
AN ABSTRACT OF THE DISSERTATION OF

Moriah J. Bellenger for the degree of Doctor of Philosophy in Economics
presented on April 30, 2010.
Title: Essays on Environmental Productivity.

Abstract approved:

Shawna P. Grosskopf

The following three essays explore the use of the directional output distance
function (Chambers et al., 1996), an economic model originally developed to
measure efficiency and productivity for multi-input and multi-output pro-
duction processes, to assess performance for multi-attributed environmental
processes.

The first essay illustrates the use of the directional output distance
function to construct environmental indices. This model can be used to
aggregate multiple environmental attributes into one measure of perfor-
mance (distance to the frontier) just as an environmental index seeks to
combine multiple attributes into one composite measure of performance. A
nonparametric directional output distance function is estimated for a set
of biological indicators that were collected to assess stream condition as
part of a national study conducted by the U.S. Environmental Protection



Agency (EPA). Modeling these indicators as outputs, the directional output
distance function yields a similar measure of performance to the existing
EPA index for this data.

The second essay uses the directional output distance function to de-
rive estimates of marginal performance for each of the biological indicators
from the first essay, where marginal performance is defined as the degree
to which increasing each of the indicators reduces an observation’s distance
to the output frontier. The directional output distance function is esti-
mated parametrically, using the quadratic form. The resulting estimates of
marginal performance are then used to develop a metric-weighting scheme
that incorporates each metric’s marginal contribution to performance, at
each site, and to then construct an individually-weighted version of the
original equally-weighted EPA index.

The third essay uses the directional output distance function to derive
shadow price estimates for a set of non-marketed wetland functions in the
U.S. mid-Atlantic region Nanticoke River Watershed. The results suggest
that for some sites in this watershed, the value of improved wetland condi-
tion outweighs the potential value of agricultural production. The average
estimated values are also consistent with payments being made by the fed-
eral Wetlands Reserve Program (WRP) in the study area.
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INTRODUCTION TO ESSAYS ON ENVIRONMENTAL
PRODUCTIVITY

The following three essays explore the use of the directional output
distance function (Chambers et al., 1996), an economic model originally
developed to measure efficiency and productivity for multi-input and multi-
output production processes, to assess performance for multi-attributed
environmental processes. In each of the essays, environmental attributes
are modeled as outputs. To briefly explain, let P (x) denote the feasible
output set for the vector of outputs y = (y1, ..., yM) ∈ <M

+ given inputs
x = (x1, ..., xN) ∈ <N

+ , so that

P (x) = {y : x can produce y} . (1)

The directional output distance function is then defined as

~DO(x, y; gy) = max {β : [y + βgy] ∈ P (x)} , (2)

where gy ∈ <M
+ is a directional vector that specifies the path of output

expansion1. The model measures each observation’s distance, in a particular
direction, to the (M-dimensional) production frontier. This measure of
distance to the frontier serves as a measure of environmental performance.

The first essay, “An economic approach to environmental indices” (Bel-
lenger and Herlihy, 2009) illustrates the use of the directional output dis-
tance function to construct environmental indices. This model can be used
to aggregate multiple environmental attributes into one measure of perfor-
mance (distance to the frontier) just as an environmental index seeks to
combine multiple attributes into one composite measure of performance.
Data Envelopment Analysis (DEA)(Charnes et al., 1978) is used to esti-
mate a nonparametric form of the model. This method is applied to a set
of biological indicators that were collected to assess stream condition as

1The mathematical properties and assumptions made to characterize this model are
discussed in more detail in each of the essays.
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part of a national study conducted by the U.S. Environmental Protection
Agency (EPA). Modeling these indicators as outputs, the directional output
distance function yields a similar measure of performance to the existing
EPA index for this data. Additionally, the directional output distance func-
tion satisfies several key properties from economic index theory and does
not impose exogenous weights in aggregation.

The second essay, “Performance-based environmental index weights: Are
all metrics created equal?” (Bellenger and Herlihy, 2010) turns to the ques-
tion of index weights. In an additive index, weights signify the relative
importance of each of the included index metrics, in much the same way
that prices reflect the relative value of each of the outputs in an economic
production process. At any point on the output frontier, the output shadow
price ratio is equal to the marginal productivity ratio, or in this context,
marginal performance ratio. This essay uses the directional output distance
function to derive estimates of marginal performance for each of the biolog-
ical indicators (y1, ..., yM) from the first essay, where marginal performance
is defined as ∂ ~DO(x, y; gy)/∂ym, the degree to which increasing each of the
indicators reduces an observation’s distance to the output frontier. Rather
than using DEA as in the first essay, the directional output distance function
is estimated parametrically, using the quadratic form. The resulting esti-
mates of marginal performance are then used to develop a metric-weighting
scheme that incorporates each metric’s marginal contribution to perfor-
mance, at each site, and to then construct an individually-weighted version
of the original equally-weighted EPA index. The performance-weighted
index again provides a similar measure of overall performance in this ap-
plication, while also adding new information on the relative importance of
each of the index metrics.

The third essay, “Shadow pricing wetland function”, examines the use of
the directional output distance function for non-market valuation. Multiple
wetland functions are modeled as outputs jointly with the value of agricul-
tural production for land within a watershed. By exploiting the directional
output distance function’s dual relationship to the revenue function, the
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value of agricultural production is used to derive shadow price estimates
for each of the non-marketed wetland functions. The estimation proce-
dure adapts the bootstrap methods originally developed by Simar and Wil-
son (1998) for DEA-estimated Shephard (1970) distance functions to the
quadratic directional output distance function. The method is applied to
a set of wetland hydrological and biological functions and agricultural land
values for the U.S. mid-Atlantic region Nanticoke River watershed. The re-
sults from this application suggest that for some sites in this watershed, the
value of improved wetland condition outweighs the potential value of agri-
cultural production. The average estimated values are also consistent with
payments being made by the federal Wetlands Reserve Program (WRP) in
the study area.

The directional output distance function, and more generally, economic
frontier estimation methods, offer an alternative approach to environmental
performance measurement. In practice, these methods could be used not
only to assess performance, but also to target conservation and restoration
expenditures to their highest-valued use. They also offer a way to incor-
porate the ecological indicator data that is widely collected by government
agencies and environmental conservation groups into the economic valua-
tion of ecosystem services.
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ABSTRACT

This study uses the directional output distance function from economic
productivity theory as an alternative approach to environmental index con-
struction. We use the directional output distance function to aggregate
multiple environmental objectives into one measure of environmental per-
formance. We apply this method to a set of watershed data and compare our
results to the existing U.S. Environmental Protection Agency (EPA) index
values. When modeling the same set of objectives, the directional output
distance function and the existing EPA index yield similar measures of en-
vironmental performance. We discuss the mathematical properties of both
indices using the axioms of economic index theory, and explore the possible
advantages to our approach. The mathematical properties of the directional
output distance function are well established and this approach provides a
nonparametric way to aggregate individual characteristics. This advances
the standard use of a priori -weighted summation, and circumvents the often
contentious selection of index weights.

INTRODUCTION

The stated objective of the United States Clean Water Act (CWA) (1972)
is to “restore and maintain the chemical, physical, and biological integrity
of the Nation’s waters.” The CWA recognizes water quality as a system of
interrelated processes, which in practice can be difficult to measure and un-
derstand. To meet this objective, water management agencies rely heavily
upon indices of biotic integrity (IBIs) to assess watershed condition, which
highlights the importance of reliable environmental index measures, from
both an ecological as well as an economic stance.

In their development of these IBIs, the ecology and biology literatures
have devoted relatively more attention to metric choice and scoring2 than to
index formulation. In this context, a metric is a standardized quantitative
measure for a particular attribute of the study population. For example,

2For a Discussion of metric choice and scoring, see Blocksom (2003)
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biological metrics can include raw counts of the number of species to mea-
sure species richness, as well as the percentages of individuals or species
in various taxonomic or autoecological groups as a measure of biodiversity.
Upon selection, these individual metrics are typically summed to form the
composite IBI.

The economics literature houses a long history of work on the develop-
ment of index theory to measure key economic phenomena such as produc-
tivity, GDP, and inflation. In contrast to the emphasis on metric choice
in the ecological index literature, economic index theory focuses more on
structural formulation and the identification of desirable index properties.
Given the relative strengths from each discipline, and their seeming com-
plementarities, we develop an ‘economic IBI’ that incorporates established
ecological metrics into an economic index theoretical framework.

To merge these two disciplinary approaches requires a model that demon-
strates the mathematical properties postulated by the economics literature,
without losing the ability to capture the ecological complexity of environ-
mental performance. To satisfy both aims we use a directional output
distance function, an economic model developed to measure productivity
and efficiency. Chambers et al. (1996) introduce this model as the produc-
tion counterpart to the Luenberger (1992) benefit function, which measures
welfare changes across consumption bundles. In this context, we use the
directional output distance function to aggregate multiple environmental
objectives without parameterizing their relation to one another. We apply
this model to a set of macroinvertebrate metrics widely recognized by ecol-
ogists as key measures of stream biotic integrity, and compare our resulting
environmental performance index values to those of the existing U.S. En-
vironmental Protection Agency (EPA) IBI for this data. We then add a
set of water chemistry metrics to model environmental performance in the
presence of water pollution. In the process, we examine the mathematical
properties of the existing environmental index through the lens of economic
index theory.

The paper is organized as follows. Section 2 provides a bit of background
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on the role of indices in environmental policy, and explains the existing
index used for comparison in this paper. Section 3 outlines the theory that
supports the use of the directional distance function as an alternative to
existing IBI methods. Sections 4 applies the theory to environmental data,
and Section 5 concludes with the broader implications of this research.

THE ROLE OF ENVIRONMENTAL INDICES

Indices of Biotic Integrity (IBI) are standard ecological tools in the bio-
logical assessment of stream condition (Barbour et al., 1995). From their
genesis as semi-qualitative measures applied at small scales (Karr 1981),
they have evolved into very quantitative measures used to assess ecological
condition at the scale of regions (Klemm et al., 2003), and entire nations
(U.S. EPA, 2006). IBIs have been developed for a number of different
aquatic organismal groups including fish, algae, zooplankton, and macroin-
vertebrates. By measuring IBI scores at least disturbed reference sites, IBI
scores have been used to classify site condition as either good, fair or poor
based on the observed biota (U.S. EPA, 2006; Stoddard et al., 2008). Some
ecologists even argue that IBIs sufficiently represent overall performance.
Karr and Chu (2000) write, “Living communities reflect watershed condi-
tions better than any chemical or physical measure because they respond
to the entire range of biogeochemical factors in the environment.”

As an example of the ecological approach to index formation, we use
the IBI scoring system developed by the EPA for assessing the condition
of wadeable streams across the conterminous United States using stream
macroinvertebrate data (U.S. EPA, 2006). For this national wadeable stream
assessment (WSA), the EPA IBI, referred to here as the macroinverte-
brate multimetric index (MMI), combines six different metrics of stream
macroinvertebrate community assemblage structure into a single index value
to characterize stream condition. Different metrics and scoring were used
in each of nine different WSA ecoregions across the conterminous United
States. We limit our analysis to one ecoregion, the Northern Appalachian
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mountain region (NAP). The NAP covers the glaciated portion of the Ap-
palachian Mountains and Coastal Plain in New York and New England.
For this ecoregion, the six metrics in the MMI are:

i. EPT Richness: the number of different mayfly, stonefly and caddisfly
(Ephemeroptera, Plecoptera, Trichoptera or EPT) taxa.

ii. Scraper Richness: the number of different taxa that feed predomi-
nantly by scraping substrate.

iii. EPT Percent Taxa: the percent of all taxa in the sample comprised
by EPT taxa.

iv. Clinger Percent Taxa: the percent of all taxa in the sample comprised
of taxa whose dominant habit is clinging.

v. Intolerant %Taxa: % of individuals with pollutant tolerance values
less than 6 (taxa that are not generally tolerant of stress).

vi. Low Dominance: % Individuals in top 5 dominant taxa. This yields
a negative metric, meaning that high scores indicate low biodiversity.
We subtract this from 100 (100-DOM5) so that all metrics are positive,
meaning that high scores indicate high biodiversity.

The six metrics in the NAP MMI represent six different facets of biotic
integrity: taxonomic composition, richness, feeding group, habit, tolerance,
and biodiversity. Taxonomic composition and richness within the EPT are a
widely accepted environmental indicator due to their heightened sensitivity
to silt, temperature, and changing water quality (Van Sickle et al., 2004).
Biodiversity is another key dimension to biotic integrity that accounts for
not only the number of species at a site, but also the variety or balance of
species observed.

The included metrics are selected from a much larger pool of possi-
ble metrics through a screening process designed to eliminate redundancy.
Klem et al. (2003) outline the screening procedure. Metrics with Pearson
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correlation greater than 0.7 are considered redundant, meaning that one
metric can be used to explain much of the variation in another. However,
the six facets themselves can be very related, and in this case several of the
metrics, such as those for species richness and diversity do appear to be
highly correlated. This should be expected given that each of the metrics
represents a different component to macroinvertebrate population health,
and that these metrics are likely influenced by similar natural features such
as water temperature, pH level, or stream flow.

To construct the MMI value for each observation site, each of the six
metrics is scored continuously from 0 to 10 by linear interpolation of the
metric value between a floor and ceiling value. Floor values are calculated
as the 5th percentile of all sites in the region and the ceiling values are
calculated as the 95th percentile of regional least disturbed reference sites.
Metric scores outside the floor or ceiling are given 0 or 10 points respectively.
The six 0-10 scored metric values are summed together and then scaled by
a factor of 1.67 (100/60) so that the final index ranges from 0 to 100 .

AN ECONOMIC APPROACH

In our model each of the MMI metrics represents an environmental objective
that is used to characterize overall environmental performance, i.e. stream
condition. This study employs the directional output distance function
to aggregate multiple environmental objectives into a single measure of
environmental performance in much the same way that this method is more
conventionally used to construct economic productivity indices for multiple-
output production processes. To explain the directional output distance
function’s role as a productivity estimator first requires a brief overview of
the underlying theory. Microeconomic theory defines the technology for a
given production process as

T = {(x, y) : x can produce y} , (3)
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where x is a vector of inputs and y is a vector of outputs. Holding inputs
fixed, the technology can be represented using the feasible output set, P(x ),
where

P (x) = {y : (x, y) ∈ T} . (4)

The production output frontier is then the outer boundary of P(x), which
captures the maximum possible output combinations for the fixed input
level x, where combinations on the frontier are efficient relative to those
inside the frontier. Holding outputs fixed, the technology can also be rep-
resented using the input requirement set, L(y), where

L(y) = {x : (x, y) ∈ T} . (5)

The input requirement set is bounded from below by the input isoquant,
which comprises the minimum input combinations necessary to produce the
fixed output level y.3

Shephard (1970) distance functions offer a widely used method to mea-
sure productivity and efficiency. Figure 2 conceptualizes the output and
input Shephard distance functions, which can be written respectively as

DO = inf
{
θ : (x,

y

θ
) ∈ P (x)

}
(6)

and

DI = sup
{
λ : (

x

λ
, y) ∈ L(y)

}
, (7)

so that

DO 5 1⇐⇒ y ∈ P (x)⇐⇒ x ∈ L(y)⇐⇒ DI = 1. (8)

These are multiplicative functions, and reveal the exact amount any ob-
servation must be scaled to reach the production frontier. For the output
case, observations below the frontier have a distance value strictly less than
one, and for the input case, observations above the frontier have a distance

3Note that (x, y) ∈ T ⇐⇒ y ∈ P (x)⇐⇒ x ∈ L(y).
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value strictly greater than one. Note that any observation on the produc-
tion frontier receives a distance value of one, for both the output and input
orientation. Distance function solution techniques generally employ Data
Envelopment Analysis (DEA) (Farrell, 1957; Charnes et al., 1978), a non-
parametric method used to characterize the production frontier through
linear programming. Figure 1 illustrates the Shephard input (1.a) and out-
put (1.b) distance functions.

Figure 1: The Shephard distance functions

Numerous studies apply Shephard distance functions to environmental
data. Färe et al. (1993) and Coggins and Swinton (1996) use distance func-
tions to estimate pollution abatement costs. Färe et al. (1996) decompose
factor productivity into an input-output production efficiency index and a
corresponding pollution index. Reinhard et al. (2000), Färe et al. (2004)
and Munksgaard et al. (2007) construct environmental performance indices
for production processes that generate pollution. Perhaps most related to
the present study, Ferraro (2004) uses distance functions to establish con-
servation site targeting criteria for watershed management.

Tyteca (1996) reviews common methods for environmental index for-
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mation and outlines conditions for aggregation, which include standardiza-
tion and unit independence. Distance functions satisfy these conditions and
lend several other useful qualities to the estimation of environmental perfor-
mance. As Färe et al. (2004) remark, distance functions are “perfect aggre-
gator functions which provide a natural and elegant basis for constructing
quantity indexes.” Because they are constructed purely from quantity data,
distance functions are also independent of prices, removing the need to es-
timate shadow prices for typically non-marketed environmental attributes.
Another advantage to using distance functions is their ability to estimate
productivity for multiple inputs and outputs. In an environmental setting,
this means distance functions can be used to capture the myriad ecological
attributes that characterize ecosystem health.

DEA methods also allow the data to ‘reveal’ how multiple attributes
contribute jointly to overall environmental performance, as opposed to stan-
dard methods which impose a priori weighting schemes4. Tran et al. (2007)
highlight the ecologic index literature’s need for an objective aggregation
method to measure environmental performance without imposing weights
from outside, but rather letting the data determine the weights as solutions
to a linear programming problem. Zhou et al. (2007) echo this concern
and use a ‘DEA-like’ model to estimate the performance of each observa-
tion compared to a reference set of all other observations at their ‘best’
and ‘worst’ respectively through alternative weighting schemes. Although
these models differ from the frontier estimation methods presented here,
they share a similar motivation to endogenize attribute weights.

Further, and of particular interest to this study, the vector of outputs can
be decomposed into desirable, d, and undesirable, u, outputs. In the context
of environmental performance, desirable outputs might include the presence
of threatened or indicator species, while undesirable outputs might include
pollution, habitat depletion or the presence of invasive species. Thus, the
feasible output set in the presence of undesirable outputs becomes

4It should be noted that DEA methods do select the most favorable set of weights for
each observation under evaluation.
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P (x) = {(d, u) : (x, d, u) ∈ T} . (9)

The Shephard output distance function in (4) expands all outputs ra-
dially from the origin, but given the undesirable nature of the subvector u,
this approach no longer represents efficiency in the context of environmental
performance. One option is to treat the undesirable outputs as inputs, and
then use the Shephard input distance function to minimize the input usage
required to produce a given level of output Haynes et al., 2004; Tyteca,
1997; Färe et al., 2004). The use of Shephard input distance functions to
model undesirable output offers a convenient structural representation of
the problem, but if the harmful output plays no role in actually generating
the good output, this approach seems theoretically flawed. Moreover, Färe
and Grosskopf (2003, p. 49) note this approach may not be technically fea-
sible, as it implies the harmful output could be substituted for other inputs
that are used to generate the good output.

This study pursues another option (Chung et al., 1997) for modeling
undesirable outputs, the directional output distance function (from this
point on, DODF), which allows for the simultaneous expansion of desirable
outputs and contraction of undesirable outputs. This approach offers a way
to minimize the undesirable outputs without modeling them as inputs in
the production process. The DODF in the presence of undesirable outputs
is defined as

~DO(x, d, u; g) = sup {β : [(d, u) + βg] ∈ P (x)} (10)

where g is a directional vector (gd, gu) that expands the desirable output
and contracts the undesirable output, so that

~DO(x, d, u; g) ≥ 0⇐⇒ (d, u) ∈ P (x). (11)

Setting g equal to (1, -1) as in Färe et al. (2005a),

~DO(x, d, u; 1, −1) = sup {β : (d+ β, u− β) ∈ P (x)} . (12)
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Observations on the frontier have a directional distance value of zero and
those lying below the frontier have a value strictly greater than zero. As op-
posed to the Shephard distance function, the directional distance function
takes an additive form. This means that for a given observation the DODF
reveals the directionally weighted amount that must be added to each out-
put to move the observation to the production frontier. Färe and Grosskopf
(2003, p. 35) demonstrate the direct relationship between the Shephard
output distance function and the directional output distance function for
(x, y) ∈ T as

~DO(x, y; y) =
1

DO(x, y)
− 1 (13)

for the case where gy is set equal to y. This implies the Shephard output
distance function can be viewed as a special case of the DODF. Figure
2 compares the Shephard output distance function to the DODF for the
two-output case, where output d is a desirable output and output u is an
undesirable output.

In Figure 2 the Shephard output distance function for observation A,
θ∗A can be thought of as the minimum scaling factor necessary to project A
onto the production frontier, where the closest point on the frontier lies at
point B, along the radial expansion path of point A from the origin. The
DODF recognizes that u should be minimized and instead projects point A
to point C. Clearly, point C represents better environmental performance
relative to point B, which illustrates the motivation to use directional dis-
tance functions in this study.

Figure 2 also illustrates the free disposability of outputs, meaning that if
a fixed level of input, x̄, can produce the output y, then x̄ can also produce
y ’, for any y ’ ≤ y. For this study, free disposability of outputs implies that
if a given level of environmental attributes is observed, then any smaller
level of those attributes is also possible.
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Figure 2: Undesirable outputs and the Directional Output Distance Func-
tion

The assumption of free disposability in this study differs from several
previous studies (Färe et al., 1996, 2004, 2005a; Chung et al., 1997; Hailu
and Veeman, 2001; Lee et al., 2002, Picazo-Tadeo et al., 2005) that impose
weak, rather than free, disposability and the null joint condition for output.
Weak disposability implies that if a given output level is feasible, then any
proportional reduction of that output is also feasible. Null jointness results
directly from weak disposability and implies that it is impossible to pro-
duce any positive amount of the desirable output without also producing
some positive amount of the undesirable output. These previous studies
use directional distance functions to model production processes that gen-
erate pollution externalities, such as coal-burning electricity plants or pulp
and paper mills. This study instead models the aggregation of both desir-
able and undesirable attributes, rather than the generation of a pollution
byproduct. In this case, the desirable macroinvertebrate metrics are neg-
atively correlated with the undesirable chemical pollutants, so that it is
not only possible, but also very likely to observe higher levels of biologi-
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cal integrity in areas with low levels of pollution, which would violate the
null joint condition. Also note that with free disposability, and a direction
vector that minimizes the undesirable output u, the frontier includes the
vertical axis.

The economic index literature has established an axiomatic framework
to guide index formation. Diewert (1987; 1992) summarizes the key ax-
ioms as well as the microeconomic approach of the Malmquist index using
distance functions. The original Malmquist (1953) quantity index uses a
ratio of Shephard input distance functions to measure change in consumer
welfare for a given level of price compensation, and generally ‘Malmquist
type’ indices are constructed as ratios of Shephard distance functions to
measure change in input or output over time. More recently, Malmquist
indices have been used to measure environmental performance for polluting
production processes. Färe et al. (2004) use a ratio of Malmquist indices to
measure change in the ratio of good to bad outputs in a static cross-country
analysis. Kortelainen (2008) extends this approach to a dynamic setting by
constructing Malmquist indices for 20 European Union member states to
decompose the change in environmental performance into the change in rel-
ative eco-efficiency, defined as the ratio of value added to environmental
damage added, and the change in environmental technology over time. We
outline the relevant axiomatic properties from economic index theory be-
low, and illustrate how these properties are or are not satisfied by the two
indices of interest to this study: the directional distance function and the
MMI.

The first axiom is the proportionality test, which is written for a general
multiplicative index of input x and output y, I(x, y), as

I(x, αy) = αI(x, y), α > 0. (14)

The proportionality condition means that if all outputs are multiplied
by a factor of α, then the corresponding index value should also increase by
a factor of α. The MMI does not satisfy this condition based on its metric
scoring system. For each observation, the MMI assigns a metric score from
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0 to 10 to all six metrics based on the metric values observed at all other
sites. This system follows a distribution, so that any change in metric score
due to increased metric value will depend on that observation’s point in
the distribution of observations, as well as the nature of that distribution.
Generally, if the observed metric value were to increase for a given observa-
tion, its corresponding metric score would increase, but there is no reason
to believe the increase would be proportional.

The Shephard output distance function does satisfy this condition,

DO(x, αy) = αDO(x, y), (15)

and as a result the Malmquist quantity index also satisfies proportionality.
Färe and Grosskopf (2003) explain that given its additive form, the DODF
satisfies a transformation of the proportionality condition, which they term
the ‘translation’ property:

~DO(x, y + αgy; gy) = ~DO(x, y; gy)− α, α ∈ < (16)

The translation property states that if the output vector, y is changed
to y + αgy then the value of the DODF decreases by α5.

Price and unit independence represent a second desirable index property,
particularly for environmental indices given the general lack of markets for
ecosystem services. Both the DODF and the MMI satisfy this condition.
Both indices also satisfy monotonicity, defined for the two-output case as

I(x, y1, y2) ≤ I(x, y1, y3), for y2 ≤ y3, (17)

although the DODF gets closer to zero as output increases, which reverses
the relationship.

Finally, the transitivity or circularity axiom is written for the multi-
plicative case as

5Recall that ~DO = 0 for efficient observations and ~DO > 0 for inefficient observations,
so that ~DO decreases with improved efficiency.
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I(x, y1, y2)I(x, y2, y3) = I(x, y1, y3). (18)

The DODF indices

I(x, y1, y2) = ~DO(x, y1; g)− ~DO(x, y2; g), (19)

and

I(x, y2, y3) = ~DO(x, y2; g)− ~DO(x, y3; g) (20)

satisfy an additive form of this test (Balk et al., 2004), where

I(x, y1, y3) = I(x, y1, y2) + I(x, y2, y3). (21)

Once the metrics are scored the MMI analog to equation (19) also satisfies
the transitivity condition, where

I(x, y1, y2) = MMI(y1)−MMI(y2), (22)

and

I(x, y2, y3) = MMI(y2)−MMI(y3). (23)

After the metrics are scored (refer to section 2 ), the MMI and the DODF
satisfy the same properties from economic index theory, which raises the
question: What are the advantages to using the economic approach? First,
the directional distance function bypasses the need for scoring and can be
computed instead with raw metric counts. More importantly, due to their
origin in economic production theory, directional distance functions exhibit
duality relationships that can be used to derive shadow prices for ecosystem
services in the absence of explicit market prices (Lee et al., 2002; Färe et al.,
2005a). In a related study Bellenger and Herlihy (2009) exploit the duality
between the DODF and the revenue function to derive shadow price ratios
that represent relative value in terms of environmental performance for each
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of the MMI metrics. Following Färe et al. (2005a), the revenue function for
desirable output prices p and undesirable output prices −q can be written
as

R(x, p,−q) = max
d,u
{pd− qu : ~DO(x, d, u; 1,−1) = 0}. (24)

Chambers et al. (1998) show that the corresponding Lagrangian multiplier
is λ = pgd − qgu = p+ q, so that

R(x, p, q) = max
d,u
{pd− qu+ (p+ q) ~DO(x, d, u; 1,−1)}. (25)

Individual shadow prices are found by differentiating the DODF with re-
spect to each output, where the vectors

−p = (p+ q)∇d
~DO(x, d, u; 1,−1), (26)

q = (p+ q)∇u
~DO(x, d, u; 1,−1), (27)

and the resulting shadow price ratio for desirable output di to undesirable
output uj is written as

−pi

qj
=

∂ ~DO

∂di
(x, d, u; 1,−1)

∂ ~DO

∂uj
(x, d, u; 1,−1)

. (28)

The existing ecological index places equal emphasis on each objective,
so that the relative shadow price ratios have an implicit value equal to
one. This equal weighting appears to lie mainly in an inability within
the ecological index literature to agree upon the relative importance of
different metrics. While it may be controversial to discuss the relative
values of different aspects of biointegrity, from an ecological perspective
each metric may contribute differently to ecosystem health, and from an
economic efficiency standpoint conservation budgets are limited and should
be targeted to the sites that maximize environmental quality.
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EMPIRICAL APPLICATION

The data used in this study is drawn from a sample of 130 streams within
the northern Appalachian mountain region of the United States, and is the
same data used to calculate the WSA MMI for the NAP ecoregion. Ac-
cording to the EPA, “The WSA establishes a national baseline that we [the
EPA] can use to compare to results from future studies. This information
will help us evaluate the successes of our national efforts to protect and
restore water quality.” The data set contains the six positive macroinverte-
brate metrics discussed in Section 2 and the resulting MMI value, along with
the total levels of phosphorous, nitrogen, and chloride at each site. These
chemicals originate mainly from non-point sources such as agricultural pro-
duction and residential or commercial development in the surrounding area,
and their presence contributes to ecological impairment by weakening the
chemical integrity of a site. The observations are divided into three relative
disturbance classes according to their chemical, physical and biological con-
dition, where ‘Reference’ denotes a minimally disturbed site, ‘Intermediate’
denotes a moderately disturbed site, and ‘Impaired’ denotes a heavily dis-
turbed site. Within the data set, 56 sites are classified as reference sites, 49
as intermediate, and 25 as impaired. Table 1 provides descriptive statistics
by disturbance class for the data set.

We construct two models as linear programming problems for analysis.
The first model, D1 is a DODF that measures only the metrics used to
form the MMI, i.e. only the six MMI metrics. D1 expands the metrics in
the direction gd = 1. The second model, D2 includes the six macroinver-
tebrate metrics, as well as the available chemical levels. D2 expands the
MMI metrics in the direction gd = 1 and contracts the chemical levels in
the direction gu = −1.6 We use these models to aggregate separate facets of
biological and chemical integrity, so that our interest lies in the joint com-
bination of attributes as opposed to measures of productive efficiency. This

6The authors also estimated the models using gd = d and gu = −u, but given the
similarity of results, elect to use gd = 1 and gu = −1, as in Färe et al. (2005a) and
Picazo-Tadeo et al. (2005) for simplicity and greater ease of practical implementation.
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veers from a more conventional input-output relationship. While ecologists
have discerned possible drivers for these metrics, such as streamflow or el-
evation, inputs for each of the different metrics remain largely unknown.
Also, because the chemicals originate largely from non-point sources, their
production can be difficult to model. Given our primary interest in the
comparison of final outcomes, and how these indices are used in practice,
we elect instead to use a constant input, so that x = 1 for all observations
(Lovell et al., 1990; Lovell and Pastor, 1997; Cherchye, 2001; Färe et al.,
2005b). More recently, Zhou et al. (2007) and Kortelainen (2008) make
similar adjustments for the aggregation of environmental indicators in the
absence of inputs.

The modelsD1 andD2 can be written for each observation k′ = 1, ..., 130,
respectively as

D1(1, dk′ ; 1) = max β

s.t.
130∑
k=1

zkdkl = dk′l + β, l = 1, ..., 6,

130∑
k=1

zk = 1, zk = 0, ∀k, (29)

and

D2(1, dk′ , uk′ ; 1,−1) = max β

s.t.
130∑
k=1

zkdkl = dk′l + β, l = 1, ..., 6,

s.t.
130∑
k=1

zkukj = uk′l − β, j = 1, ..., 3,

130∑
k=1

zk = 1, zk = 0, ∀k, (30)
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where zk is known as the ‘intensity variable’ for each observation. The
intensity variables characterize the reference technology and reflect each
observation’s contribution to the frontier for all other observations. We set
their summation equal to one to allow for variable returns to scale.

In some sense, D1 serves as a control to evaluate our model relative
to the MMI when using the same metrics. D2 demonstrates our model’s
capacity to include negative indicators jointly with the positive metrics.
The chemical levels vary greatly with disturbance class, often more than the
MMI metrics, but they are not included in the MMI. Their inclusion may
add valuable information to the composite index. Also worth noting, each of
the six metrics varies differently by disturbance class. This suggests that the
equal weighting of metrics in the MMI may not accurately characterize the
relative importance of each individual metric in determining environmental
performance, both within and across each disturbance class. Table 2 lists
the results for the two models, and compares them to the MMI score for
each site7.

Table 2: Directional Distance Results

Full Sample (130 Obs.) Reference (56 Obs.)
Index Mean St. Dev. ρ−MMI Mean St. Dev. ρ−MMI

D1 4.46 3.50 -0.92 2.38 2.56 -0.87
D2 3.49 3.19 -0.71 2.30 2.57 -0.87
MMI 53.0 23.9 1.0 68.7 12.5 1.0

Intermediate (49 Obs.) Trashed (25 Obs.)
Index Mean St. Dev. ρ−MMI Mean St. Dev. ρ−MMI

D1 5.24 3.19 -0.88 7.59 2.99 -0.94
D2 4.27 3.18 -0.73 4.61 3.69 -0.56
MMI 47.2 20.7 1.0 29.2 24.8 1.0

As expected, given its use of the same six metrics for this data, D1 is
7ρ−MMI is the Spearman rank correlation of each index to the MMI.
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Table 3: Full Sample Kruskal-Wallis test

Index Chi-Squared Statistic P-Value
MMI 50.6 0.0001
D1 41.0 0.0001
D2 11.6 0.0030

highly correlated (-0.92) to the MMI for the full sample.8 Including the
chemical variables in D2 lowers this correlation to -0.71. These correlations
differ only slightly by disturbance class, with the exception of the ’impaired’
class where the two models diverge. For this set of observations D1 is most
correlated with the MMI (-0.94), while D2 is least correlated with the MMI
(-0.56). This can likely be explained by the dramatic increase in chemical
levels found at the impaired observation sites. A credible index should dis-
tinguish differences in environmental performance across disturbance class,
particularly for the sites classified as impaired. To better understand how
each of the indices distinguish differences across disturbance class we con-
duct a Kruskal-Wallis test, a nonparametric one-way analysis of variance
based on rank. Table 3 lists the Kruskal-Wallis test statistic for the null
hypothesis that the populations are equal by disturbance class for each of
the indices.

The MMI andD1 distinguish disturbance class with virtually equal prob-
ability, although the MMI test statistic is greater. By comparison, D2 has
a much lower test statistic, which confirms the divergence of these indices.
This result at first seems counterintuitive, because the chemical levels vary
greatly across disturbance class, at times more so than the MMI metrics.
However, within the impaired class, the marginal effect of high chemical lev-
els may be much smaller than in the reference class. Once a site is impaired
with moderately high chemical levels, increasing those levels has little effect
on environmental performance. This result also appears to support the as-
sertion made by Karr and Chu (2000) that “the status of life in the water”

8Note this correlation is negative because the DODF decreases in value as environ-
mental performance increases, while the MMI grows in value.
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provides the best measure of a water body’s integrity.

CONCLUSION

This study applies the directional output distance function to the area of
environmental index formation, as an aggregator function for multiple en-
vironmental attributes. Directional distance functions satisfy many key
properties from economic index theory, including translation (the linear
analog to homogeneity) and transitivity, as well as price and unit inde-
pendence. When using the same metrics, this approach yields results that
largely mirror those of the existing index of biotic integrity used by the
EPA. This approach also provides a way to include undesirable attributes
such as pollution in the index value, although we find in this case that pollu-
tion levels distort the classification of impairment. Perhaps most promising,
directional distance functions aggregate multiple metrics according to rela-
tionships exhibited in the data, rather than imposing an a priori weighting
system. This enables an objective way to characterize differences between
sites given multiple objectives, with the added possibility to derive unbiased
estimates for the marginal contribution of each metric to overall environ-
mental performance. Conceivably, this method could be applied to a variety
of environmental policy areas, including conservation site selection, baseline
monitoring, and non-market valuation.
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ABSTRACT

This study estimates the marginal contribution to environmental perfor-
mance made by six separate macroinvertebrate metrics included in an ad-
ditive index developed to measure wadeable stream condition. We model
the metrics as outputs in a quadratic directional output distance function,
which serves as an alternate measure of environmental performance, and
then derive the marginal performance for each metric. We use the resulting
estimates of marginal performance to develop a metric weighting scheme
that incorporates each metric’s marginal contribution to performance, at
each site, and then construct a weighted version of the original index. The
performance-weighted index provides a similar measure of overall perfor-
mance in this application, while also adding new information on the relative
importance of each of the index metrics. This represents a new application
of existing methods to measure productivity, and is closely related to the
environmental shadow price literature.

INTRODUCTION

In practice, public environmental management agencies and private conser-
vation groups use environmental indices to summarize and assess the often
complex system of ecological processes that comprise environmental per-
formance. Common applications include conservation land acquisition, the
allocation of restoration efforts, policy evaluation and the establishment of
environmental benchmarks. Both the ecological and economics literatures
devote much attention to index construction, due to the pervasive role these
indices play in shaping policy, but not surprisingly, these two fields approach
indices largely from their respective disciplinary perspectives. While the
ecological literature concentrates more on index metric9 choice and scor-
ing10, the economics literature tends to focus more on aggregation. The

9In this context, the term metric refers to any standardized quantitative measure of
a study population, such as the observed number of a particular species, that serves as
an index indicator component.

10Blocksom (2003) provides a detailed discussion on metric choice and scoring.
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former questions which environmental attributes to include, while the lat-
ter seeks appropriate methods to combine these separate attributes, once
chosen, into one composite measure of environmental performance.

Despite this common difference in research objectives, the question of
how to best weight individual index metrics persists in both fields. Existing
methods often either impose weights exogenously, based on expert opinion
of relative importance for each of the metrics being used, or omit weights
altogether and thus implicitly weight each metric equally. Drawing on re-
cent work in both the ecological (Tran et al., 2008) and economics (Ball
et al., 2004; Zhou et al., 2007) literatures, this study pursues an alterna-
tive approach that estimates weights endogenously, based on each metric’s
observed contribution to environmental performance.

To measure performance, we use the directional output distance func-
tion, a model formally introduced by Chambers et al. (1996) as the pro-
duction analogue to the Luenberger (1992) benefit function. We propose
a weighting system based on the marginal productivity of each index met-
ric, derived from the distance function model, that objectively reflects each
metric’s unique contribution to performance, at each observation site. To
illustrate, we apply this approach to a widely used index of biotic integrity
(IBI) that was originally developed by the U.S. Environmental Protection
Agency (EPA) to measure stream biotic integrity (Stoddard et al., 2008).
This index is constructed as the unweighted summation of six separate
macroinvertebrate population metrics, and was recently used to establish
benchmarks for continued monitoring as part of a national assessment of
stream condition (U.S. EPA, 2006). We reconstruct this index using our
performance-based weighting system and compare the new weighted index
to the original measure of performance. While in this case we find that
both indices provide similar measures of performance, the weighted index
contains added information on how these separate metrics contribute jointly
to performance. Conceivably, this information could be used to establish
conservation priorities, especially when the resources to fund such efforts
are scarce.
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MODELING ENVIRONMENTAL PERFORMANCE

This study takes an axiomatic approach to index construction, drawing on
microeconomic theory to model environmental performance as the joint pro-
duction of desirable environmental attributes, namely the same attributes
that would be used as indicators in the additive index discussed above. Let
the vector y = (y1, ..., yM) ∈ <M

+ denote these attributes, which in this
context we consider as desirable environmental outputs. Then, the feasible
output set, P (x), represents all possible output combinations for a given
input vector, x = (x1, ..., xN) ∈ <N

+ , and is defined as

P (x) = {y : x can produce y} . (31)

The output set is closed and bounded from above by the production
frontier which captures the highest possible level of environmental perfor-
mance, so that observations with attribute levels on the frontier are efficient
relative to those in the interior, and performance increases with proximity
to the frontier. To further characterize the output set, we assume that
outputs are freely disposable, meaning that any one attribute level can de-
crease without affecting the potential levels of all other attributes. More
formally, with free disposability if y ∈ P (x), then y′ ∈ P (x) for any y′ ≤ y.
Note that free disposability directly implies the less stringent assumption
of weak disposability, meaning that if y ∈ P (x), then αy ∈ P (x) for any
0 ≤ α ≤ 1.

We also make the standard assumption that the output set is convex,
which coupled with its compactness (closed and bounded) illustrates the
scarcity of resources, such as conservation funds, land area, or best man-
agement practices, that contribute to environmental performance. With
scarcity, an observation on the frontier cannot increase its level of one at-
tribute without sacrificing some amount of, or at best maintaining all other
attributes. Thus, the production frontier reveals the necessary tradeoffs
between different attribute combinations that yield the same level of per-
formance and the slope at any point on the frontier is equal to the marginal
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rate of transformation, or the rate at which one attribute is lost to allow for
more of another. In equilibrium, this physical tradeoff should equal the cor-
responding shadow price ratio for the attributes, a measure of the relative
marginal value of each environmental objective to society. The standard ad-
ditive index uses weights to represent the differences in relative importance
for each of the metrics, so that the imposition of equal weights implicitly as-
sumes a constant equal tradeoff, across metrics and across sites. In contrast,
by estimating a production frontier for these attributes, we can measure the
tradeoffs that exist between each of the metrics, and understand how these
tradeoffs may change across sites.

To represent the production frontier, and evaluate individual levels of
performance, we employ the directional output distance function, a model
developed to measure efficiency for multi-output production processes. For
each observation, the directional output distance function simultaneously
expands desirable outputs (outputs that indicate greater levels of environ-
mental performance, e.g. indicator species, native vegetation coverage, etc.)
to their maximum possible levels and if present, contracts undesirable out-
puts (outputs that indicate diminished environmental performance, e.g.
pollution levels, invasive species, etc.) to their minimum possible levels
along a specified direction vector. The directional output distance function
is defined as

~DO(x, y; gy) = max {β : [y + βgy] ∈ P (x)} (32)

where gy ≥ 0 is a directional vector that specifies the path of output expan-
sion11. For observations on the frontier, it is impossible to further expand
output and ~DO(x, y; gy) = 0, while ~DO(x, y; gy) > 0 for inefficient observa-
tions below the frontier. Given free disposability of outputs, the technology
must also satisfy directional or ‘g-disposability’ (Färe et al., 2006), so that if
y ∈ P (x), then y− gy ∈ P (x). Directional disposability allows for complete

11Note that given the additive form of the directional output distance function, unit
of measurement independence requires a normalized output vector, as in the case of the
weighted additive index.
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recovery of the output set by the directional output distance function, so
that

~DO(x, y; gy) ≥ 0⇐⇒ (y) ∈ P (x), (33)

also known as the representation property. Figure 3 illustrates the feasible
output set, directional output distance function and corresponding shadow
price ratio.

Figure 3: The directional output distance function

Chung et al. (1997) show that the well known Shephard (1970) output
distance function is really a special case of the more general directional
output distance function. The Shephard output distance function provides
a multiplicative measure of productivity, and is defined as

DO(x, y) = min
{
θ : (x,

y

θ
) ∈ P (x)

}
. (34)

By setting the directional vector equal to the output level for each obser-
vation, so that gy = y and using the homogeneity of the Shephard output
distance function in y,
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~DO(x, y; gy) =
1

DO(x, y)
− 1. (35)

The directional output distance function also satisfies the following math-
ematical properties12:

i. Monotonicity

~DO(x, y′; gy) ≥ ~DO(x, y; gy), for y′ ≤ y

ii. Translation

~DO(x, y + αgy; gy) = ~DO(x, y; gy)− α

iii. Directional Homogeneity of degree -1

~DO(x, y;λgy) = λ−1 ~DO(x, y; gy), for λ > 0.

The monotonicity property ensures that efficiency cannot decrease if
output levels increase, holding input constant. For this application, an im-
provement in any environmental attribute of interest will only improve the
measure of environmental performance, ceteris paribus. The translation
property states that if an observed output level y increases by the amount
αgy, then the corresponding directional output distance function value de-
creases by α. The directional output distance function takes an additive
form, and the translation property is the additive analog to linear homo-
geneity for the Shephard output distance function (Chambers et al., 1996).
The directional homogeneity property highlights the importance of direc-
tion specification. If the direction vector for a particular output is scaled
up by a given amount, then the resulting value of the directional output
distance function is scaled down by the same amount.

Although the directional output distance function does not explicitly
contain any price information, once an observation is expanded to the
frontier, as depicted in Figure 1, it is possible to derive the correspond-
ing shadow price ratio by exploiting the duality between the directional

12Chambers et al. (1998) prove these properties for the input oriented case.
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output distance function and the revenue function. The revenue function
characterizes the maximum value of output for a given input level and set
of output prices p ∈ <M

+ , and is defined as

R(x, p) = max
y
{py : y ∈ P (x)} . (36)

By definition,

R(x, p) ≥ py,∀y ∈ P (x), (37)

and this, coupled with the definition of the directional output distance
function from (3) and the representation property in (4) imply

R(x, p) ≥ p(y + ~DO(x, y; gy)gy)

≥ py + ~DO(x, y; gy)pgy. (38)

Rearranging terms in (9),

~DO(x, y; gy) ≤ R(x, p)− py
pgy

. (39)

Moreover, the directional output distance function can be recovered from
the right hand side in (10) as the solution to

~DO(x, y; gy) = min
p

R(x, p)− py
pgy

. (40)

The vector of shadow prices, p can then be derived by applying the envelope
theorem to (11), so that

∇y
~DO(x, y; gy) =

−p
pgy

≤ 0, (41)

and for a single observation,

pm

pm′
=
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′
, ∀m,m′ ∈M. (42)
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Note also that this model only requires the existence of a market price
for one of the attributes, and the assumption that the market price is equal
to that attribute’s shadow price to recover the real value in monetary terms,
as opposed to relative value as in (13), for all other attributes. For example,
if the m′th attribute is actually a marketed good with a known price, then
the price of the mth attribute can be recovered (Färe et al., 2001; 2005;
2006) by

pm = pm′
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′
. (43)

In this study, as is commonly the case for environmental applications,
market prices for each of the index attributes do not exist, making it diffi-
cult to interpret in monetary terms the shadow price for each of the metrics.
However, our objective is to use the directional output distance function to
understand differences in marginal environmental performance for each of
the attributes, so this lack of any market prices does not present an imme-
diate obstacle. In economic terms, the partial differential of the directional
output distance function can be interpreted as the marginal productivity
with respect to each of the outputs, or in this case the marginal performance
for each of the index metrics.

By the translation property, the marginal performance of each metric
should remain constant when an observation in the interior is expanded to
the frontier along a given direction vector13. To illustrate, in Figure 1, the
observed output level at point (ym, ym′) is translated, given the direction
vector gy, to the corresponding point (ym′ + β∗gym′

, ym + β∗gym) on the
frontier, where β∗ is the value of the directional output distance function
~DO(x, ym′ , ym; gy). By the translation property,

~DO(x, ym′ + β∗gym′
, ym + β∗gym ; gy) = ~DO(x, ym′ , ym; gy)− β∗. (44)

13We attribute this result to Robert G. Chambers, via correspondence.
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and differentiating with respect to ym implies

∂ ~DO(x, ym′ + β∗gym′
, ym + β∗gym ; gy)

∂ym

=
∂ ~DO(x, ym′ , ym; gy)

∂ym

, (45)

so that the marginal performance of each metric for an interior point does
not change when that point is translated to the frontier. Likewise, the
marginal performance of each metric for a point on the frontier remains the
same if that point is translated back to a point in the interior.

This relationship holds for any given direction vector. However, because
distance to the frontier is determined by both the observed output level and
the direction of expansion, a change in the direction vector will also change
the marginal performance of each of the outputs for a given observation.
The flexibility afforded by the directional vector can be viewed as both a
blessing and a curse. With a priori price information, it is possible to choose
the direction that minimizes an observation’s distance to a desired point on
the frontier, and to vary the expansion direction by observation. Without
price information, the direction choice becomes somewhat arbitrary. In
this case, the need for normalization imposes some restriction on direction
choice. For aggregation purposes, each of the metrics should be expanded in
the same direction. The magnitude of that direction then becomes trivial.
Hence, we choose a unit direction vector, setting gym= 1 for m = 1,...,M .

The computation of marginal performance for empirical data imposes
two additional restrictions. Namely, the directional output distance func-
tion must be at least locally first order differentiable and parametric. Aigner
and Chu (1968) introduce the quadratic form to parametrize the produc-
tion frontier. Färe and Lundberg (2006) prove that the quadratic functional
form is one of two possible forms that can be restricted to satisfy the trans-
lation property, and Färe et al. (2008) point out that of these, only the
quadratic has both first and second order parameters which are used to
compute the marginal effects. Following Chambers (1998; 2002) as well as
Färe et al. (2001; 2005; 2006) we employ the quadratic functional form
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to estimate a directional output distance function that satisfies these con-
ditions. The generalized quadratic directional output distance function is
written as

~DO(x, y; gy) =α0 +
N∑

n=1

αnxn +
M∑

m=1

βmym (46)

+
1

2

N∑
n=1

N∑
n′=1

αnn′xnxn′ +
1

2

M∑
m=1

M∑
m′=1

βmm′ymym′

+
N∑

n=1

M∑
m=1

γnmxnym,

and to ensure symmetric cross-input and cross-output effects,

αnn′ = αn′n, n, n
′ = 1, ..., N ;

βmm′ = βm′m,m,m
′ = 1, ...,M.

Given the quadratic form, the marginal effect of the mth attribute is then
derived as

∂ ~DO(x, y; gy)

∂ym

= βm +
M∑

m′=1

βmm′ym′ +
N∑

n=1

M∑
m=1

γnmxn. (47)

We estimate the quadratic form in (17) as a constrained linear program-
ming problem that uses the parameters to minimize each observation’s dis-
tance to the frontier. The solution to this problem, the optimal values for
α0, αn, βm, αnn′ , βmm′ , γnm, and Dk

O to minimize

K∑
k=1

~DO

k
(xk, yk; gy) (48)

subject to
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i. Representation

~DO

k
(xk, yk; gy) ≥ 0, k = 1, ..., K,

ii. Monotonicity

∂ ~DO

k
(xk, yk; gy)

∂yk
m

≤ 0,m = 1, ...,M, k = 1, ..., K,

∂ ~DO

k
(xk, yk; gy)

∂xk
n

≥ 0, n = 1, ..., N, k = 1, ..., K,

iii. Translation

M∑
m=1

βmgym = −1;
M∑

m=1

γnmgym = 0, n = 1, ..., N ;

M∑
m′=1

βmm′gym′
= 0, m = 1, ...,M,

iv. Symmetry
αnn′ = αn′n, n, n

′ = 1, ..., N ;

βmm′ = βm′m, m,m
′ = 1, ...,M.

The first constraint, the representation property, restricts all observa-
tions to either lie on or below the production frontier. Condition (ii) guar-
antees monotonicity for both inputs and outputs, so that a decrease in any
input xn or an increase in any output ym indicates greater efficiency by
decreasing an observation’s distance to the frontier. Conditions (iii) and
(iv) restate the translation and symmetry properties, respectively.

Our proposed index-weighting method incorporates the estimated marginal
performance for each environmental attribute, at each observation, into a
system of weights that accounts for each metric’s site-specific contribution
to performance. Just as the marginal performance, mpm, for each attribute
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should change at each observation, this method allows the weight for each
attribute to also vary by observation. The proposed weight for the mth

attribute found at the kth observation is designed to reflect that attribute’s
marginal contribution to environmental performance, in relation to all other
attributes and all other observations, and is written as

wk
m =

mpk
m

M∑
m=1

mpk
m

, (49)

where

mpk
m =

∂ ~DO

k
(xk, yk; gy)

∂yk
m

,

and
M∑

m=1

wk
m = 1.

Applying the resulting weights to the corresponding normalized metrics,
the new individually-weighted index is written as

WIk =
M∑

m=1

wk
my

k
m. (50)

The next section applies this method to an existing index developed by
the U.S. Environmental Protection Agency (EPA) that assembles macroin-
vertebrate community attributes to measure environmental performance
for wadeable streams. Using the quadratic form of the directional output
distance function, we estimate the marginal performance for each of the
macroinvertebrate attributes, and then use the estimated marginal perfor-
mance to develop an individually-weighted index that reflects the changing
marginal contribution to overall environmental performance made by each
attribute for each observation.
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EMPIRICAL APPLICATION

To illustrate our performance-based approach to index weight construction,
we estimate a quadratic directional output distance function using stream
macroinvertebrate population data. The data is drawn from a sample of
215 streams and was originally collected as part of a national assessment
of wadeable stream condition conducted by the EPA. We limit our ana-
lyis to one ecoregion from this study, the Northern Appalachian mountain
region (NAP). The NAP covers the glaciated portion of the Appalachian
mountains and Coastal Plain in New York and New England.

The EPA developed the macroinvertebrate multimetric index (MMI) to
measure the biotic integrity of each stream, which is meant to provide a re-
liable measure of overall stream condition. The MMI combines six different
metrics of stream macroinvertebrate community assemblage structure into
a single index value to characterize stream condition. In a related study,
Bellenger and Herlihy (2009) match a set of water chemical levels to a sub-
set of this NAP data and use Data Envelopment Analysis (DEA) (Charnes
et al., 1978) to estimate a nonparametric form of the directional output
distance function, using the resulting performance measure to serve as an
index of stream condition that incorporates undesirable pollution metrics.
As discussed in Bellenger and Herlihy (2009), the six metrics for the NAP
ecoregion are:

i. EPT Richness: the number of different mayfly, stonefly and caddisfly
(Ephemeroptera, Plecoptera, Trichoptera or EPT) taxa.

ii. Scraper Richness: the number of different taxa that feed predomi-
nantly by scraping substrate.

iii. EPT %Taxa: the percent of all taxa in the sample comprised by EPT
taxa.

iv. Clinger %Taxa: the percent of all taxa in the sample comprised of
taxa whose dominant habit is clinging.
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v. Intolerant %Taxa: the percent of individuals with low pollutant tol-
erance (taxa that are not generally tolerant of stress).

vi. Low Dominance: the percent of individuals not found the in top 5
dominant taxa. This metric indicates the level of biodiversity at each
site.

The six metrics in the NAP MMI represent six different facets of biotic
integrity: taxonomic composition, richness, feeding group, habit, tolerance,
and biodiversity14. To construct the MMI value for each observation site,
each of the six metrics is scored continuously from 0 to 10 by linear in-
terpolation of the metric value between a floor and ceiling value. The six
0-10 scored metric values are summed together and then scaled by a factor
of 1.67 (100/60) so that the final index ranges from 0 to 100 . Thus, the
MMI equally weights the macroinvertebrate population metrics, implicitly
setting each weight equal to 1.

The observation sites are also divided into three relative disturbance
classes according to their chemical, physical and biological condition, where
‘Reference’ denotes a minimally disturbed site, ‘Intermediate’ denotes a
moderately disturbed site, and ‘Impaired’ denotes a heavily disturbed site.
Within the data set, 141 sites are classified as reference sites, 49 as in-
termediate, and 25 as impaired. Table 4 provides descriptive statistics by
disturbance class for the data set.

14refer to Van Sickle et al., 2004 for a discussion of these metrics.
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To construct the quadratic directional output distance function for each
site, we specify the generalized form in (17) to maximize the six MMI
metrics above, uniformly along a unit valued direction vector. Recall the
direction vector directly affects the value of the directional distance func-
tion, through a relationship that is homogeneous of degree -1, and for the
purposes of aggregation herein, each of the metrics should be expanded
along the same directional path. Following Färe et al. (2005; 2006), we set
gym = 1,m = 1, ..., 6, and given the structure of the MMI, we estimate the
model without inputs. Although potential drivers of environmental perfor-
mance, such as the elevation or stream bed gradient (Herlihy et al., 2005)
exist, the exact nature of their relationship to macroinvertebrate popula-
tions remains largely unknown (Bellenger and Herlihy, 2009). For computa-
tional purposes, we divide each of the observed metric values by the sample
mean for that metric, so that ym = 1,m = 1, ..., 6 for a hypothetical obser-
vation at the mean. This deflation corrects for differences in scale, due to
the differences in unit of measurement for each of the metrics, and serves as
a normalization procedure for the additive index form. The resulting em-
pirical specification of the quadratic directional output distance function is
written as

~DO(0, y; 1) = α0 +
6∑

m=1

βmym +
1

2

6∑
m=1

6∑
m′=1

βmm′ymym′ . (51)

The corresponding linear programming problem minimizes

215∑
k=1

~DO

k
(0, yk; 1) (52)

subject to

i. ~DO

k
(0, yk; 1) ≥ 0, k = 1, ..., 215,

ii. ∂ ~DO
k
(0, yk;1)

∂yk
m

≤ 0,m = 1, ..., 6, k = 1, ..., 215,

iii.
6∑

m=1

βm = −1;
6∑

m′=1

βmm′ = 0, m = 1, ..., 6,
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iv. βmm′ = βm′m, m,m
′ = 1, ..., 6.

Table 5 displays the parameter estimates and the quadratic directional
output distance function results are listed in Table 6, where ρ-MMI denotes
the model’s Spearman correlation to the MMI.

Given the mean weighting normalization employed for computation, the
distance value for a hypothetical observation at the mean can be inter-
preted as the percent increase in metric value yk

m required to reach the
corresponding frontier value yk∗

m . This relationship is independent of unit
of measurement, and is written for each observation k as

yk
m

ȳm

+ ~DO

k
=
yk∗

m

ȳm

, (53)

which implies

yk
m + ~DO

k
ȳ = yk∗

m . (54)

Using this relationship, our results indicate that observations within the
entire sample can, on average, increase each of their metric levels by 34
percent of the respective metric mean. For instance, this translates to a
possible increase in EPT Richness of roughly 5.4 on average for each obser-
vation in the full sample. As expected, this average distance to the frontier
increases with greater levels of disturbance, ranging from 21.6 percent of
the mean metric value for the Reference class to 75.0 percent of the mean
metric value for the Trashed sites.
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Table 5: Parameter Estimates for the Quadratic Directional Output Dis-
tance Function

Parameter Variable Term Parameter Estimate
β0 constant 1.331
β1 y1 -0.301
β2 y2 -0.213
β3 y3 -0.014
β4 y4 -0.068
β5 y5 -0.330
β6 y6 -0.074
β11 0.5y1

2 0.280
β22 0.5y2

2 -0.646
β33 0.5y3

2 -0.013
β44 0.5y4

2 0.087
β55 0.5y5

2 0.354
β66 0.5y6

2 -0.062
β12 y1y2 0.377
β13 y1y3 0.038
β14 y1y4 0.146
β15 y1y5 -0.883
β16 y1y6 0.042
β23 y2y3 -0.059
β24 y2y4 -0.160
β25 y2y5 0.447
β26 y2y6 0.040
β34 y3y4 0.020
β35 y3y5 0.015
β36 y3y6 -0.002
β45 y4y5 -0.004
β46 y4y5 -0.089
β56 y5y6 0.070
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Table 6: Quadratic Directional Output Distance Function Results
Mean Std. dev. Min Max ρ-MMI

Full Sample 0.339 0.270 0.000 1.165 -0.931
Reference Class 0.216 0.131 0.000 0.557 -0.860

Intermediate Class 0.482 0.259 0.129 1.100 -0.935
Impaired Class 0.750 0.331 0.117 1.165 -0.975

We note that the directional distance model alone provides a similar
measure of performance to the MMI, particularly for moderately to heavily
disturbed sites, which confirms the results for the nonparametric directional
distance model in our previous study (Bellenger and Herlihy, 2009) using a
subset of this data. We also conducted a Kruskal-Wallis equality of popu-
lations test as an analysis of variance measure for the MMI and directional
distance model with respect to disturbance class. While both models signif-
icantly vary with class (p = 0.0001 in both cases), the directional distance
model has a higher chi-squared value, 79.8 versus 70.8 with two degrees of
freedom. The marginal performance estimates for each of the MMI metrics
are listed in Table 7.

Given the normalization used for computation, the marginal perfor-
mance estimate for each metric can be interpreted as the decrease in direc-
tional distance to the frontier resulting from a unit increase in the normal-
ized metric value. The results indicate possible differences in the marginal
contribution to performance made by each of the MMI metrics, which also
vary by disturbance class. For instance, on average the metrics for macroin-
vertebrate richness (EPT Richness) and pollution intolerance (Intolerant
%Taxa) appear to make similar contributions to performance when looking
at the full sample, followed closely by the composition metric (EPT %Taxa)
but isolating the results by class, the marginal performance for EPT Rich-
ness steadily increases with greater levels of disturbance while the marginal
performance for Intolerant %Taxa and EPT %Taxa seem to decrease with
greater levels of disturbance. Across disturbance class, these three metrics
do consistently appear to make the greatest contributions to performance.
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Conversely, the metric for feeding group (Scraper Richness) appears to con-
sistently contribute the least to overall performance, followed by the habit
metric (Clinger %Taxa) and biodiversity metric (Low Dominance) which
also exhibits relatively low levels for marginal performance at every level
of disturbance. We use the site-specific estimates of marginal performance
to weight each of the normalized metrics from the original MMI, as out-
lined in equation (20), and then construct a new individually weighted MMI
(WMMI) as outlined in equation (21). Finally, we divide each of the raw
WMMI values by the maximum WMMI value in the sample and then multi-
ply this by 100. This scaling ensures that the final WMMI follows the same
0 to 100 range as the original MMI. Table 8 provides descriptive statistics
for the resulting WMMI, where ρ-MMI denotes the WMMI’s Spearman
correlation to the MMI.

Table 8: Weighted Macroinvertebrate Multimetric Index Results
Mean Std. dev. Min Max ρ-MMI

Full Sample 68.56 19.88 4.78 100 0.90
Reference Class 77.44 9.45 50.26 100 0.79

Intermediate Class 58.29 19.76 4.78 84.81 0.91
Impaired Class 38.58 24.61 8.17 82.96 0.93

The weighted index also closely resembles the MMI measure of perfor-
mance, particularly for the moderately to heavily disturbed sites. This is
not surprising, given that the weights are derived from the directional dis-
tance model, which follows a similar pattern. The WMMI also decreases
steadily with increasing levels of disturbance, and the Kruskal-Wallis chi-
squared statistic for the WMMI is 79.1, which indicates a significant vari-
ance by disturbance class (p = 0.0001).

CONCLUSION

This study presents a new application of productivity and efficiency anal-
ysis methods and adds to the growing body of work to endogenize envi-
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ronmental index weights. We measure environmental performance using
the quadratic directional output distance function, and then use the model
to derive the marginal performance of each index metric, at each observa-
tion. Conceptually, we propose an objective way to estimate separate index
weights based on each metric’s observed contribution to performance, and
then use these weights to reconstruct a previously unweighted additive in-
dex. This approach allows the data to reveal the relative importance of each
index metric, at each observation, rather than implicitly assuming that all
metrics contribute equally to environmental performance. To illustrate it’s
potential for use in practice, we apply the proposed method to a multimet-
ric macroinvertebrate index (MMI) developed by the EPA to assess stream
condition.

In this application, the directional distance model and the existing MMI
yield similar aggregate measures of environmental performance, but our re-
sults suggest the current practice of equal weights may not appropriately
characterize the modeled process. There do appear to be real differences
in marginal performance for each of the macroinvertebrate population met-
rics, and these differences also vary with the level of physical disturbance
found at each site. The policy implications are immediate. In practice,
these results could be used to inform watershed management plans that
recognize the relative importance of each index metric, and adapt to dif-
ferences in performance as the level of physical disturbance changes. This
additional information could be used to target restoration and conservation
resources to their highest-valued use and lead to greater aggregate levels of
environmental performance.

While we use linear programming techniques in this study to illustrate
the use of marginal performance estimates to weight individual index met-
rics, it is also important to acknowledge their limitations. Most notably, the
proposed method assumes a deterministic relationship between each of the
index metrics and environmental performance, which ignores any random-
ness that likely exists in nature. Future application of this approach should
draw on recent advances in the stochastic frontier literature (e.g. Kumb-
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hakar et al., 2007; Simar and Zelenyuk, 2008) to incorporate noise into
performance estimates for multi-input/multi-output production processes.

Another important area for further research lies in the choice of the
direction vector, which as discussed previously directly affects the value of
the directional output distance function, and thus also affects the measure
of performance. To facilitate aggregation, we use a unit direction vector
for simplicity, which seems fairly neutral but does to some degree impose a
subjective view of each metric’s importance in reaching the output frontier.
This highlights the need for new methods to also endogenize the direction
vector.
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ABSTRACT

This study uses the directional output distance function, a multi-output
economic production frontier model, to estimate shadow prices for a set of
non-marketed wetland functions for the U.S. mid-Atlantic region Nanticoke
River watershed. The estimation procedure adapts the bootstrap methods
originally developed by Simar and Wilson (1998) for DEA-estimated Shep-
hard (1970) distance functions to the quadratic directional output distance
function. The results from this application suggest that for some sites in
this watershed, the value of improved wetland condition outweighs the po-
tential value of agricultural production. The average estimated values are
also consistent with payments being made by the federal Wetlands Reserve
Program (WRP) in the study area.

INTRODUCTION

Wetlands support a variety of human activities and provide critical habitat
to numerous threatened and endangered species. In the lower 48 contermi-
nous U.S. states, less than half of the estimated 220 million wetlands that
existed prior to European settlement (Mitsch and Gosselink, 1986) remain
today, and many of these are degraded (U.S. EPA, 2009).

Current U.S. environmental policy seeks to protect and recover wetlands
areas, primarily through Section 404 of the 1977 Clean Water Act (CWA),
which regulates the dumping of dredge and fill materials, by funding wetland
restoration projects using the 1989 North American Wetlands Conservation
Act (NAWCA), and by purchasing voluntary landuse easements through
programs such as the USDA’s Wetlands Reserve Program (WRP). Under
these policies, the granting of pollution permits and the selection of projects
for conservation funding rely on an implicit understanding of the associated
costs and benefits of wetlands management to society, even when these
values are not directly observed.

In this study, a set of wetland hydrological and biological functions are
modeled jointly with agricultural output, as part of an economic production
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process to estimate the value of wetland condition at the watershed scale.
We apply the directional output distance function (Chambers et al., 1996),
a multi-output production frontier model, to the Nanticoke River water-
shed, which supports a significant and ecologically diverse system of wetland
communities in the Mid-Atlantic region of the United States. Agricultural
production accounts for much of the land use in the study watershed, and
its associated drainage and channelization activities can significantly alter
the hydrological function and biological integrity of surrounding wetland
areas.

Wetland hydrological and biological function indices are combined with
agricultural land values to estimate the value of individual wetland func-
tions. In production theory, the directional output distance function is dual
to the revenue function. One can exploit that duality to derive shadow price
estimates for the hydrological and biological functions that support an ar-
ray of wetland ecosystem services in the watershed. These services include
flood control, water filtration, biodiversity,and riparian habitat. The results
from this application suggest that for some sites in the watershed, the value
of improved wetland condition outweighs the potential value of agricultural
production. Conceivably, this price information could be used to prioritize
wetland conservation efforts and influence land use policy in the watershed.

VALUING WETLAND SERVICES

The wetlands valuation literature is extensive. In a recent survey, Brander
et al. (2006) refer to roughly 200 wetlands valuation studies, drawing on a
range of valuation methods. Broadly, non-market valuation methods can be
used to either directly or indirectly measure both the use and non-use value
of ecosystem services (Hanley et al., 2007), where use implies a physical
interaction with the environment (Barbier, 2007). For wetlands, use value
can include flood-protection, water purification, recreation and aesthetic
value, while non-use value might include the existence value of biodiversity
and native vegetation.
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Contingent valuation, the most common direct approach to valuation,
uses stated preferences to estimate individuals’ willingness to pay for non-
marketed goods and services. Preferences are generally elicited through
surveys or choice experiments, and can be used to estimate both use and
non-use values. Notable examples of contingent valuation in the wetlands
valuation literature include Hanneman et al. (1991), Loomis et al. (2000)
and more recently, Birol et al. (2009). Heal et al. (2005) list two necessary
conditions for contingent valuation: (1) the information must be available to
describe the change in a natural ecosystem in terms of services that people
care about, in order to place a value on those services and (2) the change
in the natural ecosystem must be explained in the survey instrument in a
manner that people will understand and not reject the valuation scenario.
Often, in practice these conditions are difficult to meet, particularly as
ecosystem complexity increases, which can bias the resulting estimates of
willingness to pay.

Indirect approaches to valuation rely largely on revealed preferences,
observed from behavior in related markets, to estimate the implicit value
(as opposed to willingness to pay) of non-marketed goods and services.
Hedonic pricing methods (Rosen, 1974) offer one such approach, by using
market prices, most often for residential property, to infer value. Hedonic
price methods model residential property as a composite good, composed
of structural features (e.g., square footage, lot size), neighborhood charac-
teristics (e.g., school quality, demographics), and environmental attributes
(e.g., proximity to pollution, recreation opportunities). The property price,
then, reflects the aggregate value of these individual characteristics, so that
the marginal value of an individual characteristic can be derived through
regression analysis.

Few hedonic pricing studies have been conducted to estimate the value
of wetlands, perhaps due to the often rural location of wetland areas. Ex-
amples include Lupi et al. (1991), who estimate the value of wetland size,
and Doss and Taff (1996), who estimate the value of proximity to different
wetland types. Mahan et al. (2000) examine the effect of both wetland size
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and type on residential property values, and extend the literature by then
using the implicit wetland prices from their hedonic model to estimate the
willingness to pay for these attributes.

Other indirect approaches that have been used to value wetlands include
the travel cost method (Cooper and Loomis, 1993), which bases value on
the amount that individuals actually spend to visit a wetland (often for
recreation activities such as bird-watching or hunting), and the estimation
of replacement costs (Breaux et al., 1995; Byström, 2000), which measures
the difference in the cost of using a wetland to provide a service (e.g., water
purification) and the cost of using a man-made alternative (e.g., a water
treatment facility).

Similar to hedonic methods, the production function approach to valua-
tion models ecosystem services as environmental inputs (Mäler, 1992; Bar-
bier, 2007) and then uses the market price of their associated outputs (e.g.,
agricultural products, fisheries) to derive input factor demands for these
non-marketed resources. This draws on the earlier work of Becker (1965)
and Lancaster (1966) to incorporate non-marketed resources such as time
into the household production function. In this framework, household util-
ity is a function of goods purchased for final use, as well as goods produced
internally using both marketed and non-marketed inputs. Following this
approach, one can derive the demand function for the non-marketed inputs
by maximizing household utility subject to a budget constraint. This re-
quires some understanding of the production function, namely the physical
role of the environmental resource as an input. Applications in the wet-
lands literature include the valuation of mangroves as an input in coastal
fisheries production (Barbier, 1994) and the the valuation of groundwater
recharge as an input in agricultural production (Acharya, 2000; Koundouri
and Xepapadeas, 2004).

Related to the production function approach, the frontier estimation
methods developed for productivity and efficiency analysis offer another ap-
proach to non-market valuation. These include Shephard (1970) distance
functions, hyperbolic distance functions (Färe et al., 1985) and directional
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distance functions (Chambers et al., 1996). Distance functions in general
provide several advantages for environmental applications. They were origi-
nally developed for multi-input and multi-output production processes, and
can thus accommodate multiple environmental attributes. Their estimation
only requires quantity data for inputs and outputs, as opposed to price in-
formation, which enables the incorporation of non-marketed environmental
goods and services into the production model. They also exhibit dual re-
lationships to economic cost, revenue and profit functions, and it is this
duality in production theory that underlies the use of distance functions as
an approach to non-market valuation. Valuation applications of distance
functions include the estimation of shadow prices for public land conserva-
tion (Färe et al., 2001); pollution (Färe et al.,1993; 2005; 2006; Coggins and
Swinton, 1996; Ball et al., 2004; Murty et al., 2007); and, in the wetlands
literature, groundwater (Koundouri and Xepapadeas, 2004).

The present study further extends this approach to the wetlands liter-
ature, by using a directional output distance function to model the joint
production of multiple wetland functions and agricultural value within a
watershed. The next section outlines the theory supporting this approach,
followed by a discussion of estimation in practice. Section five presents an
application to the Nanticoke River watershed in Delaware and an analysis
of the results.

UNDERLYING THEORY

This study uses the directional output distance function, the production
analogue to the Luenberger (1992) benefit function, to model the joint pro-
duction of multiple wetland ecosystem services and agricultural value within
a watershed area. Let P (x) denote the feasible output set for the vector of
outputs y = (y1, ..., yM) ∈ <M

+ given inputs x = (x1, ..., xN) ∈ <N
+ , so that

P (x) = {y : x can produce y} . (55)

In this context, outputs include a set of wetland function scores that are
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used to assess overall wetland condition, coupled with the value of nearby
agricultural production. The wetland functions represent separate aspects
of wetland condition, such as hydrological capacity and vegetation coverage.
Watershed land area constitutes the shared input in this joint production
process.

Following an axiomatic approach, a series of standard assumptions are
made to characterize the production technology in theory, and to then guide
the empirical specification of the model. The first of these assumptions is
that P (x) is convex and compact, so that the feasible output set is closed
and bounded from above by the production frontier. Compactness acknowl-
edges that output is scarce, by limiting the degree of wetland function and
the level of agricultural production for a given land parcel, while convex-
ity shapes the physical tradeoffs that occur along the production frontier.
Secondly, outputs are assumed to be freely disposable, meaning that if
y ∈ P (x), then y′ ∈ P (x) for any y′ ≤ y. Free disposability allows any
of the output levels to decrease without diminishing the prospects of other
outputs. The impairment of one or more wetland functions does not neces-
sarily reduce the potential of other wetland functions in the watershed, or
the corresponding level of agricultural production. This also results in an
implicit assumption of weak disposability, meaning that if y ∈ P (x), then
αy ∈ P (x) for any 0 ≤ α ≤ 1. It is possible to proportionally reduce any
one of the outputs at no cost to the others.

Given these assumptions, the directional output distance function pro-
vides a complete representation of the feasible output set (Chambers et al.,
1996), as well as individual measures of performance for each of the included
output observations. The directional output distance function is defined as

~DO(x, y; gy) = max {β : [y + βgy] ∈ P (x)} , (56)

where gy ∈ <M
+ is a directional vector that specifies the path of output

expansion. This model measures each observation’s distance, in a particular
direction, to the production frontier. Thus, for observations on the frontier,
~DO(x, y; gy) = 0, and for any observation below the frontier, ~DO(x, y; gy) >
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0. Individual performance deteriorates with distance to the frontier, so that
the directional output distance value can be interpreted as a measure of
inefficiency for each observation.

The directional output distance function offers a more general measure
of productivity and efficiency than the more widely applied Shephard (1970)
output distance function, which measures radial distance from the frontier
and is defined as

DO(x, y) = inf
{
θ : (x,

y

θ
) ∈ P (x)

}
. (57)

In fact, the Shephard output distance function can be constructed as a
special case of the directional output distance function (Chambers et al.,
1996) by specifying a radial direction vector, setting gy = y. Figure 4
illustrates both the directional output distance function and the Shephard
output distance function for y = (y1, y2).

Figure 4: The directional and Shephard output distance functions



68

The directional output distance function accommodates both propor-
tional and non-proportional output expansion, while the Shephard output
distance function is restricted to a radial measure of efficiency. Drawing
on the Shephard output distance function’s homogeneity in y, for the case
where gy = y,

~DO(x, y; gy) =
1

DO(x, y)
− 1. (58)

The directional output distance function can also be used to account for
the undesirable nature of some outputs of a production process, i.e., pol-
lution, by specifying a negative direction for those outputs (Chung et al.,
1997). This enables the simultaneous expansion of desirable output and
contraction of undesirable output in the measurement of performance.The
properties of the directional output distance function follow from the as-
sumptions made to characterize P (x), and include15

i. Representation

~DO(x, y; gy) ≥ 0 if and only if y ∈ P (x).

ii. Monotonicity

~DO(x, y′; gy) ≥ ~DO(x, y; gy), for y′ ≤ y

iii. Translation

~DO(x, y + αgy; gy) = ~DO(x, y; gy)− α

iv. Directional Homogeneity of degree -1

~DO(x, y;λgy) = λ−1 ~DO(x, y; gy), for λ > 0.

The directional output distance function fully represents the feasible
output set. The first property states that the directional output distance
must always be non-negative for any output vector within the feasible out-
put set. The directional distance value is zero for output levels on the

15Chambers et al. (1998) prove these properties for the input oriented case.
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frontier and greater than zero for output levels below the frontier. Only
infeasible output levels above the frontier would take a negative directional
distance value, and any observed output vector, by existence, is feasible.
The monotonicity property states that an increase in the output vector,
holding inputs constant, can only reduce an observation’s directional dis-
tance to the frontier, and thus can only improve the performance measure.
The translation property states that the addition of any amount, α to an
observed output vector in the direction gy reduces the directional distance
value for that observation by the same amount, α. The directional out-
put distance function provides an additive, as opposed to multiplicative,
measure of distance to the frontier. The translation property serves as the
additive analogue to the homogeneity property exhibited by the multiplica-
tive Shephard distance function (Chambers et al., 1996). Related to this,
the directional homogeneity property states that scaling the direction vector
by any positive amount, λ proportionally reduces an observation’s distance
to the frontier by the same amount, λ.

The directional output distance function is used to construct the feasible
output set for a vector of wetland functions and the value of agricultural pro-
duction within a watershed area, which enables environmental performance
assessment for each of the observation sites (Bellenger and Herlihy, 2009a;
2009b). Moreover, the resulting frontier reveals the physical tradeoffs that
exist for the production of each of the wetland functions and agricultural
output in the watershed. Given the market value of just one of the outputs,
e.g., agricultural production, it is also possible to value these tradeoffs in
monetary terms (Färe et al., 2001; 2005; 2006) by exploiting the directional
output distance function’s dual relationship to the revenue function,

R(x, p) = max
y
{py : y ∈ P (x)} , (59)

where p = (p1, ..., pM) ∈ <M
+ is the vector of output prices corresponding

to y. By definition,
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R(x, p) ≥ py,∀y ∈ P (x), (60)

and this, along with the definition of the directional output distance func-
tion from (2) and the representation property imply

R(x, p) ≥ p(y + ~DO(x, y; gy)gy)

≥ py + ~DO(x, y; gy)pgy. (61)

Rearranging terms in (7),

~DO(x, y; gy) ≤ R(x, p)− py
pgy

. (62)

The directional output distance function can then be recovered from the
right hand side in (8) as the solution to

~DO(x, y; gy) = min
p

R(x, p)− py
pgy

. (63)

The vector of shadow prices, p is derived by applying the envelope theorem
to (9), so that

∇y
~DO(x, y; gy) =

−p
pgy

≤ 0, (64)

and for a single observation,

pm

pm′
=
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′
, ∀m,m′ ∈M. (65)



71

Figure 5: Directional output distance and shadow prices

The shadow price ratio in (11) reflects the relative value of each output,
which equals the corresponding marginal performance16 ratio, as depicted
in Figure 5. If at least one of the outputs in P (x) is marketed, then it is
also possible to recover the real, as opposed to relative, value of the non-
marketed outputs (Färe et al., 2001). For example, if the m′th attribute
is actually a marketed good, and assuming its shadow price is equal to its
market price, then the price of the mth attribute can be recovered as

pm = pm′
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′
. (66)

Given the marketed nature of agricultural output, this study uses (12)
to estimate the value of each of the non-marketed (but arguably valuable)
wetland functions. The resulting price vector captures in some sense the

16This term refers to the marginal productivity of each wetland function. Recall, the
directional output distance function provides a measure of environmental performance for
each observation, so that marginal performance reflects the degree to which an increase
in each of the wetland functions reduces an observation’s directional distance to the
output frontier, i.e. improves performance.
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implicit value of these wetland functions, by valuing marginal productiv-
ity in terms of the corresponding value of agricultural production, but is
not analogous to implicit value in the spirit of hedonic analysis. In this
case the price vector represents the value of the tradeoff between agricul-
tural production and each of these wetland functions in the watershed area,
rather than the value of each wetland function’s contribution to agricultural
output, as in hedonic analysis.

ESTIMATION

One practical advantage afforded by the directional output distance func-
tion lies in the flexibility of its estimation. Depending on the research
objective, one can choose to estimate this model either parametrically or
nonparametrically. Nonparametric estimation relies on data envelopment
analysis (DEA)(Charnes et al., 1978) methods to construct the feasible
output set as a convex, linear combination of all input and output observa-
tions. The resulting model satisfies the assumptions made to characterize
P (x) and assesses performance by measuring each observation’s directional
distance to the corresponding output frontier, a piece-wise linear combina-
tion of the outermost output observations. DEA estimation does not, how-
ever, generate the smooth, differentiable output frontier required to solve
for unique shadow values, as outlined in the previous section, and thus does
not offer a tractable way to evaluate the economic tradeoffs facing each of
the observations17.

Hence, parametric estimation is employed to construct a differentiable
output frontier which, via duality, can then be used to value each of the
non-marketed wetland outputs following (12). Parameterization must sat-
isfy the axiomatic properties of the directional output distance function
and enable the computation of marginal effects. In addition, linearity (in
the parameters) facilitates estimation. This limits the set of possible func-
tional forms considerably. To guide the choice of functional form, Cham-

17Chambers and Färe (2008) offer one exception.
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bers (1988) explains, “...the primary goal of applied production analysis
is empirical measurement of the economically relevant information that
exhaustively characterizes the behavior of economic agents. For smooth
technologies (i.e., those that are twice-continuously differentiable), this in-
cludes the value of the function (e.g., the level of cost), the gradient of the
function (e.g., the derived demands), and the Hessian (e.g., the matrix of
derived-demand elasticities).”

It is possible to approximate any arbitrary smooth function with a lin-
ear function, meaning that the parameters of the linear function can be
restricted so that the linear function value, gradient, and Hessian are equal
in magnitude to the corresponding values of the smooth function evaluated
at a particular point on its domain. Such linear functions are known as
second-order differential approximations (Chambers, 1988). It is also pos-
sible to restrict the parameters of a linear function to provide a Taylor’s
series approximation of an arbitrary smooth function. Such linear functions
are known as second-order numerical approximations (Chambers, 1988).
To be considered flexible, a functional form must either provide a second-
order differential approximation or second-order numerical approximation
(Chambers, 1988).

For an arbitrary smooth function F : RL → R, the second-order Tay-
lor’s series approximation of F (q) evaluated at q∗ ∈ RL is

F (q) = F (q∗ +DF (q∗)(q − q∗) +
1

2
(q − q∗)D2F (q∗)(q − q∗), (67)

where DF (q∗) is the Jacobian matrix of F (q) at q∗. The generalized
quadratic (Chambers, 1988), also known as a ‘transformed quadratic func-
tion’ (Diewert, 2002) or a ‘second-order Taylor series approximation inter-
pretation function’(Färe and Sung,1986)(Färe et al., 2008), can be restricted
to represent the second-order Taylor’s series approximation of an arbitrary
twice-continuously differentiable function. This is given as
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G[F (q)] = a0 +
L∑

l=1

alh(ql) +
L∑

l=1

L∑
l′=1

all′h(ql)h(ql′), (68)

where h : R → R is twice differentiable andG is invertible. The generalized
quadratic encompasses a set of flexible functional forms, flexible in both the
differential and numerical sense (Chambers, 1988). Of these, just two are
known to satisfy (with parameter restrictions) the translation property of
the directional output distance function (Färe and Lundberg, 2006). These
are the quadratic function

F (q) = a0 +
L∑

l=1

alql +
L∑

l=1

L∑
l′=1

all′qlql′ , (69)

and the unnamed function

F (q) =
1

2λ
ln

L∑
l=1

L∑
l′=1

all′exp(ql)exp(ql′). (70)

The second of these, however, does not contain the first order parameters
needed to compute marginal effects. This leaves the quadratic form as the
only known flexible functional form that can be restricted to satisfy the
translation property. Most recently, Färe et al. (2010) use Monte Carlo
simulations to demonstrate the apparent greater ability in practice of the
quadratic directional output distance function, compared to the translog
(also flexible and can be likewise restricted to satisfy homogeneity) Shep-
hard output distance function to characterize the output set. The quadratic
(also as in Aigner and Chu, 1968) directional output distance function(Färe
et al., 2001; 2005; 2006) for gym= 1, m = 1,...,M is estimated as
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~DO(x, y; gy) =α0 +
N∑

n=1

αnxn +
M∑

m=1

βmym (71)

+
1

2

N∑
n=1

N∑
n′=1

αnn′xnxn′ +
1

2

M∑
m=1

M∑
m′=1

βmm′ymym′

+
N∑

n=1

M∑
m=1

γnmxnym.

To satisfy the translation property, set

M∑
m=1

βmgym = −1;

M∑
m=1

γnmgym = 0, n = 1, ..., N ;

M∑
m′=1

βmm′gym′
= 0,m = 1, ...,M,

and to ensure symmetric cross-input and cross-output effects, set

αnn′ = αn′n, n, n
′ = 1, ..., N ;

βmm′ = βm′m,m,m
′ = 1, ...,M,

Given the quadratic form, the marginal effect of the mth attribute is then
derived as

∂ ~DO(x, y; gy)

∂ym

= βm +
M∑

m′=1

βmm′ym′ +
N∑

n=1

M∑
m=1

γnmxn, (72)
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and the shadow price ratio for the mth and m′th attributes is written as

pm

pm′
=

βm +
M∑

m′=1

βmm′ym′ +
N∑

n=1

M∑
m=1

γnmxn

βm′ +
M∑

m=1

βmm′ym +
N∑

n=1

M∑
m′=1

γnm′xn

. (73)

One can estimate the quadratic directional output distance function
as a constrained linear programming problem, choosing the parameters to
minimize each observation’s distance to the frontier18. The solution to
this problem, the optimal values for α0, αn, βm, αnn′ , βmm′ , γnm, and Dk

O

minimize
K∑

k=1

~DO

k
(xk, yk; gy) (74)

subject to

i. Representation

~DO

k
(xk, yk; gy) ≥ 0, k = 1, ..., K,

ii. Monotonicity

∂ ~DO

k
(xk, yk; gy)

∂yk
m

≤ 0,m = 1, ...,M, k = 1, ..., K,

∂ ~DO

k
(xk, yk; gy)

∂xk
n

≥ 0, n = 1, ..., N, k = 1, ..., K,

iii. Translation

M∑
m=1

βmgym = −1;
M∑

m=1

γnmgym = 0, n = 1, ..., N ;

18The quadratic directional output distance function can also be estimated as a
stochastic frontier (Färe et al., 2005), following stochastic frontier methods outlined
in Kumbhakar and Lovell (2000).
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M∑
m′=1

βmm′gym′
= 0, m = 1, ...,M,

iv. Symmetry
αnn′ = αn′n, n, n

′ = 1, ..., N ;

βmm′ = βm′m, m,m
′ = 1, ...,M.

The constraints ensure that the quadratic form satisfies the properties
of the directional output distance function. The first constraint satisfies
the representation property by requiring all observations to either lie on or
below the output frontier. The second constraint states that an increase
in any output, or a decrease in any input can only reduce an observation’s
distance to the output frontier, which guarantees monotonicity for both
inputs and outputs. The third constraint imposes the translation property,
restricting the parameters so that additional output in the gym direction
reduces an observation’s distance to the frontier by an equal amount. The
final constraint restates the symmetry condition for cross-input and cross-
output effects.

The resulting parameter estimates, and corresponding distance and shadow
price values are based on an estimate of the true, but unobservable output
frontier. This estimated frontier depends on the given sample of observa-
tions, rather than any a priori knowledge of the true frontier. Sampling
variation, then, would potentially not only alter the estimated frontier, but
would also affect the individual performance measures by changing each
observation’s proximity to the frontier.

Simar and Wilson (1998) introduce the bootstrap (Efron, 1979) as a way
to analyze the sensitivity of DEA estimates to sampling variation, through
repeated sampling. A similar approach is applied to the directional out-
put distance function herein, to better understand the statistical properties
of the distance and shadow price estimates. This method solves (16) for
repeated samples, each drawn with replacement from the original data sam-
ple. This yields new parameter estimates for each simulated sample, which
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are then used to construct distance and shadow price values for the origi-
nal data, thus providing a known distribution of distance and shadow price
estimates.

To explain, let θ̂ be the vector of parameter estimates that solve (16)
to give ~̂DO and p̂m for the original data, (x, y), where (x, y) constitutes
a random sample generated by an unknown process, F , the true DGP.
Without knowing the true DGP, this approach instead uses an estimate of
the DGP, F̂ , based on the empirical distribution to generate S bootstrap
samples, (x∗s, y

∗
s), s = 1, ..., S. For the sth iteration, each kth observation

from the original sample is drawn (with replacement) with probability 1
k
.

This results in a new pseudo feasible output set, P (x∗s). Applying (16)
to (x∗s, y

∗
s) then generates the vector of parameter estimates, θ̂∗s , which are

used to compute the bootstrapped directional output distance, ~DO

k

s for the
original data, (x, y). The bootstrapped directional output distance function
is defined for the sth iteration as

~DO

∗
s(x, y; gy) = max {β∗ : [y + β∗gy] ∈ P (x∗s)} , (75)

and the corresponding shadow price ratio for the mth and m′th attributes is
written as

p∗ms

p∗m′s
=

β∗ms
+

M∑
m′=1

β∗mm′s
ym′ +

N∑
n=1

M∑
m=1

γ∗nms
xn

β∗m′s +
M∑

m=1

β∗mm′s
ym +

N∑
n=1

M∑
m′=1

γ∗nm′s
xn

. (76)

This approach raises one immediate concern. If a bootstrap data sam-
ple, (x∗s, y

∗
s) does not include the observations lying on or near the frontier

for the original data, then this approach could potentially render negative
directional distance values for the highest performing observations from the
original data. As a simple remedy, the proposed method discards any it-
eration that yields a negative distance value19. The rationale follows from

19In this empirical application, less than five percent of iterations were discarded due
to negative distance values.
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the fact that the estimated frontier for the original data can never surpass
the true frontier. This biases the distance estimates downward, and re-
taining iterations that omit the highest performing sites only furthers that
downward bias.

As long as the empirical distribution adequately approximates the true
DGP, then the known bootstrapped distribution of parameter estimates
should closely resemble the true, but unknown, parameter distributions, so
that

(θ̂∗ − θ̂)|F̂ ∼ (θ̂ − θ)|F (77)

Given (19), this approach uses the bootstrapped distance and shadow
price distributions to estimate the bias and standard error for the original
distance and shadow price estimates. Following Simar and Wilson (1998),
for each observation the original distance estimate bias,

biasF,k = EF ( ~̂Dk
O)− ~DO

k
(78)

is estimated using its bootstrap estimate

biasF̂ ,k = EF̂ ( ~DO

k∗

)− ~̂Dk
O, (79)

which is approximated by

ˆbiasF̂ ,k =
1

S

S∑
s=1

~DO

k∗

s − ~̂Dk
O = ~̄Dk∗

O − ~̂Dk
O. (80)

The bias-corrected distance estimate, ~̃Dk
O is defined as

~̃Dk
O = ~̂Dk

O − ˆbiasF̂ ,k = 2 ~̂Dk
O − ~̄Dk∗

O , (81)
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and the estimated standard error of ~̂Dk
O is

ŝe =

[
1

S − 1

S∑
s=1

( ~DO

k∗

s − ~̄Dk∗

O )2

] 1
2

. (82)

A similar argument applies to the shadow price estimates.

EMPIRICAL APPLICATION

To illustrate the directional distance approach to shadow pricing, a set of
wetland hydrogeomorphic (HGM) indicator data is combined with agri-
cultural land values for the Nanticoke River watershed, which constitutes
“one of the most biologically important and wetland-rich watersheds in
the [United States] mid-Atlantic region(The Nature Conservancy, 1994;
Whigham et al., 2007).” Figure 6 depicts the watershed area20 for the Nan-
ticoke river, which flows into Chesapeake Bay, and drains roughly 283,000
ha in Maryland and Delaware (Jacobs et al., 2010). The application in this
study examines the Delaware portion of the watershed. The HGM indicator
data was originally collected to asses wetland condition in the Nanticoke
watershed21 as part of the U.S. Environmental Protection Agency’s (EPA)
Regional Environmental Monitoring and Assessment Program (REMAP).
The HGM data includes both physical (e.g., drainage, sedimentation and
floodplain conditions) and biological (e.g., vegetation composition and den-
sity) indicators of condition for riverine and flats wetland classes within the
Nanticoke watershed. The REMAP Nanticoke assessment collected more
than 20 separate wetland indicators, which they then used to construct
functional capacity index (FCI) scores (ranging in value from 0 to 1) for
a set of wetland functions. These function scores serve as outputs in this
application, and the directional output distance function is used to esti-
mate their respective shadow prices. The functions (and their associated

20The map source is Jacobs et al., 2007.
21For a detailed discussion of the wetland indicator data, refer to Whigham et al.,

2007.
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indicators) are:

i. Hydrology (sedimentation, drainage, and floodplain conditions)

ii. Biogeochemistry (topographic features, vegetation density and com-
position, Hydrology)

iii. Vegetation (vegetation density and composition, invasive species)

iv. Habitat (vegetation disturbance, coverage, and density, onsite stream
condition)

v. Buffer (surrounding vegetation and proximal stream condition)

These functions directly relate to many of the ecosystem services com-
monly attributed to wetlands. For instance, the hydrology function score
provides a measure of flood control capacity. The biogeochemistry func-
tion score reflects the area’s water filtration potential. Vegetation condi-
tion contributes to biodiversity and carbon sequestration. Riparian habitat
supports all manner of wildlife in the watershed, which fosters recreational
hunting and fishing benefits. The buffer function measures the surrounding
wetland condition, and may capture some of the scenic or aesthetic value
of the watershed.

The biogeochemistry function is omitted from analysis, as it is con-
structed as a linear combination of the hydrology function. The remaining
functions do not share individual indicators, i.e. the vegetation function
uses a different vegetation density indicator than the vegetation density
indicator that is used to construct the habitat function score. Table 1 de-
scribes the wetland function scores, which range from 0.01 to 1 in order of
improved condition, for 86 riverine (29 obs.) and flats (57 obs.) observa-
tions. In a related study (Jacobs et al., 2010) the HGM indicators are also
used to construct an overall index of wetland condition (IWC) for riverine,
flats and depression land class areas within the Nanticoke watershed. The
IWC (also listed in Table 1) can range in value from 0 to 100, in order of
improving condition, and in this application ranges from 22 to 100.
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Figure 6: The Nanticoke watershed (hatched area)
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The shadow pricing methodology outlined in the previous sections is
applied to the wetland function scores, coupled with data on the value of
agricultural production in the watershed area to better understand the eco-
nomic value (in terms of opportunity cost) of these functions. Over half of
all land in the watershed is devoted to agricultural use, and farmers in the
study area use more than 80 percent of their land to produce corn, wheat
and soybean crops (USDA NRCS, 2007). To capture the potential value
of agricultural production in the watershed area, this study uses agricul-
tural land value, which in an efficient market should equal the discounted
stream of agricultural production value. The application draws on agricul-
tural land values from a data set compiled by the Delaware Agricultural
Lands Preservation Program22. This program has two stated goals: i.) to
preserve a critical mass of crop land, forest land, and open space to sustain
Delaware’s agricultural industry, and ii.) to provide landowners an oppor-
tunity to preserve their land in the face of increasing development pressures
and decreasing commodity values. Notably, this is not a wetlands preserva-
tion program. Instead, the program seeks to maintain agricultural landuse
and to prevent development on agricultural land.

Landowner participation in this program is voluntary and competitive.
To join, a landowner or group of owners must first form an Agricultural
Preservation District, comprised of at least 200 contiguous acres already
devoted to agricultural activities. Landowners within the district agree not
to develop their land for at least 10 years and are compensated with tax
benefits and ‘right-to-farm’ protection (protection from nuisance lawsuits
filed by non-farming neighbors) for participating in the program. More
importantly, initial participation also qualifies the landowner to apply for a
permanent easement, or the sale of all future development rights for their
land. To date, agricultural landowners have formed over 500 preservation
districts, containing roughly 130,000 acres. Half of this land, approximately
65,000 acres, is protected by permanent easements. Figure 7 maps the

22For additional information, refer to the program website:
http://dda.delaware.gov/aglands/lndpres.shtml
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preservation districts.
The program assesses both the fair-market value, which includes po-

tential development value, and the agricultural value of lands enrolled in
permanent easement, and generally offers subsequent easement payments
between these two values. For the study area easement parcels, the average
fair market value, agricultural value, and easement payment are, respec-
tively, $US 2,806/acre, $US 1,051/acre and $US 1,338/acre. The program
does not release land value assessments, either fair market or agricultural,
for land in temporary easement, which limits the present analysis of agricul-
tural value to a set of 29 agricultural land parcels in permanent easement,
averaging 149 tillable acres in size. This does, however, avoid multiple time
horizons, as well as the inclusion of possible future development value.

Using these 29 parcels, this study constructs a spatially-weighted agri-
cultural land value for each wetland observation site, based on the assessed
agricultural value of the five closest easement parcels. The study area is
relatively small, and generally, these agricultural parcels are quite close,
averaging less than five miles from their corresponding wetland observation
sites. The resulting distance-weighted agricultural value per acre for the
kth observation, AV k, is

AV k =

5∑
i=1

Distik × AVi

5∑
i=1

Distik

, (83)

where Distik is the Euclidean distance from the boundary of the ith ease-
ment parcel to the kth wetland observation, and AVi is the assessed agri-
cultural value for easement parcel i. This results in an average agricultural
value of $ US 1,147/acre23 for the wetland observation sites. Table 9 pro-
vides descriptive statistics for the constructed agricultural values.

23All land values are represented in $US 1996.
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Figure 7: DE agricultural preservation districts
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Table 9: Descriptive Statistics for the Nanticoke Data Set (86 Obs.)
Wetland Service Mean Std. Dev. Min. Max.

Hydrological Function 0.593 0.368 0.011 1.000
Vegetation Function 0.767 0.229 0.150 1.000
Habitat Function 0.659 0.252 0.100 1.000
Buffer Function 0.816 0.193 0.125 1.000

Agriculutral Value ($1,000/ acre) 1.147 0.286 0.787 2.719
Index of Wetland Condition (IWC) 72.017 19.492 22.417 99.833

The wetland function scores can range in value from 0.010 to 1.000,
and on average, each of the functions in the study area are roughly 0.60 or
higher. Given the relatively small number of observations, 29 classified as
riverine (primarily riparian and floodplain) and 57 classified as flats (pri-
marily floodplain) 24, and the similarity of these two land classes, this study
combines the riverine and flats observations into one data set for estima-
tion. Typically, observation sites in both classes have lower hydrological
function and higher buffer function values in the study area. The overall
index of wetland condition can range from 0 to 100, and is roughly 72.0 on
average25. The spatially-weighted agricultural land values on nearby farms
average roughly $1,147 per acre.

The application models each of the wetland function scores, along with
the value of agricultural production, as outputs that can be jointly produced
on land in the study area. For computational purposes, each of the observed
function scores and agricultural land values are divided by their respective
sample mean, so that ym = 1,m = 1, ..., 5 for a hypothetical observation
at the mean. This deflation ensures independence of unit of measurement
(Shephard, 1970), and for computation purposes corrects for differences in
scale, due to the differences in unit of measurement between the function
scores and the agricultural land values. The shared input in this application
is land, normalized to one acre, so that wetland function and land value

24Refer to Brinson (1993) for HGM wetlands classification criteria.
25For construction of the IWC, refer to Jacobs et al. (2010).
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are measured on the scale of one acre of land. For estimation purposes,
a constant input (in this case, one acre of land) is equivalent to modeling
production without inputs (Lovell and Pastor, 1997). To explain, choosing a
unit direction vector, gym = 1, m = 1, ..., 5, the directional output distance
function for the kth observation is

~DO(1, y; 1) = α0 +
5∑

m=1

βmym +
1

2

5∑
m=1

5∑
m′=1

βmm′ymym′ , (84)

where the coefficient on the constant term, α0 includes the coefficients on
the constant input (1 acre of land) terms, α1 and α11 from equation (17).
Similarly, the coefficient on each the ym, m = 1, ... , 5 terms includes the
coefficient γ1m from (17). The corresponding linear programming problem
minimizes

86∑
k=1

~DO

k
(0, yk; 1) (85)

subject to

i. ~DO

k
(0, yk; 1) ≥ 0, k = 1, ..., 86,

ii. ∂ ~DO
k
(0, yk;1)

∂yk
m

≤ 0,m = 1, ..., 5, k = 1, ..., 86,

iii.
5∑

m=1

βm = −1;
5∑

m′=1

βmm′ = 0, m = 1, ..., 5,

iv. βmm′ = βm′m, m,m
′ = 1, ..., 5.

The resulting parameter values are listed in Table 10. The bootstrap
methods outlined in the estimation section of this essay are also applied to
better understand the sensitivity of these parameter values, as well as the
distance and shadow price estimates, to sample variation. Thus, each obser-
vation’s distance is solved repeatedly, as explained in (21) for 500 samples
drawn, with replacement, from the original data set. This yields a distri-
bution of sample parameter values, along with a distribution of distance
and shadow price estimates for each observation. These distributions are
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then used to compute the standard error for each parameter, distance, and
shadow price estimate, and to then correct those estimates for bias as out-
lined previously. The standard errors and bias-corrected parameter values
are listed in Table 10. Table 11 reports the bias-corrected distance and
shadow price ratio estimates.

Given the mean weighting normalization employed for computation, the
distance value for a hypothetical observation at the mean can be inter-
preted as the percent increase in output value yk

m required to reach the
corresponding frontier value yk∗

m . This relationship is independent of unit
of measurement, and is written for each observation k as

yk
m

ȳm

+ ~DO

k
=
yk∗

m

ȳm

, (86)

which implies

yk
m + ~DO

k
ȳ = yk∗

m . (87)

Using this relationship, the results indicate that observations within the en-
tire sample can, on average, increase each of their metric levels by roughly
19 percent of the respective output mean. The hydrology function, for ex-
ample, has a mean value of 0.593. This means that on average, observations
in the sample could add 0.194× 0.593 = 0.115 to their hydrology function
score.
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Table 10: Bootstrap Parameter Estimates
Coefficient Variable Deterministic Standard Error Bias-Corrected

α0 Constant 1.221 0.002 1.220
β1 y1 -0.230 0.009 -0.021
β2 y2 -0.320 0.041 -0.343
β3 y3 -0.037 0.014 -0.033
β4 y4 -0.536 0.029 -0.527
β5 y5 -0.084 0.018 -0.076
β11 y2

1 -0.009 0.004 -0.008
β21 y2y1 0.013 0.010 0.015
β22 y2

2 -0.159 0.037 -0.151
β31 y3y1 0.000 0.004 -0.001
β32 y3y2 -0.016 0.011 -0.022
β33 y2

3 -0.007 0.013 0.001
β41 y4y1 -0.005 0.009 -0.008
β42 y4y2 0.168 0.044 0.176
β43 y4y3 0.018 0.015 0.014
β44 y2

4 -0.182 0.068 -0.190
β51 y5y1 0.001 0.006 0.002
β52 y5y2 -0.006 0.036 -0.018
β53 y5y3 0.006 0.009 0.008
β54 y5y4 0.001 0.030 0.008
β55 y2

5 -0.002 0.011 0.000

For each wetland function, the shadow price ratio is equal to the ratio of
that function’s marginal performance to the marginal performance of agri-
cultural value, where marginal performance refers to each output’s marginal
contribution to reducing distance to the frontier. This ratio reflects the rel-
ative value of each wetland function to the value of agricultural output, at
each observation site. In this application, relative values may provide a more
intuitive representation of the value of each of these functions. To explain,
the absolute shadow price, pm, for each function is computed from that
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function’s ratio of marginal performance to agricultural value (ym′). Given
the mean-weighting procedure employed for computation, this means that
for a given observation,

pm = pm′
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′

¯ym′

ȳm

, (88)

where ȳm refers to the sample mean for wetland function ym and ¯ym′ refers
to the sample mean agricultural value per acre. Agricultural land value is
measured in dollars per acre, so that pm′ , the value of an additional dollar
in value per acre, is equal to $1. Again, using the hydrology function as
an example, this translates for a hypothetical observation at the mean to
an absolute shadow price of $593, or $59.30 for a 0.1 increase in function
score. This illustrates a second challenge to understanding the value of non-
marketed environmental attributes, such as wetland function. In addition
to the lack of market price information, there is also typically a lack of
‘market units’. This application values the marginal increase in wetland
function score. For this to be more tangible in practice, it is important
to consider the physical implications of that increase in function score, to
better understand the actual improvement being valued. Table 6 presents
the function shadow prices.

Table 11: Bias-Corrected Distance and Shadow Price Ratios* (86 Obs.)
Variable Mean Std. Dev. Min Max
Distance 0.194 0.173 -0.003 0.862

Hydrological Function 0.307 0.219 0.000 0.812
Vegetation Function 4.420 1.228 0.681 7.764
Habitat Function 0.428 0.144 0.000 0.661
Buffer Function 7.299 2.873 1.101 18.651

*Note, the shadow price ratios are relative to agricultural land value.

A separate model also estimates the directional output distance function
and shadow price ratio, as above, for the overall index of wetland condi-
tion. Recall, the IWC includes many of the same variables that are used
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to construct the individual function scores, but is not simply a function
(e.g. linear combination, geometric mean, etc.) of the individual wetland
function scores. The same bootstrap procedure is applied. The IWC model
parameter values are listed in Table 12 and the distance and shadow price
values are listed in Table 13. The Spearman’s rank correlation between
the IWC distance values and those of the previous model is 0.71. These
results suggest that on average, a hypothetical observation at the mean can
increase its IWC by 37 percent, which translates to an IWC increase of
26.65. Because the second order parameter values, β21 and β22 are zero, all
observations have the same shadow price ratio (see equation (19)) of 8.491.
This also implies that each of the observations has the same IWC shadow
price of $135.23 for a 1 point increase in IWC value.

Table 12: IWC Bootstrap Parameter Estimates
Coefficient Variable Deterministic Standard Error Bias-Corrected

α0 Constant 1.371 0.000 1.371
β1 y1 -0.894 0.000 -0.895
β2 y2 -0.105 0.000 -0.105
β11 y2

1 0.000 0.000 0.000
β21 y2y1 0.000 0.000 0.000
β22 y2

2 0.000 0.000 0.000

Table 13: Bias-Corrected Distance and IWC Shadow Price Ratio
Variable Mean Std. Dev. Min Max
Distance 0.371 0.246 0 1.008
IWC 8.491 0.000 8.491 8.491



92

Table 14: Bias-Corrected Shadow Prices
Variable Mean Std. Dev. Min Max

Hydrological Function 59.29 42.35 0.00 157.12
Vegetation Function 660.96 183.58 101.86 1,161.11
Habitat Function 74.54 25.15 0.00 115.01
Buffer Function 1,026.04 403.90 154.71 262.17

IWC 135.23 0.00 135.23 135.23

The absolute shadow prices26 for each of the wetland functions, as well
as the IWC are listed in Table 14. One can use these shadow prices to
estimate the value of reaching the frontier for each observation. For in-
stance, a hypothetical observation at the mean could increase each of its
function scores by roughly 19 percent. Again, for the hydrological func-
tion, this translates to an increase in function score of .115. The value of
that increase in hydrological function on one acre, using the mean shadow
price, is $US 68.18 ($US 59.29 × 1.15). Given the shadow prices for each of
these functions, a 19 percent increase in all functions translates to a value
of roughly $US 2,186 for a hypothetical observation at the mean. Because
these shadow prices are functions of agricultural land values, which capture
the discounted stream of agricultural production value, this amount reflects
the discounted stream of function value, as opposed to annual value. Or,
in other words, this is the amount, in terms of foregone agricultural value,
that could be sacrificed to pay for a 19 percent increase in function value
for a hypothetical observation at the mean.

Turning to the IWC, recall that the distance results imply that a hy-
pothetical observation at the mean could increase its IWC value by 37
percent, or 26.65 points. The estimated value of that increase, using the
mean shadow price, is roughly $US 3,603. This is higher, but not surprising
given that the IWC places more weight on some of the vegetation indicators

26Note the wetland function shadow prices represent the value of a 0.1 unit increase in
the corresponding function value. The IWC shadow price refers to a 1 unit increase in
the IWC value. Recall, each of the function scores can range from 0 to 1 and the IWC
can range from 0 to 100.
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that were used to construct the higher-valued vegetation function27.
The average value for function improvement ($US 2,186) from above lies

between the average assessed agricultural value ($US 1,051/acre) and fair
market value ($US 2,806/acre) for land in the study area. This suggests
that the benefits of improving wetland function may outweigh the value of
agricultural production, and the average amount ($US 1,338/acre) spent to
maintain land in agricultural production by the agricultural preservation
program, for many of the wetland sites in this study. The average value
for IWC improvement ( $US 3,603) outweighs the average assessed market
value for land in the study area, suggesting that for many of the wetland
sites in this study, the value of improved wetland condition potentially
outweighs development value. These estimated values are fairly consistent
with levels that are actually being spent to protect wetlands in the area. The
WRP Delaware permanent28 easement rates for 2009 are $US 2,900/acre for
woodland and $US 4,000/acre for cropland (USDA, 2008), in addition to
100 percent of wetlands restoration costs.

It is also important to consider how these prices compare to other esti-
mated wetlands values in the literature. In their meta-analysis of the litera-
ture, Brander et al. (2006) estimate an average annual value of roughly $US
1,134/acre, based on 80 reasonably comparable studies. There is, however,
no differentiation in their estimate for wetland type or quality.

Despite the large number of existing wetlands valuation studies, rela-
tively few actually value wetland function. Ragkos et al. (2006) connect a
set of wetland functions (e.g., groundwater recharge, floodwater retention,
sediment retention) for the Zazari-Cheimaditida wetland in Greece to var-
ious wetlands services (e.g., irrigation water, flood control, fisheries), and
then use contingent valuation estimates for those services to value the cor-
responding functions. They find that on average, individuals in the area
are willing to pay 40-43 Euros (roughly $US 50-54) annually to maintain
each of the wetland functions. Acharya (2000) uses the production func-

27Refer to Jacobs et al., 2010 for further discussion of the IWC.
28The 30-year easement rate is 75 percent of permanent easement values.
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tion approach (see Section 2) to estimate a total value of $US 13,029 per
day for hydrological recharge in Nigeria’s Hadejia-Nguru wetlands. Using
contingent valuation, Loomis et al. (2000) estimate an annual willingness
to pay of $US 19-70 million for the restoration of ecosystem services in the
South Platte river basin. These illustrate the wide range of value estimates
and application settings within the wetlands valuation literature.

Finally, it is also important to consider how the tradeoffs between each
of the wetland functions and the potential value of agricultural produc-
tion change along the output frontier. To better understand the change
in shadow prices along the frontier, as the relative proportions of wetland
function and agricultural value (i.e., the output shares) change, the Mor-
ishima elasticity of substitution (Blackorby and Russel, 1989), or in an
output context, transformation, is also estimated for each of the wetland
functions. This provides a measure of curvature for the frontier, and can be
generalized to the case of multiple (more than two) outputs. As opposed
to pairwise Hicks elasticities (Allen and Hicks, 1934), which hold all other
outputs constant, the Morishima elsasticity allows all output prices to si-
multaneously adjust to a change in the output ratio, offering information
on the optimal shadow price ratios. Blackorby and Russel (1989) note that
the Hicks elasticity can only be used to determine the optimal output price
ratio (in their case, input shares) for the case of separable outputs (inputs),
which would imply an additive production function. The quadratic form
of the directional output distance function specified in this study violates
this separability condition. The Morishima elasticity of transformation is
defined as

Mmm′ =
∂ln( pm

pm′
)

∂ln(
ym′
ym

)
. (89)

Given the shadow price ratio for two outputs, (ym, ym′),

pm

pm′
=
∂ ~DO(x, y; gy)/∂ym

∂ ~DO(x, y; gy)/∂ym′
, (90)
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and using the directional output distance function, the Morishima elasticity
can be estimated as

Mmm′ = y∗m′

[
∂ ~2DO(x, y; gy)/∂ym∂ym′

∂ ~DO(x, y; gy)/∂ym

− ∂2 ~DO(x, y; gy)/∂ym′∂ym′

∂ ~DO(x, y; gy)/∂ym′

]
,

(91)
where y∗ = y + ~DO(x, y; gy). With the quadratic specification of the direc-
tional output distance function, and the empirical application, this simpli-
fies to

Mmm′ = y∗m′

 βmm′

βm +
M∑

m′=1

βmm′ym′

− βm′m′

βm′ +
M∑

m=1

βmm′ym

 . (92)

The properties of the directional output distance function, combined with
the specified quadratic form, determine the sign of the Morishima elasticity
(Färe et al., 2005). First, because the directional output distance function
is concave in y,

∂2 ~DO(x, y; gy)

∂ym∂ym

5 0, m = 1, ...,M,

the parameter value βmm 5 0, m = 1, ...,M . In this application, the bias-
corrected value for β55 is actually equal to zero, removing that term from
the Morishima elasticity computation. Secondly, because the directional
output distance is monotonic decreasing in y, (i.e. higher functions scores
reduce distance to the frontier)

∂ ~DO(x, y; gy)

∂ym

5 0, m = 1, ...,M.

Together, concavity and monotonicity of the directional output distance
function imply that for the quadratic form, the Morishima elasticity, Mmm′

will take the opposite sign of βmm′ . The translation property lends addi-
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tional structure to the estimation of βmm′ , namely that

M∑
m′=1

βmm′gym′
= 0, m = 1, ...,M.

The unit direction vector then implies that

βmm′ = −
M∑

m′′=1

βmm′′ , m
′′ = 1, ...,M,m′′ 6= m′,

which makes the sign of MEmm′ ambiguous. For a negative MEmm′ , as the
magnitude, or absolute value of the elasticity increases, it becomes more
costly to increase ym, while for a positive MEmm′ , greater elasticity im-
plies that it is less costly to increase ym. Regardless of sign, the effect
of a change in the output shares on the shadow price ratio increases as
MEmm′ becomes more elastic. Table 15 lists the resulting Morishima elas-
ticity values, constructed with the bias-corrected parameter and marginal
performance estimates.

Table 15: Bias-Corrected Morishima Elasticity Estimates
Variable Mean Std. Dev. Min Max
M15 -0.520 2.992 -26.991 -0.035
M25 0.066 0.066 0.022 0.573
M35 -0.362 0.473 -2.488 -0.091
M45 -0.017 0.011 -0.091 -0.007

In this application, the average elasticities are generally negative, and
inelastic, although some of the individual elasticities are highly elastic. This
indicates that the shadow price ratios may be somewhat unresponsive to
changes in the relative function and agricultural values. While typically
quite low in magnitude, the vegetation function elasticity is positive (the
shadow price ratio is still positive), which implies that as the share of agri-
cultural value increases, it may become (slightly) less costly to improve the
vegetation function.
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CONCLUSION

This work extends the production frontier approach to valuation to the
wetlands literature, by using the directional output distance function to
derive shadow price estimates for a set of wetland functions in the Nan-
ticoke River watershed. The estimation procedure adapts the bootstrap
methods developed for DEA estimation to the quadratic directional output
distance function. The results suggest that the value of improved wetland
function outweighs the potential value of agricultural production for some
areas within the watershed. The average estimated value of improved wet-
land function is also roughly in line with the permanent easement payments
currently being offered by the WRP for the study area. In practice, this
approach could be used to target conservation and restoration funding, by
programs such as the WRP, to the wetland areas where improved condition
is most valuable.

There may be advantages to using the production frontier approach,
as opposed to other methods, to value wetlands in some circumstances.
For instance, when trying to value wetland function, explanation of the
relevant hydrological and biological processes may be overly complicated for
survey-based valuation methods. Alternatively, connecting these functions
to their associated ecosystem services, which may be easier to describe for
contingent valuation, requires quantification of the function-to-service link.
The hedonic property price methods used to value urban wetlands are not
always easily transfered to rural areas, where there is less house price data
available and observations are more dispersed. While it may be possible to
value some wetland functions, such as groundwater recharge, as productive
inputs, the input role of other functions, such as vegetation coverage, may
be less apparent.

That said, there are also limitations to the production frontier approach,
and more importantly, its application in this study. The output frontier is
used to value the tradeoffs between wetland function and agricultural pro-
duction. This measure of wetlands value reflects the opportunity cost of
foregone agricultural production, a private market value, and thus is likely
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to underestimate the social value of wetlands. This limitation is not of
course unique to the production frontier approach, and can also downward-
bias hedonic and input value estimates. The assumptions made to charac-
terize the output set may not always be realistic. For instance, if different
aspects of wetland condition are closely related (in this application, the
function scores have relatively low correlation statistics) the free dispos-
ability assumption may be inapporpriate. Land serves as the only input in
this application, which ignores other possible inputs, such as agricultural
inputs or conservation measures. This application could also be enhanced
by a physical model of the effects of agricultural practices (e.g., irrigation,
tillage, chemical use) on each of the wetland functions.

More generally, this work illustrates a way to link the data used for
ecological assessment of wetlands to economic valuation. Ecological assess-
ment focuses largely on indicators of wetland function (such as the HGM
indicators included here), yet relatively few studies in the existing wetlands
valuation literature examine the value of wetland function, particularly with
similar ecological data. Integrating the findings from both disciplines into
socially beneficial wetlands management policy will require bridging this
apparent disconnect.
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