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LARGE DEVIATION PRINCIPLES FOR RANDOM MEASURES

1. INTRODUCTION

1.1. Introduction

Cramr presented the first large deviation theorem at a probability

symposium in 1937. Since 1937, this theory has undergone an extensive

development and this original work was extended in various directions. There

have been many developments in the theory of large deviations over the last two

decades.

Primary and most significant is the work of M.D. Donsker and S.R.S.

Varadhan [10, 11] who have developed a powerful machinery in a series of papers

to deal with many old and new problems in probability where precise estimates of

large deviation probabilities play an important role. Gartner (1977 [16]) and

Ellis (1984 [13]) have developed useful and surprising generalizations with

assumptions about the dependence of the random variables and the moment

generating functions. Also large deviation principles (L.D.P.) have found many

applications in statistics (Groeneboom [17]), statistical mechanics (Ellis [12],

Lanford [23]) and in stochastic processes [10, 11]. Consequently, much attention

has been devoted to establishing such L.D.P. for a wide variety of processes.

Up to now, the most important asymptotic theorems which we have met

have been the law of large numbers, weak and strong and the central limit

theorem.



Let us consider a sequence of random variables S1, S2, , S, .

which converges in probability to a real constant number m. This means that

P(lS - ml > e) -* 0 as n 00 for every e > 0. These variables are said to

satisfy a large deviation principle if this convergence is exponentially rapid.

Let X1, X2, . . . be a sequence of real-valued independent and identically

distributed (i.i.d.) random variables with E[X1] =

Let

(1.1) ,where S=X1+...+Xn.

The law of large numbers says that for every e > 0,

(1.2) P(lS - ml > -* 0 in probability or a.s. as rz

Now, since P(l - mJ > ) converges to zero, for each > 0, we can also

observe the rate of convergence to 0 of such probability in (1.2). It is often the

case that it converges exponentially rapidly as n - . That is,

n.I(m, e)
(1.3) P(ln - ml > c) F(, m, n)e

where I(., is a positive quantity and F(., ., .) is a slowly varying function of n.

Roughly speaking, if such type of (1.3) is obtained, we say that {}

satisfies a large deviation principle. Moreover, since the law of large numbers says

convergence of some probability and a large deviation principle is related to the

rate of convergence, a large deviation principle can rightly be considered as an

extension or generalization of the law of large numbers.



where XA(A) = X(.\A) for a Borel subset A in Rd.
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Also if the moment generating function, M(t) = E[etSf], is finite for each

real number t in R, then it turns out that the probability in (1.3) converges

exponentially rapidly to zero as n

In this dissertation, in Chapter II, we present some preliminaries and

backgrounds of ideas which will be used throughout this thesis later.

Suppose that X1, X2, . . . be a sequence of random vectors taking values

in ut', d {1, 2, . . . }. Let S = X1 + . . . + X be the partial sums. Ellis

proved large deviation theorems for of a general class of random vectors in his

paper [13].

Also we assume that X is Poisson center cluster process with centers U,

Poisson process with intensity a, and member V with finite total expected mass (.

Note that E[X(A)] = aCIAI. The ergodic theorem says that X[O,
1 converges to

X[O,x]aC. Burton and Dehling proved the large deviation principle for . That is,

(1.4) urn i.1og
p(ix[o i > x) 1(x), where 1(x) is a rate function.

In Chapter III, we will extend the above property (1.4) to the large

deviation principle for the finite dimensional distributions of random measures.

That is, let X be random measure on Rd and A1, A2, . . . , A disjoint and

bounded Borel subsets of R'. Then the random vector obtained by rescaling the

random measure

(x(A1),. . . X(A))
satisfies a large deviation principle,(1.5)



This reduces to (1.4) if we take n = 1, d = 1 and A [0, 1] in (1.5).

Also we apply this extension to Poisson point processes, Poisson center cluster

random measures and doubly stochastic processes.

In Chapter IV, we introduce a functional approach to large deviation

theory for random measures. Here we use an appropriate space of test functions

considered as "dual" objects to random measures.

We denote the collection of Radon measures on R by M(R), which is

endowed with the weak topology. Let M[0, L] be the restriction of measures on

M() to [0, U c R. Let X be a random measure in M() and a random

measure in M[0, U] obtained by restricting X to [0, L]. Denote = (XA)'. We

consider the following properties.

(Large Deviation Upper Bound) ; For any closed subset F in M[0, U],

lim sup l.log E F)

(Large Deviation Lower Bound) ; For any open subset G in M[0, U,

lim inf l.log E G) _1U(

Above, we denote IL(A) = inf 1L() for a Borel subset A andpA

= sup {i4f) - lim l.log E[exp()1(f))]}.
fEC[0,U]

4

We give conditions on X that guarantee the upper bound and lower bound
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properties. It is shown that the above classes of random measures satisfy these

conditions.

j,, Large Deviation for Bernoulli Random Variables

Let us consider the large deviation properties of independent Bernoulli

random variables. Let a triple (Q, A, P) be a probability space with Bernoulli

random variables Xk, which are assumed to be independent and identically

distributed with

P(Xk = 1) = p and P(Xk = 0) = 1 p, where k = 1, 2, . . , n.

It is natural to think of Xk as describing the result of an experiment at the k-th

stage. Recall (1.1) for Bernoulli random variables Xn as follows.

Let

S0=0 and S=X1+...+X.

Then, E[S] = np and consequently E[] = p. That is to say, the mean value of

the frequency of success coincides with the probability p of success. Here the

question is how much the frequency of success differs from its probability p.

That is to say,

(1 6) S > f for every real number e > 0.1nPI

It is natural to expect that the total probability of the events for which

(1.6) will also be small for sufficiently large
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It is meaningful for us to try to estimate the probability of the event such

that {i - p1 > c}. For this, we have already known that

Var()
(17) -

t I
e) by Chebjshev's inequaliiy

e

p(1 - p)- 2ne

(1.7)' <-- 2
'± ne

Therefore, we see, for sufficiently large n that there is small probability that the

frequency of success deviates from the probability p by more than

If S is the total number of heads, then is the relative frequency of

heads in n trials coin tossing. For sufficiently large n, it is reasonable to expect

that will be close to p. The laws of large numbers make this statement

mathematically precise. According to W.L.L.N. (Theorem 1.1), the probability

that differs from p is very small as the number of trials is very large, that is,

p in probability as n - oo. This may be proved by letting n co in (1.7)'.

S.L.L.N. (Theorem 1.2) gives a stronger assertion, that is to say - p

with probability one as n -* oo.

The classical limit theorems of probability describe the asymptotic

behavior of the partial sums Sn defined in (1.1) suitably normalized.

There are the most basic three theorems as follows

Now, first of all, let us consider the classical limit theorems. The asymptotic
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theories which we have met up to now depend upon the law of large numbers of

the forms (Theorem 1.1 and 1.2).

Theorem 1.1 (Weak Law f Larae Numbers) Let {Xk} be a sequence of independent

random variables with the same distribution. If the expected value E[Xk} = m is

finite, then for every e > 0,

(1.8) (1x1 + . + x mI > e) o as fl

This means that the probability that the sample average will differ from the

expected value by less than e tends to one as n goes to infinity.

Theorem 1.2 (Strona j .f Larae Numbers) Let {Xk} be a sequence of independent

and identically distributed random variables. If the expected value E[Xk] = m is

finite, then, with probability one,

(1.9) x1+...+xn as n - 00.

Strong law of large numbers means that two notions of the sample

average and the expected value coincide asymptotically. That is, for sufficiently

large number n, the sample average of X1, . . . , X approximates arbitrarily

closely the common expected value E[X]. The importance of this fact stems

from the observation that one can calculate sample averages.

On the other hand, the most important and well-known theorem of the

classical limit theorems of probability theory is the central limit theorem. This
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result states that the sum of a large number of independent and identically

distributed random variables with zero mean and finite variance is approximately

standard normal (or Gaussian), no matter what the common distribution of those

random variables is.

Theorem 1.3 (Central Limit Theorem) Let {Xk} be a sequence of independent and

identically distributed random variables. If the expected value E[Xk] = m and

the variance Var(Xk) cr2 are both finite, then for every real number a,

a _t2
(1.10) urn (x1 +. . . + x - nrn <a) = J e dt.n.00 00

Here, for a sequence {Xk} of Bernoulli random variables and every > 0,

we have known that

(1.11) P (i - pJ > -p 0 as n -* oo by L.L.N..

So, we want to estimate the rate of convergence to zero of such probability.

This is an example of a large deviation probability.

Now let us consider a coin tossing random variable Xk defined as in the

above. Without doubt, the frequency of winning will be close to p. This closeness

of and p appears first of all through the formulae

(1.12) E[] = p and Var() = ;

By recalling (1.7)', we obtain that



(1.13)

This result is well-known as the weak law of large numbers. Now let us observe

the rate of convergence to zero of such probability as follows

Case of t ,:

Define

tx'1(t) = E[e j.

So,

(t) = 1 p + pet and E[et] [(t)}'.

Consider the probability P( a) for every real number a;

a) P(et - a)

[()]ne_at.

Here, replacing t/n by t we can derive that

_n(at Log(t))
(1.14) a)

Since the above inequality (1.14) holds for every t > 0, we have that

_n{sup (at - Log(t))}
(1.15) P(.i a) e >

as noo.

a)1
by Markov's inequality

9
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Letting f(t) = at Log(t), f(t) is concave downward. Moreover, since f(0) = 0

and f'(0) = a - p, f(t) has a strictly positive maximum r(a) attained for t > 0

according to whether we assume a> p.

Case of t Q:

Likewise in (1.15), we have that

_n{sup (at - Log(t))}
(1.16) P( a) < e <

Also f(t) has a strictly positive maximum r(a) attained for t < 0 accordingly to

whether we assume a < p.

Up to now, we have proved the following theorem for large deviations.

Theorem 1.4 (Large Deviation Theorem) Let c > 0. Let r(p,c) and r(p,e) be the

strictly positive numbers defined above. Then

P(? > p + )
n.r(p,e)<e

- < e'
Moreover, letting R(p,c) = inf{r(p,e), r(p,_e)}, we then have

(1.19) - 1

< 2e1).

We say that converges to p at an exponential rate R(p,e).



2. MATHEMATICAL PRELIMINARIES

j. Preliminaries of Random Measure and Point Process

Let S be a locally compact Polish (i.e. there exists some separable and

complete metrization p of S) space. Let ° be the Borel q-field in S and s°0 the

bounded sets in f (i.e. sets with compact closures). Ce(S) will denote the

collection of all continuous functions f: S -i K with compact support. A measure

p on (S, r) is called a Radon measure if ,(B) < oo for all bounded subsets B E .

Let D2(S) be the collection of all Radon measures on (S, r) and 2(S) the

subcollection of all measures p E !02(S) satisfying p(B) E = {O, 1, . . .} for B

s° (we write !n2(S) and R = in(S) for notational simplicity). Let A be the -

algebra in !IB generated by sets of the form {p E nfl: p(B) <r} for B and 0

< oo. Likewise, 2 is a closed subspace of B1. So, note that X A and if is the

restriction of .itt, to 9.

Given p E !D2 and f e Ce(S), we can define the integral p(f) of f with

respect to p by

(2.1) p(f) Jf(s)p(ds) Jfd.
S

In particular, we introduce the above properties in the special case where

S = Rd. Let Rd be d-dimensional Euclidean space. Let 8d be the Borel o-field in

Rd and d the subset of 8d consisting of bounded sets (i.e. sets with compact

closures). A measure p on (Rd, d) is called a Radon measure if p(B) < oo for all

bounded subsets B E a0' (see Kallenberg [19] or Karr [21] for a detailed

exposition).

From now on, we take (oi, A) on (Rd, d) instead of on (S, r). We also

11
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take !R which is a closed subspace of such D2. The formula (2.1) is rewritten as

follows

Given p E D1 and f E Cc(R"), we denote

(2.2) p(f) = Jf(x)p(dz) = Jfd.
Rd

The vague topology on UR, that is, the coarsest topology making the

mapping p -+ p(f), f E , continuous, is the topology generated by the class of all

finite intersections of subsets of aB of the form {p E B : s Jfdp t} as subbase

for s, t E R and every function f E Fc, where

{f: Rd [0, oo] ; f is continuous function with compact support}.

Likewise, the vague topology on 1 is also defined similarly.

Let (i, A, P) be a probability space.

Definition 2.1 A measurable mapping X from (Q, A, P) into (!D, A) is called a

random measure. The induced measure = PoX1 on (2, A) is called the

distribution of the random measure X.

We distinguish the set of counting measure by

= { E m : p(A) E Z for each A E d}, where Z = {0, 1, 2, . .

Definition 2.2 A measurable mapping X from a probability space (Q, A, P) into

(, x) is called a ioint random field (point process). The induced measure is

called the distribution of the Doint process X.

Example 2.3 The most important point process is a Poisson point process. The
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distribution of the Poisson point process X with intensity A E B is determined by

For every subset A X(A) has a Poisson distribution with mean

A(A), that is,

A(A)(A(A))
k

P{X(A) = k} = e
k!

, k = 0, 1

If A1, A2, . . . are mutually disjoint bounded subsets of then the

random variables X(A1), X(A2), . . . are mutually independent.

That is , a Poisson point process X with intensity A is a point process such that

(A(A1))k1 A(A1) (A(An))kfle_A(An)
P{X(A1) = k1,. . . , X(A) = k} = k1!

for all k1, . . . , k and A1, . . . , A,, bounded and disjoint subsets of 3d

When the intensity Radon measure A is taken to be a multiple of

Lebesgue measure, that is, A(A) = aIAI for some 0 < a < cc, we obtain a

stationary Poisson point process which we will consider later in Remark 3.4.

Theorem 2.4 (Law of Rare Events) Let X be a point process satisfying the following

conditions such that

(completely random) X(A1), . . . , X(A) are independent for disjoint

Borel subsets A1, . . . , A,
(without multiple occurrences) P(X(A) 2) = o(IAI) as Al -p 0,

(homogeneous) P(X(A) = i) = alAl + o(lAl) as lAl - 0,

where 0 < a cc and lAl is the Lebesque measure of A.

Then X is a stationary Poisson point process with intensity alAf.



2.2. Generating Functionals

We begin by considering the finite dimensional case of the random

measure X introduced in Section 2.1. in order to discover what the natural

extension should be. We seek then to extend the notion of multivariate

probability generating functions and characteristic functions to the more general

setting of point processes. For complete discussion of probability generating

functionals for point processes, the reader is referred to Fisher's papers [15], Gupta

and Waymire's paper [18], and Westcott's paper [32].

Let Rd be d-dimensional Euclidean space and TB" denote the collection of

Borel subsets of Rd. Let X be a point process. Also let A1, . . . , An be bounded

and disjoint subsets of Re'. Then the joint distribution of the random vector

(X(A1), . . . , X(An)) is uniquely determined by its multivariate probability

generating function
X(A1) X(A)

(2.3) g(s1, . . . , Sn) = E[s1 . . . . sn J, 0 s1 and 1

The formula (2.3) can be expressed as

X(A)
logi S1 . .

(2.4) g(s1, . , Sn) = E[e

1og(s)X(Aj
(2.5) = E[e2]

x( log(s1)1)
= E[e z1

]

X(A)
Sn

14

Since X can be thought of as corresponding directly to a sequence of points

w = {x} in Rd, it induces a counting measure N(A)(w) = the random number of
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{ i : x1 E A.) on Rd. Thus, given a real-valued measurable function f on Rd, we

may define for each w the integral of f with respect to the process X as follows

Jf(x)dX(u) >f(xj).
2

Now, define the function on Rd by

(2.6)

for x A1, 1

for x 0 U A.
i= 1

Note that the finite dimensional distributions of X can be recovered by taking the

above function of the form (2.7). From (2.7), we have

(2.8) log(s1)X(A1) = flog e(x)dX(x).
i=1 Rd

Substituting (2.8) into (2.5),

(2.9) g(s1,. . . , s) = E[exp(J log )dX(x))].

Rd

Consequently, we can lead up to the probability generating functional Gx

somewhat naturally through the above discussion.

Definition 2.5 Let r be the collection of arbitrary real-valued, measurable

function on R' satisfying

(a)O<(z) < lforallxR".
(b) (x) = 1 on the complement of a bounded subset of R'.

Then the Drobability generating functional Gx corresponding to a point process X

(2.7)
= {



is defined by

(2.10) Gx() E[eX = E{exP(J log

Rd

Theorem 2.6 Let w be the point configuration {x1} corresponding to X. The

probability generating functional Gx of a point process X can be expressed as

(2.11) Gx() = E[[J (x)].
x1 E w

Proof. Gx() = E[exp(J log (x)dX(x))] from the formula (2.10)
Rd

= E[exp(log(s))] by the formula (2.6)

log= E[fl e = E[fl (x)].
x1Ew ;Ew

Remark 2.7 Let X1(.), . . . , X(.) be point processes. The superposition X5 of

such n point processes means the total aggregation of all their points and we

denote X by

(2.12) X5 =
i=1

Theorem Let X1(.), . . . , X(.) be n independent point processes with

probability generating functional Gx, . . . , Gx, respectively. Then the

probability generating functional Gx(f) = Gx(f). . . . .Gx(f) for every f E Y.

Er.

16

Theorem 2.9 Let X, X1(.), X2(.), . . . be a sequence of point processes with

probability generating functional Gx, Gx, Gx, . . . , respectively. Then the



17

sequence converges to a point process X if and only if liGx(f) Gx(f)

for every f E i".

Definition 2.1Q The characteristic functional of a point process X is defined

by

= E[exp(iJ (x)dX(x))}

Rd

for bounded, measurable and real-valued functions which have compact support.

Definition fl The Laplace functional Lx of a point process X is defined by

X(e)Lx() = E[e ] for all E 'r.

Note that the characteristic functional is a special case of the probability

generating functional since we get Gx() = G(e) = Cx(q) if we take complex-

valued functions such that (x) = exp(ig(x)). Likewise, we also have the

relation Gx() = L(_1og(e)).

Example 2.12 Let X be a Poisson point process with intensity A E !D. Then

The probability generating functional of X is

Gx() =
J((z) - 1))dA(x)

and

The characteristic functional of X is

J(e2
- 1)dA(x)

C(q)=e



L Weak Convergence

In this section we discuss the general idea of weak convergence which is a

generalization of convergence in distribution and briefly summarize some standard

results in the theory of weak convergence of probability measures.

Let S be a metric space. The Borel u-field s° of S is the smallest u-field

generated by the open subsets of S.

First, we shall study weak convergence (or convergence in distribution) on

probability measures on the cr-field f.

To begin with, we refer to the notions of convergence of a sequence of

measures on a metric space as follows.

Definition 2.13 Let p and {p} be finite measures on the metric space S. Then

n - p weakly, if Jfdn Jfd for all bounded continuous functions f on

S.

p -+ p vaguely if Jfd -.+ Jfd for all bounded continuous functions f on

S which have compact support.

n -+ p strongly if Mp - II - 0 (where liii denote the total variation

norm).

18

Let p and P be probability measures on (S, it).

Each P is uniquely determined by the set of integrals, {JfdP : f E C(S)} (see

Billingsley [2]), where C(S) is the space of bounded continuous real-valued



functions f on S.

We will always use the supremum norm II f 1100 = sup If(x) on C(S).
xE S

Definition 2.14 If JfdPn .- JfdP for every f E C(S), then we say that Pn converges

eak1y to P and denote P P.

This is a specialization of 2.13 (a).

Sometimes it may be difficult to check weak convergence using the

definition. So, it is often convenient to use the following theorem. The following

theorem provides useful conditions which are equivalent to weak convergence.

Theorem 2.15 Let P and P be probability measures on (S, °). The following five

conditions are equivalent

(a)P=P.
urn 1fdP = ffdP for all bounded and uniformly continuous real-
n___*00J J

valued functions f E C(S).

Urn sup p(F) < 2(F) for every closed subset F in S.
fl-+00

limAnf00 '(G) (G) for every open subset G in S.

lim00 P(A) = (A) for all p-continuity sets A in S (where A is a

P-continuity set if P(oA) = 0 and oA is the boundary of A).

Proof. See Billingsley [2], Theorem 2.1 for detailed proof.

Secondly, we shall study weak convergence (or convergence in

distribution) of random elements in a metric space S. We follow the same

notations, (5, r) as before.

19
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Note that weak convergence can be reparaphased in terms of the

convergence of the distribution of random elements.

Let (i, .A, P) be any probability space.

Definition 2.16 Let X be a mapping from a probability space (ci, .A, P) into a

metric space S. X is called a random element if X is measurable, that is,

X1(A) E .A for every A ç S.

The distribution of a random element X is the probability measure P oX4

induced by X on (S, r) and we denote 1' = PoX'. That is,

l'x(A) = PoX1(A) = P{w: X(w) E A} = P(X E A) for each A E ?.

Remark 2.17 The following examples are the most common ones of a random

element X.

If S = R', then X is called a random variable.

If S Rd(in the cases of d 2), then X is called a random vector.

If S = C[0, oo), the space of real-valued continuous functions on[0, ),

then X is called a random function (process with continuous paths).

If S = an, then X is called a random measure.

If S = !R, then X is called a point process.

If S = D[0, oo), the space of real-valued right continuous functions on

[0, oo) with finite left limits existing on (0, oo), then X is called a random process

with jump discontinuities.

Note that we can understand weak convergence in terms of the

convergence of the distributions of random elements.
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Definition 2.18 A sequence {X} of random elements converges in distribution to

the random element X, and we write X X, if the distributions of X

converge weakly to the distribution P of X, that is, ,pxn = Px.

Remark 2.19 For convergence in distribution, Theorem 2.15 restates the

equivalence of the following five statements as follows

(a)XnX.
lim E[f(X)j = E[f(X)] for all bounded and uniformly continuous

real-valued functions f.

lim sup P(X F) P(X F) for all closed subset F in S.
fl -400

limnf00 P(X E G) P(X E A) for all open subset G in S.

lim P(X A) = P(X A) for all X-continuity sets A in S (where

a set A is an X-continutiy set if P(X E oA) = 0 and oA is the boundary of A).

Recall that we denote 7'x(B) = P(X E B) = P{w: X(w) B} for each B E .

In the cases of the random element X : (, A, P) ;
(ad, d) (where '

denotes the Borel o--field of Rd) with S = R', where d = 1, 2, . . . , the convergence

in distribution of random variables (in the case d = 1) and random vectors (in the

case when d 2) is usually considered in terms of their distribution functions.

Definition 2.20 The distribution function of a random vector X is the function

F(.) : K" - [0, 1] defined by F() = P{y E Rd y } for every

where y < x means that y, < ; for i = 1, 2, . . . , d.

Note that the function F defined as above satisfies the following



properties:

urn F(x) = 1 and urn F(x) = 0.- oo -

F is a non-decreasing function, that is, if y, then F() < F(y).

F is right continuous, that is, for any x and the decreasing sequence

: ii 1}, which converges to , A1F() =

In particular, F is continuous at if and only if {y E Rd : y < } is an

X-continuity set.

Definition 2.21 Let X be a random vector on Rd. Then we define the

characteristic function x() by = E[exp(i<>] for every E Rd,

d
where <t . = > t; with t = (t1, . . . , td) and z = (x1, . ,

i=1

The characteristic function cJ(t) of X is often used to understand some

information about the distribution of a random vector X.

Remark 2.22 For distribution functions, Theorem 2.15 can be restated as the

equivalent statements as follows

(a)XnX.
irnE[f(X)] = E[f(X)] for all bounded, uniformly continuous real-

valued functions f.

lim sup P(X E F) P(X E F) for all closed subsets F in Re'.
U *00

1im,n00P(Xn E G) P(X E G) for all open subsets G in Rd.

,jirn00Fn() = F() for all continuity points of F() for E Rd.

and are the characteristic functions corresponding to the

random vectors X and X, respectively, then cX() xU) for every E Rd.

22
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Finally, let us consider weak convergence and convergence in distribution

for random measure. We have already introduced ff1, the collection of Radon

measures on a metric space S in Section 2.1.. Here we shall follow the same

notations that we defined in Section 2.1.. Also we recall that a random measure

X is a measurable mapping from a probability space (, .A, P) into (ff2, .A1)

defined on Rd

Definition Let X, X1, X2, . . . be a sequence of random measures. If the

sequence of probability measures {} induced by Xn converges weakly to the

probability measure l' induced by the limit X, then we say that the sequence

{X} converges weakly to a limit X.

Definition 2.24 For random measures X, X1, X2, . . . , if Ai1E[f(Xn)] = E[f(X)]

for every bounded continuous real-valued function defined on ff2, then we say that

the sequence {X} of random measures converges j distribution to a limit X and

we denote Xn X.

In above, we can know that the functions f(X) and f(X) are random

variables because f(X) and f(X) are functions from 2 to R. In fact the

convergence in distribution in this case is the same convergence in distribution as

given for random element in Definition 2.16. Now, using the characteristic

functional and Laplace functional, we can give the equivalent statements of

convergence in distribution.

Theorem 2.25 Let X, X1, X2, . . . be random measures. and are the

characteristic functionals corresponding to Xn and X, respectively. Lx and Lx
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are the Laplace functionals corresponding to X and X, respectively. Then the

following statements are equivalent

(a)X X.

Xf -+ Xf in distribution as random variables for every continuous

function f from Rd to R with compact support.

Cx converges to C.

Lx converges to Lx.

j Introduction to Large Deviation Theory

For more complete discussion of theory of large deviations, the reader is

referred to Ellis's book [12], Stroock's book [29] and Varadhan's book [30].

The large deviation theory is concerned with the exponential decay rate.

We first consider a general framework for such problems. Let E be a complete

metric space and {P : n = 1, 2, . . .} be a sequence of probability measures on

the Borel subsets of E. Suppose {P} converges weakly to the unit point measure

at x0 E as n -+ oo. It means that P, as n - co. If A is any Borel set

such that XO A, P(A) -+ 0 as n -i 00. We think that P(A) converges to 0

exponentially fast as n - 00 with an exponential rate depending on the set A.

Here, there is the simplest example in the theory of large deviations. Let

x1, X2, . . . be independent and identically distributed random variables with

E[X1] = m and Var(X1) > 0. Let 5,, be the n-th partial sums of the random

variables, that is, S = x1 + . . . + x. If E[1x11] is finite, then converges to

m with probability one by the strong law of large numbers and Sfl flTfl
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X(O, ti2) by the centra' limit theorem, where .W(O, o.Z) is normally distributed with

mean 0 and variance These mean that

L.L.N. says that p( > a) - 0 as n - oo

and

C.L.T. says that - nm > a) = nm > ai) - 0

as n p for a> m.

Now we know that the event { > a} is asymptotically "rare" for a> m.

That is, this event occurs for only finitely many n. But the law of large numbers

and the central limit theorem do not give a clue as to how to estimate the desired

probability or its rate of convergence to zero as n

Large deviation theory shows that if the random variables are

exponentially bounded, then the probability converges to zero exponentially fast

as n -+ oo. The most fascinating aspect of this theory is that the exponential

decay rates are computable in terms of entropy functions.

Definition 2.26 Let E be a Polish space with 8E' the Borel o-field. If a function

E [0, ] satisfies the following conditions

I(.) is lower semi-continuous,

I has compact level sets, that is, the set {x E E : 1(x) a} is

compact for every real number a < ,

then we say that the function I(.) is a function.

In addition, let {Pe : e > 0} be a family of probability measures on
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(E, IBE). We say that a family {Pe : e > 0) satisfies a large deviation nrinciple

with rate function I(.) if the following hold

For all closed subsets F in E,

lim sup e.log Pe(F) inf 1(x),
XEF

For all open subsets G in E,

urn inf e.log P(G) inf 1(x).
XEG

Let X1, X2, . . . , X be independent random variables with common

distribution F(x). Set S = and let be the distribution of Now let

us consider the moment generating function of Sn as follows:

M(t) = E[exp(tSn)] = {E[exp(tXi)]} by independence.

The limit of the cumulant generating function is

M(t) =iç,.log M(t) =jm0.log {E[exp(tXi)]}fl = log E[etX1J.

Let us define Legendre-Fenchel transformation of M(t) as follows

1(x) = sup {tx - M(t)} = sup {tx - log E[etXhl}.
tER tER

Remark 2.27 1(m) = 0 whenever E[X} = m : For every real number t,

tm - log M(t) since log E[etX] E[log(etX)} = tm by Jensen's inequality.
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Thus, 1(m) = 0.

There are some properties of 1(x) for x E R as follows

1(x) E [0, 00] since tx - log M(t) = 0 when t = 0 for every real

number x in R.

1(x) is lower semi-continuous as the supremum of continuous

functions.

I(.) has compact level sets, that is, for any a < oo, {x E R : 1(x) a}

is compact : For every real number a < , the set {x E R : 1(x) a} is closed

since 1(x) is lower semi-continuous in (b). Moreover, it is also bounded. That is

to say, {x E R : 1(x) < a} c [a - log M(-1), a + log M(1)} because

1(x) = sup {tx - log M(t)} a implies that a - log M(1) x a + log M(1).
tER

Thus the set {x E R: 1(x) a} is compact by the Heine-Borel theorem.

1(x) is convex: For every x and y in E and a E [0, 1],

I(ax + (1 - a)y) = sup {{ax + (1 - a)y}t - log M(t)}
tE

= sup {{ax + (1 - a)y}t - log M(t) + a.log M(t) - a.log M(t)}
tER

sup {a{xt - log M(t)} + (1 - a){ yt - log M(t)}}
tER

(a)sup {xt - log M(t)} + (1 - a)sup {yt - log M(t)}
tER tER

= a.I(x) + (1 - a),I(y).

1(x) is non-increasing on (co, m] and non-decreasing on [m, oo),

where E[X] = m : First, to show that 1(x) is non-increasing on [oo, m]

Forx mandO< a< lsuchtbaty=ax + (1 a)m,
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1(y) I(x + (1 - a)m)

a.I(x) + (1 - a),I(m) by convexity of I

= a.I(x) since 1(m) = 0.

1(x).

That is, 1(y) 1(x) for every x < y in (oo, m]. It means that 1(x) is non-

increasing on [oo, m].

To show that 1(x) is non-decreasing on [m, oo)

Similarly as above, for m <u v and 0 < 3 < 1 such that u = 9m + (1 -
1(u) = I(flm + (1 -

,8.I(m) + (1 - /3),I(v) by convexity of I

= (1 - fl),I(v) since 1(m) = 0.

1(v).
That is, 1(u) 1(v) for every u < v in [m, oo). It means that 1(x) is non-

decreasing on [m, oo).

Lemma The function I(.) is a rate function. In fact 1(x) is non-decreasing on

[m, oo) and non-increasing on (- oo, m], where m = E[X].

The following theorem due to Crarier is the basic large deviation

theorem. It will be extended in this thesis. Its proof may be found in Ellis [12],

Strook [29] and Varadhan [30].

Theorem 2..aQ Let X1, X2, . . . , X be independent and identically distributed

random variables. Let P be the distribution of Sn/n, where

S = X1 + . . . + X. If the moment generating function is finite, then {P : n =

1, 2, . . .} satisfies a large deviation principle with rate function I(.).



3. LARGE DEVIATION PROPERTIES FOR A FINITE

DIMENSIONAL CASE OF RANDOM MEASURE

3.1. General Definition

We have already defined random measures on a locally compact Polish

space S in Section 2.1.. Here, let us recall the special case where S = Rd, d 1.

Let Rd be d-dimensional Euclidean space. Let 3d denote the collection of

Borel subsets of Re'. Let be the collection of bounded subsets (sets with

compact closure) of Bd. an denotes the set of all non-negative measures p defined

on (Rd, 8d) and finite on bounded sets, which are called Radon measures. Jtt) is

the o-field on M generated by sets of the form {p E JL p(B) < r} for all B E

and r 0. Moreover, R is the subset of consisting of non-negative integer

measures. Thus

p E N if and only if p(B) E = {0, 1, 2, . . .} and p(B) <

for all B

Likewise, has the a-field X generated by the sets of the form

{p e ai p(B) = k} for B E and k e zt may be naturally identified with

the set of all finite or infinite configurations of points in B without limit points,

but which may have multiplicities. Also !R is a closed subspace of an. Note that

X C .At, and .N' is the restriction of .41, to 2.

Ellis has studied large deviation theorems for sums of general random

vectors X.

Here, we will consider large deviation properties of the finite dimensional

29



distributions of random measures.

Let X be a random measure in !02. Now, we define

(3.1) X(A) = X(A), where A is a Borel subset of A

and

(3.2) f(x) = f() and X(f) = X(fA).

Notice that these definitions are consistent in the sense that

X,(A) = XA(1A).

Let us consider a random vector = (XA(A1), . . . , X(An)), where all

A,'s are disjoint and bounded Borel subsets of Rd. The moment generating

function of the random vector ' is defined by

<t
(3.3) M) = E[e ' = E[exp(tX(A))] for all E R,

i=1

where = (t1, . . . , tn).

Assume that
<, >

(3.4) (i) ) = -.log E[e
1

is finite for all E R'

and

(ii) (t) = lim(t) exists and is finite for all t E R'.

Define the Legendre-Fenchel transformation of the convex function by

(3.5) 1(x) = sup {<, ç> -
E R'

30
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Definition J. We assume the above properties (i) and (ii) in (3.4). We will say

that the function I(.) : R" - [0, 00] is a function if

0 I(,ç) < 00 for all : E R",

1(x) is lower semi-continuous for x E R",

I has compact level sets, that is, for each a < 00, the set

R : I() a} is compact in K".

Definition We say a random measure X on Rd satisfies a 1are deviation

principle in the sense of the finite dimensional distributions if for all bounded and

disjoint Borel subsets, A1, . . . , A and ' as above, there is a rate function

I(.) : R' -+ [0, 00] (where I(.) depends on the sets A1, . . . , An) so that

satisfies a large deviation principle with rate function I(.) as defined in (3.5). This

means that

For each closed subset F ç K",

(3.6) urn sup -.1og p(X E F) < ...f I(i),
EF

For each open subset G C K",

> inf I().(3.7) lim inf .i.log E G) - EG

Ellis has proved a large deviation principle for random vectors in his

paper [13].

In particular, Ellis' Theorem imipies the following theorem.
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Theorem We assume the above hypotheses (i) and (ii) in (3.4). Then the

following conclusions hold;

1(x) is convex, non-negative, lower semi-continuous, and has compact

level sets. It means that I(.) is a rate function.

The upper large deviation bound is valid:

urn sup ..i.1og E F) for each closed subset F in R'.

If (t) is differentiable for all E R", then the lower large deviation

bound is valid

urn inf i.log e G) inf I() for each open subset G in IR".
A EG

Hence, if ) is differentiable for all t E R", then (a), (b), and (c) imply that

satisfies a large deviation principle with rate function I(.).

Proof. The above theorem is proved in Ellis's book [12].

Next, we consider the finite dimensional large deviation properties of

Poisson random measures, Poisson center cluster random measures and doubly

stochastic processes.



Poisson Random Measure with Intensity a

Let X be a Poisson point process with intensity a > 0. Let A be a

bounded Borel subset of Rd. The moment generating function of a random

variable X,(A) is

E[etX\(A)] a)tdJAI(etl)
= e for every t E R in the special

case where n = 1 from (3.3).

Let
A (XA(A1), . . . , X,(A)), where all Ad's are disjoint bounded

subsets of Rd. Recall ) and I(ç) of a random vector ' for a Poisson process X

defined in (3.4) and (3.5) as follows

= urn -i-.log and I() = sup {<c, > -AooAd

In this case, we will prove that satisfies a large deviation principle with rate

function I(.).

Remark The stationary Poisson point process X with intensity a > 0 is

characterized by

X(A) is a Poisson random variable with parameter a IAI for every A

If A1, A2, . . . are disjoint subsets of then X(A1), X(A2), . . . are

independent random variables.
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Proposition 3.5 Let X be a Poisson random measure with intensity a > 0. Then



n
(t) = - 1))AI and 1(x) = sup {<t x> - a(e _1)IAI}.

j1 i=1

n
Moreover, I() can be rewritten by I() = {x1.log(_x ) x + aIAiI}.

i=1 aIAI

Proof. First let us calculate the moment generating function M,() of Y.
<t,Y >M(t)=E[e " I

t1X(A1) + . . . + tX(A)1
=E[e

d{(et1 - 1)jA1j +... + (etn -

So,

(3.8) cI(t) = a(ett - 1))A1).

Also,
2

n
(3.9) 1(x) sup {<t, > - a(e - 1)1A11}.

tERn i=1

Now, let H(t) = <, ç> c(eti - 1)1A21.
i=1

by Remark 3.4.
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Differentiating H(t) with respect to each t and then solving in terms of each x,

oH = x. - a.exp(t1)jA1I = 0 for each i.

x.
(3.10) $ = exp(t2) for each i.

aIAJ

Note that each x is positive.

So, taking logarithm on both sides in (3.10), we get

(3.11) t = log(1) for each i.



Replugging (3.11) in (3.9), then we get that

I() = x.log(1) xi + a2IA1I.

Theorem Let X be a Poisson random measure with intensity a> 0.

Let = (x(A1), . . . , X(An)), where all As's are disjoint and bounded subsets

of Rd. Then satisfies a large deviation principle with rate function I(.) as follows

n n n n/ x. \
= sup {<, > - a(e 2 - l)1A21} = x11og( $

) EXI + aIAiI.
ER i=1 i=1 aIA1I i=1 i=1

Proof. (i) If = 0, that is to say, = (0, . . . , 0) then <, ç> - () = 0. Thus,

I() 0.

<, x> is continuous for x. Thus <t, x> - ) is also continuous for . So,

1(x) is lower semi-continuous.

For any a 0, let Ka = { E R : I() a}. Since I() is lower semi-

continuous by (ii), {x E R' : 1(x) > a} is open, that is, { E R' I() > a}C

closed. So, Ka is closed.

On the other hand, let E Ka. Then I() a implies <, > - ) a, that

is, <a + t). Taket1 =(0, . . . ,0, ±1,0,... ,0). Then

a + (1 - )IAI a + (e - l)IAI.

Each x is bounded. So, = (x1, . . . , xn) is bounded, that is, Ka is bounded.

Thus Ka is compact.

Finally, for (iv) and (v), obviously (t) is differentiable for all . Therefore,

satisfies a large deviation principle with rate function I(.).
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3.3. Poisson Center Cluster Process

One class of cluster processes occurs so frequently in applications and is so

important in the theory that it warrants special attention. In this class the

cluster centers follow a Poisson distribution and the clusters are independent and

finite with probability 1. Let X be a Poisson center cluster process with

centers U, a Poisson random field with intensity p and members V, a random

measure with finite expected total mass, E[V(R')] = y. We define the moment

generating function of V(Rd) by

tV(Rd)
MV(Kd)(t) = E[e

and assume that MV(Rd)(t) is finite for each t E R. The random measure X is

defined by superimposing i.i.d. copies of V centered at the occurrences of U. More

precisely, let U have occurrences {x1} and let {V1} be i.i.d. random measures

independent of U and distributed as V. If A is a bounded Borel subset of Re', X is

defined by

X(A) = E V(A - x) = JVx(A - x)U(dx).
X1

Rd

We denote X by [U,V] and X is a stationary random measure with intensity py.

Note that E[X(A)] = p7IAI.

Define X(f) = JVx(Txf)U(dx) EVj(Txjf),
Rd

where T is a translation operator, that is, Txf(y) = f(x+y) and

f is a bounded measurable function with compact support defined on
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Theorem J The moment generating functional of X is

X(f)
Mx(f) = E[e I = exP(PJ(Mv(Txf) - 1)dx).

Rd

Proof. Mx(f) E[e] = E[E[exp(V,(Tx1f))

= E[flE[exp(Vj(Txf)) I U={x}]]

= E[exp(1og E[exp(V(Tx1f))]) I
U={x}]

= E[exp(JlogE[exp(V(Txf))IU(dx)I,

= E[eXp{U(logM(Txf))}1

= exP(PJ(Mv(Txf) - 1))dx)

where U is a Poisson random measure with intensity p.

The last equality makes sense since J(Mv(Txf) - 1)dx
Rd

= JE[exp(Jf(x+Y)V(dY)) - 1]dx

Rd Rd

= JE[> {Jf(x+y)V(dy)}1d}dx
ki Rd

E[E ckJ.
. J J1(x+yl)...1(x+yk)dxV(dyl)...V(dyk)]

k=1 Rd RdRd

V(f)
where Mv(f) = E[e

37



E[ckJ.
. J J1K(X)dXV(dyl)...V(dyk)]ki Rd RdKd

= E[ ckJ..
J JIKIV(dYl)...V(dYk)1

k=1 Rd RdRd

cV(R")
=IKIE[e 1]<oo.

Thus, Mx(f) = ex(PJ(Mv(Txf) - 1)dx).

Proposition Mx(f) = exp(J (M(Txf) - 1

In the case of a Poisson center cluster random measure, let us consider a

finite dimensional distribution, that is to say, a random vector

= (X(A1), . , X(An)), where all A1's are disjoint and bounded Borel

subsets of Rd for i = 1, . , n.

X(A)
In the case of n = 1, "d satisfies a large deviation principle with rate

function as follows

= sup {tx + pIAI - PIAIMv(Rd)(t)}
tER

where A is a bounded Borel subset of R'.

Here, we consider the above property to a finite dimensional case of n

2. This means that Y/A' satisfies a large deviation principle with rate function

as follows
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Iy(x) = sup <, > + :pIAiI - PIAiIMV(Rd)()}.
{ n n

ERTh i=1 i=1

Now consider M() = E[exp(<, y>)], where = (xA(A1), . . . , x(A)).

M() =

XA(f)= E[e ], where f = ti1A

X(f)
=E[e ']

= exP{PJE{exP(Jf( X y )V(dy)) - 1}dx}

by Proposition 3.8.

Proposition urn -i.log M() = PJ(Mv(Rd)(f) - 1)dx.

Proof. urn .log M (t)

= Em E{exp(Jf( x y )V(dy)) - 1}dx

R' Jf(xr(y/)t)V(dy)

=lim pJE[eR

K' Jf(x+y/.\)V(dy)

=lim J E[eR

Rd

= urn fE[E {Jf(x+y/A)V(dy)}']dx
Rd k=1 Rd

d

d

- lJdx', letting x1 = x/.\

- 1]dx, letting x' = x
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= E[J...
k=1

= urn p E[J. . Jf(x+!)...f(x+)dxV(dyl)...V(dyk)]
k=1 Rd Rd

The last term converges as \ - oo by the Lebesque Dominated Convergence

Theorem and Lusin's theorem to

= >2 E[J. .
Jf(x)kdxV(dyi)...V(dy)]

k=1 Rd Rd

P 00
= J E[ {f(x)V(Rd)}dx

Rd 1

= Jf(x)V(Rd)E[e 1}dx

Rd

= PJ(Mv(Rd)(f
Rd

f(x+i)...f(x+)V(dy1)...V(dyk)dx]

- 1)dx.
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Theorem 3.10 Let X be a Poisson center cluster random measure. Let A be a

bounded Borel subset of R . Then d
satisfies a large deviation principle with

rate function

= sup {tx + plAl - PIAIMV(Rd)(t)}.tR

Theorem 3.11 Let X be a Poisson center cluster random measure. Let

= (X(A1), . . . , X(A)), where all As's are disjoint and bounded Borel

subsets of Rd. Then satisfies a large deviation principle with rate function

= sup 5> + pIA - PIAiIMv(Rd)()}.tRl. ii i=1



Proof. In Proposition 3.9, take f
=

tjlA, where all As's are disjoint.

= lim i.log M Ct)
-A

= f E[exp{ tulA (x)V(R )} 1]dx
z=1

= >2 JE[exp(tiV(R(')) 1}dx

A

= p AiI(Mv(Rd)(ti) 1).

So, '() = sup c> pIAiI.E[exp(tiV(Rd)) ii}.
ER"l i=1

Since Mv(Rd)(ti) is differentiable for all t1 E R, c(t) is also differentiable for all

E Ri'. Therefore, IA/Ad satisfies a large deviation principle with rate function

from Theorem 11.6.1., Ellis [12].

3.4. Doubly Stochastic Process

Let Z be a stationary, associated random measure and let X be a doubly

stochastic process with environment Z. that is to say, X is Z-conditionally

Poisson with intensity measure Z. Of course, the following hypothese are assumed

to hold for Z

(1) A() = -i.log E[e<t A>1 is finite for all E Re',
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where A = (
(A1), ZA(An)) and all A's are disjoint and



bounded subsets of R',

and

(ii) 4(t) = lim exists and is differentiable for all t E K.

Now, for a doubly stochastic process X, define that

<,
(t) = lim -i.log E[e exists for E R',X A-400A

where (Yz)A ((xz)(Ai), (Xz)A(An)) and all A1's are disjoint and

bounded subsets of W,

and

I() = sup {<, > -
E R'

Then we will have the following theorem.

Theorem 3.12 Let X be a doubly stochastic process with environment Z. Let

(Yz)A be a random vector defined as above. Also we assume the above

hypotheses (i) and (ii). Then satisfies a large deviation principle with rate

function

1(x) = sup {<t c> -
JR'1

where H(t) = (etl - 1, . . . et'1 - 1).

Proof. First calculate the moment generating function of (Yz)A

()> ti.(Xz)(Ai) + . . . + tn.(Xz)(An)
E[e
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xz( t.1AA)
= E[E[e z1 jj

J(J-1)Z(dx)
= E[e ], where f = tj1\A

i=1

E[e1)].

Z(ei
So, x (t) = urn -.1og E[e )

z

ti
= urn -1.1og E[e

1)z(A1) +... + (etn_1)ZA(An)]
\.00 X

t1ZA(Al) + . . . + tZ(A)
Since z(t) urn -L.lo E[e J exists forg

every E 1R' = Z(e_l, . . . et_1) and = =

Moreover, (t) is also differentiable for each E R' because 11(t) is

differentiable for every t E R' and also the composition function of two

differentiable functions is differentiable.

Therefore, satisfies a large deviation principle with rate function I(.) by

Theorem 3.3.
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(Upper Large Deviation Bound); For any closed subset F in M[O, L],

lim sup .log E F)

44

4. LARGE DEVIATION PROPERTIES OF RANDOM MEASURE

4.1. Introduction

Recall that we have already defined a random measure on a locally

compact Polish space S in Section 2.1.. Moreover, we have discussed random

measures on Rd in Section 3.1..

From now on, we denote the collection of Radon measures on R by M(R)

(write M = M(R)). Here we shall give large deviation properties of random

measures with values in M(R). To do this, we will use the restriction of measures

on M(R) to [0, L] C R. We will denote by M[0, L] the collection of Radon

measures on [0, L]. We will put the topology of weak convergence on M[0, L].

Throughout this Chapter IV, we shall show the upper large deviation

bound and the lower large deviation bound about random measures considered as

"dual" to an appropriate space of test functions as follows

Let X be a random measure in M. Let be the random measure in

M[0, L] obtained by restricting X to [0, L]. We denote = (X,jk We will

show that 5/ satisfies a large deviation principle, which will be given in details

in Definition 4.4, if for all L> 0 we have the following properties:



(Lower Large Deviation Bound); For any open subset G in M[O, U,

urn inf A.log E G)

We denote IL(&) = inf 1L() for a Borel set A and
pEA

= sup {(f) - urn 1.log E[exp((f))]}.
fC[O,L]

I Later, we will show that if the above property is satisfied for some L > 0,

then it is satisfied for every L' > 0.

In particular, we shall give some examples which satisfy those properties.

Let 5 (recall 5 = (X)') be a random measure restricted to M[0, L}

which will be given by Definition 4.2.

Define

= .1og E[eX] for f E C[0, L],

Here, recall that we define
A

and X in (3.2) by fA(x) = f() and X,(f) X(f).

The following two hypotheses are assumed to hold;

Each function - (f) is finite for every f E C[O, L],
xx

(4.1)

- (f) = lim - (f) exists for every f E C[0, L] and is also finite.x
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Here we shall denote 4(f) := and := (f).
A

Proposition 4.1 The above two functions A() and (f) are convex on C[O, L}.

Proof. Let f and g in C[O, L} and 0 < t < 1.

XA{t.1 + (1 - t).g}
A{t.f + (1t).g} = .1og E[e

Now applying the HOlder's inequality with p = and q = we get the

following inequality

.log{E[e]}t.{E[e)]}(1_t)

= t.A(f) + (1_t).(g).

Thus, A() is convex and (f) is also convex because of preservation of convexity

under pointwise limits.

Definition 4.2 M[0, L] is the collection of Radon measures on the restricted [0, L].

That is to say, M[0, L] = {,. : Borel finite measure on [0, L]} for every L < oc.

Now, define for p E M[0, L}

(4.2) 1L(') = sup {,4f) -
fEC[0, L]
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In the future, we shall prove that 1L() defined in (4.2) is a rate function



defined as below.

Definition A function 1L( ) on M[O, L] is said to be a function if

1L() is non-negative,

'L ) is lower semi-continuous,

'L has compact level sets, that is, { M[O, L] : IL(/1) < r} is

compact for every r < .

Recall that we have put the weak topology on M{O, L].

Definition 4.4 Let X be a random measure and (XA)L the random measure in

M[O, L] obtained by restricting X to [0, U. Let 5 = (XA)L. Let PA be the

distribution of . It is said that the measures {PA} satisfy a large deviation

principle with rate function 1L( ) i

TL( . ) is a rate function,

(Upper bound) ; For each closed subset F in M[0, LI,

lim sup .log PA(F) inf

(Lower bound) ; For each open subset G in M[0, U,

urn inf .1og PA(G) IL(Iz),
pEG
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where PA(A) denotes the probability of E A} for any Borel subset A in

M[0, LI.



. On the Upper Bound f. Large Deviation on Random Measure

Throughout this section, we follow the same notations as in the previous

sections.

In this section, we obtain a upper bound for the large deviation property

for certain classes of random measures. One of the situations we study is as

follows. We follow the notation 5 given in Definition 4.1. We obtain the upper

bound of random measures of the type:

urn sup .log E F) _IL(F) for any closed subset F in M[O, U.

Here, recall that 1L) = sup {(f) - (f)} defined in (4.2)
feC[O,LJ

and = inf{IL(p) : p E F}.

Let us first check that 1L() is a rate function.

Theorem 4.5 The hypotheses (4.1) (a)_(b) are assumed to hold. The following

conclusions hold

1L() is non-negative.

1L() is a lower semi-continuous convex function of M[O, L].

Given every real r < oo, the set { E M[O, L] : 1L() < r} is compact

in the weak topology.

Remark 4 Recall that a function such as TL() defined on M[O, L] which satisfies

(a) - (c) in Theorem 4.5 is a rate function given in Definition 4.3.
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Proof of Theorem (a) Let us take f = 0. Then p(f) ci(f) = 0. Thus,

1L() 0. This implies that 1L() E [0, oo].

Since p, p if and only if p(f) - p(f) for f E C[O, L], p(f) is continuous

for p. So, p(f) (f) is continuous. Since sup of continuous function is lower

semi-continuous, 1L() is also lower semi-continuous. Obviously 1L() is convex.

Thus, 1L() is a lower semi-continuous and convex function.

Let Kr { E M[O, L] : 1L() < r}. Since C[O, L] is separable, let f0, f1,

be countable dense subsets. Take fo = 1[O L]

For any sequence {Pk} in Kr and f in C[0, L], pk(fn) r + (f). By

diagonal procedure, there exists a subsequence {Pk1} of {p} such that lim JfnPk
Z*oo

exists for n = 0, 1.....Since lim ffoPk. exists, let the value denote by
00

pk00([O, L]). That is, there exists t5 > 0 such that for k00 big enough,

IPk00([0, L]) limJl[O L]dpkjl < c. For every continuous function f in C[O, L]

and c > 0, lim JfnPk, exists and f f II

lim [fdpk. = lim J(f - fn)dpk. + lim If,, dpi.
Z+oo J J

< edim Ii
L]

dpfr. + lim Jfn dpk.- j__+00j [0, Z+oo

So,

lim Jfdkj f(Pk00([o, LI)) + liW inf lim JfndPk.
Z+oo Z+OO

Likewise, replaceing f, by f,

urn sup urn If dpk epkC,0([O, L]) + lim JfdPk.n 00

Letting + 0 from (1) and (2), we get



lim sup lim 1fndp. < urn [fdpk < lim inf lim [fndpk..n zooJ 72 zooJ *

So, the limit exists. That is to say,

lim lim JfndPk. lim Jfdk. and f - fn IIj-400 Z-400

implies that

lirn JfndPk. - lirn JfdPk.
IZ+co

Define A(f) := lim ffdPk..
2*oo

A is obviously linear because of the linearity of an integral, i.e.

A(f + g) = lim J(af + g)dp,
Z-3c,o

= a lim JfdPk1 + lim JgdPkI

zaA(f)+ A(g)fora E Randf,g E C[0,L].

A(f) defines a non-negative linear functional on C[0, L]. By the Markov-Riesz

representation theorem, the limiting linear function is represented as an integral

and A(f) = Jfd.

So, A(f) = Jfd = Em Jfdpfr.
2oo

This means that Pk1 converges to p weakly. Therefore, Kr is compact.
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Definition 4.7 It is said that PA is large deviation tightness if for each a < oo,

there exists a compact set Ka such that lim sup .log P( E KaC) - a,

where E Kac) PA(Ka).

Theorem If L] is large deviation tightness as random variables for some

L> 0, then is also large deviation tightness.

Proof. For every a E [0, oc), let Ka
= {

[o, L] a}. Then Ka is compact

in the weak topology by the Banach-Alaoglu theorem. Let be the distribution

of.

So, PA(KaC) = E Kac) = [o, L] > a) = P([0 U > a).

Thus,

lim sup .log E Kac) = lim sup .log P(A[0, U] > a) a.
A

Therefore is large deviation tightness.

Theorem Let D() := {f e C[0, L] : (f) < oo}. Given f E D() and a real,

define

H+(f,a) = {, E M[0, L] p(f) - (f) a}

and

H-(f,a) = { E M[0, L] (f) - (f) a}.

Let K be a compact subset of M[0, L].

(a) If 0 < IL(K) < oo, then for any c e (0, IL(K)) there exist finitely



many points f1, . . . , f in D(') such that

n
K c U H+(fk, IL(K) - f)

k=1

(b) If 1L(") = oo, then for any R > 0 there exist finitely many points

f1, . . . , f in D(1') such that

n
K ç U H+(fk, R),

k=1

where = KIL(IL).

Proof. Here we prove only the case (a). That is, 0 < IL(K) < co since we can do

the case (b) similarly as in (a).

Let K = { E M[O, L] TL() IL('<) -

K is closed since 1L() is lower semi-continuous. In fact K is compact by

Theorem 4.5 (c).

Our claim is K = fl H_(f, IL(K) -
fED()

To show this claim, let ,LEK*. Then 1L() 1L( - e by definition. Thus,

p(f) (f) IL(K) - e from the definition of 1L() Hence, i E H_(f, IL(K) -
for every f

Conversely, let ii E H_(f, [L(K) for every f E D(c1). Thus,

zi(f) - ci(f) IL(K) - e. Taking sup on both sides with respect to f E C[0, L],

we get
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So,

sup {zi(f) - E)} IL(K) - c. That is, 1L(") -
fEC[0,L]

This means that ii E K. Therefore our claim is proved.

Note that K fl K = 0. Since, if not, we can take p E K and p E K.

This implies that 1L(") IL(K) - 'L(P) - e. This shows a contradiction.

K ç Kc
= { fl H_(f, IL("Z)

fED()

= mt H(f, IL(K) - e).
fD()

Since K Kc, for each p E K, there exists an open neighborhood N(p) of p and

a point f E D() such that N(p) C H+(f, TL(K) - ). Since K is compact, the case

(a) is proved.

Theorem 4.10 Let PA be the distribution of

For any compact subset K of M[0, L],

lim sup .log PA(K) 'L(K).

If PA satisfies large deviation tightness, then for any closed subset F

of M[0, L]

urn sup l.log PA(F)

Proof. (a) In the case of IL(K) = 0, it is obvious.

So, we prove only the case of 0 < IL(K) < oc because we can prove the case of

TL(K) = 00 similarly by Theorem 4.9 (b).
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P,(K) = E K)

H+(fk, [L("Z) -

=: P((fk) (f) + TL(K) -

fl E[e

k=1 x((f) + -
e

by Chebyshev's inequality

Here, applying the fact that z(f) = .log E[e ] implies E[e A

exp(AA(f)), then we get the following equality from the last term

n )i{A(fk) - (fk) IL(K) +
=>e

k=1

Since A(fk) -4 (f) as A - oo and f E (o, IL(K)) is arbitrary,

PA(K) = K)

- 'L (K)
<ne

So, taking the logarithm on both sides, we have that

.log PA(K)
log(n)

IL(K)

Therefore lim sup .log PA(K) _TL(K).
A--oo
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(b) Since Px is large deviation tightness, there exists a compact set K for every

real a < oo.

P(F) PA(Ka fl F) + P(KaC fl F)

max{PA(Ka fl F), PA(Ka fl F)}

max{PA(Ka fl F), P(Kac)}

max{PA(Ka fl F), e},

Since .1og P(Kac) a implies P(Ka') ea, we get the following

inequality from the last term
I L( fl F) a

2maxte ,e

Applying the above property (a) in the last term since Ka fl F is compact, we

have the following inequality

2 max{e
U'), e}.

So, the above inequality implies that

log(2).log P(F) < + max{_ 1L(') - a}.

Since a is arbitrary, we have that

urn sup .Iog P(F)
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Now, we will show that if the large deviation upper bound holds on M[O,

L} for some L > 0, then such property also holds for every L' > 0.

X,
Theorem 4.11 If satisfies a large deviation upper bound for some L > 0, then

also satisfies a large deviation upper bound for every L' > 0,

where we denote 5Z,' = (X)L'.

Sketch of Proof. First, let us check the relation between and

For every g e C[0, L'}, there exists f E C[0, L] such that g(y) = (y) =

for every y E [0, L']. Also for every v E M[0, L'], there exists p E M[0, L]

such that ji = = LfL'
Now, calculating c,(g) for every g E C[0, L']

we have the relation, = That is, =

Secondly, calculating
1L'

for every j E M[0, L'] by

= sup {Kn -fC[0, L']

- L'1we have the relation, ILI(v) - -Tj L(J()L'/L) for every i' E M[0, L'].

Finally, it remains to show that for every closed subset F' in M[0, L'},

urn sup .1og (__ E

Let F' be a closed subset in M[0, L']. Let F'L,,L = {L'/L : v E F'}, which is also

the closed subset in M[0, U.



E F') = .lim sup 4- log P
A-400

_..IL(hF'L1/L)

= L,(F).

The last equality holds since

= inf{IL,(v) : v E

= inf{.IL(v ,,): v E F'}

= inf{IL(p) : p E hF'L,,L}, where p = L''L'/L E hF'L,,L

- L'1- t L(F'ij1i)

Therefore satisfies a large deviation upper bound for every L' > 0.

4.3 Some Examples for the Upper Bound

1. Poisson random measure: Let X be a Poisson random measure with intensity 1

(W.L.O.G., assume intensity p = 1 by rescaling).

For an arbitrarily real a < oo,

let Ka
= {

: U 2a}.

(A')L'/L
AL'

Et
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urn sup .log
Aoo



Then Ka is compact. Now let P be the distribution of

So,

p(KaC) =
E Kac)

= P([0 L] > 2a)

exp(L(et - 1))

exp(2Aat)
by Markov's inequality

_x(2a - L(e - 1))
= e replacing t = 1.

Now, taking a L(e - 1 ), we have that

urn sup .1og P([0, L] > 2a) a.

Thus, lirn sup Liog P(Kac) a.

This means that P satisfies large deviation tightness by Definition 4.7.

Therefore, Theorem 4.10 (b) implies that satisfies a large deviation upper

bound.

2. Poisson center cluster process: Let U be a Poisson random field with parameter

p and V a random measure with finite expected total mass, E[V(R)] = . Let U

have occurrences {u} and let {v1} be independent and identically distributed

(i.i.d.) random measures independent of U and distributed as V. We denote a

Poisson center cluster process by X = [U, V]. More precisely, a random measure

X is defined by letting the occurrences of U act as centers or initiators and then
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superimposing i.i.d. random measure distributed as V but centered at the

occurrences of U. For a bounded subset A E 'B, we denote

X(A) = V1(A - X.).

From Section 3.3., we have already showed that

tV(.\A - x)
M A)(t) = exp(J E[e - 1}dx).

XA(

First we will show that Mx(A)(t) <exP(PIAI(MV(R)(t) - i)).

MX(A)(t) =

,xJE[pJtV(.XA

- x)
E[e - 1]dx

tV(AA - y)e 1]dy
=e

E[J(V(\A Xy))k]dy

=e

p.' E[J...J1A_y(X1)..1A_Ay(Xk)dYdV(X1)...dV(Xk)1

=e
00 Ic

'\> E[J ...J1 xk(y)dy dV(xi) ... dV(xk)]
k=1

00 k - !) ...(A - )IdV(xi) ...dV(xk)
=e

.XpEE[J...JIA - IdV(xi) ...dV(xk)
<e k=1



.XPEE[J...JIAIdV(xl) ...dV(xk)

00 k
ApAE[ [V(R)]i

k=1

tV()
)pIAlE[e - 11=e

)PIAI[Mv(R)(t) - 1]

1X
: [O, L] 2a}. Let be the distribution ofNow, let K2a - '1

PA(K2a) E K2C)

L] > 2a)

= P(,[O, L] > 2.\a)

E[exp([O, L]'\]
by Markov's inequality

exp(2Aa)

exP(APL[MV(R)(1) - ii)

exp(2\a)

= exP(_(2a - PL[Mv(R)(l) - ii)).

Now, taking a PLEMv(R)(1) - 1], we have that

urn sup .log P( E IC2aC) a.
)t-400

=e
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Thus, urn sup .log P(K2ac) <

This means that PA satisfies large deviation tightness by Definition 4.7.

Therefore Theorem 4.10 (b) implies that satisfies a large deviation upper

bound.

ii Qn ih Lower Bound for Large Deviation on Random Measure

Throughout this section, we follow the same notations as in the previous

sections.

In this section we obtain a lower bound for the large deviation property

for certain classes of random measures. One of the situations we study is as

follows. We follow the notation given in Definition 4.4. We obtain the lower

bound of random measure of the type;

lim inf .log E G) _TL(G) for any open subset G in M[0, L].

Here, recall that = sup {(f) - 4(f)} defined in (4.2)
fEC[0,L]

and = inf{IL(p) : E G}.

This extends some of the works on large deviation by Ellis.

Assumption A If {f} is a sequence of uniformly bounded measurable functions
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on [0, U, which converges p-almost everywhere to a bounded measurable function

f, then (f) -4 (f), that is, '1 is continuous with respect to f.

Assumption B : The lower bound of large deviation holds for in the sense of the

finite dimensional distributions as Theorem 3.3 (c) in Section 3.1..

Lemma 4.12 Under the Assumption A, we get

(n
sup {p(f) - sup t1(A) -

fEC[0,UJ ER I'j=1

where
=

tiP(Ai)) and = (t1,.

To prove the above lemma, it is enough to get the following theorem.

Theorem 4.13 Under the Assumption A, the following property holds

(n
= sup sup tp(A1) -

feC[0,L]°
- (f)}

n, A1, ..., A ER =1 }.
sup

Proof. Given f E C[0, L]. We can find uniformly bounded simple functions f

such that f - f. So p(f) - (f) and (f) - (f) by Assumption A.

So,

p(f) - (f) sup sup {(f) -
n, A1, ..., A tERn

Taking sup on both sides over all f E C[0, L], then we have the inequality

< sup sup .>t1p(A) -
fEC[0,L]0

-
n, A1, ..., A ER =1 }.

sup
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On the other hand,

given g = tj1A, we can find uniformly bounded continuous functions gm such

that gm -p g a.e.. By Bounded Convergence Theorem and Assumption A, we get

p(gm) -+ p(g) and (gm) .'

So, similarly as before,

p(gm) - (gm) sup {,i(f) -
fEC[O, L]

Taking sup on both sides over all g5, that is, over all n, A1, A2, . . . , A and

t1, t2, . . . , t, then we have the reverse inequality

> sup sup > t(A) -
fEC[O,

- (f)}
- n, A1, ..., A ER L=i }.

sup

So, the above equality is proved.

Definition J4 Let (T, 2) be a topological space. A class B of open subsets of T,

that is, B C T, is a base for the topology Tif and only if

every open set G E T is the union of members of B.

Equivalently, B ç T is a base for T if and only if

for any point p belonging to an open set G, there exists B E B with

pEBçG.

Recall that the topology of weak convergence is generated by the following class of

basic open neighborhoods of ii E M[O, L],

= {
E M[O, L]: lJfd - JfdvI <e, i = 1,. . . , k}



where f1, . . , f are elements of C[O, L] and is positive.

Theorem 4j Let 182 = { E M[O, L] : ,(F) < L'(F1) + e, 1 < i and

Ii4O, L] - zi[O, LII <}. Then 18 and 182 are equivalent.

Proof. First we show that every set in 18 contains a set in 182. We need consider

only a single function f in C[O, L] and further we may assume that 0 < f(x) < 1

for all x. Choose k so that [° L] <c and let F1 = {x: <f(x)}. Note that

k.1{
!i <f(x)

<

k.1{
(F1)} =

>{ j- <f(x) } = :{() - p(F1)}
[0, L] +

z1 <f(x) < J} < Jfd
k.{

: <f(x) <

From (3), (4), and (5),

k
(4.3) .p(F1) Jfd.i < [O, LI

k

k
i=1 i=1

From (4.3), we have

< Jfdv and Jfd1.i < +

Since p(F1) < i(F1) + e, we have

Jfd < e + .,tP(F1) <e + .1(v(Fi) +
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<e + .v(F) + e <2f + Jfdv.

So,

(4.4) Jfd - Jfdi, < 2e.

On the other hand, taking 1 - f instead of f in the formula (4.4) as in the above

argument, we have

J(1 - f)dp - J(i - f)dzi <

This means that p[O, L] - Jfd - z[O, L} + Jfdi < 2. That is,

Jfdzi - Jfdii + (p[O, L] - v[O, LI) < 2.

So, Jfdv - Jfd1 < 3c Therefore, we can get that IJfd - Jfdvl < . This means

that we can find within a set of the form That is, B1 contains

Now, it remains to show that each set in contains a set in

Given IJfd - Jfdvl < in !B and a closed set F.

1/fl
F ={x: p(x,F) <

1 1

Since F1 F2 . . . and F = fl F and v(F1) < oo,

1

= urn u(F). That is, zi(F) < zi(F) +n - 00
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Choosing in C[O, L] a function f with value 1 on F, value 0 outside F, and value



everywhere contained between 0 and 1, we have

lJfdii - Jfdvl < c. So Jfd - Jfdv <

JF <JFk
fdi

<
JFA fdv +

1

p(F) < i fd, < v(F) + <v(F) + +

So, 1i(F) < v(F) + e.

Finally, taking f = 1[Ø then l,[O, LI - v[0, LII <

Theorem 4.16 We assume the properties A and B. Then the large deviation

lower bound holds. That is, for any open subset G in M[0, L],

where 1(G) = inf 1(v).urn inf .log p( E G) 1(G),
LIEG

Proof. Let G be an open subset in M[0, LI. Then C is a union of open sets from

182, since 182 forms a base for the topology generated by weak convergence,

where 182 = {B, open in M[0, LI : B = B(v, F1, . . . , Fn, e) = { E M[0, LI :

< v(F1) + , i = 1, . . . , n and I[O, LI - v[0, LII < e for Borel sets F1 c F2 c .

F C [0, L]}}.

Let

(4.5) = Fk\Fkl , k= 2,..

= [0, LJ\F.
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Then there exists an open set U C [0, L]' depending on zi(Fi), . . . , v(Fn), [0, L}

and e.

B = { E M[0, L] : (pçE0), . . . , E u}

C(EO, . . . , E, u) (we denote this by C), where all E1's are disjoint.

So we have the relation such that

(4.6) G = U B = U C,
BeB2, BcG CEB2, CcG

where C is obtained from B by letting each F disjoint as in (4.5).

Thus,

E B)= P(A(Fi) < v1 + efor i 1,..., nand

A[0, L]
A

<u[0L]+e)

= pf.d.(c),

where C depends on F1, . . . , F and [0, LI which is obtained by making each F

disjoint as in (4.5).

Since 1(G) = inf 1(u) by definition, using the relation (4.6) we have
vEG

1(G) = inf 1(v) = sup 1(v) = sup 1(B) = sup 1(C).
L'EG vEG BEB2, BçG CE!32, CcG

Moreover if ii E G, there exists C E (obtained from B) depending upon a finite

dimension which contains ii such that for each e > 0, - 1(G) - 1(B) + e.



Therefore, urn inf .1og P

Since c is arbitrary, letting e - 0, we get

urn inf .1og p( E G) 1(G).

Theorem 4.17 If satisfies a large deviation lower bound for some L > 0, then

also satisfies a large deviation lower bound for every L > 0,

where we denote = (X)L'.

Proof. This can be proved by the same method as the proof of Theorem 4.11.

- E G) > urn inf .log E B-

= lim inf .log f.d.(c)

inf I() by Assumption B
EC

inf I(p) by Lemma 4.12
jEB
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4.L Some Examples for the Lower Bound

Poisson Random Measure Case : Let X be a Poisson random measure with

intensity p. Recall the moment generating functional of X is

L f(x)
E[exp(X(f))] ex(J(e - 1))dx for every f E C[O, L}.

0

Also recall that (f) - lim l.log E[e] for every f E C[O, L].

L
f(x)

For a Poisson random measure X,we get (f) = pJ(e - 1)dx. Now let us

check the condition of the Assumption A.

L f()lim c(f) = lim pJ(e - 1)dx
n-+Oo nOo

0

L

p lim
fn(x)

- J
- 1)dx by L.D.C.T.

0

L
f(x)

= pJ(e - 1)dx =
0

Therefore c(fn) -* (f) as f -+ f a.e.. The Assumption A in Section 4.4. is

satisfied for a Poisson random measure X. Now, for the Assumption B, we have

already proved such property in Section 3.2..

Poisson center cluster process : Let U be a stationary Poisson process with

parameter p and V be a point process satisfying E[V(R)] < oo. Let u1 denote the

random occurrences of U and take these as the cluster centers. Let the cluster

members V1, V2, . . . be point processes which are independent and identically
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distributed as V. Then X = [U, V} is a Poisson center cluster process with centers

U and clusters V and we denote

X = V(A - u1) for a bounded Borel set A.
uU

From the previous section, recall that the moment generating functional of a

Poisson center cluster process is

(f) = urn .log E[eX]
A*oo

pJ(MV(TXfA) - 1)dx

= lim .lo(e 0 ) by Proposition 3.8
,\-*00

= PJ(MV([o, L]) - 1)dx by using the proof of Proposition 3.9.

So lim (f) = limfl-OO n-+oo

L

PJ(MV([O L])() - 1)dx

0

L
- lim

(
V([0, L])(fn)] - 1)dx by L. D. C. T.- pJ_00 E[e

0

4(E[e°' L])(f)1 - 1)dx =
0

Therefore (f) -p 'i.(f) as f -+ f a.e.. The Assumption A is satisfied for a Poisson

center cluster process. For the Assumption B in Section 4.4., we have already

proved such property in Section 3.3..
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