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derivation of delay extraction in order to separate the line‟s linear phase from its 

attenuation and dispersion. Augmentation networks represent the derived attenuation 

networks as rational function approximations. Final network models are implemented 

in a SPICE circuit simulator for transient analysis. 

The first approach to extract delay is based on the properties of the 

eigenvectors of the matrix exponential function in the solution to the telegrapher‟s 

equations. The resultant network contains an ideal transmission line cascaded with two 

asymmetrical delayless attenuation networks. When applied to a single line with 

constant line parameters, the resultant attenuation networks are inherently non-passive 

and to which accurate low-order broadband approximations are not possible. The 

effects of alternative mathematical techniques such as factorization, forcing 



 

 

reciprocity, and eigenvector normalization or scaling, are applied to determine if 

passive, low-order approximations of the augmentation networks are obtainable. 

The second approach utilizes a similarity transformation at each transmission 

line port to obtain commutable matrix exponentials in order to extract delay. The 

resulting model includes a cascade of one or more delayless networks, an ideal 

transmission line of unity characteristic impedance, and transformation networks at 

each port. This approach is applied to single and coupled lines at lengths ranging from 

5 cm to 10 m and frequencies up to 5 GHz. The resultant time-domain models are 

accurate with low-order approximations for lines with constant, non-zero per-unit-

length parameters. Lines with zero shunt conductance or frequency-dependent line 

parameters prove difficult to accurately model at low-orders with this approach. 
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1 INTRODUCTION 

1.1 BACKGROUND AND MOTIVATION 

Throughout the history of electronics the transmission line has been a 

fundamental building block in nearly every electrical system, connecting and 

delivering electrical power or signals (data) from one point to another. Telephone 

lines, power lines, TV coaxial cables, and Ethernet cables are all examples of 

transmission lines commonly used today. Although these are obvious and important 

applications of transmission lines, these are not their only uses. As time has 

progressed, transmission lines have become pervasive throughout all electronic 

circuits. The transmission line is an essential component in every electronic circuit and 

system, which creates a physical, electrically conductive link between two or more 

circuits. For example, the modern personal computer is built on a printed circuit board 

(PCB) that contains numerous integrated circuits such as the central processing unit 

(CPU), a memory controller chip in certain cases, and an input/output controller chip. 

These three separate integrated circuits (IC‟s) are linked together by a series of thin 

metal-trace interconnects, called a data bus, which allows each IC to transmit and 

receive electrical signals between them. The PCB itself has multiple layers of 

transmission lines embedded within, bridging all components together. Today, almost 

every electronic device, from the oscilloscope to the cell phone, operates on a printed 
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circuit board occupied by circuits composed of and connected together by numerous 

transmission lines of differing shapes, sizes, and purposes. Even IC packaging 

includes small transmission lines that bridge the outside of the package to the internal 

connections of the integrated circuit. Transmission lines are fundamental to the 

operation of nearly every electronic device and thereby play a significant role in the 

performance and operation of these devices. 

The performance and effects of a transmission line with respect to the rest of 

the circuit or system are of primary concern when integrating such devices into any 

electrical network. As such, careful consideration must be given to the integration and 

design of this building block component. Efforts for designing a stable and reliable 

network require proper analysis of transmission line performance through the use of 

simulation and measurement tools. Such tools must be accurate, efficient, 

comprehensive, and preferably easy to implement. A common measurement tool used 

to characterize high-frequency circuits is the network analyzer; equipment that can 

probe incident, reflected, and transmitted signal voltages at each network port. The 

measurements provide discrete frequency-domain data that afford detailed insight into 

the performance and operation of the circuit. Although such a tool is accurate and 

useful, it can be more desirable to simulate a circuit‟s performance prior to it being 

physically realized. Engineering samples for physical testing can be expensive and 

time consuming so this step is typically withheld until late in the design process when 

many of the design flaws have been ironed out. The more desired solution is to design 

the electrical circuit and simulate its performance via computer aided design (CAD) 
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software. Due to the prevalence and power of the modern computer, CAD has been 

the preferred method for almost a quarter-century. Based on computer models and 

advanced mathematical software tools, this method can provide both numerical and 

graphical analysis of the operation of an electrical network regardless of whether it is a 

single transmission line or an entire integrated circuit. Computer aided design is a 

powerful and efficient way to simulate and observe the performance of an electrical 

network prior to physically creating it. Many tests and iterations can be performed in a 

relatively short amount of time compared to the costs in time and resources of 

physically creating a circuit and testing it with measurement tools such as an 

oscilloscope or a network analyzer. 

CAD programs and tools are high-quality, powerful, large-production software 

applications written for broad appeal and use. There are countless numbers of circuit 

elements and designs in existence today, and writing an entire application simply to 

analyze specific components such as a transmission line on a PCB is not practical. 

Hence, CAD programs typically utilize model representation of specific circuit 

elements such as resistors, capacitors, diodes, and transmission lines. These models 

can be created or modified to accurately represent new or unique circuit elements or to 

meet specific design requirements that have never been imposed before. Board- and 

chip-level transmission lines are one example of the need for such models due to the 

multitude of designs and applications that can and do exist today – more on this in 

Chapter 2. The process of developing transmission line models can be a challenging 

process due to their complex and frequency-dependent properties. 
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1.2 DESIGN CHALLENGES 

There are a variety of challenges associated with incorporating transmission 

lines into any circuit. With clock and signal frequencies increasing, circuit designers 

are encountering new problems and boundaries with board- and chip-level 

transmission lines. Advancements in today‟s fabrication processes and manufacturing 

have improved circuit materials, decreased circuit footprints, and increased operating 

frequencies well into the gigahertz (GHz) range. As signal speeds rise, the 

transmission line exhibits distributed behavior, i.e. propagation delay becomes 

significant. In addition, frequency-dependent losses increase. The transmission line is 

no longer an insignificant element in the circuit‟s performance and operation, and 

without proper compensation such effects can degrade signal integrity and system 

performance. The use of CAD models for circuit simulation, in either the time- or 

frequency-domain, can allow insight into the performance and operation of a circuit 

and its individual components. Once understood, loss, errors, or gaps in the design can 

be corrected or reduced to provide a more efficient design. 

In today‟s design process, it is preferred to simulate in – and subsequently 

develop models for – the time-domain in order that a circuit‟s time-based performance 

is observed. Time-domain circuit simulation can also incorporate the required step-

function and steady-state response of non-linear circuit elements such as diodes, signal 

mixers and modulators, and digital logic common to many of today‟s circuit designs. 

Capturing the response of these non-linear circuit elements in frequency-domain 
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simulation is difficult. For this reason, it is convenient to capture the transmission 

line‟s frequency-domain response and transfer it to a time-domain simulator. 

The development of accurate time-domain models for transmission lines 

operating at broadband frequencies can be difficult as transmission lines commonly 

exhibit frequency-dependent line parameters reflecting dispersion and frequency-

dependent attenuation. Transmission lines carrying high-frequency alternating-current 

(AC) signals can exhibit frequency-dependent substrate loss, and skin and proximity 

effects in the conductors. These complex, frequency-dependent losses are difficult to 

capture and transfer into the time-domain, and pose challenges to the development of 

accurate and convenient transmission line models for time-domain simulation. 

Various techniques exist for time-domain simulation of lossy transmission 

lines. One straight forward approach is the use of convolution and Laplace transforms 

to obtain a time-domain response; however, this approach can be overly consuming of 

both time and compute resources. Another approach is the use of frequency-dependent 

mathematical approximations, for which their time-domain forms are known. For 

longer lines, this approach typically requires a very high-order (ideally infinite) piece-

wise model, which is undesirable for use in time-domain circuit simulators such as 

SPICE [1]. As a result of the ongoing research in this area, a variety of supplementary 

modeling techniques exist targeting more acute scenarios. 

There is no simple, universal solution to the problems associated with the 

development of accurate and efficient transmission line models for time-domain 

simulation. The prevalence of the complex frequency-dependent losses common in 
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many of today‟s board and chip-level transmission lines has caused conventional 

modeling techniques to break down. Circuit simulation can be taxing on the design 

process due to these deficiencies in conventional modeling approaches; a tool that is 

meant to enhance and improve is now burdensome. With this understanding, it 

becomes apparent that new transmission line modeling methodologies are necessary to 

properly represent these complex frequency-dependent transmission line effects in 

today‟s high-frequency circuits, while maintaining the use of familiar and proven 

time-domain simulation tools such as SPICE. This motivates research and 

development of new and innovative transmission line models in this thesis. 

1.3 MODELING & SIMULATION 

Many approaches exist for the time or frequency-domain simulation of 

transmission lines. One powerful and accurate tool, is electromagnetic (EM) 

simulation. EM simulators compute the electric and magnetic fields of a two- or three-

dimensional computer model defined by electrical and physical boundaries and 

characteristics. The time-domain response of a network can be obtained from an EM 

simulation in different ways; e.g. via convolution of the network‟s impulse response 

with an input signal or the finite-difference time-domain (FDTD) method. In either 

case, such processes typically require large data sets - or small sub-divisions – for 

acceptable accuracy. EM simulations can be computationally expensive and require 

significant set-up time and overhead to achieve results. As a consequence, such 

applications have difficulty handling electrically long transmission lines and 

broadband frequency ranges. In addition, EM simulators can have difficulty 
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interfacing with external circuit simulators so porting data between the two can be 

strenuous. 

Over the past several decades research in transmission line modeling has 

accelerated, resulting in a variety of useful modeling techniques [2]-[22]. One example 

utilizes segmented equivalent circuit modeling (ECM) [2]. This straightforward 

method sub-divides a transmission line into a series of network segments where each 

segment is an equivalent circuit comprised of a series of lossless transmission lines 

and linear lumped elements. This method has broadband accuracy for microwave and 

millimeter-wave transmission lines with constant parameters but is less accurate when 

frequency-dependent losses are introduced. Another modeling approach is the use of 

matrix rational approximations (MRA) [9],[10],[18]; a method that fits rational 

functions to the frequency-domain vector transfer response of a network. This method, 

also known as black-box modeling (BBM), is easily transferable into the time-domain 

via known Laplace transforms. However, passivity is difficult to guarantee and 

accuracy can diminish significantly over broadband frequencies. Accurate pole 

placement is also difficult to determine, which is important because the poles control 

the response of the network. A transmission line has an infinite number of poles, but 

shorter lines can be represented with a limited number of poles if they are judiciously 

placed. A third example is circuit augmentation via decomposition [23], which uses a 

best-guess equivalent circuit model to accurately represent low-frequency network 

parameters and improves the broadband accuracy by augmenting the equivalent circuit 

model with a macromodel network. This approach has multiple degrees of freedom 
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but has difficulty compensating for frequency-dependent losses over broadband 

frequencies. As a result, it is not an efficient method for modeling lossy transmission 

lines. One final example, is the concept of delay extraction. This concept is an 

attractive approach that aims to greatly simplify the modeling of lossy transmission 

lines and is thus the main topic of exploration for this thesis and will be discussed in 

depth. 

1.3.1 Delay Extraction 

The premise behind delay extraction is to simplify model development of a 

lossy transmission line by separating its delay from its attenuation and dispersion. In 

theory, isolating the complex losses from the delay should allow for a more efficient 

and accurate model to be created of each. Primary focus is on modeling the line‟s 

attenuation and dispersion since viable methods already exist for representing pure 

delay in a time-domain circuit simulator such as SPICE. Such a model is developed in 

the frequency-domain with mathematical foundations that are easily transferred into 

the time-domain via known Laplace transforms. 

Several new approaches exist that utilize this concept of delay extraction. The 

first, called DEPACT, approximates a short transmission line with cascading 

transmission line segments [17]. Each network segment is built with a pure delay 

element and a cascaded loss network. Increasing the number of segments increases the 

accuracy of the model. This method guarantees passivity and is accurate for short lines 

but, as line lengths increase so does complexity, resulting in decreased accuracy. A 

second approach, called TOPLine, utilizes the method of characteristics to manipulate 
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the telegrapher‟s equations such that the modal delays and losses can be 

mathematically extracted and separated [14],[15],[24]. The resultant model is 

composed of a pure delay element, and the line dispersion and attenuation are 

approximated with rational functions. This technique produces accurate, passive, and 

stable results for both long and short transmission lines. 

This thesis explores the results of two alternative methods for the modeling of 

lossy transmission lines through delay extraction. The proposed methods in this thesis 

are similar to those found in [14], [15]; however, the forthcoming approaches utilize 

alternative derivations for separating attenuation from delay and the resultant models 

differ in their implementations and network realizations. This thesis presents and 

discusses the results of these alternative modeling approaches – and the subsequent 

accuracy and applicability of the resultant models – when applied to a variety of 

common transmission line test cases. 

1.4 OVERVIEW 

To begin, Chapter 2 will provide a background on high-frequency circuits, 

transmission lines, and a review of circuit modeling and existing methods for 

modeling lossy transmission lines. Following this overview is an introduction to 

macromodeling in Chapter 3, which will review two mathematical approaches for 

developing a macromodel: linear least squares fitting and data vector fitting. Chapters 

4 and 5 will introduce the two approaches based on delay extraction for the time-

domain modeling of lossy interconnects. Each will include the mathematical 

derivation followed by its results when applied to transmission line characteristics. 
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Chapter 6  will conclude with final thoughts and suggestions for future development 

on each of the transmission line modeling approaches discussed in Chapters 4 and 5. 
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2 TRANSMISSION LINE MODELING & SIMULATION 

Historically, circuits carrying high-frequency signals that operate in the radio 

or microwave frequency spectrum have appropriately been referred to as radio-

frequency (RF) or microwave circuits. The microwave spectrum is defined to be 

between 300 MHz and 300 GHz [25]. Today, signal frequencies reaching well into the 

microwave spectrum can be found in many common electronic systems that are not 

considered microwave or RF devices. For instance, the central processing unit (CPU) 

in the average personal computer (PC) operates at digital clock frequencies up to 

approximately 3 GHz. Cellular phones communicate over the air at radio frequencies 

of 1.85 GHz (GSM) and 1.9 GHz (CDMA) worldwide. Even common technologies 

that bring us wireless local area networks (WLAN), Bluetooth® [26], and the 

microwave oven operate around 2.4 GHz. The operational frequencies in more 

advanced special-purpose electronic devices can reach upwards of ten to twenty 

gigahertz and even up to forty gigahertz in the case of a few high end oscilloscopes. 

Microwave circuits have been around for many years; however, only in the last decade 

or two have these high-frequencies become prevalent in many of today‟s more 

common electronic devices. 

High frequency signals in electronic circuits create new challenges for circuit 

design engineers by introducing undesired losses and interference into signal-carrying 

components, such as transmission lines, within the circuit that would otherwise be 

negligible at lower frequencies. These undesired effects degrade performance and can 

create errors in the operation of an electrical circuit. Transmission lines can be both a 
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source and recipient of this loss and interference and can have significant influence 

over the performance of their surrounding components and the circuit as a whole. 

Therefore, careful consideration must be given when designing such components into 

any circuit. Transmission line modeling is a powerful assistant in this design process, 

which allows for the observation and analysis of a transmission line‟s operation 

without physically creating it. In order to better understand this concept of 

transmission line modeling, the remainder of Chapter 2 will review certain topics 

beginning with an introduction to transmission line theory, electrical length, and 

propagation loss. This will be followed by an introduction to transmission line 

simulation in the time and frequency domains and conclude with a description of 

various CAD-based modeling methodologies of lossy transmission lines. 

2.1 TRANSMISSION LINES 

Transmission lines deliver an electrical signal from a source to a receiver. They 

are used for a variety of purposes and are found in virtually every circuit, chip, and 

board in today‟s modern electrical devices. Transmission lines are generally 

comprised of at least two parallel conductors separated by a non-conducting insulator, 

such as air, inert gases, or dielectric material. Transmission lines appear in a variety of 

shapes, forms and lengths such as power or telephone lines, Ethernet cables, coaxial 

cables (Fig. 2.1), chip solder bumps, vias, etc. Planar-type transmission lines - 

common among modern IC packaging, printed circuit boards, and RF circuits - exist in 

various forms such as the embedded multi-layer interconnect (Fig. 2.2), microstrip 

(Fig. 2.3), coplanar stripline, and coplanar waveguide (Fig. 2.4). 
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Figure 2.3 Microstrip Figure 2.4 Coplanar waveguide 

 

A transmission line can be characterized by its distributed per-unit-length 

electrical properties such as its series resistance 𝑅 (Ω/m), series inductance 𝐿 (H/m), 

shunt capacitance to the ground plane or return path 𝐶 (F/m), and its shunt 

conductance due to the surrounding dielectric 𝐺 (S/m). An equivalent circuit model 

based on these distributed parameters for a short line segment of length ∆𝑧 of a single 

lossy transmission line is presented in Fig. 2.5. The lumped elements are the product 

of the distributed per-unit-length parameters and the line length ∆𝑧. 

  

Figure 2.1 Short cross-section of a two-

conductor coaxial transmission line 

Figure 2.2 Cross-section of a multi-layer 

stripline embedded in a homogeneous 

dielectric 
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Figure 2.5 A lumped element ladder network as an equivalent circuit model 

representing a transmission line segment of length ∆𝑧. 

The voltage and current for a general lossy transmission line at any given 

position 𝑧 and time 𝑡 can be described with these parameters in the telegrapher‟s 

equations in (1) and (2) as ∆𝑧 → 0 [27]. 

𝜕𝑣 𝑧, 𝑡 

𝜕𝑧
= −𝑅𝑖 𝑧, 𝑡 − 𝐿

𝜕𝑖 𝑧, 𝑡 

𝜕𝑡
 

𝜕𝑖(𝑧, 𝑡)

𝜕𝑧
= −𝐺𝑣 𝑧, 𝑡 − 𝐶

𝜕𝑣(𝑧, 𝑡)

𝜕𝑡
 

(1) (2) 

In the frequency-domain, (1) and (2) can be rewritten in phasor form as 

−
𝑑𝑉 𝑧 

𝑑𝑧
= 𝑍𝐼(𝑧) −

𝑑𝐼(𝑧)

𝑑𝑧
= 𝑌𝑉(𝑧) 

(3) (4) 

where 𝑍 = 𝑅 + 𝑗𝜔𝐿 and 𝑌 = 𝐺 + 𝑗𝜔𝐶; and, 𝜔 = 2𝜋𝑓 where 𝑓 is the frequency. 

Differentiating (3) with respect to 𝑧 and substituting (4) provides 

𝑑2𝑉 𝑧 

𝑑𝑧2
= 𝑍𝑌𝑉 𝑧 = 𝛾2𝑉(𝑧) (5) 

where 𝛾 is the transmission line‟s propagation constant defined as 

𝛾 = 𝛼 + 𝑗𝛽 =   𝑅 + 𝑗𝜔𝐿  𝐺 + 𝑗𝜔𝐶  (6) 

L∆z R∆z

G∆zC∆zv(z,t)

+

-

i(z,t)

∆z

v(z+∆z,t)

+

-

i(z+∆z,t)
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The attenuation and phase constant of the transmission line are defined as 𝛼 and 𝛽, 

respectively. The solution to the differential equation in (5) for a single voltage 

waveform traveling in the positive 𝑧 direction (away from the source), with an initial 

voltage |𝑉0
+| and phase 𝜃+, in phasor form is 

𝑉 𝑧 =  𝑉0
+ 𝑒𝑗𝜃

+
𝑒−𝛾𝑧  (7) 

The voltage on a lossless transmission at distance 𝑧 from the source (𝑧 = 0) at time 𝑡 

can be found by taking the real part of the product of (7) and 𝑒𝑗𝜔𝑡 . The result is shown 

here as 

𝑣 𝑧, 𝑡 =  𝑉0
+ 𝑒−𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧 + 𝜃+  (8) 

Likewise, the current, 𝐼 𝑧 , can be determined by dividing (7) by the line‟s 

characteristic impedance 𝑍0, which is defined as 

𝑍0 =  
 𝑅 + 𝑗𝜔𝐿 

 𝐺 + 𝑗𝜔𝐶 
 

(9) 

In general, the sinusoidal wave in (8) can be seen as propagating down the line 

at a velocity 𝑣𝑝 . Any change in time must be accompanied by a change in distance, 

such that the cosine argument in (8) remains constant [27]. 

𝜔𝜕𝑡 = 𝛽𝜕𝑧 (10) 

As a result, the frequency-dependent propagation velocity for a lossy line can be found 

as 
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𝑣𝑝 =  
𝜕𝑧

𝜕𝑡
 =

𝜔

𝛽
 

(11) 

A lossless line has no resistance, 𝑅, or conductance, 𝐺, and its attenuation 

constant is zero. The phase constant is reduced to 𝛽 = 𝜔 LC and the propagation 

velocity for a lossless line, shown in (12), becomes frequency-independent. 

𝑣𝑝 =
1

 LC
 

(12) 

The time delay, 𝑡𝐷 , of a lossless line can be determined by dividing the line‟s 

length 𝑧′ by the propagation velocity, 𝑣𝑝 , or 𝑡𝐷 = 𝑧′ 𝐿𝐶. Likewise, electrical length, 

𝜃𝐷 , can be determined by multiplying the phase constant and the line‟s length: 

𝜃𝐷 = 𝛽𝑧′. Lastly, the characteristic impedance for a lossless line is simplified to:  

𝑍0 =  
𝐿

𝐶
 

(13) 

An interconnect carrying high-frequency signals that becomes electrically long 

can have significant influence on time-based performance of a circuit. Signal 

wavelength is inversely proportional to its frequency; as frequency increases 

wavelength decreases. As frequency increases, the signal wavelength begins to 

approach the physical length of the interconnect and the interconnect becomes 

electrically long. An interconnect is typically considered electrically long when the 

ratio of its physical length to its signal wavelength is greater than or equal to one-

eighth (0.125) [27]. An electrically long interconnect exhibits distributed effects and 

can be considered a transmission line that is characterized by transmission line theory 

[25],[27]. The propagating signal‟s voltage and phase variation as a function of 
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position along a transmission line cannot be ignored. For transient analysis, an 

interconnect can be seen as a transmission line with distributed properties if the 

propagation delay of the interconnect is significantly longer than the input-signal‟s rise 

time. If the delay between the signal‟s input to the time it leaves the interconnect is 

considered insignificant relative to the signal‟s rise-time, it can be considered a 

lumped element with negligible effects on timing. 

Transmission lines are inherently lossy and their propagating signals will 

encounter attenuation and dispersion over the length of the line, i.e., there is loss of 

signal power as the signal travels down the line. The converse is a lossless 

transmission line which is ideal and purely a delay element. These elements only exist 

in artificial simulation. Propagation loss is represented by the line‟s series resistance 

and shunt conductance. As frequency increases, these losses can increase due to high-

frequency effects such as skin effect in the conductor and substrate loss. These 

associated losses can create issues in the performance and operation of a circuit unless 

they are understood and compensated for in the circuit‟s design. Computer-based 

circuit simulation is a powerful tool that allows better observation and comprehension 

of such losses as well as the overall performance of a transmission line within its 

circuit. 

2.2 TIME & FREQUENCY BASED SIMULATION 

An important element to incorporating a transmission line into any circuit 

design is the ability to accurately simulate in either the time- or frequency-domain. 

This provides insight into the line‟s performance and can predict its undesired losses 
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without physically realizing the circuit first. Simulation of a transmission line allows 

nearly limitless experimental processing, with flexible operating variables and 

environments in order to better understand the circuit‟s electrical response. Simulation 

helps locate design flaws and unexpected losses. An accurate simulation can improve 

design efficiency, conserve design time and man hours, and reduce engineering costs 

and design resources. The prevalence and importance of transmission lines in modern 

circuits has resulted in strong demand for new and accurate transmission line models 

for computational simulation. 

A transmission line model should accurately represent the line‟s characteristics 

in both the time- and frequency-domain as each one provides unique performance 

data. A transmission line‟s frequency-dependent losses are best captured in its 

frequency-domain response. Scattering parameters capture transmissions and 

reflections at each port over a given frequency spectrum via the relationship between 

each port‟s incident and reflected voltages [25]. Scattering parameters (S-parameters) 

can provide a visual illustration of a network‟s frequency-domain response which can 

indicate port impedance mismatches or losses by observing the port transmission and 

reflection coefficients of a network over a given frequency range. Similarly, the 

impedance (Z) and admittance (Y) parameters provide a frequency-domain illustration 

of the relationship between the incident and reflected voltage and current at every 

network port. Either of these network parameters can be used to capture and observe 

the frequency-domain response of an electrical network. 
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Equally, if not more important, is the ability to evaluate a transmission line‟s 

time-based performance. Transient analysis provides timing and performance data 

such as signal rise time relative to propagation delay, port impedance mismatches due 

to reflections, crosstalk from coupled lines, and output voltages. In addition, many of 

today‟s modern circuits incorporate non-linear devices such as digital logic, IC‟s, 

switches, diodes, etc. The operation of such devices cannot be easily captured in the 

frequency-domain. Time-domain simulation is required to capture the large-signal, 

step-function and steady-state response of these non-linear devices.  

To illustrate a transient simulation of a lossy transmission line, Fig. 2.6 shows 

the transient response at both the input (solid) and output (dashed) of a lossy 

transmission line excited with a 1 Volt unit-step response. A W-element transmission 

line model in Hspice [28] with line parameter values of 𝑅 = 25.2 Ω/𝑚, 𝐿 =

336 𝑛𝐻/𝑚, 𝐶 = 129 𝑝𝐹/𝑚, 𝐺 = 0.05 𝑆/𝑚, a 50 Ω source impedance, 50 cm line 

length, and 1 pF capacitor output termination was used in the circuit simulator to 

produce these results. The approximate time delay from input to output is 3.9 ns. The 

rise-time is much smaller than the propagation delay, and, due to the line‟s 

attenuation, the signal incurs approximately 0.08 V drop from input to output. 
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Figure 2.6 Transient unit-step response of a lossy line. 

Computer-based circuit simulation such as this is accomplished through the 

use of computational models. In this case, the model is pre-defined to accept constant 

distributed per-unit-length RLGC parameters. In reality, transmission lines have 

frequency-dependent distributed parameters. Ideally, a transmission line model should 

be based upon data formed in the frequency-domain in order to capture its frequency-

dependent losses and characteristics. If time-domain simulation is desired, then the 

frequency-domain data should be in a form that is conveniently transferable to the 

time-domain. It is desirable that this resultant time-domain form is easily integrated 

into a modern time-domain circuit simulator such as SPICE [1] for convenient and 

efficient implementation. 

2.3 COMPUTATIONAL MODELING 

Computer-aided modeling is a preferred tool for circuit design due to the 

potential advantages it can provide such as greater efficiency and accuracy and a 

reduction in resources and design time. New problems and considerations exist when 

developing circuits that operate at today‟s higher frequencies. For this reason, it is 

important to have accurate, efficient, and robust modeling tools to help predict and 
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account for such problems during the design process. Modeling lossy transmission 

lines can be difficult due to their complex, frequency-dynamic losses typically 

associated with carrying high-frequency signals. Crosstalk, eddy current, shunt current 

through the substrate, and skin-effect, to name a few, become prevalent at high-

frequencies and can negatively affect network performance by lowering signal 

integrity along the transmission line and imposing unwanted effects on surrounding 

components. A lossy transmission line model should accurately incorporate its 

frequency-domain response in a form that is transferable into time-domain simulation. 

Today, much research has gone into accurately modeling a transmission line and its 

dynamic, high-frequency losses [2]-[22]. As a result, many approaches exist which 

attempt to simplify model development that can be extended to transmission lines or 

are designed specifically for transmission line modeling. These will be discussed 

further as follows. 

2.3.1 Equivalent Circuit Model 

A common approach to circuit modeling in the time-domain is the equivalent 

circuit model (ECM) based on ideal lumped elements. ECM utilizes an engineer‟s 

design intuition and experience to develop a netlist of lumped elements. Each element 

represents various characteristics of the passive interconnect under consideration. An 

ECM is easily implemented in a time-domain analog circuit simulator to quickly 

obtain the model‟s transient response. The ECM is appealing for its inherent stability 

and passivity, quick and easy implementation, and intuitive design. For example, 

consider a three-dimensional computer model of a probe tip structure in Fig. 2.7 [29]. 
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This structure is analyzed in a full-wave electromagnetic simulator to determine the 

network‟s frequency-domain response. A simple equivalent circuit model in Fig. 2.8 

was created for a time-domain circuit simulator. Its lumped elements were hand-

picked to represent certain aspects of the probe tip‟s physical layout, e.g. the shunt 

capacitor and resistor represent ground plane capacitance and substrate loss, 

respectively. The transmission lines, which are lossless, compensate for delay between 

the input and output ports. Its ability to represent pure delay by utilizing existing time-

domain transmission line models and lumped elements is one inherent benefit of the 

ECM. It is also important to note that this concept applies to the main topic of this 

thesis for representing pure delay in the final time-domain model. 

 

Figure 2.7 Three-dimensional probe-tip model [29]. 
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Figure 2.8 Hand-designed probe tip structure ECM. 

The ECM is generally developed with a „best-guess‟ approach, sometimes in 

tandem with a circuit optimization routine [23]. The ECM is typically optimized for 

low-frequency and zero-frequency (DC) responses since it can be more convenient to 

develop such a model with a narrow frequency band, and broadband accuracy can 

increase complexity and development time. Neglecting high-frequency accuracy is 

becoming an unacceptable compromise with high-frequency circuits. Furthermore, 

capturing high-frequency losses in today‟s complex transmission lines is difficult to 

accomplish with lumped elements. Optimization algorithms can also be used to 

improve the ECM‟s extraction from the network‟s frequency-domain data. Optimizers 

can consume too much time converging on a viable solution with little certainty that 

the resultant circuit‟s element placement or values are accurate. With the need for a 

model that is accurate at both low- and high-frequencies, the equivalent circuit model 

is not a holistic model. The ECM concept of utilizing discrete elements to represent a 

more complex circuit does have benefits, and this concept is incorporated into the 

main topic of this thesis. 
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2.3.2 Macromodeling 

Macromodeling or black-box modeling (BBM) is a purely mathematical 

representation of the network to be modeled. The mathematical model is typically 

derived from the network transfer function or frequency-domain response of the 

circuit. A common approach is rational function approximations to the tabulated 

frequency-dependent network parameters [18]. The data can be  approximated with a 

least-squares fitting technique to create a set of rational function approximations as a 

function of frequency. A common representation is the pole-residue form shown in 

(14), where Q is the finite number of poles. This form is appealing because the 

resultant approximation is easily transferable into time-domain simulation via Laplace 

transforms. 

𝑓𝐴𝑈𝐺  𝑠 =  
𝑘𝑖

𝑠 − 𝑝𝑖

𝑄

𝑖=1

+ 𝑠𝑒 + 𝑑 (14) 

In general, the order and placement of the polynomials, i.e. the number of 

zeroes and poles, is unknown. When attempting to model a distributed structure such 

as a transmission line, the BBM will eventually break down with a widening 

frequency range and frequency-dependent losses. As electrical length increases so 

does the required number of poles to maintain accuracy. Secondly, passivity of a BBM 

is not implicit by any means and requires additional validation. Thirdly, the 

approximation‟s quality of fit to the raw data can be difficult to define and must be 

evaluated on a case-by-case basis. Lastly, physical correlation does not apply here and 

design intuition cannot be incorporated into this model. The designer has little control 
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or insight into how the model is created. Chapter 3 discusses two forms of rational 

polynomial approximation, least-squares fitting and data vector fitting, in more detail 

as they apply to the main topic of this thesis for modeling lossy transmission lines via 

delay extraction. 

2.3.3 Augmentation and circuit decomposition 

Circuit augmentation through decomposition is another approach which can be 

utilized for time-domain modeling of lossy transmission lines [23]. The transmission 

line is decomposed into an equivalent circuit model and a macromodel approximation. 

Through the use of network theory the macromodel, or augmentation, is derived by 

calculating a difference between the lossy transmission line and that of an ideal 

transmission line via the frequency-domain network parameters [23]. The combined 

networks create a broadband model of the lossy transmission line that is easily 

transferable into a time-domain, analog circuit simulator. Fig. 2.9 shows an illustration 

of the measurement data equating to the combined augmentation and equivalent circuit 

networks that create the model. In addition, circuit element perturbation with 

optimization algorithms can also be incorporated into this approach where any and all 

circuit element values are multiplied by a constant factor, ∆. This constant value is 

scanned within a given range, with the intent to increase overall accuracy of the model 

and reduce the order of fit [23],[30],[31]. 
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Figure 2.9 Diagram equating the measurement data to a CAM model. 

This approach of simply removing the frequency-domain network parameters 

of a lossless transmission line from that of a lossy line does not produce desirable 

results. Test cases resulted in an augmentation network with non-passive and ill-

behaved network parameters exhibiting oscillatory behavior in the frequency-domain. 

The oscillatory characteristics make it difficult to fit a rational polynomial 

approximation with a reasonably low order due to the large variations in the data. For 

this reason, this approach is not an efficient solution for modeling transmission lines 

with frequency-dependent losses. The concept of this approach is similar to the main 

methodologies of this thesis. Ideal transmission lines are combined with one or two 

macromodel networks connected in series to create a circuit model. The derivation of 

each macromodel creates delayless attenuation networks, which is accomplished via 

the delay extraction approach. 

2.3.4 Delay Extraction 

Delay extraction is a formal method that simplifies the development of lossy 

transmission line models by separating pure delay from a transmission line‟s 

attenuation and dispersion. The premise of this technique stems from the solution to 

the telegrapher‟s equation for a line length of 𝑑 and frequency 𝑠 shown below in (15). 
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𝑉(0)
𝐼(0)

 = 𝑒−(𝑨+𝑠𝑩)  
𝑉(𝑑)
𝐼(𝑑)

 =  
𝐴 𝐵
𝐶 𝐷

  
𝑉(𝑑)
𝐼(𝑑)

  
(15) 

Where 

𝑨 =  
0 𝑅
𝐺 0

 𝑑 and 𝑩 =  
0 𝐿
𝐶 0

 𝑑 

(16) 
 

(17) 

The exponent in (15) is a summation of the matrices 𝑨 and 𝑠𝑩; where 𝑨 

represents the attenuation of a transmission line and 𝑠𝑩 is its phase. The goal of delay 

extraction is that a model of each may be developed individually and without 

influence from the other. Separating 𝑨 and 𝑠𝑩 in (15) into individual exponential 

functions is not possible since 𝑨 and 𝑠𝑩 do not commute (18).  

𝑨 𝑠𝑩 ≠ (s𝑩)𝑨 (18) 

As a result, the exponential in the telegrapher‟s equation cannot be factored in order 

that 𝑨 and 𝑠𝑩 are separate: 

𝑒(𝑨+𝑠𝑩) ≠ 𝑒𝑨𝑒𝑠𝑩 (19) 

Herein lies the fundamental dilemma that has been imposed upon the delay 

extraction approach, and it is for this reason that various techniques exist to eschew 

this inhibiting property. One such method, called DEPACT, addresses this problem by 

approximating a transmission line with cascading segments of delay and loss networks 

[17]. 

𝑒(𝑨+𝑠𝑩) ≈  𝑒
𝑨
𝑚𝑒

𝑠𝑩
𝑚  

𝑘
+ 𝜀𝑚

𝑚

𝑘=1

 (20) 



28 

 

Each segment, 𝑘, in (20) shares the same delay and attenuation properties as the 

original transmission line. Splitting the line into 𝑚 cascading sub-divisions allows an 

estimation of the exponential on the left side of (20) to be created on the right side. 

This estimation in (20) allows the pure delay, 𝑒
𝑠𝑩

𝑚 , to be separated from the 

attenuation, 𝑒
𝑨

𝑚 . As 𝑚 → ∞, the error 𝜀𝑚  in (20) converges to zero and the product 

converges towards the exponential in (15). Once the propagation delay has been 

separated, a modified rational approximation (MRA) is created to represent the 

remaining attenuation. A benefit to DEPACT is that it preserves passivity in the model 

and is proven accurate for short lines. As line lengths increase, however, the model‟s 

overall accuracy degrades and the estimation requires a larger value for 𝑚 in (20) 

causing an increase in compute time. 

Another approach, called TOPLine, is useful for the time-domain analysis of 

transmission lines with significant propagation delay and frequency dependent losses 

such as multi-chip modules and printed circuit boards [14], [15]. It has been shown to 

be applicable to shorter delay elements such as on-chip interconnects as well. In the 

TOPLine approach, delay is separated from a transmission line‟s frequency-dependent 

losses. A delay-less propagation operator, 𝑷(𝑠), can be realized in various forms to 

account for the line‟s attenuation and dispersion and is formulated around the 

transmission line‟s transfer function in the frequency-domain. One derivation can be 

seen here as 
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𝑷 𝑠 = 𝑑𝑖𝑎𝑔 𝑒𝑠𝑇𝑘  𝑴∞
−𝟏𝑯(𝑠)𝑴∞  (21) 

Coupled lines are separated into modal lines through multiplication of the transfer 

function and the asymptotic modal decomposition matrix, 𝑴∞  evaluated at 𝑠 = ∞ 

[15]. The transmission line model is realized in a network equivalent form by two 

frequency-dependent networks, a shunt conductance element controlled by the 

characteristic admittance, 𝒀𝐶(𝑠); and, current controlled current sources which are 

controlled by the port currents and voltages as well as the line‟s transfer function, 

𝑯(𝑠). 

𝒀𝑪(𝑠) ≅ 
𝑹𝑛
𝑌

𝑠 − 𝑝𝑛
+ 𝒀∞

𝑛

 
(22) 

𝑷(𝑠) ≅ 
𝑹𝑛
𝑃

𝑠 − 𝑞𝑛
+ 𝑷∞

𝑛

 (23) 

Both 𝒀𝐶(𝑠), (22), and 𝑷(𝑠), (23), are represented as rational function approximations. 

The TOPLine approach has various forms for the propagation operator, 𝑷(𝑠), that may 

provide more accurate results than (21), dependent upon the structure i.e. coupled lines 

with frequency-dependent modes. 

The purpose of this thesis is to investigate two alternative analytical 

approaches for modeling lossy transmission lines by attempting to separate a line 

delay and propagation losses. Once separated, the propagation losses are approximated 

with rational functions and are then recombined with pure delay elements to create a 

final model. The first modeling approach is a manipulation of the exponential function 

in (15) , based on the inherent properties of a matrix exponential and its eigenvectors 

and eigenvalues to create commutable matrix exponentials. The result is the splitting 
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of the line‟s attenuation across two asymmetrical networks which are represented as 

macromodel approximations. The second approach separates delay and attenuation to 

create a network formulation based on rational function approximations, a pure delay 

network, and impedance transformation networks. The concept of the macromodel as 

a rational function approximation, as it pertains to this thesis, is expounded upon in 

Chapter 3. Each of the two delay extraction approaches and its application will be 

discussed in depth in Chapters 4 and 5. 
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3 MACROMODELING 

3.1 MACROMODELING 

Representing tabulated frequency-domain data in a time-domain simulator can 

be complex. One approach is the use of convolution to determine the voltage and 

current at the input and output of a transmission line for each point in time [5]. This 

can be computationally demanding and complicated to implement for the large sets of 

data typically required for accurate network analysis of an electrically long 

transmission line. Other methods convert a line‟s frequency-domain response into the 

time-domain while preserving broadband accuracy [9],[10],[18]. Macromodeling is 

one such approach which interpolates a network‟s discrete data to create a 

mathematical representation of its frequency-domain response. This mathematical 

representation can be conveniently transferred into the time-domain via known 

Laplace transforms. Macromodeling is a common, convenient, and robust approach 

for representing the discrete frequency-dependent response of a network in a time-

domain simulator. It is an approximation to the transfer function 𝐻(𝑠) of the network 

under consideration. This approach is also referred to as „black box modeling‟ (BBM) 

because only the network‟s response is of importance, not what is inside it. 

A macromodel is a set of approximating functions that are typically 

represented in pole-residue, pole-zero, or rational polynomial form. Ideally, the 

network and its macromodel representation should have identical poles, which control 

the network‟s response. Macromodel functions can be obtained through various 

approaches including but not limited to state-space methods [6],[32],[33], or various 
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least squares fitting techniques [9],[10],[34],[35] including data vector fitting [18]. 

Frequency-domain macromodel functions can be transferred to the time-domain via 

known Laplace transforms. 

A rational function is a ratio of two polynomials shown here in numerator-

denominator form as 

𝑓 𝑠 =
 𝑎𝑚𝑠

𝑚𝑃
𝑚=0

 𝑏𝑛𝑠𝑛
𝑄
𝑛=0

 (24) 

where 𝑃 is the number of zeroes and 𝑄 is the number of poles. It must hold true that 

when approximating an electrical network‟s impedance or admittance parameters that 

 𝑃 − 𝑄 ≤ 1 and for scattering parameters 𝑄 − 𝑃 ≤ 1 [36]. Also, for 𝑁 number of 

discrete measurement points then 𝑃 + 𝑄 + 2 ≤ 𝑁 must hold true for least-squares 

approaches in order that the solution matrix is not rank deficient [23]. 

Transmission lines are typically characterized in the frequency-domain by 

measurement data from a network analyzer or computer simulator. The result is 

typically tabulated data in network parameter form, e.g. scattering (S), impedance (Z), 

or admittance (Y) parameters. This data form provides valuable information regarding 

the line‟s characteristics such as transmission gain or reflections due to port 

impedance mismatches at certain frequencies. For the purposes of this thesis, all 

frequency-domain data will be analyzed in one of these three forms. A rational 

function is useful in approximating such frequency-domain parameters due to its 

inherent capability to accurately represent the zeroes and poles of an electrical 

network. For example, approximating the admittance parameters of a two port network 
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results in a 2x2 matrix of rational functions written in matrix form as in (25) where 

each 𝑓𝑌𝑖𝑗  𝑠  is in the form of (24). 

𝒀𝐴𝑈𝐺  𝑠 =  
𝑓𝑌11 𝑠 𝑓𝑌12 𝑠 

𝑓𝑌21 𝑠 𝑓𝑌22 𝑠 
  (25) 

When approximating a transmission line all four approximating functions, 𝑓𝑌𝑖𝑗  𝑠 , in 

(25) must share identical poles to maintain the consistency of the network‟s response. 

To achieve this, the macromodel must be resolved with all four datasets at the same 

time. This can be accomplished through either the linear least squares or data vector 

fitting approaches, the details of which can be found in [34] and [18], respectively. 

Least squares fitting and data vector fitting are two common approaches for 

creating a macromodel network based on rational function approximations. Each has 

its own advantages and disadvantages. The following provides an example for each 

approach. 

3.2 LINEAR LEAST-SQUARES FITTING 

The linear least-squares approach creates a rational function approximation by 

resolving the unknown coefficients in the column vector [𝑥] that will satisfy the 

following equation: 

 𝐴  𝑥 = 0 (26) 

The matrix  𝐴  contains the frequency-domain data of the network to be 

approximated. A more in-depth derivation can be found in Appendix A. To 

demonstrate the application of the linear least-squares fitting technique, it will be 

applied to a simple R-L-C network as shown below in Fig. 3.1. This circuit has 4 poles 
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and 4 zeroes; hence the least-squares fit will be assigned the same. In this case, the 

circuit‟s admittance-parameters are used as the tabulated frequency-domain data that 

the macromodel is created upon. 

 

Figure 3.1 Two-port lumped-element circuit. 

The admittance parameters for this network are comprised of four frequency-

dependent data sets: Y11, Y12, Y21, and Y22. Each set should be approximated to a four-

zero, four-pole rational polynomial to match the 4-pole circuit under test. In general a 

solution to all four admittance parameters would create the need to solve four separate 

 𝐴𝑅𝐼  matrices in (101); however, this network is reciprocal, Y12 = Y21, and only three 

solutions will be needed. Additionally, all three rational functions must be resolved in 

the same least-squares solution in order to maintain identical poles across the entire 

macromodel. Figures 3.2 and 3.3 show the magnitude of the admittance parameters for 

the linear least-squares fit (dotted line) in comparison to the circuit‟s raw measurement 

data (solid line). The fit is in excellent agreement with the raw data over the given 

frequency range; and, although phase is not shown, the fit is well matched here as 

well. As reference, actual poles of the network are listed in Table 3.1 along with the 

poles from the linear least-squares solution: 

 

R1= 35 Ω

C1= 0.3 pF C2= 0.5 pF

L1= 0.5 nH L2= 0.7 nH

R2= 200 Ω

R1= 35 Ω

C1= 0.3 pF C2= 0.5 pF

L1= 0.5 nH L2= 0.7 nH

R2= 200 Ω
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Table 3.1  Results of linear least-squares solution. 

Actual Least-Squares Solution 

-4.9948e+009 ± j1.1631E11 -4.9948e+009 ± j1.1631E11 

-2.3577e+010 ± j2.9149E10 -2.3577e+010 ± j2.9149E10 

 

 

Figure 3.2 Least-squares fit results:  𝑌11 . 

 

Figure 3.3 Least-squares fit results:  𝑌21 . 

The linear least-squares method is a convenient, fast, and versatile technique 

for interpolating or curve-fitting a set of discrete data points. While useful, least-
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squares fitting is uncontrollable and unpredictable. A solution to the linear least-square 

approach, 𝐴𝑥 = 𝑏, can be scaled poorly over broad frequency ranges with high-order 

polynomials. For frequencies reaching well into the gigahertz, high orders of 𝑠, as in 

𝑠𝑛 =  𝑗2𝜋𝑓 𝑛 , can create ill-conditioned solutions. It is possible to reduce this ill-

conditioning by normalizing frequency and data points by a scaling factor. 

Frequencies can also be weighted so that more emphasis is put on accurately fitting 

over a specific frequency spectrum in the sample set. Both techniques can be used to 

find a more accurate solution, but the downside to least-squares fitting is it only allows 

one attempt at a solution with no guarantee of stability or passivity. Another technique 

allows additional control and iterative convergence to an accurate solution. This 

approach, termed data vector fitting, is discussed in the following [18]. 

3.3 DATA VECTOR FITTING 

Data vector fitting is another technique for developing rational function 

approximations to the discrete frequency-domain response of an electrical network 

[18]. The rational function approximation 𝑓 𝑠  is shown again in (27) in pole-residue 

form. The residues and poles are represented by 𝑐𝑛  and 𝑎𝑛 , respectively, 𝑑 is the zero-

frequency (DC) control,  is the high-frequency control for 𝑓 → ∞, and 𝑁 is the 

function‟s order or number of poles. 

𝑓 𝑠 ≈  
𝑐𝑛

𝑠 − 𝑎𝑛
+ 𝑑 + 𝑠

𝑁

𝑛=1

 

(27) 

Data vector fitting begins with an initial set of poles, 𝑎 𝑛 , or “starting poles” 

which are used to assist in determining the remaining unknowns via the least-squares 
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solution as discussed in the previous section. Once the unknowns are determined, the 

resultant poles are used as the new starting poles and the process repeats itself. This is 

the first of many iterations in which the previous poles are replaced by new ones, each 

time improving upon the latter with the pole locations eventually converging to a final 

solution. If at any time throughout the iteration process the resultant poles are 

unstable, the poles can be made stable by negating the real part. Accurate selection 

and numbering of these starting poles is important as it can reduce the time required to 

converge on an accurate solution. Recommendations exist on how to approach the 

selection of the starting poles based on the system‟s frequency response [18]; but, for 

the purposes of this thesis the starting poles will be linearly spaced across the 

frequency band of interest. A basic derivation is provided in Appendix B, and a more 

in-depth look at data vector fitting can be found in the reference [18]. The following 

provides an example of data vector fitting.  

To begin, a function, 𝑔(𝑠), of the form in (105) is given the following poles 

and residues in Table 3.2, and 𝑑 = 0.05 and  = 10−6. 

Table 3.2 Poles & residues of 𝑔(𝑠) 

Poles (𝑎𝑛) Residues (𝑐𝑛) 

−1230 

−15000 

−38000 

−68700 

−200 ± 54000𝑖 
−450 ± 13600𝑖 
−400 ± 75000𝑖 
−2000 ± 75000𝑖 
−560 ± 95750𝑖 

−1000 

−2000 

−4000 

−50000 

100 ± 9800𝑖 
−30 ± 12000𝑖 
2000 ± 24000𝑖 
1800 ± 64000𝑖 
−1000 ± 87000𝑖 
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The discrete function 𝑔 𝑠  has 14 poles and 15 zeroes and is comprised of a 

sample set of 1000 points linearly spaced over a frequency range of 1 Hz to 1 MHz. 

To begin data vector fitting, 16 poles and 17 zeroes are used to curve-fit to 𝑔(𝑠), with 

the starting poles linearly spaced over the frequency range in question. Data vector 

fitting is iterated eight times and the resultant poles and residues are listed in Table 

3.3. Also listed in Table 3.3 is the error with respect to the original poles and zeroes of 

𝑔(𝑠) listed in Table 3.2. The errors are relatively low, indicating that the rational 

approximation is accurate. The resultant poles and residues have two extra values 

listed in relation to the original values. This is because 16 poles were used to 

approximate but only 14 poles exist in 𝑔 𝑠 . Since these poles are extraneous data 

vector fitting has created poles with large values and small residues, effectively 

minimizing their influence on the approximating function. Figures 3.4 and 3.5 show 

the magnitude and phase, respectively, of the function 𝑔(𝑠) and its approximation. 

The resultant polynomial approximation from data vector fitting is in excellent 

agreement with the original function, 𝑔(𝑠). 

Table 3.3 Poles/residues of data vector fitting approximation. 
Poles Error relative to Table 3.2 Residues Error relative to Table 3.2 

-1230 

-15000 
-38000 
-68700 
-6E5 
-8E5 
-450±13600i 
-200±54000i 
-400±75000i 
-2000±75000i 
-560±95750i 

3.8426E-11 
1.9616E-8 

1.7632E-7 
1.9048E-8 

- 

- 
-2.16E-12±1.819E-12i 
4.8317E-12 
-1.8929E-11±5.8208E-11i 
-4.3201E-12±5.8208E-11i 
-1.0232E-12± .4552E-11i 

-1000 
-2000 
-4000 
-50000 

-2.7258E-7 
3.6871E-7 
100±9800i 
-30±12000i 
2000±24000i 
1800±64000i 
-1000±87000i 

-8.4128E-11 
1.5272E-8 
-8.5406E-9 
1.4792E-8 

- 

- 

5.6787E-11±3.638E-11i 
3.7094E-11±2.492E-10i 
4.8815E-9±3.929E-10i 
-5.527E-9±4.2201E-10i 
-1.3282E-9±2.7649E-10i 
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Figure 3.4 Data vector fitting results: magnitude. 

 

Figure 3.5 Data vector fitting results: phase 

Data vector fitting is a versatile and useful technique for developing pure 

macromodels of frequency-dependent data sets. Although accurately choosing the 

number and location of starting poles can accelerate convergence, they can be difficult 

to define. Data vector fitting is appealing since the choice of poles does not have a 

significant influence on deriving an accurate solution; it may simply require more 

iterations or a higher order of poles for increased accuracy. Data vector fitting can also 

handle multi-port network parameter approximations in order to force identical poles 
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across all approximating functions. This is achieved simply by replacing 𝑓 𝑠  in (105) 

with a vector of data sets, 𝑓𝑖𝑗 (𝑠), as shown in (28). 

𝒇 𝑠 =  

𝑓11(𝑠)
𝑓12(𝑠)
𝑓21(𝑠)
𝑓22(𝑠)

  

(28) 

More details on data vector fitting can be found in [18], [19], and the 

MATLAB® computer software source code for executing the data vector fitting 

algorithm can be found on the Internet as well [38], [39]. 

3.4 ISSUES & CONSTRAINTS 

Macromodeling is a useful approach that allows mathematical representation 

of a discrete set of frequency-domain network parameters. Frequency-domain rational 

functions are easily transferable into the time-domain via known Laplace transforms, 

eliminating the need for time-consuming convolutions. There are also some important 

considerations and consequences to macromodeling. The order of a data set is not 

typically known and is usually difficult to ascertain. The data set‟s frequency range 

also plays a factor when frequencies reach into the gigahertz and factors of 𝑠 become 

large, causing numerical errors and ill-conditioned sets in (101). Finally, the issue of 

how to quantify or measure the accuracy of an approximation is an issue in and of 

itself. How close the approximation comes to the actual data across the entire set 

should be measured relative to the average difference, or error, between each data 

point. One commonly used method is the root mean square (RMS) of the error. This 
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applies a quadratic mean to the error, ∆𝜀, of the fit, which is defined as the difference 

between the two data sets 𝐴 and 𝐵 shown in (29). 

∆𝜀 = 𝐴 − 𝐵 (29) 

The root mean square of the error, 𝜀𝑅𝑀𝑆 , for 𝑛 number of data points can be described 

as 

𝜀𝑅𝑀𝑆 =  
1

𝑛
 ∆𝜀𝑖

2

𝑛

𝑖=1

 (30) 

This approach is used in [18]; and, for purposes of this thesis is the primary numerical 

method for judging the “quality of fit” (QoF) for all rational function approximations 

in relation to the network data. 

A macromodel must maintain similar characteristics and be constrained to the 

same rules as the electrical network it is to represent. It must satisfy causality, 

stability, and passivity. A causal network has zero output until given an input signal. 

Causality is inherent by the construction of the rational polynomial in (105). A linear, 

causal system is stable, if and only if, all its characteristic roots, or poles, are on the 

left-half side of the real-imaginary plane in Fig. 3.6, i.e. all real values in a complex 

number are less than or equal to zero [40]. To be stable, a network‟s output must be 

bounded for a bounded input. A rational function approximation with poles in the 

right-half plane of Fig. 3.6 indicates that it is an unstable system. In the case of 

immittance data, the zeroes must also lie in the left-half plane as the inverse of 

admittance is impedance and its zeroes become poles. Enforcing stability in a rational 

function approximation can be achieved by flipping all unstable poles back into the 
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left-half plane. Flipping unstable poles is a feature of data vector fitting and for the 

purposes of this thesis is applied to all approximations when necessary [19]. 

 

Figure 3.6 Stable and unstable boundaries in the real and imaginary space. 

3.4.1 Passivity 

In addition to linearity, causality, and stability, a macromodel must be passive. 

Various methods attempt to create a passive macromodel [41]-[43], and further 

processing to enforce passivity can be complex [44],[45]. Testing rational function 

approximations for passivity can be accomplished several ways: (i) The discrete 

method tests the result, 𝒚𝑘 , of 𝒇 𝑠𝑘 = 𝒚𝑘  at each frequency point, where 𝒇 𝑠  is the 

macromodel network. (ii) A global passivity test analyzes the function 𝒇 𝑠  itself, 

independent of frequency. 

The discrete passivity test verifies a network‟s frequency response at each data 

point over a given frequency range. Although this approach works for testing 

passivity, it does not verify the macromodel‟s passivity at all frequencies. The discrete 

method does not test between discrete data points or outside the data set‟s frequency 

range including 𝑠 = 0 and 𝑠 → ∞. There are several ways to discretely test a 
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macromodel for passivity, one approach being the Hermitian matrix, 𝑴, which is 

based on a network‟s scattering parameters, denoted by 𝑺. 𝑴 is a Hermitian matrix, 

meaning 𝑀𝑥𝑦  is the complex conjugate of 𝑀𝑦𝑥  for all rows and columns of 𝑴 [46]. 

The Hermitian matrix is described in mathematical form here as 

𝑴 = 𝑰 − 𝑺∗ ∙ 𝑺 (31) 

𝑺∗ is the Hermitian transpose or complex conjugate transpose of 𝑺, and 𝑰 is the 

identity matrix. For a two-port network 𝑰 and 𝑺 are defined as 

𝑰 =  
1 0
0 1

  𝑺 =  
𝑆11 𝑆12

𝑆21 𝑆22
  

(32) (33) 

Carrying out (31) and solving for the main diagonal in 𝑴 results in the following  

𝑀11 = 1 −   𝑆11 
2 +  𝑆21 

2  and 𝑀22 = 1 −   𝑆22 
2 +  𝑆12 

2  

(34)  (35) 

The segment within the parenthesis in (34) and (35) describes the normalized 

power budget of the network. For a passive network this normalized power budget 

should be less than or equal to unity at all frequencies, which is the first condition for 

discrete passivity as described in (36), [47]. 

𝑀11 ,𝑀22 ≥ 0,ℑ 𝑀11 ,𝑀22 = 0,∀ 𝑓 (36) 

 𝑴 =  𝑀11 ∙ 𝑀22 −𝑀21 ∙ 𝑀21
∗  =  𝑀11 ∙ 𝑀22 −  𝑀21 

2 ≥ 0,∀ 𝑓 (37) 

The real part of the determinant of 𝑴 shall be denoted as ℜ{ 𝑀 }. The second 

condition for discrete passivity requires that the determinant of 𝑴 be a real, non-

negative value over all frequencies as described in (38), [47]. 
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ℜ{ 𝑀 } ≥ 0, ℑ  𝑴  = 0,∀ 𝑓 (38) 

𝑀11  and 𝑀22  are real and positive and  𝑀21 
2 should also be real and positive, over all 

frequencies. Again, this discrete passivity test can only evaluate at each data point and 

cannot verify outside the given frequency range or between each data point. Thus, a 

network should also be tested for global passivity in order to guarantee passivity at 

any and all frequencies. 

A global passivity test verifies whether or not a macromodel transfer function, 

𝑯 𝑠 , based on network immittance or scattering parameters, represents a passive 

network [32]. This approach analyzes the eigenvalues of the Hamiltonian matrix of the 

macromodel in question and determines if there is a crossing-point from passive to 

non-passive in the macromodel. This method requires that a polynomial macromodel 

have an equally ordered numerator and denominator, i.e. identical number of poles and 

zeroes. Further details of this approach will not be elaborated upon, but can be found 

in [32]. For the purposes of this thesis, all rational polynomial approximations have 

equal ordered numerators and denominators to be compatible with this global passivity 

test. One final point, if no crossing-point is found in the macromodel, there is still the 

possibility that the macromodel is entirely non-passive. The solution is to apply the 

aforementioned discrete passivity test at any single frequency-point to verify whether 

the macromodel is passive or not. For the purposes of this thesis, verification of 

passivity on the augmentation is accomplished by applying both the discrete and 

global passivity tests. The S-parameters of the complete transmission line model are 

tested for passivity with the discrete method only. 
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3.5 MACROMODEL CONCLUSION 

The use of network-equivalent macromodels greatly simplifies the 

representation of frequency-domain data in the time-domain. Many issues must be 

taken into consideration when creating a macromodel including stability and passivity; 

the latter being the most difficult to guarantee and requires additional verification. 

This thesis involves separating a transmission line‟s delay from its attenuation 

and dispersion. While it is relatively simple to represent delay in the time-domain, this 

does not hold true for complex, frequency-dependent losses. The solution as it applies 

to this thesis is to use a macromodel based on rational function approximations to 

accurately represent this complex loss. This can be accomplished through the 

approximation of the network‟s frequency-domain scattering or immittance 

parameters. For example, a network‟s admittance parameters represented as a rational 

polynomial approximation shown here as 

𝑌𝑖𝑗  𝑠 =
𝐼𝑖 𝑠 

𝑉𝑗  𝑠 
≈
 𝑎𝑚𝑠

𝑚𝑃
𝑚=0

 𝑏𝑛𝑠𝑛
𝑄
𝑛=0

 
(39) 

can be conveniently transformed into an expression for a voltage-controlled current 

source as 

𝐼𝑖 𝑠 ≈ 𝑉𝑗  𝑠 
 𝑎𝑚𝑠

𝑚𝑃
𝑚=0

 𝑏𝑛𝑠𝑛
𝑄
𝑛=0

 
(40) 

For transient simulation, Hspice allows for the conversion of frequency-

dependent rational functions via the Laplace transform through either voltage 

controlled current sources (G-elements) or voltage controlled voltage sources (E-

element). For the purposes of this thesis, all augmentation networks are comprised of 
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rational polynomial approximations formulated around the 2-port admittance 

parameters of the model‟s derived attenuation networks. Fig. 3.7 is the network 

realization of the augmentation comprised only of voltage-controlled current sources – 

or “G-elements” in Hspice. 

 

Figure 3.7 Augmentation network realized in Hspice with voltage-controlled current 

sources. 

Each voltage-controlled current source,𝐺𝑖𝑗  𝑉𝑗 , 𝑠 , is also a function of the rational 

function approximation of its respective admittance parameter, 𝑌𝑖𝑗  𝑠 , as shown in 

(41). 

𝐺𝑖𝑗  𝑉𝑗 , 𝑠 = 𝑉𝑗 (𝑠)
 𝑎𝑚𝑠

𝑚𝑃
𝑚=0

 𝑏𝑛𝑠𝑛
𝑄
𝑛=0

≈ 𝑉𝑗 (𝑠)𝑌𝑖𝑗  𝑠  
(41) 
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4 DELAY EXTRACTION VIA EIGENVECTOR PROPERTIES 

4.1 DELAY EXTRACTION 

A transmission line can be characterized into four separate distributed per-unit-

length parameters: inductance (𝐿/𝑚), capacitance (𝐶/𝑚), resistance (𝑅/𝑚), and 

conductance (𝐺/𝑚). Its phase constant, 𝛽, and attenuation constant, 𝛼, are captured in 

the propagation constant, 𝛾, as a function of frequency in (42). 

𝛾 𝑠 = 𝛼 + 𝑗𝜔𝛽 =   𝑅 + 𝑗𝜔𝐿 (𝐺 + 𝑗𝜔𝐶) (42) 

For a lossy transmission line of length 𝑑, the voltage and current at its input (𝑧 = 0) 

can be related to the voltage and current at the line‟s output (𝑧 = 𝑑) by the following: 

 
𝑉(0)
𝐼(0)

 = 𝑒−(𝑨+𝑠𝑩)  
𝑉(𝑑)
𝐼(𝑑)

  
(43) 

where 𝑨 and 𝑩 are described by (16) and (17), respectively. As was described in 

Section 2.3.4, separating the exponent in (43) into individual exponential functions is 

not possible since 𝑨 and 𝑠𝑩 do not commute: 

𝑨 𝑠𝑩 ≠ (s𝑩)𝑨 (44) 

As a result, the exponential in the telegrapher‟s equation cannot be directly factored so 

that 𝑨 and 𝑠𝑩 are separate: 

𝑒(𝑨+𝑠𝑩) ≠ 𝑒𝑨𝑒𝑠𝑩 (45) 

The purpose of delay extraction is to separate phase and attenuation in order 

that a more accurate model for the attenuation may be developed individually and 

without influence from the phase element. Once separated, the attenuation network is 

represented as a set of rational function approximations. These approximations are 
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then combined with an ideal transmission line, to account for delay, to create the final 

transmission line model. 

The remainder of Chapter 4 presents the first of two new alternative 

approaches to extract delay, by altering the exponential function in (43). The first 

approach is a manipulation of the exponential function in its frequency-domain form, 

based on the inherent properties of a matrix exponential and its eigenvectors and 

eigenvalues to create commutable matrix exponentials. The result is the splitting of the 

line‟s attenuation across two asymmetrical networks which are represented as 

macromodel approximations, or augmentation networks. 

Chapter 5 presents the second approach which utilizes current and voltage 

transformations at the network‟s ports to obtain commutable matrix exponentials in 

order to extract delay. The result is at least three new networks – including an 

augmentation network and two transformation networks – cascaded with a single 

delay element of unity characteristic impedance. The materials presented here-forth 

detail the derivation of each approach and the results when applied to practical 

transmission line characteristics. 

4.2 DELAY EXTRACTION VIA EIGENVECTOR PROPERTIES  

4.2.1 Derivation 

Assume a single transmission line is characterized in the frequency domain by 

the following differential equations 
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𝑑𝑉(𝑥)

𝑑𝑥
= −𝑍 𝑠 𝐼(𝑥) (46) 

𝑑𝐼(𝑥)

𝑑𝑥
= −𝑌 𝑠 𝑉(𝑥) (47) 

where 𝑍 𝑠 = 𝑅 𝑠 + 𝑠𝐿(𝑠) and 𝑌 𝑠 = 𝐺 𝑠 + 𝑠𝐶(𝑠) are the per-unit-length series 

impedance and shunt admittance parameters, respectively. Combining (46) and (47), 

the telegrapher‟s equation are given in matrix form as 

𝑑

𝑑𝑥
 
𝑉(𝑥)
𝐼(𝑥)

 =  
0 −𝑍(𝑠)

−𝑌(𝑠) 0
  
𝑉(𝑥)
𝐼(𝑥)

 = −𝑴 
𝑉(𝑥)
𝐼(𝑥)

  (48) 

The solution to (48) at any given frequency 𝑠 – for a line length 𝑑 − can be written in 

ABCD parameter-form here as 

 
𝑉(0)
𝐼(0)

 = 𝑒𝑯  
𝑉(𝑑)
𝐼(𝑑)

 =  
𝐴 𝐵
𝐶 𝐷

  
𝑉(𝑑)
𝐼(𝑑)

  (49) 

where the matrix in the exponent is defined as 𝑯 = −𝑴𝑑. 𝑯 can also be expressed 

with its diagonal eigenvalue matrix 𝑬 and eigenvector matrix 𝑽 as 

𝑯 = 𝑽𝑬𝑽−1 (50) 

According to the properties of a matrix exponential, if a square matrix 𝑯 is in 

exponential form in (51), and 𝑽 is the eigenvector matrix for 𝑯, then the following is 

true: 

𝑒𝑯 = 𝑒𝑽𝑬𝑽
−1

= 𝑽𝑒𝑬𝑽−1 =  
𝐴 𝐵
𝐶 𝐷

  (51) 

For an ideal transmission line with 𝑍0 𝑠 = 𝑠𝐿0 and 𝑌0 𝑠 = 𝑠𝐶0, a similar matrix 𝑯𝟎 

is formed with corresponding eigenvalues 𝑬𝟎 and eigenvectors 𝑽𝟎, 
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𝑯0 = 𝑽0𝑬0𝑽𝟎
−1 (52) 

To extract the delay from the lossy line to be modeled, subtract the eigenvalue 

matrix of the ideal transmission line, 𝑬𝟎, from that of the lossy line, 𝑬, to obtain an 

eigenvalue matrix, 𝑬𝒂, which represents the eigenvalues of the loss, or augmentation 

networks: 

2𝑬𝒂 = 𝑬 − 𝑬𝟎 (53) 

The exponential in (51) is then rewritten to include (53) as 

𝑒𝑯 = 𝑽𝑒𝑬𝑽−1 = 𝑽𝑒 𝑬𝒂+𝑬𝟎+𝑬𝒂 𝑽−1 (54) 

Both matrices 𝑬𝟎 and 𝑬𝒂 are commutable since they are diagonal matrices and thus 

(54) can be rewritten here as 

𝑒𝑯 = 𝑽𝑒𝑬𝑽−1 = 𝑽𝑒𝑬𝒂𝑒𝑬𝟎𝑒𝑬𝒂𝑽−1 (55) 

𝑒𝑬𝟎 = 𝑽𝟎
−1𝑒𝑯𝟎𝑽𝟎 (56) 

Finally, rewriting (55) once more by inserting the definition in (56) results in a new 

network equation. 

𝑒𝑯 = 𝑽𝑒𝑬𝒂𝑒𝑬𝟎𝑒𝑬𝒂𝑽−1 = 𝑽𝑒𝑬𝒂𝑽𝟎
−1

       
𝑲𝑳

𝑒𝑯𝟎 𝑽𝟎𝑒
𝑬𝒂𝑽−1       
𝑲𝑹

 (57) 

Each side of 𝑒𝑯𝟎 , the matrix exponential for a lossless transmission line, now has 

similarly formed networks to that in (51). These two new loss networks will be 

defined as 𝑲𝑳 and 𝑲𝑹. Each contains the eigenvectors of the lossy and the lossless 

transmission lines as described in (57). 

𝑲𝑳 = 𝑽𝑒𝑬𝒂𝑽𝟎
−1 (58) 

𝑲𝑹 = 𝑽𝟎𝑒
𝑬𝒂𝑽−1 (59) 
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The goal is to rebuild the final model with an ideal delay line surrounded by 

two augmentation networks which represent 𝑲𝑳 and 𝑲𝑹. Each augmentation network 

is based upon rational function approximations of 𝑲𝑳 and 𝑲𝑹 created via data vector 

fitting to each network‟s admittance parameters. The network representation of the 

recombined model can be seen in Fig. 4.1 below. 

 

Figure 4.1 Lossy line model with augmentation networks 𝐾𝐿 and 𝐾𝑅 . 

4.2.2 Asymmetric Augmentation Results & Observations 

To test this technique, it is applied to a lossy transmission line of 5 cm in 

length, approximate delay of 0.32918 ns, and per-unit-length line parameters of 

𝑅 = 25.2 Ω/𝑚, 𝐿 = 336 𝑛𝐻/𝑚, & 𝐶 = 129 𝑝𝐹/𝑚. An 18-pole approximation is 

applied to the Y-parameters of both 𝑲𝑳 and 𝑲𝑹 via data vector fitting from 1 Hz to 5 

GHz at 2000 data points. The resultant approximation is an accurate fit to both 

magnitude and phase of 𝑌11  and 𝑌12  of 𝑲𝑳.  𝑌11  of 𝑲𝑳 (solid) and its approximation 

(dashed) are presented in Fig. 4.2. The approximation is unable to accurately represent 

the phase of both 𝑌21  and 𝑌22  of 𝑲𝑳 at low frequencies. ∠𝑌21  of 𝑲𝑳 (solid) and its 

approximation (dashed) are presented in Fig. 4.3. 
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Figure 4.2 Magnitude of 𝑌11  of 𝑲𝐿 vs. rational function approximation. 

 

Figure 4.3 Phase of 𝑌21  of 𝑲𝐿 vs. approximation at 𝑓 = 1𝐻𝑧 − 4𝐾𝐻𝑧. 

The final line model is realized with both augmentation networks and an ideal 

transmission line of identical length and a characteristic impedance of:  

𝑍0 =  
336 𝑛𝐻/𝑚

129 𝑝𝐹/𝑚
= 51.06 Ω 

Graphical observation of the S-parameters of this final model vs. the transmission line 

under analysis shows the two are not well matched. Fig. 4.4 presents the phase of 𝑆11 

of the final model and the transmission line under consideration. 18 poles is the 
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maximum order attainable before the resultant rational functions contained exponent 

orders of 100 or above, which caused errors in the Hspice simulation. Up to 30-pole 

approximations did not significantly improve the final model‟s accuracy. The resultant 

time-domain model is also not accurate. It should be noted that in this case, the final 

line model had no discrete passivity violations within the given frequency range. 

Shifting or shortening the frequency range, however, could result in a non-passive 

model. 

 

Figure 4.4 Phase of 𝑆11 of lossy line vs. final model. 

The derived 𝑲𝐿 and 𝑲𝑅  networks fail the discrete passivity test upon further 

inspection. To observe this graphically, the power budget of each network is observed 

with respect to a signal input at port 1 or port 2. For an input signal at port 1, let P1 be 

the sum of the power of the signal‟s reflection at port 1 and transmission to port 2, 

normalized with respect to the input signal‟s power. Likewise, for an input at port 2, 

let P2 be the sum of the power of the signal‟s reflection at port 2 and transmission to 

port 1, normalized with respect to the input signal‟s power at port 2. Both values are 

defined as 
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𝑃1 =  𝑆11 
2 +  𝑆21 

2 (60) 

𝑃2 =  𝑆22 
2 +  𝑆12 

2 (61) 

For a passive network, 𝑃1,𝑃2 ≤ 1. If either is greater than 1, then the network is non-

passive. 𝑃1 and 𝑃2 for both transformation networks can be seen in Figures 4.5 and 

4.6, respectively. The normalized power of a lossless transmission line is unity and is 

also marked for reference at the 0 dB line. In Fig. 4.5, P1 of 𝑲𝐿 is above 0 dB, 

indicating it is a non-passive network. It also shows that P1 of 𝑲𝑅  is below 0 dB, 

indicating the transmitted signal experiences attenuation from port 1 to 2. 𝑲𝑅  comes 

close to 0 (lossless) at low frequencies but it is never observed to go above 0 dB. The 

reverse is seen in Fig. 4.6 where P2 of 𝑲𝑅  is above 0 dB, indicating it too is a non-

passive network. Note that 𝑲𝐿 ≠ 𝑲𝑅; to verify this, (58) and (59) are rewritten in 

expanded forms as 

𝑲𝐿 = 𝑽𝑒𝐸𝑽0
−1 ≠ 𝑽0𝑒

𝑬𝑎𝑽−1 = 𝑲𝑅 (62) 

Fig 4.5 shows that the derived networks – 𝑲𝐿 and 𝑲𝑅  – are inherently non-passive as 

each has levels of 𝑃1 and 𝑃2 above 0 dB. 
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Figure 4.5 P1, of 𝑲𝐿 and 𝑲𝑅 . 

 

Figure 4.6 P2 of  𝑲𝐿 and 𝑲𝑅 . 

This information presented indicates that the raw technique alone is not useful, 

since it is not guaranteed that both augmentation networks are passive, nor can data 

vector fitting accurately approximate 𝑲𝐿 and 𝑲𝑅  at a reasonably low-order. A lossy 

transmission line is passive so it is desirable that any sub-network in the model also be 

passive in order to guarantee passivity of the combined transmission line model. 

Hence, several techniques have been examined with the objective of creating passive 

networks without constraining the transmission line to be modeled. 
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4.2.3 Factorization 

Due to the fact that 𝑲𝐿 and 𝑲𝑅  are inherently non-passive for certain 

characteristic values of a lossy transmission line, additional approaches are 

investigated in an attempt to compensate for the passivity violations. Factorization is 

an approach in which two extended networks are extracted from both the original 

augmentation networks 𝑲𝐿 and 𝑲𝑅 . Each augmentation network has a constant „gain‟ 

or „attenuation‟ value factored out of it, creating four new networks, as shown in Fig. 

4.7. Both are extracted to maintain a balance across the model. This scales the 

augmentation network‟s power levels with the intent to bring them below 0 dB. 

 

Figure 4.7 Asymmetric augmentation model with factorization networks. 

The two factorization matrices, κ and λ, will be defined here as 

 𝜅 =  
𝜀 0
0 𝜑

 =  𝜆 −1 
(63) 

with the two constants, 𝜀 and 𝜑, chosen arbitrarily. Two new augmentation networks, 

indicated with an asterisk (*), are defined as  





1V





2V

1I
2I

0Z

dCLTD ii

 *

RK *

LK[λ] [κ]
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 𝐾𝐿
∗ =  𝜅  𝐾𝐿  (64) 

 𝐾𝑅
∗ =  𝐾𝑅  𝜆  (65) 

The matrix [𝜅] can be realized in network form as shown in Fig. 4.8 below. The 

network realization for [𝜆] is similar in structure with the controlled sources across 

opposite ports. (See a similar derivation in Fig. 5.2 in Sect. 5.1.1 for more detail). 

 

Figure 4.8 Circuit description of factorization network. 

The constants 𝜀 and 𝜑 provide two degrees of freedom for finding possible 

solutions to κ and λ such that 𝑲𝐿
*
 and 𝑲𝑅

*
 are stable and passive networks. To 

investigate whether these factors can be used to realize passive attenuation networks, 

an optimization scan of the two-dimensional space of 𝜀 and 𝜑 is performed using the 

DIRECT [30] method, where: 𝜀,𝜑 ∈ [10−3, 109]. The optimizer converges to a local 

minimum, defined as the sum of the normalized power of 𝑲𝐿
∗ , defined as 𝑃1 +  𝑃2. It 

locates „optimal‟ values for 𝜀 and 𝜑 so that κ minimizes this sum. After 12 hours of 

scanning, 118,000 iterations, and 369,597 function evaluations, no value for κ was 

determined that resulted in a passive 𝑲𝐿
∗  network. 
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4.2.4 Additional techniques 

In addition to factorization, several other techniques were investigated in an 

attempt to realize an overall passive augmentation network. These included forcing 

reciprocity, eigenvector normalization, and eigenvector scaling. Forcing reciprocity in 

each augmentation network replaces the non-passive parameters with the passive 

parameters, such that 𝑆12 = 𝑆21. The result is that this alters the inherent properties of 

the augmentation network and the recombined model is unrelated to the transmission 

line under consideration. Thus the final model is no longer applicable. 

Normalizing the eigenvector, 𝑽, by dividing the square root of the determinant 

of 𝑲𝐿 or 𝑲𝑅
−1 was also applied here. Normalizing with either of these values would 

equalize P1 with P2. In some cases where conductance is large, 𝐺 = 0.02 𝑆/𝑚 for 

example, both network‟s power levels are brought below 0 dB. Further inspection 

however, revealed that ℜ{ 𝑀 } of each network had negative values indicating the 

networks are still non-passive. 

One final approach, eigenvector scaling, allows each element of the 

eigenvectors in (57) to be individually factored by multiplying each eigenvector with 

its own diagonal matrix as shown in (66) and (67). With no known starting values for 

the scaling matrices in (66) and (67), an optimization algorithm, DIRECT, was applied 

to scan the set of variables: 𝑎𝑠, 𝑏𝑠, 𝑐𝑠, 𝑑𝑠 ∈ [−10, 20], [30]. The desired solution in 

the scanned space is a set of scaled eigenvectors, 𝑽 and 𝑽0, that result in a passive 

augmentation network. The result - with 50,000 evaluations, over 15,000 iterations, 
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and over 11 hours of scanning – was that no solution is attainable in the given space, 

that provides an overall passive augmentation network. 

𝑽 = 𝑽 ∗  
𝑎𝑠 0
0 𝑏𝑠

  
(66) 

𝑽0 = 𝑽0 ∗  
𝑐𝑠 0
0 𝑑𝑠

  
(67) 

4.2.5 Conclusion 

This asymmetric augmentation technique for the time-domain modeling of 

lossy transmission lines is a manipulation of the telegrapher‟s equation in its 

exponential form, based on the inherent properties of a matrix exponential and its 

eigenvectors and eigenvalues. The result is the splitting of the line attenuation across 

two separate, asymmetrical non-passive networks represented as black box 

macromodels, or augmentation networks. Data vector fitting approximates the raw 

attenuation data well at 18 poles across 𝑌11  and 𝑌12;but, noticeable discrepancies did 

exist in the approximations to both 𝑌21  and 𝑌22  of the attenuation networks at lower 

frequencies. The final model, for the given frequency-range, was found to be 

discretely passive. The model‟s frequency and time-domain responses were inaccurate 

to those of the lossy line under test. Thus this modeling technique was unable to 

achieve accurate results at a reasonably low-order for the given transmission line 

parameters. 

The resultant asymmetric augmentation networks are inherently non-passive. 

For either network, if signal transmission from port 1 to port 2 is amplified, then 

transmission from port 2 to 1 is attenuated. When both networks are combined into a 
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comprehensive transmission line model the propagating signals amplification is offset 

by attenuation in the alternate network. Whilst both networks offset each other, it is 

not desirable to have non-passive sub-networks in a transmission line model that 

represents an overall passive structure. In order to guarantee passivity, it is desirable 

that all sub-networks of the model be verifiably passive. In an attempt to realize 

passive asymmetric attenuation networks, various approaches were applied such as 

factorization, normalization, or eigenvector scaling. None of these manipulations were 

successful in realizing passive, accurate, asymmetric augmentation networks capable 

of representing the line attenuation at a low order. Any offset or change to affect 

passivity in one augmentation network appears to be reciprocated by an equal but 

opposite change in the alternate network. The methods explored here-in lend insight 

that this approach may  not be an accurate, effective, or efficient approach to modeling 

lossy transmission lines. 
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5 DELAY EXTRACTION VIA COMMUTATION 

5.1.1 Single Line Delay Extraction 

The following presents an alternative approach – originally presented in [22] – 

for the delay extraction of lossy transmission lines. This approach alters the per-unit-

length transmission line matrix  𝑀 , in the telegrapher‟s equation in (68), into a 

symmetric and thus commutable form in order to separate the line‟s attenuation and 

phase. This approach is similar to [14], [15], but differs in its method of extraction and 

model representation. For convenience, the telegrapher‟s equation is written here as 

−
𝑑

𝑑𝑥
 
𝑉(𝑥)
𝐼(𝑥)

 =  
0 𝑍(𝑠)

𝑌(𝑠) 0
  
𝑉(𝑥)
𝐼(𝑥)

 = 𝑴 
𝑉(𝑥)
𝐼(𝑥)

  (68) 

where 𝑍 𝑠 = 𝑅 𝑠 + 𝑠𝐿(𝑠) and 𝑌 𝑠 = 𝐺 𝑠 + 𝑠𝐶 𝑠 , are the per-unit-length series 

impedance and shunt admittance parameters, respectively, for a lossy transmission 

line. For a line length 𝑑, the solution to (68) is shown in (69). 

 
𝑉(0)
𝐼(0)

 = 𝑒−𝑴𝑑  
𝑉(𝑑)
𝐼(𝑑)

 =  
𝐴 𝐵
𝐶 𝐷

  
𝑉(𝑑)
𝐼(𝑑)

  (69) 

In order to extract the lossless line‟s series impedance, 𝑍𝑖 𝑠 = 𝑠𝐿𝑖(𝑠), and 

shunt admittance, 𝑌𝑖 𝑠 = 𝑠𝐶𝑖(𝑠), from those of a lossy line, (69) is rewritten as 

𝑴 =  
0 𝑍(𝑠)

𝑌(𝑠) 0
 = 𝑴𝑖 + 𝑴𝑎 =  

0 𝑠𝐿𝑖(𝑠)
𝑠𝐶𝑖(𝑠) 0

 + 𝑴𝑎  (70) 

The ideal transmission line matrix, 𝑴𝑖 , combined with the attenuation matrix, 𝑴𝑎 , 

represent the lossy transmission line matrix 𝑴. Due to the fact that 𝑴𝑖  and 𝑴𝑎  do not 

commute it is not possible to separate the two as follows 
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𝑒𝑴𝑑 = 𝑒 𝑴𝑖+𝑴𝑎  𝑑 ≠ 𝑒𝑴𝑖𝑑𝑒𝑴𝑎𝑑  (71) 

In order to modify 𝑴𝑖  and 𝑴𝑎  so they are commutable, the following transforms the 

lossy line matrix 𝑴 into a symmetrical form, avoiding the inequality in (71). This will 

allow for the separation of the line delay, 𝑒𝑴𝑖𝑑 , and the frequency-dependent 

attenuation, 𝑒𝑴𝑎𝑑  network. 

Consider the similarity transformation in (72) where the voltage-current 

transformation network with 𝐸 and 𝐻 is described here as 

 
𝑉
𝐼
 =  

𝑃 0
0 𝑄

  
𝐸
𝐻
 = 𝑲  

𝐸
𝐻
  (72) 

The elements of 𝑲 can be arbitrarily chosen, so for simplicity 𝑃 = 𝑍0 𝑠  and 𝑄 = 1 

are the assigned values. 𝑍0 𝑠  is the frequency-dependent characteristic impedance of 

the lossy line under consideration. Substituting this transformation network into the 

telegrapher‟s equation in (68) results in 

𝑑

𝑑𝑥
 
𝑃 0
0 𝑄

  
𝐸
𝐻
 = − 

0 𝑍(𝑠)
𝑌(𝑠) 0

  
𝑃 0
0 𝑄

  
𝐸
𝐻
  (73) 

Moving 𝑲 to the right side of (73) provides a new equation, similar to that in (68): 

𝑑

𝑑𝑥
 
𝐸
𝐻
 = − 

𝑃 0
0 𝑄

 
−1

 
0 𝑍(𝑠)

𝑌(𝑠) 0
  
𝑃 0
0 𝑄

  
𝐸
𝐻
 = −𝑴 𝑇  

𝐸
𝐻
  (74) 

Carrying through the matrix multiplications in (74), results in a new, symmetric 

matrix, 𝑴 𝑇 : 

𝑴 𝑇 =  
0 𝑃−1𝑍 𝑠 𝑄

𝑄−1𝑌 𝑠 𝑃 0
 =  

0  𝑍 𝑠 𝑌(𝑠)

 𝑍 𝑠 𝑌(𝑠) 0
  (75) 
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The result is a new lossy transmission line of characteristic impedance 𝑍 0 = 1 

and a propagation constant of 𝛾 𝑇 𝑠 =  𝑍 𝑠 𝑌(𝑠); both in terms of 𝐸 and 𝐻. The 

new propagation constant has not been altered from that of the original lossy 

transmission line to be modeled. Since 𝑴 𝑇  is now symmetric and thus commutable, 

the delayless attenuation network can be derived through the subtraction of an ideal 

transmission line 𝑴 𝑖  from 𝑴 𝑇  here as 

𝑯𝑎(𝑠) = 𝑒𝑴 𝑎𝑑 = 𝑒 𝑴 𝑇−𝑴 𝑖 𝑑 = 𝑒𝑥𝑝   
0 𝛾 𝑇 𝑠 − 𝛾 𝑖(𝑠)

𝛾 𝑇 𝑠 − 𝛾 𝑖(𝑠) 0
 𝑑  (76) 

Rewriting (69) with this new notation results in a new network description with an 

ideal transmission line of unity characteristic impedance and propagation constant 

𝛾 𝑖(𝑠) = 𝑠 𝐿𝑖𝐶𝑖 , in series with a delayless attenuation network, and impedance 

transformation networks at each port. This can be described in matrix form as 

 
𝑉 0 

𝐼 0 
 = 𝑲𝑒𝑴𝑖𝑑𝑒𝑴𝑎𝑑𝑲−1  

𝑉 𝑑 

𝐼 𝑑 
  (77) 

The transformation networks 𝑲 and 𝑲−1 are placed at ports 1 (left) and 2 (right), 

respectively, as shown in Fig. 5.1. At port 1, 𝑲 transforms the voltage V1 to E1 and 

current I1 to H1. 𝑲−1 at port 2 transforms the internal current, E2, to external current, 

I2, and the internal voltage, H2, to the external voltage, V2. 

 

Figure 5.1 Single lossy transmission line model. 
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For a single lossy transmission line model the transformation network is 

described here as 

𝑲 =  
𝑃 0
0 𝑄

 =  
𝑍0(𝑠) 0

0 1
  (78) 

where 𝑄 is a coefficient of the current-controlled current source, 𝐼𝑠(𝑠); and, 𝑃 is a 

coefficient of the voltage-controlled voltage source, 𝑉𝑠(𝑠), as shown in Fig. 5.2. Since 

the voltage-controlled voltage source 𝑉𝑠(𝑠) is a function of the inverse of the 

characteristic impedance 𝑍0, 𝑃 is realized in network form as 𝑃−1 = 𝑌0(𝑠). The 

characteristic admittance is frequency-dependent so it must be represented in Hspice 

as a rational function approximation created e.g. via data vector fitting. 

 

Figure 5.2 Circuit realization of the transformation network 𝑲 

 

Figure 5.3 Circuit realization of the transformation network, 𝑲−1 
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The transformation networks are realized in a time-domain simulator with 

frequency-dependent controlled sources 𝑉𝑆(𝑠) & 𝐼𝑆(𝑠) in Fig. 5.2; and, 𝑉𝑆
′(𝑠) & 𝐼𝑆

′ (𝑠) 

in 𝑲−1 in Fig. 5.3. The derived delayless attenuation network, 𝑯𝑎 , – or any modified 

form of it – is represented as a macromodel with frequency-dependent rational 

function approximations to its admittance parameters, created here via data vector 

fitting. For the purposes of this thesis, this macromodel is called the augmentation 

network. 

5.1.2 Single Line Model with Split Augmentations 

The composition of both the transformation and augmentation networks in Fig. 

5.1 can be restructured into several different topologies. This provides additional 

degrees of freedom for the potential to locate line models if the single line model is 

not accurate or passive. One alternative approach is to divide the attenuation network 

into two networks, 𝑯𝑎
′ , place one on each side of the lossless transmission line, and 

combine 𝑯𝑎
′  with its neighboring transformation network, as shown in Fig. 5.4. Doing 

so eliminates the controlled sources in the transformation network and reduces the 

netlist complexity. 

 

Figure 5.4 Network diagram of split augmentation model. 
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Each new attenuation network includes the frequency dependent characteristic 

impedance 𝑍0 𝑠  of the lossy line, eliminating the need for an additional 

approximation to 𝑌0 𝑠 . 

To split the original attenuation network, its exponential in (75) is divided into 

two new networks as 

𝑯𝑎
′ = 𝑒

1
2
𝑴𝑎𝑑  (79) 

Note that the split attenuation network described in (79) is not the same as the 

asymmetric matrices described in Chapter 4. The new, split attenuation networks, 

described in parenthesis in (80) become the basis for the augmentation networks. 

 
𝑉 0 

𝐼 0 
 =  𝑲𝑒

1
2
𝑴𝑎𝑑 𝑒𝑴𝑖𝑑  𝑒

1
2
𝑴𝑎𝑑𝑲−1  

𝑉 𝑑 

𝐼 𝑑 
  (80) 

5.1.3 Constant Impedance Factorization  

Another network realization can be derived through the use of a constant 

impedance value, 𝑍0
∗, that is factored out of the transformation network. This constant 

impedance becomes a controlling factor in the transformation networks, as it can be 

chosen arbitrarily to obtain different results. The remaining unit-less frequency-

dependent characteristic, 𝒁0
′ (𝑠), described as  

𝒁0
′ (𝑠) =   

𝑍0(𝑠)

𝑍0
∗  0

0 1

  (81) 

can be combined with the split attenuation networks on each side of the lossless 

transmission line. The network realization of this is shown in Fig. 5.5. 
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Figure 5.5 Network diagram of split augmentation model with constant impedance 

factored out. 

The new constant-impedance transformation network, 𝑲∗, shown in Fig. 5.5, is 

described by  

𝑲∗ =  
𝑍0
∗ 0

0 1
  (82) 

Matrix multiplication of (81) and (82) will result in the original transformation 

network 𝑲 in (76). Note also that the new networks adjacent to each port side of the 

lossless line are not equal. Again, these two new networks become the augmentation 

networks, and 𝑲∗ remains. 

5.1.4 Coupled Line Structures  

This delay extraction approach can be extended to coupled lines through modal 

decomposition. Once modal decomposition is applied to an n-coupled line structure, 

the result is n decoupled lines. The single line modeling approach is applied to each 

modal, decoupled line. The modal line model is comprised of the augmentation 

network, an ideal transmission line, and two transformation networks 𝑲 and 𝑲−1. In 

addition, coupling and decoupling networks surround the entire network in order to 

connect each modal line. The similarity transformation is applied to an N-port coupled 

line structure and is written here as 
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𝑑

𝑑𝑥
 
𝑬(𝑥)
𝑯(𝑥)

 = − 
0 𝑷−1𝒁 𝑠 𝑸

𝑸−1𝒀 𝑠 𝑷 0
  
𝑬(𝑥)
𝑯(𝑥)

 = 𝑴 𝑇  
𝑬(𝑥)
𝑯(𝑥)

  
(83) 

For multi-line, N-port structures, 𝑃 and 𝑄 now become 𝑁 × 𝑁 matrices and 

𝒁(𝑠) and 𝒀(𝑠) are symmetric, 𝑁 × 𝑁 matrices as well. Again, the goal is to realize a 

symmetric matrix, 𝑴 𝑇 , whose anti-diagonal elements are of the form 

𝑷−1𝒁 𝑠 𝑸 = 𝑸−1𝒀 𝑠 𝑷 = 𝑫0 =  

𝐷0,1 0 ⋯ 0

0 𝐷0,2 0 ⋮

⋮ 0 ⋱ ⋮
0 ⋯ ⋯ 𝐷0,𝑁

  (84) 

Let 𝑴𝑉  be the eigenvalue matrix to the solution of the product 𝒁 𝑠 ∙ 𝒀 𝑠  for every 

frequency point in the data set. Let 𝑴𝐼 be the inverse transpose of 𝑴𝑉 . If  

𝑴𝑉
−1𝒁𝑴𝐼 = 𝑫 𝑍 and 𝑴𝐼

−1𝒀𝑴𝑉 = 𝑫 𝑌 (85) 

and 𝑫 𝑍  and 𝑫 𝑌, described as  

𝑫 𝑍 =  
𝑧 1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑧 𝑁

  and 𝑫 𝑌 =  
𝑦 1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑦 𝑁

  (86) 

represent the modal per-unit-length impedance and admittance parameters of each 

line, then 𝑷 and 𝑸 become 𝑴𝑉  and 𝑴𝐼, respectfully. The result is a coupling network 

of the form 

𝐌 =  
𝑷 0
0 𝑸

 =  
𝑴𝑉 0
0 𝑴𝐼

  (87) 

Note that for two symmetric coupled lines 

𝑴𝑉 = 𝑴𝐼 =
1

 2
 

1 1
−1 1

  
(88) 

The coupling and decoupling networks terminate 𝑁 modal lines as shown in 

the diagram in Fig. 5.6. Note that each modal line in the model consists of at least one 
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augmentation network to represent the attenuation; a lossless line of unity impedance; 

and voltage-current transformation networks 𝑲 and 𝑲−1. 

 

Figure 5.6 Network diagram of coupled transmission line model. 

5.1.5 Alternative Coupled Line Model 

As an alternative approach, the modal characteristic impedances Z0,i(s) in each 

modal transformation network can be absorbed into the coupling and decoupling 

networks to eliminate the transformation networks in each mode, i.e., the networks 𝑲 

and 𝑲−1 of each modal line are absorbed into the decoupling and coupling networks, 

respectfully. To clarify this, let the matrix 𝑿  be a diagonal matrix comprised of the 

characteristic impedance of each modal line (89). 

𝑋 =  𝐷𝑍 ⋅ 𝐷𝑌 =

 
 
 
 
𝑍0,1 0 0 0

0 𝑍0,1 0 0

0 0 ⋱ 0
0 0 0 𝑍0,𝑛 

 
 
 
 

(89) 

In order to combine the modal characteristic impedances into the coupling matrix, 𝑷 is 

equated as 

𝑷 = 𝑿 ⋅ 𝑴𝑉  (90) 
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and 𝑸 remains unchanged. The frequency dependent modal characteristic impedances 

of the coupled line structure are combined with the coupling and decoupling networks 

described by  

 
𝑷 0
0 𝑸

 =  
𝑿 ⋅ 𝑴𝑉 0

0 𝑴𝐼
  

(91) 

𝑷 becomes a function of frequency and needs to be represented as a set of rational 

function approximations. 

5.2 RESULTS OF DELAY EXTRACTION VIA COMMUTATION 

The following presents the results of the delay extraction approach described in 

the previous section when applied to single and coupled lossy transmission lines with 

either constant or frequency-dependent per-unit-length parameters. In all cases, data 

vector fitting is used to create the characteristic admittance approximation and the 

augmentation network based on the admittance parameters of the delayless attenuation 

network. Discrete and global passivity is verified, as discussed in Sect. 3.4.1, on the 

polynomial approximations to the augmentation network. The discrete passivity test is 

applied to the transformation networks, 𝑲 and 𝑲−1, and the final model. For all 

examples, each model‟s augmentation network is represented in Hspice transient 

simulation as a network of voltage-controlled current sources as described in Sect. 3.5. 

For reference, Appendix C contains the Hspice netlist of each transient simulation, 

when applicable. 
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5.2.1 Single Line – Constant Line Values 

The first example is a single lossy line shown in Fig. 5.7, with a line length of 

50 cm and per-unit-length line values of: 

𝑅 = 25.2 Ω/m 𝐿 = 336 𝑛𝐻/𝑚 

𝐶 = 129 𝑝𝐹/𝑚 𝐺 = 0.05 𝑆/𝑚 

 

Figure 5.7 Single line circuit diagram with open circuit termination (R=1e12Ω) 

The model‟s single augmentation network is created with 2 poles; its 

transformation function, 𝑃−1 𝑠 = 𝑌0(𝑠), is approximated with 2 poles; and, 𝑄 = 1. 

The data set spans a frequency range of 1 kHz to 5 GHz at 1500 logarithmically 

spaced points. The model‟s lossless line has an approximate delay of 3.29 ns and 

characteristic impedance of 1. The RMS error between the S-parameters of the model 

and the lossy line is on the order of 10−4. Figures 5.8 - 5.11 present the magnitude and 

phase of the frequency-dependent scattering parameters, 𝑆11 and 𝑆21 , of both the lossy 

line (solid) under consideration and the model (dashed). The model is seen to be 

accurate; it is difficult to distinguish between the two plots. The transient step 

response in Fig. 5.12 – with a 1V input signal and 100 ps rise-time – shows that the 

derived model is consistent with the reference transmission line, a W-element in 

Hspice. The augmentation approximation and the final model are determined to be 

both stable and passive. These results show that this delay extraction modeling 

cmlength 50V1

50
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approach is capable of developing an accurate, low-order, passive, and stable model of 

a lossy transmission line with constant, non-zero line parameters. 

 

Figure 5.8 Magnitude of 𝑆11 of the line model compared to the lossy line. 

 

Figure 5.9 Phase of 𝑆11 of the line model compared to the lossy line. 
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Figure 5.10 Magnitude of 𝑆21  of the line model compared to the lossy line. 

 

Figure 5.11 Phase of 𝑆21  of the line model compared to the lossy line. 

 

Figure 5.12 Unit step response of the line model vs. a W element for reference. 
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5.2.2 Single Line – Constant Line Values 

The second case is a line of 50 cm in length and per-unit-length characteristics 

of 

𝑅 = 25.2 Ω/m 𝐿 = 336 𝑛𝐻/𝑚 

𝐶 = 129 𝑝𝐹/𝑚 𝐺 = 0 𝑆/𝑚 

The model‟s lossless line has a delay of 3.29 ns and a characteristic impedance of 1. 

The characteristic admittance approximation and the augmentation network are 

created with 16 and 12 poles, respectively over a frequency range of 1 kHz to 5 GHz 

at 1500 logarithmically spaced points. Fig. 5.13 presents the characteristic admittance 

(solid) and its approximation (dashed line) in their real and imaginary parts. 

Graphically, the fit is in good agreement with the characteristic admittance; the RMS 

error of the fit is on the order of 10−8. 

 

Figure 5.13 Real & imaginary parts of the lossy line‟s characteristic admittance (solid) 

& its approximation (dashed). 

Graphically, the admittance parameters of the augmentation and the attenuation 

network are in agreement. This can be seen in Figures 5.14 and 5.15 which present the 

magnitude and phase of 𝑌21 , respectively, of the augmentation (dashed) and 
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attenuation (solid) networks. The RMS error between the admittance parameters of 

both networks is on the order of 10−3. 

 

Figure 5.14 Magnitude of 𝑌21  of the attenuation vs. the augmentation. 

 

Figure 5.15 Phase of 𝑌21  of the attenuation vs. the augmentation. 

The RMS error between the S-parameters of the final model and the lossy line is on 

the order of 10−5. For the transient response, the same reference circuit shown in Fig. 

5.7 was maintained here, with the exception of zero shunt conductance in the line 

itself. Fig. 5.16 presents the transient response – with a 100 ps input signal rise time – 

of the model in reference to an Hspice W-element. The transient output response of 
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the transmission line model, with a unit-step function input, is in agreement with the 

response of the Hspice W-element. 

 

Figure 5.16 Transient response of the single augmentation model vs. the W-element 

for reference. 

Upon first inspection, the model‟s time- and frequency-domain responses 

appear graphically and numerically accurate to those of the lossy transmission line 

under consideration. The model‟s augmentation network satisfies both the global and 

discrete passivity tests. However, the transformation network, 𝑲, is discovered to be 

discretely non-passive. The final transmission line model fails the discrete passivity as 

a result of the included non-passive transformation network. ℜ{ 𝑀 } – defined as the 

real part of the determinant of the matrix 𝑴 in (37) – of both the final model (dashed) 

and the lossy line (solid) are presented in Fig. 5.17 at a narrowed frequency range of 1 

kHz to 200 kHz. The regions of the dashed line that are negative are the discrete 

passivity violations in the model. The model‟s transformation network contains an 

approximation to the characteristic admittance, so any slight discrepancies in the this 
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approximation could cause deviations in ℜ  𝑀   of the final model. Fig. 5.17 shows 

that ℜ{ 𝑀 } of the lossy line is very small and very close to zero, so deviations in the 

model relative to the lossy line, could and do result in a non-passive model. 

 

Figure 5.17 ℜ{ 𝑀 } narrowed in to 1 kHz – 200 kHz. 

The negative violations in ℜ{ 𝑀 } of the line model in Fig. 5.17 can be 

brought closer to the positive region by increasing the order of the polynomial 

approximations to the characteristic admittance and augmentation networks. A passive 

network is not achievable through this approach, however, as limitations in several of 

the tools involved limit the order of the approximating functions. 28 poles for the 

characteristic admittance and 18 poles for the augmentation network was the 

maximum order attainable without reaching numerical errors in Matlab or Hspice. 

Regardless, the negative violations in ℜ{ 𝑀 } were not significantly improved at these 

higher orders. As a result of these limitations, no approximation with a high-enough 

order was found that could eliminate the passivity violations. 

The single augmentation model‟s lossless transmission line length, 𝑑0, is 

perturbed to observe its effects on the final model‟s accuracy and passivity [23]. The 
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lossless line‟s length is perturbed from 80% to 120% of the lossy line‟s length, 𝑑, of 

50 cm, and scanned over 5000 linearly spaced data points. The root-mean-squared 

error – as discussed in Sect. 3.4 – is captured for accuracy, and is calculated with the 

S-parameters of the transmission line model and the lossy line under consideration. 

The resultant ℜ  𝑀   – as discussed in Sect. 3.4.1 – of the model is also captured to 

observe the effects the perturbed line length has on the model‟s passivity violations. 

Fig. 5.18 presents both the RMS error and ℜ  𝑀  , as a function of the percentage of 

the lossless line‟s length to the original lossy line‟s length. The RMS error is at its 

lowest when the lossless line length is equal to the length of the lossy line under 

consideration. As the line length deviates from 100% in either direction, the RMS 

error increases at a fast slope, indicating that the accuracy of the model‟s S-parameters 

to those of the lossy line decreases significantly. The model is most accurate when the 

ideal line‟s length is equal to the length of the lossy line. As the line length increases, 

ℜ  𝑀   moves away from 0, moving the model further away from a passive solution.  

 

Figure 5.18 Representation of the accuracy (RMS error) and passivity of the 

transmission line model. 
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As the lossy line length, 𝑑0, decreases relative to the length of the lossy line, ℜ  𝑀   

approaches zero. Scanning the line length down to 10% of the lossy line‟s length, 

reveals that a passive line model is achievable at and below ~19%. The resultant 

model‟s accuracy is poor, with an RMS error of ~28, thus rendering the model 

unacceptable. Fig. 5.19 illustrates these results for a lossless line length of 10% to 

100% the length of the lossy line. 

 

Figure 5.19 Accuracy (RMS error) and passivity of the line model for a lossless line 

length less than the lossy line length. 

The two split augmentation approaches, discussed in Sect. 5.1.2 and 5.1.3, are 

now applied to this line case and the following presents the observed results. First, 
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attenuation networks are combined. Upon first inspection, the newly formed split 
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be the numerical limit imposed by Hspice. At this order, the line model has discrete 

passivity violations with negative values in ℜ{ 𝑀 }. Regardless of this 16-pole limit, 

higher orders in Matlab do not significantly improve the model‟s accuracy in order to 

eliminate the passivity violations. 

Lastly, the approach discussed in Section 5.1.3, which pulls a constant 

impedance value, 𝑍0
∗, out of the split augmentation networks is applied here. This 

approach creates a new frequency-independent transformation network at each port. 

Since 𝑍0
∗ is an unknown, which can be any real, positive number, 𝜀 in (92) is scanned 

from a value of 0.01 to 1000 at 1000 linear spaced points. 

𝑍0
∗ = 𝜀 ∙ 𝑍0 = 𝜀 

336 𝑛𝐻/𝑚

129 𝑝𝐹/𝑚
= 𝜀 ⋅ 51.038Ω 

(92) 

The model‟s augmentations contain 16 poles. No passive solution is found in this 

given space, and evaluating 𝜀 at large outlying values such as 106 did not result in a 

passive network either. 

In summary, this single augmentation modeling approach has difficulty 

accurately representing a single lossy line with zero per-unit-length shunt conductance 

with a relatively low-order approximation to the attenuation network. While the 

resultant model appeared relatively accurate both numerically and graphically in both 

frequency- and time-domain simulation, the final model is not passive. This is due to 

the model‟s non-passive transformation network which includes the fit to the 

characteristic admittance. 
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Perturbing the model‟s ideal line length by a small percentage of the lossy 

line‟s length showed that the model was most accurate when both line lengths are 

equal. Decreasing the line length down to ~19% moved ℜ  𝑀   of the final model into 

the passive region; however, the resultant model was an inaccurate representation of 

the lossy line. 

Splitting the augmentation and combining each with its neighboring 

transformation networks resulted in two non-passive augmentation networks. Limited 

to 16 poles, the split augmentation networks are not accurate enough to create a final 

model that is passive. Extracting a constant impedance value from the split 

augmentation networks did not improve the accuracy of the split augmentation 

networks nor did it eliminate the final model‟s discrete passivity violations. 

5.2.3 Single Line – Constant Line Values 

This example is a single lossy line with a circuit layout similar to that shown in 

Fig. 5.7, a line length of 10 cm, and per-unit-length characteristics of 

𝑅 = 34 Ω/m 𝐿 = 277 𝑛𝐻/𝑚 

𝐶 = 188.7 𝑝𝐹/𝑚 𝐺 = 0 𝑆/𝑚 

The equivalent line model contains a single augmentation and two transformation 

networks, all with 12 poles each. The lossless line for all models in this case has a 

delay of 0.723 ns and a characteristic impedance of 1. The approximation to the 

characteristic admittance, 𝑌0(𝑠), shown in Fig. 5.20, appears graphically accurate over 

the given frequency range of 1 kHz to 5 GHz at 1500 logarithmically spaced points. 

The transient response of the transmission line – with an input voltage of 1V and 
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signal rise time of 100 ps – is shown out to 5 ns in Fig. 5.21. This model appears to 

represent the lossy line well; yet, the final model has passivity violations due to the 

non-passive transformation network. Fig. 5.22 presents ℜ{ 𝑀 } of the lossy line 

(solid) and the final line model (dashed). The line model has negative values, 

confirming this model is a non-passive network. 

 

Figure 5.20 Real and imaginary parts of the characteristic admittance (solid) and its 

approximating function (dashed). 

 

Figure 5.21 Transient response of the line model and the W-element for reference. 
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Figure 5.22 ℜ{ 𝑀 } of model and lossy line, narrowed in to 100 kHz – 20 MHz. 

The order of fit to both the characteristic admittance and the single 

augmentation network are incrementally increased in an attempt to eliminate the 

negative values in ℜ{ 𝑀 } and realize a passive model. The highest order of fit 

obtainable in Matlab for the characteristic admittance and augmentation network is 28 

and 18 poles respectively. These approximations did not realize a passive model. This 

ceiling is due to the fact that any order above either of these values for their respective 

networks resulted in numerical errors in Matlab. In addition, while pole-zero orders of 

28 were attainable in Matlab, any pole-zero order above 12 for either approximation 

resulted in polynomial exponent factors above 100. An exponent factor above 100 is 
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limitations, no approximation was found that could achieve an accurate enough model 

to eliminate the passivity violations. 
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the split augmentation networks are formed with 16 poles, over a frequency range of 1 

kHz to 5 GHz at 1500 logarithmically spaced points. For this case, 16 poles is the 

highest attainable order before reaching the exponent limit in Hspice. At this order, the 

network parameters of the resultant line model are in agreement with the lossy line 

data. Figures 5.23 and 5.24 present the magnitude and phase of 𝑆21  of both the model 

and the lossy line over the given frequency range. The RMS error between the S-

parameters of the lossy line and the model is on the order of 10−6. 

 

Figure 5.23 Magnitude of 𝑆21  of the model vs. the lossy line. 

 

Figure 5.24 Phase of 𝑆21  of the model vs. the lossy line. 
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ℜ{ 𝑀 } of the model relative to that of the lossy line can be seen in Fig. 5.25, 

where a focused plot shows the negative values of ℜ{ 𝑀 } in the model. It should be 

noted that while the passivity violations occur at lower frequencies, data vector fitting 

was always set to weight each frequency point equally. Narrowing the entire 

frequency range to lower frequencies did not improve the approximation or decrease 

the passivity violations of the model. 

 

Figure 5.25 Focused plot of ℜ{ 𝑀 } of the model vs. the lossy line. 
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kHz – 5 GHz. Multiple values of 𝜀 near and above 1000 resulted in a discretely 

passive model over the given frequency range so a factor of 𝜀 = 1000 was chosen for 

the model. The derived attenuation networks, and subsequently the augmentations, are 

still non-passive, but the resultant model is discretely passive, stable, and accurate. It 

should be noted that the 2-port network created by this constant impedance factor fails 

the discrete passivity test. The transient simulation – both input and output signals – of 

the model (dashed) is compared to a W-element (solid) in Hspice for reference in Fig. 

5.26. The model is in agreement with the reference out to 6 ns. It can be seen in Fig. 

5.27 that ℜ{ 𝑀 } has no negative values, indicating the model is discretely passive. 

 

Figure 5.26 Unit step response of the line model and the W-element as reference. 
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Figure 5.27 ℜ{ 𝑀 } of the model in comparison to the lossy line. 

In summary, both the single and split augmentation models had accurate and 

passive augmentation approximations but contain discrete passivity violations due to 

the non-passive transformation networks. Factoring out a constant impedance from the 
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All remaining parameters are zero. The model‟s odd mode lossless line has a delay of 

0.305 ns and characteristic impedance of 1. The model‟s even mode lossless line has 

an approximate delay of 0.340 ns and characteristic impedance of 1. Each mode‟s 

augmentation and transformation networks are approximated via data vector fitting 

with 3 poles over the frequency range of 1 kHz to 5 GHz  at 1500 logarithmically 

spaced points. The resultant approximations are both globally and discretely passive. 

The circuit diagram under evaluation is illustrated in Fig. 5.28. The unit step-responses 

of the model (dashed) and the U-model (solid) are observed via transient simulation in 

Hspice in Figures 5.29 and 5.30, which show the far-end ports 3 and 4, and the near-

end ports 1 and 2, respectively. It can be seen that the transient responses are in 

agreement. 

 

Figure 5.28 Coupled line circuit diagram 
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Figure 5.29 Far-end ports: Transient plot of transmission line model (solid) vs. U-

model (dashed) in Hspice. 

 

Figure 5.30 Near-end ports: Transient plot of transmission line model (solid) vs. U-

model (dashed) in Hspice. 
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5.2.5 Single Line – Frequency Dependent Values 

The delay extraction modeling approach is applied here to a single 

transmission line with frequency-dependent per-unit-length values. The test case is a 

10 meter long cable referred to as Line 4 in [24]. The model‟s lossless line has a delay 

of 38.35 ns, calculated for 𝐿𝐻 = 210.41 𝑛𝐻/𝑚 and 𝐶𝐻 = 69.89 𝑝𝐹/𝑚 at 𝑓𝐻 =

1050𝐻𝑧 per [15]. The approximation to the characteristic admittance is accurate at as 

low as 4 poles with an RMS error on the order of 10−5 over the frequency range of 

100 kHz to 2 GHz over 1000 logarithmically spaced points. Data vector fitting is 

unable to achieve an accurate fit for the attenuation network giving an RMS error on 

the order of 10−1. The maximum possible order for the single augmentation is 11 

poles before the exponent order in the resultant rational function is above 100 – the 

numerical limit for running Laplace transforms on rational functions in Hspice. Fig. 

5.31 presents the magnitude of the admittance parameter, 𝑌11 , of the attenuation (solid) 

and the 11-pole augmentation (dashed) network, narrowed in to 10 kHz to 2 GHz to 

show the disagreements between the two networks. Fig. 5.32 presents the phase of 𝑌11  

of the attenuation (solid) and the 11-pole augmentation (dashed) network. The large 

variations in the attenuation‟s admittance parameters proves difficult to approximate 

with data vector fitting. In addition, the model is confirmed non-passive both 

numerically and graphically. Fig. 5.33 presents ℜ{ 𝑀 } of the transmission line model 

(dashed) and the lossy line (solid), revealing negative values in ℜ{ 𝑀 } of the line 

model. The net-result is that no accurate and passive model is attainable with the 
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single augmentation approach. Due to the significant inaccuracies in this model, the 

transient simulation is not shown here. 

 

Figure 5.31 Magnitude of 𝑌11  of the single augmentation approximation compared to 

the attenuation data. 

 

Figure 5.32 Phase of 𝑌11  of the single augmentation approximation compared to the 

attenuation data. 
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Figure 5.33 ℜ{ 𝑀 } of the line model (dashed) vs. the lossy line (solid). 
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between data points or outside the scanned space. Large outlying factors such as 

𝜀 = 1𝑒9 did not provide a passive solution. 

 

Figure 5.34 ℜ{ 𝑀 } as a function of the constant impedance factor, 𝜀, for the split 

augmentation model. 
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parameters of the final model and the lossy line. As the ideal line length ratio deviates 

from 100%, the RMS error increases, indicating the model‟s accuracy to the lossy line 

decreases. In addition, ℜ{ 𝑀 } appears to oscillate across the scanned space and 

altering the line length within this range does not bring the model into the passive 

region. 

 

Figure 5.35 The relative accuracy (RMS error) and discrete passivity ℜ{ 𝑀 } of the 

line model. 
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reveals that a model‟s line length that is equal to that of the lossy line provides the 

most numerically accurate solution; and, it does not eliminate the model‟s passivity 

violations for this case. This single line transmission line case with frequency-

dependent line parameters has proven difficult to model with the given delay 

extraction approach and the subsequent techniques presented here-in. 

5.2.6 Coupled Lines – Frequency Dependent Values 

The final case is an MCM coupled line structure, 10 cm in length, with 

frequency dependent per-unit-length values referred to as Line 2 in [24]. The model‟s 

odd mode lossless line has an approximate delay of 0.705 ns and characteristic 

impedance of 1. The model‟s even mode lossless line has an approximate delay of 

0.733 ns and characteristic impedance of 1. To calculate the modal delays, the high-

frequency, or infinite asymptotic values are taken from [15],[24] at 𝑓𝐻 = 1050𝐻𝑧. 

Each modal line model is created with a single, 15-pole augmentation and a 12-pole 

characteristic admittance approximation from 1 Hz to 5 GHz at 3000 logarithmically 

spaced points. These are the maximum achievable orders before the coefficients in the 

rational function approximations exceed an order of 10100 . Both modal augmentations 

are confirmed passive and stable. Fig. 5.36 shows the real and imaginary parts of the 

odd mode characteristic admittance (solid) and its approximation (dashed), and that 

both are in agreement. 
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Figure 5.36 Real and imaginary parts of the odd-mode characteristic admittance 

(solid) and its approximation (dashed). 

The augmentation is not in agreement with the attenuation data, with an RMS 
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Figure 5.37 Magnitude of 𝑆21  of the odd mode line attenuation and its augmentation. 

 

Figure 5.38 Phase of 𝑆21  of the odd mode line attenuation and its augmentation. 
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agreement with the approximate data extracted from the TOPLine transient figures in 

[15] for the same line case. Arrows have been placed to indicate segments of the 

model‟s response with significant deviations to the reference data. 

 

 

Figure 5.39 Coupled line circuit diagram. 

 

Figure 5.40 Active line step-response of the coupled line model in comparison to the 

approximate TOPLine results [15]. 
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Figure 5.41 Victim line step-response of the coupled line model in comparison to the 

approximate TOPLine results [15]. 
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lossless line has an approximate delay of 0.786 ns and the model‟s even mode line has 

an approximate delay of 0.817 ns. The resultant 𝑷−1 network is approximated with 8 
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Figure 5.42 Phase of 𝑆21  of the odd mode line attenuation (solid) and its augmentation 

(dashed). 
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Similar to the previous model, the attenuation network for both model line 

models is a poor approximation to their respective attenuation networks. For 

verification, Fig. 5.42 presents the phase of 𝑆21  of the attenuation network (solid) and 

the 15-pole augmentation (dashed) from the odd mode line model – over a frequency 

range of 0.1 Hz to 5 GHz at 1000 logarithmically spaced points. The even and odd 

mode augmentations are confirmed passive. The approximation to 𝑷−1 in the 

decoupling network is not accurate. It is also non-passive due to the inclusion of the 

transformation network 𝑲, from each model line model. 

 

Figure 5.43 Active line step response of the 2
nd

 model in comparison to the 

approximate TOPLine results [15]. 
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Figure 5.44 Victim line step response of the 2
nd

 model in comparison to the 

approximate TOPLine results [15]. 
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5.2.7 Conclusion 

This modeling approach utilizes current and voltage transformations at the 

network‟s ports to obtain commutable matrix exponentials in order to extract delay. 

The resultant model is comprised of a delayless augmentation network and a single 

lossless transmission line of unity characteristic impedance to represent delay – 

encompassed by current-voltage transformation networks at each port. The results of 

this delay extraction modeling approach for the time-domain simulation of lossy 

transmission lines have been presented. The resultant model performs well on both 

single and coupled transmission line networks with constant, non-zero per-unit-length 

values. Lines with zero shunt conductance have demonstrated to be a challenge for 

this approach. The augmentation is an accurate, passive approximation to the 

attenuation, but the resultant model is non-passive due to the non-passive 

transformation networks. The inclusion of the approximation to the characteristic 

admittance into the model‟s transformation networks causes slight discrepancies in the 

final model resulting in a non-passive model. As a result, passive, low-order models 

for zero shunt conductance transmission lines are difficult to determine and not 

guaranteed. 

In addition to the basic derivation, alternative techniques are explored with the 

potential to discover a model that is more accurate and passive. The split augmentation 

approach creates two non-passive attenuation networks since each includes its 

neighboring non-passive transformation network. Factoring out a constant impedance 

in the split augmentation had no affect on one line model; yet, it did create a reduced 

order, discretely passive line model in another case. The overall model cannot not be 
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guaranteed globally passive as the derived split attenuation networks are non-passive. 

Perturbing the length of the model‟s lossless line did not provide an accurate, passive 

model. When applied to two line cases, no perturbation resulted in the most 

numerically accurate model. 

This modeling approach has difficulties accurately representing single or 

coupled transmission lines with frequency-dependent characteristics. The resultant 

attenuation networks of this derivation are too complex – unbounded and with large 

variations in the data set – to accurately approximate with data vector fitting at a low-

order. The tools and algorithms applied ran into numerical limitations before a high-

enough order was reached that could achieve an accurate, passive model. Absorbing 

the modal transformation networks into the coupling networks was discovered to have 

a slight improvement in the model‟s transient response, albeit still a non-passive 

model overall. This delay extraction approach requires a much higher order of 

approximations than the approach used as a reference, which has accurate, passive, 

and bounded approximations at low orders [14],[15],[24]. 
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6 CONCLUSION  

Two new approaches have been presented for modeling of lossy transmission 

line models in time-domain simulation. Each derivation is based on the delay 

extraction technique, which separates a line‟s phase from its attenuation in order that a 

black box approximation to the attenuation may be developed without influence from 

the phase. The goal is to create a low-order, accurate, passive, and stable model. 

The first modeling approach in Chapter 4 manipulates the eigenvectors in the 

exponential form of the telegrapher‟s equation resulting in the transmission line‟s 

attenuation split across two separate, asymmetrical, non-passive networks. In certain 

cases, the final model was found to be discretely passive, but an inaccurate - in both 

time and frequency-domain forms – representation of the lossy line under 

consideration. In order to obtain passive augmentation networks, and ultimately 

guarantee a globally passive model, various methods were applied to the attenuation 

networks such as factorization, normalization, or eigenvector scaling. However, any 

offset or change in one network is reciprocated by an equal but opposite change in the 

alternate attenuation network and thus no passive attenuation networks were 

discovered.  

The second modeling approach presented in Chapter 5, extracts delay by 

creating commutable matrix exponentials in the telegrapher‟s equations. The resultant 

model is composed of an augmentation network representing attenuation, two 

transformation networks representing the characteristic impedance, and a single 

lossless transmission line of unity characteristic impedance representing delay. This 
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model can be extended to derive alternate network topologies and extended to coupled 

transmission lines as well. The results of this modeling approach show that lines with 

constant, non-zero per-unit-length characteristics can be modeled accurately at low-

orders. Lines with zero shunt conductance prove a challenge in obtaining a passive, 

accurate model but in certain cases can be achieved with alternative network 

derivations. Lines with frequency-dependent line parameters prove the most difficult 

to model with this approach. The derived attenuation networks proved difficult to 

accurately approximate at low orders due to the large variations in their admittance 

parameters. As a result this approach was not able to derive a passive, low-order 

model for either the single or coupled transmission lines with frequency-dependent 

line parameters, with the tools and algorithms used. 

6.1 OBSTACLES & FUTURE WORK 

Various obstacles exist that could be researched further in order to improve 

this modeling approach as a whole. This method relies heavily on the accuracy of the 

rational function approximation to the attenuation over a broad frequency range. Other 

forms of black box modeling could be expounded on for improving the accuracy of 

the approximations. Alternatively, both modeling approaches had the most difficulty 

when data vector fitting is required to approximate an unbounded, non-smooth 

function with large variations in the data set. An augmentation network with smoother 

data would enable data vector fitting to provide more accurate approximations and 

potentially more accurate, passive models. Passivity of a rational function 

approximation to network parameters is not guaranteed. Alternative approaches exist 
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for enforcing passivity of a rational approximating function [44], which could be 

applied to this topic.  

The methodologies presented have many degrees of freedom, thus there are 

many unknowns that create additional complexities in determining an accurate model. 

In each result presented, much time was spent attempting to locate a passive, accurate, 

and low-order model. The most obvious unknown is the order for approximating the 

attenuation and characteristic impedance networks. Other unknown variables include 

the best frequency-range, the model‟s network topology, transient simulation 

variables, or the starting poles for data vector fitting. An automated process allowing 

for a optimized search of the entire solution space, similar to [23], may improve some 

of the time-consuming inefficiencies in this modeling approach by converging on a 

solution automatically if one exists. Finally, since the transformation networks in the 

second delay extraction approach are inherently non-passive, further investigation 

could be made into alternative values of 𝑃 and 𝑄 along the diagonal of 𝑲 that could 

provide the same commutative matrix but in a passive form. 
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APPENDIX A LINEAR LEAST-SQUARES DERIVATION 

Assume an electrical network is characterized by its frequency-domain transfer 

function 𝐻(𝑠). Let the transfer function be approximated as a ratio of two rational 

polynomials with unknown, real coefficients 𝑎𝑚  
and 𝑏𝑛  shown here as  

𝐻 𝑠 ≈
 𝑎𝑚𝑠

𝑚𝑃
𝑚=0

 𝑏𝑛𝑠𝑛
𝑄
𝑛=0

 (94) 

𝑃 is the number of zeroes, or roots in the numerator; and, 𝑄 is the number of poles in 

the denominator. In the frequency domain, 𝑠 = 𝑗 ∗ 𝜔 where 𝜔 = 2𝜋𝑓 is the angular 

frequency. If both sides of (94) are multiplied by the summation in the denominator, 

(94) can be rewritten as 

  𝑎𝑚𝑠
𝑚

𝑃

𝑚=0

 − 𝐻 𝑠 ∙   𝑏𝑛𝑠
𝑛

𝑄

𝑛=0

 = 0 (95) 

Expanding (95) at a single frequency point 𝑠𝑖  results in the linear equation 

 𝑎0 + 𝑎1𝑠𝑖 + 𝑎2𝑠𝑖
2 + ⋯+ 𝑎𝑃𝑠𝑖

𝑃 − 𝐻 𝑠𝑖  𝑏0 + 𝑏1𝑠𝑖 + 𝑏2𝑠𝑖
2 + ⋯+ 𝑏𝑄𝑠𝑖

𝑄 = 0 (96) 

For 𝑁 number of frequency data points in a network transfer function 𝐻(𝑠), a column 

vector of linear summations, is formed as 

 
 
 
 
  𝑎0 + 𝑎1𝑠1 + 𝑎2𝑠1

2 + ⋯+ 𝑎𝑃𝑠1
𝑃 − 𝐻 𝑠1  𝑏0 + 𝑏1𝑠1 + 𝑏2𝑠1

2 + ⋯+ 𝑏𝑄𝑠1
𝑄 

 𝑎0 + 𝑎1𝑠2 + 𝑎2𝑠2
2 + ⋯+ 𝑎𝑃𝑠2

𝑃 − 𝐻 𝑠2  𝑏0 + 𝑏1𝑠2 + 𝑏2𝑠2
2 + ⋯+ 𝑏𝑄𝑠2

𝑄 

⋮
 𝑎0 + 𝑎1𝑠𝑁 + 𝑎2𝑠𝑁

2 + ⋯+ 𝑎𝑃𝑠𝑁
𝑃 − 𝐻 𝑠𝑁  𝑏0 + 𝑏1𝑠𝑁 + 𝑏2𝑠𝑁

2 + ⋯+ 𝑏𝑄𝑠𝑁
𝑄  
 
 
 
 

 (97) 

The unknown coefficients 𝑎𝑚  (𝑚 = 1,2,3,…𝑃) and 𝑏𝑛 , (𝑛 = 0,1,2,3,…𝑄) in (97) are 

transferred into an unknown column vector [𝑥]. 
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 𝑥 =  𝑎0 𝑎1 𝑎2  ⋯  𝑎𝑃  𝑏0 𝑏1 𝑏2  ⋯  𝑏𝑄 
T
 (98) 

The frequency points in (97) are included into a complex matrix, [𝐴], of N-rows by 

(2+P+Q) columns in (99), which becomes a linear least-squares equation in (100). 

 𝐴 = 

 
 
 
 
 1 𝑠1 𝑠1

2 ⋯ 𝑠1
𝑃 −𝐻(𝑠1) −𝐻(𝑠1)𝑠1 −𝐻(𝑠1)𝑠1

2 ⋯ −𝐻(𝑠1)𝑠1
𝑄

1 𝑠2 𝑠2
2 ⋯ 𝑠2

𝑃 −𝐻(𝑠2) −𝐻(𝑠2)𝑠2 −𝐻(𝑠2)𝑠2
2 ⋮ −𝐻(𝑠2)𝑠2

𝑄

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮

1 𝑠𝑁 𝑠𝑁
2 ⋯ 𝑠𝑁

𝑃 −𝐻(𝑠𝑁) −𝐻(𝑠𝑁)𝑠𝑁 −𝐻(𝑠𝑁)𝑠𝑁
2 ⋯ −𝐻(𝑠𝑁)𝑠𝑁

𝑄
 
 
 
 
 

 
(99) 

  

 𝐴  𝑥 = 0 (100) 

The coefficients in [𝑥] are real; however, the components of [𝐴] in (99) are 

complex, resulting in a complex solution to [𝑥]. To achieve a solution to [𝑥] with real 

coefficients, (99) is split into its real and imaginary parts as follows [34]. 

 𝐴𝑅𝐼 = 

 
 
 
 
 
 
 
𝑅𝑒  

1 𝑠1 𝑠1
2 ⋯ 𝑠1

𝑃 −𝐻(𝑠1) −𝐻(𝑠1)𝑠1 −𝐻(𝑠1)𝑠1
2 ⋯ −𝐻(𝑠1)𝑠1

𝑄

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮

1 𝑠𝑁 𝑠𝑁
2 ⋯ 𝑠𝑁

𝑃 −𝐻(𝑠𝑁) −𝐻(𝑠𝑁)𝑠𝑁 −𝐻(𝑠𝑁)𝑠𝑁
2 ⋯ −𝐻(𝑠𝑁)𝑠𝑁

𝑄
 

𝐼𝑚 
1 𝑠1 𝑠1

2 ⋯ 𝑠1
𝑃 −𝐻(𝑠1) −𝐻(𝑠1)𝑠1 −𝐻(𝑠1)𝑠1

2 ⋯ −𝐻(𝑠1)𝑠1
𝑄

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮

1 𝑠𝑁 𝑠𝑁
2 ⋯ 𝑠𝑁

𝑃 −𝐻(𝑠𝑁) −𝐻(𝑠𝑁)𝑠𝑁 −𝐻(𝑠𝑁)𝑠𝑁
2 ⋯ −𝐻(𝑠𝑁)𝑠𝑁

𝑄
 

 
 
 
 
 
 
 

 

(101) 

Substituting  𝐴𝑅𝐼  in (101) for  𝐴  in (100) results in a new linear least-squares 

equation in (102). 

 𝐴𝑅𝐼  𝑥 = 0 (102) 

The eigenvector that corresponds to the smallest eigenvalue, 𝜆𝑚𝑖𝑛 , of the solution to 

 𝐴𝑅𝐼 
∗ 𝐴𝑅𝐼 , is the solution the unknown,  𝑥 , in (102) [34],[37]. 



114 

 

Macromodels representing multiport networks must maintain identical poles 

across the entire macromodel. In order to do this  𝐴𝑅𝐼   in (102) must be expanded as to 

solve for all network parameters at once [34]. For example, for macromodel 

representing the admittance parameters of a 2-port network,  𝐴𝑅𝐼  would be expanded as 

follows: 

 𝐴𝑅𝐼
𝑇  = 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 𝐴𝑅𝐼
11 𝐿  0  0 

𝑅𝑒

 
 
 

 
 −𝑌11(𝑠1) −𝑌11(𝑠1)𝑠1 −𝑌11(𝑠1)𝑠1

2 ⋯ −𝑌11(𝑠1)𝑠1
𝑄

−𝑌11(𝑠2) −𝑌11(𝑠2)𝑠2 −𝑌11(𝑠2)𝑠2
2 ⋯ −𝑌11(𝑠2)𝑠2

𝑄

⋮ ⋮ ⋮ ⋱ ⋮

−𝑌11(𝑠𝑁) −𝑌11(𝑠𝑁)𝑠𝑁 −𝑌11(𝑠𝑁)𝑠𝑁
2 ⋯ −𝑌11(𝑠𝑁)𝑠𝑁

𝑄
 
 
 

 
 

𝐼𝑚

 
 
 

 
 −𝑌11(𝑠1) −𝑌11(𝑠1)𝑠1 −𝑌11(𝑠1)𝑠1

2 ⋯ −𝑌11(𝑠1)𝑠1
𝑄

−𝑌11(𝑠2) −𝑌11(𝑠2)𝑠2 −𝑌11(𝑠2)𝑠2
2 ⋯ −𝑌11(𝑠2)𝑠2

𝑄

⋮ ⋮ ⋮ ⋱ ⋮

−𝑌11(𝑠𝑁) −𝑌11(𝑠𝑁)𝑠𝑁 −𝑌11(𝑠𝑁)𝑠𝑁
2 ⋯ −𝑌11(𝑠𝑁)𝑠𝑁

𝑄
 
 
 

 
 

 0  𝐴𝑅𝐼
21 𝐿  0 

𝑅𝑒  
−𝑌21(𝑠1) ⋯ −𝑌21(𝑠1)𝑠1

𝑄

⋮ ⋱ ⋮

−𝑌21(𝑠𝑁) ⋯ −𝑌21(𝑠𝑁)𝑠𝑁
𝑄
 

𝐼𝑚 
−𝑌21(𝑠1) ⋯ −𝑌21(𝑠1)𝑠1

𝑄

⋮ ⋱ ⋮

−𝑌21(𝑠𝑁) ⋯ −𝑌21(𝑠𝑁)𝑠𝑁
𝑄
 

 0  0  𝐴𝑅𝐼
22 𝐿

𝑅𝑒 
−𝑌22(𝑠1) ⋯ −𝑌22(𝑠1)𝑠1

𝑄

⋮ ⋱ ⋮

−𝑌22(𝑠𝑁) ⋯ −𝑌22(𝑠𝑁)𝑠𝑁
𝑄
 

𝐼𝑚 
−𝑌22(𝑠1) ⋯ −𝑌22(𝑠1)𝑠1

𝑄

⋮ ⋱ ⋮

−𝑌22(𝑠𝑁) ⋯ −𝑌22(𝑠𝑁)𝑠𝑁
𝑄
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(103) 

The left-half side of the full matrix in (103) is then split into its real and imaginary 

parts as shown in (104). 
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 𝐴𝑅𝐼
11 𝐿 =  𝐴𝑅𝐼

21 𝐿 =  𝐴𝑅𝐼
22 𝐿 =

 
 
 
 
 
 
 
 
 
𝑅𝑒

 
 

 
1 𝑠1 𝑠1

2 ⋯ 𝑠1
𝑃

1 𝑠2 𝑠2
2 ⋯ 𝑠2

𝑃

⋮ ⋮ ⋮ ⋰ ⋮
1 𝑠𝑁 𝑠𝑁

2 ⋯ 𝑠𝑁
𝑃 
 

 

𝐼𝑚

 
 

 
1 𝑠1 𝑠1

2 ⋯ 𝑠1
𝑃

1 𝑠2 𝑠2
2 ⋯ 𝑠2

𝑃

⋮ ⋮ ⋮ ⋰ ⋮
1 𝑠𝑁 𝑠𝑁

2 ⋯ 𝑠𝑁
𝑃 
 

 

 
 
 
 
 
 
 
 
 

 
(104) 

This will produce unique numerator coefficients (zeroes) for each network parameter, 

but retains identical denominator coefficients (poles) across the macromodel. 
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APPENDIX B DATA VECTOR FITTING DERIVATION 

The following derivation is taken from [18]. To begin, choose a set of starting 

poles, 𝑎 𝑛 , for 𝑓(𝑠) in (27). Next, multiply 𝑓 𝑠  with an unknown function, 𝜎(𝑠), and 

assign an approximation in rational function form to this product with the starting 

poles, 𝑎 𝑛 , as follows: 

𝜎 𝑠 𝑓 𝑠 ≈  
𝑐𝑛

𝑠 − 𝑎 𝑛
+ 𝑑 + 𝑠

𝑁

𝑛=1

 

(105) 

Next, assign this unknown function, 𝜎 𝑠 , its own rational function approximation 

with identical starting poles, 𝑎 𝑛 . 

𝜎 𝑠 ≈  
𝑐 𝑛

𝑠 − 𝑎 𝑛
+ 1

𝑁

𝑛=1

 

(106) 

Insert (106) into (105) to create a linear equation with the known values, 𝑎 𝑛  and 𝑓(𝑠), 

and four unknown variables, 𝑐 𝑛 , 𝑐𝑛 , 𝑑, and  and the result is 

  
𝑐𝑛

𝑠 − 𝑎 𝑛
+ 𝑑 + 𝑠

𝑁

𝑛=1

 ≈   
𝑐 𝑛

𝑠 − 𝑎 𝑛
+ 1

𝑁

𝑛=1

 𝑓(𝑠) 

(107) 

The linear least-squares approach for 𝐴𝑥 = 𝑏 can now be applied to (107) to 

determine the four unknown variables; the details of this can be found in Appendix A 

of [18]. Once these variables are known, the poles and residues of 𝑓(𝑠) need to be 

determined. To do so, (105) and (106) are rewritten in product form in (108) and (109) 

respectively. 
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𝜎 𝑠 =
  𝑠 − 𝑧 𝑛 
𝑁
𝑛=1

  𝑠 − 𝑎 𝑛 
𝑁
𝑛=1

 
(108) 

(𝜎𝑓)(𝑠) =
  𝑠 − 𝑧𝑛 
𝑁
𝑛=1

  𝑠 − 𝑎 𝑛 
𝑁
𝑛=1

 
(109) 

Solving for 𝑓 𝑠  can be achieved by dividing (109) by (108) to get 

𝑓 𝑠 =
(𝜎𝑓)(𝑠)

𝜎(𝑠)
=
  𝑠 − 𝑧𝑛 
𝑁
𝑛=1

  𝑠 − 𝑧 𝑛 
𝑁
𝑛=1

 
(110) 

The zeroes of 𝜎(𝑠), 𝑧 𝑛 , become the new poles of 𝑓(𝑠); the simple method for 

determining 𝑧 𝑛  can be found in Appendix B of [18] and requires only the starting 

poles, 𝑎 𝑛 , and residues, 𝑐 𝑛 , of 𝜎(𝑠). Note also that the initial poles cancel out in the 

division in (110). Once these new poles are determined the first iteration of data vector 

fitting is complete. Since it is likely that more than one iteration is needed to converge 

to an accurate fit, these new poles are then applied to initial approximating functions 

in (105) and (106) and this process continues through every iteration. Once the process 

has executed through its iteration limit, the remaining unknowns in (105) must be 

resolved. The final zeroes of 𝜎(𝑠) become the new poles, 𝑎𝑛
∗ , in the approximation of 

𝑓 𝑠  in (111). This is a linear equation resembling the form 𝐴𝑥 = 𝑏, and the linear 

least-squares approach can be applied to (111) to solve for 𝑐𝑛 , 𝑑, and ; details on this 

method can be found in Appendix A of [18]. 

  
𝑐𝑛

𝑠 − 𝑎𝑛∗
+ 𝑑 + 𝑠

𝑁

𝑛=1

 = 𝑓(𝑠) (111) 
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APPENDIX C HSPICE NETLISTS FROM SECT. 5.2 

Sect. 5.2.1 Single Augmentation Model Netlist  

.tran 0.02ns 15ns 

v1 in 0 PWL 0ns 0 0.1ns 0 0.2ns 1 

rin in 1 50 

cout 2 0 1e-15 

e1 3 a LAPLACE 1 0 (8.263129e+014) (8912528) (0.0196005) / (1.855161e+016) 

(2.995419e+008) (1) 

va a 0 dc=0 

f1 1 0 va -1 

t1 3 0 4 0 Z0=1 TD=3.291808013842849ns 

Gy11 4 0 LAPLACE 4 0 (4.449236e+016) (5.662332e+008) (1.557901) / 

(2.264282e+016) (3.266982e+008) (1) 

Gy12 4 0 LAPLACE 5 0 (-3.829987e+016) (-4.645586e+008) (-1.194758) / 

(2.264282e+016) (3.266982e+008) (1) 

Gy21 5 0 LAPLACE 4 0 (-3.829987e+016) (-4.645586e+008) (-1.194758) / 

(2.264282e+016) (3.266982e+008) (1) 

Gy22 5 0 LAPLACE 5 0 (4.449236e+016) (5.662332e+008) (1.557901) / 

(2.264282e+016) (3.266982e+008) (1) 

e2 5 b LAPLACE 2 0 (8.263129e+014) (8912528) (0.0196005) / (1.855161e+016) 

(2.995419e+008) (1) 

vb b 0 dc=0 

f2 2 0 vb -1 

.end 

 

Sect. 5.2.2, Single Augmentation Model Netlist  

.TRAN 20ps 15ns 

V1 in 0 PWL 0ns 0 0.1ns 0 0.2ns 1 

Rin in 1 50 $ input resistance 

Rout 2 0 1e12 $ output resistance 

E1 3 a LAPLACE 1 0 6.485508e+094 8.156674e+091 1.45987e+088 7.599694e+083 

1.437274e+079 1.110471e+074 3.800126e+068 6.138251e+062 4.934277e+056 

2.064023e+050 4.662532e+043 5.855057e+036 4.164154e+029 1.682421e+022 

3.769736e+014 4318819 0.0195941 / 1.434695e+099 5.755868e+095 5.336145e+091 

1.643964e+087 1.964894e+082 1.002251e+077 2.3431e+071 2.661818e+065 

1.544284e+059 4.774727e+052 8.155647e+045 7.917878e+038 4.449919e+031 

1.451493e+024 2.680155e+016 2.579143e+008 1 

Va a 0 DC=0 

F1 1 0 Va -1 

T1 3 0 4 0 Z0=1 TD=3.291808014ns 

Xm1 4 5 AUGMENTATION 

.subckt AUGMENTATION 1 2 
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G11 1 0 LAPLACE 1 0 1.594422e+068 1.191373e+065 2.132732e+061 

1.306653e+057 3.081664e+052 2.912273e+047 1.112077e+042 1.707488e+036 

1.043622e+030 2.507678e+023 2.32486e+016 7.920706e+008 8.142153 / 

6.589057e+064 1.547397e+062 5.224757e+058 5.317318e+054 1.98834e+050 

2.924668e+045 1.723255e+040 4.050323e+034 3.739349e+028 1.324487e+022 

1.736948e+015 7.873854e+007 1  

G12 1 0 LAPLACE 2 0 -1.594422e+068 -1.191373e+065 -2.132727e+061 -

1.306644e+057 -3.081613e+052 -2.912155e+047 -1.111968e+042 -1.707093e+036 -

1.043061e+030 -2.50467e+023 -2.319037e+016 -7.8836e+008 -8.080522 / 

6.589057e+064 1.547397e+062 5.224757e+058 5.317318e+054 1.98834e+050 

2.924668e+045 1.723255e+040 4.050323e+034 3.739349e+028 1.324487e+022 

1.736948e+015 7.873854e+007 1  

G21 2 0 LAPLACE 1 0 -1.594422e+068 -1.191373e+065 -2.132727e+061 -

1.306644e+057 -3.081613e+052 -2.912155e+047 -1.111968e+042 -1.707093e+036 -

1.043061e+030 -2.50467e+023 -2.319037e+016 -7.8836e+008 -8.080522 / 

6.589057e+064 1.547397e+062 5.224757e+058 5.317318e+054 1.98834e+050 

2.924668e+045 1.723255e+040 4.050323e+034 3.739349e+028 1.324487e+022 

1.736948e+015 7.873854e+007 1  

G22 2 0 LAPLACE 2 0 1.594422e+068 1.191373e+065 2.132732e+061 

1.306653e+057 3.081664e+052 2.912273e+047 1.112077e+042 1.707488e+036 

1.043622e+030 2.507678e+023 2.32486e+016 7.920706e+008 8.142153 / 

6.589057e+064 1.547397e+062 5.224757e+058 5.317318e+054 1.98834e+050 

2.924668e+045 1.723255e+040 4.050323e+034 3.739349e+028 1.324487e+022 

1.736948e+015 7.873854e+007 1  

.ends 

E2 5 b LAPLACE 2 0 6.485508e+094 8.156674e+091 1.45987e+088 7.599694e+083 

1.437274e+079 1.110471e+074 3.800126e+068 6.138251e+062 4.934277e+056 

2.064023e+050 4.662532e+043 5.855057e+036 4.164154e+029 1.682421e+022 

3.769736e+014 4318819 0.0195941 / 1.434695e+099 5.755868e+095 5.336145e+091 

1.643964e+087 1.964894e+082 1.002251e+077 2.3431e+071 2.661818e+065 

1.544284e+059 4.774727e+052 8.155647e+045 7.917878e+038 4.449919e+031 

1.451493e+024 2.680155e+016 2.579143e+008 1  

Vb b 0 DC=0 

F2 2 0 Vb -1 

.end 

 

Sect. 5.2.3 Single Augmentation Model Netlist  

.TRAN 20ps 30ns 

V1 in 0 pwl 0ns 0 0.1ns 0 0.2ns 1 

Rin in 1 50     $ input resistance 

Rout 2 0 1e12   $ output resistance 

E1 3 a LAPLACE 1 0 2.026239e+070 1.8324e+067 2.055606e+063 5.701923e+058 

4.858912e+053 1.432029e+048 1.585147e+042 7.015257e+035 1.301416e+029 

1.044378e+022 3.65338e+014 5327575 0.02610033 / 3.699928e+074 1.002382e+071 
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5.378489e+066 8.1204e+061 4.023498e+056 7.213529e+050 5.032459e+044 

1.446747e+038 1.793315e+031 9.902458e+023 2.464172e+016 2.654901e+008 1  

Va a 0 DC=0 

F1 1 0 Va -1 

T1 3 0 4 0 Z0=1 TD=7.229792528e-10 

Xm1 4 5 AUGMENTATION 

.subckt AUGMENTATION 1 2 

G11 1 0 LAPLACE 1 0 2.659802e+069 1.944506e+066 3.387212e+062 

2.001679e+058 4.495311e+053 3.972878e+048 1.384397e+043 1.87809e+037 

9.732885e+030 1.885069e+024 1.328441e+017 3.23627e+009 22.5533 / 

3.120081e+065 7.182736e+062 2.369295e+059 2.339735e+055 8.40304e+050 

1.169902e+046 6.394719e+040 1.357422e+035 1.093088e+029 3.231678e+022 

3.351954e+015 1.129223e+008 1  

G12 1 0 LAPLACE 2 0 -2.659802e+069 -1.944506e+066 -3.387212e+062 -

2.001678e+058 -4.495305e+053 -3.972865e+048 -1.384385e+043 -1.87805e+037 -

9.73238e+030 -1.884836e+024 -1.32807e+017 -3.234434e+009 -22.53113 / 

3.120081e+065 7.182736e+062 2.369295e+059 2.339735e+055 8.40304e+050 

1.169902e+046 6.394719e+040 1.357422e+035 1.093088e+029 3.231678e+022 

3.351954e+015 1.129223e+008 1  

G21 2 0 LAPLACE 1 0 -2.659802e+069 -1.944506e+066 -3.387212e+062 -

2.001678e+058 -4.495305e+053 -3.972865e+048 -1.384385e+043 -1.87805e+037 -

9.73238e+030 -1.884836e+024 -1.32807e+017 -3.234434e+009 -22.53113 / 

3.120081e+065 7.182736e+062 2.369295e+059 2.339735e+055 8.40304e+050 

1.169902e+046 6.394719e+040 1.357422e+035 1.093088e+029 3.231678e+022 

3.351954e+015 1.129223e+008 1  

G22 2 0 LAPLACE 2 0 2.659802e+069 1.944506e+066 3.387212e+062 

2.001679e+058 4.495311e+053 3.972878e+048 1.384397e+043 1.87809e+037 

9.732885e+030 1.885069e+024 1.328441e+017 3.23627e+009 22.5533 / 

3.120081e+065 7.182736e+062 2.369295e+059 2.339735e+055 8.40304e+050 

1.169902e+046 6.394719e+040 1.357422e+035 1.093088e+029 3.231678e+022 

3.351954e+015 1.129223e+008 1  

.ends 

E2 5 b LAPLACE 2 0 2.026239e+070 1.8324e+067 2.055606e+063 5.701923e+058 

4.858912e+053 1.432029e+048 1.585147e+042 7.015257e+035 1.301416e+029 

1.044378e+022 3.65338e+014 5327575 0.02610033 / 3.699928e+074 1.002382e+071 

5.378489e+066 8.1204e+061 4.023498e+056 7.213529e+050 5.032459e+044 

1.446747e+038 1.793315e+031 9.902458e+023 2.464172e+016 2.654901e+008 1  

Vb b 0 DC=0 

F2 2 0 Vb -1 

Rin2 in 11 50 

Rout2 12 0 1e12 

W1 11 0 12 0 n=1 l=0.1 rlgcmodel=lossyline 

.model lossyline w modeltype=rlgc n=1 

+ lo=277e-9 co=188.7e-12  
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+ ro=34 

.end 

 

Sect. 5.2.3 Split Augmentation Model Netlist 

.tran 1ps 10ns 

v1 in  0 PWL 0ns 0 0 0 0.2ns 1 

v2 in2 0 PWL 0ns 0 0 0 0.2ns 1 

.print v(1) v(2) v(11) v(12) 

rin in 1 50 

cout 2 0 1e-15 

$ Impedance transformation network [P 0;0 Q] 

e1 3 a 1 0 2.6100334036619238e-5 $ Y0c 

va a 0 dc=0 

f1 1 0 va -1 

Xm1 3 4 LEFTAUG 

.subckt LEFTAUG 1 2 

G11 1 0 LAPLACE 1 0 (3.115749e+094) (5.393186e+091) (1.288707e+088) 

(8.68384e+083) (2.003127e+079) (1.725823e+074) (5.914104e+068) 

(8.551683e+062) (5.517957e+056) (1.670321e+050) (2.473866e+043) 

(1.850581e+036) (7.110641e+028) (1.390236e+021) (1.294363e+013) (45082.32) / 

(1.382453e+090) (2.38561e+087) (5.678296e+083) (3.80471e+079) (8.701361e+074) 

(7.3995e+069) (2.487206e+064) (3.499102e+058) (2.174652e+052) (6.265634e+045) 

(8.717512e+038) (6.044878e+031) (2.127508e+024) (3.776718e+016) 

(3.178071e+008) (1)  

G12 1 0 LAPLACE 2 0 (-2.043318e+094) (-1.105432e+091) (-1.350606e+087) (-

5.24935e+082) (-7.339174e+077) (-3.959907e+072) (-8.760558e+066) (-

8.425843e+060) (-3.72072e+054) (-7.918914e+047) (-8.465113e+040) (-

4.692201e+033) (-1.372441e+026) (-2.099354e+018) (-1.570707e+010) (-45.07113) / 

(1.382453e+090) (2.38561e+087) (5.678296e+083) (3.80471e+079) (8.701361e+074) 

(7.3995e+069) (2.487206e+064) (3.499102e+058) (2.174652e+052) (6.265634e+045) 

(8.717512e+038) (6.044878e+031) (2.127508e+024) (3.776718e+016) 

(3.178071e+008) (1)  

G21 2 0 LAPLACE 1 0 (-3.115749e+094) (-5.393186e+091) (-1.288707e+088) (-

8.683839e+083) (-2.003126e+079) (-1.725821e+074) (-5.914091e+068) (-

8.55164e+062) (-5.517899e+056) (-1.670287e+050) (-2.473773e+043) (-

1.850464e+036) (-7.10994e+028) (-1.390037e+021) (-1.294113e+013) (-45071.23) / 

(1.382453e+090) (2.38561e+087) (5.678296e+083) (3.80471e+079) (8.701361e+074) 

(7.3995e+069) (2.487206e+064) (3.499102e+058) (2.174652e+052) (6.265634e+045) 

(8.717512e+038) (6.044878e+031) (2.127508e+024) (3.776718e+016) 

(3.178071e+008) (1)  

G22 2 0 LAPLACE 2 0 (2.043318e+094) (1.105432e+091) (1.350606e+087) 

(5.249351e+082) (7.339178e+077) (3.959912e+072) (8.760587e+066) 

(8.425905e+060) (3.720775e+054) (7.919134e+047) (8.465522e+040) 

(4.692564e+033) (1.372599e+026) (2.099686e+018) (1.571026e+010) (45.08222) / 
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(1.382453e+090) (2.38561e+087) (5.678296e+083) (3.80471e+079) (8.701361e+074) 

(7.3995e+069) (2.487206e+064) (3.499102e+058) (2.174652e+052) (6.265634e+045) 

(8.717512e+038) (6.044878e+031) (2.127508e+024) (3.776718e+016) 

(3.178071e+008) (1)  

.ends 

t1 4 0 5 0 Z0=1 TD= 0.7229792528ns 

Xm2 5 6 RIGHTAUG 

.subckt RIGHTAUG 1 2 

G11 1 0 LAPLACE 1 0 (2.041635e+094) (1.104583e+091) (1.349659e+087) 

(5.246084e+082) (7.335257e+077) (3.958154e+072) (8.757448e+066) 

(8.423534e+060) (3.719976e+054) (7.917873e+047) (8.464556e+040) 

(4.692198e+033) (1.37253e+026) (2.099625e+018) (1.571006e+010) (45.08222) / 

(1.381278e+090) (2.383709e+087) (5.674117e+083) (3.802188e+079) 

(8.69633e+074) (7.395893e+069) (2.486216e+064) (3.497999e+058) 

(2.174124e+052) (6.264503e+045) (8.716385e+038) (6.044344e+031) 

(2.127388e+024) (3.776598e+016) (3.178027e+008) (1)  

G12 1 0 LAPLACE 2 0 (-3.1131e+094) (-5.388887e+091) (-1.287758e+088) (-

8.678079e+083) (-2.001966e+079) (-1.724978e+074) (-5.911724e+068) (-

8.548918e+062) (-5.51654e+056) (-1.669978e+050) (-2.473441e+043) (-

1.850293e+036) (-7.109512e+028) (-1.389989e+021) (-1.294093e+013) (-45071.23) / 

(1.381278e+090) (2.383709e+087) (5.674117e+083) (3.802188e+079) 

(8.69633e+074) (7.395893e+069) (2.486216e+064) (3.497999e+058) 

(2.174124e+052) (6.264503e+045) (8.716385e+038) (6.044344e+031) 

(2.127388e+024) (3.776598e+016) (3.178027e+008) (1)  

G21 2 0 LAPLACE 1 0 (-2.041635e+094) (-1.104583e+091) (-1.349659e+087) (-

5.246083e+082) (-7.335253e+077) (-3.958148e+072) (-8.757419e+066) (-

8.423473e+060) (-3.719921e+054) (-7.917653e+047) (-8.464148e+040) (-

4.691834e+033) (-1.372372e+026) (-2.099294e+018) (-1.570688e+010) (-45.07113) / 

(1.381278e+090) (2.383709e+087) (5.674117e+083) (3.802188e+079) 

(8.69633e+074) (7.395893e+069) (2.486216e+064) (3.497999e+058) 

(2.174124e+052) (6.264503e+045) (8.716385e+038) (6.044344e+031) 

(2.127388e+024) (3.776598e+016) (3.178027e+008) (1)  

G22 2 0 LAPLACE 2 0 (3.1131e+094) (5.388887e+091) (1.287758e+088) 

(8.67808e+083) (2.001967e+079) (1.724979e+074) (5.911737e+068) (8.54896e+062) 

(5.516598e+056) (1.670012e+050) (2.473534e+043) (1.850409e+036) 

(7.110213e+028) (1.390188e+021) (1.294344e+013) (45082.32) / (1.381278e+090) 

(2.383709e+087) (5.674117e+083) (3.802188e+079) (8.69633e+074) 

(7.395893e+069) (2.486216e+064) (3.497999e+058) (2.174124e+052) 

(6.264503e+045) (8.716385e+038) (6.044344e+031) (2.127388e+024) 

(3.776598e+016) (3.178027e+008) (1)  

.ends 

e2 6 b 2 0 2.6100334036619238e-5 $ Y0c 

vb b 0 dc=0 

f2 2 0 vb -1 
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rin2 in2 11 50 

cout2 12 0 1e-15 

W1 11 0 12 0 N=1 L=0.1 RLGCMODEL=lossyline 

.MODEL lossyline W MODELTYPE=RLGC N=1 

+ Lo=2.77e-7 Co=1.887e-10  

+ Ro=34 Go=0 

.end 

 

Sect. 5.2.4 Coupled Line Delay Extraction Model Netlist  

R1 s1 p1  50 

R2 p2  0  50 

c3 p3  0  1p 

c4 p4  0  1p 

Vsens1 e1 e2 DC=0 

Vsens2 f1 f2 DC=0 

Vsens3 e3 e4 DC=0 

Vsens4 f3 f4 DC=0 

Enear11 e1 e1a  p1 0    0.70711 

Enear12 e1a 0   p2 0   -0.70711 

Enear21 f1 f1a  p1 0    0.70711 

Enear22 f1a 0   p2 0    0.70711 

Fnear11 p1   0  Vsens1    0.7071    $ Q11 

Fnear12 p1   0  Vsens2    0.7071    $ Q12 

Fnear21 p2   0  Vsens1   -0.7071    $ Q21 

Fnear22 p2   0  Vsens2    0.7071    $ Q22 

Efar11 e4 e4a   p4 0    0.70711 

Efar12 e4a 0        p3 0   -0.70711 

Efar21 f4 f4a        p4 0    0.70711 

Efar22 f4a 0        p3 0    0.70711 

Ffar11 0   p4   Vsens3    0.7071    $ Q11 

Ffar12 0   p4   Vsens4    0.7071    $ Q12 

Ffar21 0   p3   Vsens3   -0.7071    $ Q21 

Ffar22 0   p3   Vsens4    0.7071    $ Q22 

Xm1 e2 e3 MODALLINE1 

.subckt MODALLINE1 1 2 

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (2.032211e+023) (3.224409e+015) (1.588088e+007) 

(0.02441298) / (4.562303e+024) (8.818846e+016) (5.328935e+008) (1)  

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (9.760607e+025) (1.664361e+018) (8.920214e+009) 

(15.04115) / (5.472383e+024) (9.883529e+016) (5.615074e+008) (1)  

G12 3 0 LAPLACE 4 0 (-9.745254e+025) (-1.661433e+018) (-8.902579e+009) (-

15.00788) / (5.472383e+024) (9.883529e+016) (5.615074e+008) (1)  
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G21 4 0 LAPLACE 3 0 (-9.745254e+025) (-1.661433e+018) (-8.902579e+009) (-

15.00788) / (5.472383e+024) (9.883529e+016) (5.615074e+008) (1)  

G22 4 0 LAPLACE 4 0 (9.760607e+025) (1.664361e+018) (8.920214e+009) 

(15.04115) / (5.472383e+024) (9.883529e+016) (5.615074e+008) (1)  

T1 4 0 5 0 Z0=1 TD=0.3045515145ns 

E2 5 b LAPLACE 2 0 (2.032211e+023) (3.224409e+015) (1.588088e+007) 

(0.02441298) / (4.562303e+024) (8.818846e+016) (5.328935e+008) (1)  

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

Xm2 f2 f3 MODALLINE2 

.subckt MODALLINE2 1 2 

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (1.121442e+023) (2.131419e+015) (1.109835e+007) 

(0.01608489) / (2.517645e+024) (6.619682e+016) (4.913259e+008) (1)  

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (5.526365e+025) (1.149124e+018) (6.782135e+009) 

(11.41255) / (3.098423e+024) (7.500258e+016) (5.182316e+008) (1)  

G12 3 0 LAPLACE 4 0 (-5.517673e+025) (-1.146722e+018) (-6.762716e+009) (-

11.36866) / (3.098423e+024) (7.500258e+016) (5.182316e+008) (1)  

G21 4 0 LAPLACE 3 0 (-5.517673e+025) (-1.146722e+018) (-6.762716e+009) (-

11.36866) / (3.098423e+024) (7.500258e+016) (5.182316e+008) (1)  

G22 4 0 LAPLACE 4 0 (5.526365e+025) (1.149124e+018) (6.782135e+009) 

(11.41255) / (3.098423e+024) (7.500258e+016) (5.182316e+008) (1)  

T1 4 0 5 0 Z0=1 TD=0.339776581ns 

E2 5 b LAPLACE 2 0 (1.121442e+023) (2.131419e+015) (1.109835e+007) 

(0.01608489) / (2.517645e+024) (6.619682e+016) (4.913259e+008) (1) 

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

Vs s1 0 pulse(0.0 1.0 0p 10ps 10ps 25000ps 50000ps) 

.TRAN .2p 2000p 0   .2p 

.END 

 

Sect. 5.2.6 Coupled line model 

R1 s1 p1  30 

R2 p2  0  30 

c3 p3  0  1.5p 

c4 p4  0  1.5p 

Vsens1 e1 e2 DC=0 

Vsens2 f1 f2 DC=0 

Vsens3 e3 e4 DC=0 

Vsens4 f3 f4 DC=0 

Enear11 e1 e1a  p1 0    0.70711 
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Enear12 e1a 0   p2 0   -0.70711 

Enear21 f1 f1a  p1 0    0.70711 

Enear22 f1a 0   p2 0    0.70711 

Fnear11 p1   0  Vsens1    0.7071    $ Q11 

Fnear12 p1   0  Vsens2    0.7071    $ Q12 

Fnear21 p2   0  Vsens1   -0.7071    $ Q21 

Fnear22 p2   0  Vsens2    0.7071    $ Q22 

Efar11 e4 e4a   p4 0    0.70711 

Efar12 e4a 0    p3 0   -0.70711 

Efar21 f4 f4a   p4 0    0.70711 

Efar22 f4a 0    p3 0    0.70711 

Ffar11 0   p4   Vsens3    0.7071    $ Q11 

Ffar12 0   p4   Vsens4    0.7071    $ Q12 

Ffar21 0   p3   Vsens3   -0.7071    $ Q21 

Ffar22 0   p3   Vsens4    0.7071    $ Q22 

Xm1 e2 e3 MODALLINE1 

.subckt MODALLINE1 1 2  

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (1.774401e+090) (1.957081e+087) (2.639279e+082) 

(2.031294e+076) (4.002645e+069) (4.37485e+062) (1.14884e+055) (3.753195e+046) 

(1.564896e+037) (1.19774e+028) (2.825356e+018) (2.629642e+008) (0.01792349) / 

(6.103791e+094) (5.090912e+090) (1.385045e+085) (4.501776e+078) 

(7.235341e+071) (4.663603e+064) (7.548845e+056) (2.19248e+048) 

(9.173124e+038) (6.928407e+029) (1.596625e+020) (1.492521e+010) (1)  

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (1.532756e+095) (2.953309e+094) (8.677172e+092) 

(4.258295e+090) (2.967465e+087) (2.355308e+083) (1.838995e+078) 

(1.438739e+072) (1.50393e+065) (2.503419e+057) (3.865779e+048) 

(1.432659e+040) (1.028875e+031) (5.541779e+020) (3.545867e+010) (1.094137) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G12 3 0 LAPLACE 4 0 (-1.532756e+095) (-2.953309e+094) (-8.677172e+092) (-

4.258295e+090) (-2.967465e+087) (-2.355307e+083) (-1.83899e+078) (-

1.438691e+072) (-1.50373e+065) (-2.501329e+057) (-3.855749e+048) (-

1.427173e+040) (-1.022129e+031) (-3.615797e+020) (3.260459e+009) (0.3335509) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G21 4 0 LAPLACE 3 0 (-1.532756e+095) (-2.953309e+094) (-8.677172e+092) (-

4.258295e+090) (-2.967465e+087) (-2.355307e+083) (-1.83899e+078) (-

1.438691e+072) (-1.50373e+065) (-2.501329e+057) (-3.855749e+048) (-
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1.427173e+040) (-1.022129e+031) (-3.615797e+020) (3.260459e+009) (0.3335509) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G22 4 0 LAPLACE 4 0 (1.532756e+095) (2.953309e+094) (8.677172e+092) 

(4.258295e+090) (2.967465e+087) (2.355308e+083) (1.838995e+078) 

(1.438739e+072) (1.50393e+065) (2.503419e+057) (3.865779e+048) 

(1.432659e+040) (1.028875e+031) (5.541779e+020) (3.545867e+010) (1.094137) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

T1 4 0 5 0 Z0=1 TD=0.704782032ns 

E2 5 b LAPLACE 2 0 (1.774401e+090) (1.957081e+087) (2.639279e+082) 

(2.031294e+076) (4.002645e+069) (4.37485e+062) (1.14884e+055) (3.753195e+046) 

(1.564896e+037) (1.19774e+028) (2.825356e+018) (2.629642e+008) (0.01792349) / 

(6.103791e+094) (5.090912e+090) (1.385045e+085) (4.501776e+078) 

(7.235341e+071) (4.663603e+064) (7.548845e+056) (2.19248e+048) 

(9.173124e+038) (6.928407e+029) (1.596625e+020) (1.492521e+010) (1)  

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

Xm2 f2 f3 MODALLINE2 

.subckt MODALLINE2 1 2 

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (7.648335e+090) (4.522588e+087) (1.296896e+082) 

(7.729834e+075) (5.896787e+069) (6.720471e+062) (1.30867e+055) 

(2.983616e+046) (2.683198e+037) (1.844441e+028) (3.398787e+018) 

(3.031037e+008) (0.01675919) / (2.058179e+095) (5.821416e+090) (4.557397e+084) 

(4.097301e+078) (1.286839e+072) (7.012368e+064) (8.886154e+056) 

(1.898029e+048) (1.695484e+039) (1.132957e+030) (2.056899e+020) 

(1.836273e+010) (1)   

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (1.848453e+095) (3.585317e+094) (1.074621e+093) 

(5.496473e+090) (4.138887e+087) (3.71611e+083) (3.335376e+078) 

(2.800597e+072) (2.331492e+065) (2.541704e+057) (9.907814e+048) 

(3.497756e+040) (1.540884e+031) (7.652699e+020) (5.032892e+010) (0.9007544) / 

(1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) (1.246983e+084) 

(3.303338e+080) (9.362142e+075) (2.480184e+070) (5.350911e+063) 

(1.07151e+056) (5.730594e+047) (2.340311e+039) (4.334598e+030) (1.29092e+021) 

(2.20323e+010) (1)  

G12 3 0 LAPLACE 4 0 (-1.848453e+095) (-3.585317e+094) (-1.074621e+093) (-

5.496473e+090) (-4.138887e+087) (-3.716109e+083) (-3.335368e+078) (-
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2.800523e+072) (-2.331004e+065) (-2.539383e+057) (-9.892007e+048) (-

3.489006e+040) (-1.518516e+031) (-4.608708e+020) (6.633285e+009) (-0.3050289) 

/ (1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) 

(1.246983e+084) (3.303338e+080) (9.362142e+075) (2.480184e+070) 

(5.350911e+063) (1.07151e+056) (5.730594e+047) (2.340311e+039) 

(4.334598e+030) (1.29092e+021) (2.20323e+010) (1)  

G21 4 0 LAPLACE 3 0 (-1.848453e+095) (-3.585317e+094) (-1.074621e+093) (-

5.496473e+090) (-4.138887e+087) (-3.716109e+083) (-3.335368e+078) (-

2.800523e+072) (-2.331004e+065) (-2.539383e+057) (-9.892007e+048) (-

3.489006e+040) (-1.518516e+031) (-4.608708e+020) (6.633285e+009) (-0.3050289) 

/ (1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) 

(1.246983e+084) (3.303338e+080) (9.362142e+075) (2.480184e+070) 

(5.350911e+063) (1.07151e+056) (5.730594e+047) (2.340311e+039) 

(4.334598e+030) (1.29092e+021) (2.20323e+010) (1)  

G22 4 0 LAPLACE 4 0 (1.848453e+095) (3.585317e+094) (1.074621e+093) 

(5.496473e+090) (4.138887e+087) (3.71611e+083) (3.335376e+078) 

(2.800597e+072) (2.331492e+065) (2.541704e+057) (9.907814e+048) 

(3.497756e+040) (1.540884e+031) (7.652699e+020) (5.032892e+010) (0.9007544) / 

(1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) (1.246983e+084) 

(3.303338e+080) (9.362142e+075) (2.480184e+070) (5.350911e+063) 

(1.07151e+056) (5.730594e+047) (2.340311e+039) (4.334598e+030) (1.29092e+021) 

(2.20323e+010) (1)  

T1 4 0 5 0 Z0=1 TD=0.7326111366ns 

E2 5 b LAPLACE 2 0 (7.648335e+090) (4.522588e+087) (1.296896e+082) 

(7.729834e+075) (5.896787e+069) (6.720471e+062) (1.30867e+055) 

(2.983616e+046) (2.683198e+037) (1.844441e+028) (3.398787e+018) 

(3.031037e+008) (0.01675919) / (2.058179e+095) (5.821416e+090) (4.557397e+084) 

(4.097301e+078) (1.286839e+072) (7.012368e+064) (8.886154e+056) 

(1.898029e+048) (1.695484e+039) (1.132957e+030) (2.056899e+020) 

(1.836273e+010) (1)  

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

Vs s1 0 pulse(v1 v2 td tr tf pw per)  

.param v1=0v v2=1v td=0.0n tr=0.2ns tf=0.2ns pw=200ns per=400ns 

.option ingold=1 

.TRAN 2ps 12ns 

.PRINT tran  V(p1) V(p2)  V(p3)  V(p4) 

.END 

 

Sect. 5.2.6 Coupled line model with Y0 absorbed into P 

R1 s1 p1  30 

R2 p2  0  30 

c3 p3  0  1.5p 
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c4 p4  0  1.5p 

Vsens1 e1 e2 DC=0 

Vsens2 f1 f2 DC=0 

Vsens3 e3 e4 DC=0 

Vsens4 f3 f4 DC=0 

Enear11 e1 e1a  p1 0    0.70711 

Enear12 e1a 0   p2 0   -0.70711 

Enear21 f1 f1a  p1 0    0.70711 

Enear22 f1a 0   p2 0    0.70711 

Fnear11 p1   0  Vsens1    0.7071    $ Q11 

Fnear12 p1   0  Vsens2    0.7071    $ Q12 

Fnear21 p2   0  Vsens1   -0.7071    $ Q21 

Fnear22 p2   0  Vsens2    0.7071    $ Q22 

Efar11 e4 e4a   p4 0    0.70711 

Efar12 e4a 0    p3 0   -0.70711 

Efar21 f4 f4a   p4 0    0.70711 

Efar22 f4a 0    p3 0    0.70711 

Ffar11 0   p4   Vsens3    0.7071    $ Q11 

Ffar12 0   p4   Vsens4    0.7071    $ Q12 

Ffar21 0   p3   Vsens3   -0.7071    $ Q21 

Ffar22 0   p3   Vsens4    0.7071    $ Q22 

Xm1 e2 e3 MODALLINE1 

.subckt MODALLINE1 1 2  

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (1.774401e+090) (1.957081e+087) (2.639279e+082) 

(2.031294e+076) (4.002645e+069) (4.37485e+062) (1.14884e+055) (3.753195e+046) 

(1.564896e+037) (1.19774e+028) (2.825356e+018) (2.629642e+008) (0.01792349) / 

(6.103791e+094) (5.090912e+090) (1.385045e+085) (4.501776e+078) 

(7.235341e+071) (4.663603e+064) (7.548845e+056) (2.19248e+048) 

(9.173124e+038) (6.928407e+029) (1.596625e+020) (1.492521e+010) (1)  

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (1.532756e+095) (2.953309e+094) (8.677172e+092) 

(4.258295e+090) (2.967465e+087) (2.355308e+083) (1.838995e+078) 

(1.438739e+072) (1.50393e+065) (2.503419e+057) (3.865779e+048) 

(1.432659e+040) (1.028875e+031) (5.541779e+020) (3.545867e+010) (1.094137) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G12 3 0 LAPLACE 4 0 (-1.532756e+095) (-2.953309e+094) (-8.677172e+092) (-

4.258295e+090) (-2.967465e+087) (-2.355307e+083) (-1.83899e+078) (-

1.438691e+072) (-1.50373e+065) (-2.501329e+057) (-3.855749e+048) (-

1.427173e+040) (-1.022129e+031) (-3.615797e+020) (3.260459e+009) (0.3335509) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 
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(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G21 4 0 LAPLACE 3 0 (-1.532756e+095) (-2.953309e+094) (-8.677172e+092) (-

4.258295e+090) (-2.967465e+087) (-2.355307e+083) (-1.83899e+078) (-

1.438691e+072) (-1.50373e+065) (-2.501329e+057) (-3.855749e+048) (-

1.427173e+040) (-1.022129e+031) (-3.615797e+020) (3.260459e+009) (0.3335509) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

G22 4 0 LAPLACE 4 0 (1.532756e+095) (2.953309e+094) (8.677172e+092) 

(4.258295e+090) (2.967465e+087) (2.355308e+083) (1.838995e+078) 

(1.438739e+072) (1.50393e+065) (2.503419e+057) (3.865779e+048) 

(1.432659e+040) (1.028875e+031) (5.541779e+020) (3.545867e+010) (1.094137) / 

(9.064092e+089) (5.993291e+089) (4.296472e+088) (5.202314e+086) 

(9.843679e+083) (2.356652e+080) (5.779319e+075) (1.274864e+070) 

(2.959161e+063) (9.185413e+055) (4.152307e+047) (8.392537e+038) 

(2.023909e+030) (9.548133e+020) (2.655447e+010) (1)  

T1 4 0 5 0 Z0=1 TD=0.704782032ns 

E2 5 b LAPLACE 2 0 (1.774401e+090) (1.957081e+087) (2.639279e+082) 

(2.031294e+076) (4.002645e+069) (4.37485e+062) (1.14884e+055) (3.753195e+046) 

(1.564896e+037) (1.19774e+028) (2.825356e+018) (2.629642e+008) (0.01792349) / 

(6.103791e+094) (5.090912e+090) (1.385045e+085) (4.501776e+078) 

(7.235341e+071) (4.663603e+064) (7.548845e+056) (2.19248e+048) 

(9.173124e+038) (6.928407e+029) (1.596625e+020) (1.492521e+010) (1)  

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

Xm2 f2 f3 MODALLINE2 

.subckt MODALLINE2 1 2 

F1 1 0 va -1 

E11 3 a LAPLACE 1 0 (7.648335e+090) (4.522588e+087) (1.296896e+082) 

(7.729834e+075) (5.896787e+069) (6.720471e+062) (1.30867e+055) 

(2.983616e+046) (2.683198e+037) (1.844441e+028) (3.398787e+018) 

(3.031037e+008) (0.01675919) / (2.058179e+095) (5.821416e+090) (4.557397e+084) 

(4.097301e+078) (1.286839e+072) (7.012368e+064) (8.886154e+056) 

(1.898029e+048) (1.695484e+039) (1.132957e+030) (2.056899e+020) 

(1.836273e+010) (1)   

Va a 0 dc=0 

G11 3 0 LAPLACE 3 0 (1.848453e+095) (3.585317e+094) (1.074621e+093) 

(5.496473e+090) (4.138887e+087) (3.71611e+083) (3.335376e+078) 

(2.800597e+072) (2.331492e+065) (2.541704e+057) (9.907814e+048) 

(3.497756e+040) (1.540884e+031) (7.652699e+020) (5.032892e+010) (0.9007544) / 
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(1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) (1.246983e+084) 

(3.303338e+080) (9.362142e+075) (2.480184e+070) (5.350911e+063) 

(1.07151e+056) (5.730594e+047) (2.340311e+039) (4.334598e+030) (1.29092e+021) 

(2.20323e+010) (1)  

G12 3 0 LAPLACE 4 0 (-1.848453e+095) (-3.585317e+094) (-1.074621e+093) (-

5.496473e+090) (-4.138887e+087) (-3.716109e+083) (-3.335368e+078) (-

2.800523e+072) (-2.331004e+065) (-2.539383e+057) (-9.892007e+048) (-

3.489006e+040) (-1.518516e+031) (-4.608708e+020) (6.633285e+009) (-0.3050289) 

/ (1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) 

(1.246983e+084) (3.303338e+080) (9.362142e+075) (2.480184e+070) 

(5.350911e+063) (1.07151e+056) (5.730594e+047) (2.340311e+039) 

(4.334598e+030) (1.29092e+021) (2.20323e+010) (1)  

G21 4 0 LAPLACE 3 0 (-1.848453e+095) (-3.585317e+094) (-1.074621e+093) (-

5.496473e+090) (-4.138887e+087) (-3.716109e+083) (-3.335368e+078) (-

2.800523e+072) (-2.331004e+065) (-2.539383e+057) (-9.892007e+048) (-

3.489006e+040) (-1.518516e+031) (-4.608708e+020) (6.633285e+009) (-0.3050289) 

/ (1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) 

(1.246983e+084) (3.303338e+080) (9.362142e+075) (2.480184e+070) 

(5.350911e+063) (1.07151e+056) (5.730594e+047) (2.340311e+039) 

(4.334598e+030) (1.29092e+021) (2.20323e+010) (1)  

G22 4 0 LAPLACE 4 0 (1.848453e+095) (3.585317e+094) (1.074621e+093) 

(5.496473e+090) (4.138887e+087) (3.71611e+083) (3.335376e+078) 

(2.800597e+072) (2.331492e+065) (2.541704e+057) (9.907814e+048) 

(3.497756e+040) (1.540884e+031) (7.652699e+020) (5.032892e+010) (0.9007544) / 

(1.03916e+090) (6.875936e+089) (4.99129e+088) (6.222451e+086) (1.246983e+084) 

(3.303338e+080) (9.362142e+075) (2.480184e+070) (5.350911e+063) 

(1.07151e+056) (5.730594e+047) (2.340311e+039) (4.334598e+030) (1.29092e+021) 

(2.20323e+010) (1)  

T1 4 0 5 0 Z0=1 TD=0.7326111366ns 

E2 5 b LAPLACE 2 0 (7.648335e+090) (4.522588e+087) (1.296896e+082) 

(7.729834e+075) (5.896787e+069) (6.720471e+062) (1.30867e+055) 

(2.983616e+046) (2.683198e+037) (1.844441e+028) (3.398787e+018) 

(3.031037e+008) (0.01675919) / (2.058179e+095) (5.821416e+090) (4.557397e+084) 

(4.097301e+078) (1.286839e+072) (7.012368e+064) (8.886154e+056) 

(1.898029e+048) (1.695484e+039) (1.132957e+030) (2.056899e+020) 

(1.836273e+010) (1)  

Vb b 0 dc=0 

F2 2 0 Vb -1 

.ends 

.param v1=0v v2=1v td=0.0n tr=0.2ns tf=0.2ns pw=200ns per=400ns 

.option ingold=1 

.TRAN 2ps 12ns 

.PRINT tran  V(p1) V(p2)  V(p3)  V(p4) 

.END
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