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ON PERTURBATION AND LOCATION OF ROOTS OF

POLYNOMIALS BY NEWTON'S INTERPOLATION FORMULA

CHAPTER 1

INTRODUCTION

In the practical work of solving polynomial equations,

the values of the coefficients are usually rounded off,

i.e., replaced by approximate values. Much research has

been done to estimate the magnitudes of the changes of the

roots from the perturbed polynomials. For more information

and references on such work, see [2,4,5,11,14,15,23].

Gautsch±[4,5] approached the problem by deriving a

condition number to measure the sensitivity of the roots

with respect to small perturbation in coefficients of

polynomials. To measure the degree of sensitivity of each

root, Gautschi defined an appropriate condition number as

follows;

for p(z) = bz + + b1z + b0 with simple roots

q1, . . . ,q, the condition number of q1 is

ri-i

E bqfl
cond(q) k-O

I
q1p' (q1)

n-i
2JJ (1+1

k1)_1
k-O
k* I ,

k*i

in which equality holds when all roots q are located on a



half-ray through the origin. For Wilkinson's polynomial of

degree n, w(z) = (z-1) (z-2) (z-n) with roots q1 = i,

i=l,2,...,n,

I+ - 'n'I
cond(q) %lfl/. 1 1., i=l,2,...,n.

(1!) 2 (n-i)

He showed [Gautschi[4]] that from an asymptotic analysis for

large n, the worst conditioned root is the one near

vf-

O.707n, with a condition number that grows

exponentially, cond(q1))
1 (+1)n n°°MAX{

7t(2-)n V'-1

For further details on this approach, see Gautschi[4,5] and

Wilkinson [23]

Another approach is to consider the round off of the

coefficients as a continuity problem and to use the geometry

of the complex plane. The results are weak because they are

very general. See Mosier[14} and Ostrowski[15] for more

information and references.

In 1984 and 1990 Tulovsky[19,20] treated this problem

by using Newton's interpolation formula and Rouche's Theorem.

He pointed out that this approach is quite different from some

other well known classical results on the perturbation of

roots.

In our work, the approach used follows closely that of

Tulovsky[19,20]. We will show some results in this area and

apply the results obtained to a classical problem; describing

the location of the roots of polynomials.
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Let p(z) = (z-q1) (z-q) be a polynomial of degree

n with roots q1, . . . ,q. We denote by Q = {q1, . . . ,q} the set

of roots of p(z). And let r(z) be a perturbing polynomial of

degree n-i. Tulovsky[19,20] proposed and solved the

following problems:

Let Q,..., be the roots of the perturbed polynomial

p(z)+r(z) and let p be a given number. Then what are

necessary and sufficient conditions on r(z) so that

Iq1 - i = i,2,...,n ?

Tulovsky showed that (see Theorem 1.2 below) it is

possible to give necessary conditions and sufficient condi-

tions analogous to them for (1.1) to be satisfied. For the

proof, he introduced for each subset 3 ç Q a polynomial

P(p, 1q1-q11) of variables p and Iqj-qjl, ( which satisfy the

specific properties which are specified in Chapter 3 ), where

i,j = i,2,...,n and i j. Using the properties (3.2) of

P(p, Iqj-qjl), Tulovsky gave the following result by Newton's

interpolation formula:

THEOREM 1.2. (Tulovsky[19,20]).
Let p(z) = (z-q1) . (z-q), degree r(z) n-i,

p(z)+r(z) = (z-Q) . (z-q). For given p 0, if the

roots Q , . . . ,q of p(z)+r(z) can be indexed in such a way

that Iqj - p, i = 1,2,...,n, then for any non-empty

subset 13 ={q1,...,q1}çQ, the following estimate holds;

Jr[13] I P(p, Iqj-qjl)

3

where r[13] is the (m-1)-th divided difference of r(z), calcu-

lated at the points q1,...,q1.
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Conversely, if Ir[13] I P(p, Iq1-q11) for all non-empty

subsets 3 Q, then there exists some constant C (n) depending

only on n so that the roots Q ,..., of p(z)+r(z) can be

indexed in such a way that

Iq1 - q11 C(n)p , i = 1,2,...,n.

It turns out that from the polynomials P(p, Iqj-qjl)

given in [19,20), it would be very complicated to find explic-

itly the constant C(n) which is given in the converse part of

Theorem (1.2) and Tulovsky does not give an estimate for C(n).

Hence the main purpose of this work is to solve the following

problem:

PROBLEM 1)

Find polynomials P(p, Iqj-qjl) Ir[] I for all non-empty

subsets 3 c Q which satisfy the properties given in (3.2),

that are in some sense minimal.

From the minimal polynomials P(p, Iq1-qI), estimate the

constant C(n) in the above theorem, and determine asymptotic

properties of C(n). Namely, how does C(n) grow as n -> °°
In addition to solving Problem 1 we apply both the

results from the solution of Problem 1 and the techniques of

solution to other classical problems in estimation of roots

of polynomials. In particular, we give new results on the

following classical problems.

PROBLEM 2)

For given t-points a1, .. . ,a, 1 n, in the complex plane

C, if p(z) is a polynomial with degree n and leading

coefficient 1, then find disks B(a1,p) with center at each

point a and radius p so that the union of all these disks



G = B (a1, P) contains all roots of p(z).
i-i

PROBLEM 3)

Find a disk containing all roots of a polynomial p(z).

In Chapter 2, we first present some notations, definit-

ions and some known results from the theory of divided

differences. Then we shall derive a new formula for r[f] for

all non-empty subsets f3 ç Q. This formula makes it possible

to find minimal polynomials P(p, 1q1-q11) . In Chapter 3, using

the formula for r[] obtained in Chapter 2 we define new

polynomials P(p, Iqj-qjl) and will introduce the polynomials

P(p, Iqj-qjl) constructed by Tulovsky[19,20], and then we will

show that our polynomials P(p, 1q1-q11) are minimal

polynomials; i.e., (A) of Problem 1). In Chapter 4, we shall

treat (B) of problem 1). In Chapter 5, we address

perturbations of polynomials and problem 2 using Newton's

interpolation formula and the techniques developed earlier.

We also compare our results with other known results in this

area. In Chapter 6, we apply the techniques developed in this

paper to Problem 3. In addition to obtaining some new results

on Problem 3, we give a new proof of an important classical

theorem of Cauchy on bounding the roots of a polynomial.

Chapter 7 provides some results of numerical computations for

the results obtained in Chapter 5.

5



CHAPTER 2

PRELIMINARIES

Most of the work in this chapter is devoted to deriving

a new formula for the divided difference r[J. Before

proceeding a short comment on notation and some known results

from the theory of divided differences are needed. Divided

differences were introduced by Newton and later repeatedly

investigated by many other authors. The most detailed

exposition of their properties can be found in Milne-

Thomson[13], The Calculus of Finite Differences. In our paper

the terminologies of the divided difference theory are taken

from Tulovsky[20] with minor modifications. For other

references on the divided difference, see [6,9,10].

DEFINITION 2.1. Let p(z) be a polynomial in the complex

variable z. The first divided difference of p(z) is denoted

by p[z01z1] and defined by the relation

p (z0) -p (z1)p[z0,z1] =

This function can be extended by continuity to z0 =

and is a polynomial in z0 and z1. The n-th divided difference

is defined by induction in terms of the (n-1)-th one by the

formula

(2.1) p[z0, . .
p[z0, . . .,z_2,z] - p[z0, . . . ,z_2,z_1

Zn -Zni

Zozi

6

In order to derive a new formula for r[] which is useful in

studying perturbation of roots, we need the following lemma.



is

7

While the lemma is a well known result, e.g., Mime-
Thomson[13], Gel'fond[6], a proof is included here for

completeness.

LEMMA 2.2 [6,13.

p[z0,...,z]
27tiS

p(z) dz,
r (z-z0) (z-z)

where the points z0,...,z lie inside the contour F.

REMARK 2.3. Throughout this section, F will be used to

denote a simple closed contour enclosing a simply connected

region.

PROOF. By definition,

p (z0) -p (z1) p (z0) p(z1)p [z0, z1] - _______ _______zo-zi zo-zi zi-zo'

so we obtain without difficulty

p(z0) p(z1) p(z2)p [z0, z1, z2] - (z0-z1) (z0-z2) (z1-z0) (z1-z2) (z2-z0) (z2-z1)

It is now easily proved by induction that

(2.2) p[z0,z1,..,z] (z0-z1)(z0-z2)(z0-z)

p (z1) p (zr)+ +. . . +
(z1-z0) (z1-z2) (z1-z) (z-z0) (z-z1) (z-z_1)

Then by Cauchy's Residue Theorem, the residue at z = z of the

function p (z)

(z-z0) (z-z1) (z-z2) (z-z)



p (z)

(z-z0) (z-z_1) (z-z+1) (z-z)
Hence

2ltlS
p(z)

dz = r p(z)n

r (z-z0) (z-z) s-O (z-z0) (z-z)

= p[zo,zi,...,zn] by (2.2),

where the notation ' means that the factor z - z is excluded

from the denominator for s = O,l,...,n.

Q. E. D.

REMARK 2.4. From Lemma 2.2, clearly the interchange of

any two of the arguments does not alter the value of the

divided difference, which is therefore a symmetric function,

i.e., is invariant under all permutations of the variables

z0,...,z. Moreover it is clear from this formula that

P[z0,...,zJ is an analytic function of z0,..,z, even if some

of them coincide.

By Cauchy's integral formula, we have the following

estimate;

(2.3)
J

p[z0, . . .,z) I

SUP (I p(n) (z) I)
T ZE D

where D is any convex region in the complex plane, containing

ZO, . . . I Zn. For n+l coincident arguments z0, we obtain the

equality

1(2.4) p[z0, . . .,z0] -
_r

(z0)

I

8

If p(z) is a polynomial of degree n, then by Newton's

interpolation formula, p(z) can be reconstructed uniquely from



From Remark 2.5, the proofs in this paper are valid for

any polynomial p(z) with such modifications. Therefore,

9

the values of the divided differences at z0, .. . , z as follows:

p(z) = p{z0} + p[z0,z1] (z-z0) + + p[z0, . . .z,j (z-z0)

(z-z_1)

For more information and references to these discoveries, see

[6, 131

Now we will follow some notations from Tulovsky[20].

Let p(z) be a polynomial with degree n. We denote the set

of roots of p(z) by Q = {q1,...,q}, the letters a, 13, ',...
will denote subsets of Q, and lal, 1131, lyl,... the number

of elements in these subsets. For a ç Q we denote by p[a)
the divided difference of p(z), calculated at the points

q1 E a. If a = 0, then p[a] = 0. If a, 13, y,... are subsets
of Q, then we shall denote by a' , 13' , y',... complements of

these subsets in Qn. We set for any a ç

(z_q)a = H (z-q1 ) , (z_q)a = 1 for a = 4',qa
(q...q)U fl (qq1) (qq)(Z = 1 for a = 4'.

q1Ea

REMARK 2.5. If a polynomial p(z) has multiple roots, then

each root must be counted in the set Q. = {qi,...,qn} as many

times as its multiplicity, and any subset 13 of Qn may contain

in this case some copies of this multiple root, while all

other copies of this multiple root will be contained in the

complement 13'.



where f is a contour containing q11...,q.

PP.0OF.

i) If m < n-i, then from Lemma 2.2 and (2.3),

2jti f
(z-p1)" (ZPm)

___
dz

r (z-q1) (z-q)

1 SUP

d1{(z-p'

(ZP)}
=

(n-i) ! ZED dz'

where D is any convex region in the complex plane containing

q1,...,q. So we obtain the equality

___
(z-p1) (z-p)

dz = 0 for m < n-i.
2Ei r (z-q1) (z-q)

ii) If in = n-i, then from 1) we get

i I (z-p1) (zp)
dz

27ti Jr (z-q1) . (zq)

we have

10

without loss of generality we can assume that all roots of

p(z) are different.

Now for the divided difference of the perturbing

polynomial r(z), we will start to construct a new formula for

r[3] in terms of q1-q1.

LEMMA 2.6.

r (z-p1) .. .

2tiJr (z-q1)... (z-q)
dz

0 if m<n-1
1 if mn-1

E (q1-p1) if m = n
i1



= E (q-p)j1

Q. E. D.

From Lemma 2.2 and Lemma 2.6, we can obtain the following

result.

LEM 2.7. If p(z) = (z-q1) (z-q2) (z-q3), deg r(z) 5 2 and

p(z) + r(z) = (z-Q) (z-2) (z-3), then

r[qj] = (q1-q1) (q1-2) (q1-3) for 1

r[qj,qj} = (qj-qj) (ql-qk) + (qj-qj) (qj4k) + (qj-qj) (qj-qj) for
1 i,j,k S 3 and ijk.

r[q11q2,q3] = (qi-qi) + (q2-q2) + (q3-q3)

ii

2itiJr (z-q1) (z-q)
1 (

[ (z-q1) + (q1-p1) I. I (z-q1) + (q1-p1) dz

= 2iti Sr
dz + 1

(
(polynomial of degree < n-i) dzz-q 27c[ Jr (z-q1) (z-q)

= 1.

iii) If m = n then using i) and ii) gives

1
t (z-p1) (z-p)

dz
2ti Jr (z-q1) (z-q)

= 2iti Sr
1 dz + E (qj - P1) 2iSr zq1

dz
i-i

+ 1 C (polynomial of degree < n-i)
2iti Jr (z-q1) (z-q)

dz

n



REMARK 2.8. Let Q, {q1,..,q} be a fixed set. Then for

any subset {qj,qj,q, .. . } Q, we shall always set
I < j < k < throughout our paper.

Let us recall that (q_)U
= II (q1-q1).

q1a

Now we will define (qa-q)" as follows; for any subset

a ç 3 such that IjI = m n, set a = {q, q, ...) and

= {q1, . . . } c Q. Choose v = {q, . ., ç so that

lvi = n+i-m-ial, then we will define

( q q) V = ( q q, ) - ) -

so that i1=j1, i2=j2-1,..., iH=jI,I-ivl+i. Here we also set
for any a, V

Ii for lvi =0(_q)V
= 0 for lvi < 0.

The next result Is basIc to the results in this paper.

THEOREM 2.9. Suppose that p(z) = (z-q1) . (z-q),
deg r(z) n-i, p(z)+r(z) = (z-Q) (z-q) and

= {q1,...,q}. Then for any subset t3 c Q such that
I 3l = m n, we have

(2.5) r[f31 I (z-q1) . (z-)
dz

(z-q).D

= (q..q)V}

IVIn+1-m-Iat

12



REMARK 2.10. Since r(z) = (z-Q) (z-) - (z-q1)
(z-q), the first equality in (2.5) follows trivially from

Lemma 2.2. What needs to be established is the second
equality.

We will start here by giving a simple example to explain
the above formula for r[131 and then prove the theorem.

EXMPLE). Let Q4 = { q1, q2, q3, q4 } and 13 = { q, q2 }, then
{q, = q3, q2 = q4} and we have

E (q.q)V}
vI

IvI.3-IaI

+

Now from the formula for r[13],
i) For (2.6) we have

a = {q = q1}, v = {q, = q3, q, q4} and

( qq) V = ( ) (

= (a-3) (q-4)
Since q1 = q3 and = q, we have j1 = 1 and i2 = 2.

Hence i1 = 1 and 2 = 1. Thus we get

(q_q)v (q1-) (q1-q4)

13

r[13] = r[q1, q2] = {(q..q)a

(2.6) = (q_q){1} (_q{q3,ql}

(2.7) + (q_q)a} (_)(q3.q1}

(2.8) + (q_q){12}
[
(q4q)(



In a similar way for (2.7),
a = {q = q2}, v = {q = q3, q = q4} and

(q_q)v = (qa, - -

= (q-q3) (qa-q4)
Noting that j1 = 1 and j2 = 2 gives i1 = 1 and i2 = 1.
Hence we obtain the equality

(q_q)V = (q2q3) (q2-q4).

For (2.8) we have two cases ;
a = {q = q1, = q2}, v1 = {q = q3}

a = {q = q1, q; = q21, v2 = {q = q4}.

In case (1),
( q - = (q, -q) = (qc q3)

Since = q3, we have j1 = 1. So i = 1. Thus we have

(q_q)V1 = (q1q3)

Similarly for the case (2), we obtain the equality
(q_q)v2 = (q2-q4)

Therefore , from the above results we have the formula

r[q1,q2] = (q1-q1) (q1-q3) (ql-q4)
+ (q2-q2) (q2-q3) (q2-q4)
+ (q1-q1) (q2-q2) (q1-q3)
+ (q1-Q) (q2-q2) (q2-q4)

PROOF of Theorem 2.9.
We are going to prove the theorem by induction on n.

14



(2.10)

Take n-i
induction

+ (qi-qi) 2if
(z-q2) (z-)

dz.
r (z-q1) (-q)

= and 3 = {q21..,q1,}
hypothesis to (2.9) to obtain

(z-q2) (z-q)
dz

2it1 Jr (z-q2) (z-q)

= {(q...q)a EI1
IvIn+i-m-Iczi

and apply the

For the second part (2.10),

i (z-q2) . (z-q)
dz

27ti Jr (z-q1) (z-q)

a. I (z-+1) (z-q2) . (Z-q) (Z-qm2) . (z-q)
dz.

2Ei Jr (z-q1) . (z-q)

Now let us set

15

If n = 3, by Lemma 2.7, (2.5) is certainly solid. The formula

is satisfied for all n when m = n by Lemma 2.6. Now assume

that it is true for n-i and that m < n. Clearly it is enough

to show that for any subset t3 = {q1, .. . ,q1} Q, m < n,

(2.5) is satisfied. From Lemma 2.2, for a contour T

containing q1,...,q1, we get

i c (z-j1) (z-q)___ dz
2ti Jr (z-q1) (z-q)

- dz
- 27ti 5

(z-q1+q1-q1) (z-q2) . (z-)
r (z-q1) (z-q)

dz(2.9)
= 2iti 5

(z-q2) (z-)
r (z-q2) (z-q)



= {(q)a E
IvIn-m-ktl

Now we would like to show that

(2.12) I1
{(q_q)a (q_)v}

vI'.n+l-m-IUI

(2.14)

E {(q...)a E (q..)v}
Iakl vçQ,1/

tvIn-m-Ia

=
{(q_q)Y (q_q)0}

IT
wj +1-rn-I I

In order to show the above equality, it is sufficient to

prove the following;

The number of terms of (2.12) and (2.13) is equal to the

number of terms of (2.14).

Every term of (2.12) and (2.13) is a term of (2.14).

( Here a term means an expression of the form

(q11-q11) (q12-q2) (q1_-q) .

16

(2.11) 1= q1 for 2im
qj= q+1 for m+1 n-i

Then taking Q_1 = {q11..,q_1} and applying the induction

hypothesis, we obtain

____ dz
2iti S

(z-1) (z-q2)' (Z11) (Zm+2) . . (z-q)
r (z-q1] (z-q)

1
(

(z-1) (z-2) (z-1) dz
27ti Jr (z-q1) (z-q)

(2.13) + (q1-q1)



Since

n (n-i) . (n-m+i)
(n =. if nmO

0 otherwise.

From the definitions of (q q)a and (q )V, we can

easily check that the number of terms of (2.12) and (2.13) is

17

Before proceeding a short comment on notation is needed.

For any integers m,n, we define throughout this paper the

combination denoted by with convention as follows;
mj

I is the number of terms of (2.14), (1) is proved.
fl +1-mJ

For the second statement (2), it is easy to see that every

term of (2.12) is a term of (2.14) because if a ç 13 and

V çQ I 13
are given in (2.12), then we can take y = a and

= V in (2.14)

Next we have to show that every term of (2.13) is a term

of (2.14). Here we need to consider two cases;

q1a{q,q,...}c13 and

q1Ea{q, q,,...}ç13.

Case 1) . If q1 a = {q, q, . . .} 13 and

+(n_1\ With the
n-m/

fact that (n\ 4 n
\
4n+i

k/ \k-i/ ! k

V = {q1, I q) c Q_1 I 13
in (2.13),

we obtain the equality

n-i n

kn-m+1 n-m/ kn-m+1



then by (2.11) we have
(qi-qi) (q_)a(q_)v

(q1...q1) (q_)a(q_)v

(q_q)h1 (q_)v

= ( q- q) { q1} U a (i- C1) ( (q1,1 -

= ( q- ) ( q, - - ( a11.11,1 -

since i1=j1, i2=j2-1, ..., i,,1=j1,1-IV I-fl. Now we have to take
3 and o ç ' in (2.14) so that the last expression is

equal to

= {q1} U a = {q1=q1, q,=1 q13=q, . . .} c
Setting

= q.1, q., } c 13'

(q-qy' (q...)W

= ( q- { i1 U a (q, - (q1, - (q.11 -

= ( q- q ) { q1} U a q.7- ( q7- q21 ( q711_1,1,2- :111.1

= ( q- { q1} U a - ( q - a111,1.1 4c1,1.1ii

Hence every term of (2.12) is a term of (2.14) in case of
q1 a.

Case 2) If q1 E a = {q1 = q1, q, .. .} ç 13 and

v = q, . q } ç Q_1 / 13 in (2 . 13)

18



( q1 ) = ( q, - +1 -

= ( q, - qm+1) ( q, - ( q2_, - qcI1

= ( q - m+i) ( - 2i ( -

since y = a. So we have the following equality

(q1q1) (q_)a(q_)v =

Therefore every term of (2.13) is a term of (2.14) in either

case. Thus, we have completed the proof of Theorem 2.9.

As an immediate consequence of this theorem we obtain

the following results, which can also be obtained classically,

eg. ,Milne-Thomson[131.

COROLLARY 2.11. If all qj = 0 in Theorem 2.8, then we

have

19

then using (2.11), we have

(q11) (q_)a(q_)v

= ( q - ) ( q-) a - ( Lç ( cç -

= ( q q a ( q1 - +i) ( - qc11) cç ( -

= ( qq) U ( q1 -q+1) ( q- ( q21- q1) (

because i = il 12 = - 1,..., 1h' = iIvt-IVI
Now taking that Y = a ç 3, 0) {q, = ,

and noting that i1=1, i2=j1, i3=j2-1, ..., i11+1 = jji-IVI+1,
we have



Cm =

2ltlS___
dz

r (z-q1)

i,+i2+. .
L.Z'U(O}

which is a homogenous polynomial with degree n+1-m with

respect to q1, . . . ,q,,, where q1, . . . ,q, lie inside the contour

I,

Here note that from Remark 2.4, qi,...,qm need not be

necessarily distinct.)

REMARK 2.12. When we want to expand p(z) = (z-b1)

(z-b) by (z-b1) (z-b) = c(z-z0)" + c_1(z-z0)"' +

+ c1(z-z0) + c0, we can also apply the new formula for

r[3] to find the coefficients cm for m = 0,1,...,n.

In this case all q1 = z0 in Theorem 2.9. So the coefficients

Cm can be expressed as

E(z0-b) (z-b1) for m = 0,1,.. .,n.
bik (1,,..., b,}

Of course if we note that cm = p[z01...,z0} where the number

of z0 in the bracket is m+1, then we can also find directly

the coefficients Cm by using Taylor's Theorem.

Let us write down the formula for r[] for the simple

case n = 4.

EXA)LE 2.13.

For n = 4 we have the following forms;

r[q11 = (qjQ) (q1-q2) q-q3 q1-q4 for 1 4,

20
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r [qj, qj] = (qj-j) (qj-) (q1-) + (qj-qj) (qj-qk) (q-)
+ (qj-qj) (qj-qj) (q1-q) + (q1-q1) (qj-qj) (qj-)

for 1 4,

r [qj, qj, q] = (q1-q1) (q1-) + (qj-qj) (qj-qm) + (c) (q-)

+ (qj-qj) (qj-4j) + (q1-q1) (q-q) + (qj-qj) (qk-k)

for 1 4,

r[q11q21q31q4] = (qi-qi) + (q2-q2) + (q3-q3) + (q4-4),

where p(z) = (z-q1) (z-q2) (z-q3) (z-q4), deg r(z) 3.

21



CHAPTER 3

CONSTRUCTION OF THE POLYNOMIALS P(p, Iq1-qI)

In this chapter we will define polynomials P(p, IqjqjI)

from the formula obtained in the previous chapter and will

show that the constructed polynomials P(p, Iqjqjl) are minimal

in some sense.

Let us recall once more the formula derived for r[t3J.

For any subset ç = {q1, . . . ,q}, set 13' {q, q2, . . .}. Then

r[131 =
{(q_)U E

a v@'
IvI.n+1-m-IaI

22

DEFINITION 3.1. Let Q = {q1, .. . ,q}, then for any subset

13 ç Q, and p we will define polynomials P with

where (qa-q) ) (qcç2- C so that

i1=j1, i2=j2-1, . .., i1v1=jtvi-tvI+1.

If Iq1-q1I for all i=l,...,n, then we get the estimate

I = I I I I I - I

= I I
I q -q +q - I

I + p ) (I I
+ p)

Motivated by the above estimate, we shall define the

polynomials P(p, Iqjqjl) as follows;



respect to variables p and Iqj-qjl by the formula

PD(p, Iq1-q ) = E (qq)
Ia

lvi.

where q-q ) = (
I + P ) (

I

-
I

+ P)

Let's look at the polynomials that correspond to

Lemma 2.7.

EXNPLE 3.2.

If p(z) = (z-q1) (z-q2), then

P(qj)(P
I q1-qI ) =PG(P, I q1-qI ) =p ( Iq1-q2 I+p)

P(q1,q2J(P,Iqj-qjl)= 2p.

If p(z) = (z-q1) (z-q2) (z-q3), then we have

P{qj}(Pi Iq1-I ) = P( Iq1-q2I+p) ( 1q1-q31+p)

P{(p,Iq-qI)= p(1q2-q1I+p)(Iq2-q3I+p),

P{(, Iq1-q1I ) = p(1q3-q11+p) (Iq3-q21+p),

P{qq;(P, Iq1-qI ) = P( Iq1-q3I+p) + P( 1q2q3kp)

P{q1,q)(Pi Iq1-qI) = p(Iq1-q21+p) + p(1q3-q2I+p)

P((, (q-q1I) = p(1q2-q1I+p) + p(1q3-q11+p)

P{1,,(p,Iq1-qI)= 3p.

From the definition of P we can see that

23

+ P2,

+ V.'

+ p2,
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(3.1);

P0(p, 1q1-q11) = nP.

P is a universal polynomial of p and - qjl that

depends only on the subset f3 and is independent of the

perturbing polynomial r(z).

If the roots Q, . . ,q of p(z)+r(z) satisfy

Iq1 - 1 n, then Ir[1 I P(p, Iq-qI)

We can also check that the polynomials P(p, Iqj-qjl)

satisfy the following properties 1) - 5) of Tulovsky;

(3.2);

P(p, 1q1-q11) depends only on the variables p and

I q - q1I, where qj E 3', q1 E

P(p, Iq1-qI) is a homogeneous polynomial of degree

n+1-I131, jointly in p and 1q1 - qjl
P(p, Iq1-qI) has total degree at most n-If3I with

respect to Iqj-qjl.
P(p, Iqj-qjl) has degree at most one in each variable

Iqj - q1I.

If qj E Ii', then every term in P(p, Iq1-qI)
contains at most one factor of the form Iq1 - qjl with

q1 E 3. ( A term means an expression of the form

pk
q11-q, I qj2-qj2 I I q-qj I

For more detail on polynomials satisfying 1) - 5), see

[19,20]

Moreover from the properties 2), 3) of (3.2) and the new

formula for r[], it is not hard to see that the following

properties are satisfied.



(3.3);
for 3 c Q such that I3I =

r[] has I terms.
kn+i-mJ

For a fixed k m, in PB(p, Iqj-qjl) the number of terms

containing pk is () and for each lal = k the number of terms

of the form (q-q) is
n-rn

n+1-m-k

The above properties make it possible to accurately

estimate the constant C(n) in Theorem 1.2 and will also be

useful in obtaining other results.

Next we will give an example so that

r[3] = P(p, Iqj-qjl).

EXA)LE 3.3.

Let Q = {q1, . . . ,q} be a decreasing sequence on the real line

I and q = q1 - p, I = 1, . . ,n. Then for f = {q1, . . ,q} c
we can see that

= pIaI for any ac and

( q4z )
V

= ( - ) . . . ( -

( ( - qc, ) + p ) ( ( q - q) + p )

where V 3'. We therefore obtain the equality

r[131 = P(p, Iqj-qjl) when = {q1, . .,q} c Q.

Now let us introduce simply Tulovsky's polynomials

25



= E pIa E ( E q'-q())).
ycQ/(aU) qEQ,/( yU) q'cafl
IyI-IatI-1

And in 1990 Tulovsky also defined other polynomials of

variables p and Iq1q11 denoted by P(p, Iqjqjl) and defined by

P(p, 1q1-q11 ) =C(n)p ( I '-I +p)
q'e' qe

where C(ri) is some unspecified constant depending only on n

Here both polynomials f and i were derived through use of

the estimate

1 SUP I r (z)
I(3.4) r [z0, .. ., Zml I zED

where D is any convex region in the complex plane containing

ZOZll...lZml rather than explicit computation of r[].

Next we will discuss the relationship among P, P and P.

26

B(P' Iqj-qjl) and P(p, lqjqjl) which have been obtained in

his papers [19,20]. Then we will study some relations between

our polynomials P and his polynomials P and P. And we will

show that our polynomials P are minimal polynomials in the

class of polynomials P satisfying the conditions i) and ii)

of Definition 3.5.

For given Q = {q1, .. . ,q} and t3 ç Q, in 1984 Tulovsky

defined polynomials of variables p and 1q1-q1I, denoted by

P(p, )q1q1I) as follows;
P(p, Iq1-qI



Q3 = {q1, q2, q3}.

P{q1} C(3)p(Iq1-q2 P) (1q1-q31 p) I

= C(3) P (1q1-q31 +q2-q3 +p),

P(q1,q,q3} = C(3) p.

In this case we get the equality P = P for all c Q3.

Q4 = {q1, q2, q3, q4}.

P} = p(1q1-q21+p) (1q1-q31+p) (1q1-q41+p) =

= C(4) p (1q1-q21 p) (Iq1-q31 p) (1q1-q41 p),

= P('Iq1-q3Ip) (Iq1-q4I+2p)+p(lq2-q4+p) (Jq2-q3+2p)

= pIq1-q3IIq1-q4Iplq2-q4IIq2-q3I

+ p2(2Iq1-q3 +21 q2-q4 I q1-q41 Iq2-q3I ) +4p3,

= P I q1 -q3 I I q1 -q4 I +p I -q4 I I q2 -q3 I

+ 2p2(q1_q3 +q2-q4 +q1-q4 Iq2-q3I ) +4p3

> P{q1,q2}i

P(q1,g2,q = p(l q1-q4I +q2-q4 I q3-qj +6p)

= P{q1,q2,q;il

27



P(q1,q2,q3,q4} = P{q1,q,,q3,q1} = 4p,

P(q1,q3,q3,q) = C(4) p.

Before discussing the relationship among P, and P,

a short comment on notations and some definitions are needed.

DEFINITION 3.4. A relation on a set is called a

partial order relation if the relation is reflexive,

transitive and anti-symmetric on t. A partially ordered set

is a pair (, ), where is a set and is a partial order

relation on . An element e E I is minimal if and only if

c implies e = c for all c E I.

DEFINITION 3.5. Let Q, = {q1, .. . ,q} and deg r(z) n-l.

Let 3 be the collection of all polynomials {F} satisfying

the following conditions;

1) If the roots Q, . .
,q of p(z)+r(z) satisfy

Iq1 - then Ir[131 I P(p, Iq-qI) for all non-empty

subsets 13 c Q.

ii) P satisfies the 5-properties of (3.2).

Now we will define a relation on the class by

{P} {P'} if P(p, 1q1-q11) P'(p, Iq1-qI) for all non-empty

subsets 13 Q, p and all Iqj - qjl. Then we can easily

check that (3m, is a partially ordered set.

REMARK 3.6.
(1) For the second polynomials P, let us consider the case

that q1 = 0 and q1 = -p, ± = 1, . . . ,n. For 13 ç Q, we have

28



r[f31 = P(p, 1q1-q11) = (n)pn+im and

P(p, Iq1-qI ) = where II = m. So we see that

the constant

E(n)
r' m=l,...,n.

+ 1-mJ

Moreover, observing the definition of P gives that

P(p, Iq-qI) has every term in P(p, Iqj-qjI) . Therefore, this

tells us that our polynomials {P} {P}.

For the first polynomials , it turns out that

{P} = {P} for n 3,

{P} {P} for n > 3,

and the polynomials P are much more complicated.

From the above fact, with both polynomials {P} and {P}

it is not quite possible to find explicitly the constant C(n)

in Theorem 1.2.

THEOREM 3.7. The class {P} consisting of the polynomials

P(p, Iqj-qjl) of Definition 3.1 is a minimal element in for

all n.

PROOF. Suppose that {P'} {P} on 3, n Then by

definition, P'(p, fqj-qjl) P(p, Iqj-qjl) for all non-empty

subsets Q, p and all Q. From the fact that by the

property (2) of (3.2) P'(p, Iqj-qjl) is a sum of a finite

number of terms which have the same degree jointly in p and

I qj - qjl, and that p, {q1, . . ,q} are arbitrary, we can see that

every term in P' is a term in P if the relation P' is

29



Q. E. D.

30

to hold. Now for 3 = {qj,q11..,qj}, we would like to choose

Q = {q1, . . ,q} so that Ir(13] I = P(p, Iq1-qI) as follows; in

Example 3.3, switch q1 to qj, 1 m, and

set q1 =q, for j 1, where qe 13'= { q2, . .

Here note that
q1 qj

= qj-p, ± = 1, . . ,n.

Hence, for the Q = {q1,..,q} obtained by rearranging

{q11..,q} in Example 3.3, we can see that for

13 = { q1, qj, . .,qj, Ir[13] I = P(p, Iqj-qjl) by the condition (1)

of (3.2). Since Ir[13] I P'(p, Iqj-qjl), we obtain

P'(p, Iqj-qjl) = P(p, Iq1-q11) . That is, {P} is a minimal

element in 3, n ? 1.



CHAPTER 4

ON PERTURBATION OF ROOTS OF POLYNOMIALS

In this chapter, we will obtain an explicit relation in

terms of polynomials P(p, 1q1-q11) between the perturbations

of roots and a perturbations of coefficients by using Newton' s

interpolation formula.

We start by introducing some well known results. The set

of all complex numbers is denoted by C. By B(z0,p) we shall

always mean the closed disk of radius p centered at z0;

B(z0,p) = { z0 E C
I Iz-z0I }.

If S is any bounded set in C, its diameter is given by

SUP I
dia(S) Z,Z,Eskzl).

LEMMA 4.1 ( Rouche's Theorem [1,3] ).

Suppose f(z) and g(z) are analytic inside and on the boundary

I' of some bounded region G in C , with Ig(z) I < If(z) I on

I'. Then f(z)+g(z) has the same number of zeros as f(z) in G.

LEMMA 4.2 ( Descarte's rule of signs [5,16]

Let p(z) = bz + + bz + b0 be a real polynomial (not

the zero polynomial) and let v denote the number of sign

changes in the sequence {bk} of its non-zero coefficients,

and let r denote the number of its real positive roots (each

root counted with its proper multiplicity), then v-r is even

and non-negative.

31

Now we are going to prove (B) of Problem 1).
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TEEOR.EM 4.3. Let p(z) = (z-q1)" (z-q), r(z) be a

polynomial with degree ri-i and

p(z) = p(z)+r(z) =(z-Q)" (z-q). For a given p

if Iqj - for all i, then for any non-empty subset

c Q,
(4.1) Ir[3] I P(p, Iqj-qI)

Conversely if (4.1) holds for all non-empty subsets

ç Q, then

1) There exists a constant k(n) depending only on n so

that the roots of p(z)+r(z) can be indexed in such

a way that

(4.2) lqj - I dia(C1)-k(n)p, i = 1,..,n,

where C is the connected component of G = J B(q,k(n)p)

containing qj, k(n) is the positive solution of the equation;

n-i n-rn-i
I m+1 \In-m-i\

k -E ktm E
n-m-tA t

)(i+4k)t =0.
rn0 tO

2)
4fl+i1O

< k(n)
4n;_4

, i.e., we have

k(n)
4n+i

PROOF. Suppose that Iq1 - QI for all i. From

(3.1), for all non-empty subsets f3 ç

ir[3] I P(p, Iqj-qjl)

Now we are going to prove the converse part. Since we



(4.3)

33

have shown that our polynomials P(p, Iq1-qI) also satisfy the

5-properties in (3.2), in step 1) we will give roughly the

proof obtained by Tulovsky[20], and then in step 2) and step

3) we estimate the constant k(n) and the asymptotic estimate

of k(n) from the properties (3.3). Now suppose that (4.1)

holds.

Step 1). In order to find k (n) the proof is based on Rouche' S

Theorem and Newton's interpolation formula. Let G be the union

of all disks B(q,kp) with boundary r. Here we shall

determine k in step 2). Without loss of generality we

assume that z E I' with iz - q1I = kp and that

I q1-q2 I q1-q3 I q1-q, I. By Newton' s interpolation
formula and the hypothesis (4.1), we have

Ir(z) I

Ir[q1] I + Ir[q11q2] I Iz-qj + + Ir[q1, . . .,q] I Iz-q1I Iz-q_1I

Pqj( p, ) + P{q1,q}(Pl q1-q1 I ) z-q1 +

+P{q,q,} (p, I q1 -q1 I) I z q1 z -q_1 I

From the estimate

iqj-qjl 1q1-q1I + Iq1-q11 Iq1-q11

2(1q1-zI + Iz-qjl)

= 2(kp+Iz-qI) for i < j,

and by using the properties 1), 4) and 5) in (3.2),

P{q1}(p,2 (kp+I z-q1 )) I z-q1 j z-qj

will have degree at most 1 with respect to each variable

I z-qI for every v. So now note that

E P}(p,2(kp+Iz-qI))Iz-qlI z-qj
s1



knpn

n

E P{q,q)(1f4k)k
s-i

k

From the property (2) in (3.2),

E P{q,q}(114k)kSi has degree n-1.

So, there is only one positive solution k = k(n) of the

equation

n

kT' - P{q1,..,q}(].t 4k)k = 0.
s-i

For G = J B(q1,k(n)p), we can see that p(z) = p(z)+r(z) has
i-i

all it's roots in the region G.

Now Rouche's Theorem gives that in each connected

component C1 of G, p(z) and p(z)+r(z) have the same number of

roots. Thus we can index the roots q, . . ., of p(z)+r(z)

so that

34

is a decreasing function of every IzqI > 0. Hence by

replacing Iz - q,,I by kp for every v, we obtain the estimate

n

P{q1,... ,q}(P' 4kp) (kp)_'
I r(z) .< s-i
p(z) (kp)

n

P{qj,.,q)(lI 4k) k'p
51

Iq1 - dia(C1)-k(n)p, i = 1,..,n.
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In the next step we represent P{q,)(l,4k) in a

simpler form in order to find the solution k(n).

Step 2). From the properties (3.3) we can see that

n-i n-rn-i
I j+] In-m-1

1,4k) = k- ktm E n-m-t) t
)1+4kt.

rnO tO

Hence the positive solution k(n) can be found from the

equation

n-i n-nt-i
1 m+]. In-m-l\(4.4) E knt E n-m-t)

)(1+4k)t = a.
rnO tO

Let us express the left-hand side of (4.4) as follows;

(4.5) E ktm

n-rn-i
in'-1 )(n-m-l)(t)(4k)1

rnQ tO m 1-n

(4.6) = - b_1kn_i - b0_2k2 - - b1k - b0.

For simple cases n =2,3,4,5,6,7, we obtain the following

computed solutions k(n) from the equation (4.4)



Table 1

b
b2

Compare k(n) with

36

Note that Table 1 shows that the solutions k(n) are
almost equal to

b2
k(n)

Now we will find the coefficients b1, b.2 of (4.6) and
then in Step 3) we show that

4'-10 4fl+14
______ < k(n) < _____

n k(n) EQUATION
b 2b14._

2 6.162278 k2-6k-1=O 6.166667

3 27.402276 k3-27k2-llk--1=0 27.407407

4 112.699340 k4-112k3-78k2--16k-1=O 112.696428

5 454.009537 k5-453k4-458k3-154k2-21k-10 454.011037

6 1819.336237 k6-1818k5-2431k4-1164k3-
255k2-26k-1=0

1819.337184

7 7280.667711 k'-7279k'-12141k5-7635k4-
2355k3-381k2-31k-10

7280.667949



First we will show that in the polynomial (4.6)

From (4.5) we can see that

n
1

=
4

(4fl_1 + 4fl_2 + 40) + (4fl_2 +

4fl+1+3fl2+13fl+16}

+(4' + 40) + 40 = - 3n - 4).

To find b2, observe that b..2 is the summation of the follow-

ing terms; If m = j, ( 0 ) in (4.5), then the

coefficient of k2 is

= ( j +1 \ (n-j -1 (n-i-i 4n-j-2
' 1 / \n-j-i n-j-2

+ (ii\ (n-j-1\ (n-j-2 4fl-j2
k 2 / n-j-2/ n-j-2

( Here note that from the our definition of
(n

0 if m > n or one of m and n is < 0.
m/

So we have

= (n-1)42 + 3(n-2)43 + 6(n-3)44 + n(n-1) 40
2

n i (i-i) 4fl1
= E (n-j+1)

2

4+ +40)

37

1=2

n n n
(n+2) ''j24ni_ (1)E4fli'Ei342 1-2 2 i-2



we have

(4.8)

Finally calculate

(n+1) (4fl+l_9.4fl1_3n_4)j4fll
181.2

i2

4-14fl4 7= +(4n11_1)+4(42_l)+ . . ___

= _ + 4{4n+6.41+12.42+. +6(n-l)4

-(l+6+ +6(n-l))}

4fl+1 96(n-1)n3 4 (3n2-3n+1) - 33 +

38

And j24n-i

_4fl_1 4fl + 3.4fl_1 + + (2n-l)4 - fl2

= _4fl1_
2 + l{ 4fl+]_4 2

T - 3
(4'+4+ . +42_4(n_l))}

(4.7) = 27 4fl+1_27. 41-9n2-24n-2O)

From the equality,

n

Ej4fll
1 (4''-3n-4),

i-i -



24(4fl4fl1 +42)

= + 11 4'' 128 96(n-1) 36n2-36n+12
27 2T 27 27

(4.9) Ej34ni
=

(11' 4'-9n3-36n2-6On-44) _4fl1
1=2

From (4.7) - (4.9) we have

b 1
{(2n_4)4n+1+3n2+13n+16}.n2

So we obtain the following result,

b1 = (4fl+1 - 3 -4)

b 1 {(2n_4)41+3n2+13n+16}.n-2

4'-1O 4'-4Step 3). Now we will show that ______ < k (n) < _____
9 9

From the equation k - b..1k' - b_2k'2 = 0, we obtain the

positive solution by using the Quadratic formula;

(4.10)

Here note that

(4'-3n-4) +J . (4'-3n-4)2 +..{(2n-4) 4fl+1 +32 + 13n+16}

=-1
(4fl+l34) +%/(4fl+1_3n_4)2+6{(2n_4) 4fl+1+3n2+13n+16} I.
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(4fl+l_3_4)2 + 6{ (2n-4)4' + 3n2 + 13n + 16}

= (4fl+1)2 + 2(3n-16)4' + 18n2 + 54n + 112

> (4fl+1 + 3n - 16)2 for n 1.

From (4.10), we obtain
4fl+1_1O

< k(n)
9

Next we will show that k(n) <
9

First note that
b.2 n 2 n- - ..., So b1

+

4r1+1_4

9

Hence we need to show that from

- b.1k' - b_2k2 - - b1k - b0 = 0,

4n+14 !

n-i n2 4n+i_.4
) + b }

- { b1 (
) + b2 ( ) +

>0.

Since b1 = . (4-3n-4), we get

4n+i_4 n 4n+i_4 n-i
( ) -b_1(

9

-
4fl+i_4 fl 4n+i4 n-i

1{(4fl+i
4) ...3} =- 9

) -(
9 -
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4fl+i_4 n-i
(4.11) (

9
) > 0 for n 1.

And since bn2 1 (2n-4)4'+ 3n2 + 13n + 16 ),

b 2

4n+i_4 n-2
)

- 9

4fl+i_4 fl. 4fl+i 2 4n+1 2 + ]3n 16=(
9 27 27 54

=
4fl+1_4 n(4-4) 4n 2 4fl+1 fl2 + 13n + 16

27 + 27 - 27 + T 54 -.
n 4fl+i_4 n-i

+
4fl+i_4 n-2 4 2 4fl+i 2 13n + 16

9
)

9 27 + + 54 -

So from (4.11), we have the equality

n 4n+i_4 n-i 4n+i_4 n-2
( ) - b1 C ) - b2 (

(4.12)
1 4n+i_4 n-2

= (-
9

) (42-3n2 - 21n- 16)

Now note that b3 is the summation of the following terms;
If m = j, 0 in (4.5), then

41

n-i-i t
' I J+1 \In-J-1(t4if n-j-t/ t Jfij

j+1 n-j-1\(n-j-2\4nj2
1 / n-j-1/n-j-3/



I j+1Vn-j-1Vn-j-2\4nj3
1, 2 /n-j-2/n-j-3J

+ I i+1\ j'Vni3\4n-i-3.
3 / n-j-3/n-j-3/

Then it is easy to see that b_3 < n343.
So we have

(4.13)

(4.14)

4n+1_4 n-3 4n+1_4 n-3 93
< ___b_3 (

9 44._4fl+4

Similarly b_ < i41 for j 4. So we get

9 j-2

(4fl+1_4) j-2
i+l4fli < 1 for n 4.

Therefore from (4.12) - (4.14), we obtain

I 9,
fl1 4r+1_4 n2

- { b1 ( ) + b2 ( ) + + b1 + b0 }

9n3
>

4fl+14 fl2{ 1 (42-3n2-21n-16) - ________ - (n-3) }
9

)
- 4(1-4')

4fl+1_4 1 (42-3n2-22n-13) n3
= (

9 - 4(1-4)

>0 forn1.
So we have

4'-10_______ < k(n)
4fl+1_4

9 9

42

Q. E. D.



And we obtain that p 0.004 is nearly the smallest value

satisfying (4.1). So from Theorem 4.3, we have

Iqj - k(n)p + 6 35.13 for all i and

43

REMARK 4.4. If we don't know the magnitude of the

perturbation p that r(z) introduces into roots q1,...,q of

p(z), we can obtain information about p from the inequalities

(4.1). If we choose the smallest p so that all the

inequalities (4.1) are satisfied, then we know that from (4.2)

Iq1 - dia(C1)-k(n)p, i = 1,... In,

where C is the connected component containing q1 of

G = (J B(q1,k(n)p) . And at least one root is perturbed by
i-i

the amount p, i.e.

Iqj - for some i.

We consider this with Wilkinson's polynomial of degree

7, p(z) = (z-1) (z-2) . (z-7) = - 28z6 + 322z5 - 1960z4 +

6769z3 - 13132z2 + 13068z - 5040.

q1

If r(z) = O.002z6, then

1 0.9999

2 2.0011

3 2.9717

4 4.3682 + 0.2244i

5 4.3682 - 0.2244i

6 6.6444 + 0.3908i

7 6.6444 - 0.39081



Iq1 - 0.004 for some i.

Note that from Table 2 in Chapter 7, we obtain

Iqj - 7.142 for all i..)

In next chapter we will give a different approach to

obtain a better estimation in the magnitudes of the changes

in the roots corresponding to changes of the coefficients.

Then we apply the results obtained in the chapter to

Problem 2.
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CHAPTER 5

DISKS AT GIVEN POINTS CONTAINING ALL ROOTS OF

POLYNOMIALS

In this chapter, we will derive some results on the

perturbation of roots using Newton' s interpolation formula and

the techniques developed in Theorem 4.3 and then we will

apply the obtained results to the following classical problem;

(5 1)

Find disks at given points containing all roots of a

polynomial.

First of all, we introduce the following result which is

closely related to our research on the perturbation of roots.

The proof is found in page 221 of Ostrowski[15].

THEOREM 5.1 [15]. Consider two polynomials;

p(z) = + b1z'' + - + b0 with roots q1, . . .

p(z) = + c1z1 + c0 with roots Q, .. .

U B(q1,p(n)).
1-1

n

Let m MAX (I , I q11 EIb1-c1Im.

Then the roots q1 and q1 can be ordered in such a way that

Iqj - dia(C1)-p(n), i =

where C is the connected component containing q1 of
n
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Now with the aid of Newton's interpolation formula and

Rouche's Theorem, we will approach the problem on the

perturbation of roots.

THEOREM 5.2. Let p(z) = (z-q1) (z-q) , r(z)

some polynomial of degree n-i, p(z) = p(z)+r(z) = (z-Q)

(z-q). If k(n) is the positive solution of the equation;

(5.2) k = Ir[q1] I + Ir[q1,q2] 1k + + lr[q1, . . . ,q lk1,

then we have

p(z) and p(z) have the same number of roots, counting

multiplicities, in each connected component of the region G,

where G (J B (q1, k(n)).

If C1 is the connected component of G containing q1, then

Iq1 - qI dia(C1)-k(n), i = 1,..

where is the perturbed root of q1 for each i.

PROOF. By Descarte's rule of signs (Lemma 4.2) we know

that the equation (5.2) has only one positive solution.

Suppose k(n) is the positive solution of the equation (5.2).

For B > 0, let us set G6 U B(q1;k(n) -'-8). For all z on the

boundary of G we have

Iz - q1I k(n) + & > k(n) for all 1.

Newton's interpolation formula gives
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r(z) = r[q11 + r[q11q2] (z-q1) + r[q1, . . ,qj (z-q1)

(z-q_1)

By using the fact that

r [q1] I H r 1q1, q2] II z-qj +. r [q1,
I
z-q1

f
z -q-1

jz-q1 Jz-qj

is a decreasing function of Iz-qjl > 0, we have, for all z on

the boundary of G5,

I r(z) I

I p(z)

lr[q1]IHrq1,q2] (k(n)+6) +. +r[q1,, .,q1l (k(n)+ö)'
(k(n) +

r [q1] I --1 r [q1, q2] 1k (n) + r[q1, , , q]
I
k (n) fl-'

1.
k(n)

From Rouche's Theorem, we see that p(z) and p(z) have the

same number of roots in each connected component of O,

where c is the interior of G6. Since 6 is arbitrary, we can

see that p(z) and p(z) have the same number of roots, counting

multiplicities, in each connected component of G. Moreover,

from the well known fact that the roots of a polynomial are

continuous functions of the coefficients, the connected

component containing qj has also its perturbed root .

This proves the first statement (1).

For the second part (2), if C1 is the connected component

containing qj, then from the above proof the perturbed root Q

of q1 lies in C1. So we see that Iq1 - I dia(C1)-k(n)
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because C1 is the union of some closed disks of radius k (n).

Q. E. D.

Here we note that the positive solution k(n) of (5.2)

can't be easily calculated. However, we can find an

approximation of k(n) by using well known root bound

functionals (rbf s) of polynomials, the definition and a number

of examples of rbfs will be given in the next chapter.

Note that the conclusion of Theorem 5.1 is the same as

that of Theorem 5.2 only with p(n) instead of k(n)

REMARK 5.3.

Let q be the largest absolute value of the roots of p(z).

Then the estimate p(n) in Theorem 5.1 increases as tcaJ

increases. However, the positive solution k(n) of the equation

(5.2) does not change when IqI does increase because

r[q1,q21. . . ,q_1,qj = r[q1,q2,. . . ,q_1,q'] for any q' by

Lemma 2.6.

Theorem 5.1 says that because of the 1/n exponent, the

bounds between q1 and are weak in general for small

perturbing polynomial r(z).

Theorem 5.2 does not always give a better estimate than

Theorem 5.1. For example, let q > 0,

p(z) = (z-q)2 = z2 - 2qz + q2, p(z) = (z+q)2 = + 2qz + q2.

The maximum of the absolute values of the roots of p(z) and

(z) is q, r(z) = p(z) - p(z) = 4qz and p(2) = [4qq]112 = 2q

in

Theorem 5.1. Note that this estimate is the actual distance

between the roots. On the other hand r[q] = 4q2 and

r[q,q] = 4q. The positive root k(2) of k2 = 4q + 4qk is

clearly > 2q.
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Taking p(z) = (z-q) and p(z) = (z4-q) gives an example

of degree n where the result from Theorem 5.1 is better.

RE)RK 5.4. As an application of Theorem 5.2, we can now

solve Problem 2) . Namely, if p(z) = + b_1z' + + b1z

+ b0 is given, then for any given t-points a1,...,a in C, we

can find disks B(a1,p) such that the union of all disks

B(a1,p) contains all roots of p(z). Some examples on this

problem will be given in (7.5) of Chapter 7.

As background on this problem, we may consider the

Gershgorin disk theorem.

< Gershgorin Disk Theorem [8,9] >

Let A (a1) be a complex matrix of order n and define the

absolute off-diagonal row and column sums by

I a and Ck E I a11 , respectively.

For k = 1, . . . ,n, set Rk = { z Iz-akkl rk I and

Ck = { Z
I Iz-akkl }. Then

If ? is any eigenvalue of A, then A Ck for some k and

e for some j.

Each component of the set LJRk ( UC ) contains as many

eigenvalues of A as points a11.

To apply the Gershgorin Theorem to Problem 2), we need

to find a matrix A so that the characteristic polynomial of

A (a1) , a11 E 1 a1,.. ,a } for each i, corresponds to

p(z) = z + b_1z' + + b1z + b0.

However, there is little hope that such a matrix can be easily



calculated unless all a1 0. But, as a special case we note

00
-b0 -

Using the Gerschgorin Theorem, we have the following results,

If C = {z J Izi IIDI}, Ck = {z Izi

n-2, and C = {z I Iz+b1I 1}, then

all the roots of p(z) lie in
IJC1 ,

All the roots of p(z) lie in the circle

Izi MAX (1,E 1b11 ).
1.0

REMARK 5.5.

(1) If k(n) is the positive solution of the equation (5.2),

then from the following example, we can see that the estimate

1q1 -j k(n) does not hold in general.

Consider p(z) = z(z - 0.01) (z + 1.8) with roots

q1=0, q20.01, q3=-1.8.
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that p(z) = + b_1z1 + + b1z + b0 is the

characteristic polynomial of the matrix

I
0 1 0 0 0

0 010 0

A



Now take r(z) = - 1, then

p(z)+r(z) = z(z-0.0l) (z+i.8) - 1 with roots

0.6446, q2 = -1.2174 +0.2637i,

- 1.2174 - 0.2637i.

From the equation (5.2), we get the positive solution

k(3) = 1.

Therefore it is impossible to get Iq1 - because

Iq2 - = 1.2554 > 1.

(2) We will give another result in this area. This result

does not, however, signify that we can reduce the estimate (2)

in Theorem 5.2.

Let p(z) = (z-q1) (z-q), r(z) some polynomial of

degree n-i, p(z) = p(z) + r(z) = (z-q1) (z-q), then

for any q1, there is at least one root q so that

Iq1-I I(q1)l

Indeed, P(q1) = J (qjj) = r(q1) for each i 1, . . .,n

JJIq1-qI Ir(q1)

n

i-i

for some j. So we have the estimate
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q1-1 r(q1) for some j

Remark. An estimate of the same type as Remark 5.5 (2)

follows from the estimate on p.269 of Mosier[14).

After discussing root bound functionals in the next

chapter, in Chapter 7 we give numerical examples related to

the results in this chapter.
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CHAPTER 6

ROOT BOUNDS OF POLYNOMIALS

In this chapter we would like to apply Theorem 4.3 to the

problem of finding an upper bound for the absolute values of

the roots of a polynomial. See [8,12,17,18,223 for references

in this area. First, as a corollary of Theorem 5.2, we will

derive an important classical theorem due to Cauchy for this

problem.

THEOREM 6.1 [8,12]. Let p(z) = + b.1z' + + b1z

+b0. If k(n) is the positive solution of the equation;

(6.1) k = 1b01 + Ib1lk + +

then all roots of p(z) lie in the disk B(O,k(n)).

PROOF. Suppose that k(n) is the positive solution of

(6.1). From Theorem 5.2, let us set p(z) = and

r(z) = + + b1z +b0. Since each coefficient

b1 = r[O,..,OJ, the number of 0 in the bracket is i+l, by (1)

of Theorem 5.2 we can see that B(0,k(n)) contains all roots

of p(z).

Q.E.D.

Let us begin by introducing some definitions and well

known results on this field. These are taken mainly from

A.Van der Sluis[223.
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For p(z) = + b_1z + + b1z + b0 with roots
q1,...,q, u(p) is defined by

u(p) _.MAX(Iq1t)
1

K will denote the class of monic complex polynomials of

degree n, that is,

K = { p(z) : p(z) = + b_1z' + + bz + b0,

each b1 E C }.

A root-bound functional(rbf) on K will be a real

functional M such that M(p) u(p) for all p(z) E K. A root

bound (rb) for p(z) will be any real number m such that

m u(p).

DEFINITION 6.2. A rbf M on K such that M(p) = M()
whenever p(z) = + b_1z1 + + b1z +

p(z) = + c_1z 1 + + c1z +c0 with 1c11 = IbI,
0 n-i, is called an absolute rbf on K.

Now, before proceeding some results on this field will

be presented mostly without proof. For proofs and references

see Van der Sluis[22].

REMARK 6.3 [221. For any absolute rbf M on K and any

p(z) E K, p(z) = + b_1z' + + b1z +b0 z', there

exists a sequence of non-negative numbers cxi, . .
.
,a with

Ea1 such that

M(p) =
[
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where the prime indicates that elements with b1 = 0 are

skipped for determination of the maximum.

Conversely for each non-negative sequence {a1} with

MAX'
lin

(Naturally, we define

mx = co if b1 0, a 0 for a certain i. )
1

This result shows that any absolute rbf may be obtained by

specifying a suitable dependence of a1,...,a on p(z).

REMARK 6.4 [8,12,22]. By Cauchy's Theorem the unique

positive root z0 of

(6.2) - Ib_1Iz' - - Ibol = 0,
is an absolute root bound functional and clearly

a1
gives an absolute rbf on K.

Ib1I
z0 if we choose a1 =

zo

For any p (z), z) E K, we denote the corresponding z0

as B(p) = z0 and also define B(z) = 0, then B is the best

absolute rbf of all absolute rbfs. While B is optimal, the

positive root z0 of the equation (6.2) can't be easily

calculated. Therefore, other more computable absolute rbfs are

widely used. Next we give examples of absolute rbfs which are

well-known from the literature.

Let p(z) = b_1z' + + b1z + b0
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is an optimal absolute rbf on K and equal toMAX' xl-

a1

n

1,



4) T(p) MAX{2fb

u(p) ...MAx(lql)
i

if 1.

2 b0_21 2 bl I b
" b1 ' ' I b2 ' I b1

REMARK 6.5. Van der Sluis[22] showed that for the

absolute rbf S, S(p) 2B(p) for all p(z) E K and hence S is

nearly optimal among all absolute rbfs. And note that

is the most sensitive to changes in
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the coefficient b_1, see Wilkinson[23] for more detail.

We will now show how a special case of Theorem 4.3 leads

IbJ if

Q(p) =

R(p) = MIN ( R1(p),R2(p) ), where

R1(p) MAX (l,E1b11),

R2(p) MAX (1 + 1b11,..,l + lb I 1b01

( This is the absolute rbf derived from the Gershgorin

Theorem..)

n-i 1b01S(p) = 2 MAx{ 11)nili/lbn2l /Ib1l1
'%J 2



(6.2) Ir[13)I <( fl
\

pTt4Im.
- n+i-m/

Conversely if (6.2) holds for all II 0, then we have

U Izo-I k(n)p, where

k(n) 1

ii)
1 l2_cn, O<e<0.5 for n2.

( Here note that if r(z)=c_1(z-z0)1 + + c1(z-z0) + c0,

then c = r[z0,...,z0], where the number of z0 in the bracket

is i+i.

PROOF. i) Suppose 1z0 - for all i. For any

= {z01..,z0} with II = m n, from (1) of (3.3) and (2) of

(3.2) in Chapter 3), obviously we have

Ir[1311 <I n
- t1n+i-m,

Let us assume (6.2) holds. Let G = {z : Iz-z0I kp}
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to an absolute rbf that in some cases gives better estimates

than the classical absolute rbfs listed in the prior example.

In light of Remark 6.3, the new absolute rbf will seem quite

natural.

THEOREM 6.6. Let p(z) = (-0), r(z) be a polynomial

with degree n-i and p(z) = p(z) + r(z) = (z-Q) (z

q). If 1z0 - qj for all 1, then for f3 = {z01..,z0} with

=mn, we have



(6.3)

fl-i
k - El = k- (k+l) - k}

1-0 \ n-i/

= 2km- (k+l) = 0.

Then the positive solution of (6.3) is k(n) and

flvf.-1
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with boundary F. By Newton's interpolation formula, we have

r (z) = r [z0J + r[z0, z0] (z-z0) + + r [z0, . . , z0] (z-z)

For any z E F, we get the following inequality

Ir(z)I

(n )pfl_1I z-z01 + (
fl n-2

n-1 I z-z2 + z-z1.

So I r(z) I < 1-0 \ n-i

Ip(z) I k

Now we need to find the positive solution k(n) of the

equation;

k-E n\k1.O
1-0

Then clearly we can see that each qj lies in the circle

Iz - z0I k(n)p.

Using the binomial formula gives that



we have

Izo-I k(n)p.

1
ii) From k(n) , we have 1

1

k(n)
vf-1

Using Taylor's Theorem gives

1 1 <--ln(1+ 1 < 1 for n2.
k(n) 2k2(n) n k(n) k(n)

Then we can easily check that

1 <k(n) <
1n2 7 Th2

That is,

k(n) 0< c < 0.5 for n 2.

Q. E. D.

Now consider P (z) = z + b1z' + + b1z + b0 with

roots q1, . . .,q. From Theorem 6.6, if I
for all i,

then we get the estimate

1q11 for all i.
vI.-1

From the fact that p(z) and zmp(z) have the same roots except

0 for any non-negative integer m, we will now consider

zmp (z) = z (z + b_1z1 + b1z + b0)
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Since (I) (') 0,

IbI (nm)pi

(n+m) (n+m-1) (n+m-j+1) pi
ii

j'Ib
- )p.So,

(n+m) (n+m-l) (n+m+1-j)

Set t = n + m.

Then k(t)p
/j!Ib_1I

(-1){t(t-1)' (t-j+1)}

And using the l'Hôpital's rule, we have

urn (-l){t (t-1)" (t-j+1)}t)oo

1._lim
-

(21){() (-1)

urn (2t1){(!) i 1 i- (!)}t-+O +ci__1

for some constants c1,

urn 2t_l
- t-*0 (1+c1t+c2t2+ .

1urn 2 1n2 (l+c1t+c2t2-s" +1ti) 7 +t-) 0



1

(2t_1) - (1+c1t+c2t2+ -

1n2.

So we have the following inequality

(6.4) Lim k(t)p
/j!IbJ

1n2
for j=1,...,n.

That is, we conclude that all roots of P(z) = z + b..1z' +

+ b1z + b0 lie in

< 1 MAX
1n2 j!IbI )

1 MAX (iThe functional H(p)
= 1n2 %fi!IbjI )

is an

absolute rbf. Since E (1 = e' -1 1, this functional

(ln2)_____ in Remark 6.2.arises quite naturally by taking a = ______

Nevertheless, we have not seen it in the literature.

The above functional and Remark 6.2 suggest a simpler

absolute rbf. Namely, take a1 as follows;

ía1 1n2

a2
(1n2)2

2
(lfl2)j for j 3.

2
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Then we see that



E a = (ln2)
(1n2)2 (1n2)3

.9971 < 1.
2 4(2-ln2)

As a consequence, we have therefore the following result.

THEOREM 6.7. For P(z) = + b.1z + +b1z+b0
E K, if L : K - I is defined by

L(p) l2 ( Ib-1I ,./2Ib.2I , b3I , ..., 2/Ib0I },

then L is also an absolute rbf. (Note 1 1.443)
in 2

REMARK 6.8. Let P(z) = + b_1z + + b1z + b0 E K.

1) If the following conditions are satisfied,

i) /2
I b2

< 21 b1 I'1n2

2/b < 2Ib1l, i.e., Ib_I < (ln2)Ib.1I, j 3,
in 2

Then L(p) < S(p) . ( 2(1n2)2 0.961.

2) If b2I >
1

> 2 for j
and

1n2' (IbjI) -, Th2

1_IbJ, then L(p) gives better result than Q(p).
1n2I b I

i.e., Ib2I < 2(ln2)2Ib_1I2,
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3) For R(p), if the coefficients of the lower powers of z are
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larger than the coefficients of the higher ones, then L(p) may

give better results than R(p).

4) For T(p), if there is a b so that IbI << 1b1_1 I, then

L(p) gives better estimates than T(p)

For example, consider p(z) = - 16z3 -146z2 + 271z -

109. From the equation k4 - 16k3 -146k2 - 271k - 109 = 0, we

have

L(p) 11(p)
1 I2(146) 24.65,

Q(p) = 542, R(p) = 272,

( u(p) MX( 1q11 ) 22.069.
1

B(p) = 22.901,

S(p) = 32,

T(p) = 32,



CHAPTER 7

NUMERICAL RESULTS

In this Chapter, we give some numerical experiments with

Wilkinson's polynomials for the results obtained in

Chapter 5. And using well known absolute rbfs, we also compare

our results Theorem 5.2, with Theorem 5.1 obtained by

Ostrowski[15]. We start with introducing briefly the results

in Chapter 5.

For p(z) = + b_1z' + + b0 with roots q1, . .
p(z) = p(z) + r(z) = z + c.1z' + + C0 with roots

let us denote p(n) by

n

(7.1)
p(n) = 1b1-c11m1,

i.o

where m MAX (I q1 ,I q I ) Then we have
1

(7.2) Iq1 - dia(C1)-p(n), i = l,...,n.

where C1 is the connected component containing q1 of

U B(q1,p(n)).
i-i
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In order to apply (7.2), we introduce a way to find a

convenient estimate of p(n) as follows;



Let m = MAX {M(p),M()}, where M is an absolute rbf.

ni
I
n-i(7.3) Set (n)

= %JE Ib1-c1Iffi

So we have

Iq1 - q11 dia(C1)-(n),

where C1 is the connected component containing q1 of

n

U B(q1,(n)).

From Theorem 5.2, if k(n) is the positive solution of the

equation;

(7.4) k - Ir[q1] I - Ir(q11q2] 1k - - Ir[q1, . . . ,q] Ik = 0,

then we have

Iq1 - QI dia(C1)-k(n), i =

where C1 is the connected component containing q1 of

U B(q11k(n)).
1-1

(7.5) Let (n) be a root bound of the equation (7.4)

obtained by using absolute rbfs.

(1) Now we apply Theorem 5.2 to Problem 2) with examples.

1.0

65

Let us consider p(z) = - 12z3 + 40z2 - 20z + 24 with roots

0.1710 + 0.8062i, 0.1710 - 0.8062±,

5.8290 + 1.1649±, 5.8290 - l.1649i.
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When 0 and 5 are given, we want to find k(4) so that B(0,k(4))

UB(5,k(4)) contains all roots of p(z). To apply Theorem 5.2,

choose p(z) = z2(z-5)2 = z4 - 10z3 + 25z2, then

r(z) = p(z) - p(z) = -2z3 + 15z2 - 20z - 24.

From r[0} = 24, r[0,0] = 20, r[0,0,5] = -5,

r[0,0,5,5] = 2, we get the following equation by (7.4);

k4 - ?k3 - 5k2 - 20k - 24 = 0,

which has the positive solution

k(4) 4.43, ( (4) 5.43 by rbf (S(p).

Therefore, all roots of p(z) lie in B(0,4.43) U B(5,4.43).

From Theorem 5.1, we obtain

p(4) 5.75 by (7.1), ( (4) = 15.34 by (7.3).

(2) Let us consider again Wilkinson's polynomials to give

numerical experiments related to the results in Chapter 5.

Let w(z) = (z-1) (z-2) (z-n) and r(z) = 0.002z1. And

MAX (Iq-q1I)set 6(n) =
1

numerical results.

Then we obtain the following



Table 2

Numerical experiments with Wilkinson's polynomial

Note that we used the absolute rbf S(p) to estimate k(n) for

n 8, and R(p) for n 6,7, and used L(p) to estimate p(n)

for the best estImate.

(3) From (2) of Remark 5.5, we get the estimate;

For Wilkinson's polynomial with degree 7,

6-q
7 -

0.412

0.746

1.056

1.351

1.636

1.912

2.182

for some root q of p(z)+r(z)
H

It

'I

It

It

It
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deg w(z) p(n) (n) k(n) i(n) 6(n)

6 1.580 6.090 0.787 1.180 0.278

7 2.182 9.801 1.142 1.700 0.754

8 2.837 10.58 1.572 2.555 1.100

9 3.575 14.78 2.075 3.386 1.539

10 4.449 27.52 2.655 4.195 2.071

11 5.408 35.77 3.314 5.332 2.651

12 6.453 45.23 4.044 6.569 3.279

13 7.581 55.93 4.854 7.900 3.955

14 8.793 67.90 5.740 9.325 4.680

15 10.09 81.41 6.704 10.84 5.491

20 17.76 171.3 12.67 20.67 10.33
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