 37.1øN, 32.4øN, and 29.4øN, 
there is weak evidence of westward propagation in the 
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Figure 11. Time-longitude sections along 34.8øN of smoothed SSH with residual tide errors 
removed, after removing the zonal average of SSH at each estimation time and high-pass filtering 
as in Figure 7c for (a) SSH data corrected by the Schwiderski tide model and (b) SSH data 
corrected by the Cartwright and Ray tide model. The contour interval is 2 cm. Solid and dashed 
contours denote positive and negative values, respectively. 

low-amplitude areas. At 34.8øN any existing westward 
propagating signals are obscured, possibly by meddies 
that originate from the outflow of the Mediterranean 
Sea [Stammer et al., 1991]. The maximum amplitude 
of the wavelike features at each latitude increases to the 
north from 2-3 cm at 29.4øN to 6-8 cm at 37.1øN. 

The locations of the crossover points for the time- 
longitude sections are superimposed on the bathymetry 
of the North Atlantic in Figure 13. Comparison of Fig- 
ure 12 with Figure 13 demonstrates that the bound- 
ary between low- and high-amplitude variability at each 
latitude is roughly coincident with the location of the 
Mid-Atlantic Ridge. To clarify the relationship be- 
tween the variability of the SSH in Figure 12 and the 
bathymetry in the North Atlantic, the RMS variabil- 
ity of the smoothed and filtered SSH at each latitude 
is plotted along with the bathymetric profile in Figure 
14. The increase of SSH variability is clearly associated 
with the Mid-Atlantic Ridge, but the detailed nature of 
that association changes with latitude. At 37.1øN and 
29.4øN, the amplitude of SSH variability increases at 
the western edge of the Ridge. The increases at 34.8øN 
and 32.4 ø begin along the eastern flank of the Ridge. 

The periods of the propagating signals in Figure 12 

are not distinguishable from annual in the 360-day span 
of the data analyzed here. The short time span of the 
data also prevents determination of the phase speeds 
with great precision. The phase speeds were crudely es- 
timated from straight lines subjectively fit to the largest 
amplitude crests and troughs in Figure 12. From north 
to south, the estimated phase speeds are (in centimeters 
per second): 3.7, 3.6, 3.3, and 4.6. 

In the long-wavelength limit, the zonal phase speed 
for first-mode baroclinic Rossby waves is c• • -fiR•, 
where fi is the meridional gradient of the Coriolis pa- 
rameter and R1 is the first baroclinic Rossby radius of 
deformation [Gill, 1982]. The Rossby radius at mid- 
dle latitudes is generally considered to be about 30 km, 
with a corresponding phase speed of 2 cm/s to the west. 
If/•1 is indeed approximately 30 km in the North At- 
lantic, the phase speeds calculated from Figure 12 are 
larger than expected. Values of/•1 associated with the 
estimated phase velocities range from 41 km to 48 km. 
These are consistently higher than the climatological 
Rossby radii determined by Emery et al. [1984] but 
agree well with the value of 45 km obtained by KSse et 
al. [1985]. 

The SSH data presented in Figure 12 suggest that 
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Figure 12. Filtered time-longitude sections of smoothed SSH (a) along 37.1øN, (b) 34.8øN, (c) 
32.4øN, and (d) 29.4øN. The contour interval is 2 cm. Solid and dashed contours denote positive 
and negative values, respectively. 

Rossby waves with very small amplitudes may exist east 
of the Mid-Atlantic Ridge, and that Rossby waves with 
amplitudes in the range 2-8 cm do exist on the western 
side of the Ridge. Gerdes and Wiibber [1991] suggest a 
mechanism by which Rossby waves generated along the 
eastern boundary of the North Atlantic are amplified 
by interaction with the Mid-Atlantic Ridge. Further 
investigation of the descriptive details and the dynam- 
ical basis for the annual period, westward propagation 
observed in Figure 12 is not appropriate here, given the 
limited duration of the data set and the scope of this 
paper. 

The results of this section, in particular, the areas of 
low RMS variability observed east of the Mid-Atlantic 
Ridge, support the conclusion of $chlax and Chelton 

[1994] that some of the westward propagation oberved 
by Tokmakian and Challenor [1993] in Geosat data was 
aliased M2 tide error. East of the Mid-Atlantic Ridge 
most of the westward propagation was aliased M2 tidal 
error. West of the Ridge, the westward propagation 
evident in Geosat data was a combination of real Rossby 
waves and aliased M2 tidal error. These two regimes 
are easily distinguished in TOPEX data because of the 
aliasing characteristics of the M2 tide for the TOPEX 
orbit. 

7. Discussion and Conclusions 

Alias periods and wavelengths for the M2, S2, N2, 
K1, O1, and P1 tidal constituents have been calculated 
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Figure 13. Bathymetry of the North Atlantic. Grey 
shading denotes seafloor depth z; z > 4000 m is white, 
3000 < z < 4000 m is light grey, and z < 3000 m is 
dark grey. The crossover points at which the smoothed 
SSH estimates in Figure 12 are located are marked by 
crosses. 

for TOPEX/POSEIDON. It is shown that there is an 
infinite number of alias wavelengths for each tidal con- 
stituent. In practice, those aliases with wavelengths 
much shorter than the longitudinal separation of the 
ground tracks are unlikely to appear in SSH data. Alias 
wavelengths calculated in previous studies are shown 
to be in error and are compared with those calculated 
correctly. With the exception of the K1 constituent, 
none of the tidal aliases for TOPEX/POSEIDON have 
periods greater than 90 days and are unlikely to be 
confounded with long-period sea surface height sig- 
nals associated with real ocean processes. In particu- 
lar, the correspondence between the periods and wave- 
lengths of the primary M2 alias and annual baroclinic 
Rossby waves that plagued Geosat sea surface height 
data is avoided. TOPEX/POSEIDON data will be 
useful for confirming the existence of Rossby waves 
that have been discovered in previous studies based on 
Geosat data. While the existence of short-wavelength 
secondary aliases can complicate the interpretation of 
SSH data in studies of smaller scales of variability, the 
amount of smoothing required to produce SSH fields 
with uniform error [Chelton and $chlax, 1994] will ef- 
fectively filter out all but the primary aliases. 

The potential for aliasing residual tidal errors in 
smoothed estimates of sea surface height was calculated 
for the six tidal constituents. The potential for alias- 
ing the lunar tidal constituents M2, N2, and O1 fluc- 
tuates with latitude and is different for estimates made 

at the crossovers of ascending and descending ground 
tracks than for estimates at the midpoints between 
crossovers. At crossovers, the potential for aliasing 
these constituents decreases as the amount of smoothing 
applied to the data increases. At midpoints, increasing 
the smoothing may increase tidal error aliasing. The 
potential for aliasing the solar tidal constituents S2, K1, 
and P1 varies slowly with latitude and does not depend 
strongly on the amount of smoothing applied. S2 is 
strongly aliased for latitudes within 50 degrees of the 
equator, while K1 and P1 are only weakly aliased in 
that range. 
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Figure 14. Root-mean-square variation of the filtered 
smoothed SSH from the time-longitude sections of Fig- 
ure 12 (solid lines), and bathymetry (dashed lines), ver- 
sus longitude (a) along 37.1øN, (b) 34.8øN, (c) 32.4øN, 
and (d) 29.4øN. 

The presence of the short-wavelength secondary alias- 
es and the complicated spatial variation of the aliasing 
potential clearly require that tidal error be recognized 
and removed from SSH data that are to be used for 

studying short-period, small-scale oceanographic pro- 
cesses. The desireable way to achieve this is through 
the application of more accurate tide models. Until 
new tide models are available, tide error must be esti- 
mated and removed by empirical methods. A weighted 
least squares method for estimating and removing resid- 
ual tidal errors from TOPEX/POSEIDON sea surface 
height data was presented. The method apparently 
works well but should be considered only as a tempo- 
rary measure for correcting tidal errors until improved 
tide models are available. 

The analysis presented here confirms the existence 
of westward propagation in the North Atlantic. There 
is weak evidence for westward propagation east of the 
Mid-Atlantic Ridge, and clear evidence for such prop- 
agation west of the Ridge. Most of the propagation 
east of the Ridge observed by Tokmakian and Chal- 
lenor [1993] in Geosat SSH data was aliased M2 tidal 
error. It seems likely that baroclinic Rossby waves ex- 
ist in the North Atlantic and that the Mid-Atlantic 

Ridge plays an important role in generating or modi- 
fying those waves. A more thorough investigation of 
the relationship between westward propagating waves 
and bathymetry is presently underway as part of a more 
comprehensive analysis of TOPEX/POSEIDON data. 
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