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Spectral Characteristics of Time-Dependent Orbit Errors
in Altimeter Height Measurements
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A mean reference surface and time-dependent orbit errors are estimated simultaneousLy for
each exact-repeat ground track from the first two years of Geosat sea level estimates based on
the Goddard Earth model (GEM)-T2 orbits. Motivated by orbit theory and empirical analysis of
Geosat data, the time-dependent orbit errors are modeled as 1 cycle per revolution (cpr) sinusoids
with slowly varying amplitude and phase. The method recovers the known "bow tie effect"
introduced by the existence of force model errors within the precision orbit determination (POD)
procedure used to generate the GEM-T2 orbits. The bow tie pattern of 1-cpr orbit errors is
characterized by small amplitudes near the middle and larger amplitudes (up to 160 cm ii' the
2 years of data considered here) near the ends of each 5- to 6-day orbit arc over which the POD
force model is integrated. A detailed examination of these how tie patterns reveals the existence of
daily modulations of the amplitudes of the 1-cpr sinusoid orbit errors with typical and maximum
peak-to-peak ranges of about 14 cm and 30 cm, respectively. The method also identifies a daily
variation in the mean orbit error with typical and maximum peak-to-peak ranges of about 6 cm
and 30 cm, respectively, that is unrelated to the predominant 1-cpr orbit error. It is suggested that
the two daily signals arise from daily adjustments of the drag coefficient in the GEM-T2 POD
procedure. Application of the simultaneous solution method to the much less accurate Geosat
height estimates based on the Naval Astronautics Group orbits concludes that the accuracy of
POD is not important for collinear altimetric studies of time-dependent mesoscale variability
(wavelengths shorter than 1000 km), as long as the time-dependent orbit errors are dominated by
1-cpr variability and a long-arc (several orbital periods) orbit error estimation scheme such as that
presented here is used. The accuracy of POD becomes more important for studies of larger-scale
variability.

1. LWFRODUCTION

Estimation of sea surface height by satellite altimetry is
straightforward in principle. In practice, however, altimetry
is possibly the most complicated of all oceanographic
observational techniques. The range between the antenna
and the sea surface is determined from the two-way travel
time of short pulses of microwave radiation transmitted by
the altimeter. As described by Chelton ci at. [1989], the
technical details of the measurement technique are very
complex. Moreover, in addition to a host of instrumental
corrections, the range estimate computed from two-way
travel time must be corrected for the refractive effects
of atmospheric water vapor, dry gases, and ionospheric
electrons and a sea state bias that arises because of the
presence of waves on the sea surface. These environmental
corrections are described in detail by Chelton j1988] and are
not addressed here. That the range can be estimated to an
accuracy of better than one part in io from an orbit height
of about 1000 km is remarkable. However, even if the range
could be measured perfectly, the range measurements alone
are not sufficient for oceanographic applications. In order to
convert a range estimate to sea surface height relative to a
reference ellipsoid approximation of the Earth's surface (the
reference surface traditionally used in satellite altimetry),
the height of the satellite above the same reference ellipsoid
must be estimated independently and subtracted from the
range measurement. If neglected, errors in orbit height
estimates can render altimeter data essentially useless for
many purposes.
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Estimates of the orbit height as a function of time axe
obtained through precision orbit detennination (POD) tech-
niques based upon a sophisticated force model constrained
by irregularly spaced satellite tracking measurements [e.g.,
Tapley, 1989; Wagner, 1989]. Root-mean-square (rms) ac-
curacies as good as 20 cm have been quoted for the Geosat
orbit inclination and 800 km altitude when altimeter data
are included in the gravity model and in the POD [Marsh
ci al., 1990a]. However, orbit height determination based
on the more traditional (and less controversial) fitting of
model estimates to tracking data without the use of altime-
ter data is generally considered to have an rms accuracy of
about 30-SO cm for Geosat, primarily because of the sparse
geographical coverage and low accuracy of the tracking
data available for the unclassified Geosat data e.g., Haines
ci al., 1990; see also B. J. Haines et at, Application of the
GEM-T2 gravity model to altimetric satellite orbit compu-
tation, submitted to Jottrnal of Geophysical Research, 1993,
hereinafter referred to as Haines et al., submittedj. (A
notable exception is Shurn ci al. [1990], who report an accu-
racy of r.20 cm using 17-day orbit arcs.) Time series of raw
altimeter data for a particular location along a repeating
ground track are thus effectively equivalent to a dense grid
of tide gauge measurements sampled infrequently (between
a few days and a few weeks, depending on the satellite
orbit configuration) with 30-SO cm noise.

With continued improvements in POD force models,
expanded geographical coverage and improved accuracy
of satellite tracking data and a higher orbit altitude of
1300 km, orbit height uncertainties are expected to decrease
to less than 13 cm for the TOPEX/Poseidon altimetric
satellite launched in August 1992. Evidence that such
POD accuracy is feasible has been presented by Tapley
ci al. [19901 and Sanchez [1991]. Preliminary analyses of
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TOPEX/Poseidon orbits confirm the anticipated 10-cm
orbit accuracy. Although this orbit accuracy is extremely
impressive, it is still (by a factor of 3 or more) the single
largest source of error in altimetric estimates of sea surface
height These residual orbit errors must be removed
for studies of all but the most energetic oceanographic
phenomena.

The objective of this study is to investigate in detail
the characteristics of residual orbit errors pertinent to
altimetric studies of time-dependent sea level variability.
The data used for this purpose consist of 2 years of 17-day
exact repeat Geosat estimates of sea surface height (43
repeat cycles beginning November 8, 1986) based on two
different POD estimates of orbit height: the relatively
low accuracy NAG operational orbits (-'350 cm ntis error)
produced by the Naval Astronautics Group (Appendix A)
and the much more precise Goddard Earth model (GEM)-
T2 orbits (r.'40 cm rms accuracy) produced by the Goddard
Space Flight Center (Appendix B).

A summary of orbit error characteristics is given in
section 2. A brief overview of methods used to estimate
orbit errors and a detailed description of the method used
in this study are given in section 3. The method is
applied to the GEM-T2 Geosat data and the results are
interpreted in section 4. The method is also applied to the
NAG Geosat data in order to ascertain the importance of
POD accuracy for altimetric studies of time-dependent sea
level variability. The separate GEM-T2 and NAG residual
height data sets after removal of the respective orbit error
estimates are compared in section 5.

2. CHAItACTEEUSTIC5 OF ORBIT Eaaoas

The problem of radial orbit error in satellite altimetry
is well recognized. Virtually every published application
of altimeter data devotes some discussion to the method
used by that particular study to mitigate tbe effects of
orbit error. To first order, the Earth's gravity field can be
considered spherically symmetric, which results in elliptical
satellite orbits [Kauta, 1966). Numerous theoretical studies
have shown that uncertainties in the orbital eccentricity,
semimajor axis and period all lead to errors in estimates
of the radial distance between the centers of mass of
the Earth and satellite that are dominated by sinusoidal
variability at the orbital period [e.g., Colonzbo, 1984;
Wagner, 1985 1989; Tapleij and Rosborough, 1985; Engelis,
1988; &hrama, 1989j. The amplitude and phase of the
1-cycle per revolution (cpr) sinusoidal time-dependent orbit
errors vary slowly with time. Because repeat samples of a
given ground track are separated by many orbits (244 for
the Geosat 17-day repeat period), the amplitude and phase
of the time-dependent orbit errors along the track can be
assumed to be essentially random from one repeat cycle to
the next.

An obvious approach to verification of the 1-cpr character
of time-dependent orbit errors is to compute the frequency
spectrum of the altimetric height data, after removal of the
geoid and other time-invariant contributions, from long data
arcs spanning multiple orbital revolutions. The large data
gaps over land that occur during each satellite orbit lead
to practical difilculties with traditional spectral analysis
methods. A crude (but effective for present purposes)
procedure was used here. Along each ground track, the
height measurements over water were interpolated to a

regular grid with approximately 7-km spacing. At each
grid location, the arithmetic average height over the 22
repeat cycles during the first year of Geosat data was
subtracted from each repeat sample of the grid point.
(Limitations of this method of estimating a mean height
profile are discussed below; for present purposes, however,
the pointwise arithmetic mean is adequate.) This average
height includes the time-invariant geoid and dynamic sea
level associated with the 12-month mean ocean circulation,
as well as any systematic time-invariant components of
orbit error. The resulting time-variable height data were
then simultaneously low-pass littered to resolve length
scales longer than 10,000 km (one quarter of an orbit) and
interpolated to an evenly spaced grid of eight samples per
orbit using a quadratic bess smoother. This interpolation
algorithm and its filtering characteristics are described in
detail by Cleveland and Devtin [1988], Chelton et at. [1990]
and Schlar and Chetton [1992]. The choice of a 10,000-km
cutoff was dictated by the expectation that time-dependent
orbit errors have very little energy at frequencies higher
than about 4 cpr. This is also about the shortest resolvable
length scale that makes sense for interpolation of altimeter
data across large continental land masses.

The spectra of the filtered and interpolated time-
dependent GEM-T2 and NAG height data are shown in
Figure 1. For both data sets, the Geosat height variability
is dominated by energetic variability concentrated at a
frequency of 14.3 cycles per day (cpd), which corresponds
to the orbital period of 101 Sn In addition to this
spectral peak at 1 cpr, there is a small peak at 2 cpr in
the GEM-T2 spectrum and at 3 cpr in both spectra, but
the narrow-band variabilities at these higher frequencies
are less energetic by 2-3 orders of magnitude than the
variability at 1 cpr. At lower frequencies, there are
identifiable spectral peaks at 1 cpd and 2 cpd in the
GEM-T2 spectrum. The spectral energies at these lower
frequencies are smaller than the dominant 1-cpr variability
by 1.5 orders of magnitude but are nonetheless statistically
significant. The daily variability associated with these 1-
and 2-cpd spectral peaks is discussed in section 4.3.

The approximate factor-of-20 difference between the
energies of the orbit errors in the NAG and GEM-T2
data sets is indicative of the much larger orbit error
amplitudes in the NAG data. The rms orbit errors within
the frequency band centered at 1 cpr inferred from the
spectra in Figure 1 are 99.6 and 10.7 cm for the NAG and
GEM-T2 data sets, respectively. These values account for
two thirds and one third, respectively, of the total variances
of the spectra in Figure 1, which are consistent with the
total time-dependent tins orbit error estimates of 120.3 and
20.7 cm over all frequencies deduced independently from
crossover differences for each 1-year data set aSter removal
of the pointwise arithmetic mean.

A noteworthy feature of the spectrum of GEM-T2 data
in Figure liz is the splitting of the primary 1-cpr spectral
peak. A detailed examination reveals that the closest
peaks on each shoulder of the central peak both differ
from the 1-cpr frequency of the central peak by exactly
1 cpd. A similar splitting of the 1-cpr spectral peak
has previously been found by Wunsch [19911. These sum
and difference energetic variabilities are indicative of an
amplitude modulation of the fundamental 1-cpr orbit error
with a 24-hour periodicity. More convincing evidence for
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a daily modulation of the amplitude of 1-cpr variability is
given in section 4.2.

A splitting of the primary l-cpr spectral peak is not
evident in the spectrum of NAG data in Figure lb. As is
described in appendices A and B, the NAG orbits are based

on 24-hour orbit arcs, compared with the 5- to 6-day orbit
arcs used for the GEM-T2 orbits. If a 24-hour modulation
of the 1-cpr variability existed in the NAG data, it would
not be resolvable in 24-hour data arcs. Similarly, the NAG
orbit arcs are too short to resolve the 1-cpd and 2-cpd

100 10' 102

frequency (cycles/day)

Fig. 1. Power spectral density of time-varying Geosat sea surface height estimates from the first year of the Exact
Repeat Mission beginning November 8, 1986, based on (a) the GEM-T2 orbits, and (b) the NAG orbits. These
smoothed spectra were obtained by ensemble averaging the individual spectra with 2 degrees of freedom over all
POD orbit arcs spanning a period of 4 days or longer for the GEM-fl data and 24 hours or Longer for the NAG
data. The error bars represent 95% confidence intervals.
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spectral peaks evident in the GEM-T2 data.
Irregularities in the distribution of mass within the

Earth introduce perturbations that cause the satellite
orbit to deviate from the elliptical orbit that would exist
if the gravity field were spherically symmetric. These
gravitationally induced perturbations are very complex
as sampled along the satellite ground track, resulting
in a broad-banded series of line spectra in time series
constructed from data along the satellite ground track
[e.g., Taple and Rosborough, 1985; Rosbor-ough and Tapley,
1987; Rosborough and Marshall, 1990; Haicies et aL 1990;
S/rum et at., 1990; Sirkes and Wtsnsch, 19901. Neglecting
the comparatively small orbit errors associated with time-
varying gravitational effects such as tides and with the
slow precession of the mean argument of perigee of
the orbit, gravitationally induced orbit errors are the
same for each repeat sample of a given ground track
in an exact repeat orbit configuration. Thus although
they appear time-dependent as sampled by the satellite,
the static components of gravitationally induced orbit
errors are actually only spatially dependent and can be
considered time-invariant at a given location in collinear
data. This contribution to the total orbit error is therefore
quite distinct from the 1-cpr time-dependent orbit errors
introduced by uncertainties in the orbital parameters.

It should be apparent that the time-invariant gravita-
tionally induced orbit errors cannot be distinguished from
the time-invariant geoid and mean ocean circulation con-
tributions to the altimetric estimates of sea level. These
time-independent signals are all eliminated from collinear
data when the time-averaged height profile is removed
from each repeat track of data, resulting in residual
height data with the much simpler time-dependent orbit
errors dominated by 1-cpr variability (Figure 1; see also
Wunsch [1991]).

When using altimeter data to estimate the general
circulation, the total orbit error (time-invariant plus time-
dependent) must be removed from the data. This is a
serious problem, since it is very difficult to distinguish time-
invariant orbit error from the time-invariant contribution
to sea surface height and errors in the geoid. A method
of estimating the total orbit error using an analytical
technique which simultaneously improves the geoid and
orbit model has been developed and applied to OEM-
Ti data by Denker and Rapp [1990]. The method has
more recently been applied to GEM-fl data by Rspp et
at. 11991].

The vast majority of applications of altimeter data are
interested in the time-dependent mesoscale and large-scale
variability of sea surface topography and therefore require
estimates of only the time-dependent component of orbit
error. The orbit error associated with the static component
of the gravity field is removed along with the mean sea
level (including the geoid) prior to analysis of exact repeat
altimeter data for studies of sea level variability. The
characteristics of the time-dependent component of orbit
error that affect all oceanographic applications of altimeter
data are examined in detail in this study.

3. ORBIT ERROR ESTIMATION

Many methods have been used to estimate time-
dependent residual orbit errors in altimeter data. They
all capitalize on the long-wavelength characteristic of this

component of orbit error. The standard procedure for
estimating orbit error from exact repeat altimeter data
is a sequential method that begins by interpolating the
collinear data onto a regular grid along the satellite ground
track and removing the pointwise arithmetic mean sea level
from every repeat sample at each grid point. Provided that
an adequate number of repeat cycles are available, this
procedure very effectively eliminates the marine geoid and
time-invariant orbit error contributions to the altimeter
estimates of sea surface elevation. The predominantly
1-cpr time-dependent orbit error in the residual data is
then approximated by a least squares fit to an analytical
functional form over data arcs of typically a few thousand
kilometers.

The most common functional approximations of the
time-dependent orbit error are low-order polynomials [e.g.,
Rummel and Rapp, 1977; Anderle and Hoskin, 1977; Dou-
glas and Goad, 1978; Rapp, 1979; Douglas and Gaborski,
1979; Cheney and Marsh, 1981; Cheney S al., 1983; ZIot-
nic/ti et al., 1989; Le Traon et al., 1990; Cheney and Miller,
1990]. In practice, polynomials higher than second order
(quadratic) are seldom used, and a first-order polynomial
(the so-called "bias and tilt correction") is the form used
most often.

For a given polynomial order, the accuracy of a polyno-
mial approximation for the fundamentally sinusoidal time-
dependent orbit error worsens with increasing data arc
length. Moreover, Sandwell and Zhang [1989], Tai [1989],
LeThzon et al. [19911, and van Gysen et aL [1992] have all
noted that polynomial orbit error fits over long data arcs
can introduce spurious sea level variability near the ends of
the data arcs. As the arc length decreases, however, a given
order of polynomial approximation increasingly "overfits"
the data and removes more of the oceanographic signal
of interest. For example, Cheney and Miller [1990] found
that quadratic polynomial adjustments over arc lengths of
2000-3000 km remove more than half of the oceanographic
signal in the western tropical Pacific. The trade-offs
between the adequacy of the polynomial approximation of
the orbit error and attenuation of the signal because of
polynomial overfitting have been investigated in detail by
Tai [1989, 1991] and Le Thzon et al. [1991].

A rule of thumb that has become more or less accepted
standard practice is that bias and tilt adjustments should
be used for arc lengths shorter than 1500 km and quadratic
adjustments should be used for arc lengths longer than
2500 km. These forms of orbit error correction may be
adequate for altimetric studies of mesoscale variability, but
they are not well suited to studies of basin-scale variability.
With ample computing power now readily available, there
is no need to limit orbit error estimation to arc lengths
of a few thousand kilometers. Consequently, an increasing
number of recent studies have modeled the orbit error as
a least squares fit over arc lengths of half an orbit (about
20,000 kin) or longer. The most appropriate orbit error
model over such long arc lengths is a 1-cpr sinusoid [e.g..
Sanchez and Cartwnght, 1988; Tai, 19886; Chelton et at.,
1990; Cartwright and Ray, 1990; Wagner, 1990; Denker
and Rapp, 1990]. As in the case of high-order polynomial
approximations, sinusoidal fits over short data arcs can
remove much of the signal of interest. Reliable estimates
of the sinusoidal approximation of orbit error require data
arcs of the order of half an orbit or longer.



An obvious limitation of a 1-cpr orbit error correction
procedure is that any time-dependent oceanographic signal
characterized by 1 cpr is removed along with the principal
orbit error. Fortunately most ocean signals of interest do
not have such long length scales. A notable exception is
the very large scale steric sea Level change associated with
seasonal hemispheric heating and cooling. Most of this
ocean signal is unfortunately sacrificed in the eLimination
of the 1-cpr variability. This hemispheric signal is less
interesting scientifically than the sea level changes that
occur on much shorter spatial scales in association with
seasonal variations in the ocean circulation.

A problem common to all sequential solution methods
of orbit error estimation is the requirement for an accurate
estimate of mean sea level in order to isolate the time-
dependent component of orbit error in the altimeter range
measurements. As was discussed extensively by Chdton
et at [1990], this is especially a problem with the NAG
Geosat data. The passive gravity gradient stabilization
that controlled the orientation of the Geosat satellite
resulted in frequent attitude excursions beyond tolerable
limits, leading to significant data loss. Because of the large
amplitudes of NAG orbit errors, estimates of the arithmetic
mean sea level can be statistically unstable at any grid
location where there are data dropouts during one or more
of the repeat cycles of data. The problem of unreliable
arithmetic mean sea level estimates is reduced with more
accurate POD such as the GEM-T2 orbits but can still be
significant when there are frequent data dropouts.

A method of dealing with the problem of unstable
estimates of mean sea level has recently been developed by
van Gyserz et al [1992]. The method uses a least squares
technique to estimate simultaneously a profile of mean sea
level along a ground track and an orbit error estimate for
each repeat cycle of the ground track. The mean sea level
profile obtained in this manner is entirely consistent with
the chosen modeling of the orbit error. Any analytical
form for the orbit error model can be used; van Gysen et
ai. 11992] recommend using a sinusoid model, even for short
data arcs. They use quarter-revolution data arcs (about
10000 km) but suggest that full-revolution data arcs would
be preferable in order to reduce the risk of eliminating
long-wavelength ocean signal in the least squares fit to a
sinusoid.

The simultaneous solution method is summarized in
some detail here in order to establish a notation for
describing the enhancements that have been added to the
method in this study. Consider a single track of data,
defined to be a data arc between the maximum poleward
latitudes sampled by the altimeter (south to north for
an ascending track and north to south for a descending
track). The maximum latitudes sampled by Geosat were
about 72°. The simultaneous solution method requires a
fixed sampling grid along each track. This was achieved
by interpolating the 1-s average Geosat data along each
track to 2345 grid locations 1j between 65°S and 65°N,
uniformly spaced in angular displacement cj relative to
the equatorial crossing along the track [Zlotnicki ci at,
19901. This corresponds to an along-track grid spacing of
approximately 7 km.

The sea level measurement at location at the time
of the ith repeat pass along the track of data under
consideration can be decomposed as

h1(x) = i(x) + h(x) + e(x), (1)

where )i(x) is the time-invariant component of h1(x) over
all repeat passes, h(z) is the time-dependent sea level
estimate during pass i and e(x) is the time-dependent
component of orbit error for pass i For the 43 repeat
cycles of Geosat data considered here, the repeat pass
index i ranges from 1 to N = 43. The time-invariant
signal h(x) over the duration of the data set (which will
be referred to here as the "mean sea level") includes the
marine geoid, the time-invariant orbit error, and the time-
invariant dynamic sea level associated with the mean ocean
circulation. The time-dependent sea level estimate h(x3)
for pass i includes the dynamic sea level signal of interest
to oceanographic applications as well as time-dependent
components of measurement error from inaccuracies in
environmental corrections, ocean tides, and the sea state
bias correction.

The term in (1) that is of interest to this study is the
time-dependent component of orbit error, which is modeled
here for pass i as

= a + b1 sinw + cj coswj, (2)

corresponding to a 1-cpr sinusoid and a constant offset. It
is straightforward to extend this model to include higher
harmonics of 1 cpr or any other analytical expressions.
However, as measured by the rms crossover differences of
residual height data after removal of the estimated orbit
errors, no significant improvement in orbit error estimation
was obtained with the Geosat GEM-T2 data when (2) was
expanded to include a 2-cpr sinusoid. This supports the
conclusion drawn from Figure 1 a that there is little orbit
error energy at any harmonics other than 1 cpr. Note
that just like the sequential methods, removal of 1-cpr
variability by the simultaneous solution method sacrifices
very large scale ocean signals such as the steric effects of
seasonal hemispheric heating and cooling.

Orbit errors were assumed to vary slowly enough that
the three orbit error parameters a1, 1',, and cj could be
assumed constant for each pass of a given ground track.
By performing a separate least squares an'lysis for each
successive pass (half orbit) of data, orbit errors were
allowed to vary temporally from one pass to the next. The
simultaneous solution for a given track uses data from all
repeat passes of the track to estimate the mean sea level
h(z) over all passes and the three orbit error parameters
in (2) for each individual repeat pass. For the ith pass of
data, the equations (1) and (2) at the 2345 grid locations

can be expressed in matrix form as

h1=h+Ax1+h, (3)

where xj is a 3 x 1 column vector consisting of the orbit
error parameters a1, b, and c to be estimated, A is the
2345 x 3 matrix of orbit error model coefficients with jth
row consisting of the three elements (1, sincvj, cosw) and
h1, h, and h' are 2345 x 1 column vectors of total sea level,
mean sea level, and time-dependent sea. level, respectively.
There is one such equation for each of the N passes of a
given track, with h and A the same for all passes.

The details for solving the underdetermined system of N
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equations (3) using constrained least squares to estimate
the 3N orbit error parameters contained in the N vectors
x and the 2345 mean sea level values (excluding those grid
points over land) contained in the vector h are described
by van Gysen et al. [19921. The constraint applied here to
overcome the rank deficit of the normal equations is that

N

e(zj) =0, (4)
i= I

i.e., that the time-dependent orbit errors at each grid
location x sum to zero over the N repeat passes of data.
This is a sensible choice since the time-invariant orbit
errors are included in the mean sea level h(x) estimated
for each location x3.

To assure slow variations in the estimates of the constant
offset and the amplitude and phase of sinusoidal orbit
error, the method of van Gysen et al. [1992] was extended
to include data from adjoining tracks in a weighted least
squares estimate of orbit error and mean sea level for each
individual track. This procedure also reduces the problem
of overfitting the data from passes interrupted by large
land areas or from passes with extensive data dropouts.

The extended formalism can be summarized as follows.
Define h1 to be the vector of sea level data from the ith
pass of track n, with the track indices ordered sequentially
in time. Denote the track under consideration by the index
k. The orbit error parameters a, b, and c for track k
are estimated from a data span of width 2s + 1 centered on
trackk,i.e.,fromh1,n=ks,...,k+s. Let4 denote
the angular displacement of the jth grid location of track
n from the equatorial crossing of track k. In the weighted
least squares estimation of orbit error parameters for track
k, the weight applied to the altimeter height measurements
from all repeat passes at this grid location is determined
by the tricubic function

W 1 3x/2;

= [i - (4)3]
otherwise;

(5)

where

d
IwI-3ir/2

(s-1)ir ( )

The angular span of a single track is ir. The weighting
scheme (5) thus assigns a weight of 1 to all observations
in track k and the adjacent track (half orbit) on each
side of track k. More distant observations are smoothly
downweighted to zero at an angular displacement of
±(s+1/2)ir, corresponding to the most distant observations
within the data span of 2s + 1 tracks centered on track k.

The minimum resolvable time scale of variations in the
amplitude and phase of the sinusoid orbit error estimate
is controlled by the span of data used in the weighted
least squares estimate. A large value of s results in
very slow changes of the orbit error parameters. Smaller
values of s aUow shorter time scale variations in orbit error
parameters. However, small values of s also increase the
risk of overfitting the data and attenuating the large-scale
ocean signal by the orbit error estimate. After some
experimentation, a value of s = 4 was chosen for this study.
The orbit error estimates for each pass of data are thus

based on a total of nine consecutive passes (4.5 orbits)
of data centered on the pass of interest. Any passes of
data that fell outside of the POD orbit arc of the center
pass were excluded from the weighted least squares fit.
Orbit error estimates for passes within two orbits of the
boundaries of each POD orbit arc are thus based on a
weighted least squares fit to fewer than 4.5 consecutive
orbits.

In practice, the quantity of data in the long data arcs
used in the weighted least squares simultaneous estimation
of mean sea level and orbit errors was unwieldy. For the
purposes of orbit error estimation, many of the data are
redundant. The volume of data was therefore reduced by
an order of magnitude by including only every tenth grid
location, corresponding to along-track intervals of about
70 km. The method thus yields an estimate of mean sea
level only at every tenth grid location. After obtaining
the simultaneous solutions at the decimated grid locations
along each track, the mean sea level at each intermediate
grid location was estimated as

= (hj(x,) - e(x,)), (7)

where e(z,) is the estimated orbit error evaluated at
grid location x3 from the sinusoid orbit error parameters
obtained for pass i in the simultaneous solution. The angle
brackets in (7) denote the arithmetic mean over all passes
with nonmissing data at grid location x3.

The orbit errors estimated in this manner by the
simultaneous least squares solution may, in some cases, be
overly influenced by data values at grid locations with high
sea level variability. The concern is that the sinusoids may
effectively overfit the data in high-variance regions because
of the greater impact of "outlier data" in the least squares
solution. This problem is discussed extensively by Caruso
et al. [1990], Kelly et al. [1991], Le Traon et al. [1991], and
van Gysen et al. [1992]. These studies recommend reducing
the impact of energetic oceanographic variability on orbit
error estimation by weighting the data at grid location x2
by the inverse of the height variance at that location.

In practice, the accuracies of estimates of sea level
variability from raw altimeter data are limited by orbit
error variance that for Geosat is as large as or larger than
the sea level variance from mesosca.le ocean variability.
Although essentially equivalent results likely could have
been obtained using simpler methods (e.g., using an a
priori estimate of sea level variance from the global map
produced by Ziotnicki et al. [1989]), an iterative reweighting
scheme first suggested by Caruso et al. [1990] was used in
this study to reduce the effects of orbit errors in the sea
level variance estimates. Iii the first iteration, the orbit
errors and mean sea level were estimated simultaneously
with weights all taken as unity. The sea level variance
at each location z3 was then computed after removal of
these initial orbit error and mean sea level estimates.
The simultaneous solution was then repeated once by
weighting the data by the inverse of these initial variance
estimates at each location. The details for implementing
this procedure in the simultaneous least squares solution
are described by uan Gysen et al. [1992]. In the multitrack
extended simultaneous solution method used here, the
inverse variance weighting factors were scaled by the
tricubic weights (5) applied to each grid location within
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the span of data used in the least squares solution. Regions
of large height variance along the satellite ground track are
generally isolated geographically to short segments of the
track and therefore seldom exert unduly large influence on
the least squares solution over long (multiorbit) data arcs.
The inverse variance weighting is therefore not generally a
critical element of the orbit error estimation method.

4. GEM-fl ORBIT ERRORS

An example of the simultaneous solution method de-
scribed in section 3 as applied to eight consecutive orbits
during repeat cycle 19 of the GEM-T2 Ceosat data is
shown in Figure 2. The 1-cpr sinusoidal nature of the
orbit error readily apparent in the raw data is typical of
the 2 years of Geosat data considered here. it is also
evident from this example that there is very little variance
in the GEM-T2 data at any higher harmonics of the 1-cpr
variability, again consistent with the spectral analysis in
Figure Ia. This particular segment of data was chosen to
illustrate the ability of the orbit error estimation technique
to recover the abrupt change in amplitude and phase of the
1-cpr orbit error across the POD orbit arc boundary in the
middle of the eight consecutive orbits.

The least squares fits of the modeled orbit errors (2) for
sequential passes of data are equivalent to modeling the
orbit error as

e'(t) = A(t) + B(t) sin + (t)] , (8)

where T is the orbital period. Allowing for slow variations in
the constant oflet term A(t) accommodates low-frequency
variations in the orbit error with periods longer than the
span of the weighted least squares fit used to estimate the
orbit errors. Time series of the mean values A(t) and the
amplitudes B(t) and phases (t) of 1-cpr GEM-fl orbit
error estimates (one estimate for each pass) for the first 22
cycles of the Geosat Exact Repeat Mission are shown in
Figure 3. Slow variations in these orbit error parameters
within each POD orbit arc, as well as abrupt changes
across POD orbit arc boundaries, are clearly evident. (The
more erratic appearance of the phase time series is just

44

Ft

an artifact of the 360° circularity of the phase.) The
characteristics of the orbit errors deduced from the time
series of these parameters are described in this section.

4.1. The Bow Tie Effect

One of the most prominent features of Figure 3a is the
generally larger orbit error sinusoid amplitudes H(t) near
orbit arc boundaries. This is a result of the POD iterative
fIt of selected force model scaling parameters and model-
predicted satellite position and velocity to ground-based
tracking data collected along the orbit arc. Because of the
details of the POD least squares adjustment procedure used
to generate the GEM-fl orbits [see Haines et al., 1990;
Haines et al., submittedj, estimates of orbit height tend
to be most accurate near the middle of an orbit arc and
become progressively degraded toward the ends of the arc.
The resulting "bow tie" or "butterfly" pattern in residual
orbit errors was apparently first noted theoretically and
from orbit error simulations by (Jolombo [1984} (see also
Colornbo 119891). Because the tracking data are not always
uniformly distributed nor of uniform quality over the orbit
arc, the minimum residual orbit error (the "knot" of the
bow tie) can occur at points other than the center of the
orbit arc. This is illustrated in Figure 4 by two examples
of the orbit error estimates computed from the sinusoid
amplitudes and phases iii Figure 3. The knot occurs very
near the middle of the orbit arc in Figure 4a but is closer
to the beginning of the orbit arc in Figure 46.

Another interesting feature of Figure 3a is that the
maximum sinusoid orbit error amplitude within each POD
orbit arc tends to be about 40 cm (corresponding to a
peak-to-peak range of 80 cm) during the early period of the
Geosat Exact Repeat Mission and increases to a maximum
of about 90 cm (peak-to-peak range of 180 cm) toward
the end of the 1-year record shown in the figure. The
amplitudes of the bow tie patterns were even larger during
the second year of the Exact Repeat Mission. This is
evident in the time series of the maximum value of B(t) in
each orbit arc (i.e., the maximum of each bow tie pattern)
shown in Figure 56. Bow tie maxima were as large as

I I I i I i I

6 6 10 14 16 18

time (hours, GUT)
Fig. 2. Geosat height estimates with the time-invariant component removed (rough lines) for eight consecutive
orbits on September 19, 1987, during cycle 19 of the Exact Repeat Mission. Estimates of the time-dependent
1-cpr orbit errors computed as described in the text with a span of 4.5 orbits are superimposed as the smooth
lines. The abrupt change in the amplitude and phase of the sinusoidal orbit error after the fourth orbit coincides
with the time of a CEM-T2 orbit arc boundary.

20
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160 cm (peak-to-peak range of 320 cm) toward the end of
the second year of data. Over the 2-year record, there are
numerous short periods (up to a few months) of persistently
large bow tie maxima. Superimposed on these short-period
variations is an underlying secular increase over the 2-year
period. This is almost certainly a consequence of drag
errors in the POD force model from mismodeled variations
in air density at the satellite orbit altitude.

In the generation of the GEM-T2 orbits, high-altitude
atmospheric density variations are paraineterized in the
POD force model in terms of measurements of the flux of
solar radiation at a wavelength of 10.7 cm and an index
of the planetary geomagnetic activity that is excited by
the interaction between the solar wind and the Earth's
magnetic field. The solar flux index (Figure 5a) shows
a secular increase over the 2-year period very similar to
that of the bow tie maxima Both tune series increase
by about a factor of 3 from late 1986 to late 1988. It
thus appears that the general increase in the magnitudes
of the orbit errors during the Exact Repeat Mission can
be attributed to the increasing solar activity. The most
recent 11-year sunspot cycle, which was one of the most
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active ever recorded [Gorney, 1990], began increasing from
a minimum in October 1986 (coincident with the beginning
of the Geosat data analyzed here) toward a maximum in
late 1990. The shorter-period fluctuations in the bow tie
maxima superimposed on the underlying trend are not well
correlated with short-period variations in the solar flux
index. Nor are they well correlated with the index of
geomagnetic activity (not shown).

The generally poor relationships between the short-
period variations in bow tie amplitudes and the indices of
solar and geomagnetic activity are perhaps not surprising.
As these indices form the basis for the atmospheric
density estimates in the POD force model, any mismodeled
short-period variations in density that would give rise to
large bow tie amplitudes would not necessarily be highly
correlated with either index. Moreover, the amplitudes
of the bow tie patterns depend strongly on the quality
and distribution of tracking data over each POD orbit
arc. One of the primary objectives of the least squares
adjustments of the orbit estimates to the tracking data in
the POD procedure is to mitigate the effects of mismodeled
short-period variations in atmospheric density.

Amplitude of 1 cpr Variability, B (I)

L-4

_t_____ --

Track Number
I i i I t t t i I r 1 1 1 1 , i i I , i , I i , i i I i I I I I

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5

Day Number of Repeat Cycle

Fig. 3a. Time series of the amplitudes B(t) of the 1-cpr GEM-T2 orbit errors (see equation (8)) from the first year
of the Geosat 17-day Exact Repeat Mission, computed as described in the text with a span of 4.5 orbits. The
vertical scale in centimeters is shown in the top right corner of the figure. The heavy vertical bars correspond to
the times of orbit arc boundaries used in the GEM-T2 precision orbit determination.
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4.2. Daily Modulations
A more subtle, but perhaps more interesting feature of

Figure 3a is a quasi-periodic variation of the orbit error
sinusoid amplitude within many of the POD orbit arcs
in the GEM-T2 data. This feature is more apparent
in the example shown on an expanded vertical scale in
Figure 6. This particular segment of data corresponds
to the bow tie example in Figure 4a. The dashed line
represents a smoothed fit to the time series of sinusoid
amplitudes B(t) and can be considered a measure of the
bow tie effect discussed in section 4.1. The deviations of
the orbit error sinusoid amplitude from the dashed line are
the quasi-periodic orbit errors that are addressed in this
section.

A smoothed fit to the sinusoid amplitudes like the
dashed line in Figure 6 was computed for each POD orbit
arc in the 2 years of Ceosat data considered here. The
quasi-periodic orbit errors are readily apparent in the time
series of deviations from the smooth fits shown in Figure 7
for the first year of the Ceosat Exact Repeat Mission.
Visually, the periodicity of these features is about 1 day.
The daily maximum values of the high-pass-filtered B)
are shown in Figure 5c for the full 2 years of data. TypicaL
peak-to-peak ranges (which are a more relevant measure of
the effects of the daily signals than the amplitude or rum

£ L 1 I

15.0

500

17,5

Fig. ab. Time series of the phases (t) of the 1-cpr GEM-T2 orbit error (see equation (8)) with amplitudes shown
in Figure 3a. The vertical scale in degrees i5 shown in the top right corner of the figure.

36O

variabillty) are about 14 cm, but peak-to-peak ranges of
25 cm or more (e.g., for the case shown in Figure 6) are
common,

The time scales of the short period variations in orbit
error in Figure 7 are quantified by the spectra in Figure 8
constructed separately from repeat cycles 1-19 and 20-38.
(The behavior of the orbit error parameters was somewhat
spurious after cycle 38 (see Figure 5), so these data were
not included in the spectra in Figure 8.) Clearly defined
spectral peaks occur at frequencies of 1 cpd and its first
six harmonics. There are suggestions of additional spectral
peaks at higher frequencies, but the energy levels are too
low to be statistically significant. The rms variabilities
within each of the spectral peaks are listed in Thble 1.
For both periods of data, the variability at these seven
frequencies accounts for about one half of the total variance,
about 75% of which is accounted for by the variability at 1
cpd alone. It must be kept in mind that the rum values in
Table 1 are an average over each 19-cycle period of data;
the amplitudes of short period variations in orbit error can
be larger by a factor of 3 or 4 in some orbit arcs.

The rn-daily variations in B(t) represent short-period
modulations of the bow tie patterns of 1-cpr sinusoid orbit
error amplitudes. To see how these modulations impact the
total orbit error, consider a track for which the contribution
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to B(t) from the spectral peak at m cpd has amplitude
brn and phase The corresponding contribution to the
total orbit error (8) can be written as

r2mt 1 1

e(t) =A(t)+bmcos Lr +TnJ sin
L-

+Øj (9)

where T1 is 1 day in the same time units as the orbital
period T. Using the double angle formula, this can be
expressed as

= A(t) + [sin (2irft + m)

+ sin (2f;t + (10)

where f = (T1 ± mTj1) and = (çb ± tm). The
m-cpd modulations of B(t) thus manifest themselves as
spectral energy at the sum and difference frequencies f
and f separated from the fundamental 1-cpr frequency
by +m cpd, i.e., as split peaks on the shoulders of the
dominant 1-cpr peak in the spectrum of orbit errors. The
1-cpd modulation frequencies are clearly evident and have
been labeled in Figure Ia. The energy levels of the higher-
harmonic m-cpd modulation frequencies are too small to
be distinguished from the background noise for the degrees
of freedom of the spectral estimates in Figure la, although
they are clearly evident in the spectra of high-pass-filtered
B(t) in Figure 8.

Mean Orbit Error, A (t)
20cm

The existence of the spectral peaks in Figure 8 at 1 cpd
and its higher harmonics can be rationalized on a simple
physical basis. Because more than 75% of the spectral
energy in the figure is accounted for by the variability at
1 cpd, the short-period modulations of the bow tie patterns
can be characterized to first order as simple sinusoidal
variations with periods of 1 day. The spectral energies
at the higher-harmonic m-cpd frequencies are necessary to
account for the fact that the underlying daily modulations
are not purely sinusoidal (see Figure 9). The detailed
shapes of these "mini bow tie" patterns vary for each POD
orbit arc and from one day to another within a given
orbit arc, depending on the quality and distribution of
tracking data available and on the magnitude of the highly
variable time-dependent drag errors that arise because
of mismodeled variations in atmospheric density at the
altitude of the satellite.

Isolating the source of the daily modulations of 1-cpr
orbit error is more speculative than demonstrating their
existence. An attempt is made here to offer what we
believe to be the most likely explanation; confirmation of
this hypothesis would likely require POD simulations, which
are beyond the scope of this paper. Actual oceanographic
variability can be ruled out as highly unlikely; it would
be difficult to conceive of a dynamical explanation for
such spatially and temporally coherent sea level variations
over the complex sampling pattern mapped out along

50 100 150 200 250 300
Track Number

I i i i I . I I i i i i I i i , i I i i I

0.0 2.5 5.0 7.5 10.0 12.5

Day Number of Repeat Cycle

Fig. 3c. The same as Figure 3a, except of the mean GEM-T2 orbit errors A(t) (see equation (8)).
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the satellite ground track. It also seems unlikely that
mismodeled ocean or solid earth tides could result in such
coherent variability at 1 cpd and its first six harmonics
as sampled along the satellite ground track. Other
possible explanations for quasi-periodic modulations of the
1-cpr orbit error that cannot be definitively rejected axe
range measurement errors from mismodeled ionospheric or
tropospheric effects on atmospheric refraction. However,

11

atmospheric correction errors of the magnitude and spatial
scale necessary to account for the larger of the mini bow
ties observed (25 cm peak-to-peak or more) seem very
unlikely. Mismodeled tidal forces on the satellite have no
significant daily perturbations. Mismodeled tidal forces on
atmospheric density at the altitude of the satellite also
seems an unlikely explanation.

The so-called "ni-daily orbit perturbations" that arise
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Fig. 4. Time series of the orbit error estimates for (a) the first complete orbit arc of repeat cycle 18 beginning
at approximately day 0.8 of the 17-day repeat period, and (b) the second complete orbit arc of repeat cycle 19
beginning at approximately day 7.5 of the 17-day repeat period. The "knot" of the bow tie pattern is near the
middle of the orbit arc in case Figure 4a but is closer to the beginning of the orbit arc in Figure 4b.
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because of uncertainties in the Earth's gravity field may
seem a plausible explanation for the daily modulations.
This effect, which has long been well known within the POD
community [e.g., Marsh and Williamson, 1980; Wagner,
1985], can be described heuristically as follows. The order
m of a particular term in a spherical harmonic expansion of
the gravity field describes the number of longitudinal (east-
west) perturbations relative to a spherically symmetric
gravity field. Ignoring the small precession rate of
altimetric satellites (less than 30 per day), the plane of the
satellite orbit is fixed in an inertial reference system. As
a result of the rotation of the Earth, any uncertainty in
an order m coefficient in the spherical harmonic expansion
of the gravity field introduces m mismodeled perturbations
on the satellite orbit during a 24-hour period. Such gravity
errors would thus result in an m-cpd modulation of the
predominantly 1-cpr orbit error.

The rn-daily perturbations in the satellite orbit from
uncertainties in any of the order 1 through 7 geopotential
coefficients would result in a spectrum similar to that
shown in Figure 8. However, an important feature that
distinguishes the effects of rn-daily gravity errors from other
sources of periodic variations in orbit error is that these

DIJ'Ft
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1986 1987liii III 111111111111 t It liii 11111

5 10 15 20 25 30

Cycle Number

Fig. 5. Time series for the first 2 years of the Geosat Exact Repeat Mission of (a) the solar flux at 10.7-cm
wavelength, (b) the maximum bow tie amplitudes of B(t) (see section 4.1) for each 5- to 6-day POD orbit arc,
(c) the daily maximum mini bow tie amplitudes (approximately half of the peak-to-peak range of the daily
modulation) of high-pass filtered B(t) (see section 4.2), and (d) the daily maximum magnitude (approximately
half of the peak-to-peak range of the daily variations) of the constant offset term A(t) (see section 4.3).
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static components of gravity effects are exactly repeatable
during every cycle of an exact repeat orbit (neglecting
the relatively minor complicating effects of cross-track
variations in the satellite ground track [Brenner et al,
1990] and the low-frequency effects of precession of the
argument of perigee). The rn-daily periodic modulations
of orbit error of gravitational origin are thus part of
the time-invariant orbit error discussed in section 2. In
the simultaneous solution method used here to estimate
orbit error, these effects have been removed as part of
the mean sea level h(x3) estimated simultaneously with
the time-dependent orbit errors e(j). Inspection of
Figure 7 verifies that this is indeed the case. While
there are examples of phase-locked orbit error modulations
with similar shapes and amplitudes at the same point
in different cycles of the 17-day repeat period, there are
many more examples of incoherent modulations between
different repeat cycles. There are also cases where the
daily modulations are similar in amplitude and shape but
180° out of phase at the same point in different repeat
cycles. The m-cpd modulations of the amplitude of 1-cpr
sinusoid orbit error clearly cannot be of gravitational origin.

Consideration of the details of the POD technique used

M1A1M1J1J1A1S1O1 N
1988

0C0

0

>

0

20

10

0

4I4+I4IIIllIllIIlf4ll4I44l JIII I I I I III I 41 44 H I f If I 44 I H 111111111 I

0 100 200 300 400

Mission Day



CHELTON AND SCHLAX: SPECTRAL CHARACTERISTICS OF ALTIMETER OarnT ERRORS 12,591

20

0
290

S.

I I

291 292 293 294

to generate the GEM-T2 data suggests an explanation
that we believe to be the most likely source of the daily
modulations of orbit error amplitude. As is summarized in
Appendix B, a drag scaling parameter in the force model
used in the POD was adjusted over each daily interval
beginning at 0000 UT to compensate for errors in the
force model and uncertainties in atmospheric density at
the altitude of the satellite. This adjustment was achieved
by including step function changes in the drag scaling
parameter for each 24-hour period in the state vector
updated once for each POD orbit arc on the basis of a
least squares fit of the predicted orbits to ground-based
satellite tracking measurements acquired during the 5- to
6-day orbit arc.

The relationship between the magnitude of the daily
modulation of orbit errors and the timing of the least
squares adjustment of drag coefficient can be investigated
from Figure 9. Although the daily modulations cannot be
characterized simply, these examples suggest that there may
be a tendency for the amplitudes of the daily modulations
to be smallest near 0000 and 1200 UT and largest near
0600 and 1800 UT. (The example from cycle 22, which is
phase shifted by about 90° from the other examples, is a
notable exception.) This interpretation implies that the
knots of the mini bow ties tend to occur near the times
of the daily least squares adjustments and about 12 hours
later, resulting in a quasi-sinusoidal modulation of orbit
errors.

An attempt to relate the amplitudes of the daily
modulations to solar activity was only modestly successful
(Figure 5c). The weak secular increase in the maximum

Mlsston Day

Fig. 6. An expanded plot of the amplitudes of the 1-cpr orbit error estimates shown in Figure 3a for the first
complete orbit arc of repeat cycle 18 (the same time period as the orbit error estimates shown in Figure 4a). The
heavy vertical bars correspond to the times of the orbit arc boundaries and the dashed line represents a smoothed
fit to the sinusoid orbit error amplitudes.

I I -
295 296 297

amplitude of each daily mini bow tie over the 2-year period
may be related to the threefold increase in solar flux over
the same period. However, the shorter-period fluctuations
in the daily mini bow tie amplitudes are uncorrelated
with short-period variations in either the 10.7-cm solar
flux (Figure 5a) or the index of geomagnetic activity
discussed previously. The slight increase in the frequency of
occurrence of large-amplitude daily modulations (Figure 5e)
and a 50% increase in the variance of the high-pass-filtered
B(t) (Table 1) during the second year of data suggest that
the increased solar activity may have had some influence on
the daily modulation of orbit errors, but the effect was not
strong. This result is perhaps not surprising. Mismodeled
atmospheric density variations that would give rise to
increased orbit error amplitudes would not necessarily be
correlated with either of these two indices from which
density is parameterized in the POD force model. Most
of the mismodeled atmospheric density variations probably
have periods longer than a day and thus account for the
long-period bow tie patterns discussed in section 4.1.

4.3. Daily Variations

The time series of the mean orbit error along each track
(the constant offset term A(t) in equation (8)) shown in
Figure 3c is dominated by a quasi-periodic daily variability
very similar to that of the high-pass-filtered B(t) shown in
Figure 7. The peak-to-peak ranges of these daily variations
are typically 6 cm, which is about half the typical range
of the daily modulations of 1-cpr orbit error discussed
in section 4.2. During the first year of data shown in
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Figure 3c, daily variations with range as large as 15 cm
were experienced (e.g., during the early portion of cycle 22).
Daily peak-to-peak ranges of this magnitude were common
during the second year of the Exact Repeat Mission, with
many occurrences of 25 cm and larger ranges (Figure 5d).

The spectra of these daily variations of the mean orbit
error are shown in Figure 10 for repeat cycles 1-19 and 20-
38. The characteristics of these spectra are very similar to
those of the daily modulations shown in Figure 8. Clearly
defined spectral peaks are evident at the same seven
frequencies (1 cpd and its first six harmonics). The rins
variabilities within each of these spectral peaks are listed in
'Thble 2. As with the daily modulations, the variability at
these seven frequencies accounts for about half of the total
variability of A(t), most of which is accounted for by the
variability at 1 cpd alone. To first order, the underlying
shapes of these low-frequency variations in orbit error are
thus sinusoidal with a period of 1 day. The energy at
the higher harmonics accounts for the fact that the daily
variations are not purely sinusoidal.

It should be clear, but is perhaps worth emphasizing, that
these daily variations in the orbit errors are fundamentally
different from the daily modulations of 1-cpr orbit error

Day Number of Repeat Cycle

Fig. 7. Time series of high-pass-filtered amplitudes B(t) (see equation (8)) of the 1-cpr orbit error estimates shown
in Figure 3a. The high-frequency variations in the sinusoid orbit error amplitudes were isolated by removing
a smoothed fit for each orbit arc like the example shown by the dashed line in Figure 6. The vertical scale in
centimeters is shown in the top right corner of the figure.

30cm

discussed in section 4.2. The daily variations addressed in
this section are independent of the dominant 1-cpr orbit
error. They represent mismodeled daily variations in the
mean semimajor axis of the satellite orbit. Consequently,
they show up as separate spectral peaks (rather than split
peaks centered on the 1-cpr spectral peak) in the spectrum
of orbit errors. The 1- and 2-cpd spectral peaks are clearly
evident and have been labeled in Figure in. The energy
levels of the higher-harmonic rn-cpd variations are too
small to be seen convincingly for the degrees of freedom
of the spectral estimates in Figure in, although they are
clearly evident in the spectra of ACt) in Figure 10.

Because the daily variations of orbit error are so similar
in character to the daily modulations of i-cpr orbit error,
the causes are very likely the same. In section 4.2, we have
presented what we feel is a convincing case that these daily
signals in the orbit errors arise because of the daily least
squares adjustment of the drag coefficients in the POD used
to generate the GEM-T2 orbits. Large-amplitude daily
variations in orbit error were much more commonplace
(Figure 5d) and the overall variance of A(t) was more than
a factor of 2 larger (Table 2) during the second year of
data. This increase in low-frequency orbit errors is probably
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102

TABLE 1. The rms Variability and Percentage of Total Variance
of the High-Pass Filtered B(t) in Equation (8) Within Each of the
Dominant Spectral Peaks in Figure 8, the Root Sum of Squares
(rae) Total at These Frequencies, and the Total rms Over All
Frequencies for Cycles 1-19 (November 1986 to October 1987)
and Cycle8 20-38 (October 1987 to September 1988) of the Geosat

Exact Repeat Minion

The rss corresponds approximately to one third of the typical
peak-to-peak range of the daily modulations.

related to inismodeled atmospheric density variations from
the increased solar flux over the 2-year period (Figure 5a).

5. GEM-T2 VERSUS NAG REStDUAL HEIGHT DATA

The importance of POD accuracy for altimetric studies
of time-dependent sea level variability has long been an

High-pass-filtered amplitude of 1 cpr variability

frequency (cycles/day)

Fig. 8. Power spectral density of the high-pass-filtered amplitudes B(t) (see equation (8)) of the 1-cpr orbit error
estimates for repeat cycles 1-19 (thin line) and 20-38 (thick line). The individual spectra with 2 degrees of freedom
for each of the orbit arcs of duration 4.6 days or longer were ensemble averaged to obtain a total of approximately
76 degrees of freedom. The error bars represent 95% confidence intervals.

unresolved issue. The availability of the GEM-T2 and
NAG data sets, which differ by sri order of magnitude in
orbit accuracy, offers an excellent opportunity to address
this issue. Common wisdom has it that the crude accuracy
of the NAG orbits, after suitable orbit error estimation
and removal, is acceptable for studies of time-dependent
mesoscale variability but severely limits applications for
studies of large-scale variability. The validity of this notion
depends on the spectral characteristics of the orbit error,
and not just the magnitude of the orbit error. On the basis
of the estimated spectrum in Figure 1 b, the time-dependent
NAG orbit errors appear to be almost totally 1 cpr. Most
of this orbit error should be removed by the simultaneous
solution method described in section 3, in which case the
residual height data would be of comparable quality to the
residual height data obtained from the much more accurate
GEM-T2 orbits.

To investigate this hypothesis, the simultaneous solution
method was applied to the NAG data using the same
4.5-orbit span applied in section 4 to the GEM-T2 data.
The NAG and GEM-T2 residual height data h(x3) (see
equation (1)), after the respective mean sea level and
time-dependent orbit error estimates were removed, were
then compared in a variety of ways. A traditional,
although not comprehensive, measure of the quality of
orbit error corrections is the rms difference between height
estimates from ascending and descending ground tracks at
crossover points. The obvious flaw in the logic of this
quality metric is that it implies that an rms crossover

Cycles 1-19 Cycles 20-38

Frequency,
cpd

rms,
cm

Variance,
%

rms,
cm

Variance,

1 2.98 40.5 3.42 36.6
2 1.35 8.4 1.40 6.1
3 0.91 3.8 0.89 2.5
4 0.40 0.7 0.50 0.8
5 0.37 0.6 0.40 0.5
6 0.25 0.3 0.31 0.3
7 0.22 0.2 0.28 0.2

rSs 3.45 54.6 3.88 47.0
Total 4.67 100.0 5.66 100.0
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difference of zero would represent the best possible orbit
error correction. In fact, such a result would indicate that
all of the oceanographic signal was removed along with
the orbit error, which is clearly undesirable. Crossover
difference results must therefore be considered only a
qualitative measure of the effectiveness of a given orbit
error estimation scheme. The averages of the rms crossover
differences computed globally for each of the first 22 repeat
cycles were 13.2 and 13.3 cm, respectively, for the GEM-fl
and NAG residual height data. By this measure, then, the
much higher quality GEM-T2 data do not appear to be
significantly different from the NAG data after removing
the mean sea levels and time-dependent orbit errors by
the simultaneous solution method described in section 3.
A similar conclusion has been reached by Rosborou9h and
Marshall 119901.

Pointwise comparisons offer a much more quantitative
assessment of the similarity between the GEM-T2 and
NAG residual height data. For this purpose, regression
statistics were computed for each pass (half orbit) of data
during the first year of the Ceosat Exact Repeat Mission.
A simple linear regression between the two data sets
resulted in a mean of 1.0 and a small standard deviation
of 0.04 for the slope estimated for each pass and a mean
of 0.0 cm and relatively large standard deviation of 2.2 cm
for the constant term. The cross correlations between
the GEM-T2 and NAG residuals were greater than 0.99
for more than 90% of all passes. A histogram of rms
differences computed for each pass resembled a Rayleigh
distribution with an average rms difference of 1.4 cm and
a peak in the distribution at 0.8 cm. Much of the rum
difference can be attributed to relative biases for each pass,
as is evident from the large scatter of the constant term

0000 1200 0000

15cm

Fi8 9. Expanded plots of the high-pass-filtered amplitudes of 1-cpr orbit error estimates shown in Figure 7 for
segments of data from (top to bottom) repeat cycles 10, 18, 19, 20, and 22. The vertical scale in centimeters is
shown in the top right corner of the figure.

in the regression statistics. When the mean difference for
each pass is removed, the average rms difference is reduced
to 0.9 cm and the peak in the distribution shifts to 0.5 cm.
In consideration of the fact that the original GEM-T2
and NAG data analyzed here were stored on disk witb a
coarse resolution of 1 cm, the level of agreement between
the two residual height data sets after removing the mean
sea level and time-dependent orbit error estimates is quite
impressive.

The spectral characteristics of the differences between
GEM-fl and NAG residual heights were quantified from
analysis of 11 repeat passes of a 14,000-km ascending
track across the central Pacific. The squared coherences
were greater than 0.99 and the phase differences were
not statistically different from zero at all wavenumbers.
The spectra of the residual heights and the differences
between the GEM-T2 and NAG residual heights are shown
in Figure 11. At wavelengths shorter than 1000 kin, the
difference spectrum is characterized by an approximate
white noise floor. At longer crates, the spectral energy
increases abruptly by more than an order of magnitude.
The predominantly long-wavelength character of the differ-
ences explains the previously noted improvement in the rms
difference statistics when the mean difference is removed
from each pass of data; to first order, the long-wavelength
differences can be approximated by a relative bias along
each pass. The differences between the CEM-T2 and NAG
residual heights at low wavenumbers probably arise from
statistical instabilities of the least squares estimates of the
parameters a, b, and cj in (2), rather than from peculiar
behavior of the less accurate NAG orbits.

For these 11 passes of this particular track, the total
rms variability of the differences between the GEM-T2
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Fig. 10. Power spectral density of the mean orbit errors A(t) (see equation (8)) for repeat cycles 1-19 (thin line)
and 20-38 (thick line). The degrees of freedom and cozthdence intervals are the same as in Figure 8.

TABLE 2. The Same as Table 1, Except of A(t) in Equation (8)
From the Spectrum Shown in Figure 10

The rss corresponds approximately to one third of the typical
peak-to--peak range of the daily variations.

and NAG residual heights over wavelengths longer than
1000 kin is only 0.35 cm, accounting for about one
fourth of the total variance of the differences. This long-
wavelength energy of the differences is smaller than the
time-dependent ocean signal over the same length scales
(see top curve in Figure 11) by 2 orders of magnitude and
is therefore of little consequence for this track. This may
not always be the case, however. The spectral energy of
the differences between NAG and CEM-T2 residual data
is always dominated by variability at wavelengths longer

than 1000 km. For some passes, the variance of the
long-wavelength differences may be more comparable to
that of the long-wavelength, time-dependent ocean signal
than for the case shown in Figure 11.

It can be concluded from this analysis that, although
the accuracy of POD is of utmost importance to altirnetric
studies of time-invariant sea level, it is not important
to time-dependent studies of mesoscale variability from
collinear data, provided that a long-arc (several orbital
periods) orbit error estimation technique such as that
applied here is used. This of course assumes that
the time-dependent orbit error is predominantly 1 cpr,
as it apparently is in both the GEM-T2 and NAG
data (Figure 1). For studies of large-scale variability
(wavelengths longer than 1000 kin), the accuracy of the
POD becomes more of a concern.

It should be noted that POD accuracy can be important
for time-dependent studies on all length scales -when the
orbit errors are estimated by the traditional low-order
polynomial approximations over arc lengths of 1000-3000
kin. Residual errors in such polynomial approximations
will be smaller for more accurate POD, thus resulting in
more accurate data for time-dependent sea level studies
[Cheney et at, 1991].

6. SUMMARY AND DISCUSSION

The spectral characteristics of Geosat time-dependent
orbit errors have been examined in detail for altimeter data

Cycles 1-19 Cycles 20-38

Frequency,
cpd

rms,
cm

Variance, rms,
cm

Variance,

1.36 35.8 2.03 35S
2 0.94 17.1 0.95 7.9
3 0.36 2.5 0.42 1.5
4 0.24 1.1 0.25 0.6
5 0.16 0.5 0.19 0.3
6 0.18 0.6 0.32 OS
7 0.15 0.4 0.19 0-3

tea 1.73 58.1 2.33 47.4
toted 2.27 100.0 3.39 100.0

I I I

I liii'
102
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Fig. 11. Power spectral densities of the residual height data (top curve) for the GEM-T2 and NAG data sets
(indistinguishable on this plotting scale) along a 14,000 km ascending gr"und track across the central Pacific. The
power spectral density of the differences between the GEM-T2 and NAG residual height estimates is shown by the
bottom curve. The individual spectra with 2 degrees of freedom for each of 11 repeats of the ground track were
ensemble averaged and then band averaged to obtain a total of 66 degrees of freedom. The error bars represent
the 95% confidence intervals.

from the GEM-T2 orbits, which are the most accurate
of the widely used orbits presently available for Geosat.
(There are other orbits available with reported improved
accuracies, but these have not yet received widespread
attention.) Although the total orbit error is very complex
and difficult to estimate, the time-dependent component
is almost totally characterized by narrow-band variability
at the orbital period. The slowly varying amplitudes
and phases of the 1-cpr orbit errors were estimated using
a slightly modified version of the simultaneous solution
method developed by van Gysen et al. [1992] for application
to altimeter data from exact repeat orbit configurations.
The method provides least squares estimates of mean sea
level for each track (half orbit) of Geosat data and the
amplitude and phase of 1-cpr orbit error for each repeat
pass along the track. Low-frequency variations in orbit
error (periods longer than several orbital periods) are
accommodated within the orbit error estimation method
by including a constant offset term in the least squares
estimate for each repeat pass.

The orbit error estimates obtained by the simultaneous
solution very successfully recover the well-known bow tie
pattern in the orbit error amplitude over the period of each
POD orbit arc in the GEM-T2 data. The bow tie effect

is characterized by smallest amplitudes of 1-cpr orbit error
near the middle of each POD arc and larger amplitudes (as
large as 160 cm, corresponding to a 320-cm peak-to-peak
range, in the 2 years of Geosat data considered here) at
the ends of the arc. (The exact timing of the minimum
and maximum depends on the distribution and quality of
ground-based tracking data acquired during the orbit arc.)
The bow tie characteristic arises because of the details of
the GEM-T2 POD least squares adjustment of the satellite
initial conditions and selected force model parameters
performed every 5-6 days on the basis of ground-based
tracking measurements. An empirical technique such as
the simultaneous solution method used here is required to
remove these orbit errors from altimeter height data.

A more detailed analysis found that the l-cpr sinusoid
orbit error amplitudes are modulated by daily variations
at frequencies of 1 cpd and its first six harmonics. The
1-cpr spectral peak is therefore actually split into a series
of peaks at frequencies of 1 cpr plus or minus in cpd,
where in includes the integers between 1 and 7. The rms
peak-to-peak range of the daily modulation of orbit errors
is about 14 cm, but peak-to-peak ranges of 25 cm were
common in the 2 years of data analyzed here, especially
during the second year.
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The analysis also identifies a daily variation in the
mean orbit error at the same frequencies of 1 cpd and its
higher harmonics. The mis peak-to-peak range of these
mismodeled daily variations in the mean semimajor axis of
the Geosat orbit is about half that of the daily modulations
of l-cpr orbit error, but peak-to-peak ranges of 25 cm were
common toward the end of the 2-year data record.

The cause of the daily signals in the orbit error is not
known for certain at present. A case has been made here
that these daily signals are introduced by daily least squares
adjustments of the drag coefficient in the POD force model
used to generate the GEM-T2 orbits. The detailed shapes
of the daily signals depend on the distribution of tracking
data over the POD orbit arc and on the size and character
of the drag error that the POD adjustment attempts to
remove. To first order, the daily signals are sinusoidal
with periods of 1 day. The smaller spectral energies at
the higher harmonics of 1-cpd variability account for the
fact that the daily signals are not purely sinusoidal. The
existence of daily signals in the orbit errors is perhaps not
surprising, since daily step function adjustments of the drag
scaling parameters only partially mitigate the errors arising
from uncertainties in atmospheric drag and air density at
the altitude of the sateUite.

Preliminary analysis of TOPEX/Poseidon data also
shows evidence of daily signals in the orbit errors (S. Klosko,
personal communication, 1993). These daily errors are
evidently a robust characteristic of POD when errors in
the modeling of atmospheric drag are corrected in some
average sense over a specific time interval (24 hours in the
Geosat GEM-T2 and TOPEX/Poseidon orbits).

An obvious question that arises from this analysis is
whether the '-'14-cm mis peak-to-peak ranges of the daily
modulations of 1-cpr orbit error and the r..6.cm ms
peak-to-peak daily variations of mean orbit error are large
enough to be significant for oceanographic applications of
Geosat data. If the interest is in energetic mesoscale
variability on length scales shorter than -4000 kin, the
orbit errors can be adequately removed by the bias and
tilt or quadratic least squares fits used traditionally in
altimetric studies. The daily modulations of orbit error
are then of little consequence, since they appear constant
over such short data arcs and are therefore removed as
part of the constant parameter in the polynomial fits. For
studies of larger-scale oceanographic variability, the form
of the orbit error modeling becomes much more important;
a weighted least squares fit to a 1-cpr sinusoid over long
orbit arcs is far superior to polynomial fits. The noise
from the daily signals is comparable to the magnitude
of oceanographic variability over length scales longer than
-1000 km [Chelton et at, 1990; Wnrjsch, 1991]. It is
therefore important that this component of the time-
dependent orbit error be removed by empirical techniques
for large-scale oceanographic applications of altimeter data.
The simultaneous solution method used here successfully
resolves the daily signals and is therefore well suited for
such purposes.

An important conclusion from this study is that altimet-
nc studies of time-dependent mesoscale sea level variability
(wavelengths shorter than about 1000 kin) from collinear
data are not sensitive to the accuracy of POD orbit
estimates, as long as the spectral characteristics of the
time-dependent orbit error are dominated by 1-cpr sari-

ability and a long-arc (several orbital periods) orbit error
estimation technique is used. The simultaneous solution
method was applied to the NAG Ceosat data, which have
been much maligned in the literature for their low accuracy
and unknown spectral characteristics. It has been shown
here that the residual time-dependent sea level signals after
removal of the mean sea level and sinusoid orbit errors
estimated by the long-arc simultaneous solution method
are the same, for all practical purposes, in the NAG data
as in the much higher quality GEM-T2 data. At longer
wavelengths, the energy leveLs of the differences between the
NAG and GEM-T2 sea level residuals can be significant.
Studies of large-scale, time-dependent sea level variability
are therefore more dependent on the POD accuracy. Stud-
ies of the time-invariant sea level associated with the mean
ocean circulation are, of course, critically dependent on the
POD accuracy (see, for example, Tai [1988a1).

We conclude with a note of caution regarding the
best choice of orbit error estimation method. It must be
acknowledged that least squares fits of long arcs of altimeter
data to 1-cpr sinusoids isolate only the orbit error problem
of time-dependent studies. In this sense, long-arc methods
very effectively accomplish their intended goal. However,
the 1 cpr fits do not accommodate the shorter scales
(thousands of kilometers or less) of other contributions
to altimeter measurement errors such as uncertainties in
tropospheric and ionospheric corrections for atmospheric
refraction, the sea state bias correction, tidal corrections
and uncertainty in the 9nverted barometer effect" of
atmospheric pressure loading. Paradoxically, these other
sources of error can be mitigated to some extent by
short-arc polynomial orbit error approximations, but only
at the expense of less accurate orbit error estimates and a
greater risk of oceanographic signal attenuation. Because
of the large magnitudes of some of these sources of error
in Geosat data, the best orbit error removal scheme will
depend upon the specific application (e.g., mesoscale versus
large-scale variability). The TOPEX/Poseidon mission has
been carefully designed so that the orbit errors will be less
than 13 cm and all other sources of measurement error
will be less than a few centimeters. A long-arc l-cpr orbit
error estimation technique should therefore be suitable
for all applications of TOPEX/Poseidon data. Finally,
it should be kept in mind that all orbit error removal
techniques (sinusoidal or polynomial fits) also remove much
of the large-scale steric sea level variability associated with
seasonal hemispheric heating and cooling. Studies of this
sea level signal (which is generally of much less interest
scientifically than the sea level changes that occur on much
shorter spatial scales in association with seasonal variations
in the ocean circulation) are critically dependent on the
accuracy of orbit estimates.

APPENDIX A: THE GE0SAT NAG OftaiTs

The so-called NAG orbits are the operational Geosat
orbits produced by the Naval Astronautics Group and ap-
plied to the unclassified National Oceanic and Atmospheric
Administration (NOAA) geophysical data records (GDRs)
released for civilian applications [Cheney et at., 1987, i988}.
They were derived using the orbit determination software
described by Born et a1. [1988]. The gravitational acceler-
ation used in the force model was based on the relatively
low resolution GEM-lu gravity model, which is complete
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to degree and order 22 with additional selected terms to
degree and order 30 [Lerch et al., 1979].

Weaknesses of the NAG model were compensated to some
extent by frequent updates of the state vector consisting
of initial conditions (satellite position and velocity) and
selected model parameters. This was accomplished by a
sequence of forward integrations of the force model over 2-
day orbit arcs with 1 day of overlap for each successive arc.
At the end of each integration, the predicted orbits were
adjusted and a new state vector was obtained by a least
squares fit to ground-based Doppler tracking data from
the four stations of the OPNET tracking network. These
tracking stations are poorly distributed geographically;
three are in the continental United States and the other is
in Hawaii (see Figure 1 of Homes et al. [1990]).

The overlap of successive orbit arcs allows flexibility in
when to switch from one arc to the next to obtain the esti-
mated orbit height to be removed from the altimeter range
measurements. To minimize the effects of discontinuities
between successive arcs, the GDRs provided by NOAA use
the middle 24 hours of each 2-day arc with breaks located
at a maximum latitude, which almost always occurs over
land or ice [Cheney et al., 1987, 1988]. The ms accuracy
of the NAG orbits has been estimated to be between 300
and 400 cm [Born et aL, 1988; Haines et al., 1990].

APPENDIX B THE GEOSAT GEM-T2 ORBITS

The precise GEM-T2 orbits used in this study were
generated by the Goddard Space Flight Center using the
GEODYN-Il precision orbit determination and parameter
estimation software [Martin et al., 1985]. The gravitational
acceleration used in the force model was based on the
GEM-T2 gravity model, which is complete to degree and
order 36 with more than 600 additional selected terms
up to degree and order 51) [Marsh et al., 1990b]. The
GEM-T2 gravity model is far superior to the GEM-b
gravity model used in the NAG orbits (Appendix A) and is
the primary reason for the approximate order of magnitude
better accuracy of the GEM-T2 orbits.

The procedure followed to generate the GEM-T2 orbits
is very similar to that described by Homes et al. [1990]
to generate the GEM-Ti orbits. The primary difference
is the gravity models used in the two orbit estimates; the
GEM-Ti model is complete only to degree and order 36
without the additional 600 higher-order terms. Another
significant difference is the arc lengths over which the force
model was integrated (17 days for the GEM-Ti orbits
versus 5-6 days for the GEM-T2 orbits). A detailed
description of the GEM-T2 orbits is given by Haines et al.
(submitted).

The complex atmospheric drag and radiation pressure
forces in the POD force model are approximated in
the GEODYN-II software through the use of simplified
satellite form modeling. For example, in the force model
computations on Geosat, the satellite was treated as a
sphere. Depending on the air density, such simplifications
can result in large orbit errors. Presently available drag
models incorporate orbital information only for satellites
lower than 700-km altitude. The air density values at the
800-km Geosat orbit altitude are computed based upon
extrapolations within the drag model and can consequently
be highly uncertain. This is particularly true during periods

of high solar activity. High and variable solar activity
induces rapid changes in air density at high altitudes as the
atmosphere expands and contracts. Periods of high solar
activity were experienced intermittently during the early
period of the Geosat mission and persistently throughout
the latter period of the mission (see Figure So).

Orbit errors introduced by errors in the POD force
modeling will be greatly reduced for TOPEX/Poseidon.
Atmospheric drag is less important by a factor of 2 or more
at the higher 1300-km altitude because of the much lower
air density. In addition, an improved model for the solar
radiation pressure and drag effects that accommodates
variations in the cross-sectional area of the satellite in
the Sun, Earth, and velocity-pointing directions and that
accounts for direct solar and albedo effects, has been
developed for TOPEX/Poseidon.

To compensate for much of the secular error in Geosat
orbit accuracy incurred during the period of each orbit arc,
the coupling coefficients for drag and radiation pressure
forces in the force model were adjusted periodically during
each arc as part of the least squares adjustment to the
tracking data. For the GEM-T2 orbits, the state vector
included drag coefficients for each 24-hour period and a
single solar radiation pressure coefficient for each 5.- to
6-day orbit arc. Whenever possible, the drag coefficient
adjustments were made for 24-hour intervals beginning
at 0000 UT; depending on the timing of the orbit arc
boundaries, the first and last drag coefficient adjustments
of each arc may have occurred at times other than 0000 UT,
resulting in periods somewhat shorter or longer than 24
hours between drag coefficient adjustments at the ends of
the orbit arcs.

Successive GEM-T2 orbit arcs overlap by 1-2 days.
As with the NAG data described in Appendix A, the
overlapping GEM-T2 orbit arcs were broken at a maximum
latitude for the data used in this study, resulting in data
arcs generally between S and 6 days in duration with some
arcs as short as 4 days. The rms accuracy of the GEM-T2
orbits has been estimated as between 30 and 50 cm during
the first 2 years of the Geosat Exact Repeat Mission
(Haines et al., submitted).
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