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A New Look at the Ashtekar-Magnon Energy Condition

1. Introduction

1.1 Why Quantum Field Theory?

This thesis is about quantum field theory; more specifically, this thesis is

concerned with the problem of determining a canonical method for quantizing the

scalar field in curved spacetime. The intent of this section is to give reasons for why

one would want to do this.

For flat spacetime applications, quantum field theory has proven itself to be

the most accurate mathematical model of physical phenomena. It is currently being

used to predict the outcomes of various experiments which are carried out at the

many particle accelerators worldwide. The accuracy of this quantum theory has

been tested to 15 significant digits. Outside of the laboratory quantum field theory

has enjoyed success as well. Quantum field theory provides a way to describe how

three of the four known forces work. These forces are the electromagnetic force and

the strong and weak nuclear forces; the fourth force being gravity. It is not known if

there will ever exist a complete quantum description of gravity which behaves quite

differently from the other three forces. It is good that there exists such an accurate

model for flat spacetime (special relativistic field theory), but our universe is not

flat! Therefore, it would be nice to have a quantum theory of fields which extends

to curved spacetime (general relativistic field theory).

One of the strangest results of quantum field theory in curved spacetime is

observer dependence. For example, even in flat spacetime there is a difference in
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what an inertial (non-accelerated) observer -sees" and what a constantly accelerated

observer "sees" [5]. This observer dependence is one of the reasons constructing a

quantum field theory in curved spacetime is so difficult, because in a general curved

spacetime there is no preferred direction of time.

Most examples do have a preferred time direction namely the direction deter-

mined by a timelike Killing vector field. However, in this thesis, we do not assume

the existence of a timelike Killing vector field and so we will be working without a

preferred direction of time.

One of the most important results using quantum field theory in curved space-

time is known as "Hawking Radiation". In 1973 Stephen Hawking used quantum

field theory to show that it is possible for stationary black holes to emit particles

[11]. This discovery showed that it is possible for some black holes to evaporate

and eventually disappear. Another important application of quantum field theory

in curved spacetime is the study of our universe at very early times (i.e. just after

the Big Bang), because quantum gravity effects (whatever they may be) are known

to be relevant in this regime.

What about general curved spacetimes? Does there exist a well defined

quantum field theory? This thesis does not attempt to answer this question in

general, but it does provide answers to some related but more specific questions.

1.2 Statement of the Problem

Given an arbitrary curved spacetirne and a choice of observers, there does

not exist a canonical method for quantizing the scalar field: For a given curved

spacetime, there may exist many inequivalent methods. We are faced with two

problems: First we must identify a preferred set of observers, and second we must
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come up with a quantization procedure which will accurately describe what these

observers see. The first of these questions is difficult to answer because in a general

curved spacetime there is no preferred direction of time. This thesis is concerned

with the second of these problems: "Given a particular spacetime and choice of

observers, what conditions if any do we need to impose in order that a unique

quantization procedure can be determined?" For example, if the spacetime has

certain symmetries, there may exist a preferred quantization procedure. Indeed,

for the Minkowski (flat) spacetime there is a preferred quantization procedure. For

this reason we use the 1\ilinkowski spacetime as a model when trying to construct a

quantum theory for more general spacetimes.

A static spacetime is a curved spacetime which generalizes some features of

the Minkowski spacetime. We will give a precise definition of static spacetimes

Chapter 2, but for now we just mention the fact that the theory for quantizing a

scalar field in static spacetimes has been well established. In 1975, Ashtekar and

Magnon made progress toward the goal of obtaining a quantum theory of the scalar

field for more general spacetimes [1]. By investigating the theory for static space-

times they were able to identify a physical condition which static spacetimes satisfy.

This physical condition will henceforth be called the energy condition and will be

described in detail in Chapter 3. Essentially, the energy condition is the statement

that, at any given instant in time, the quantum energy of the scalar field should be

equal to the classical energy of the field. In [l], Ashtekar and Magnon state and

prove a theorem which asserts that the energy condition is enough to uniquely de-

termine a quantization procedure with respect to hypersurface-orthogonal observers

in a general spacetime.

In this thesis we vill state and prove a generalization of Ashtekar and

NIagnon's result. This new theorem (Theorem 1.3.1) accomplishes two things. First.
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it is a stronger result since it requires fewer assumptions then the Ashtekar-Magnon

theorem. Second, it is more general in that it allows more freedom in how to define

the classical energy of the scalar field. In other words, the Ashtekar-Magnon energy

condition is replaced with a more general condition. Once Theorem 4.3.1 has been

established we will look at some applications, the first of which recovers Ashtekar

and Magnon's result as a special case. The second application of the theorem con-

centrates on the case when the coupling of the field to the scalar curvature of the

manifold is considered, and it is in this application where we find the more general

energy condition to be quite useful.

1.3 Organization of the Thesis

Following this introduction, Chapter 2 presents the mathematical construc-

tions needed for discussing the quantum theory of a scalar field in curved spacetime.

For the most part, Chapter 2 is a detailed summary of Section 2 of Ashtekar and

Magnon [1]. However, for completeness, Chapter 2 also contains information on lin-

ear operators on a Hilbert space, global hyperbolicity and the initial value problem

for the Klein-Gordon equation. Following Ashtekar and Magnon's work, we show

that choosing a suitable complex structure for the space of real valued solutions to

the Klein-Gordon equation is equivalent to determining a Fock space representa-

tion for the star-algebra of operators. Therefore, choosing such a complex structure

actually determines a quantization procedure: because of this, much of this thesis

concentrates on how to uniquely determine a complex structure on the space of

solutions to the Klein-Gordon equation.

Chapter 3 summarizes the main result of Ashtekar and NIagnon [1]. It is in

this chapter that the energy condition is defined. An important aspect of Ashtekar
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and Magnon's result is that it requires a definition of the Hamiltonian operator

on the one-particle space of states. However, because their result is concerned

with observers in a general spacetime. we will see that the usual definition of the

Hamiltonian operator does not apply. Therefore, it will be necessary to discuss how

they define the Hamiltonian operator for a general spacetime, after which we are

able to state their result (Theorem 3.3.1).

Chapter 4 contains the main results of this thesis. Once we have established

some properties of linear transformations on the space of solutions to the Klein-

Gordon equation we are able to prove Theorem 4.3.1 which is a generalization of

Ashtekar and Magnon's result; this theorem is also a stronger result since it does

not require the Hamiltonian operator to be defined.

In Chapter 5 we look at some applications of Theorem 4.3.1 after first dis-

cussing the quantum and classical energies of the scalar field. The first application

shows that Ashtekar and Magnon's result (Theorem 3.3.1) is a special case of Theo-

rem 4.3.1 and further that the Hamiltonian operator determined by Theorem 4.3.1

is the same as the one assumed by Ashtekar and Magnon in [1]. For the second

application we allow non-trivial coupling of the field to the scalar curvature of the

underlying spacetime. There is more than one way to define the classical energy

of the scalar field; Ashtekar and Nlagnon's choice for the classical energy does not

"work" in the case of non-trivial coupling. By providing an alternative natural defi-

nition for the classical energy we can apply Theorem 4.3.1 to obtain a quantization

procedure which is valid for the case of non-trivial coupling.

Chapter 6 begins by discussing some of the open questions that this thesis

generates. Next, we show why the main result of the thesis fails to hold in the

case when non-hypersurface-orthogonal observers are considered. This Chapter also

includes a brief summary of the thesis, a discussion of other methods of quantizing
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the scalar field in curved space and a discussion of related problems to be considered

in the future.



2. Mathematical Preliminaries

2.1 Introduction

In this chapter we present a brief introduction to some of the mathematical

concepts pertaining to quantum field theory in curved spacetimes. We begin by

describing what a spacetime is and then introduce certain families of spacetimes

that we will encounter later. On such a spacetime we will be considering a vector

space of solutions to a second order, hyperbolic differential equation, the Klein-

Gordon equation.

We therefore present the mathematical constructions necessary for describing

the corresponding quantum theory. This includes a definition of the Fock space of

states, the definitions of creation and annhilation operators and the definitions of

star algebras and star representations. For non-stationary spacetimes we find that

the quantization procedure can be time-dependent. For this reason it is quite useful

to focus attention on a specific instant in time; equivalently, we focus on a specific

spacelike hypersurface. This will lead us to the consideration of Cauchy surfaces

and global hyperbolicity. On globally hyperbolic spacetimes there exists a well-

posed initial value formulation for linear hyperbolic differential equations. For this

reason we will consider here only globally hyperbolic spacetimes. Finally, in the last

part of this chapter we provide some basic definitions concerning linear opererators

on a Hilbert space.

7



2.2 Spacetime

A spacetime is a pair (M, gab) where M is a differentiable manifold and gab

is a smooth metric of Lorentzian signature on M. We will sometimes suppress the

metric gab and label a spacetime by just M. For quantum field theory in curved

spacetimes, we consider a spacetime as a classical background region on which we

can discuss both classical concepts as well as quantum concepts. The sign convention

used in this thesis is ( +), and so a vector va is timelike, spacelike or null if

'Ova < 0, vava > 0, or 'Ova = 0, respectively. In all cases the connection used is the

torsion-free, metric-compatible connection (i.e. the Levi-Cevita connection). Often

in this thesis we will talk about observers. Mathematically, a choice of observers

corresponds to the selection of a timelike vector field. We can think of an observer

as someone (something) that travels along a path which generates this vector field.

A vector field is a Killing vector field if it is smooth and satisfies Loab = 0,

where L represents Lie differentiation. A vector field is hypersurface-orthogonal if

for each p E M, there is a hypersurface E c Al with the property that p E E and

is orthogonal to E for each q in E. Roughly speaking, a (timelike) Killing vector field

corresponds to time-independent observers and a (timelike) hypersurface-orthogonal

vector field corresponds to non-rotating observers.

Definition 2.2.1 A spacetime is static if there exists an everywhere tirnelike,

Killing vector field that is hypersurface-orthogonal.

The simplest example of a static spacetime is Nlinkowski spacetime. Another exam-

ple of a static spacetime is the Schwarzchild black hole.

8

Definition 2.2.2 A spacetirne is stationary if there exists an everywhere timelike

Killing vector field.



9

From these definitions it is easy to see that all static spacetimes are also

stationary. An important example of a stationary spacetime is the Kerr (rotating)

black hole. In many examples the choice of observers for stationary spacetimes cor-

responds to the (rotating) observers who follow the world lines of the timelike Killing

vector field. If the quantization procedure is based on observers who follow the world

lines of a timelike Killing vector field one finds that the particle definition is time-

independent in the sense that OtJ = 0. where J is the complex structure associated

with the one-particle Hilbert space (see [1], pp. 383-384). However some authors

have instead considered a procedure based on observers orthogonal to surfaces of

constant Killing time. For example, Dray, Kulkarni and Manogue [6] showed that

the quantization procedure based on the observers orthogonal to surfaces of constant

Killing time provides a natural particle definition in the sense that

[H, Jj = 0 (2.1)

where H is the Hamiltonian operator defined on the one-particle Hilbert space of

states. However, in [6] they also showed that for non-static, stationary spacetimes,

the quantization procedure can be time-dependent, that is, in general the vacuum

state for observers who travel along the trajectories orthogonal to the surfaces of

constant Killing time (i.e. non-rotating observers), is not always stable. We will

have more to say about equation (2.1) at the end of this chapter.

2.3 Quantum Field Theory in Curved Spacetimes

2.3.1 The Fock Space of States

Within any quantum theory one has a Hilbert space of states and a collection

of observables (self-adjoint operators) which are defined on this space of states. For
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the quantum theory of the scalar field in curved spacetimes, the Hilbert space of

states is defined to be a symmetric Fock space J which is constructed out of the

Hilbert space 1-t of one-particle states. We follow the approach of Geroch [14 see

also [8, 17].

Assume that the one-particle complex Hilbert space 7-1 with inner product

(_, _) has been chosen. We let Ozn_

maps from the n-fold direct product of 7f to the complex numbers C, where 7-1*

represents the dual vector space of 'H. We now define the Fock space of states .F to

be

= {7717/ E ce (er, ( = s)) '1177 col

where i = (71°,111, q2,. 77k .) E with 77° E C and 711` E and where

11 7/ 11= -
this construction, nk represents a kparticle state. For more

information about direct sums and direct products of Hilbert spaces, see [8].

Notice that once the one-particle Hilbert space of states has been chosen,

the Fock space T is completely determined. Thus given a spacetime M, asking if

it is possible to uniquely determine the Fock space of states (i.e. a quantization

procedure) is equivalent to asking if it is possible to uniquely determine the one-

particle Hilbert space. It is for this reason that most of what follows concerns the

problem of defining the one-particle Hilbert space. In fact, before the end of this

chapter, we will have reduced this problem even further. For now we continue with

the description of the Fock space.

To each (I) in the Hilbert space 7-f we can associate operators 4(4)) and C()

which act on elements of the Fock space .F. Letting r = (q° , 111 , 112 qfl,...) , we

define A(4)) and C() as follows:

1
S7i represent the collection of linear symmetric

A ( (I) )77 = (4) --it/ .\/:?,(1) 17/2 V.:3(1) 113 , .) (2.2)
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C (4971 = (0, 77°4), \F).,771 Os 4), A/772 Os 4), (2.3)

In the above expressions for A(4)) and C(I)), E 7-t* is the dual to (I), and (13.

is an element of 4;i1s7-1 which is obtained by inserting 43 into the first "slot" of

77k. The operator A(4)) is called the annihilation operator and the operator C(1)) is

called the creation operator associated with the state (1). To see why these names

are appropriate, consider the element 77 of .F with 77 = (0,0, 0, 7/3,0, ...). Applying

the annihilation and creation operators to 77 yields

A(4))71 (0,0, \/(1) 773,0,...) (2.4)

C(4))77 = (0, 0, 0, 0, V-4-773 Os (I), --.) (2.5)

and so the operator A(11) takes the state y whose only nontrivial term is a three-

particle state, to the state A(1)ii whose only nontrivial term is a two-particle state.

On the other hand, the operator C(') takes the state y to the state C(4).)77, a state

whose only nontrivial term is a four-particle state.

The following properties associated with these operators follow directly from

where 4) and are arbitrary elements of 7-1 and I represents the identity operator

on the Fock space F. In property (Al), the adjoint notation is with respect to the

inner product given by

where the inner product within the sum is the one associated with the space sH.

their definitions:

(Al) A(4)) = C (4))t

(A2) [A()), A(111)] = 0 = [C (4)), C(Y)]

(A3) [A((1)), C(W)] = (4), kli)

k
=



2.3.2 Defining the One-Particle Hilbert Space

In constructing the one-particle Hilbert space 7-1 we use the action princi-

ple. That is, we start with a Lagrangian r and the action S constructed from E.;

by varying the action S with respect to the scalar field we are able to determine

the equation of motion. Let (M . gab) be a spacetime with associated Levi-Cevita

connection V. We will use the Lagrangian and action S given by

1
,C (gbV,,(13,Vb.I. + [m2 + _1?1(1)2) (2.6)

S r (2.

where dV" x , (1) is the scalar field, m is the mass of the field quanta, R is

the scalar curvature and is called the coupling constant.

Varying the action S with respect to the field 4) and then setting this variation

equal to zero yields

gabVaVb(I) (m2 + R)I) = 0 (2.8)

which is the Klein-Gordon equation. In many treatises on this subject the coupling

constant is assumed to be zero, in which case we say that the field is minimally

coupled. This is usually done to simplify computations, and in many cases results

obtained for the minimally coupled case carry over to the case when 0. However,

we shall see later that some results do depend on the coupling constant.

Let E be a Cauchy hypersurface in a spacetime (M, gab). (We define Cauchy

surfaces in Section 2.4). Consider now the vector space V of solutions of (2.8) which

are real-valued, smooth functions whose restrictions to E have compact support.

Ashtekar and Magnon suggested that, as a real vector space, 71 should be a copy of

V. This suggestion is based on the idea that quantum field theory in curved spacetime

should be modeled after the well-established quantum theory in flat spacetime. But

12
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since 7i is to be the one-particle Hilbert space of states it should also have the

structure of a complex vector space. The following definition will help remedy this

situation.

Definition 2.3.1 A complex structure on a real vector space W is a linear operator

J: IV which satisfies J2 = I.

By introducing a complex structure J on the real vector space V we can view V as

a complex vector space by defining

(a + bi)(1) = a4) bJ(I) (2.9)

We denote the resulting complex vector space by the pair (V, J).

Another important structure we will need for our theory is a sythplectic

structure defined on V.

Definition 2.3.2 Let W be a vector space over a field K. A symplectic structure

on W is a non-degenerate, anti-symmetric map from W x W into K.

On the vector space V define Q : V x V IR by

9.,(4),T) = ((Dv, _ TVA) nadE (2.10)

where E is a Cauchy hypersurface and na is the future pointing, unit normal vector

field to E and dE = dx = frz dn-lx is the volume element for E induced by the

inclusion map. By applying Gauss' Theorem to the integral in (2.10) one can show

that the integral is independent of the hypersurface E.

Suppose that on the complex vector space (V, J) we have a Hermitian inner

product (_._). Then a candidate for the one-particle Hilbert space 2i is the Cauchy

completion of (V, J, (_, _)). We will soon see that the complex structure J together

with the symplectic structure Q actually determine the inner product (_,_) . Thus,
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the problem of identifying the one-particle Hilbert space of states will be reduced to

that of choosing a suitable complex structure J on V. Much of what follows in this

dissertation will involve the selection of a complex structure J in various situations.

Before showing how the complex structure and the symplectic structure de-

termine the inner product for 7-t. we first need a couple of definitions.

Definition 2.3.3 A *-algebra (star algebra) is a complex vector space W which has

the following additional structure:

(I) Associative multiplication, and

(2) A mapping * : W W which satisfies

(cA B)- +B'

(A-)" = A

where CE C and A, B E W.

Definition 2.3.4 A *-representation (star representation) of a -algebra A consists

of a Hilbert space g together with a rule which assigns to each A E A, a linear

mapping kliA : g such that t (cA+B) = cIP A +tIJ/ 37 W AB =A °TB and (TA) =

TA.; for all A, B in A and c E C.

Suppose we have chosen a complex structure J for the vector space V. We

now show how the complex structure J determines the inner product for the one-

particle Hilbert space. Our procedure will follow that of Ashtekar and Magnon [1].

We start by associating to each (1) EV an abstract operator F(1.). We let A

be the free *-algebra generated by these abstract operators. On this *-algebra we

require that the following conditions are satisfied:

F(4)) = F(<13.)'

F((t. + OP) = F(4)) + rF(T)

[F (4)). FOP )1 = i9.(4),T)Id



where (1), kill E V, r E R and Id represents the identity on the abstract collection of

operators (not to be confused with I, which represents the identity for the collection

of operators on F). We require the conditions (B1)-(B3) to be satisfied so that the

*-algebra A is a copy of the usual *-algebra generated by the field-configuration

and field-momentum operators (see [1], pp. 377-378). The next step is to define a

*-representation of the *-algebra A. This is accomplished by sending the abstract

operator F(4)) to the operator A(43.) + C(43.), where A(.1)) and C(4)) were defined in

Section 2.3.1. That is, we use the symmetric Fock space ,F we constructed earlier

to represent the Hilbert space G in definition 2.3.4.

Properties (A1)-(A3) together with the properties (B1)-(B3) imply

(Cl) [A(43.) + C(), A(') + C(W)] = iS2(4 klf)I

(C2) [A(43.) + C()). A(M) C(Jkli)] i1/(4),/W)I

We can now show that, with the above constructions, the real and imaginary

parts of the inner product (_, _) are determined by the symplectic structure S-2 and

the complex structure .1:

2Im(4), = -i((4),T) - (11J,(1)))I (2.11)

= -i([A(.13.),C(T)] - [A(k11), C(c13.)]) I (2.12)

= -i[A(4))+ C(4)),A(k11)+ C(T)]I (2.13)

= c2((D,k11)/ (2.14)

2 Re (4), kill) I = (T,(1))) I (2.15)

= ([A(4)), C('P)] + [A(T).C(4))]) I (2.16)

= [A(4)) + C(4)). -A(T) C(kli)]I (2.17)

= -i[A(4))+ C(13,),.4(Jvli)d- C(1111)]./ (2.18)

= (4)..IT)I (2.19)
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From these equations we see that the inner product (_, _) determined by J and f2 is

given by

(4),W) = 1.Q(4),.-P1') 75i9(4),W) (2.20)

If (_, _) is to be Hermitian, the complex structure J must be compatible with (_, _)

in the sense that it must satisfy

f2(4),../4/) > 0 (2.21)

12(Jc1),J41) = 41) (2.22)

for any 4) and 41 in V.

We conclude that, once a compatible choice for J is determined, the one-

particle Hilbert space and the Fock space will both be completely determined. Thus,

the problem of determining a quantization procedure has been reduced to that of

determining a suitable complex structure J. A substantial portion of the remainder

of this thesis will be concerned with the problem of how to determine such a complex

structure.

2.4 Global Hyperbolicity

In order to discuss the results of the next two chapters it will be necessary to

have a well-posed initial value formulation for the Klein-Gordon equation. In this

section, we present some definitions related to globally hyperbolic spacetimes, as

well as the relevant theorems. For a more detailed discussion see [9, 12].

Let p and q be any two points of a spacetime Ai, and let C(p,q) be the

collection of all timelike or null curves (i.e. causal curves) from p to q. The set of

all curves in C(p,q) which are contained in an open set 0, where 0 ranges over all

open sets in ill, defines a basis for a topology on C(p,q) [9].
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Definition 2.4.1 A spacetime 111 is said to be globally hyperbolic if it contains no

closed causal curves and if C(p,q) is compact with respect to the above topology for

any p and q in M

Thus a spacetime which is globally hyperbolic has no "holes" or singularities.

Let M be a spacetime and consider a closed set S in M such that no two

points of S can be connected by a time-like curve. The domain of dependence of S

is the set of all points p in M such that every inextendible causal curve through p

intersects S. The domain of dependence for the set S is denoted by D(S), and if

D(S) = M, then S is said to be a Cauchy surface for M. The following two results

are due to Geroch [9]:

Theorem 2.4.1 A spacetime is globally hyperbolic if and only if it contains a

Cauchy surface.

Theorem 2.4.2 Let S be a Cauchy surface for a spacetime M. Then M is topo-

logically S x IR. In particular, if M is connected, so is S.

From this, we see that a Cauchy surface for a spacetime M must be a hyper-

surface; furthermore, it can be shown that a Cauchy surface is spacelike.

An important aspect of globally hyperbolic spacetimes is that on such space-

times, linear hyperbolic differential equations have a well-posed initial value formu-

lation. That is, a solution for a linear hyperbolic differential equation depends only

on its value on a Cauchy hypersurface arid the value of its normal derivative on this

Cauchy surface.

Consider a globally hyperbolic spacetime (M, gab) with Levi-Cevita connec-

tion V. LetY.', C M be a Cauchy hypersurface with unit normal vector field ria.

Let h1 be the (Riemannian) metric for L° obtained as the pull-back of gab via the
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inclusion map. For simplicity we consider the vector space V of smooth, real valued

solutions to the Klein-Gordon equation whose restrictions to E have compact sup-

port. It can be shown that the vector space V is isomorphic to the vector space of

pairs of smooth, real valued functions defined on E which have compact support. If

4) is in V, let II = NanaVa(1). The isomorphic image of el) is then 4,

The function 71" is called the momentum variable conjugate to y. The function y

gives information about the field (13 on E and the momentum r provides information

on how cl) propagates off the surface E.

In the above constructions we considered only solutions with spatial compact

support. We did this to simplify computations. It should be noted that the initial

value problem for linear hyperbolic equations is valid for more general classes of

functions, so long as the solutions die off sufficiently fast at spatial infinity (see [12],

Chapter 7).

2.5 Working With Data

From Section 2.4 we know that, given a globally hyperbolic spacetime

(M , gab), equation (2.8) has a well-posed initial value formulation. That is, given a

Cauchy surface E there is a one-to-one correspondence between elements of V and

pairs of smooth real-valued functions defined on which have compact support.

Let 7 be the set of smooth real valued functions defined on which have

compact support and let 177 = rET:7 T. We will write an element of V as either a 2 x 1

matrix or a greek letter with a hat. For example if (i) E then

it

(2.23)
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where cp and ir are in 7. On 12. consider the following natural symplectic structure:

( 43.) = J( ) dx (2.24)

Note that the isomorphism between and V takes the symplectic structure f2 to

the symplectic structure 12 that we defined on V. i.e.

ft (43. 4)) = (4), ol;) (2.25)

Recall that once a suitable complex structure has been chosen for the real

vector space V, the one-particle Hilbert space of states is determined since the

complex structure together with the symplectic structure determine an inner product

for the complex space (V, J). In terms of initial data, a complex structure J together

with f-2 will determine an inner product for the complex space (12-,/), it is given by

{4), 1f2 (4). iii) (4),
9 ' 9

(2.26)

Therefore, if we can determine an appropriate choice for the complex struc-

ture J defined on the vector space c" then we can use the isomorphism between f7

and V to obtain the corresponding complex structure J defined on V. We empha-

size again that determining J completely determines the Fock space and hence

a quantization procedure for the given spacetime and choice of observers. We also

remark that the complex structure may depend on the hypersurface Y., that is, for

some spacetimes the notion of particles will be time-dependent.

2.6 Basic Definitions for Linear Operators

In this section we provide several definitions concerning linear operators

which map all or part of a general Hilbert space to itself. The references for these

definitions are [14, 15]. In this section. (k7 (_. _)) will represent a general Hilbert
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space. We continue to let (7-1, (_, _)) represent the one-particle Hilbert space of states

with the inner product determined by a compatible complex structure. For each op-

erator A, we let D(A) denote the domain of A; we assume that all operators are

densely defined.

Definition 2.6.1 Let A be a (possibly unbounded) linear operator, A :1C > IC. The

operator A is symmetric if for all u, v E D(A)

(u,Av) = (Au, v) (2.27)

Definition 2.6.2 Let A be a linear operator, A : IC 4 IC. We construct the adjoint

At of A as follows. Define D(At) to be the collection of elements u E k such that

for every v E D(A), there is a w E IC with

(w, v) = (u, Av)

Then we define At by Atu = w.

It is possible for the domain of the adjoint of an operator to be empty (see [15],

p.252). The following theorem, stated without proof, follows immediately from the

definitions (see [l], Chapter 2 and Chapter 10).

Theorem 2.6.1 Let A be a linear operator. A : IC. Then the following are

equivalent:

(u, Au) E IR, for every u E D(A)

D(A) C D(At), and AtID(A) = A

A is symmetric



Corollary 2.6.1 Let A be a linear operator, A : * IC. If for all u,v E D(A)

Im (u, Av) = Im (Au, v) (2.28)

Then A is symmetric.

Proof: Since (u, v) = (v,u), we have

Im (u, Au) = Im (Au, u) (2.29)

But, from the hypothesis we also have

Im (a, Au) = Im (Au. u) (2.30)

Therefore Im (u, Au) = 0 which implies that

(u, Au) E IR, for every u E D(A) (2.31)

Theorem 2.6.1 applies and we can conclude that A is symmetric.

Definition 2.6.3 Let A be an operator, A: IC IC. The operator A is self-adjoint

if A = At. In other words, A is self-adjoint if A is symmetric and D(At) = D(A).

For any operator A, if D(A) C D(At), then we can write the operator A as

a sum of two operators, with one of the operators symmetric and the other anti-

symmetric:

A + At A At
9 9
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(2.32)

Theorem 2.6.2 Let A be a symmetric operator defined on the Hilbert space

(7i,(_,_)). Then [A, .J1 = 0.



Proof: The real and imaginary parts of the symmetry of A are given by:

S2(4),JA11) = Q(A4),./4) (2.33)

9.(4), AT) = Q(A(1.,k11) (2.34)

where 4) and kIf are any elements of D(A).

Using (2.33) and (2.34) we obtain:

12(4),(JA AJ)111), JAW) 12(4), API') (2.35)

= 12(A4), PP) 1(A4),JW) (2.36)

= 0. (2.37)

Since 4) and 41 are arbitrary (and c?, is non-degenerate) we conclude that JAAJ =

0.0

The significance of Theorem 2.6.2 comes from the fact that the Hamiltonian

operator H should be self-adjoint and hence symmetric. Therefore the Hamiltonian

operator will satisfy (2.1). If we expect the particle definition to be time-independent

then the total derivative of J should be zero. The total derivative J is given by:

at../ + J[H, J] = 0 (2.38)

If [H, J1= 0, (2.38) reduces to at../ = 0. Thus the time derivative of J measures the

amount of particle creation.
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3. The Ashtekar-Magnon Energy Condition

3.1 Introduction

The purpose of this chapter is to present a result due to Ashtekar and

Magnon (lb which is stated below as Theorem 3.3.1. The essential ingredient in

this result is the energy condition. Given a spacetime M, a spacelike hypersurface

E, and a chosen family of observers, one can define the classical energy and the

quantum energy of a scalar field with respect to these observers. The energy con-

dition says that these energies should be equal. Ashtekar and Magnon prove that,

for hypersurface-orthogonal observers in a globally hyperbolic spacetime, there is

a unique complex structure on E which satisfies the energy condition. That is,

by the results of Chapter 2, they show that the energy condition selects a unique

quantization procedure via the usual Fock space formalism. We will now make these

statements more precise.

3.2 Preliminaries

Let (M, gab) be a globally hyperbolic spacetime , ta a timelike, future point-

ing, hypersurface-orthogonal vector field and choose coordinates (1, xo

so that ta corresponds to at. Assume that the spacelike hypersurfaces which are

orthogonal to ta are Cauchy surfaces and let E be one of these hypersurfaces of

constant time. Let na be the unit normal vector field on Y, and define the lapse

function N = tata. Let h1 the induced metric on the hypersurface E and Di the

associated Levi-Cevita connection on E.

23
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We will be concerned with vector spaces consisting of real-valued scalar fields

defined on M which satisfy the Klein-Gordon equation (2.8). However, in this

chapter, we will assume that the coupling constant is zero, so that the equation

becomes

gabVaVb4) 777,24) = (3.1)

As in Chapter 2, we continue to let V be the vector space of smooth, real-valued

solutions to (3.1) whose restrictions to E have compact support. Given a complex

structure J on V, we define the one-particle Hilbert space R to be the Cauchy

completion of the complex inner product space (V, J. (_, _)), where the inner product

is the one determined by J and the symplectic structure (refer to Section 2.3.2).

Ashtekar and Magnon define the classical energy of the scalar field with

respect to E and V to be

C EAsLm
Tabta nb dys

where

1

Tab Va(I)Vb(1) gab(Vc(1)\7,4) rii2 cD2)

is the stress-energy tensor associated with the scalar field, and dE = dx.

Ashtekar and Magnon define the quantum energy of the scalar field with

respect to E and ta to be the expectation value of the Hamiltonian operator H, i.e.

(2E4&A! = ).11(13.) (:3.4)

Defining the quantum energy of the field for general spacetimes is a difficult

issue; the difficulty centers on the lack of a clear choice for the Hamiltonian operator.

In a spacetime which admits an everywhere timelike Killing vector field, say qa ,

(3.2)

(3.3)
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the usual definition for the Hamiltonian operator H is 11(ID = J(L7,..1)), where

L represents Lie differentiation. But in the present case the vector field ta is not

necessarily Killing, and so the function v.4) is not necessarily a solution of the

Klein-Gordon equation. Therefore H, as defined above, is not necessarily a map

into H. To overcome this problem, Ashtekar and Magnon used initial data to define

H as outlined below.

Recall from Chapter 2 that there is a one-to-one correspondence between

elements of V and pairs of smooth functions defined on E which have compact

support. Let (I) E V be a solution of the Klein-Gordon equation with initial data

given by

43.A (13.1E

E V (3.5)
rrit \ naVa4)11.-

Note that this choice for initial data is slightly different from the initial data given

by (2.23). This difference is for the most part a matter of convention; more will be

said about this in Chapter 5.

Ashtekar and Magnon proceed to define the Hamiltonian operator H by

requiring

-= J(i) (3.6)

where J is the complex structure vet to be determined and where (I) is the solution
/

which has initial data ei)A = E V, with
\ irA

= N7rA

= DiNDJ m2 N)(7.

Remark: The dot in the above notation does not refer to a time derivative.

From (3.2) and (3.4) we can conclude that the energy condition is equivalent

to requiring that the following equation be satisfied for all (1). E :



We also have a Hamiltonian operator !IA for f7 which is determined by the

isomorphism between V and fr and the Hamiltonian H for V we described above.

We obtain for HA:

fiA Ci;A = jA4i)A (3.10)

where 3,4 is a compatible complex structure in the sense that it should satisfy (2.21)

and (2.22).

In [1], Ashtekar and Magnon claimed that using the above definitions one

can show that the energy condition (3.7) is equivalent to

ciA(4)A7 flA4)A) = 0 (3.11)

We now verify their claim. Since (3.11) asserts that

Tin (4) A , A ) A) = 0 (3.12)

to verify the above claim we must show that

Re (43A, flA(1)A) =- CEA&M

(t:

Using the definitions for (_,
(

and flA we have
irA

= I (74y: dY2,

= ( (I))

96

(3.13)

(4 3., = f Tabtanb dE (3.7)

We now reformulate the energy condition in terms of initial data. On

define the symplectic structure c..A E A2(77) via

(3.8)

(3.9)



On the other hand, using the definition for C E ALAI and applying integration by

parts we obtain

Comparing (3.17) and (3.22) shows that the real part of the expectation value of

the Hamiltonian is equal to the classical energy of the field and hence the claim has

been verified.

3.3 Ashtekar and Magnon's Result

We now state without proof Ashtekar and Magnon's main result.

= 11(A-7429 r

y(Nht- + ht. WiN DJ

-2-1gab(N7VC7 + m21.2)) jamb dr,

Nh23 DicpDicp Nm2(p2)

<,.0.1\71122D1DitpcohijDi.ATDi+ Nm2ti.o2) cL,v

Nm2M dr,

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

Theorem 3.3.1 (Ashtekar and Magnon ill) Let (M,gab) be a globally hyperbolic

spacetime with Cauchy surface I:. Let (V, (_,_)) be the inner product space defined

1

Re (34, flA(1)A) = 9
(4). J /I)

= (4). 49)

=
1

9 (7
-

CEA&AI = hTabtanb clE

= (v...4)vb43.

(ArrA2

(NirA2

= -2-1 is(NrA2
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above. Let F be a real, 71011ZCTO smooth function on .E. Then there exixts a 'unique

compatible complex structure JA on 1/ such that

f2 A (&4 fl 4 (1) =0 (3.23)

for every (i) A E

It is important to note that Ashtekar and Magnon needed to assume a par-

ticular form of the Hamiltonian operator HA, namely (3.6). In the next chapter we

will state and prove a similar theorem, however, we will not need to assume (3.6).

Letting 0 = NOD Djd-hijDiNDirn2N, the complex structure Ashtekar

and Magnon obtain via Theorem 3.3.1 turns out to be

0 ( ) N
JA= (3.24)

0

Once the complex structure JA has been determined, we can use the isomor-

phism (3.5) between V and V to obtain a unique complex structure J on V. For

each Cauchy surface E we can construct a unique Fock space of states and hence

a (possibly time-dependent) quantization procedure with respect to observers who

follow the world lines of the hypersurface-orthogonal vector field ta.



4. Extending Ashtekar and Maanon's Result

4.1 Introduction

The main result of this chapter is Theorem 4.3.1 which is a generalization of

Theorem 3.3.1. In order to prove this theorem we will first prove some properties of

linear transformations in Section 4.2. Sections 4.3 contains the statement and proof

of the main theorem.

This new result still contains much of the content of Theorem 3.3.1, in partic-

ular it determines a unique complex structure J and hence a quantization procedure.

However, there are two main differences. First, we replace the energy condition

(4), 114)) = Tabtanb dE with a more general condition (see equation (4.28) in the

statement of the theorem in Section 4.3). This new condition will allow some flex-

ibility in defining the classical energy of the scalar field. Second, we eliminate the

need for specifying the Hamiltonian operator H. Theorem 4.3.1 uniquely determines

both the complex structure and the operator

Throughout this Chapter our notation is as follows:

7 = E C(7,c( .IR)}

, g) = g dx

= TE=-)

We represent an arbitrary element of 1:7 as a 2 x 1 column vector or by j, i E {1, 2}.

For example if E ff., then

29

U1= (4.1)



where fi,gi E T. The inner product and symplectic structure are given by

(f'1,12) = fig (1' 11,11)2) + k (1,2)
2

k P1,1)2) = (gi - fig2) dS

where fig represents a generic symplectic structure and the volume element dS is

arbitrary. We will use specific volume elements when looking at applications in

Chapter 5.

4.2 Properties of Linear Transformations of the space f/.

We will be considering symmetric operators and adjoints, therefore techni-

cally speaking, we should be working within a Hilbert space structure. Whenever

necessary, we resolve this issue without additional notation by considering the rel-

evant inner product space as a subset of its Cauchy completion. This will pose no

problems since we will only be concerned with how these operators behave on the

original space. Let H be any linear operator and let J be any compatible complex

structure on V. We can write i and H as 2 x 2 matrices whose elements are linear

operators on the space :

(W X)H=
\Y Z

where

30

D(H) = D(W) n D(1/) + D(X) n D(Z) (4.2)
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Theorem 4.2.1 Suppose ft is symmetric with respect to (_) and D(i1) -=

Remark: We use the same notation for the adjoint of an operator on T as we do for

the adjoint of an operator on V. For the above, the adjoint is with respect to (_, _).

The equations (4.3)-(4.8) are not guaranteed to be valid on all of the completed

space, only on the original subspace T.

Proof: To prove this theorem one simply writes out the definition of a

symmetric operator (2.27), keeping track of the real and imaginary parts separately.

Equations (4.3), (4.4) and (4.5) come from the imaginary part of the sym-

metry of f 1. We have for all 1:1. 2 E

f?'g (f71! fI1)2) f2g (ft. /712) (4.9)

By using the definition of 15.3 and setting fi = f2 = 0, (4.9) reduces to

(gi, x92) = -(g2,x gi) (4.10)

for every gi and g2 in T. Next. by setting yl = y? = 0. (4.9) reduces to

(.f1,}72) = -(12, (4.11)

Then on the space (r,(,_)) we have for all f, g E 7:

_gt (4.3)

y _yt (4.4)

= Zt (4.5)

(AW + BY). (C X + DZ)t (4.6)

(AX BZ), (AX BZ)t (4.7)

(CW DY)= (CW DY)t (4.8)



Using (4.10) and (4.11) in (4.9) yields

(g1,wf2) = (zgi,f2) (4.12)

Thus we have verified (4.3), (4.4) and (4.5). Equations (4.6), (4.7) and (4.8)

come from the real part of the symmetry of f I. We have for all ill 172 E

fig (1)11<ff:1172) = fig (fh;1,11)2) (4.13)

By using the compatibility condition (2.22) we can write (4.13) as

f2g 0)1- (ift1,1)2) (4.14)

To verify (4.6), (4.7) and (4.8) we apply the same technique that was used to prove

(4.3), (4.4) and (4.5). El

In the hypothesis of the above theorem, the requirement that the domain of

be all of V can be replaced with the requirement that the domain of H is dense

in V. The result is the same except possibly for the domains on which the equations

are valid. For example, each of (4.3) through (4.8) would be valid on (possibly

different) dense subsets of T.

Theorem 4.2.2 On (I suppose for all E 177, A satisfies

P, = 0 (4.15)

Then the operator A is symmetric.

Proof: This follows immediately from Theorem 2.6.1 since (4.15) implies that the

expectation value of A is always real. 0

Theorem 4.2.3 On (I )), suppose is symmetric, E =
(Ei E2\

E3 E4

32

satisfies
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E2 El (4.16)

E3 = (4.17)

= (4.18)

and that

f13(f),(J1-..E)17) =0 (4.19)

for all 17 E 1.2", then,

fir = (4.20)

Proof: By Theorem 4.2.2 (i t) is symmetric, therefore we can apply

Since fl is symmetric we can apply Theorem 4.2.1. This and the fact that k satisfies

(4.16),(4.17) and (4.18) enables us to reduce the above three equations to:

211,V + BY F1 = 0 (4.24)

AX BZ E2 = 0 (4.25)

CU' + DY E3 0 (4.26)

Taking the adjoint of (4.24) yields:

CX + DZ E4 = 0. (4.27)

Remark: For a general Hilbert space (k, )), it is not always true that

(Au,u) = 0, \vitt E 0.

Theorem 4.2.1 and obtain

(AW BY = (C X DZ E4)1' (4.21)

(AX BZ F2) = (AX BZ E2)t (4.22)

(C14/ DY F3) = (CW DY E3)t (4.23)



4.3 The Main Result

In this section we state and prove a theorem which is a generalization of

Theorem 3.3.1.

Theorem 4.3.1 Let (M, gab) be a globally hyperbolic spacetime with Cauchy surface

E. Let F be a real, nonzero smooth function on E, let K be the Cauchy completion

of the inner product space (r,(),) with (f,g), = f gF-1 dS and let G be a real,

semi-bounded, positive-definite symmetric operator on K. Suppose we have a linear

operator 'H and a compatible complex structure J defined on 1-.7 such that

(1), fy) = JIE(F g2 f G f) dS (4.28)

f
for all "V = ( E V. Then the operators i and 11 are unique and are given by

g

(FG)-1F)

(--F-1(FG)1 0

((FG)1
H =

0 F-1(FG)F

First,using Theorem 2.6.1 equation (4.28) shows that H is symmetric. Also,

the right hand side of equation (4.28) can be written as

34

9 Li

(4.29)

where

7 0 F}
= (4230)

G 0

A B\ fW X
Proof: Let i = and let H = . It is important to keep

C D, Y Z
in mind that we are dealing with three inner products, (_, _), (_, _), and (_ ).



we see that E satisfies (4.16) through (4.18) from the statement of Theorem 4.2.3

and therefore we can apply Theorem 4.2.3 to (4.31) and conclude that

=

which is equivalent to

=

Using equation (4.36) we see that equation (4.32) can be written as

.1 = o

(4.35)

(4.36)

(4.37)

Remark: Much of the remainder of the proof mimics the proof of Theorem 3.3.1

given by Ashtekar and 1\flagnon (see [1), pp. :390-392).
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Comparing real and imaginary parts of (4.28) yields for all iy E

ifify) = (fy, ki)) (4.31)

fh-)) =0 (4.32)

Since on T

F = Ft (4.33)

= Gt. (4.34)

Since j2 = -I we have

A2 B C - I (4.38)

D2 + CB = (4.39)

AB BD= 0 (4.40)

CA 4- DC = 0 (4.41)



Equations (4.44), (4.47) and (4.33) show that AF = FD which is equivalent to

D = F-1AF (4.50)

We will use equation (4.50) to show that A = D = 0. To show that A = 0

we use the following clever ideas due to Ashtekar and Magnon. Recall that K is the

Cauchy completion of 7 with respect to the inner product (f, g), = 1 fgF-1 dS.

The operators A, B, C and D are all densely defined on K. Let SA be the set of

elements of K that are not annihilated by A. Using equations (4.44) and (4.30) we

have for any f and g in SA

(g , A2 f) = 1 F-102 f dS (4.51),

=
fDF-' gA f dS (4.52),

=
iF-1 AgAf (IS (4.5:3)

_

= (Agy AD, (4.54)

36

The compatibility of J yields for all f E 7,

B = Bt (4.42)

C = Ct (4.43)

A = Dt (4.44)

(f, B f) >0 (4.45)

( f, C f) <0 (4.46)

Applying Theorem 4.2.1 to (4.37) yields

AF = (AF)t (4.47)

(DG) = (DG)t (4.48)

(BG) = (CF)t (4.49)
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it follows from this that the operator A2 is symmetric and negative definite on SA.

Alsousing (4.43), (4.44) and (4.41) we have

(g,FCA2f), I F-1gFCA2f dS

= gCA2f dS

= LgDCAf dS

= AgC Af dS

= CAgAf dS

= jz DC Agf dS

= FC A2g f F-1 dS

= (FCA2g,

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

This shows that the operator FCA2 is symmetric. Equation (4.58) together

with (4.46) shows that FCA2 is positive-definite on SA. Equation (4.46) also

shows that the operator FC is symmetric and positive-definite. Thus we have a

positive-definite operator FCJ12 defined on SA with A2 negative-definite and FC

positive-definite. Therefore we can conclude that SA = 0 and hence A = 0 on T.

Now that we know A and D are both zero, many of our equations simplify.

In particular we now know that BC = CB = I. Using (4.49) and (4.43) we obtain

BC = (CF) t = FC (4.63)

We show that equation (4.63) allows us to determine B and C explicitly. The

main concern here is whether or not C; has a square root. It turns out that since C;

is semi-bounded, positive definite and symmetric on K. we can apply the method

of Freidrichs (see [141, p. 331) to extend C; to a self-adjoint operator which has a

square root. In other words, we can assume there is an operator GI that satisfies
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GG = G. This operator and its inverse C-1 are determined by the spectral

decomposition of G. Working with (4.63), it is not hard to show that FC = ±(FG)1.

Since C is negative definite we obtain

C = F-1(FG)1 (4.64)

Since BC = I, it follows that

B (FGO F (4.65)

obtain

This completes the proof.

It turns out there is another proof of Theorem 4.3.1. We provide this alternate

proof here:

Alternate Proof: Applying Theorem 4.2.1 to the operator 17 we

So far we have determined the complex structure i. We now turn our atten-

tion to the operator 11. Writing out the multiplication in (4.36) and using (4.63)

through (4.65) gives

H
7W X

(4.66)
Y

BG 0 \
(4.67)

0 CF
FC 0 \

(4.68)
0 CF

((FG) 0

F-1(FG)1 F)
(4.69)



By using the symmetry and anti-symmetry properties of the operators A through

Z, we can rewrite (4.70)(4.72) as

AW + BY = XC + WA

XD + WB F = (AX BZ F)

ZC + YA G = (CW + DY G)

Taking the adjoint of (4.76) yields

ZD+YB=CX+DZ

Solving for F in (4.77) yields

1F = 5- (AX + XD WB + BZ)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

Multipying equation (4.80) on the left by A and on the right by D and subtracting

gives

1 ,AF FD = 5-(-X + A WB + ABZ XD2 WBD BZD) (4.81)

We will show that the right-hand side of equation (4.81) is zero. This will

allow us to apply the argument in the proof of Theorem 4.3.1 to show that A and D

must be zero. Multiplying equation (4.79) on the left by B and multiplying equation

(4.76) on the right by B and solving for BZD and AWB yields

(AW +BY), (CX + DZ)t

39

(4.70)

((AX + BZ F) = (AX + BZ F)t (4.71)

((CW + DY G). (CW + JOY G)t (4.72)

X = (4.73)

y y t (4.74)

W = Zt (4.75)
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BZD = BC X + BDZ BY B (4.82)

AWB XCB WAB BY B (4.83)

Substituting equations (4.82) and (4.83) into equation (4.81) yields

1AF FD = + BC X XD2 ABZ W BD + BDZ 147AB XCB)

(4.84)

Finally, using equations (4.38) through (4.41) we see that the right hand side of

equation (4.84) is identically zero. Therefore we now know that

D = F-1AF (4.85)

By the argument given in the proof of Theorem 4.3.1 we can conclude that

A = D = 0 (4.86)

We can then proceed as in the previous theorem to solve for B and C and

hence obtain for the complex structure

( 0 (FG)-1F)
-= (4.87)

F-1(FG)1 0

Finally, since is symmetric, we can assume that = E, and so we can solve for

H as we did in the first proof. 0



5. Applications

5.1 Introduction

In this chapter we will consider applications of Theorem 4.3.1. In order to

apply Theorem 4.3.1, we will need to discuss how to define both the quantum en-

ergy of the scalar field and the classical energy. When looking at the minimally

coupled case, we find that the operator H determined by Theorem 4.3.1 is a rea-

sonable choice for the Hamiltonian operator. As a consequence we will recover the

Ashtekar-Magnon energy condition as a special case. Care must be taken when

considering non-trivial coupling of the scalar curvature to the field. In particular,

we will see that using the stress-energy tensor to define the classical energy gives

rise to an undesirable quantization procedure. However, we will discuss another

natural definition of the classical energy that will give rise to reasonable choices for

the Hamiltonian operator and the complex structure.

In this chapter we only consider the case where the observers are chosen to

be hypersurface-orthogonal. That is, we assume that the vector field ta is in the

direction of the unit normal vector field na. We let ta = Nna so that the metric gab

is given by
N2 0 \

gab = (5.1)
\ 0

where hi is the Riemannian metric defined on via the inclusion map and N is

the lapse function. Let Di represent the Levi- Cevita derivative operator on As in

the previous chapters we choose coordinates so that the vector field 1" corresponds

to D.
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Recall that given a solution (I) to the Klein-Gordon equation, Ashtekar and

Magnon associate to this solution the initial data

However, in most of this Chapter we will associate to 1. the initial data

((P)
VaI

( 1",

\gina(DE
(5.3)

The difference lies in the conjugate momentum variable 7; R. is found by varying the

action (2.7) with respect to taVa(I). The main results of the thesis (Theorem 3.3.1

and Theorem 4.3.1 are valid with either choice of initial data, however, the resulting

complex structures and Hamiltonian operators will differ by factors of

5.2 Energy of the Scalar Field

In order to apply Theorem 4.3.1 we need to first make sense of what we

mean by the energy of the scalar field. There are two types of energy associated

with the scalar field that we wish to consider, the quantum energy of the field and

the classical energy of the field. Recall that in Chapter 3 we discussed how Ashtekar

and Magnon defined both the classical and quantum energies of the scalar field. We

present here a more detailed discussion.

5.2.1 Quantum Energy

As is usually the case, the quantum energy of the field is defined to be the

expectation value of the (quantum) Hamiltonian operator H. If the spacetime is

static or stationary we can define the Hamiltonian operator as:

4)IEna\7(DIE
(5.2)

= ,JEt.(1) (5.4)
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However, as mentioned earlier, if ta is not a Killing vector then this definition for

H does not work since in this case if (19 is a solution of (2.8), i.e. 41 E V, there is no

guarantee that £04) is a solution of (2.8). Thus for general spacetimes the difficulty

in defining the quantum energy of the scalar field is a result of not knowing what

the Hamiltonian operator should be.

One of the benefits of Theorem 4.3.1 is that if we can define a choice for

the classical energy that takes an appropriate form, then we can use this theorem

to determine a choice for the Hamiltonian operator H and hence a description of

the quantum energy of the field. However we need to be sure that the operator

H obtained corresponds to a resonable choice for the Hamiltonian operator. In

particular it should reduce to the appropriate operator when considering static,

stationary or flat spacetimes.

5.2.2 Classical Energy

A primary candidate for our defintion of the classical energy of the field

associated with the Cauchy surface E and timelike vectorfield ta is the one given by

Ashtekar and NIagnon (3.2). Recall that this definition involves the stress-energy

tensor Tab. The stress-energy tensor is is obtained by varying the action (2. ) with

respect to the metric gab (for more details see [2]. Chapter 3).1

1

Tab =
2 S

= (1 g)V,,(1)Vb(1) )gabg,dvc(1,vdeD
v_g 8gab 2

2 (13,V,Vb(I) 2',c,gab(I)gcdV cV d(D(I)

1

(gabm2 2, f1,26)0"

1The interested reader may find it helpful to know that there is a sign error in the last

term of the third equation of (3.196) on p. 88 in [21.
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In the minimally coupled case, that is when e 0, the stress-energy tensor reduces

to (3.3).

We will see that Ashtekar and Magnon's definition for the classical energy will

allow us to apply Theorem 4.3.1 in the minimally coupled cases when ta is orthogonal

to the hypersurface E. However, by using this definition for the classical energy of

the field in the case when e 0, the complex structure and the Hamiltonian operator

obtained via Theorem 4.3.1 do not reduce to the correct operators in the static limit.

Later in this chapter we will explain in detail why Ashtekar and Magnon's definition

for the classical energy does not work. In the case that e 0, one is either forced

to reconsider the definition of the classical energy of the scalar field or abandon

the use of Theorem 4.3.1. Fortunately there does exist at least one other natural

method for defining the classical energy of the field: this alternate definition involves

the classical Hamiltonian. We now present this alternate definition for the classical

energy of the scalar field.

Recall from (2.6). Chapter 2 that we defined the Lagrangian of the scalar

field to be

1
(gabV,,(D.Vbit. (n/2 e R1(1)2)

9 \

If ci) E f' is the data for the solution (I) and II = -VT///aVa 421), the classical Hamiltonian'

is defined to be

= fit' Va el) r
N ._112

VT/

2We note that the usual definition for the classical Hamiltonian assumes that r is a
Killing vector field [7 16]. Therefore it may be more appropriate to call this a generalized

classical Hamiltonian

(5.6)

(5.7)
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= 1
(N112

NVTlizi'ai(1)0;43, Nfil(m2 R)(1)2) (5.8)
2 Ngi

The alternate definition for the classical energy of the scalar field associated to the

hypersurface E and the vector field ta is the surface integral of this Hamiltonian:

C dx (5.9)

=.2 JEN
/---

ATVh p D jcp NViz(m2 R)(;)2) dx (5.10)

In the case of minimal coupling, this definition for the classical energy of the scalar

field coincides with Ashtekar and Magnon's definition which involves the stress-

energy tensor. To see this, compare (5.10) and (5.20) and use integration by parts.

However, if 0 we shall see in section (5.4) that these two definitions do not

coincide. We will find that the surface integral of the classical Hamiltonian is a

better choice for representing the classical energy in the case when -7-L .

5.3 Minimal Coupling = 0)

First, we recover the Ashtekar and .Magnon result. Using Ashtekar and

Magnon's choice for initial data (namely (5.2)), we showed in Chapter 3 that the

classical energy is given by (3.22). First, the volume element for their syrnplectic

structure is dE, therefore when we apply Theorem 4.3.1 we set dS = dE so that

f23 = f2,4- Since the operator 0 is semi-bounded, positive definite and symmetric

on K we can apply Theorem 4.3.1 by letting

G=e (5.11)

F = N (5.12)
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HA=

0 ( - NO )- I N

-N'(-NO.)1 0

(-(-NO) 0
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0 N-1(-NO)IN

We see that (5.13) is the same as (3.24) and an easy computation shows that the

above J and ft satisfy (3.6), which was how Ashtekar and Magnon defined the

Hamiltonian operator. Thus we conclude that Theorem 3.3.1 is a special case of

Theorem 4.3.1. It is reassuring that the Hamiltonian operator that Ashtekar and

Magnon chose to use is exactly the one determined by our more general theorem.

Before we consider the non-minimally coupled case, we show what happens

if we use our choice of initial data in place of Ashtekar and Magnon's initial data.

If we use the data (5.3) we can still apply Theorem 4.3.1. First we must show that

the classical energy of the scalar field has the appropriate form.

Using the definitions for Tab, tb and
(Y)

we obtain

CEA&NI = I (Va(1)Vb431' - gab (Vc(I'Vc1) + m22)) nanbN dE (5.15)
E

L (172 4_ -'7).VgcdvAvdill + 11V.; m22) dy:

= ,.1-; f, G7r2 + N li'' Di:,',D;Lp + N 2'1 dE (5.17)

= j, *-2 - . Nhil DiD;:,; - hu DiN D;(,..1 + Nm2cr d (5.18)

= ;.1-; f, (Nir2 - (,. (N hi' DJ); + li'' DiN Di - Nm2)y) dE (5.19)

= (VI, fh' 7;2 - ':.( (Nh21 Di D ; + lit' DiN Di - Nnt2)) dx (5.20)

where we have used integration by parts on the middle term of the integral in

equation (5.17) to obtain the integral in equation (5.18). Inspection of (5.20) shows

that we can apply Theorem 4.3.1 by letting

(5.16)

(5.13)

(5.14)
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G -0-10 (5.21)

F (5.22)
N/T1,

Notice that we used (5.20) instead of (5.19). This is because with our choice of

data, the volume element for the symplectic structure is dx not d.Y.`, so that ng =

Theorem 4.3.1 selects for us operators Jo and H0 (the zero in the subscripts is being

used to emphasize that we are considering the minimally coupled case):

(5.23)
0

0

0

0

4(NO)Ii)
Next we will show that ,fro and firo satisfy the Schrodinger equation. Let 4)

be an element of V and continue to let (5.3) be the associated initial data for (I).

Since H = NanaVA, we have, (r.':" = (I)1, and 7 = IIH. Using the operators (5.23)

and (5.24) we obtain

Or equivalently

HO -40 (

It is clear from the definition of 7 that

fio =

4110

(y) N
\Pt

/e y1

0-7 tic1)11:0;1

It is also true (but by no means clear) that

(5.24)

(5.25)

(5.26)

(.5.27)

Jo =

atITH (5.28)



gabV.Vb(1)goa(/ggabooD)

Therefore on the hypersurface E we have

hu = 1,0i(i-h-hz'ai;)
vih

(5.32)

(5.33)

By using equation (5.32) one can decompose the spacetime Laplacian ga6VaVb, so

that one can write the Klein-Gordon equation as
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Before verifying equation (5.28), let's consider the implication of (5.26),

(5.27) and (5.28). By using the isomorphism between V and f7, equation (5.26)

translates to

11(1) = J(i) (5.29)

where J and H are defined on 7-1 and where c13. is the solution to the Klein-Gordon

equation which arises from the initial data

( 5E7 (at(151Y:
(5.30)

frlati
Therefore the Hamiltonian operator H and complex strucure J obtained via The-

orem 4.3.1 satisfy an equation which mimics the Schrodinger equation. We say

mimicked because in general, it is not always true that (1) taVa(I). However, if the

vector field ta is Killing, then the operators H and J determined by Theorem 4.3.1

would indeed satisfy the Schrodinger equation, i.e. H and J would satisfy

Hc13. 1Ct(1) (5.31)

This is what we should expect and in fact require, since we want our theory for the

general case to reduce to the already well-established theory for static spacetimes.

We now verify that VTOL,: = llH. For any spacetime (.1/, gab), straightfor-

ward computations yield



0 = DA) nhVb(naVact.)
Ot(VT) naV el) + m2(ID
N a

(5.34)

Multiplying equation (5.34) by N gives us the following equation:

ACIF1)
NnbV b(naV a(1)) N na V a43. N m2N4)

h

(5.35)

Using a product rule and equation (5.35) we obtain

= tbVb(ViznaVA)

= \fiiNnbVb(naVa4)) Ot(i17,)naVA

= Nift (N 0,(N/T. hi' OA) A() naVa(I) h12 ONO rr-121V.1))
VT1 N/Tz

at(flOnaVa(11

= (N ai( OA) hu'aiNa.,(1.-1-n2Not.) (5.36)

Finally, by using equation (5.33) we see that on the right hand side of equation

(5.36) is precisely N/Tz0(p.

5.4 Non-Minimal Coupling ( 0)

For the second application of Theorem 4.3.1 we will allow non-zero values for

the coupling constant As in the previous application we will need to define what

is meant by the classical energy of the scalar field. If we stick with the definition for

the classical energy which is given by (3.2) we will find that Theorem 4.3.1 selects for

us a Hamiltonian operator and complex structure. However, these operators are not

consistent with the theory, in that these operators do not satisfy (5.29) and hence

in the static limit, the operators \vould not satisfy (5.31). However, by defining the
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classical energy of the field to be the surface integral of the classical Hamiltonian,

we find that we can still apply Theorem 4.3.1. Moreover, in this case we obtain

a Hamiltonian operator and complex structure which are acceptable in that they

reduce to the usual Hamiltonian operator and complex structure when considering

static spacetimes.

We start by investigating what is wrong with the Hamiltonian operator and

the complex structure which are obtained by using (3.2) to represent the classi-

cal energy of the field. We saw in Section 5.2.2 that the stress-energy tensor is

greatly affected by the inclusion of a coupling constant. However, straightforward

computations allow us to put the integral J in the following form:

Taoanb dv -_-_-_ 21 f: \r/-ITT+2 VI/ kif (72 dx

where 111 , (1 4)h DiNDi + N(1 4)1121 DiDj

RN N-12-nanbRab m2N.

Since 11/ is semi-bounded, symmetric and positive-definite on K and--7-N is nonzero,v h

we can apply Theorem 4.3.1 and obtain the following operators:

We can proceed as we did in the minimally coupled case and find that the

operators (5.37) and (5.38) satisfy the following equation which is analogous to

equation 5.26):

/

\ = (5.39)

:14

0

((Nt11)1
0

(NT)
0

0

( )

1*/},\

(5.37)

(5.38)



As in the minimally coupled case we have that

= at(DIE (5.40)

However, the function V7i,1P(i. does not equal the restricted time derivative of H

Nileklicto -1/41 4e)h DiND;(p + N(1 40h Di(pDicp

+ N-12enanbRab+ m2N)(i. (5.41)

OtHIE = Nhi'DiyDiy

(RN m2N)(p (5.42)

Notice that there are several differences between (5.41) and (5.42). It is possible

that these differences arise solely because the stress-energy tensor is computed by

varying the action (2.7) with respect to the metric gab and when 0, the action

contains a term proportional to the scalar curvature R which is not independent of

the metric. Thus we see that (5.39) does not mimic the Schrodinger equation and

we conclude that using the stress-energy tensor to define the classical energy of the

field when 0 will produce an undesirable choice for the Hamiltonian operator

and complex structure.

We now show that by using the surface integral of the classical Hamiltonian

to represent the classical energy of the field, we are still able to apply Theorem

4.3.1. Moreover, Theorem 4.3.1 determines a unique Hamiltonian operator and

unique complex struture that reduce to the appropriate operators when considering

static spacetimes.

By using the definition of the Hamiltonian and applying integration by parts

we obtain
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CEilc,= Hci dx (5.43)



1 I ( N 72= 7: i NiiilliJDiy,Di(p + N(m2 -I- liap2) dx (5.44)
'2 E \ N5

= 1 I (-17.7r 2 - NO Di(pDici. + N (m2 + Rap2) dE (5.45)
2 E h

= 1 I (17r2 y(Niel DiD; + hi'DiND; N(rn2 + R))(p) dl,' (5.46)

= 12-../fE (fh-N 72 co. (ANh"DiDj lejDiNDi N(rn2 + R))(p) dx (5.47)

The operator

T = h23DiND N(m2 fk) (5.48)

is negative-definite, semi-bounded and symmetric on K. We can therefore apply

Theorem 4.3.1 by letting G \g/T and F = We obtain for J and H the

following operator-valued matrices:

0 (NT)-1i\
= I (5.49)

1-(NT)1 0

0
fic = (5.50)

0 `74(N'

((NT)1
71ir)1

Proceding as in the previous cases, we find that the operators (5.49) and

(5.50) satisfy

However, this time we have

N
7-T1

vector field.
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(5.51)

(5.52)

That is, (5.51) does indeed reduce to the SchrOdinger equation when ta is a Killing



6. Conclusion

6.1 Open Questions

Although Theorem 4.3.1 is a strong result, it has raised several questions

which need be addressed. In this section we will discuss these questions and in some

cases provide some direction as to how the questions might be answered.

Ashtekar and Magnon used a different choice for initial data. The difference

between their data and our choice for the data was the conjugate momentum vari-

able. We found that by multiplying their momentum variable by the density

the complex structure and Hamiltonian operator were changed slightly. How do we

know which data is a better choice? One reason for using our choice for the conjugate

momentum variable is that it is obtained by varying the action (2.7) with respect to

taVact., and this is a common way to define the conjugate momentum variable when

ta is a Killing vector field [7, 18]. Another reason is that the SchrOdinger equation

(5.29) takes a particularly nice form. When using the momentum variable which

contains the density a the corresponding data for (I) in (3.29) is the restricted

time derivative of (I) and It

In Chapter 5 we looked at applications of Theorem 4.3.1. In particular, we

found that when the coupling constant is non-zero, the definition of the classical

energy of the scalar field based on the stress-energy tensor provided a complex

structure and Hamiltonian operator (via Theorem 4.3.1) that did not satisfy the

SchrOdinger equation. Because of this, we considered another method for computing

the classical energy of the field. Instead of using the stress-energy tensor to define
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the classical energy, we used a generalized definition of the classical Hamiltonian. We

say generalized because the usual definition for the classical Hamiltonian requires a

timelike Killing vector field and in our case we do not have a Killing field. How do

we know if the classical energy defined via this generalized classical Hamiltonian is

really an energy? It would be nice to know the properties of this definition of the

classical energy. For instance, under what circumstances is this energy conserved?

The stress-energy tensor (5.5) is obtained by varying the action (2.7) with respect to

the metric gab. By suitably modifying the action prior to carrying out the variation,

is it possible to obtain the same classical energy using the stress-energy tensor that is

obtained using the classical Hamiltonian? The complex structure and Hamiltonian

operator obtained using the stress-energy tensor to define the classical energy are

different from the complex structure and Hamiltonian operator obtained using the

classical Hamiltonian to define the classical energy. What is the relationship between

the two different Fock spaces which are associated with the two different choices for

the classical energy?

In Chapter 3, we discussed Ashtekar and Magnon's definition of the Hamil-

tonian operator. If the timelike vector field corresponding to the choice of observers

is not Killing, then the usual definition for the Hamiltonian doesn't apply because

the Lie derivative (with respect to this timelike vector field) of a solution to the

wave equation is not necessarily a solution to the wave equation. By using initial

data, they provided a generalized definition for the Hamiltonian operator. Why is it

necessary that the Hamiltonian operator be a map from the space of solutions into

the space of solutions? What would happen if we kept the usual definition for the

Hamiltonian operator? That is. we define H via:

H (I) --= I1' (6.1)
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then H would be a map from the space of solutions to a larger space. This definition

will give rise to some serious mathematical problems, but maybe these problems can

be resolved.

In the applications, we showed that Theorem 4.3.1 can provide a unique way

to quantize the scalar field with respect to hypersurface-orthogonal observers, even

in the case where the corresponding vector field is not Killing. However, Theorem

4.3.1 does not address the case of non-hypersurface-orthogonal observers, and the

next step would be to either prove a similar result which applies to this more general

case or provide a counterexample. We discuss this issue further in the next section.

6.2 Non-Hypersurface-Orthogonal Observers

If one considers the most general case, that is, if one allows the observers

to be non-hypersurface-orthogonal, then neither Theorem 3.3.1 or Theorem 4.3.1

will apply. In this section we present a brief explanation of what goes wrong when

allowing the observers to be non-hypersurface-orthogonal.

The problem is that for non-hypersurface-orthogonal observers, the equation

that describes the classical energy of the scalar field takes the wrong form. In

the above sections we presented two different ways to describe the classical energy

of the scalar field. One way involved the stress-energy tensor and the other way

utilized the classical Hamiltonian. In either case, when we are trying to describe the

classical energy of the field at a particular instance of time, we are dealing with an

integral over the hypersurface obtained by fixing the time coordinate. In the proofs

of both of the aforementioned theorems. it is an important requirement that the

integrand does not contain any cross terms with respect to the configuration and

momentum variables (i.e. .p and ir However. direct computation shows that the
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integrand in either of the two choices for the classical energy of the field contains a

term proportional to irN3D. For convenience we consider the minimally coupled

case. Since in the minimally coupled case the two choices for the classical energy are

equivalent, it doesn't matter which one we use. We will use Ashtekar and Magnon's

definition for the classical energy of the field.

Let ta be an everywhere timelike vector field on M. We can choose coordi-

nates (t, xn_i) so that ta corresponds with D. As before, let E represent a

surface of constant time and let na be the associated future pointing unit normal

vector field. In the previous sections we assumed that ta and na were parallel, in

this section we do not. We can define a vector field Na by the requirements that

gabna N° = 0 and ta = NT/a Na. The vector field Na is called the shift vector field.

In terms of the coordinate basis (at, On_i), we have

(6.2)

ta (6.3)

Also with respect to the coordinate basis, the components of the metric and

C E.4s,m = Tabta nb (11/

1

= (Va(1)Vb4) -9gab(Vc(1)\-7,(1) m2(13.2)\ tan (11/

(, _1 f P-1-72 + 77-:\i'D -
2 E fh-,

With these conventions we can compute the classical energy of the scalar field (I).

N h'i D D (7';

its inverse are given by

(N2 1m Nm)
gab =

(
(6.4)

h

(6.5)
( N-2 N-2N3

gab (6.6)
N-2 N h'j N-2 IV N.) j



1
= f (N +271-Ni D2(,o + fitye(p) dx

2 E N,fft

The second term in the integrand of (6.10) is where the problem lies. By

comparing this integral with (4.28) in the hypothesis of Theorem 4.3.1, it is easy to

see that we can not apply Theorem 4.3.1. Much time has been invested trying to

improve Theorem 4.3.1 so that it can handle the non-diagonal form of the classical

energy, but so far there has been no success. For the same reaon, it is not at all clear

how one would improve Theorem 3.3.1 to handle the non-hypersurface-orthogonal

case.

6.3 Thesis Summary

In Chapter 2 we discussed the procedure for quantizing a scalar field on a

general curved spacetime background. Following the work of Ashtekar and Magnon,

we showed that there is a one-to-one correspondence between allowable Fock space

representations and compatible complex structures defined on a space of real-valued

solutions to the Klein-Gordon equation. That is, the problem of identifying a unique

quantization procedure for a given family of observers was reduced to the problem

of uniquely identifying a complex structure.

In Chapter 3 we presented Ashtekar and Magnon's uniqueness result that

showed, with respect to hypersurface-orthogonal-observers, there is a way to deter-

mine a quantization procedure. By requiring the quantum energy of the scalar field

to be equal to the classical energy of the field at each insant of time, they were able

to uniquely specify a complex structure at each instant of time. However, their

result depended on the need to define the Hamiltonian operator. which for general

curved spacetimes is a difficult thing to do.
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The main result of this thesis (Theorem 4.3.1) was discussed in Chapter 4, in

which we also established several properties of operators on the one-particle Hilbert

space of states. Theorem 4.3.1 showed that the Ashtekar and Magnon energy condi-

tion uniquely determines the Hamiltonian operator as well as the complex structure.

Because of this, the first application of Theorem 4.3.1 showed that Ashtekar and

Magnon's result is a special case of Theorem 4.3.1. Theorem 4.3.1 also allowed more

flexibility in how we define the classical energy of the field. This flexibility allowed

us to apply Theorem 4.3.1 to the case of non-trivial coupling.

An important consequence of Theorem 4.3.1 concerns the case of non-trivial

coupling (i.e. the case 0). We saw in the second application of Theorem 4.3.1

that the usual definition for the classical energy produces a complex structure and

Hamiltonian operator that are not consistent with the theory in that they do not

reduce to the appropriate operators if the spacetime is assumed to be static. It turns

out that there is another natural definition for the classical energy of the scalar field.

This alternate definition agrees with the original definition when = 0 but, when

0 these two definitions for the classical energy differ. In Section 5.4, we showed

that the alternate definition for the classical energy, which uses the surface integral

of the classical Hamiltonian, produces via Theorem 4.3.1 a complex structure and

Hamiltonian operator which are consistent with the theory.

It is worth pointing out that the Ashtekar and Magnon procedure for quan-

tizing the scalar field is not the only procedure. A good reference for a discussion of

other methods is Chapter 6 in [7]. Although there are different methods, some have

shown to be in agreement with the procedure discussed in this thesis. For example,

in [13]. Deutsch and Najmi construct a procedure that they call energy nzinimiza-

tion. Their idea is to consider the expectation value of some total-energy operator.

They claim that the choice of states which minimizes this expectation value should
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be the correct choice, that is, the physically relevant one. They show that their

procedure, in the minimally coupled case, is in agreement with the Ashtekar and

Magnon procedure. A possible future avenue of research will be to compare the non-

minimal coupled result contained in this thesis with the result obtained by using

the procedure of Deutsch and Najmi.

The main results stated in this thesis are Theorem 3.3.1 and Theorem 4.3.1,

and both are concerned with hypersurface-orthogonal observers. It was pointed out

in Section 6.2 that these theorems can not be applied to the case of non-hypersurface-

orthogonal observers. However, by considering a parametric manifold setting (see

for example [3]), it is possible that similar results can be obtained even for non-

hypersurface-orthogonal observers. One major problem is that, at the present time,

the initial value problem for linear hyperbolic differential equations in a parametric

manifold setting has not been established.
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