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Recent advances in wireless technologies have helped the proliferation of wireless

devices, ranging from hand-held devices such as cellular phones to more powerful

mobile computing platforms as such laptops [1]. Along with that, the end users’

applications running on these devices, ranging from text message to multimedia

applications such as audio and video streamings, also have been growing explo-

sively. Unfortunately, as compared to wired networks, wireless networks are even

less reliable due to interference and fading. As a result, providing Quality of

Service (QoS) such as a guarantee on minimum bandwidth and maximum delay

for multimedia applications over wireless networks is a major challenge. Com-

pounded to the problem, the current wireless networks such as Wi-Fi were not

designed for efficient provisioning of network resources in order to guarantee some

pre-specified QoS.



That said, building new wireless infrastructures that provide abundant ca-

pacity will guarantee QoS for wireless multimedia applications without resolving

to complex resource provisioning mechanisms. Such an approach, however, is

costly and resource inefficient. A compromised approach is to find techniques

for increasing the network capacity without substantially changing the wireless

network infrastructure. One promising approach is the recent development of

network coding (NC) paradigm which has been shown to improve performance

and efficiency of wireless networks. Potential benefits of network coding range

from bandwidth and power efficiency to robustness and network dynamics. How-

ever, our current understanding on the optimal integration of network coding in

the existing network protocols is rather limited. Furthermore, many NC benefits

are often theoretically derived or obtained via simulations in idealized settings.

To that end, the main scope of this dissertation aims at an in-depth understand-

ing of network coding, its potential benefits, and trade-offs in typical real-world

scenarios. The dissertation contributions can be summarized into three thrusts.

In the first thrust, we consider single-hop wireless networks such as Wi-Fi or

WiMAX networks, where the access point (AP) or base station (BS) has the abil-

ity to intercept and mix packet belonging to different flows from the Internet to

multiple wireless users. We investigate a hybrid network coding technique to be

used at a BS or AP to increase the throughput efficiency of the networks. Tradi-

tionally, to provide reliability, lost packets from different flows (applications) are



retransmitted separately, leading to inefficient use of wireless bandwidth. Using

the proposed hybrid network coding approach, the BS encodes these lost pack-

ets, possibly from different flows together before broadcasting them to all wireless

users. In this way, multiple wireless receivers can recover their lost packets si-

multaneously with a single transmission from the BS. Furthermore, simulations

and theoretical analysis showed that when used in conjunction with an appro-

priate channel coding technique under typical channel conditions, this approach

can increase the throughput efficiency up to 3.5 times over the Automatic Repeat

reQuest (ARQ), and up to 1.5 times over the HARQ techniques.

In the second thrust, we investigate the achievable throughput for scenarios

involving prioritized transmissions. Prioritized transmissions are useful in many

multimedia networking applications where the transmitted data have an inherent

hierarchy such that a piece of data at one level is only useful if all the pieces of

data at all the lower levels are present. We investigate the achievable throughput

of prioritized transmissions from a source to multiple receivers via a shared and

lossy channel. In particular, we assume that the source is an oracle such that it

knows precisely whether a packet is lost or received at any receiver in any future

time slot, thus it can schedule the packet transmissions in such a way to maximize

the receiver throughputs. We show that using network coding technique, the

achievable throughput region for the broadcast scenarios can be substantially

enlarged. Furthermore, for some erasure patterns, the achievable throughput



using network coding technique is optimal in the sense that no scheme can do

better. In addition, a class of approximate algorithms based on the Markov Chain

Mote Carlo (MCMC) method have been proposed for obtaining the maximum

sum throughput. Theoretical analysis and simulation results have been provided

to verify the correctness and convergence speed of the proposed algorithms.

In the third thrust, we propose a framework for adaptively optimizing the

quality of service of multiple data flows in wireless access networks via network

coding. Specifically, we consider scenarios in which multiple flows originate from

multiple sources in the Internet and terminate at multiple users in a wireless

network. In the current infrastructure, the wireless base station is responsible

for relaying the packets from the Internet to the wireless users without any mod-

ification to the packet content. On the other hand, in the proposed approach,

the wireless base station is allowed to perform network coding by appropriate

linear mixing and channel coding of packets from different incoming flows be-

fore broadcasting a single flow of mixed or coded packets to all wireless users.

Each user then uses an appropriate decoding method to recover its own packets

from the set of coded packets that it receives. Theoretically, we showed that

for the given channel conditions and QoS requirements, appropriate mixing and

channel coding of packets across different flows can lead to substantial quality

improvement for both real-time and non-real time flows. On the other hand,

blind mixing can be detrimental. We formulate the mixing problem as a combi-



natorial optimization problem, and propose a heuristic algorithm based on the

simulated-annealing method to approximate the optimal solution. Simulation re-

sults verify the performance improvement resulting from the proposed approach

over the non-network coding and the state-of-the-art network coding approaches.
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Chapter 1 – INTRODUCTION

Recent advances in wireless technologies have helped the proliferation of wireless

devices, ranging from hand-held devices such as cellular phones to more powerful

mobile computing platforms as such laptops [1]. Along with that, the end users’

applications running on these devices, ranging from text message to multimedia

applications such as audio and video streamings, also have been growing explo-

sively. Unfortunately, as compared to wired networks, wireless networks are even

less reliable due to interference and fading. As a result, providing Quality of

Service (QoS) such as a guarantee on minimum bandwidth and maximum delay

for multimedia applications over wireless networks is a major challenge. Com-

pounded to the problem, the current wireless networks such as Wi-Fi were not

designed for efficient provisioning of network resources in order to guarantee some

pre-specified QoS.

That said, building new wireless infrastructures that provide abundant ca-

pacity will guarantee QoS for wireless multimedia applications without resolving

to complex resource provisioning mechanisms. Such an approach, however, is

costly and resource inefficient. A compromised approach is to find techniques

for increasing the network capacity without substantially changing the wireless

network infrastructure. One promising approach is the recent development of net-
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work coding (NC) paradigm which has been shown to improve performance and

efficiency of wireless networks. Potential benefits of network coding range from

bandwidth and power efficiency to robustness and network dynamics. However,

our current understanding on the optimal integration of network coding in the

existing network protocols is rather limited. Furthermore, many network coding

benefits are often theoretically derived or obtained via simulations in idealized

settings. We now begin with a review of some fundamentals of network coding

techniques for both wired and wireless networks.

1.1 Overview of Network Coding

The concept of network coding was first introduced in the pioneering work of

Ahlswede et al. in 2000 [3]. Since then, it has attracted significant attention from

coding and networking research communities. As evident, the number of articles

on network coding has been increased significantly in the last few years [56].

There are now multiple symposiums and workshops dedicated to network coding

theories and applications. Network coding can be viewed as a generalized routing

scheme in which the intermediate nodes are allowed to mix data from multiple

incoming links before sending the mixed data onto the outgoing links. This is in

stark contrast to the popular store-and-forward routing scheme implemented in

most current networks where the intermediate nodes simply forward the received
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data. This new transmission paradigm offers several benefits, including through-

put improvement and increase in network reliability and robustness. Importantly,

it was shown that multicast capacity can be achieved for many networks by using

network coding. Shortly after the introduction of network coding, Li et al. [35]

have proved that using linear codes, i.e., an output data packet is generated as a

linear combination of packets on different incoming links, is sufficient to realize

the multicast capacity as achieved by the maximum flow bounds on a network. In

addition, Koetter et al. [34] have presented an algebraic framework for studying

capacity issues in arbitrary networks and robust networking using linear codes.

The authors have provided necessary and sufficient conditions for the feasibility

of any set of connections over a given network. Specifically, a connection be-

tween the solutions to network problems and the theory of well-established field

of mathematics has been made.

Network coding techniques have also been used widely to improve through-

put, energy efficiency, and robustness of wireless networks. Particularly, Nguyen

et al. [42] have proposed an XOR-based network coding for wireless broadcast net-

works. In this work, the authors have shown that by combining the lost packets

together before broadcasting them to all receivers, the source can save a num-

ber of retransmissions. Also, Tran et al. [54] have shown that by joining network

coding and appropriate channel coding, the network throughput efficiency can be

improved up to 3.5 times over the traditional approach ARQ. In addition, by us-
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ing the Markov Decision Process (MPD) [41] and Deterministic Markov Decision

Process (DMDP) [52], the authors have shown that network coding can be used

to improve the network throughput and media quality. Furthermore, the net-

work throughput region can be substantially enlarged in prioritized transmission

scenarios consisting of an oracle source and multiple wireless users [55].

The benefits of network coding have been further studied in multi-hop wireless

networks. The main idea in this research theme is to exploit the natural propa-

gation of wireless signals; thus, by one transmission, several neighboring nodes of

a sender can receive the transmitted data. Wu et al. [60] have shown a wireless

data exchange example in which the relay node uses network coding to reduce

the number of transmissions. Moreover, Katti et al. [31] have demonstrated a

practical network coding system, namely, COPE, in wireless ad hoc networks to

improve the network throughput. It has been shown that by allowing the nodes

snoop on the medium, learn the neighbors’ status, and detect coding opportu-

nities, network coding technique can offer several-fold gain in throughput. In

addition, the transmission delay using network coding has been investigated [20].

In ad hoc wireless networks, topologies are highly dynamic. As a result, a

network protocol works well if only it operates distributively. This designing task

is difficult with the traditional routing protocol, store-and-forward. It, however,

turns out that network coding can offer a key to solve this problem [30]. In this

work, the experimental results have shown that the network throughput gain
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depends on the network traffic patterns. Hence, in order to work efficiently, the

network protocol using network coding needs having a mechanism to control the

information flows to maximize the coding opportunities.

In addition, it has been shown that network coding can be used to maxi-

mize energy efficiency for wireless networks. Lun et al. [15] have shown that the

problem of minimum-energy multicast in lossless wireless networks with omni-

directional antennas can be approximated by a linear optimization function with

a distributed solution. Furthermore, Tran et al. [49],[50] and Wu et al. [59] have

shown that network coding can be used to reduce the energy consumption in

wireless ad hoc networks. Particularly, the later has proved that the minimum

energy-per-bit can be achieved by using linear network coding for multi-hop wire-

less networks. Specifically, the solution can be found in polynomial time algo-

rithm, in contrast with the NP-hard problem of constructing of minimum-energy

multicast tree using the store-and-forward routing method.

To realize network coding in practice, often careful attention must be paid

to the overhead of data exchange and complexity of scheduling protocols for

coordinated communication between the intermediate nodes in a network. In

2006, Ho et al. [25] proposed a seminal work, namely, random network coding

(RNC). The main idea of the random network coding is to allow the intermediate

nodes to select independently and randomly linear mappings from their incoming

links onto outgoing links over some large finite field. It was shown that using RNC
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we can achieve the network capacity with a probability approaching 1. This work

has made network coding techniques become more practical in the communication

networks.

1.2 Network Coding Fundamentals

In this section, we describe the basic notions, network model, and encoding model

for the network coding techniques.

1.2.1 Network Model

A communication network is modeled as a directed graph G = (V,E), where V

is a set of network nodes and E is a set of links. We assume that the information

is transmitted in packets, and each packet is described by a binary vector with

a length of n bits. The n-bit length packet can be represented as an element

of some finite field Fq = GF (q), where n = log2(q). This assumption does not

result in a loss of generality since a larger size packet can always be truncated

into n-bit packets. Furthermore, we assume that the transmission is performed

in rounds, and at each round, a network link can carry at most one packet. A

multicast coding network is defined by a triple N(G,S,R), where G, S, and R,

respectively, represent the network graph G = (V,E), a source node S ∈ V , and

a set of receivers R ∈ V .
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The capacity of a multicast coding network is defined as the tightest upper

bound on the amount of information transmitted from the source node to the

receivers in one transmission round. Thus, the network capacity has its upper

bound as the Min-Cut in the graph G that separates the source and receivers.

In particular, if we denote c(i) the maximum amount of information transmitted

from the source to the receivers in i rounds, then the multicast network coding

capacity is computed as [48]

C = lim
i→∞

sup
c(i)

i
. (1.1)

Note that the capacity equation in (1.1) holds for an acyclic network, but not

necessarily holds for a network consisting of cycles. A counterexample can be

found in [48].

1.2.2 Encoding Model

In this section, we formally define the linear network encoding model. For the

sake of clarity, we consider an acyclic coding network N(G,S,R) having unit

capacity links. Moreover, we assume that a node only sends its data onto the

outgoing links after it has received all the data from its incoming links. Let an

edge of the graph, e = (v, u) ∈ E, represents a communication link in the coding

network. We denote v = T (e) and u = H(e) as the tail and head nodes of edge
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Figure 1.1: An example of linear packet encoding at an intermediate node.

e, respectively. Data packet transmitted on edge e is denoted as Y (e), which is a

function of packets Y (e′) transmitted on edges e′ such that e′ ∈ E and v = H(e′).

We associate each pair of edges (e′, e) with a coefficient αe′,e that is selected from

the finite field Fq = GF (q). Thus, we have

Y (e) =
∑

e′:H(e′)=v

αe′,e.Y (e′). (1.2)

Note that all these operations are performed over the finite field Fq.

Definition 1.2.1. (Linear network code). Let Fq = GF (q) be a finite field,

and N(G,S,R) be a coding network. The mappings from the incoming to outgoing

packets with coefficients

{αe′,e ∈ Fq|e′, e ∈ E} (1.3)

is referred to as a linear network code for N(G,S,R).

We consider network nodes as illustrated in Figure 1.1. Assume that a node

v has m discrete independent random inputs as sequences of packets denoted
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by x = {X(v, i), i = 1, . . . ,m)}. The packet on the outgoing edge e of the

intermediate node v is a linear combination of packets on its incoming edges e′

and packets generated by the node itself, i.e.,

Y (e) =
m∑
i=1

αi,eX(v, i) +
∑

e′:H(e′)=v

αe′,eY (e′), (1.4)

where coefficients αi,e and αe′,e are elements of the finite field Fq.

1.2.3 Coding Advantage: An Example

In this section, we illustrate the coding advantage of the network coding approach

over the store-and-forward routing method. Consider a communication network

shown in Figure 1.2, which consists of two sources, S1 and S2, and two sinks,

R1 and R2. The sources simultaneously want to transmit data to both sinks.

Moreover, we assume that each link has a unit capacity, i.e., one packet per time

unit.

In the traditional routing method, the data packets are transmitted over two

Stainer trees1 as depicted in Figures 1.2(a) and (b). Specifically, the first tree

delivers packet a from the source S1 to two sinks R1 and R2, while the other

tree delivers packet b generated by the source S2. However, the two trees share

a common link UW , thus, the multicast with two information sources cannot be

1A tree connects the source to the sinks, and it may contain many other nodes.
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Figure 1.2: A canonical example of network coding: traditional routing method
(store and forward), (a) and (b), cannot achieve multicast capacity; whereas
network coding approach, (d), can achieve it by mixing data at the intermediate
node U . Here ⊕ denotes the bitwise exclusive operation (XOR).

performed.

We now consider the network coding approach in which the mapping function

is bitwise exclusive (XOR). As shown in Figure 1.2(d), once the intermediate node

U receives both packets a and b, it generates a new packet a⊕ b and transmits it

onto the link UW . This is possible since the combined packet has the same size as

the original packet. The combined packet is then forwarded to the sinks by node

W . As seen, both sinks can recover the transmitted packets a and b by using

XOR operation on the data received from their incoming edges. Particularly, the

sink R1, for example, can recover packet b as b = a⊕ (a⊕ b). Similar procedure

can be applied for the sink R2. Hence, both sinks can receive two data packets

per time unit. In other words, with network coding approach, we can resolve

the multiple-source multicast problem that cannot be solved with the traditional

approach.
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Figure 1.3: A point-to-point connection in a simple network. This example was
introduced by Koetter et al. [34].

1.3 Algebraic Framework

Rooted from the work by Li et al. [35], Koetter et al. [34] have presented how

to find the coefficients of the linear encoding and decoding functions by finding

values for the indeterminates of a polynomial for which the polynomial is non-

zero. The main idea of the framework is illustrated via a simple example shown

in Figure 1.3.

We consider a network consisting of a source s and a single sink r. Let

x = [X(s, 1), X(s, 2), X(s, 3)] denote the vector of input processes observed at

s, and z = [Z(r, 1), Z(r, 2), Z(r, 3)] be the output processes at the sink. We

now show how the output z relates to the input x given the network topology.

Specifically, we have
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Y (ei) =
3∑

j=1

αei,jX(s, j) (i = 1, 2, 3) (1.5)

Y (el) =
2∑

j=1

βej ,elY (ej) (l = 4, 5) (1.6)

Y (et) =
4∑

j=3

βej ,etY (ej) (t = 6, 7) (1.7)

Z(r, k) =
7∑

j=5

ϵej ,kY (ej) (k = 1, 2, 3) (1.8)

where all parameters αei,j, βej ,el , βej ,et , ϵej ,k are elements of the finite field Fq.

Let y1 = [Y (e1), Y (e2), Y (e3)] represent the data packets on the outgoing

edges of the source s, and

A =


αe1,1 αe2,1 αe3,1

αe1,2 αe2,2 αe3,2

αe1,3 αe2,3 αe3,3

 , (1.9)

then, we have y1 = x.A. Moreover, let y2 = [Y (e5), Y (e6), Y (e7)],

G =


βe1,e5 βe1,e4βe4,e6 βe1,e4βe4,e7

βe2,e5 βe2,e4βe4,e6 βe2,e4βe4,e7

0 βe3,e6 βe3,e7

 , (1.10)
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and

B =


ϵe5,1 ϵe6,2 ϵe5,3

ϵe6,1 ϵe6,2 ϵe6,3

ϵe7,1 ϵe7,2 ϵe7,3

 . (1.11)

It then can be verified that y2 = y1.G and z = y2.B. Furthermore, let M denote

the system transfer matrix of the the network

M = A.G.B. (1.12)

Hence, the output vector z at the sink r can be presented by the input x at the

source s and the transfer matrix M as

z = x.M. (1.13)

In order to exist a linear network code, the system of equations above must

be solvable. In other words, the system transfer matrix M must be invertible,

implying that its determinant, det(M) = det(A) det(G) det(B), must be non-

zero over the finite field Fq. A simple solution to the network code problem

above is to choose the matrix A as an identity matrix, and matrix B so that

the transfer matrix M becomes an identity matrix. Koetter et al. [34] showed

that there exists an infinite number of solutions to the problem, namely, all

assignments to parameters which render a non-zero determinant of the transfer
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matrix M.

1.4 Random Network Coding

Ho et al. [25] proposed a method to find a feasible network code for multi-source

multicast networks by using a randomized algorithm. The key idea of the ran-

domized network code algorithm is to have the intermediate nodes independently

and randomly select their mappings from the incoming data packets to the out-

going data packets. Particularly, the authors showed that if the size of the finite

field is chosen large enough, each set of the coefficients drawn randomly uniformly

at different nodes is linearly independent with high probability.

For the sake of clarity, let us consider a simple example as follows. Assume

that there are m original n-bit packets {Xi, i = 1, . . . ,m} generated by one or

several sources. The multicast problem is to transmit all the source packets

to each of the sinks. With randomized network coding, the source nodes do

not transmit the original packets separately but encode them, i.e., data packet

transmitted on an outgoing edge j is

cj =
m∑
i=1

αj,iXi, (1.14)

where αj,i are chosen randomly from the finite field Fq. Similarly, at an interme-

diate node v, the outgoing packet on edge e is a linear combination of packets on



15

the incoming edges e′. That is,

ce =
∑

e′:v=H(e′)

βe′,ece′ , (1.15)

where βe′,e are also selected randomly from the field Fq.
2

Assume the receiver has received n encoded packets. The original packets can

be recovered by solving a set of n equations for m unknowns {Xi, i = 1, . . . ,m}.

Since this is a linear equation system, the receiver needs to collect at least m

linear independent encoded packets. It has been proved that when the size of the

finite field is large enough, the number of packets required to recover the original

packets is equal to m with a probability close to 1. As shown, by using RNC, the

nodes in the networks do not need communicating with each other to provide a

network code with high probability.

1.5 Network Coding for Wireless Networks

Joint network coding and wireless packet networks has attracted significant at-

tention from researchers, which is presented by numerous papers on the sub-

ject [8],[30],[31],[58]–[60],[64]. The main idea of wireless network coding is to

exploit the natural characteristic of wireless signal propagation. That is, the sig-

nal transmitted by a node may reach several other nodes, and a node may receive

2By induction we can prove that ce is also a linear combination of the original packets
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Figure 1.4: Information exchange in a wireless network first introduced in [60].
(a) Traditional method requires 4 transmissions; (b) Network coding needs only
3 transmissions.

signals from several other nodes simultaneously. Therefore, by properly combin-

ing different packets before transmitting, a node can deliver useful information

to multiple neighboring nodes by a single transmission. This section provides an

overview of some recent developments on wireless network coding.

We first consider an example of wireless information exchange as shown in

Figure 1.4. Two nodes R1 and R2, respectively, have two packets a and b, and

they want to exchange these packets via a relay node R. This is because the

communicating nodes are out of the transmission range of each other.

With the traditional method, store and forward, the source R1 first sends

packet a to the relay node, then the relay node forwards this packet to the

terminal node R2. It takes two transmissions to deliver packet a from R1 to R2.

Similarly, in order to send packet b from the source R2 to the terminal node R1,

we also need two transmissions. Therefore, it takes 4 transmissions to exchange
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two data packets between R1 and R2. The transmission schedule is illustrated in

Figure 1.4.(a).

We now consider the network coding approach. At the first and second time

slots, R1 and R2, respectively, send packets a and b to the relay node. Once the

relay node receives two packets a and b, it generates a combined packet as a⊕ b

and broadcasts it to both R1 and R2. At R1, b can be recovered as b = a⊕ (a⊕b)

since packet a has been already available at R1. Similarly, a can be decoded

at R2 as a = b ⊕ (a ⊕ b). Thus, it takes only 3 transmissions to complete the

information exchange.

In fact, network coding can save more network resources in some networks

if the transmission scenarios consist of a large number of nodes and data flows.

Especially, Katti et al. [30] and Hamra et al. [23] showed some special networks

such as chain, cross, and wheel topologies, network coding technique significantly

improves the network throughput compared with that of the traditional method.

1.6 Main Scope of the Dissertation

The main scope of this dissertation aims at in-depth understanding of network

coding, its potential benefits, and trade-offs in typical real-world scenarios. The

dissertation contributions can be summarized as follows.

In Chapter 2, we consider single-hop wireless networks such as Wi-Fi or
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WiMAX networks, where the access point (AP) or base station (BS) has the

ability to intercept and mix packet belonging to different flows from the Internet

to multiple wireless users. We investigate a hybrid network coding technique to be

used at a BS or AP to increase the throughput efficiency of the networks. Tradi-

tionally, to provide reliability, lost packets from different flows (applications) are

retransmitted separately, leading to inefficient use of wireless bandwidth. Using

the proposed hybrid network coding approach, the BS encodes these lost pack-

ets, possibly from different flows together before broadcasting them to all wireless

users. In this way, multiple wireless receivers can recover their lost packets si-

multaneously with a single transmission from the BS. Furthermore, simulations

and theoretical analysis showed that when used in conjunction with an appro-

priate channel coding technique under typical channel conditions, this approach

can increase the throughput efficiency up to 3.5 times over the Automatic Repeat

reQuest (ARQ), and up to 1.5 times over the HARQ techniques.

In Chapter 3, we investigate the achievable throughput for scenarios involv-

ing prioritized transmissions. Prioritized transmissions are useful in many mul-

timedia networking applications where the transmitted data have an inherent

hierarchy such that a piece of data at one level is only useful if all the pieces of

data at all the lower levels are present. We investigate the achievable throughput

of prioritized transmissions from a source to multiple receivers via a shared and

lossy channel. In particular, we assume that the source is an oracle such that it
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knows precisely whether a packet is lost or received at any receiver in any future

time slot, thus it can schedule the packet transmission in such a way to maximize

the receiver throughputs. We show that using network coding technique, the

achievable throughput for the broadcast scenarios can be substantially enlarged.

Furthermore, for some erasure patterns, the achievable throughput region using

network coding technique is optimal in the sense that no scheme can do bet-

ter. In addition, a class of approximate algorithms based on the Markov Chain

Mote Carlo (MCMC) method have been proposed for obtaining the maximum

throughput. Theoretical analysis and simulation results show the correctness and

the convergence speed of the proposed algorithms.

In Chapter 4, we propose a framework for adaptively optimizing the quality

of service of multiple simultaneous flows in wireless access networks via network

coding. Specifically, we consider the typical scenario in which multiple flows

originate from multiple sources in the Internet and terminate at multiple users

in a wireless network. In the current infrastructure, the wireless base station

is responsible for relaying the packets from the Internet to the wireless users

without any modification to the packet content. On the other hand, in the pro-

posed approach, the wireless base station is allowed to perform network coding

by appropriate linear mixing and channel coding of packets from different in-

coming flows before broadcasting a single flow of mixed or coded packets to all

wireless users. Each user then uses an appropriate decoding method to recover
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its own packets from the set of coded packets that it receives. We show that

in principle, for the given channel conditions and QoS requirements, appropriate

mixing and channel coding of packets across different flows can lead to substantial

quality improvement for both real-time and non-real time flows. On the other

hand, blind mixing can be detrimental. We formulate this mixing problem as a

combinatorial optimization problem, and propose a heuristic algorithm based on

simulated-annealing method to approximate the optimal solution. Simulation re-

sults verify the performance improvement resulting from the proposed approach

over the non-network coding and the state-of-the-art network coding approaches.

1.7 Organization of the Dissertation

The dissertation is organized into five chapters. Individual chapters are written

with an aim that each can be a stand-alone document with separate and sufficient

background and related work. In Chapter 1, we provide preliminaries on network

coding and some related work. Chapter 2 focuses on a hybrid network coding

technique for single-hop wireless networks. We then investigate the achievable

throughput of prioritized transmissions via network coding in Chapter 3. Next,

in Chapter 4, we present an adaptive network coding technique for maximizing

the QoS in wireless access networks. Finally, we conclude the thesis with a few

remarks and future work in Chapter 5.
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Chapter 2 – A HYBRID NETWORK CODING TECHNIQUE

FOR SINGLE-HOP WIRELESS NETWORKS

2.1 Introduction

In today communication networks such as the Internet and wireless ad hoc net-

works, data delivery is performed via store-and-forward routing. That is, interme-

diate routers do not alter the content of the packets as they traverse hop-by-hop

from a source to a destination. In contrast, network coding (NC) [3] is the gen-

eralized approach to packet routing that allows an intermediate router to encode

an outgoing packet by mixing multiple incoming packets appropriately. In this

way, it is theoretically possible to achieve the throughput capacity of an arbitrary

multicast session, while this is not possible with the traditional store-and-forward

routing techniques.

However, supporting sophisticated functionalities at intermediate routers goes

against the end-to-end design principle by Saltzer et al. [44] which argues for

simple routers to increase performance and scalability. On the other hand, it is

possible to employ NC at places where additional complexity can be justified,

e.g., wireless base stations (BS) in WiMAX networks or access points (AP) in

Wi-Fi networks. That said, in this chapter, we consider the scenarios where the
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BS/AP has the ability to intercept and mix packets belonging to different flows

from the Internet to multiple wireless users.

Let us consider a TCP flow originates from a source in the Internet and

terminates at a wireless receiver. If a packet is lost at the last mile wireless

link, this packet is automatically retransmitted from the source, not from the

BS. This design follows the end-to-end argument in keeping the functionality

of the BS simple. On the other hand, this approach has been shown to be

bandwidth inefficient due to the adverse affect it has on TCP [5]. In this chapter,

we also argue for breaking the end-to-end principle, but from a coding perspective

to increase the wireless throughput efficiency. Specifically, we show that the

wireless bandwidth can be efficiently utilized by allowing retransmissions to be

performed at the BS, and more importantly, by proper mixing of lost packets from

multiple flows. This is in stark contrast to the existing techniques such as the

Automatic Request (ARQ) or Hybrid-ARQ (HARQ) protocols where lost packets

from different flows are retransmitted individually.

That said, existing approaches to transmit information reliably and effectively

over an error-prone network employ either the Auto Repeat reQuest (ARQ), For-

ward Error Correction (FEC), or Hybrid ARQ (HARQ) techniques [28]. Using

the retransmission approach, the source simply retransmits the lost data. This

approach assumes that the receivers can somehow communicate to the source

whether or not it receives the correct data. On the other hand, using the FEC
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approach, the source encodes additional information together with the original

data before broadcasting them to the receivers. If the amount of lost data is suffi-

ciently small, a receiver can recover the lost data using some decoding techniques.

The HARQ approach combines both of those techniques.

The HARQ techniques have been shown to be quite effective in many wire-

less transmission scenarios. As such, our proposed technique employs both the

NC and HARQ approaches (NC-HARQ) to increase the throughput efficiency in

single-hop wireless networks such as Wi-Fi or WiMAX. In particular, the BS or

AP does not retransmit a lost packet belonging to a particular flow immediately.

Rather, it maintains a queue of lost packets from all the flows, and periodically

retransmits the appropriately coded packets to all the wireless users. A coded

packet is formed by performing bit-wise exclusive-or of multiple lost packets in

the queue. Assuming that a receiver can hear and cache all the transmissions,

including transmissions for other receivers, using this method, one transmission

from the BS enables multiple receivers to recover their lost packets simultane-

ously. Furthermore, we show that, adding the right amount of Forward Error

Correction (FEC) can result in much higher throughput efficiency. Specifically,

our contributions include some analytical results on the throughput efficiencies

of the proposed and existing techniques, together with a heuristic algorithm that

dynamically selects the optimal amount of FEC for the given channel conditions.

The organization of this chapter is as follows. We first discuss some related
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work in Section 2.2. In Section 2.3, we describe the problem formulation in the

context of Wi-Fi/WiMAX networks. In Section 2.4, we provide some theoretical

analysis on the performance of ARQ, HARQ, the proposed NC and NC-HARQ

techniques under different channel conditions. Based on these analysis, we de-

scribe a heuristic algorithm that dynamically chooses the optimal amount of

redundancy to be used with NC in Section 2.4.3. In Section 2.5, we present the

jointly achievable throughput region for the NC technique. Simulation results

and discussions are provided in Section 2.6. Finally, we conclude with a few

remarks and future work in Section 2.7.

2.2 Related Work

Our work is rooted in the recent development of NC for wireless ad hoc net-

works [16],[21],[30],[60]. In [60], Wu et al. proposed the basic technique that

uses XOR of packets to increase the throughput efficiency of a wireless mesh

network. In [30], Katti et al. implemented an XOR-based technique in a wireless

mesh network and showed a substantial bandwidth improvement over the current

approach.

Incidentally, our problem is most similar to the index coding with side in-

formation problem first proposed by Birk and Kol [7], and Bar-Yossel et al [6].

Subsequently, the connection between the index coding problem and matroid
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theory has been investigated by Rouayheb et al. [43]. In both our problem and

the index coding problem, the sender wants to broadcast a message xi ∈ X to

receiver Ri. Each receiver is assumed to have some side information on the sub-

set of X. The goal is to find an encoding method that minimizes the number

of transmissions so that every receiver can correctly receive its message. On the

other hand, majority of literature on index coding assumes a noiseless commu-

nication channel between the receivers and the sender, while dealing with noisy

communication is essential to our problem. Therefore, the analysis and focus

of the two problems are quite different. Specifically, our solution gears towards

designing a transmission protocol that can be implemented in future Wi-Fi and

WiMAX networks.

Our work is also related to the wireless broadcast model proposed by Eryilmaz

et al. [20]. In this work, Eryilmaz et al. proposed a random network coding

technique for multiple users downloading a single file or multiple files from a

wireless base station. Rather than using XOR operations, their technique encodes

every packet using coefficients taken randomly from a sufficiently large finite field

[26], [24]. This technique guarantees that the receivers can decode the original

data with high probability. Another work is somewhat related to ours is that of

Ghaderi et al. [22]. In [22], the authors analyzed the reliability benefit of NC

for reliable multicast by computing the expected number of transmissions using

the link-by-link ARQ technique compared to that of NC technique. Additionally,
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Rouayheb et al. [43] show the relation between index coding problem and network

coding and matroid representation problems. Especially, the authors have shown

that vector linear codes outperform scalar linear codes but they are insufficient

for achieving the optimum number of transmissions.

There are other works on multi-hop wireless networks with multiple unicast

sessions. Li et al. [64], [36] have shown that NC can provide marginal benefits

over the approaches that do not use NC. Also, Lun et al. [37] shows a capacity-

approaching coding technique for unicast or multicast over lossy packet networks

in which all nodes perform opportunistic coding by constructing encoded packets

with random linear combinations of previously received packets. There is also

a rich literature on ARQ, FEC, and HARQ techniques for wireless networks

[10],[29],[46].

2.3 Problem Description

In a typical data transmission from the Internet to a wireless user in a Wi-Fi or

WiMAX network, packets first traverse through a wireless base station (BS) or

an access point before arriving at the users. Since multiple flows (applications)

traversing the BS, it has the opportunity to apply NC techniques to improve the

overall throughput efficiency of the last wireless link. That said, this chapter

focuses on the transmissions between the BS and the receivers. In particular,
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we assume that the BS employs a buffer to avoid excessive packet drop due to

burst traffic from the Internet. Thus, at any time, the BS has a set of packets Ω,

to be delivered to a number of receivers. Each receiver may request a different

subset of Ω, which from the BS’s viewpoint, corresponds to supporting different

unicast sessions. A special case arises when all receivers request all packets in

Ω, which corresponds to a broadcast session. Although, a typical scenario is a

mixture of unicast and broadcast in which more than one receiver request the

same subset of packets, in this chapter, we consider the unicast and broadcast

sessions separately. That said, we make the following assumptions about the

wireless channel model and the transmission mechanisms.

1. There are K > 1 receivers.

2. Data is assumed to be sent in packets, and each packet is sent in a time

slot of a fixed duration.

3. The BS knows which packet from which receiver is lost. This can be

accomplished through the use of positive and negative acknowledgments

(ACK/NAKs).

4. All ACKs/NAKs are instantaneous and reliable. This assumption is not

critical to our approach, and is used to simplify the analysis.

5. Every packet is protected with a sufficiently large number of Cyclic Redun-

dancy Check (CRC) bits r to ensure that the probability of an undetectable
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bit error within a packet is virtually zero.

6. Bit error at a receiver Ri (due to unrecoverable bit errors) follows the

Bernoulli trial with parameter pi. Furthermore, the bit errors at the re-

ceivers are uncorrelated. This model is clearly insufficient to describe many

real-world scenarios. One can develop a more accurate model, albeit com-

plicate analysis.

Given the assumptions above, we analyze the performance of the proposed

and existing techniques in the unicast and broadcast scenarios. For example in

the unicast scenario consisting of K receivers, if each receiver requests M distinct

packets. Each packet contains N bits with Li original information bits and N−Li

parity bits if FEC is employed. Thus if we assume that Li = L, the BS needs

to deliver a total of σ = M × K × L information bits successfully to all the

receivers. Because of the addition of parity bits and/or the retransmitted bits

due to channel errors, the expected number of transmitted bits δ, required to

successfully deliver all original information bits is larger than σ. Similarly, for

the broadcast scenario, since all K receivers request the same set of M packets,

the total information bits σ = M × L. That leads to the following definition

for throughput efficiency that will be used as the evaluating metric for various

transmission techniques.



29

Definition 2.3.1. The throughput efficiency of a transmission technique is de-

fined as η = σ
δ
, the ratio of the total number of information bits to the expected

number of transmitted bits.

Using this definition, a technique A is better than technique B if it results in

higher throughput efficiency. Furthermore, no technique can have a throughput

efficiency that is greater than 1. Next, we provide some theoretical analysis on the

throughput efficiencies of the proposed and of the existing retransmission-based

techniques, especially, the plain ARQ and HARQ protocols.

2.4 Analysis of Transmission Techniques

In this section, we provide some theoretical analysis on throughput efficiencies of

the ARQ, HARQ, and the proposed NC-HARQ techniques for both unicast and

broadcast scenarios.

For the sake of simplicity, we first present the analysis for the case of two

receivers, then extending our analysis to the general case of K > 2 receivers.

Note that part of this analysis have been introduced previously in a conference

paper [53]. Also, we emphasize that there are a number of parameters associ-

ated with each technique. The values of these parameters affect the throughput

efficiency of a particular technique. For example, the throughput efficiency of

the retransmission technique is greatly influenced by the packet size being used,
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while the performance of the HARQ technique depends on the amount of redun-

dancy used. Although one can find the optimal parameters to obtain the highest

throughput efficiency for each technique under the given network conditions, and

use these parameters for comparison among different techniques, doing so may

not be practical in other aspects. For example, the optimal packet size to achieve

the highest throughput efficiency for the ARQ technique might be too small or

too large to be efficiently realized in hardware. Therefore, the aim of this section

is to provide the analytical expressions for the throughput efficiencies of different

transmission techniques as a function of their parameters, and omit the optimal

selection of these parameters. When comparing the performance of two tech-

niques, we will provide the justification for choosing the ranges of the parameters

that make the most sense.

To aid the analysis, we use the following notations:

• pi: The bit error rate at receiver Ri (recall that the bit error follows a

Bernoulli trial).

• Pi: The packet loss rate at receiver Ri when FEC is not employed. Pi is a

function of pi and the packet size.

• Pfi: The packet loss rate at receiver Ri when FEC is employed. It is a

function of pi, the packet size, and the FEC protection level.

• N : The number of bits in a packet, including all data and parity bits. All
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packets have the same size.

• Li: The number of data bits in a packet intended for receiver Ri.

• RS(n, k): Reed-Solomon code with k data symbols and n − k redundant

symbols.

• m: The number of bits per a FEC symbol.

• r: The number of CRC bits used to detect bit errors in every packet. Every

technique uses the same number of CRC bits.

2.4.1 Some Existing Retransmission-based Techniques

In this section, we provide some analysis on throughput efficiency for some

retransmission-based techniques for both unicast and broadcast scenarios. We

first begin with the well-known Automatic Repeat reQuest protocol.

2.4.1.1 Automatic Repeat reQuest (ARQ) Technique

ARQ is the simplest retransmission-based protocol between a sender and a re-

ceiver. Here, the sender first sends a packet to the receiver and waits for an ACK

or NAK message from the receiver. Each packet contains a number of check bits

that allow the receiver to detect whether bit errors have occurred during transit.
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If an error is detected, the receiver will send a NAK message to the sender. If

the sender receives a NAK, it retransmits the packet in error (lost packet). On

the other hand, if the sender receives an ACK, it transmits the next packet. Of

course, the ACK and NAK messages themselves can be lost. In this case, the

sender can set a maximum waiting time for the ACK and NAK messages. If

these messages do not arrive before the deadline, the sender retransmits the lost

packet. For ease of analysis, in this chapter, we assume that ACK and NAK

messages are never lost, but we note that the analysis can be easily modified to

incorporate these lost ACK/NAK messages.

That said, in a unicast scenario involving multiple receivers, the BS sends

packets intended for different receivers in a round robin fashion. That is, the BS

ensures that a particular receiver successfully receives its packet before sending

a different packet to another receiver. In a broadcast scenario, the BS ensures

that the current packet is received successfully at all the receivers before sending

the next packet. We now present the analysis on the throughput efficiency of the

ARQ for these scenarios.

First, we assume that a packet loss occurs when there is at least one bit error

within a packet. Thus, the packet loss rate Pi of the receiver Ri can be computed

as

Pi = 1− (1− pi)
N , (2.1)

whereN denotes the packet size in bits, and pi denotes the bit error rate. Our first
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result is that, for the two-receiver broadcast scenario, the throughput efficiency

(defined in Definition 2.3.1) when using an ARQ technique is:

ηBA =
L

N( 1
1−P1

+ 1
1−P2

− 1
1−P1P2

)
, (2.2)

and for the two-receiver unicast scenario, the throughput efficiency is:

ηUA =
2L

N
(

1
1−P1

+ 1
1−P2

) . (2.3)

Proof. We start with the broadcast scenario. Let X1 and X2 be the random vari-

ables denoting the number of attempts to successfully deliver a packet to R1 and

R2, respectively. Thus, the expected number of transmissions needed to deliver a

packet successfully to all receivers is a random variable Y = maxi∈{1,2}{Xi}. The

probability of using at most k required transmissions is

P [Y ≤ k] = P

[
max
i∈{1,2}

{Xi} ≤ k

]
=

2∏
i=1

P [Xi ≤ k] =
2∏

i=1

(1− P k
i ).

Therefore,

P [Y = k] =
2∏

i=1

(1− P k
i )−

2∏
i=1

(1− P k−1
i ). (2.4)

The expected number of transmissions to successfully deliver a packet to all the
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receivers can then be computed as:

E[Y ] =
∞∑
k=1

k

(
2∏

i=1

(1− P k
i )−

2∏
i=1

(1− P k−1
i )

)

=
∞∑
k=1

k(P k−1
1 − P k

1 ) +
∞∑
k=1

k(P k−1
2 − P k

2 )

+
∞∑
k=1

k(P k
1 P

k
2 − P k−1

1 P k−1
2 )

=
1

1− P1

+
1

1− P2

− 1

1− P1P2

(2.5)

Since every transmitted packet contains L information bits, converting the aver-

age number of transmissions to bits and use the definition of throughput efficiency,

we obtain (2.2).

Let us now consider the unicast scenario. Here, each receiver wants to receive

distinct packets. The distribution on the number of transmissions before a suc-

cessful reception at a receiver follows a geometric distribution, thus the average

number of transmissions per a successful packet at receiver Ri is
1

1−Pi
. Adding

the average number of transmissions of the two receivers and converting this to

bits, yielding the average number of transmitted bits to successfully deliver two

distinct packets to two receivers. Translating packets to bits yields (2.3).

Using the same arguments, one can generalize the above results to the case

of K receivers. We have the following theorem.

Theorem 2.4.1. Using the ARQ protocol, the throughput efficiency of the K-
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receiver broadcast scenario is

ηBA =
L

N

∑
i1,i2,...,iK

(−1)i1+i2+...iK−1

1− P i1
1 P i2

2 ...P iK
K

, (2.6)

where i1, i2, ..., iK ∈ {0, 1}, ∃ij ̸= 0. And for the K-receiver unicast scenario, the

throughput efficiency is

ηUA =
K.L

N
(∑K

i=1
1

1−Pi

) . (2.7)

2.4.1.2 Hybrid ARQ (HARQ) Technique

Hybrid ARQ technique is a simple modification to the basic ARQ technique.

Here, additional error-correcting bits are inserted into each packet. If the num-

ber of bit errors is sufficiently small, and can be corrected, then no retransmission

is necessary. Otherwise, when it is not possible to correct the errors, the entire

packet is retransmitted. From the performance’s viewpoint, an HARQ technique

is equivalent to that an ARQ technique where the channel has been improved

via the use of error-correcting bits. Therefore, the throughput efficiency for pure

ARQ technique (Theorem 2.4.1) can be translated directly to the HARQ tech-

nique. The only difference is that the packet loss rates and the number of in-

formation bits have been reduced, due to the addition of error-correcting bits.

Thus, our task is simply to compute the new packet loss rates and the number of
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information bits per packet, and use Theorem 2.4.1 to determine the throughput

efficiency for the HARQ technique.

We analyze a simple Type-I HARQ technique [57] where Reed Solomon code

RS(n, k) is used for error correcting and r CRC bits for error detection. We

recall that the symbol length is m bits and each packet consists of X code blocks.

Upon receiving a packet, the receiver first performs the error correction using

RS(n, k) then error checking (detection) using CRC bits. At the receiver, we

omit combining technique, e.g., Chase Combining (CC) [57] in decoding for ease

of analysis. We now begin with the 2-receiver broadcast scenario.

Given that the symbol length is m bits, the Symbol Error Rate (SER), i.e.,

the probability of one or more bits corrupted within a symbol for a receiver Ri

is given by

SERi = 1− (1− pi)
m. (2.8)

Therefore, the irrecoverable packet loss rate Pfi for receiverRi after usingRS(n, k)

is

Pfi = 1−

[
t∑

j=0

(
n

j

)
(1− SERi)

n−j(SERi)
j

]X
, (2.9)

where t = ⌊n−k
2
⌋ and X denotes the number of code blocks within a packet.

Now, based on Theorem 2.4.1 and the fact that adding error-correcting bits

effectively change the packet loss rate, we have the following theorem regarding

the HARQ technique.
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Theorem 2.4.2. Using the HARQ protocol, the throughput efficiency of the K-

receiver broadcast scenario is

ηBF =
L

N

∑
i1,i2,...,iK

(−1)i1+i2+...iK−1

1− Pf i1
1 Pf i2

2 ...Pf iK
K

, (2.10)

where i1, i2, ..., iK ∈ {0, 1}, ∃ij ̸= 0. And for the K-receiver unicast scenario, the

throughput efficiency is

ηUF =

∑K
i=1 Li

N
(∑K

i=1
1

1−Pfi

) . (2.11)

2.4.2 Proposed Network Coding Technique

In this section, we investigate NC techniques that combine lost packets from

multiple flows to reduce the number of retransmissions.

2.4.2.1 Basic Network Coding Technique

We first investigate the basic NC technique in which error correcting bits are not

included in a packet. Incorporating error-correcting bits will be considered in

the next subsection. The receiver’s protocol is similar to that of the receiver in

the ARQ technique. That is, the receiver sends a NAK immediately if it does

not receive a packet correctly. However, the sender does not retransmit the lost

packet immediately when it receives a NAK. Instead, the sender maintains a list
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of lost packets and the corresponding receivers for which their packets are lost.

The retransmission phase starts at a fixed interval of time in terms of number

of time slots. During the retransmission phase, the sender forms a new packet

by XORing a maximum set of the lost packets from different receivers before

retransmitting this coded packet to all the receivers. Specifically, if there are K

receivers, then the maximum number of lost packets from different receivers is

K, one from each receiver, will be combined. When there are no more K distinct

lost packets from K receivers to be combined, this implies that the receiver with

the lowest packet loss rate have successfully received all its packets. Therefore,

the maximum number of lost packets from different receivers is now K − 1. The

process repeats until there remains only one receiver with lost packets. These lost

packets will be retransmitted alone. Note that each time the maximum number

of distinct lost packets from different receivers to be combined is reduced by one,

this implies that a receiver with next higher packet loss rate, has received all its

packets successfully. The last receiver is the one with the highest packet loss rate.

As shown in the proof of Theorem 2.4.3, it is possible to follow this procedure,

if the number of packets M to be sent by the sender to each receiver, is large.

More precisely, the proof of Theorem 2.4.3 shows that with probability 1, this

procedure is possible.

Even though a receiver successfully receives the coded packet, it must be able

to recover the lost packet, and it does so by XORing the coded packet with
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Figure 2.1: Combined packets for time-based retransmission for a two-receiver
wireless broadcast scenario: a1⊕ a3, a4⊕ a5, a7, a9; M = 9. Here we denote “×”
and “o” as lost and successful packets, respectively.

appropriate set of previously successful packets. The information on choosing

this appropriate set of packets is included in the packets sent by the BS.

For example, Figure 2.1 shows a pattern of lost packets (denoted by the

crosses) and successful packets (denoted by the circles) for the broadcast scenario

with two receivers R1 and R2. The combined packets are a1⊕ a3, a4⊕ a5, a7, a9,

where ai denotes the i-th packet.

Receiver R1 recovers packet a1 as a3⊕(a1⊕a3). Similarly, receiver R2 recovers

packet a3 as a1 ⊕ (a1 ⊕ a3). When the same packet loss occurs at both receivers

R1 and R2, the encoding process is not needed and the BS just has to retransmit

that packet alone. Note that the sender has to include some bits to indicate

to a receiver which set of packets it should use for XORing. Here, we assume

that all packets have the same size for all the receivers, thus can be conveniently

XORed together. The same approach can be used for the unicast scenario. The

only difference is that a receiver may have to cache packets intended for all other

receivers as well. This enables it to decode its own lost packets subsequently. We
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have the following results on the broadcast and unicast scenarios.

Theorem 2.4.3. Using the basic NC technique, when the number of packets to

be sent M →∞, the throughput efficiency for K-receiver broadcast scenario is

ηBN ∼
L
(
1−maxi∈{1,2,...,K}{Pi}

)
N

, (2.12)

and for K-receiver unicast scenario is

ηUN ∼
K.L

N

 1

K +
∑K

i=1

∏K
j=i Pj

1−Pi

 (2.13)

Proof. We first consider the broadcast scenario. Without loss of generality, as-

suming that Pi ≤ Pj if i ≤ j, {i, j} ∈ {1, 2, . . . , K}. Let random variable Xi

denote the number of lost packets at receiver Ri after M transmissions. As dis-

cussed, the combined packets in the NC technique are dynamically formed based

on the feedbacks from the receivers. If a combined packet is correctly received at

some receivers, but not at others, a new combined packet is generated to ensure

that the receivers with the correct packet will be able to obtain the new data

using the new combined packet. This implies that after a long run, the number

of retransmissions will be dominated by the receiver which has the largest error

probability. To prove this, let us consider two receivers Ri and Rj whose packet

loss rates respectively are Pi and Pj where Pi ≤ Pj. Furthermore, let a random
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variable X = Xj − Xi, then the claim is equivalent to proving Pr(X < 0) → 0

as M → ∞. Since each transmission follows a Bernoulli trial, Xi and Xj are

Binomial random variables. Especially, when M → ∞, based on the central

limit theorem, distributions of Xi and Xj approach that of a Gaussian random

variable; consequently, distribution of X approaches that of a Gaussian random

variable too. Note that Xi and Xj are independent, we have

µX = E[Xj]− E[Xi]

= M(Pj − Pi) (2.14)

σ2
X = var(Xj) + var(Xi)

= M [(Pj(1− Pj) + Pi(1− Pi)] (2.15)

Thus, the probability density function of X can be written as

Pr(X) =
1√
2πσX

e
− (X−µX )2

2σ2
X (2.16)

Obviously, when M →∞, both µX and σX increase. In particular, µX increases

with an order of M while σX increases with an order of
√
M . Hence, the tail

area, i.e., Pr(X < 0), asymptotically goes to 0 as M → ∞. Carrying out the

same argument, we can prove that Pr(Xi ≤ XK)→ 1 as M →∞ for ∀i. Thus,

let a random variable Y denote the number of retransmissions needed to deliver
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all lost packets. The expected value of Y is

E[Y ] = E
[

max
i∈{1,2,...,K}

{Xi}
]

∼ E[XK ]. (2.17)

Therefore, the expected number of transmissions to successfully deliver a set of

M packets to K receivers is given by

TBN = M + E[XK ]

∼ M +

M × max
i∈{1,2,...,K}

{Pi}

1− max
i∈{1,2,...,K}

{Pi}
. (2.18)

To obtain the throughput efficiency, we first divide TUN by M to get the average

number of bits per transmission (packet). Next, since each packet contains only

L information bits out of N transmission bits. Hence, throughput efficiency is

calculated by L/( N
(1−maxi∈{1,2,...,K}{Pi}), yielding (2.12).

For the unicast scenario case, we use induction method to prove the theorem.

Interested readers can find details of the proof in the Appendix A.

2.4.2.2 Network Coding-Hybrid ARQ (NC-HARQ) Technique

In this section, we investigate the NC technique in conjunction with existing

HARQ protocol for the broadcast and unicast scenarios. Intuitively, when trans-
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mitting packets over a bad channel, a stronger FEC code should be used to correct

bit errors within a packet. If a weak FEC code is used in the HARQ protocol,

a few bit errors may require the sender to retransmit the entire packet (possibly

on the order of thousands bits), resulting in lower throughput efficiency. On the

other hand, when the channel is good, a strong FEC code results in too much

redundancy that also lowers the throughput efficiency. Thus, the ratio of the

number of redundant bits to the number of information bits should be a function

of channel condition to increase the throughput efficiency.

That said, we first start with the broadcast scenario where all the receivers

want to receive identical information. Here, it is convenient to use the same FEC

protection level for all the packets, regardless of the various channel conditions

for different receivers. This means that, when too much redundancy is used, it

would over-protect the receivers with good reception, while too little redundancy

would hurt the receivers with bad reception. Thus, balancing the right amount

of FEC is the key to improve the throughput efficiency. We have the following

theorem.

Theorem 2.4.4. Using the NC-HARQ technique, when the number of packets to

be sent is sufficiently large, the throughput efficiency for the K-receiver broadcast

scenario is

ηBNF ∼
L
(
1−maxi∈{1,2,...,K}{Pfi}

)
N

, (2.19)
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and the throughput efficiency of the K-receiver unicast scenario is

ηUNF ∼
∑K

i=1 Li

N

 1

K +
∑K

i=1

∏K
j=i Pfj

1−Pfi

 . (2.20)

Proof. The proof is directly obtained from Theorem 2.4.3 by replacing the packet

loss rate Pi with the irrecoverable error probability Pfi. The reason for this simple

replacement is that the irrecoverable error probability of a packet for a certain

receiver Ri is the same regardless whether that packet is a regular packet or

a coded packet. Thus, the same argument in the proof of Theorem 2.4.3 holds.

Intuitively, adding redundancy to the packets simply changes the packet loss rates

and the bandwidth overhead, which then affects the throughput efficiency.

2.4.3 Optimal Redundancy

In Section 2.4.2.2, we show how to compute the throughput efficiencies for the

broadcast and unicast scenarios given the packet loss rates which in turn are

functions of the amount of redundancy, i.e., the FEC for each packet. Now, we

seek the optimal RS(n, k) code to result in highest throughput efficiency. In what

follows, we assume that the bit error rates at different receivers are known. Thus,

(2.9) can be used to compute irrecoverable packet lost rate for each receiver, given

a particular RS(n, k) code. That said, a straightforward approach is to use an
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exhaustive search. Assuming that n is fixed, since the same RS(n, k) is used to

transmit packets to all the receivers, only a search through all the possible values

of k = 1, 2 . . . , n (hence n−k redundant symbols) is necessary to choose the value

of k that maximizes the throughput efficiency (Equation (2.19)). Note that the

throughput efficiency of the broadcast scenario depends only on the maximum

packet loss rate, hence the exhaustive method is feasible.

On the other hand, for the K-receiver unicast scenario, using the exhaustive

search may not be feasible when the number of receivers is large. Specifically, one

has to find an optimal coding level so that (2.20) is maximized. Since a coding

level ki can take on the values from 1 to n, the time complexity of the searching

method is quite expensive, i.e., O(nK2). Especially, when the channel condition

changes, one needs a fast algorithm to adjust the amount of redundancy in time.

We propose the following approximate algorithm to compute the optimal coding

level.

We note that the throughput efficiency mostly depends on the largest packet

loss rate PK (we assume that the packet lost rates are ordered from the smallest

to the largest) and the associated overhead. Thus, our algorithm attempts to

increase the throughput efficiency by reducing the largest packet loss rate with an

appropriate increase in the overhead. Specifically, our algorithm first initializes all

ki = n for the transmission packets. In the second step, the algorithm computes

the corresponding packet loss rates Pfi’s for all the receivers. In the third step,
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it chooses the receiver with largest packet lost rate and reduces the data within

a code block ki by 1 symbol and increases the redundancy by 1 symbol, thus

keeping n fixed. In the fourth step, it computes the new throughput efficiency. If

the new throughput efficiency increases, the algorithm repeats the steps two and

three, until the new throughput efficiency no longer increases. The optimal value

k∗
i is the one found in the immediate previous iteration. Note that by considering

only the largest packet loss rate, the complexity of the proposed algorithm is

reduced to O(nK). The pseudo-code for the algorithm is shown in Algorithm 1.

2.5 Achievable Throughput Region

In the previous sections, the definition of throughput efficiency for the K-receiver

unicast scenario is computed based on the throughput fairness for all the receivers.

That is, every receiver is to receive all their packets in same time duration. Thus,

using this definition, maximizing the throughput efficiency really implies maxi-

mizing the total rate with the constraint that every receiver must have the same

rate as computed at the end of same duration. In many real world situations,

for a given total wireless bandwidth, it may be useful to characterize the simul-

taneous achievable throughputs for all receivers. In other words, if one receiver

is allowed to receive information at a faster rate than that of another, what are

the throughput regions of these receivers?

Let us consider a scenario consisting of one BS and two receivers R1 and R2.



47

Algorithm 1 : Finding the optimal redundancy for the K-receiver unicast sce-
nario
Inputs: K, X, m, n, pi.
Outputs: ki’s

1: for each receiver i do
2: ki ⇐ n {Initialize ki}
3: k∗

i ⇐ ki {Initialize optimal values of ki}
4: SERi ⇐ 1− (1− pi)

m

5: ti ⇐ ⌊n−ki
2
⌋

6: Pfi ⇐ 1 −
[∑ti

j=0

(
n
j

)
(1− SERi)

n−jSERj
i

]X
{Compute irrecoverable

packet loss rates}
7: end for
8: prev eff ⇐ 0 {Setting the previous throughput efficiency to zero}

9: curr eff ⇐
∑K

i=i ki
n

(
1

K+
maxj∈{1,...,K}{Pfj}

1−maxj∈{1,...,K}{Pfj}

)
{Compute the current through-

put efficiency}
10: while curr eff > prev eff do
11: Choose l such that for k > 2, l⇐ argmaxi{Pfi}
12: kl ⇐ kl − 1 {Add 1 more redundant symbol to the receiver with largest

packet loss rate, and make sure that ki > 0 for all i}
13: prev eff ⇐ curr eff

14: Pfl ⇐ 1−
[∑tl

j=0

(
n
j

)
(1− SERl)

n−jSERj
l

]X
15: curr eff ⇐

∑K
i=1 ki
n

(
1

K+
maxj∈{1,...,K}{Pfj}

1−maxj∈{1,...,K}{Pfi}

)
{Compute new throughput ef-

ficiency}
16: k∗

j ⇐ kj
17: end while
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The packet loss rates of R1 and R2 are 0.1 and 0.2, respectively. If all the time

slots of the BS are used to transmit packets for R1, then the throughput of R1

would be 90% of the BS capacity since the R1 error rate is 10%. Similarly, the

throughput of R2 is 80% if all the time slots are used to transmit R2’s packets.

Therefore, if a time-sharing technique is used, i.e., the BS sends packets to R1

and R2 at α and (1−α) fractions of the time, respectively, for α ∈ [0, 1], then the

achievable throughput pair is a linear interpolation of the two end points (0.9,0)

and (0,0.8) as shown in Figure 2.2. If N denotes the total number of available

time slots, M1 and M2 denote the expected number of successful packets sent to

R1 and R2, respectively, then it is straightforward to show that M1 and M2 must

satisfy

M1

1− P1

+
M2

1− P2

≤ N (2.21)

Now, for the same scenario, using NC technique, we have the following theo-

rem.

Theorem 2.5.1. Assuming that N is sufficiently large, for M1P1(1 − P2) ≤

M2P2(1− P1), M1 and M2 must satisfy

M1 +M2 +
m

1−max{P1, P2}
+

M1P1P2

1− P1

+
M2P2 −m

1− P2

≤ N, (2.22)
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and for M1P1(1− P2) > M2P2(1− P1), M1 and M2 must satisfy

M1 +M2 +
m

1−max{P1, P2}
+

M1P1 −m

1− P1

+
M2P1P2

1− P2

≤ N, (2.23)

where m = min{M1P1(1− P2),M2P2(1− P1)}

Proof. To obtain the Inequality (2.22), we note that the expected number of time

slots to successfully transmit M1 and M2 packets to R1 and R2 must be at least

M1 + M2. During these transmissions, there will be lost packets, specifically,

on average, M1P1 from R1 and M2P2 packets from R2. Now, the first term

m
1−max{P1,P2} = M1P1(1−P2)

1−max{P1,P2} represents the expected number of time slots required

to successfully transmit combined packets to both receivers. The last two terms,

M1P1P2

1−P1
and M2P2−M1P1(1−P2)

1−P2
represent the expected number of time slots required

to successfully retransmit the remaining lost packets of R1 and R2, respectively.

The summation of these time slots must be less than the total number of available

time slots N , thus the Inequality (2.22) must hold. Similar argument can be

applied to obtain the Inequality (2.23), and that completes the proof.

Figure 2.2 shows the achievable throughput of R1 versus R2 using the NC

technique. Interestingly, from an information theoretic viewpoint, our proposed

NC technique can be viewed in light of the broadcast channel problem first pro-

posed by Cover [13], [14]. In his celebrated superposition coding, Cover was the



50

0 0.3 0.6 0.9
0

0.2

0.4

0.6

0.8

M1

M
2

P
1
=0.1; P

2
=0.2

 

 
Time−sharing
NC

Figure 2.2: Achievable rate of pure time-sharing and the network coding tech-
niques.

first to show that one can achieve a larger capacity region than that of the time-

sharing technique. Our proposed technique is less efficient than the superposition

coding technique, however, we note that, the superposition coding technique is

an information theoretic argument, and not practical in today wireless networks.

We now argue that our approach is asymptotically optimal when the number

of receivers is large. Specifically, when the number of receivers approaches infinity,

and the number of packets to be sent approaches infinity at a much faster rate

than the number of receivers, then the throughput efficiency is 1 (if L = N , i.e.,

no error correcting bits is used) as shown in (2.13) of Theorem 2.4.3. This is the

best efficiency one can hope for. The intuition is that when there is a sufficiently
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Figure 2.5: Throughput efficiency for a 50-receiver wireless unicast scenario using
heuristic-greedy (HG) and exhaustive search (Exh.) techniques when all pi’s are
set to p, and p varies from 10−6 to 4.5× 10−3.

large number of receivers, for every transmission, at least one of the receivers will

correctly receive a packet. Even if that packet is not intended for a receiver that

receives it correctly, using our approach, this packet can still be used to recover

a lost packet for that receiver in the future. Essentially, every packet is useful

at least for one receiver in this setting. Thus one should expect the throughput

efficiency approaching 1.

To illustrate our point, let us consider a unicast scenario. Here, the sum rate

is defined as the sum of all expected successful received packets at all receivers.

For the simplicity let us assume that all receivers have the same packet loss

rate, Pi = P , then the sum rate normalized by the number of used time slots

versus the packet error rate is plotted in Figure 2.3. The dash line represents the
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achievable rate for pure time-sharing technique 1−P , while the curves represent

the achievable rates for the network coding technique for different number of

receivers. As shown, the achievable sum rate of NC technique when P > 0, is

extended to one when the number of receivers increases to infinity. When Pi = 1,

the sum rate is 0. Keep in mind that, for our proof to go through, the number

of packets to be sent M has to increase at a much faster rate than the number

of receivers K.

2.6 Simulations and Discussions

In this section, we present simulation results on the throughput efficiency and

throughput gain in different network scenarios. To simulate the transmissions in

a Wi-Fi network, the packet size should be set around 1500 bytes. However, when

using such a large packet size under a large bit error rate, e.g. on the order of

10−3, the throughput efficiencies of the ARQ and NC techniques are much worse

than those of the HARQ and NC-HARQ techniques. To be fair, we use a smaller

packet size, i.e., 665 bytes for ARQ and NC techniques, and also incorporate a

very light protection using RS(63, 59). For HARQ and NC-HARQ techniques,

the packet size is set at 1559 bytes (Wi-Fi packet size) and data is encoded with

RS(127, 117). We use CRC-32 for error detection in all the simulations.

We also note that there is an overhead associated with the NC techniques.
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Specifically, one needs to specify which packets in the combined packets. Typi-

cally, if there are M packets in the queue, then the number of bits to represent

these packets is logM . Therefore, in most cases, when the packet size is large,

on the order of KBytes, such as those of IEEE 802.11, this overhead is negligible.

Also, since the NC technique uses only exclusive-bit-wise XOR, thus, encoding

and decoding can be done fast, especially if implemented in hardware. On the

other hand, the BS needs to have enough memory to store a sufficiently large

number of lost packets from all receivers in order to have throughput gain. The

algorithm used for choosing packets to combine is quite simple as one just needs to

examine the queues, then combining the maximum number of lost packets. That

said, when using NC, one has to consider the packet delay introduced by buffering

of lost packets. For some time-sensitive applications, this can be problematic. We

will address this in future work.

We first compare the optimal redundancies estimated by the greedy-heuristic

algorithm, described in 2.4.3, and by exhaustive search method (exhaustive search

method is only feasible for a smaller number of receivers). As described above, the

broadcast wireless scenario is simple, therefore we consider only unicast wireless

scenario. In particular, a 50-receiver unicast wireless scenario is under investiga-

tion. Figure 2.4 represents the obtained optimal redundancies ri using exhaustive

and greedy methods when p varies from 10−6 to 4.5 × 10−3. As seen, the opti-

mal redundancy estimated by greedy algorithm is very close to that of exhaustive
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search, especially when the bit error rate is small. These differences are due to the

fact that by looking only one step ahead and taking into account the largest error

packet, the greedy algorithm may produce local optimal value. The throughput

efficiencies obtained by these methods are shown in Figure 2.5. As shown, the

exhaustive search method is optimal, thus achieves higher throughput efficiency

compared to that of the greedy method. However, because of its high complex-

ity, its use might be limited. On the other hand, the throughput efficiency of

the greedy algorithm is slightly less, but its low complexity makes it an effective

technique for real-world scenarios with many receivers.

We next compare the throughput efficiencies and throughput gains among the

techniques. Figures 2.6(a) and (b) show the simulation and theoretical through-

put efficiencies as a function of bit error rate for broadcast and unicast scenarios

with one sender and two receivers. The bit error rates of two receivers are set

equal to each other, and varied from 10−6 to 4.5 × 10−3. As seen, the simu-

lation results verify our theoretical derivations. Furthermore, we note that the

NC-HARQ technique always outperforms the HARQ technique and the NC tech-

nique always outperforms the ARQ technique for the given identical set of param-

eters. This is because NC approach has the identical method in the transmission

phase with that of the ARQ or HARQ, but has a more effective retransmission

method. In small bit error rate regions, the NC technique performs the best

which is intuitively plausible since redundancy introduced by the NC-HARQ
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technique would just increase the bandwidth overhead unnecessarily. Similarly,

Figure 2.6(b) shows the throughput efficiency versus bit error rate for the wireless

unicast scenario. As shown, the throughput efficiency of NC-HARQ technique

always outperforms other techniques.

Figures 2.7(a) and (b) show the throughput gains of HARQ, NC, NC-HARQ

techniques over the ARQ technique for broadcast and unicast scenarios. The

throughput gain of technique A over B is defined as the ratio of the throughput

efficiency of A over that of B. As seen, for some bit error rate regions, the

proposed NC-HARQ technique can be more than three and two times efficient

than ARQ technique for both the broadcast and unicast scenarios, respectively.

We now compare the performance of the proposed dynamic NC-HARQ algo-

rithm against other techniques. In this technique, the sender is able to adjust the

amount of FEC in real time to adapt to the channel conditions. In our simulation

we assume slow fading channels; they are stable for a while before changing to

another state. In particular, p1 and p2 vary from 10−6 to 4×10−3 with a step size

of 4× 10−4. All other parameters are identical to the previous simulations for all

the non-adaptive techniques. Figures 2.8(a) and (b) show the throughput gains

over ARQ technique as a function of p1 and p2 for different techniques in the

broadcast and unicast scenarios, respectively. As seen, the dynamic NC-HARQ

algorithm has the best performance as it can adapt the amount of redundancy

appropriately. Especially, in the range of high bit error rate, the throughput gain
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Figure 2.6: Throughput efficiency versus bit error rate for theory and simulation
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by using dynamic NC-HARQ can be more than 12 and 5.5 times better than

ARQ technique for broadcast and unicast scenarios, respectively. An interesting

observation is that in both scenarios, the heuristic-greedy algorithm can achieve

a throughput gain almost the same as that of the exhaustive search at a much

lower complexity.

Figures 2.9(a) and (b), respectively, show the throughput efficiencies of NC

and ARQ techniques versus the number of receivers in broadcast and unicast

wireless scenarios. Packet loss rates of all receivers are equal to 20%. For the

broadcast scenario in Figure 2.9(a), when the number of receivers increases, the

throughput efficiency of the NC technique remains constant while that of the

ARQ technique decreases significantly. This is because using NC, the throughput

efficiency depends only on the receiver with the largest packet loss rate; while in

the ARQ technique, every receiver’s channel condition affects to the throughput

efficiency.

Next, the throughput efficiency versus the number of receivers of the unicast

scenario is shown in Figure 2.9(b). An interesting observation can be seen is

that when the number of receivers increases, the throughput efficiency of NC

technique asymptotically approaches to one. This is intuitively matched with the

achieved sum rate shown in Figure 2.3. This is because, when there is a large

number of receivers, every transmitted packet will be received correctly at least

at one receiver with a probability closed to one. To illustrate this, let us consider
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a scenario in which all receivers have the same packet loss rate P . Let P (κ)

denote the probability that a transmitted packet is intended for one receiver, and

it is successfully received at at least one other receivers. We have

P (κ) =
K−1∑
i=1

(
K − 1

i

)
PK−i−1(1− P )i (2.24)

Even when P = 90%, if there are K = 50 receivers, the probability that there

exists at least one receiver receives a packet successfully is equal to 0.9943. This

value is very close to one. Obviously, when the number of receivers goes to

infinity, this probability goes to 1. Using the NC technique, even when a packet

is intended for a certain receiver, other receivers still store this packet in its

buffer. Subsequently, other receivers will use this packet to recover their lost

packets simultaneously by XORing with the combined packet sent out by the

BS. Effectively, every transmission carries useful information to the receivers.

Therefore, one should expect the throughput efficiency approaching 1. Note that

this argument holds true only if the number of packets to be sent M goes to

infinity at a faster rate than that of the number of receivers K as implied in the

proof of Theorem 2.4.3.
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2.7 Conclusions and Future Work

We have proposed a hybrid network coding technique to increase throughput

efficiency of single-hop wireless networks for both the broadcast and unicast sce-

narios. The theoretical and simulation results showed that our proposed tech-

nique can efficiently utilize high throughput over those of traditional techniques

for a typical range of channel conditions. We also proposed a heuristic method

for dynamically changing the amount of redundancy for each transmitted packet

to adapt the channel conditions. The simulation has shown that the proposed

technique can outperform traditional techniques several-fold in terms of through-

put efficiency. Our ongoing work is to characterize how the buffer size affects to

the network performance, especially, when the transmission flows include time-

sensitive applications. How to use NC for unbalance channels, i.e., the channels

have different transmission rates and carry different types of applications, is also

an interesting topic for investigation.
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Chapter 3 – ON MAXIMUM THROUGHPUT OF

PRIORITIZED BROADCAST USING NETWORK CODING

3.1 Introduction

Multimedia networking applications over wireless networks have gained much

popularity in recent years. Unlike other types of traffic, multimedia traffics such

as videos require some level of Quality of Service (QoS), e.g., minimum band-

width, to meet user satisfactions. However, the current wireless networks such

as WiFi were not designed for efficient provisioning of network resources in order

to guarantee some specified QoS. To mitigate this lack of infrastructure support,

scalable compression techniques are used to allow the sender to dynamically ad-

just the media bitrate to the current available bandwidth in real time. Notably,

scalable video coding (SVC) is a class of techniques that allows a sender to adapt

its video bit rate by partitioning a video bit stream into a base layer and several

enhancement layers. The receiver is then able to view the video with higher qual-

ity when more layers are received. The base layer is the most important layer and

must be present in order to have a reasonable video quality. The enhancement

layers are organized in a hierarchical fashion such that the first enhancement layer

must be present for the second enhancement layer to be useful, and the second en-
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hancement layer must be present for the third enhancement layer to be useful, and

so on. Naturally, this scenario leads to the general problem of prioritized trans-

missions where the goal is to transmit the most useful data under some resource

constraints. In addition to multimedia networking applications, the prioritized

transmission problem can also be used to model other applications that involve

transmitting data with some hierarchical dependency, e.g. thread schedulers in

multi-processor systems.

Prioritized Transmission. Formally, the prioritized transmission refers to

the notion that, givenM prioritized packets in the decreasing order of importance,

a1, a2, . . . , aM , to be delivered to a receiver, then the packet ai is useful to the

receiver only if it has received all packets aj with j < i successfully. Thus,

one metric to compare the performances between two prioritized transmission

schemes, is to compare their useful throughput within a given time interval. The

useful throughput can be abstractly represented j − 1 where j is the position of

the first lost packet. As described, it is trivial to show that, for the scenario that

involves only a single sender and a single receiver, and the channel is modeled

as a Bernoulli trial, the optimal scheme is the one that repeatedly transmits the

highest priority packet until it is received correctly at the receiver, then transmits

the next highest priority packet. The process repeats until there is no more packet

to be transmitted, or the time exceeds a specified limit.

This problem, however, is not trivial for the scenario in which there are one
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source and multiple receivers with a shared transmission medium. For example,

consider a wireless broadcast scenario where multiple receivers want to receive a

number of identical packets from a wireless broadcast base station. Due to the

varied channel conditions at different receivers, the receivers will ultimately have

different throughputs. Furthermore, because of the nature of the shared wireless

medium, one transmission from the source to a particular receiver will take away

resources from other receivers. Thus, the performances between two prioritized

transmission schemes should not be based solely on the useful throughput of a

particular receiver. Rather, it is better to base the decision on a collective metric,

e.g., throughput resulted from the summation of all the receiver’s throughputs.

In this chapter, we focus on the broadcast of prioritized information from a

source to multiple receivers with following characteristics. Time is slotted and

each packet is transmitted in one time slot. The source is allowed to use random

linear network coding, a technique to be discussed shortly. Furthermore, the

source is an oracle such that it knows precisely whether a packet is lost or received

at any receiver in any future time slot. The task of the source is to schedule packet

transmissions, i.e., selecting which packets in which time slots to be sent, in order

to maximize the sum of the prioritized throughputs. The assumption of an oracle

seems to make the problem less useful, however, there are two main objectives

of this model. The first objective is to characterize the maximum achievable

throughput region when all conditions are known. This, in essence provides a
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non-trivial upper bound on the throughput of all the schemes in practice where

the conditions are often not known. Second, in certain situations, the assumption

of an oracle is appropriate as described in the two examples below.

Example 3.1.1. (Thread scheduling). Consider a multi-processor system in

which the processors share a common bus. When a processor uses the bus to

transmit data, it prevents the other processors from using it, thus it is a broadcast

channel. Furthermore, a processor can be busy, e.g., due to other jobs that it

cannot process the packets sent to it during some particular time slots. It is then

reasonably to assume that this information is known to a global task scheduler.

Thus, the task scheduler can be equivalently viewed as the oracle source. The goal

for the task scheduler is to encode the data and schedule transmissions between

the processors to deliver required data with the shortest time.

Example 3.1.2. (Small-size cooperated wireless networks). Because of the small

size, it is possible that a global scheduler can determine the transmitting and

receiving schedules of all the nodes to avoid collisions. Furthermore, we assume

that transmission losses due to the environment are negligible. Then if a sender

knows the transmitting and receiving schedules of its neighbors, it can act as an

oracle in an attempt to maximize the received throughputs of all its neighbors.

In this chapter, we investigated the achievable throughput regions for some

special cases of the aforementioned broadcast scenario. For the more general case,

heuristic approximation algorithms based on the MCMC method are proposed
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to find the maximum sum throughput. Hereafter, for convenience, we use the

term “throughput”for “sum throughput”. Note that a preliminary version of this

work was published in [55].

The organization of the chapter as follows. In Section 3.2, we provide prelim-

inaries on network coding and some related work. We then define notations and

formally formulate the problem in Section 3.3. The optimality algorithm analysis

are provided in Section 3.4. In Section 3.5, we describe approximation techniques

to maximize the network throughput. We evaluate the network performance of

different approximation techniques through simulations in Section 3.6. Finally,

we conclude the chapter with a few remarks in Section 3.7.

3.2 Preliminaries: Network Coding

In today communication networks such as the Internet and wireless ad hoc net-

works, data delivery is performed via the store-and-forward routing. That is,

the intermediate routers do not alter the content of the packets as they traverse

hop-by-hop from a source to a destination. In contrast, network coding (NC) is

the generalized approach to packet routing that allows an intermediate router to

encode an outgoing packet by mixing multiple incoming packets appropriately.

Network coding was first described in the context of multicast in which, the goal

is to maximize the total throughput from a single source to a set of destinations.
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The seminal work of Ahlswede et al. [3] provided an existence proof of some net-

work codes (method of mixing data at intermediate nodes) that achieve multicast

capacity. This spurted a number of research on construction of practical network

codes. Notably, Li et al. [35] showed that linear encoding of incoming packets at

intermediate nodes are sufficient to achieve multicast capacity for a given graph.

In other words, an output packet ci is a linear combination of input packets ai’s.

For example, c1 = γ1a1 + γ2a2 and c2 = γ3a1 + γ4a2. Thus, if the coefficients

γ′
is are known, a receiver can recover the original packets ai’s by solving a set of

linear equations. Their result shows that such linear NC scheme is efficient.

However, determining and distributing the coefficients of these equations to

intermediate nodes can be a challenge in practice, especially when the network

topology and conditions vary with time. Fortunately, Sanders et al. [45] and Ho

et al. [24] showed that by randomly selecting these coefficients from a large finite

field, multicast capacity can be achieved asymptotically. This result is extremely

useful as it implies that no coordination among nodes is necessary to achieve

high throughput. Instead, each node simply chooses its coefficients at random.

If a receiver receives the N coded packets that are generated from N linearly

independent equations, then it will be able to decode the N original packets.

This technique is called Random Network Coding (RNC), whose idea will be

utilized in our work.

NC has also been applied successfully to increase throughput in wireless ad
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hoc networks. A classical example first proposed by Wu et al. [60] for efficient

information exchange in a wireless ad hoc network is shown in Figure ??. Here,

two nodes U1 and U2 want to exchange their packets through U3. Two packets,

a sent by U1 to U2 and b sent by U2 to U1, are relayed through U3. As a result,

U3 has both a and b. In an existing wireless ad hoc network routing, U3 has to

perform two transmissions, one transmission for sending a to U2, and another

one for sending b to U1. Now consider an NC scheme. Upon receiving a and b,

U3 can broadcast packet a⊕ b to both U1 and U2, where ⊕ denotes the bit-wise

exclusive OR operator between the two packets. Since U1 has a, it can recover b

as b = a⊕ (a⊕ b). Similarly, U2 can recover a as a = b⊕ (a⊕ b).

a

a a1 2

b b b34

U
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U
1

U
2
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a b

a 1 2 b

aÅb aÅb3
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3
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U

2
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Figure 3.1: Information exchange using (a) the store-and-forward scheme and (b)
the NC scheme.

In addition, NC has also been suggested in the context of Wi-Fi and WiMax

networks. Indeed, Nguyen et al. [42],[53] proposed some XOR-based network cod-

ing schemes together with a scheduler at a Wi-Fi Access Point (AP) to improve

throughput where feedback is available.

The work related most to ours is that of Keller et al. in [32]. Both our
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work and theirs consider the broadcast problem where the source is an oracle.

However, Keller et al. focus on minimizing decoding delay while our work focuses

on the prioritized transmissions. Another related work to ours is that of Xue et

al. [62]. In [62], Xue et al. used a Markov chain model to analyze the sum-rate

of a 2-receiver unicast scenario using NC for a Bernoulli loss channel. On the

other hand, our work focuses on achievable throughput for broadcast scenarios

consisting of a source and N receivers (N > 2), where the source is assumed to

have complete knowledge of the channel.

3.3 Problem Formulation

In this section, we formally describe our prioritized transmission problem for the

broadcast scenario in the context of a wireless network. This is done for clarity,

but we emphasize that our model is more general (refer to two examples in the

Introduction). We assume that there is a single source and N receivers with a

shared and lossy channel. The source has M prioritized packets in the decreasing

order of importance, a1, a2, . . . , aM , to be delivered to all the receivers in T > M

time slots. We assume that each packet takes one time slot to broadcast. A

packet ai is useful to a receiver only if it has received successfully all packets aj

with j < i. Furthermore, let us assume that the source is assumed to know the

packet loss patterns at each receiver a priori.
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Definition 3.3.1. An achievable throughput of a receiver Ui is ri under a packet

loss pattern, if it is possible for Ui to successfully decode consecutive packets

a1, a2, . . . , ari.

Definition 3.3.2. A throughput tuple for N receivers is denoted by a vector r =

(r1, r2, . . . , rN)
T where superscript (.)T denotes transpose. It is said r achievable

under a certain packet loss pattern if every ri is an achievable throughput for

receiver Ui for i = {1, 2, . . . , N}.

Definition 3.3.3. A time slot is called good time slot (GT) if the sender can

deliver a packet successfully to exactly one receiver during that time slot. A time

slot is called a sharing good time slot (SGT) if the sender can successfully deliver

a packet to two or more receivers during that time slot.

Aimed with these definitions, our goal is to characterize the throughput vector

r for an arbitrary given packet loss pattern.

We first motivate the network coding approach to enlarge the achievable

throughput by providing a simple scenario involving four receivers Ui, i = {1, 2, 3, 4}.

The packet loss patterns of different receivers are shown in Figure 3.2(a). The

“×′′ denotes a packet loss. Assume that there is a total of T = 4 time slots, and

3 packets {a1, a2, a3} to be broadcasted to the four receivers.

Using the traditional approach, the packets are not mixed together, and every

time slot is used to send exactly one packet in {a1, a2, a3}. It is easy to see that
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it does not matter how one schedules which packet to be broadcasted in which

time slot, it is impossible for all receivers to receive all the packets after 4 time

slots.

On the other hand, if random network coding (RNC) is employed, all the

receivers can recover all three packets. Figure 3.2(a) shows how this can be done.

Each entry aij, which is a linear combination of packets from ai to aj, is generated

and broadcasted by the source. As seen in rows in Figure 3.2(a), each receiver

receives a total of 3 coded packets correctly. As discussed in Section 3.2, these

packets are linearly independent from each other (if a large finite field is used),

thus the original packets {a1, a2, a3} can be recovered by each of the receivers.

In fact, since each of the receiver has a total of 3 time slots that it can receive a

packet correctly, r = (3, 3, 3)T is the best throughput tuple one can obtain. Given

this, one may hypothesize whether the RNC approach can always provide this

optimum performance. Unfortunately, the answer is no. Figure 3.2(b) illustrates

such an example.

Ideally, the best throughput vector for this example is r = (2, 2, 4, 4)T corre-

sponding to the total number of good time slots (GT) and sharing good time slots

(SGT) of each receiver. However, this is unachievable even with RNC technique.

As it will be shown later, there is no such combinations of packet mixing and

scheduling that will produce the achievable throughput vector r = (2, 2, 4, 4)T .

For such example, an achievable throughput vector is (0, 2, 4, 4)T or (2, 0, 4, 4)T .
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Figure 3.2: (a) An optimal erasure pattern with an optimal transmission schedule
produced by the OPT-Alg [55]. (b) A suboptimal erasure pattern with a sub-
optimal transmission schedule produced by the OPT-Alg. Recall that a coded
packet aij is a linear combination of packets from ai to aj.

This observation led us to the following definition.

Definition 3.3.4. An erasure pattern is said optimal if it is possible for every

receiver to achieve a throughput that is equal to their total number of GTs and

SGTs. Otherwise, the erasure pattern is suboptimal.

Since an optimal erasure pattern provides the maximum possible throughput

tuple, in the next section, we provide an algorithm to determine whether an era-

sure pattern is optimal or suboptimal. We then prove exact results on achievable

throughput for the broadcast scenarios involving 2 and 3 receivers and provide

a framework for approximating the maximum throughput for larger number of

receivers.
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3.4 Achievable Throughput

3.4.1 Optimal Erasure Pattern

In this section we investigate the maximum achievable throughput of a given

erasure pattern for a broadcast scenario consisting ofN receivers and T time slots,

denoted as E = (N, T ). Specifically, we describe a heuristic polynomial algorithm

that can check whether or not a given erasure pattern is optimal. That is, the

proposed algorithm will determine whether throughput vector (K1, K2, . . . , KN)
T

is achievable where Ki is the total number of STs and SGTs of receiver Ui.

3.4.1.1 Heuristic algorithm for determining whether a pattern is

optimal or not

The main idea of the heuristic algorithm is to ensure that receivers with the

smaller number of GTs and SGTs will achieve their maximum rates before the

ones with a larger number of GTs and SGTs. Without loss of generality, suppose

that K1 ≤ K2 · · · ≤ KN . The algorithm first generates K1 random coded pack-

ets by randomly combining K1 original packets {a1, a2, . . . , aK1} and then the

sender transmits these coded packets in K1 GTs and SGTs of receiver U1. These

transmissions guarantee that receiver U1 will be able to decode K1 information

packets in a right order given a sufficiently large field size. Obviously, when the
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sender transmits the coded packets for receiver U1, some other receivers may also

receive them correctly if they have SGTs with the receiver U1. Next, the sender

generates coded packets by randomly combining {a1, a2, . . . , aK2} and transmits

these coded packets in the remaining GTs and SGTs of receiver U2. The process

repeats until all time slots have been transmitted. The algorithm then outputs a

“YES” if every receiver Ui can decode allKi ordered-original packets, respectively.

Otherwise, the algorithm outputs a “NO”. Algorithm 2 shows the corresponding

pseudo codes.

Proposition 3.4.1. An erasure pattern E is optimal if and only if the OPT-Alg

takes E as an input, and produces a YES.

Proof. (→) Assume that E is an optimal erasure pattern, then there exists a

transmission scheme S such that every receiver Ui can recover Ki ordered-original

packets. The scheme S, therefore must produce coded packets for every receiver

Ui that contains information from packets {a1, a2, . . . , aKi
}. But this is precisely

the packets that are generated by OPT-Alg for user Ui. In other words, the trans-

mission pattern of a scheme S can be mapped directly to a pattern of transmission

by OPT-Alg, and the corresponding output is a “YES”.

(←) Proof in the reverse direction is obvious. If the OPT-Alg outputs a

“YES”, then by the algorithm construction, the pattern must be optimal.

It is easy to see that the OPT-Alg has a polynomial time complexity in the

number of receivers and time slots.
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3.4.2 Suboptimal Erasure Pattern

From the Algorithm 2 we know that an arbitrary erasure pattern can be checked

in polynomial time whether it is optimal. If it is optimal, then the algorithm

shows an encoding and transmission strategy to achieve the maximum through-

put. However, if the given pattern is suboptimal, then a natural question we

want to ask is: what is its maximum achievable throughput? Unfortunately, this

question is not easy to answer, and we conjecture it NP-complete problem. We

will provide approximation algorithms for such general cases in the next section.

In this section we derive a lower bound on the achievable throughput and exact

results for some special scenarios.

3.4.2.1 A lower bound

We start by proving a result on the lower bound of the achievable throughput.

Proposition 3.4.2. For a given erasure pattern E = (N, T ), let Ki be the sum

of GTs and SGTs of receiver Ui. We define minimum throughput vector K =

(Kmin, . . . , Kmin)
T where Kmin = mini{Ki} for ∀i ∈ {1, 2, . . . , N}. Thus, we

always achieve a throughput vector {r = K} , {r1 = Kmin, r2 = Kmin, . . . , rN =

Kmin}.

Proof. For an arbitrary erasure pattern, we will show that there always exists a

network coding transmission scheme achieving the minimum throughput tuple.
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That is, the source generates coded packets cm from Kmin = mini{Ki}, i =

{1, 2, . . . , N}, information packets, i.e., {a1, a2, . . . , aKmin
}, then transmits these

coded packets in all the GTs and SGTs. Obviously, all the receivers receive at

least Kmin coded packets cm because the number of time slots in good condition

at a receiver is always greater or equal Kmin. Thus, the throughput vector r = K

is always achievable.

3.4.2.2 Special scenarios

For the cases of 2-receiver and 3-receiver scenarios, the achievable throughput of

an erasure pattern can be characterized by the following corollaries.

Proposition 3.4.3. For 2-receiver scenario, any erasure pattern is optimal and

its achievable throughput is (K1, K2) where K1 and K2 are the total number of

GTs and SGTs of receivers U1 and U2, respectively.

Proof. The proof is straightforward based on the Algorithm 2. In particular, for

the SGTs, the sender will send coded packets from a packet batch size that is

equal to the number of SGTs; the sender then appropriately sends additional

packets for each receiver according to their available GTs. All the time slots

have been transmitted with useful information, thus, the given erasure pattern is

optimal.
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Proposition 3.4.4. For the 3-receiver scenario, let ki and kij denote the num-

bers of GT of receiver Ui and the number of SGT between receivers Ui and Uj,

respectively, and Ki denotes the total number of GT and SGT of receiver Ui

for i = {1, 2, 3}. Assume k12 ≤ k13 ≤ k23, the erasure pattern is optimal if

k1 ≥ k23 − k12 or k2 ≥ k13 − k12, and the achievable throughput is

(r1, r2, r3) ≤ (K1, K2, K3) (3.1)

Otherwise, the erasure pattern is suboptimal, and the achievable throughput is

(r1, r2, r3) ≤ (K1, K2, K3) (3.2)

r1 + r2 + r3 ≤ K1 + 2K2 + k3. (3.3)

Proof. The proof can be found in the Appendix B.

In addition, we have the following results.

Corollary 3.4.1. The OPT-Alg achieves the maximum throughput for the fol-

lowing erasure patterns:

◃ Erasure patterns of N receivers satisfying Ki = Kj for ∀i, j ∈ {1, 2, . . . , N}.

◃ Erasure patterns of N receivers in which any time slot is shared at most by

two receivers.

Proof. ◃ Case 1: Since Ki = Kj for ∀i, j ∈ {1, 2, . . . , N}, every coded packet
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is generated from a batch of Ki packets. After the sender transmits the coded

packets in all GTs and SGTs, each receiver receives exactly Ki coded packets

generated from {a1, a2, . . . , aKi
}. Thus, it can recover Ki original packets, which

is equal to its total GTs and SGTs. This erasure pattern is optimal.

◃ Case 2: If any time slot is shared by at most two receivers, the sender

generates and transmits coded packets for the receivers in the order from U1 to

UN . We claim that this transmission scheme achieves the maximum throughput.

Recall that K1 ≤ K2 ≤ · · · ≤ KN . Thus, by using the OPT-Alg transmission

schedule, every transmission from the source always brings innovative information

to the receiver which has smaller number of GTs and SGTs. One should note

that that in some erasure patterns, the coded packet transmitted in a time slot

does not bring innovative information to the receiver with greater number of GTs

and SGTs. This is just because of the structure of the erasure pattern, and there

is no transmission scheme can do better than that. Hence, the OPT-Alg produces

a transmission scheme achieving the maximum throughput.

3.5 Maximum Throughput Approximation

In previous section, we characterize the achievable throughput regions for special

cases of prioritized broadcast. The general prioritized broadcast problem however

is hard. In this section we develop approximation techniques based on the Markov
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Chain Monte Carlo (MCMC) method to find the maximum throughput of an

erasure pattern E = (N, T ) where N and T denote the number of receivers and

time slots, respectively. In particular, we first propose a simulated-annealing

based algorithm to find an optimal transmission scheme. We then speed up its

runtime by using some heuristic properties. Before proceeding to the details of

the algorithm, we briefly describe the MCMC method.

3.5.1 Markov Chain Monte Carlo

The main idea of the MCMCmethod is to simulate an ergodic Markov chain (MC)

such that its stationary distribution coincides with the target distribution [39].

The example below shows how the MCMC method works.

Consider a random variableX taking values in a sample space Ω = {1, 2, . . . ,m}

according to a target distribution {π : πi = bi/C, i ∈ Ω} where the size of the

sample space |Ω| is very large and C is very complicated to compute. We show

how to construct an MC {Xn, n = 0, 1, . . . } by using a proposed transition matrix

Q = (qij) as follows:

• Initialize X0 = i. Set n = 0.

• When Xn = i, generates a new state Y according to the ith row of the

transition matrix Q: P (Y = j) = qij, j ∈ Ω.
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• If Y = j

Xn+1 =


Y w.p. α(i, j)

Xn w.p. 1− α(i, j),

(3.4)

where α(i, j) = min
{
1,

πjqji
πipij

}
. We then can show that the process {Xn, n =

0, 1, . . . } is an ergodic MC with its stationary distribution converges to

π, the target distribution. As shown, using the MCMC method, we can

generate samples according to the target distribution without computing

C.

This is useful because if the target distribution is designed such that the

samples drawn from the target distribution are likely to result high objective

values, then the solution to a hard optimization problem can be approximated

well. Thus the keys to the MCMC methods are to design the target distribution

and the transition probability. In the next section, we describe such an approach.

3.5.2 Simulated-Annealing Based Algorithm

Assume that receiver Ui has totalKi GTs and SGTs. We denoteKm = maxi{Ki}

for i = 1, 2, . . . , N . Let Ω be the set of all possible transmission schemes, and let

S(x) be the throughput of a transmission scheme x ∈ Ω. We represent each trans-

mission scheme by a T-tuple ordered coded packets as x = (c1Ki
, c2Kj

, . . . , cTKN
)
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where ciKj
is a coded packet transmitted at time slot i and generated from a

batch of packets {a1, a2, . . . , aKj
}. For example, considering the scenario illus-

trated in Figure 3.2(b), one of the transmission schemes is x = (c12, c
2
2, c

3
2, c

4
2)

where cin =
∑n

j=1 γjaj, and γj are drawn randomly from a large finite field. From

now on, we specify a transmission scheme with its corresponding order of coded

packets. Thus, the objective is to maximize the throughput

max
x∈Ω

S(x) = max
x∈Ω

{
N∑
i=1

ri

}
. (3.5)

Recall that ri is the total number of useful packets after decoding at receiver Ui.

One should note that the number of possible transmission schemes in Ω is very

large, |Ω| = (Km)
T . Hence, using exhaustive search, even for a small scenario,

say (N, T ) = (5, 7), is infeasible for time-sensitive applications. Instead, we

use MCMC-based technique by proposing a target distribution and Simulated-

Annealing based algorithm to find a transmission scheme that approximately

maximizes the throughput.

We first define the target distribution pdf to be the Boltzmann pdf:

f(x) = Ce
S(x)
TB , (3.6)

where TB is temperature, and C is a normalized factor, C = 1/
∑

x∈Ω e
S(x)
TB . Note

that the sample x drawn from f(x) is likely ones that maximize S(x). Thus, x is
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our approximate solution. We next define a neighboring state of a transmission

scheme in the sample space Ω.

Definition 3.5.1. A transmission scheme y is called a neighborhood of a trans-

mission scheme x if x and y differ at most one element.

From the above definition, one can generate a neighboring transmission scheme

y from x by replacing an element (coded packet) of x with another coded packet

from other possible different set. For instance, the transmission scheme x =

(c12, c
2
2, c

3
2, c

4
2) has a neighbor y = (c13, c

2
2, c

3
2, c

4
2) since x and y differ in the first

element. Furthermore, at any time slot j, a coded packet can only be generated

with the maximum packet batch size is Kjm, or from packets {a1, a2, . . . , aKjm
},

where Kjm = maxi{Ki} for all receivers Ui having good condition at time slot

j. This heuristic constraint ensures high probability of being able to decode a

packet.

Finally, we propose a Simulated-Annealing based algorithm to sample from

the target distribution. In particular, we propose a transition function q(x, y)

from x to one of its neighbors. Specifically, an element of x is selected uniformly

at random, and then it is replaced by one of the possible coded packets uniformly.

We have

q(x, y) = q(y, x) =
1

2T (Km − 1)
. (3.7)

Consequently, the acceptance probability that decides the chain to move from
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the current state x to a new state y is given by

α(x, y) = min

{
1,

f(y)q(y, x)

f(x)q(x, y)

}

=


1 if S(y) ≥ S(x)

e
S(y)−S(x)

TB if S(y) < S(x)

(3.8)

The Boltzmann distribution becomes more and more concentrated around the

global maximizer by gradually decreasing the temperature TB. Pseudocode of

the Simulated-Annealing based algorithm is described in Algorithm 3.

3.5.3 Improved SAB Algorithm (ISAB)

In this section, we describe an improved algorithm that speed up the time to

solution. One should note that the sample space forms an MC in which some

of the states are optimal. Each time when a coded packet is transmitted, the

chain moves from the current state to a next state. Thus, the problem can

be viewed as an optimization problem of a deterministic Markov chain decision

process (DMDP). Before proceeding to describe the DMDP, we have the following

definition for “extended neighbors” in ISAB algorithm.

Definition 3.5.2. A state se is called an extended neighbor of a state st if the

transmission scheme se is generated from the transmission scheme st by changing

the transmitted coded packets in such a way that a receiver with the smallest
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[a1, a2, a4, a4][a2, a1, a2, a2]

Figure 3.3: A representation of the DMDP for the example in Figure 3.2(b).
The solid circles represent optimal states, i.e., transmission schemes achieve the
maximum throughput; solid lines represent transitions in both SAB and ISAB
while the dash lines represent transitions in the ISAB only.
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number of GTs and SGTs does not have any useless coded packets.

By this definition, two neighboring states may differ in more than one element.

These states are connected by dash lines in Figure 3.3. We then define the DMDP

as follows:

• State space: Ω consists of all possible transmission schemes. A state is

denoted by a T-tuple in which an element and its index correspondingly

represent the coded packet and the time slot used for transmitting the

packet. For convenience, we eliminate the element’s superscript denoting

the time slot index of each state (transmission scheme).

• Action space: A consists of all possible coded packets.

A = {ci : ci =
i∑

j=1

γjaj}, i = {1, 2, . . . , Km} (3.9)

• Transition probability: A mapping τ(s, t) from Ω×A to Ω, which spec-

ifies the system state at time t+ 1 when the decision maker chooses action

a ∈ A in state s at time t. If s and j are neighbors of each other, then

pt(j|s, a) =


1, if τ(s, a) = j

0, otherwise.

(3.10)

That said, if given an erasure pattern, the structure of the MC is known since
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once an action is taken, the transition from the current state to the next state is

determined. Within a number of epochs, i.e., the number of iterations, in order

to reach to an optimal state, it is important that how the start state is initialized,

and how to choose a neighbor to move to for the next state. To illustrate this

point, in Figure 3.3 we represent the DMDP of the erasure pattern given in

Figure 3.2(b). In this, we assume that the initial state is [a2, a2, a2, a2]; and the

optimal states are indicated by the solid circles. Note that in SAB each state

has T (Km − 1) neighbors. As seen, with this initialization, we can reach to an

optimal state in 2 epochs by SAB. However, within 2 epochs, we cannot reach to

any optimal state if the initial state is [a1, a1, a1, a1]. Also, by using the extended

neighbor concept in ISAB, by 1 epoch we can reach to the optimal state as shown

by the dash lines. Thus, the following properties are taken into account in the

ISAB algorithm for initialization and state transition:

• Initialization: Information is filled in the order from receivers Uj to Ul

where Kj = mini{Ki} and Kl = maxi{Ki}, i = {1, 2, . . . , N}. This is

because of the prioritized data property; when the important data is trans-

mitted first, all receivers possibly receive them with high probability, and

then transmitting the enhancement data later may reduce the information

duplication.

• State Transition: The elements having conflict, i.e., duplicate or useless

data received at some receiver in a time slot, will be replaced with high
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probability to the next state. This allows the system to move quickly from

the current state to an optimal state. There is still, however, a low prob-

ability that the system will move from the current state to a state with a

lower throughput, this allows the MC to explore all the possible states, and

thus, avoiding convergence to a local optimum.

3.5.4 Convergence

In this section, we first prove the convergence correctness of the proposed SAB

and ISAB algorithms and show how fast the MC converges to the target distri-

bution.

3.5.4.1 Convergence Correctness

In order to prove the proposed SAB and ISAB algorithms converge to the target

distribution, we show that the samples generated by the proposed algorithm form

an ergodic MC. We have the following theorem.

Theorem 3.5.3. Samples drawn from the SAB and ISAB algorithms form an

MC whose states satisfy the detailed balance equation:

π(x)P (x, y) = π(y)P (y, x) ∀x, y ∈ Ω, (3.11)
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where π(x), π(y) are the stationary distributions of the states x and y; P (x, y)

and P (y, x) are respectively the transition probabilities from the state x to y and

vice versa.

Proof. The proof is provided in the Appendix B

3.5.4.2 Convergence Rate

In this part we will show how fast the process converges to the target distribution.

We first define the variation distance at time step k with respect to an initial state

x0 of an MC as

△x0(k) = max
x∈Ω
|P k(x0, x)− π(x)| (3.12)

Then the convergence rate of the MC to the target distribution is measured by

τx0(ε) = min{k : △x0(k
′) ≤ ε,∀k′ ≥ k} (3.13)

To bound the convergence rate, the speed at which the chain approaches its

stationary distribution, we use canonical path technique proposed in [17],[47]. For

e = (u, v) ∈ Ω2, define Q(e) = Q(u, v) = π(u)P (u, v), and a graph G = (Ω, E),

where (u, v) ∈ E iff Q(u, v) > 0. For every ordered pair (x, y) ∈ Ω2, a canonical

path γxy through G from x to y is specified by a sequence of legal transitions in

G that leads from an initial state x to a final state y. We now define the edge
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congestion as follows

ρ = max
e∈E

1

Q(e)

∑
γxy∋e

π(x)π(y)|γxy|, (3.14)

where γxy ∋ e implies that γxy uses the directed edge e, and |γxy| denotes the

length of the path. We now bound the chain mixing time by the following propo-

sition.

Proposition 3.5.1. The mixing time of the SAB and ISAB algorithms is

τx(ϵ) ≤ 2T 2e
2NKm

TB

(
lnKT

m + ln ϵ−1
)
. (3.15)

Proof. The proof is provided in Appendix B.

3.6 Simulation results

3.6.1 Achievable Throughput Region

We first provide simulation results for the 2-receiver and 3-receiver scenarios. In

our simulations, erasure patterns are generated randomly. Specifically, in each

time slot, the packet loss rate of a receiver is chosen randomly in [0.1, 0.9].

We first compare the performances of the optimal and greedy algorithms. The

optimal algorithm is the one that will find the optimal erasure patterns whenever
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possible. The greedy algorithm is adopted from the algorithm proposed in [32].

In this greedy algorithm, the source employs a queue that consist of information

on the lost and received packets for each receiver. At each time slot, the source

consults with the queue and determines which packet to send, based on how

many receivers will be able to decode their packets upon receiving the packet.

For example, at the current time slot both the receivers U1 and U2 have good

channel condition, and also the Q1 = ai and Q2 = aj. This implies that the

receiver U1 is missing packet ai while the receiver U2 is missing packet aj. Thus,

the source generates a coded packet by combining two packets as ai ⊕ aj, then

transmits to both the receivers. This transmission is good in a sense that both

receivers can recover their desired information by only one transmission.

In Figure 3.4(a) we plot the average of the throughput tuples resulted from

running the two algorithms. As shown, the optimal algorithm produces a balance

throughputs among receivers and achieves a larger throughput region as compared

with the greedy one. The intuition for this is that in the greedy algorithm, the

source only looks at the current time slot and the queues to choose a packet or

a coded packet to maximize the throughputs of all the receivers without taking

into account the packet order; thus, at some point in the future, the continuous

order of the data is possibly broken, resulting in lower prioritized throughputs.

In contrast, in the optimal algorithm, the source implements a global op-

timization, i.e., it scans all the possible combinations of time slots, then using
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RNC to bring in-order innovative information to all the receivers, hence, it results

in a higher achievable throughput region. Figure 3.4(b) illustrates the average

throughput of all receivers as a function of the total number of time slots. Here

the average throughput is calculated by summing up all the achievable through-

puts of all the receivers and divided by the number of receivers. Intuitively, for

larger number of time slots the greedy algorithm would have trouble in finding

the throughput tuples of high values. This is indicated by the steep decrease in

the average throughput graph of the greedy algorithm roughly during the first 200

time slots. On the other hand, for the optimal algorithm, the average through-

put is almost unchange. On the average, the optimal algorithm outperforms the

greedy algorithm by 25%.

The simulation results for the case of 3-receiver scenario is depicted in Figure

3.5. The gap between two throughput regions obtained by the optimal and the

greedy algorithms is widen in Figure 3.5(a). In particular, the greedy algorithm

can only maintain the throughput for two receivers R1 and R2 only, while that

of the R3 is very low. The optimal algorithm results in larger throughputs for all

receivers. Figure 3.5(b) shows the average throughput for all the receivers as the

function of queue size. For the case of 3-receiver scenario, during the first 200 time

slots, the graph of the greedy algorithm decreases significantly. This is because

by looking at one time slot ahead, it is hard for the source to find an optimal

transmission, i.e., transmission that all receivers can receive useful innovative
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Figure 3.4: Simulation results for the 2-receiver broadcast scenario. (a) average
achievable throughput region (b) Average achievable throughput.
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information. However, it is not the case for the optimal algorithm. By searching

the global optimal transmission schedule for all the receivers, the source achieves

a much higher average throughput. As seen, the optimal algorithm produces an

average throughput about 2.5 times higher than that of the greedy one.

3.6.2 Maximum Throughput Approximation

We next evaluate the performance of different approximation techniques in terms

of the achievable maximum throughput and runtime. In particular, we compare

5 different techniques: Exhaustive search, Uniform sampler, Metropolis-Hasting

based sampler, Simulated-Annealing based sampler, and our proposed technique

Improved Simulated-Annealing based sampler.

• Exhaustive Search (Exh. Search): This algorithm tries all possible trans-

mission schemes, then returns a scheme that produces the best result.

• Simulated-Annealing based sampler (Simulated): This algorithm procedure

is described in Algorithm 3.

• Uniform sampler (Uniform): This variant of the Simulated has steps de-

scribed in the Algorithm 3, except at the STEP 3 the acceptance proba-

bility is set equal to 1, α(x, y) = 1. This algorithm uses less computation

but it is not optimal in finding the optimal solution.
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• Metropolis-Hasting based sampler (Metropolis): This is another variant of

the Simulated. It has the same procedure as described in Algorithm 3,

except that the Boltzmann temperature is fixed for all iterations.

• Improved Simulated-Annealing based sampler (ISAB): The algorithm is de-

scribed in the subsection 3.5.3.

To compare different techniques, we generate random erasure patterns and then

compute the average of throughput sums from all the receivers. Since the achiev-

able maximum throughput is a function of the number of receivers, time slots,

and iterations, in our graphs we vary one parameter and keep the other two

constant. Also, we do not plot performance of the Exhaustive Search for large

erasure patterns due to its runtime increases exponentially.

In the first experiment, we show the sample trace of different techniques with

an erasure pattern (N, T ) = (5, 7), and the number of iterations I = 150 (less

than 1% of the expected transmission schemes). The sample traces in terms of

throughput are shown in Figure 3.6. As seen, in the first 100 iterations, ISAB is

the only technique that finds an optimal state produced by the Exhaustive Search

technique (indicated by the horizontal line on the top). As seen, the sample trace

produced by the ISAB algorithm starts at very high throughput state due to a

good initialization, and then quickly converges to an optimal state. On contrary,

the other techniques cannot find any optimal state in 120 iterations. Particularly,

the SAB converges to a local optimum. It takes a while before the ISAB converges
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(N, T)= (5, 7)

Figure 3.6: Sample trace in terms of achievable throughput versus iteration index
for an erasure pattern (N, T) = (5, 7); iterations I = 150.
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Figure 3.7: Simulation results for the erasure pattern (N, T) = (5, 7); (a) Average
throughput versus the number of iterations; (b) Percentage of trials achieving the
optimal solution versus the number of iterations.
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to an optimal state, then it stays there with probability closed to 1.

We now examine how fast the approximation techniques converge to the

optimal solution. In order to evaluate this, we fix the erasure pattern size

(N, T ) = (5, 7), and vary the number of iterations. Specifically, convergence

speed of each technique is evaluated by two metrics: average throughput and

percentage of trials achieving the optimal solution. These are correspondingly

shown in Figs. 3.7(a) and (b). Note that each point of the graph is computed

by averaging the results from 100 trials. As seen, in Figure 3.7(a), the Exhaus-

tive Search achieves the optimal solution indicated by the horizontal line on the

top. While in the ISAB, by starting from a good initial state and good choices

of state transitions, it achieves the best performance among the approximation

techniques. In addition, all the approximation techniques converge to the opti-

mal solution, even with different rates. Especially, the ISAB converges fastest

with about 100 iterations, about 1% of the sample space size. This is intuitively

because the ISAB has higher flavor to move to the transmission schemes which

have high throughput. Also, this state selection procedure has the ISAB obtained

smaller variance comparing to the other techniques. Figure 3.7(b) represents the

percentage of the trials that find the optimal solution versus the number of iter-

ations. As shown, the ISAB has almost 60% of the trials can find the optimal

solution within 10 iterations; while the second best techniques, Simulate and

Metropolis, achieve only 10%, and the Uniform achieves the worst performance
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with only 5%. As seen, the chance of finding an optimal solution increases when

increasing the number of iterations.

We now compare the runtime of different techniques by fixing the number of

time slots T = 5 and varying the number of receivers. In particular, for each

instance of (N, T ) we generate many patterns at random and run each technique

many times for a pattern. The plotted curves are averaged by the achieved results

of each technique. Figs. 3.8 represents the runtime of different techniques. The

runtime is the actual time that a technique needed to find an optimal state.

As seen in Figure 3.8, when the number of receivers increases, the runtimes of

other techniques increase exponentially while that of the ISAB maintains almost

constant.

In order to compare the performances of different techniques in large erasure

patterns, we do not find the optimal solution using the Exhaustive search since the

sample space increases exponentially. Especially, we fix the number of time slots

T = 5 and vary the number of receivers N . The number of iterations for running

each algorithm is set as I = 150. The average throughputs of different techniques

are plotted in Figure 3.9. As seen, when increasing the number of receivers,

the performance gaps between the ISAB and the other techniques increase. In

other words, the ISAB is much more scalable with the problem size than other

techniques..
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3.7 Conclusion

In this chapter we have investigated the achievable throughput of prioritized

transmissions in scenarios consisting of a single source and multiple receivers with

a shared and lossy channel. We show that using network coding technique, the

achievable throughput for the broadcast scenarios can be substantially increased.

Furthermore, for some erasure patterns, the achievable throughput region using

network coding technique is optimal in the sense that no scheme can do better.

We have provided exact results on the achievable throughputs for the cases of

2-receiver and 3-receiver scenarios. For larger network scenarios, we have inves-

tigated a class of approximation techniques based on the MCMC method. Both

analytical and simulation results have been provided to verify the improvement

of the proposed techniques.
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Algorithm 2 : Algorithm to determine whether or not a pattern is optimal
(OPT-Alg).

Input: E = (N, T ).
Output: “YES” or “NO”.

1: STEP 1: Count the total number of GTs and SGTs at each receiver
2: for receiver i do
3: Ai ⇐ 0
4: for time slot t do {Check if a time slot is good?}
5: if SlotCheck(Ui(t)) == “good” then
6: Ai ⇐ Ai + 1
7: end if
8: end for
9: end for
10: B ⇐ SORT (Ai) {Sort Ai in ascending order}
11: STEP 2: Encode and transmit coded packets
12: C(i)⇐ ∅
13: for receiver i do
14: if B(i) > B(i− 1) then
15: Pkt(i)⇐ CodPktGen(B(i)−B(i− 1), B(i))
16: else
17: Pkt(i)⇐ Pkt(i− 1)
18: end if
19: j ⇐ Find(Aj == B(i))
20: for time slot t do
21: if SlotCheck(Ui(t) == “good”) then
22: for receiver k do
23: if SlotCheck(Uk(t)) == “good” then
24: C(k)⇐ C(k)

∪
Pkt(i)

25: end if
26: end for
27: end if
28: end for
29: end for
30: STEP 3: Decode received data at each receiver
31: for receiver i do
32: D(i)⇐ Decode(C(i))
33: end for
34: STEP 4: For every receiver i, compare the total useful packets to its Ki

35: if D == B then {D(i) == B(i) ∀i}
36: return “YES”
37: else
38: return “NO”
39: end if
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Algorithm 3 : Simulated-Annealing based algorithm.

Input: Erasure pattern E = (N, T ).
Output: Transmission scheme.

1: STEP 1: Initialize the starting state X0 and temperature T0. Set n← 0.
2: STEP 2: With probability 1/2, generate a new state Y from the proposal

q(Xn, y).
3: STEP 3:
4: if S(Y ) ≥ S(Xn) then
5: Xn+1 ← Y
6: else
7: U ∼ U(0, 1) {Generate a uniform random variable.}
8: if U < α(Xn, Y )← e

S(Y )−S(Xn)
Tn then

9: Xn+1 ← Y
10: else
11: Xn+1 ← Xn

12: end if
13: end if
14: STEP 4: Decrease the temperature Tn+1 ← β.Tn where β < 1, increase n

by 1 and repeat from STEP 2 until stopping.
15: STEP 5: Return a scheme x that produces the maximal sum throughput.
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Chapter 4 – ADAPTIVE NETWORK CODING FOR WIRELESS

ACCESS NETWORKS

4.1 Introduction

In today communication networks such as the Internet and wireless ad hoc net-

works, data delivery is performed via the store-and-forward routing, using which,

the intermediate routers do not alter the contents of packets as they traverse

hop-by-hop from a source to a destination. In contrast, Network coding (NC),

a new routing approach pioneered by Ahlswede et al. [3], allows intermediate

routers to generate data on its output link by mixing data from multiple of its

input links. In this way, it is theoretically possible to achieve the throughput

capacity of a multicast/broadcast session, while this is not possible with the

store-and-forward routing scheme. Recently, NC technique has also been applied

successfully to increase throughput in wireless networks [30],[31],[54]. Having

said that, supporting sophisticated functionalities at intermediate routers goes

against the end-to-end design principle [44] which argues for simple routers to

increase performance and scalability. This principle has been cited in part for

the huge success of the Internet.

On the other hand, it might be beneficial to employ NC in places where
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additional complexity can be justified. A wireless Base Station (BS) or a wireless

Access Point (AP) typically manages less traffic as compared to that of a core

router in the Internet. Thus, it is feasible to realize some sophisticated NC-based

algorithms and protocols at the BS which would increase wireless throughput, at

some expense of additional complexity.

In this chapter we propose using NC at a wireless base station to improve

Quality of Service for all-type applications. Specifically, we consider the typical

scenario in which, multiple flows originate from the Internet, traverse a wireless

base station, and terminate at multiple users in a wireless access network. As

such, the wireless base station is allowed to perform network coding by appropriate

linear mixing and channel coding of packets from different incoming flows before

broadcasting a single flow of mixed or coded packets to all wireless users. Each

user then uses an appropriate decoding method to recover its own packets from

the set of coded packets that it receives.

Studying NC in this setup is not entirely new. NC has been suggested in the

context of Wi-Fi and WiMax networks. Indeed, Nguyen et al. [42] proposed some

XOR based network coding schemes together with a scheduler at a Wi-Fi Access

Point (AP) to improve throughput where feedback is readily available. Nguyen

et al. further extended this work to reduce delay for video transmission in [41].

Eryilmaz et al. [19] also proposed to use NC technique that employs a large finite

field, rather than XOR-based NC techniques, to improve throughput at the BS.
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In addition, Tran et al. [53] also showed that employing NC jointly with channel

coding across the multiple wireless unicast sessions can significantly increase the

overall wireless throughput. However, these frameworks, which were designed

to maximize the overall throughput, could reveal an unfairness in terms of QoS

between receivers with different channel conditions.

Therefore, in this chapter we propose a framework for applying NC coding

at the BS to optimize the quality of service of both real-time and non-real time

traffic under certain fairness constraint. We show that in principle, for the given

channel conditions and QoS requirements, appropriate mixing and channel coding

of packets across different flows can lead to substantial quality improvement for

both real-time and non-real time applications, e.g. video streaming and FTP.

On the other hand, blind mixing of flows may actually degrade their qualities.

Quantifying the performance of flow mixing, and finding the optimal mixing with

respect to some metric, are the main objectives of this chapter. We formulate

this mixing problem as a combinatorial optimization problem, and propose a

heuristic algorithm based on simulated-annealing method, to approximate the

optimal solution. Simulations confirm the performance improvement resulting

from the proposed controlled mixing approach over the non-network coding and

the state-of-the-art network coding approaches.

The organization of this chapter is as follows. We first discuss background

and a few related work in Section 4.2. In Section 4.3 we present an example
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to illustrate the suboptimal solution of the current approach. In Section 4.4,

we present the system model and describe how different techniques work. The

performance analysis and optimization framework are provided in Section 4.5.

Section 4.6 describes the proposed heuristic algorithm to approximate the optimal

partition solution. Simulation results and discussions are provided in Section 4.7.

Finally, we conclude with a few remarks and future work in Section 4.8.

4.2 Background and Related Work

The notion of NC, i.e., mixing of data at intermediate nodes to increase the over-

all multicast capacity of a network, was first proposed in the seminal paper by

Ahlswede et al. [3]. Ahlswede provided an existence proof of some network codes

(method of mixing data at intermediate nodes) that achieve multicast capac-

ity. This spurted a number of works on construction of practical network codes,

including algebraic, algorithmic, and randomized approaches [12],[34],[35],[38].

In recent years, NC has been also applied successfully to wireless ad hoc net-

works [16],[21],[30],[60]. A classic example first proposed by Wu et al. [60] for

efficient information exchange in a wireless ad hoc network is shown in Figure

3.1. Following this work, Katti et al. [30] proposed an opportunistic XOR-based

scheme for wireless mesh networks and showed a substantial bandwidth improve-

ment over the current store-and-forward approach. A number of follow-up works
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have proposed to jointly optimizing NC technique with the existing protocols.

Prasanna et al. [11] and Yomo et al. [63] proposed frameworks for jointly op-

timizing network coding and packet scheduling, subject to some constraints of

physical and MAC layers. Maximizing throughput was their objective function,

but QoS fairness was not considered.

As briefly described in the Introduction, the setup of our problem, namely

using NC in the context of wireless access networks, is not entirely new. Indeed,

it was proposed by Nguyen et al. [42] and Eryilmaz et al. [19]. Figure 4.1(a) shows

a simple example of how performing NC at a wireless base station can increase

the throughput. Assuming that, there are two concurrent flows f1 : S1 → D1 and

f2 : S2 → D2, both share the same wireless channel from the BS to the receivers.

With the existing infrastructure, upon receiving packets a and b, the BS uses

the first and second time slots to deliver a and b to D1 and D2, respectively. The

receivers use ACK or NAK message, respectively, to signal the BS whether they

receive a packet correctly or not. Assuming that, after the first two time slots,

the BS has a packet loss pattern as shown in Figure 4.1.(b), that is, packet a

is lost at D1 while packet b is lost at D2. If we assume that, it takes one time

slot to retransmit a lost packet, then the BS needs two more transmissions. In

all, 4 time slots is needed to deliver packets a and b to D1 and D2, respectively.

Now consider the randomized NC (RNC) technique introduced by Koetter et al.

in [33]. Upon receiving two packets a and b, the BS generates coded packets by
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Figure 4.1: (a) A transmission scenario of unicast flows in WLAN/WiMAX net-
work. (b) Lost packet patterns at the receivers; in each time slot, the first and
second packets correspond to transmitted packets of the traditional and NC tech-
niques. “×”, “o” and “-” denote lost, successful and “don’t care” packets, respec-
tively.
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linearly combining a and b with random coefficients. For example, a coded packet

ci is generated as

ci = αia+ βib, (4.1)

where αi and βi are coefficients selected at random from a large finite field.

The two coded packets are then broadcasted to both receivers. Assuming that,

after the first two transmissions, the packet loss pattern at the BS is the same

as before (the first packet is lost at D1, successful at D2 while the second packet

is successful at D1 and lost at D2). In the third time slot, the BS generates and

broadcasts another coded packet. Suppose at this time, both D1 and D2 receive

the coded packet correctly. Then, each receiver has received successfully a total

of two coded packets, and will be able to recover its own packets by solving a

system of linear equations. We assume that the coefficients are included in the

packet header to enable the receiver to set up the equation. With sufficiently

large packet size, this overhead is negligible [12]. Overall, RNC approach needs

only 3 transmissions to deliver two packets to the intended receivers.

4.3 What Is Bad About Mixing?

Based on the example above, mixing packets from different flows is clearly bene-

ficial. However, should one advocate mixing at every opportunity? The answer is

No. Wu et al. was first to consider this mixing problem in a different context [61].
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Intuitively, too much mixing can reduce the probability of a receiver to be able

to recover its own information. Below is a simple example to illustrate our point.

Example 4.3.1. We consider the setup in Figure 4.1(a). Assuming that packet

losses atD1 andD2 are independent and followed the Bernoulli trial with p1 = 1/3

and p2 = 2/3, respectively. In order to transmit data reliably, it makes sense

for the BS to employ stronger protection for the data intended to D2. Thus,

suppose that two codes (n1, k1) = (3, 2) and (n2, k2) = (3, 1) are used for D1

and D2, respectively. Using a code (n, k), the BS spends n time slots to deliver

k information packets (n > k). Suppose the BS has n1 + n2 = 6 time slots to

deliver three packets, two of which are for D1, and one packet for D2. Then, using

the non-mixing technique (Unicast) where packets from different flows are sent

separately, the probability that all the receivers can recover their own packets is:

PUNI =
2∏

i=1

ri∑
j=0

(
ni

j

)
pji (1− pi)

ni−j, (4.2)

where ri = ni − ki for i = {1, 2}. Substituting values of pi, ni, and ki into (4.2)

we have PUNI = 0.5213; equivalent to a throughput of 1/2 packet per time slot.

On the other hand, using RNC technique, all packets are mixed to produce

coded packets. There are three original packets, two for D1 and one for D2,

hence, each receiver needs to receive at least 3 coded packets correctly to decode

its desired information. The BS has a total of 6 time slots to deliver the coded
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packets to both receivers. The probability that both receivers can recover their

data is

PRNC =
2∏

i=1

r∑
j=0

(
N

j

)
pji (1− pi)

N−j, (4.3)

where r =
∑2

i=1(ni − ki) = 3 and N =
∑2

i=1 ni = 6. Substituting the values

of pi for i = {1, 2} into (4.3) we obtain PRNC = 0.2876. This is approximately

equivalent to a throughput of 1/5 packet per time slot, about 2.5 times less than

that of the non-NC technique. Obviously, applying NC has reduced the network

throughput.

4.4 System Model and Transmission Techniques

In this section, we first describe different transmission techniques for the purpose

of comparing with our proposed approach.

4.4.1 Transmission Techniques

We consider a last mile wireless scenario consisting of one BS and M receivers.

In particular, assume that there are M flows from sources Si to destinations Di

for i = 1, 2, . . . ,M , and these flows share the wireless channel from the BS to

the receivers. We associate each destination Di with a demand Si, the number

of packets that the receiver Di wants to receive per time unit. The ith flow has



115

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of packets

U
se

r 
sa

tis
fa

ct
io

n

 

 

Real time

Time adaptive

Figure 4.2: Satisfaction functions of different applications versus the number of
packets.

a packet-level FEC coding scheme denoted as (ni, ki).

Without loss of generality, let us assume that BS has enough memory to

store data for one transmission period N =
∑M

i=1 ni. In this chapter we consider

three techniques: unicast (UNI), Randomized Network Coding (RNC), and the

proposed Adaptive Randomized Network Coding (ARNC). Before proceeding to

the details of analysis, let us describe the protocol used in each technique.

◃ Unicast (UNI): This is a common traditional approach. In each period,

the BS uses a pre-specified maximum ni time slots to transmit ki data packets

for receiver Di. This pre-specification of FEC level can be viewed as a method

to accommodate varying QoS levels as specified by different flows. If there are

packet losses, the BS uses ni − ki redundant time slots to retransmit the lost
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packets. The BS switches to transmit data packets for the next receiver when

it receives an ACK message from the current receiving user or all the time slots

intended for the current receiver have been used.

◃ Randomized Network Coding (RNC): Transmissions in RNC are clas-

sified into two phases: the basis and the augmentation. In the basic phase, all∑M
i=1 ki original packets will be transmitted first. The receivers cache all the

packets, including ones that are not intended for them. Next, the BS mix all

the packets from all users, to generate coded packets and broadcasts them to all

receivers. Again, the ni and ki are pre-specified as in the UNI technique. The re-

ceivers, which have lost some of their original packets, now can receive the coded

packets to decode their own data based on the method described in Section 4.2.

Note that, because packets are not mixed in the basis phase, a receiver is able

to obtain a fraction of its packets, even though it cannot recover all the mixed

packets in the augmentation phase.

◃ Proposed Adaptive Randomized Network Coding (ARNC): The

BS now has the ability to choose what flows to be mixed together based on

their channel conditions, types of services and priorities. Note that all these

parameters (channel conditions, types of services, and priorities) of different flows

have been considered in UNI and RNC techniques through assigned FEC codes.

Assuming that the M incoming flows are partitioned into G groups. Then, for

each group, the BS uses RNC to transmit data to the receivers inside that group
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only. Assuming ni and ki are fixed as in the previous two techniques, the objective

of the BS is to determine the optimal partition to maximize the average user

satisfaction over all users. Clearly, mixing packets from all incoming flows may

result in poor performance due to mismatch in type of services, priorities, and

channel conditions, while mixing packets of flows with similar characteristics

might be beneficial. A precise mathematical formulation of this partitioning

problem will be given in the next section.

4.4.2 Satisfaction Function

Before formulating the mixing problem, a metric is needed in order to quantify

the performance of different transmission protocols. We note that any suitable

metric can be used with our proposed optimization framework. In this chapter,

we simply use a satisfaction function which estimates the level of satisfaction

with the given quality of service (QoS). Obviously, the function depends on the

number of packets received successfully in a specified period of time, and its

type of service (ToS). In this chapter, we consider two types of services: time-

sensitive applications, e.g., video streaming, and time adaptive applications, e.g.,

file transfer and email.

For the time-sensitive applications, we assume that the application data is

separated into layers. For example, a video streaming is packetized into basic
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and enhanced layers. In order to maintain the minimal QoS, a receiver needs to

receive at least N0 packets of the basic layer per time period. If the number of

received packets is less than N0, the QoS of the receiver decreases significantly.

However, if more packets of the enhanced layer are received, the QoS of the

receiver just increases slightly. One can think this as more details of a picture are

added into the basic frame. We adopt the satisfaction function proposed in [40].

That is,

γi = F(Si)

=



0 Si < γ0.N0

γ0 − γ0
√
1− Si−γ0N0

(1−γ0)N0
γ0N0 ≤ Si < N0

γ0 + (1− γ0)
√

1− Si−(2−γ0)N0

(1−γ0)N0
N0 ≤ Si < (2− γ0)N0

1 Si ≥ (2− γ0)N0,

(4.4)

where Si denotes the number of packets received successfully, N0 denotes the

minimal number of packets to maintain a satisfaction factor of γ0.

For time-adaptive applications, the characteristic of satisfaction function is

different. In order to obtain a satisfaction factor of γ0, the receiver needs to

receive at leastN0 packets per time period. However, when the number of received

packets is less or greater than N0, respectively, the satisfaction function decreases
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or increases slightly. The function is given by

γi = F(Si) =


γ0.

Si

N0
Si < N0

1− (1−γ0)N0

Si
Si ≥ N0.

(4.5)

The satisfaction functions of different types of applications versus the number

of packets are shown in Figure 4.2. Given the satisfaction functions, we call a

transmission technique is the best technique if it produces the largest expected

satisfaction over all users.

4.5 Performance Analysis of the Different Transmission Techniques

4.5.1 UNI Technique

Using this technique, the packets of different flows are sent individually in a

Round-Robin fashion. We consider the ith flow destined to receiver Di. Note

that, a pre-specified FEC code RS(ni, ki) is applied to this flow. Let pi denote

the packet loss rate at Di, then, the probability that receiver Di can recover all

its data is given by

P s
i =

ni∑
j=ki

(
ni

j

)
pni−j
i (1− pi)

j, (4.6)

Note that, Di also can partially recover the original transmitted data when the

number of received packets is less than ki. We denote random variables X and Y
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respectively be the number of original packets and the total number of received

packets. Then, the probability that Di obtains m original packets and its total

received packets is less than ki is

Pi(m) = P (X = m,Y < ki)

=

ki−1∑
l=m

Pr(X = m|Y = l)Pr(Y = l)

=

ki−1∑
l=m

(
ni − ki
l −m

)(
ki
m

)
pni−l
i (1− pi)

l. (4.7)

Let γi denote the satisfaction of receiver Di, therefore, the expected total satis-

faction over all users is

γ = E

[
M∑
i=1

ciγi

]

=
M∑
i=1

ciE [γi] , (4.8)

where

E[γi] = F(ki)P s
i +

ki−1∑
m=0

F(m)Pi(m), (4.9)

and ci denotes the weighted factor (priority) for the ith flow; this factor is propor-

tional to the price that the receiver Di has to pay to the service provider, thus,

the higher price, the higher priority, and E[.] denotes the expected function.
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4.5.2 RNC Technique

Using this technique, the BS first also uses Round-Robin to transmit all the

original packets, then the remaining time slots are used for transmitting coded

packets. The receiver Di can recover its own ki packets if it receives successfully

either all ki original packets or at least K =
∑M

i=1 ki packets (either original or

coded packets). Let P s
i denote the probability that Di can recover all its data,

and let random variables U and V respectively denote the original and total

received packets at receiver Di. We have

P s
i = P (U = ki, V < K) + P (U ≤ ki, V ≥ K)

= P (V < K|U = ki)P (U = ki) + P (V ≥ K|U ≤ ki)P (U ≤ ki)

= (1− pi)
ki

[
K−ki−1∑

l=0

(
N − ki

l

)
pN−ki−l
i (1− pi)

l

]
+

ki∑
j=0

(
ki
j

)
pki−j
i (1− pi)

j

N−ki∑
t=K−j

(
N − ki

t

)
pN−ki−t
i (1− pi)

t. (4.10)

Next, we compute Pi(m), the probability that receiver Di receives m original

packets (m < ki), and its total packets received successfully is less than K. We
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have

Pi(m) = P (U = m,V < K)

=
K−1∑
l=m

P (V = l|U = m)P (U = m)

=
K−1∑
l=m

(
N − ki
l −m

)(
ki
m

)
pN−l
i (1− pi)

l. (4.11)

Thus, the expected satisfaction over all the receivers is given by

γ = E

[
M∑
i=1

ciγi

]

=
M∑
i=1

ciE[γi], (4.12)

where

E[γi] = F(ki)P s
i +

ki−1∑
m=0

F(m)Pi(m). (4.13)

4.5.3 Proposed ARNC Technique

Let G denote a partition of the incoming flows and |G| denote the number of

groups in G. Let Mi denote the number of flows in group i. Per each group,

we use RNC technique described above, to transmit the data. Consider the ith

group and let Ni =
∑Mi

j=0 nij and Ki =
∑Mi

j=0 kij denote the total available time

slots and information packets need to be transmitted for group i. Here (nij, kij)
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denotes the FEC code applied to the flow transmitting to receiver j of group i1.

Similarly as computed in RNC technique, the probability that receiver j of group

i, Dij, can recover all its data is

P s
ij = (1− pij)

kij

Ki−kij−1∑
l=0

(
Ni − kij

l

)
p
Ni−kij−l
ij (1− pij)

l


+

kij∑
s=0

(
kij
s

)
p
kij−s
ij (1− pij)

s

Ni−kij∑
t=Ki−s

(
Ni − kij

t

)
p
Ni−kij−t
ij (1− pij)

t. (4.14)

We now calculate the probability that receiver Dij recovers m out of kij original

packets (m < kij).

Pij(m) =

Ki−1∑
l=m

(
Ni − kij
l −m

)(
kij
m

)
pNi−l
ij (1− pij)

l. (4.15)

Let a random variable γij denote the satisfaction of receiverDij. Then the average

satisfaction over all users is given by

γG = E

 |G|∑
i=1

Mi∑
j=1

cijγij

 . (4.16)

Now, a partition scheme is optimal if it maximizes the average satisfaction over

all users. This optimization problem can be formulated as:

max
G∈Ω
{γG}

1We abuse the notation slightly since this FEC code is a some original FEC code.
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subject to:

|G|∑
i=1

Mi∑
j=1

kij = K (4.17)

|G|∑
i=1

Mi∑
j=1

nij = N (4.18)

0 ≤ γij ≤ 1 for i = 1, 2, . . . , |G|, j = 1, 2, . . . ,Mi (4.19)

where

E[γij] = F(kij)P s
ij +

kij−1∑
m=0

F(m)Pij(m),

and Ω denotes the collection of all the nonempty-subset partitions of flows {f1, f2, . . . , fM},

N and K respectively denote the total number of time slots and data packets in

one transmission period.

4.6 Heuristic Algorithm for Optimal Mixing

The combinatorial optimization problem above is hard. Thus, in this section, we

describe a simulated-annealing heuristic algorithm based on the Markov Chain

Monte Carlo (MCMC) method, introduced in Section 3.5.1, to approximate the

solution. The reader can find more details in Jerrum et al. [27].
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4.6.1 Simulated-Annealing Based Algorithm (SAB)

In this section, we show how to appropriately construct a target distribution,

and use MCMC to obtain the solution. Consider a scenario with M concurrent

flows traversing through the BS. Let Ω be the set of all possible partitions, and

let S(x) be the average satisfaction of a partition x ∈ Ω. We represent each

partition by an M -tuple group index as x = (i, j, . . . , k) where i indicates that

the first flow belongs to group i, the second flow belongs to the group j, and so

on. The objective is to maximize the average satisfaction over all users. That is,

max
x∈Ω

S(x) = max
x∈Ω


|x|∑
i=1

Mi∑
j=1

cijγij

 . (4.20)

We should note that the number of possible partitions in Ω is very large, that

is [2]

|Ω| =
M∑
k=1

1

k!

k∑
i=0

(−1)i
(
k

i

)
(k − i)M . (4.21)

Hence, using exhaustive search, even for a reasonably small number of flows,

is infeasible for time-sensitive applications. Moreover, every time a flow joins,

terminates, or its channel condition changes, the AP needs to repartition again.

Instead, by using MCMC method we will show that the time to achieve near

optimal solution will be substantially reduced.
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We first define the target distribution to be the Boltzmann probability density

function (pdf):

f(x) = Ce
S(x)
TB , (4.22)

where C is a normalized factor and TB is temperature.

As seen, if S(x) is large, then f(x) is large. Thus, with high probability,

we will draw samples corresponding to S(x) which by design, will maximize the

average user satisfaction. Next, we need a mechanism for moving from one state

to another in the chain. To do so, we define a neighbor of a partition in the

sample space Ω:

Definition 4.6.1. A partition y is called a neighborhood of a partition x if and

only if x and y differ in only one element.

From the above definition, y can be generated from x by replacing an element

of x with a different one drawn at random from the index set 1, 2, . . . ,M . For

example, M = 5, the partition x = (1, 1, 3, 2, 3) has a neighbor y = (1, 1, 1, 2, 3)

since x and y differ in the third element.

We now propose a Simulated-Annealing based algorithm to generate samples

according to the target distribution. We propose a transition function q(x, y)

from state x to one of its neighbors. Specifically, an element of x is selected

uniformly at random, and then it is replaced by one of the possible indexes
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uniformly. Therefore, it is clear that

q(x, y) = q(y, x) =
1

2M(M − 1)
. (4.23)

Consequently, the acceptance probability, i.e., the probability that the chain

moves from the current state x to a new state y, is given by

α(x, y) = min

{
1,

f(y)q(y, x)

f(x)q(x, y)

}

=


1 if S(y) ≥ S(x)

e
S(y)−S(x)

TB if S(y) < S(x)

(4.24)

As designed, the Boltzmann distribution becomes more and more concentrated

around the global maximizer by gradually decreasing the temperature TB. Pseu-

docode of the Simulated-Annealing based algorithm is described in Algorithm 4.

◃ Convergence: Guarantee of convergence to the target distribution using

the SAB algorithm is shown in Theorems 3.5.3 and Proposition 3.5.1.

4.7 Simulations and Discussions

We consider a realistic wireless access network having a diversity in applications

and channel conditions. For example, a scenario where different types of users

are connecting to a base station and some of them are moving. It is not easy
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Algorithm 4 : Simulated-Annealing based algorithm.

Input: M , ci, RS(ni, ki).
Output: Optimal Flow Partition.

1: STEP 1: Initialize the starting state X0 and temperature T0. Set n = 0.
2: STEP 2: With probability 1/2, generate a new state Y from the proposal

q(Xn, y).
3: STEP 3:
4: if S(Y ) ≥ S(Xn) then
5: Xn+1 ⇐ Y
6: else
7: U ∼ U(0, 1) {Generate a uniform random variable.}
8: if U < α(Xn, Y )⇐ e

S(Y )−S(Xn)
Tn then

9: Xn+1 ⇐ Y
10: else
11: Xn+1 ⇐ Xn

12: end if
13: end if
14: STEP 4: Decrease the temperature Tn+1 ⇐ β.Tn where β < 1, increase n

by 1 and repeat from STEP 2 until stopping.
15: STEP 5: Return a scheme x that produces the maximal weighted-average

satisfaction.

to set up a network with a large number of users satisfying those conditions.

Moreover, in the exhaustive search method, we need to scan all the possible

channel partitions, which increases exponentially with the number of flows, to find

the optimal partition. Therefore, in a reasonable network settings, we consider

a single-hop wireless network consisting of 5 incoming flows. In particular, we

assume that there are two types of applications: time-sensitive and time-adaptive.

The BS decides a coding scheme for a flow based on the cost which the user had

paid to the service provider. That is, the higher cost, the higher priority. Note

that the type and priority of a packet can be easily elaborated in the header

of the transmitted packets. In the UNI technique, the BS uses the priorities
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of the incoming flows to assign their redundancies, and they will be used in all

techniques for a fair comparison. We consider the typical WLAN channel with a

transmission rate of 2 Mbps, equivalent to N = 133 time slots or 133 1.5Kbyte

packets. In addition, a time-adaptive application requires 18 data packets per

second, corresponding to a rate of 27 Kbps, while a time-sensitive application

requires 25 and 30 data packets, corresponding to rates of 37.5 and 45 Kbps, for

medium and high QoS, to achieve the satisfaction factor of 1. These numbers are

equivalent with the number of frames per second in video streaming.

Table 4.1: Parameters of the incoming flows.

Flow ID Rx ID (ni, ki) pi Service type Priority
f1 D1 (21, 18) − Time adaptive 1
f2 D2 (21, 18) 0.05 Time adaptive 1
f3 D3 (22, 18) 0.05 Time adaptive 2
f4 D4 (31, 25) 0.05 Real time 3
f5 D5 (38, 30) 0.05 Real time 4

If the number of data packets received at each receiver is less than the required

packets, its satisfaction will decrease according to the satisfaction function as

described in Section 4.4.2. The transmission parameters of the incoming flows are

given in Table 4.1. These parameters are set based on the types of applications,

priorities of the incoming flows, and the bandwidth availability. In addition, the

redundancy used for each incoming flow depends on its priority, for example, in

our experiments we set priorities 1, 2, 3 and 4 corresponding to approximate

redundancies of 15%, 20%, 25% and 30%. Note that these parameters will be
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Figure 4.3: (a) System recoverability versus partition schemes for the case of 5
flows. The transmission parameters of the flows are summarized in Table 4.1,
and p1 = 13%. (b) System recoverability versus packet loss rate p1, the other
parameters are given in Table 4.1.
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applied to all techniques.

4.7.1 System Recoverability

We first show the benefit of informed mixing and the drawback of blind mixing by

examining the probability that all the receivers can decode their packets. Figure

4.3(a) shows this probability versus all different partitions, i.e., ways of mixing

data when the packet losses of receivers from D2 to D5 are set to 5% while that

of receiver D1 is 13%. We map each partition to an integer on the x-axis. The

number of possible partitions is an exponential function of the number of the

incoming flows, and is equal to the sum of the Stirling numbers of the second

kind as shown in Eq. (4.21). We also plot the recoverability probabilities for

UNI and RNC techniques on the same graph for comparison. They are indicated

by straight lines since these techniques do not depend on the partitions. Recall

that UNI does not mix packets from different flows. RNC sends the original

packets then the mixed redundant packets, so the amount of mixing here is rather

minimal. As seen, RNC is clearly better than UNI. It is interesting to note that,

at least in this scenario, blind mixing is generally better than UNI but worse

than ARNC (ARNC technique chooses the optimal partition scheme to encode

and transmit packets). This is indicated by the fact that some of the partitions

lie above RNC line. In fact, the proposed ARNC find precisely this best partition
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by mixing flows f1 and f4 into one group while the other flows f2, f3 and f5 into

another. Note that the objective of our optimization in this case is not the user

satisfaction but the recoverability probability of all users. Next, we evaluate the

probability that all receivers can recover the data as a function of packet loss

rates. In this scenario, the packet loss rates for receivers Di for i = {2, 3, 4, 5}

are shown in Table 4.1 while that of receiver D1 is varied from 1% to 25%. The

result is shown in Figure 4.3(b). As shown, when p1 is small, i.e., less than 18%,

mixing all the incoming packets is better than transmitting them separately. This

is indicated by the graph produced by RNC technique which is higher than that

of the UNI technique. However, that is not the case when the packet loss rate p1

is greater than 19%, UNI technique outperforms RNC.

Intuitively, this is because when mixing packets from all the flows, the receiver

D1 with bad channel condition will not be able to receive enough packets to

decode its own packets. This alone can lead to substantial reduction on the

overall recoverability. In contrast, with proper mixing, ARNC outperforms all

other techniques in every scenario.

4.7.2 User Satisfaction Factor

We now evaluate the average user satisfaction as a function of the channels’

conditions. In particular, we set p3 = p5 = 5%, while varying p1 from 1% to 20%,
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Figure 4.4: Users’ satisfaction factors.

p2 = p1+0.01, and p4 = p1+0.02. These settings are applied to make the channel

conditions more realistic in a diversity wireless network. The other parameters of
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the network are set the same as before as given in Table 4.1. The satisfaction of a

receiver is evaluated based on the number of useful packets received successfully

and the type of application that a user uses. The basic satisfactions, i.e., γ0,

of time-sensitive and time-adaptive applications are set at 0.5 and 0.6 when the

number of useful received packets is 50% of the intended packets. This is because

the time-sensitive applications are more vulnerable to packet loss rates. In the

SAB algorithm, we set the initial temperature T0 = 1 and cooling down scale

factor β = 0.9.

Figure 4.4 represents the satisfaction factors of the users using different tech-

niques. The left, middle and right graphs represent the ranges of low, medium

and high packet loss rates, respectively. In the low loss rate, we set p1 = 0.01. As

seen, all the techniques satisfy QoS of all users. For all techniques, the receivers

with the first and second highest priorities, i.e., D4 and D5, obtain satisfactions

approximately 1 while the other receivers obtain a satisfaction factor around 0.9.

This is intuitively plausible since in this case, resource is plenty, no optimization

is needed, and all users get what they want.

In the medium loss range, i.e., p1 = 0.13, all the techniques still can maintain

the users’ satisfaction factors at relatively high level. However, UNI technique

starts reducing the QoS of the receivers having high packet loss rates with low

priorities, i.e., receivers D1 and D2, due to its separate transmission method.

Now, in the high packet loss range, we set p1 = 0.19. As seen in the rightmost
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graph, all the receivers with low packet loss rates, D2 and D5, can be kept with

high QoS. However, when using the UNI and RNC, the satisfaction factors of

the other receivers with high packet loss rates, D2 and D4, have been reduced

significantly. Notably, for receiver with time-sensitive application, D4, its satis-

faction factor is decreased substantially when mixing its packets with all other

flows in the RNC technique. Obviously, ARNC with exhaustive search always

achieves the best performance. However, an interesting observation is that SAB

algorithm can approximate the optimal solution very well with only 10 iterations.

In particular, the satisfaction factor of receiver D4 is around 0.78 and about 10%

less than that of the exhaustive search, but 30% higher than that of UNI, the

second best technique.

Next, Figure 4.5(a) shows the variation of the average satisfaction factors of all

receivers in the network. As observed, the average satisfaction factor decreases

with increasing packet loss rate p1. In particular, RNC reduces the average

satisfaction over all users substantially in the range of high value of p1. This is

due to the degraded satisfaction factor of receiver D4, as shown in Figure 4.4.

UNI’s curve is higher than the RNC’s but also shows an exponentially down

trend. Again, ARNC exhaustive search is the best, followed by SAB which can

achieve 90% satisfaction performance produced by the exhaustive search with

much less runtime.
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Figure 4.5: (a) Average user satisfaction versus packet loss rate p1. The other
packet loss rates are set as p2 = p1 + 0.01, p4 = p1 + 0.02 and p3 = p5 = 5%. (b)
Network throughput versus packet loss rate p1. The other packet loss rates are
set as p2 = p1 + 0.01, p4 = p1 + 0.02 and p3 = p5 = 5%.
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4.7.3 System Throughput

It is also interesting to examine the overall system throughput. Recall that be-

cause of the availability of feedback to tell whether a block of packets intended

for a receiver has been correctly received, the BS might finish sending packets

to all the receivers if there are a few packet losses. Figure 4.5(b) represents the

simulation results on network throughput versus the packet loss rate p1. Again,

ARNC outperforms the other techniques. This is interesting since the optimiza-

tion objective is the average user satisfaction, not the throughput. This is not

by chance because the users’ satisfactions and the throughput is proportionally

related. Thus, optimizing for the users’ satisfactions consequently achieves the

optimum throughput.

4.7.4 Convergence Rate

We now show how fast the SAB converges to the optimal solution by considering

a larger network scenario consisting of 7 incoming flows by adding two more flows:

one time-adaptive (f1) and one time-sensitive (f4). This is because the algorithm

performance will be evaluated more precisely in a large sample space. Specifically,

with 7 incoming flows, we have a total of 877 possible flow combinations. To

evaluate the convergence of the proposed SAB precisely, we run the simulation

many times, and per each run the channel conditions are changed randomly with
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Figure 4.6: Convergence of the SAB algorithm versus the number of iterations.
(a) Average user satisfaction; (b) Average user throughput.

the packet loss rates in the range from 1% to 20%. In the SAB algorithm, the

initial state is chosen randomly. We then calculate the average user satisfaction
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and throughput versus the number of iterations as shown in Figures 4.6(a) and

(b), respectively. As seen, the SAB can produce the average user satisfaction

factor that is 86% of the optimal with only 10 samples, about one percentage

of the sample space size. When increasing the number of iterations, the SAB’s

curve converges to the optimal value as expected by Theorem 3.5.3. Therefore,

by setting the number of iterations sufficiently large, an arbitrarily near optimal

solution can be obtained via the proposed SAB algorithm.

4.8 Conclusions and Future Work

We have investigated the problem of how to mix flows or perform network cod-

ing at a BS in a wireless access network, in order to improve the QoS of the

wireless applications. We have shown that blind mixing, in the sense that all

incoming flows are mixed together, then broadcast to the receivers, may actually

reduce the quality of wireless applications. We have proposed an optimization

framework in which we consider the types of applications, service priorities and

channels conditions to control the amount of flow mixing, in order to maximize

the average quality over all flows. A heuristic algorithm called SAB is proposed

to approximate optimal solution efficiently.

As our future work, there are many interesting directions that we want to

extend from this chapter. Mathematically finding an upper bound on the run-
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time of the SAB algorithm is still a theoretical open question. Other directions

included design and analysis of a more sophisticated Markov chain that allows a

faster convergence speed are also worthwhile to pursue.
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Chapter 5 – CONCLUSIONS AND FUTURE WORK

5.1 Contributions

In this thesis, we focus on exploiting a new technique, namely, network coding,

to increase the network throughput and QoS at the end users. There are three

main research contributions in this thesis.

First, we study a hybrid network coding technique in single-hop wireless net-

works for both broadcast and unicast scenarios. More specifically, we study

last-mile networks in which the senders originate from the Internet and dissemi-

nate data to multiple receivers in a Wi-Fi or WiMAX network. Traditionally, in

order to have a reliable communication, when a transmitted packet gets lost, the

sender will resend the lost packet until it is received successfully at the receivers.

However, it has been argued that breaking the end-to-end communication prin-

ciple can offer a better network performance in terms of bandwidth efficiency

and time delay [5]. Thus, in this study, we also argue for the breaking principle

from a coding viewpoint. Intuitively, our approach offers a higher throughput

gain and simplifies network protocol design. This is because, most of the time,

packets are lost in the last-mile networks due to the poor quality of the wire-

less channel. Moreover, nowadays the access point in Wi-Fi and base state in
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WiMAX networks are more powerful on storage capacity and processing ability

with no constraint on power consumption. Therefore, it is possible to integrate

more complex functions into an AP or BS to increase the end-to-end through-

put, thus, reduce time delay for applications. Particularly, we propose a hybrid

network coding at the AP or BS for lost packet retransmissions by using net-

work coding. Thus, by one combined-packet retransmission, the AP or BS can

simultaneously send useful data to multiple receivers. Theoretical analysis and

simulation results have showed the superior performance of the proposed method

compared with the traditional approach. Moreover, when used in conjunction

with an appropriate channel coding technique under some typical channel condi-

tions, this approach can increase the throughput efficiency up to 3.5 times over

the traditional approach.

Next, we study the achievable throughput for scenarios involving prioritized

transmissions over independent erasure channels. The concept of prioritized

transmissions can be applied to many multimedia networking applications where

the transmitted data have an inherent hierarchy such that a piece of data at one

level is only useful if all the pieces of data at all the lower levels are present. In this

study, we consider a wireless broadcast network, where the sender is an oracle:

it knows precisely whether a receiver receives a transmitted packet successfully

or not. The hardness of the problem lies on its prioritized data constraint. With

less care transmission schedule, it may result in too much duplicate data at the
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receivers; thus, reduces the network useful throughput. We show that using net-

work coding technique, the achievable throughput region can be substantially

enlarged. In particular, there are some erasure patterns, the achievable through-

put region obtained by the network coding approach is optimal in a sense that

no technique can do better. Furthermore, for a large erasure pattern, i.e., more

number of receivers and time slots involved, the problem of finding the maxi-

mum useful throughput for the whole system becomes harder. To tackle this, we

propose a class of approximation algorithms that use the Markov Chain Monte

Carlo (MCMC) method. Theoretical analysis and simulation results show the

correctness and the convergence speed of the proposed algorithms.

Finally, we study a network coding technique to maximize the quality of ser-

vice for wireless access networks consisting of multiple flows with different types

of applications. Particularly, we propose a method that adaptively mixes the data

from different incoming flows by using a linear network code. We show that blind

mixing data can be detrimental, and may reduce the network throughput. On

the other hand, for a given channel conditions and QoS requirements, appropriate

mixing and channel coding of packet across different flows can lead to substan-

tial quality improvement for both real time and time-adaptive applications. The

mixing problem is formulated as a combinatorial optimization problem. We then

use a heuristic algorithm based on simulated-annealing method to approximate

the optimal solution. Theoretical analysis and simulation results have been pro-
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vided to verify the performance improvement of the proposed approach over the

non-network coding and the state-of-the-art network coding approaches.

In this thesis, we have shown our main results on the cross-layer design

using network coding to increase the network bandwidth efficiency, through-

put, and quality of services. Most of the results in this thesis have been pub-

lished or submitted. In particular, the results in Chapter 2 have been published

in [42],[53],[54]. The achievable throughput region results presented in Chapter3

have been partially published in [52],[55]. The adaptive network coding results

in Chapter 4 will appear in [51].

5.2 Future work

Due to its novel and interesting properties, network coding has attracted many

researchers from different fields such as information theory, networking, switch-

ing, wireless communications, and computer science. However, applying network

coding in a specific field still has many open problems. For instance, when ap-

plying network coding in peer-to-peer networks, how does a node in the network

detect a malicious packet which was poisoned by a hacker? Coding or not cod-

ing is still an unanswered question for a general network topology. In following

subsections, we would like to present some research directions that we want to

pursue in the future.
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Network coding for single-hop wireless networks. In this study, we

focus on WiMAX or Wi-Fi networks in which the base station (BS) or access

point (AP) has the ability to intercept and mix packets belonging to different

flows from the Internet to multiple wireless users. Particularly, we will investigate

the potential benefits of NC technique from both information-theoretical and

practical view-points on different real world scenarios. Particularly, we will focus

on multimedia streaming scenarios where feedback is limited or not possible. A

typical approach, using to increase reliability for transmissions without feedback,

is employed Forward Error Correcting (FEC) codes, e.g., Reed-Solomon (RS).

To be effective, the ratio of data bandwidth to that of parity in an FEC code

should be a function of channel condition in order to avoid too much or too little

redundancy.

However, it is often hard to accurately estimate the time-varying channel qual-

ity to be able to design an optimal FEC code. Furthermore, for many multimedia

applications such as video streaming, perfect data recovery may not be the best

approach. Instead, when bandwidth is limited, or packet loss rate is high, it is

often desirable for a receiver to receive the most important packets, and ignore

others. This motivates many unequal error protection (UEP) techniques in which

important packets have higher protection. Notably, Albanese et al. [4] proposed

the Priority Encoding Transmission (PET) scheme that allows a user to specify

a priority value for each part of the message that determines the fraction of the
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encoding packets sufficient to recover that part.

On the other hand, the main drawback of PET is that it introduces too

much redundancy. Therefore, we propose to study some rateless random network

coding techniques jointly with the packet scheduling algorithms at the BS/AP

to improve multimedia quality, specifically video quality. As an example, we

consider a video broadcast session in which a BS has N packets to be transmitted

to M receivers in at most T time slots. Since feedback channel is not available,

the sender uses all T time slots to transmit the packets before transmitting the

next set of packets. Note that T can be viewed as a bandwidth limitation, and

it depends on the amount of traffic going through the BS. If bandwidth per

connection is fairly allocated, more traffic implies that a smaller bandwidth for

each connection, leading to a smaller T . A receiver probably may not receive all

N packets during the T time slots, but if appropriate transmission schedule is

employed, then the video quality at a receiver is still reasonable.

The state-of-the-art technique is using Random network coding (RNC) in

which a receiver can only decode all N original packets if it receives at least N

independent coded packets. The drawback, however, is that it does not consider

the unequal importance of packets. Consequently, when packet loss rate is high,

or when traffic is heavy (T is small), a receiver may not receive enough pack-

ets, and thus correctly-received coded packets may not be decodable, resulting

in highly distorted video. Therefore, we propose Hierarchical random network
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coding (HRNC), an improved version of RNC, by providing priority to important

packets. HRNC involves three steps: (1) hierarchical grouping the set of packets

into classes based on their importance; (2) applying random network coding for

each class; (3) scheduling to transmit coded packets resulted from each class.

The proposed HRNC is a potential approach to alleviate this problem by con-

trolling the degree of packet mixing depending on their importance. Especially,

by generating coded packets for different classes using information-content dis-

tributions other than uniform distribution, one can control the mixing level that

helps improve the performance.

Network coding for multi-hop wireless networks. On the other hand,

multi-hop wireless networks with cooperative communication have been proven

to bring many benefits in terms of bandwidth, throughput, delay and power con-

sumption [9],[30],[31],[58]–[60]. However, due to the variant of network topology,

a network protocol works well if only it operates distributively. This designing

task is hard with the traditional routing protocol, store-and-forward. It, however,

turns out that NC can offer a key to solve this problem [30]. In this work, the ex-

perimental results have shown that the network throughput gain depends on the

network traffics. Hence, in order to work efficiently, the network protocol using

NC needs to have a mechanism to control the information flows to maximize the

coding opportunities. Effros et al. [18] has studied strategy “reverse carpooling”

that allows two information flows traveling in opposite directions to share a path.
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The coding approach has reduced a significant number of transmissions (up to

50%).

In addition, due to the heterogeneous characteristic of the nodes in wireless

mesh networks, the network resources can only be exploited exhaustively when

the problem is optimized crossing all the layers. Therefore, in this study, we focus

on practical aspects. Particularly, we will explore the scenario where the coded

packets are only exchanged between neighboring nodes, allowing each packet is

fully decoded before it is forwarded to its destination. These settings, based on

local settings, have been proven to be beneficial in practical applications [30].

However, our study differs from that in designing the network protocol. Specif-

ically, our study will propose a distributed network routing protocol to ensure

that there are a sufficient number of coding opportunities. It is easy to see that

the number of coding opportunities depends on the amount of side information

available at network nodes. An approach that can achieve this goal is to control

the nodes to make decision on how to split the incoming information flows on

the available outgoing paths accordingly to the network state. To minimize the

communication overhead, all decisions need to be made in a distributed fashion,

based on the local information available at the network nodes. However, mathe-

matical formulation and solving the problem of distributed decision mechanism

are challenging. Thus, it is also worthwhile to do research on this direction.

Network security. While the broadcast property of the wireless channels
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is beneficial for improving the network performance, it, in fact, poses certain

challenges as some of the unauthorized nodes can eavesdrop on the transmitted

packets. Especially, the problem is more serious in wireless mesh networks using

network coding. This is because in a wireless mesh coded network, an interme-

diate node is allowed to combine incoming packets before sending them onto its

outgoing links. Thus, if an incoming packet was contaminated, consequently, the

outgoing coded packets are contaminated as well. These poisonous packets will

be quickly spread out to the whole network due to the same operation of the

downstream nodes. Thus, detecting malicious nodes and discarding their con-

taminated data instead of combining and forwarding them to the neighboring

nodes are important unsolved problems worthwhile to pursue.

Network coding potentially has a lot of impact on the design of new network-

ing and information dissemination protocols by improving network throughput

and simplifying network routing problems. We have seen that emerging areas

such as ad-hoc and sensor networks are starting to benefit from network coding.

Effectively employing and developing network coding in practical communication

systems will require a lot of collaboration among scientists from different fields.

Network coding research for data communications, and especially for wireless

systems, has just begun.



150

Bibliography

[1] http://www.itu.int/itu-d/ict/statistics/at-glance/keytelecom99.html. In
ITU World ICT Indicators, 2008.

[2] M. Abramowitz and I. A. (Eds.) Stegun. Handbook of mathematical func-
tions with formulas, graphs, and mathematical tables. In 9th printing. New
York: Dover, pp. 824-825, 1972.

[3] R. Ahlswede, N. Cai, R. Li, and R. W. Yeung. Network information flow.
IEEE Transaction on Information Theory, 46:1204–1216, July 2000.

[4] A. Albanese, J. blomer, J. Edmonds, M. Luby, and M. Sudan. Priority
encoding transmission. IEEE Transactions on Information Theory, 42:1737–
1744, March 1996.

[5] H. Balakrishnan, V. Padmanabhan, S. Seshan, and R. Katz. A comparison of
mechanisms for improving tcp performance over wireless links. IEEE/ACM
Transactions on Networking (TON), 5(6):756–769, December 1997.

[6] Z. Bar-Yossef, Y. Birk, T. S. Jayram, and T. Kol. Index coding with side
information. In The 47th Annual IEEE Symposium on Foundations of Com-
puter Science (FOCS), 2006.

[7] Y. Birk and T. Kol. Coding-on-demand by an informed source for efficient
broadcast of different supplemental data to caching clients. IEEE Transac-
tions on Infromation Theory, 52:2825–2830, 2006.

[8] M. Cagalj, J. Hubaux, and C. Enz. Minimum-energy broadcast in all-wireless
networks: Np-completeness and distribution issues. In ACM/IEEE Mobi-
com, 2002.

[9] S. Chachulski, M. Jennings, S. Katti, and D. Katabi. Trading structure for
randomness in wireless opportunistic routing. ACM SIGCOMM, 42, 2007.

[10] S.R. Chandran and S. Lin. Selective-repeat-arq schemes for broadcast links.
IEEE Transactions on Communications, 40:12–19, Jan. 1992.

[11] P. Chaporkar and A. Proutiere. Adaptive network coding and scheduling
for maximizing throughput in wireless networks. In MOBICOM 2007, pp.
135-146, 2007.



151

[12] P. A. Chou, Y. Wu, and K. Jain. Practical network coding. In Proc. 41st
Allerton Conf. Communication, Control and Computing Monticello.

[13] T. Cover. Broadcast channels. IEEE Transactions on Information Theory,
IT-18:2–14, January 1972.

[14] T. Cover and J. Thomas. Elements of Information Theory (second edition).
Wiley-interescience, 2006.

[15] M. Medard D. S. Lun and R. Koetter. Efficient operation of wireless packet
networks using network coding. In IWCT, 2005.

[16] S. Deb, M. Effros, T. Ho, D. R. Karger, R. Koetter, D. S. Lun, M. Medard,
and N. Ratnakar. Network coding for wireless applications: A brief tutorial.
In IWWAN, 2005.

[17] Persi Diaconis and Daniel Stroock. Geometric bounds for eigenvalues of
markov chains. In The Annals of Applied Probability, Vol. 1, No. 1., Feb.
1991.

[18] M. Effros, Tracey Ho, and Sukwon Kim. A tiling approach to network
coding design for wireless networks. Information Theory and Applications
Workshop, 2006.

[19] A. Eryilmaz, A. Ozdaglar, and M. Medard. On delay performance gains
from network coding. In CISS, march 2006.

[20] Atilla Eryilmaz, Asuman Ozdaglar, and Muriel Medard. On delay perfor-
mance gains from network coding. In 40th Annual Conference on Informa-
tion Sciences and Systems, 2006.

[21] C. Fragouli, J. Le Boudec, and J. Widmer. Network coding: An instant
primer. In ACM SIGCOMM Computer Communication Review, Vol. 36,
Issue 1, Jan. 2006.

[22] M. Ghaderi, D. Towsley, and Jim Kurose. Reliability benefit of network
coding. In Tech. Report 07-08, Computer Science Department, University
of Massachusetts Amherst, Feb. 2007.

[23] A. Hamra, C. Barakat, and T. Turletti. Network coding for wireless mesh
networks: A case study. In TR-874, Nov. 2005.

[24] T. Ho, M. Medard, D. R. Karger, M. Effros, J. Shi, and B. Leong. A random
linear network coding approach to multicast. IEEE Trans. Inform. Theory,
2004.



152

[25] T. Ho, M. Medard, R. Koetter, D. R. Karger, M. Effros, J. Shi, and B. Leong.
A random linear network coding approach to multicast. IEEE Transactions
on Information Theory, 52(10), Oct. 2006.

[26] T. Ho, M. Medard, J. Shi, M. Effros, and D. R. Karger. On randomized net-
work coding. In Proc. 41st Annual Allerton Conference on Communication,
Control, and Computing, Oct. 2003.

[27] Mark Jerrum and Alistair Sinclair. The markov chain monte carlo method:
an approach to approximate counting and integration. In Approximation
Algorithms for NP-hard Problems,” D.S.Hochbaum ed., PWS Publishing,
Boston, 1996.

[28] J. Clark Jr. and J. Cain. Error-Correction Coding for Digital Communica-
tions. New York: Plenum, 1982.

[29] S. Kallel and D. Haccoun. Generalized type ii hybrid arq scheme using
punctured convolutional codes. IEEE Transactions on Communications,
38:1938 – 1946, Nov. 1990.

[30] S. Katti, D. Katabi, W. Hu, H. Rahul, and M. Medard. The importance of
being opportunistic: Practical network coding for wireless environments. In
Proceedings of 43rd Allerton Conference on Communication, Control, and
Computing, 2005.

[31] Sachin Katti, Hariharan Rahul, Wenjun Hu, Dina Katabi, and Muriel
Medard Jon Crowcroft. Xors in the air: Practical wireless network coding.
In ACM SIGCOMM, Sept. 2006.

[32] Lorenzo Keller, Eleni Drinea, and Christina Fragouli. Online broadcasting
with network coding. In Network Coding, Theory and Applications, NetCod
2008, Jan. 2008.

[33] R. Koetter and M. Medard. Beyond routing: An algebraic approach to
network coding. In Proceedings of the 2002 IEEE Infocom.

[34] Ralf Koetter and Muriel Medard. An algebraic approach to network coding.
IEEE/ACM Transactions on Networking, 11:782–795, Oct. 2003.

[35] S. Y. R. Li, R. W. Yeung, and N. Cai. Linear network coding. IEEE
Transactions on Information Theory, 49:371–381, Feb. 2003.

[36] Z. Li and B. Li. Network coding: the case for multiple unicast sessions. In
Allerton Conference on Communications, 2004.



153

[37] D. Lun, M. Medard, R. Koetter, and M. Effros. On coding for reliable
communication over packet networks. In Proc. 42nd Annual e Allerton Con-
ference on Communication, Control, and Computing, , Sept./Oct. 2004.

[38] Muriel Medard, M. Effros, T. Ho, and D. Karger. On coding for non-
multicast networks. Allerton Conference on communications, 2003.

[39] M. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and
E. Teller. Equations of state calculations by fast computing machines. In
Journal of Chemical Physics,, 1953.

[40] Guowang Miao and Zhisheng Niu. Bandwidth management for mixed unicast
and multicast multimedia flows with perception based qos differentiation. In
ICC 2006, pp. 687 - 692, 2006.

[41] D. Nguyen, T. Nguyen, and X. Yang. Wireless multimedia transmission with
network coding. In IEEE Packet Video Workshop 2007, November 2007.

[42] D. Nguyen, T. Tran, T. Nguyen, and B. Bose. Wireless broadcast using
network coding. IEEE Transactions on Vehicular Technology,, 58, Feb. 2009.

[43] Salim Y. El Rouayheb, Alex Sprintson, and Costas N. Georghiades. On the
index coding problem and its relation to network coding and matroid theory.
In http://arxiv.org/abs/0810.0068, Oct. 2008.

[44] J. Saltzer, D. Reed, and D. Clark. End-to-end arguments in system design.
ACM Transaction on Computer System, 2(4):277–288, November 1984.

[45] P. Sander, S. Egner, and L. Tolhuizen. Polynomial time algorithms for
network information flow. In Symposium on Parallel Algorithms and Archi-
tectures (SPAA), June 2003.

[46] A. Shiozaki. Adaptive type-ii hybrid broadcast arq system. IEEE Transac-
tions on Communications, 44:420–422, April 1996.

[47] A. Sinclair. Improved bounds for mixing rates of markov chains and multi-
commodity flow. In Combinatorics, Probability and Computing, 1992.

[48] A. Sprintson. Network Coding and its Applications in Communication Net-
works (A Book Chapter in Algorithms for Next Generation Networks). Eds.
G. Cormode and M. Thottan. Springer, 2009.

[49] T. Tran, D. Nguyen, and T. Nguyen. A case for joint network coding and
power control for wireless linear networks. In The 2nd IEEE International
Workshop on Wireless Network Coding (WiNC), June 2009.



154

[50] T. Tran, D. Nguyen, T. Nguyen, and D. Tran. Joint network coding and
adaptive power control for cellular radio networks. In The 2nd IEEE ICCE,
Aug. 2008.

[51] T. Tran and T. Nguyen. Adaptive network coding for wireless access net-
works. In To appear in The 19th International Conference on Computer
Communications and Networks (ICCCN 2010).

[52] T. Tran and T. Nguyen. Prioritized wireless transmissions using random
linear codes. In To appear in The 2010 IEEE International Symposium on
Network Coding (NetCod 2010), Jun. 2010.

[53] T. Tran, T. Nguyen, and B. Bose. A joint network-channel coding technique
for single-hop wireless networks. In Fourth Workshop on Network Coding,
Theory, and Applications, Jan. 2008.

[54] T. Tran, T. Nguyen, B. Bose, and V. Gopal. A hybrid network coding
technique for single-hop wireless networks. IEEE Journal of Selected Topics
in Advanced Communication (JSAC) - Special Issue on Network Coding for
Wireless Communication, Jun. 2009.

[55] T. Tran, T. Nguyen, and R. Raich. On achievable throughput region of pri-
oritized transmissions via network coding. In The 18th International Con-
ference on Computer Communications and Networks (ICCCN), Aug. 2009.

[56] Website, http://tesla.csl.uiuc.edu/ koetter/NWC/. Network Coding.

[57] Stephen Wicker. Error Control Systems for Digital Communication and
Storage. Prentice-Hall, 1995.

[58] J. Widmer, C. Fragouli, and J.-Y. Le Boudec. Low-complexity energy-
efficient broadcasting in wireless ad-hoc networks using network coding. In
Proc. Workshop on Network Coding, Theory, and Applications, Apr. 2005.

[59] Y. Wu, P. A. Chou, and S. Y. Kung. Minimum-energy multicast in mobile
ad hoc networks using network coding. In IEEE Transactions on Commu-
nications, volume 53, Nov. 2005.

[60] Y. Wu, P. A. Chou, and S.-Y. Kung. Information exchange in wireless
networks with network coding and physical-layer broadcast. In Technical
Report MSR-TR-2004-78, Microsoft Research, Aug. 2004.

[61] Y. Wu, J. Padhye, R. Chandra, V. Padmanabhan, and P. A. Chou. The
local mixing problem. In Information Theory and Applications Workshop,
Feb. 2006.



155

[62] Feng Xue and Xue Yang. Network coding and packet-erasure broadcast. In
SECON Workshops 2008, Jun. 2008.

[63] H. Yomo and P. Popovski. Oppotunistic scheduling for wireless network
coding. In IEEE ICC, pp. 5610-5615, 2007.

[64] B. Li Z. Li. On increasing end-to-end thoughput in wireless ad hoc networks.
In Conference on Quality of Service in Heterogeneous Wired/Wireless Net-
works (QShine), 2005.



156

APPENDICES



157

Appendix A – Some Proofs for Chapter 2

Proposition A.0.1. The throughput efficiency of a wireless unicast scenario

using network coding technique for two receivers with packet loss rates P1 and

P2 is:

ηUN ∼
2L

N

1

2 + P1P2

1−P1
+ P2

1−P2

, (A.1)

where P1 ≤ P2 and the number of packets destined for each receiver M →∞.

Proof. Without loss of generality, assume that the receivers R1 and R2 want to

receive the M odd and M even packets, respectively. The bandwidth gain of

the network coding technique depends on how many pairs of lost packets among

the two receivers that one can find in order to generate the combined packets.

Let e1 = [×|o] denote a transmission received unsuccessfully at receiver R1 and

successfully at receiver R2. Similarly, we denote erasure patterns e2 = [o|×] and

e3 = [×|×]. Let random variables X1 and X2, respectively, denote the number

of erasure patterns e1 at odd time slots and the number of erasure patterns e2 at

even time slots. Furthermore, let random variables Y1 and Y2 denote the number

of erasure patterns e3 at odd and even time slots respectively. Based on the

central limit theorem we have Pr(X1 ≤ X2) → 1 as M → ∞. This is because

by assumption P1 ≤ P2, consequently, Pe1 = P1(1 − P2) ≤ Pe2 = P2(1 − P1).
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Thus, the combined packets are dominated by X2, the number of erasure pattern

e2 at the receiver which has higher packet loss rate. Retransmitted packets can

be classified into two groups: the combined and non-combined packets. Hence,

the total number of transmissions expected to deliver M packets to each receiver

successfully is

T = 2M + E[X2].E[Z2] + E[Y1].E[Z1] + E[Y2].E[Z2], (A.2)

where Z1 and Z2 are the random variables denoting the numbers of attempts

before a successful transmission for R1 and R2, respectively; Z1 and Z2 follow

the geometric distribution, E[Z1] =
1

1−P1
and E[Z2] =

1
1−P2

. Note that E[X2] +

E[Y2] = MP2 is the expected number of lost packets at receiver R2. Substituting

E[Z1], E[Z2] into (A.2), the expected number of transmissions to successfully

deliver M packets for R1 and R2 is given by

T ∼ 2M +
MP2

1− P2

+
MP1P2

1− P1

, (A.3)

and dividing by M we obtain

TUN ∼ 2 +
P1P2

1− P1

+
P2

1− P2

. (A.4)

Note that each packet contains L information bits out of N bits, consequently,
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the throughput efficiency for NC unicast is

ηUN ∼
2L

N

1

2 + P1P2

1−P1
+ P2

1−P2

.

Proof. (Theorem 2.4.3 for the unicast wireless scenario) We prove by induction.

Without loss of generality we assume that Pi ≤ Pj if i ≤ j, {i, j} ∈ {1, 2, . . . , K}.

First, let us consider the base case K = 2. We have

ηUN ∼ 2L

N

1

2 +
∑2

i=1

∏2
j=i Pj

1−Pi

∼ 2L

N

1

2 + P1P2

1−P1
+ P2

1−P2

. (A.5)

The theorem holds for K = 2 since (A.5) follows directly from the Proposition

A.0.1.

We now prove that the theorem holds for K = 3. Fig. A.1(a) and Figs.

A.1(b), (c) and (d), respectively, present all possible erasure patterns and its

decompositions. Let us first consider the erasure patterns shown in Fig. A.1(b),

that represents a scenario in which the packets are intended to R1 or R2, and

lost at R3. Hence, in the retransmission phase, the most efficiency technique

that the BS can do is to consider combining error packets, if possible, for R1 and

R2 only and some non-combined packets will be retransmitted alone. In other

words, the BS uses the same combining strategy as that of the 2-receiver unicast
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Figure A.1: Erasure pattern for 3-receiver unicast wireless scenario. Packets num-
bered as 1, 2, and 3 denote time slots that are used to transmit data for receivers
R1, R2 and R3, respectively. The circle patterns represent lost packets that need
to be retransmitted (either in combined packets or non-combined packets).

scenario. Therefore, the expected number of transmissions required to deliver the

lost packets shown in Fig. A.1(b) is

T 3
UN(1) = T 2

UNP3, (A.6)

where T 2
UN ∼ MP1P2

1−P1
+ MP2

1−P2
denotes the expected number of retransmissions

required to deliver the lost packets for two receivers R1 and R2.

For the second and the third decompositions in Figs. A.1(c) and (d), the BS

combines the error packets as 1⊕ 2⊕ 3, 1⊕ 3 and 2⊕ 3. The number of available

ingredient packets for each type of the coded packets is dominated by R3, the

receiver has the largest packet loss rate. For example, in the combination for all

receivers 1 ⊕ 2 ⊕ 3, the average number of available packets at R1, R2 and R3
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respectively are m1 = MP1(1−P2)(1−P3), m2 = MP2(1−P1)(1−P3) and m3 =

MP3(1 − P1)(1 − P2). This implies that the ingredient packet constructing the

coded packets for all receivers is dominated by the receiver with the highest packet

loss rate, maxi∈{1,2,3}{mi}. Then some lost packets that can not be combined will

be retransmitted alone. The combinations are illustrated in Figs. A.1(c) and (d).

Let a random variable Xi denote the number of lost packets at receiver Ri in Figs.

A.1(c) and (d). Using the same argument as that of the broadcast scenario, we

then can prove X3 = maxi=1,2,3{Xi} with probability 1. Hence, the expected

number of retransmissions required for the erasure patterns in Figs. A.1(c) and

(d) is given by

T 3
UN(2) = E

[
max

i∈{1,2,3}
{Xi}

]
∼ E[X3]

∼ MP3

1− P3

. (A.7)

Adding up 3M transmissions used for transmitting original packets with (A.6)

and (A.7) we obtain the expected number of transmissions needed to deliver all

intended data. That is

T 3
UN = 3M + T 3

UN(1) + T 3
UN(2)

∼ 3M +
MP1P2P3

1− P1

+
MP2P3

1− P2

+
MP3

1− P3

. (A.8)
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T 3
UN divided by 3M which is the total number of useful data packets we prove

the theorem for K = 3.

Now, suppose the theorem holds for K = n− 1, n ≥ 3. This implies that the

expected number of transmissions required to deliver M packets for each receiver

is

T n−1
UN ∼ (n− 1)M +M

n−1∑
i=1

∏n−1
j=i Pj

1− Pi

. (A.9)

We then prove that the theorem holds for K = n. Let T n
UN denote the ex-

pected number of transmissions required to deliver M packets for each receiver.

There are n receivers, therefore, the BS needs to use nM transmissions to de-

liver the original packets for the receivers. In the retransmission phase, the BS

considers using network coding to combine lost packets. The erasure pattern is

decomposed into three subsets S1, S2 and S3. The set S1 represents erasure pat-

terns of packets intended to {R1, R2, . . . , Rn−1} and lost at Rn, while the set S2

represents erasure patterns of packets intended to {R1, R2, . . . , Rn−1} and suc-

cessful at Rn (one can refer to Fig. A.1(b) and (c) for the case K = 3); and the

set S3 represents erasure patterns of packets intended to Rn. Obviously, in the

set S1, the BS considers combining lost packets for receivers {R1, R2, . . . , Rn−1}

only since these packets are lost at Rn. Hence, the expected number of retrans-

missions required for delivery the lost packets in the set S1 is the same as that of

the expected number of retransmissions required for retransmitting lost packets
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of (n− 1)-receiver scenario {R1, R2, . . . , Rn−1}. That is

T n
UN(1) ∼ M

(
n−1∑
i=1

∏n−1
j=i Pj

1− Pi

)
Pn

∼ M
n−1∑
i=1

∏n
j=i Pj

1− Pi

. (A.10)

An arbitrary erasure pattern of the set S2 can be paired up with an erasure

pattern in S3 to generate a coded packet. Note that in these combinations, every

coded packet contains the information of packets intended to Rn. Let a random

variable Yi denote the number of lost packets of receiver Ri in the sets S2 and S3.

Since Pn = maxi∈{1,2,...,n}{Pi}, therefore, the expected number of retransmissions

required to deliver all lost packets for the erasures in the set S2 and S3 is

T n
UN(2) = E

[
max

i∈{1,2,...,n}
{Yi}

]
∼ E[Yn]

∼ MPn

1− Pn

. (A.11)

Adding up nM , the transmissions for original packets, with (A.10) and (A.11), the

retransmissions for lost packets, we obtain the expected number of transmissions
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required to deliver M packets for each receiver.

T n
UN ∼ nM +M

n−1∑
i=1

∏n
j=i Pj

1− Pi

+
MPn

1− Pn

∼ nM +M

n∑
i=1

∏n
j=i Pj

1− Pi

. (A.12)

Dividing M by T n
UN , and multiplying the result by K.L/N , the ratio of informa-

tion data and packet size, then by induction gives the theorem.
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Appendix B – Some Proofs for Chapter 3

Proof. (Proposition 3.4.4). For the first part, we will show that if the conditions

hold, there exists a transmission scheme that fills all the GTs and SGTs with

useful information. Assume that the inequality k1 ≥ k23 − k12 holds. We set

km = k12 + k23. The sender choose km SGTs of receiver U2 to transmit km linear

combinations of packets from a1 to akm (Assumed that k123 = 0, otherwise we

combine km packets from ak123+1 to ak123+km). Recall that akm denotes a coded

packet. After km transmissions, receiver U2 obtains km different packets having

a form of akm , therefore, it can decode these coded packets to recover km original

packets. However, receivers U1 and U3, respectively, are still missing k23 and k12

packets.

The sender now sends missing data to receivers U1 and U3. Since k12 ≤ k13 ≤

k23 by assumption, thus, the sender uses k12 out of k13 SGTs between U2 and U3 to

transmit k12 coded packets akm . Now receiver U3 obtains km independent coded

packets, hence, it can decode to recover the original data. However, receiver

U1 is now still missing k13 − k12 coded packets to allow it decode the encrypted
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data. Note that these missing packets are required at U1 only. There are k1 GTs

available for U1 and k1 ≥ k13 − k12 by assumption, therefore, the sender uses

k13 − k12 out of k1 GTs to deliver the missing packets to U1. Up until now, all

receivers gather km coded packets akm , hence, they all can recover km original

data packets.

The sender now transmits next kc = k13−k12 packets, the packets after packet

km to receivers U1 and U3. Note that there are some remaining GTs available at

different receivers; thus, the sender appropriately selects useful data to transmit

to each receiver. Hence, given k123 = 0, the achievable throughput region is

(r1, r2, r3) ≤ (k12 + k23 + kc + k1 − (k23 − k12),

k12 + k23 + k2, k12 + k23 + kc + k3)

= (k1 + k12 + k13, k2 + k12 + k23, k3 + k13 + k23)

= (K1, K2, K3), (B.1)

Using the same algorithm for the case of inequality k2 ≥ k13 − k12, we also show

that the achievable throughput region (r1, r2, r3) ≤ (K1, K2, K3).

Now for the second part, if both inequalities do not hold, k1 < k23 − k12 and

k2 < k13− k12, we then show that the OPT-Alg returns a “NO”. Without loss of

generality, we assume that Ki ≤ Kj if i < j for ∀i, j = {1, 2, 3}. Therefore, the

information will be delivered to receivers in the order from U1 to U3. It is easy
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to see that two receivers U1 and U2 achieve their maximum throughput, which is

equal to their total GTs and SGTs. For receiver U3, it receives k13 coded packet

aK1 , and k23 coded packets aK2 as the source transmits these packets to receiver

U1 and U2, respectively. By condition, k13 > k12 + k2, hence, k13 + k23 > K2.

This implies that some duplicate information has been received at receiver U3.

Thus, the return of the OPT-Alg is “NO”, or the erasure pattern is suboptimal.

Because any SGT is shared only by two receivers, thus, the transmission scheme

produced by the OPT-Alg achieves the maximum throughput. Thus, we have

(r1, r2, r3) ≤ (K1, K2, K3) (B.2)

r1 + r2 + r3 ≤ K1 + 2K2 + k3.

Proof. (Theorem 3.5.3). Let us consider any two states x, y ∈ Ω. According to

the proposed target distribution we have π(x) = CeS(x)/TB and π(y) = CeS(y)/TB .

There are two possibilities:

◃ Case 1: If S(x) ≤ S(y), we first consider the direction moving from state

x to state y. We have α(x, y) = 1, thus,

π(x)P (x, y) = Ce
S(x)
TB q(x, y) (B.3)
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For the other direction from the state y to the state x,

α(y, x) = e
S(x)−S(y)

TB (B.4)

Hence,

π(y)P (y, x) = Ce
S(y)
TB q(y, x)α(y, x)

= Ce
S(y)
TB q(y, x)e

S(x)−S(y)
TB

= Ce
S(x)
TB q(y, x) (B.5)

Since q(x, y) = q(y, x), therefore, from equations (B.3) and (B.5) we obtain the

detailed balance equation.

◃ Case 2: If S(x) > S(y), we have

α(x, y) = e
S(y)−S(x)

TB

α(y, x) = 1
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Thus,

π(x)P (x, y) = Ce
S(x)
TB q(x, y)

= Ce
S(x)
TB q(y, x)e

S(y)−S(x)
TB

= Ce
S(y)
TB q(y, x) (B.6)

π(y)P (y, x) = Ce
S(y)
TB q(y, x)α(y, x)

= Ce
S(y)
TB q(y, x) (B.7)

From equations (B.6) and (B.7) we have the detailed balance equation, thus, the

theorem.

Proof. (Proposition 3.5.1). We choose canonical paths γxy from any state x to

any state y which takes T steps, changing xi to yi on the ith step. Thus, when

xi = yi for some i, the ith step is just a self-loop. We derive bound for the mixing

time of the chain. Consider any edge e = (u, v) for u ̸= v, we have

Q(e) = Q(u, v) = π(u)P (u, v)

= Ce
S(u)
TB

min{1, e
S(v)−S(u)

TB }
2T (Km − 1)

=
C

2T (Km − 1)
min{e

S(u)
TB , e

S(v)
TB }

≥ C

2T (Km − 1)
(B.8)
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The last inequality holds due to a random transmission schedule which may result

in a zero-useful throughput. In addition, we have

π(u)π(v) = C2e
S(u)+S(v)

TB

≤ C2e
2NKm

TB (B.9)

We now compute the number of canonical paths γxy that uses edge e. Note that

a canonical path γxy uses edge e = (u, v) where u and v differ only in the ith

element iff xj = uj for j = i, i + 1, . . . , T and yj = vj for j = 0, 1, . . . , i. Thus,

the number of canonical paths that uses edge e is KT−1
m . We now bound the edge

congestion as

ρ = max
e∈Ω

1

Q(e)

∑
γxy∋e

π(x)π(y)|γxy|

≤ 2CT 2(Km − 1)(Km)
T−1e

2NKm
TB (B.10)

Also, we have C = 1/
∑

x∈Ω e
S(x)
TB ≤ 1/|Ω| = 1/KT

m. Therefore,

ρ ≤ 2T 2e
2NKm

TB (B.11)

Using result from [17],[47] and noting that π(x) ≥ 1/|Ω| = 1/KT
m, we have,

τx(ϵ) ≤ 2T 2e
2NKm

TB

(
lnKT

m + ln ϵ−1
)




