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Bars, Bumps, and Holes' Models for the Generation 
of Complex Beach Topography 

R. A. HOLMAN AND A. J. BOWEN 1 

School of Oceanography, Oregon State University, Corvallis, Oregon 97331 

In shallow water, any two waves of the same frequency are shown to produce complex patterns of 
drift velocity above the sea bed. If the longshore components hi, h: of the wave numbers of the two 
waves are different, these steady flow patterns exhibit a longshore periodicity of wave number (hi -- 
h:) irrespective of whether the waves propagate in the same direction (say hi, he positive) or in 
opposite directions' (he negative). The interaction of two edge wave modes is examined in detail. The 
drift velocities are Calculated and a simple sediment transport model is used to predict the beach 
topography that would be in equilibrium with these flow patterns. As expected, crescentic sand bars 
are produced by the special case of standing edge waves (hi = --h:). Intriguingly, for all other cases a 
combination of complex transverse bars plus meandering or straight offshore bars result, patterns that 
are surprisingly reminiscent of many published descriptions of complex, rhythmic topography. The 
extension of the model to three or more waves produces topography that appears to be very irregular. 
Although the pattern should repeat over sufficiently long distances along the beach, even with only 
three waves these distances may be very large compared to the scale of the bars. 

INTRODUCTION 

While the ideal beach may be conceived as a smooth 
expanse of sand stretching indefinitely alongshore, and real 
beaches do exist that approximate this idealization, many 
beaches are topographically complex exhibiting a variety of 
longshore and offshore structure at various length scales. At 
times the resulting morphology seems completely irregular, 
but, surprisingly often, there is a strong suggestion Of pattern 
in the offshore bar structure or the shoreline form. Of 

particular interest have been shoreline features that show a 
regular longshore periodicity down the beach, variously 
described as beach cusps, sand waves, rhythmic topogra- 
phy, or giant cusps [Hom-rna and Sonu, 1963; Dolan et al., 
1974; Komar, 1981]. 

The purpose of the present paper is to show how a variety 
of regular longshore patterns may be generated by two 
waves of the same frequency and then, simply by extending 
these ideas to three waves, show how a simple deterministic 
model produces topography that appears very irregular. 
While the basic ideas of the analysis apply to any type of 
waves, interest will be focused primarily on edge waves, the 
wave motions trapped to the shoreline on a sloping beach. 

Edge waves appear to play an important role in the 
generation of several types of beach morphology. One of the 
attractive features of edge wave models is the explanation of 
the often observed, regular, longshore periodicities in terms 
of length scales, the edge wave wavelengths, which have 
well defined properties. This leads to quantitative hypothe- 
ses that have had some success in describing the formation 
of beach cusps [Guza and lnrnan, 1975; Sallenger, 1979], 
large cuspate topography [Dolan et al., 1979], crescentic 
sand bars [Bowen and lnrnan, 19711, and topography related 
to regularly spaced rip currents [Bowen and.lnman, 1969; 
Kornar, 1971]. In looking at these examples it is clear that, if 
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a standing wave is regarded as two equal waves propagating 
in opposite directions, these longshore periodicities arise 
from the interaction of two modes of the same frequency; a 
single progressive edge wave will generate only a linear bar 
system, the number of bars depending on the modal number 
of the wave [Bowen, 1980]. In the existing literature, interest 
has largely been concentrated on the rather special case of 
standing edge waves, but any two modes of the same 
frequency produce flow patterns or drift velocity patterns 
that have a regular longshore periodicity. For example, rip 
currents may be generated by a single, normally incident 
wave plus a progressive edge wave of the same frequency 
[Bowen and lnrnan, 1969]. 

While we know that such flow patterns must repeat 
periodically alongshore, in the general case we do not know 
the actual shape of the velocity field within each wavelength 
of the pattern. For standing waves the pattern must be 
symmetrical without a preferred longshore direction but for 
two different modes, particularly two modes propagating in 
the same direction, some longshore skewness in the pattern 
seems inevitable. The interesting question is whether the 
formation of a large-scale, quasi-periodic bar system such as 
that illustrated in Figure 1 can be explained in terms of a 
simple two wave model. Existing explanations involve off- 
shore bars, cut by rip currents, rotating around to attach to 
the shoreline [Sonu, 1973]. It would be much more satisfac- 
tory to suggest that the mechanics of the formation of these 
bars is exactly analogous to the formation of crescentic bars 
but involves waves of different modal numbers. A principal 
objective of this paper is therefore to look in detail at a whole 
class of possible interactions between two waves of the same 
frequency. 

In the first section of the paper we examine the general 
conditions under which waves may perturb the bottom 
topography, distinguishing those processes that may pro- 
duce periodic longshore features from those that cannot. 
Interest is then concentrated on a particular class, the 
interaction between edge waves, and the drift velocity 
pattern associated with the occurrence of any two edge wave 
modes is derived. This defines a steady flow just above the 
bottom boundary layer. A simple sediment transport model 
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is then used to estimate the new topography that would be in 
equilibrium with these theoretical drift patterns. The rele- 
vance of the model is checked by looking at the formation of 
crescentic bars by standing edge waves following Bowen and 
Inman [ 1971]. Results are then derived for the cooccurrence 
of two different modes propagating in the same direction and 
in opposite directions. Finally, these ideas are extended to 
consider the drift velocities occuring when three edge wave 
modes are simultaneously present. 

WAVES, CURRENTS, AND TOPOGRAPHY 

The free waves on a plane beach of slope/3 consist of a set 
of edge waves whose longshore wave number h is given by 

Ursell [1952] 

IXl sin (2n + 1)/3 = o2/g (la) 

and a set of incident or reflected waves, leaky modes, for 
which 

sin a -< oa/g (lb) 

For a given frequency tr, there is a finite set of edge waves of 
different modal numbers n (where n = 0, 1, 2, 3 ß ß ß provided 
(2n + 1)/3 < ½r/2) and a continuum of leaky modes for which 
X, in simple geometries such as a plane beach, is determined 

Fig. 1. Welded sand bars on Cape Cod, Massachusetts. Longshore spacing is several hundred meters (Photo courtesy 
of David S. Aubrey, WHOI). 
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by the angle of approach in deep water, a. The modulus is 
necessary as the sign of X indicates the direction of longshore 
propagation. 

The wide range of longshore wave numbers given by (la) 
and (lb) obviously suggests that the cooccurrence of two or 
more waves with different X but the same frequency is the 
normal situation. For example, the assumption of angular 
spread of energy in the incident spectrum leads, from (lb), to 
a corresponding range of X for the incident waves. Interac- 
tions between two waves of the same frequency are there- 
fore likely to be commonplace. However, for the interaction 
to lead to steady patterns in time or space requires some 
phase locking between the waves. Such phase locking is 
implicit in the explanation of rip currents as being generated 
by the interaction between an edge wave and an incident 
wave [Bowen lnrnan, 1969] or two incident waves from 
opposite directions [Dalryrnple, 1975] or, in fact, any two 
incident waves of the same frequency from different direc- 
tions. Such phase locking does not have to be perfect, but 
the phases must not drift totally randomly (as is often 
assumed in spectral wave theory). If the phases are entirely 
random, each position alongshore eventually experiences all 
the possible combinations of the two modes and the long- 
shore variability disappears from the time-averaged condi- 
tions. However, this argument leads to the rather encourag- 
ing conclusion that, in so far as the phases are not entirely 
random, contributions to longshore variability will be possi- 
ble; the phase locking does not have to be perfect. In the 
subsequent discussion, attention will be concentrated on 
only the coherent part of the two wave motions. This should 
bring out the essential physics of the problem and avoid the 
complication of carrying a set of unknown time integrals of 
the phases throughout the calculations. 

There are at least two important types of interaction 
between two waves that may have significant morphological 
consequences. The first is the generation of nearshore 
currents and rip currents that in turn become the primary 
mechanism for rearranging the sediment [Bowen and lnman, 
1969; Komar, 1971]. Here cross terms between the two 
waves are found in the radiation stresses; the breaking of the 
incident waves forces circulation patterns. A second interac- 
tion arises in the calculation of the mass transport velocity 
above the seabed. Again cross products occur leading to the 
possibility of longshore variability. Drift velocities associat- 
ed with a single wave, either an incident wave reflected at 
the shoreline or an edge wave, produce patterns that are 
uniform in the longshore direction, possibly forming linear 
bars [Suhayda, 1974; Short, 1975; Bowen, 1980] but not 
rhythmic topography. 

In some cases, particularly the formation of beach cusps, 
the wave processes have been considered in increasingly 
elaborate models [Guza and lnman, 1975; Guza and Bowen, 
1981], but the actual sediment transport mechanism is far 
from clear. Bowen and lnman [1971] show that the cuspate 
shoreline features that sometimes match offshore crescentic 

bars might be explained in terms of the drift velocities 
associated with a standing edge wave. However, they recog- 
nized that the concept of drift velocity relative to some 
boundary layer must necessarily become meaningless in 
very shallow water. It seems likely that the differential run- 
up alongshore may be the most significant factor at the 

In the present paper we will concentrate on a model that 

uses the drift velocity as the primary input to the sedimenta- 
ry dynamics. Conditions very close to the shore will not be 
considered. In principle, the model is applicable to condi- 
tions outside a small surf zone and should apply to large 
scale structures. In practice, the model is not very sensitive 
to the precise form of the incident wave field and may apply 
qualitatively to conditions inside a wide surf zone. Here, 
however, the sediment transport due to drift velocities must 
compete with that associated with the currents driven by 
wave-breaking. The relative importance of these two pro- 
cesses in different environments is far from clear. However, 
the fairly common occurrence of crescentic bars of the 
general shape predicted by Bowen and lnrnan [1971] suggest 
that drift velocities frequently play a significant role. 

DRIFT VELOCITIES ABOVE THE BOTTOM BOUNDARY 
LAYER 

In shallow water, close to the shore, the standard linear 
shallow water equations [Stoker, 1957] provide a reasonable 
approximation for the wave motion. For waves of frequency 
or, the velocity potential • is given by 

(h•x)x + (h(I)y)y + = 0 (2) 

where x is positive seaward from the shoreline, y is the 
longshore coordinate, and h the water depth. On a plane 
beach of slope /•, Eckart (1951) showed that solutions for 
edge waves propagating in the y direction are of the form 

ang 
(I) n -- (•n(X) exp [-i(X• - o't)] (3) 

possible values of the longshore wave number being deter- 
mined by the dispersion relation 

o 2 = glXnl (2n + 1)/3 (4) 

the shallow water approximation to the exact dispersion 
relation (equation (la)). On the low slopes typical of natural 
beaches the approximation is fairly good provided n is not 
too large. 

The offshore structure of the modes is given by 

•gn(X) -' Ln (2XnX) exp (--XnX) (5) 

where Ln is the Laguerre Polynomial of order n and n is the 
number of zero crossings of •x), so higher modes are more 
complex and extend further seaward. Figure 2 shows •x) 
for the four lowest modes as a function of the nondimen- 
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sional distance • given by 

• = = X0x (6) 
g• 

where X0 is the wave number of the lowest mode, n = 0. 
Now it is quite possible for two or more modes of the same 

frequency to occur together. For two modes, the surface 
elevation, taking the real part of (3), would be of the form 

1 c9• 

g Ot 
= amr•m(X) sin (h•v -- at) 

+ arC•r(X)sin (hry- at + O) (7) 

where 0 is the phase angle between the waves. As can be 
seen in Figure 2 there are substantial regions in which •bm(X) 
is approximately equal to •br(X) particularly near the shore- 
line. Here (7) could be rewritten as 

• = (am- ar)•X)sin (kroy- at) + 2arqb(x) 

'sin( (hm + xr) •) 2 Y-at+ 

ß cos y - (8) 
2 

The wave motion appears as simple progressive compo- 
nent proportional to am - ar plus a complicated progressive 
component with wave number equal to the average of the 
two basic waves, strongly modulated in the longshore direc- 
tion at half the difference in wave numbers. This modulated 
component will have nodes in elevation at regular longshore 
intervals, provided 0 is constantß This illustrates an interest- 
ing sampling problem. Field measurements of spectral ener- 
gy will show a longshore modulation, suggestive of a stand- 
ing wave component of wave number [Xm - Xr]/2. However, 
cross spectra will show the wave form to be progressiveß 
Combinations of three or more modes produce very compli- 
cated spatial patterns that can only be resolved by an 
extensive longshore array of instruments [Huntley et al., 
1981]. 

So far we have considered only a linear combination of 
wave modes. This indicates how the overall motion will 

appear to an observer. Of more interest for the generation of 
beach morphology is the way in which any second-order 
terms include not only the self interaction of each mode but 
also their cross interactions. Following Hunt and Johns 
[1963], when the velocity field above the bottom boundary 
layer is defined by 

U = U(x, y)e i• v = V(x, y)e i• 

the mass transport velocity (t•, 0) at the top of the boundary 
layer is given by 

1 [ OU* OV* a=• U (3 +5i)+ U• 4• -•x Oy (2 + 3i) 

+V m 
OU* 

Oy (1 + 2/)] 

1 [ OV* OU* 0=M V (3 +5i)+ V•(2+3i) 4• • Ox 

] + U• (1 + 2/) (9) 
Ox 

where the asterisk indicates the complex conjugate. If the 
wave field consists of two modes as in (7), then, denoting the 
drift velocities associated with the edge waves as u•, o•, (9) 
can be expressed as 

Hi -- g2•ø3{am213qbm'qbm"- 4a 3 1 ] (2m + 1) 2 &m•m' 

+ ar2 [ 3&r'&r" - I ] • (2r + 1)2 rkrrkr' 

+ amar[COSlX(3r•m'r•r"+ 3rkm"rkr'- 
2 

(2r + 1) 2 c•rn'C•r 

2 

(2rn + l) 2 C•mC•r'+ 1 1 ) (2m + 1)' (2r + 1-•• ' (o"or' + qbm'qbr) 

+ sin •x (5•9 m' •)r" -- 5•)rn"l•r' -- 
3 

(2r + 1) 2 C•rn'C•r 

3 2 

(2rn + 1) 2 l•)ml•)rt+ (2rn + 1)(2r + 1) 
(10) 

where •b' represents the derivative of •b with respect to • and 
/x describes the longshore dependence of the solution where 

/J• = -- (Xm -- Xr)y + 0 (11) 

The terms in (10) proportional to am 2 and ar 2 represent the 
self interaction of the two waves and have no longshore 
variation. The term in amar, which may produce interesting 
1ongshore• variability in the drift velocities, arises from the, 
cross interaction of the two modes. The wavelength of the 
longshore variability is now 2rd(•.m - •.r), half the wave- 
length that appears as a modulation in the linear combination 
of the solutions in (8). 

The longshore component of the drift velocity is given by 

g2•k03{ [ 5 3 o• = 4ø • am 2 •gm 2 -- •gm•gm" (2rn + 1)3 (2rn + 1) 

+ (2m + 1) 4•'"'2 + ar2 (2r + 1) 3 qbr2 -(2r + 1) •br•r" 

(2r + 1) •kr'2 + amar cos/.6 (51•)ml•) r (2m + 1)(2r + 1) 2 

1 ) ( 1 + (2rn + 1)2 (2r + 1) - 3 (2rn + 1) 4•m&r" 
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1 

(2r + 1) ) • dgm"dgr -•' 2C•m' dgr' (2r + 1) , ) (2m + 1) 

+ sin/x (-3•bm•br ( 
1 

(2m + 1) (2r + 1)2 

1 

(2m + 1)2 (2r + 1) 

( , , ) + 2 (2m + 1) •m{•r" (2r + 1) •m"•r 

- &m'&r' (2r+ 1) -(2m+ 1) 
A nondimensional drift velocity (up, vp) is then given by 

803 

Up = g2X03 (am2 + ar•) 'Ul (13) 

0.0 2.0 4.0 •, 6.0 8.0 I0.0 

Fig. 3b. Perturbation profile h• (J, 9) for t. he interaction (1, - 1) 
with K = 1. Stippled areas represent erosion (h• < 0) and plain areas 
accretion. 

The longshore pattern given by (10) and (12) has terms in 
cos/x and sin/x both multiplied by rather complex functions 
of •. In general the patterns will not be symmetric about any 
offshore profile. The particular case of standing edge waves, 
Xm = - Xr, studied by Bowen and Inrnan [1971] which 
clearly has to be symmetrical is a rather special case for 
which the coefficient of sin/x vanishes everywhere. 

One wavelength of the drift velocity pattern for the 
standing wave of mode n = 1, the case rn = 1, r = - 1 (or (1, 
-1) in our notation) is shown in Figure 3a, where up is 
multiplied by a factor •2. (A negative mode number is a 
convenient way to indicate a wave progressive in the nega- 
tive y direction. However it is important to remember that Xr 
-- (r/Irl) (X0/(21rl + 1))). This can be regarded as scaling up by 
the drift velocity of the incident waves. Not surprisingly, the 
drift pattern is very similar to that previously shown by 
Bowen and Inrnan [1971], the pattern further offshore is 
more noticeable due to the particular scaling. However 
Bowen and Inrnan [1971] were forced to make a rather 
subjective decision about the influence of the drift velocity 

o.o- > 

0.0 2'.0 4.0 6.O 8.0 I0.0 

9• • .• ¾:z.o 
Fig. 3a. Nondimensional drift velocity associated with a stand- 

ing mode 1 edge wave, the interaction (1, -1) in our notation. The 
magnitude of the drift vectors has been normalized by the drift 
velocity associated with shoaling incident waves. A scale is provid- 
ed at the bottom right. The pattern repeats in the longshore 
direction. 

pattern on nearshore topography. Clearly a more quantita- 
tive model is preferable. 

SEDIMENT TRANSPORT MODELS 

To try to make an objective assessment of the possible 
importance of the drift velocity, a simple sediment transport 
model based on the ideas of Bagnold [1963] has been used to 
calculate the equilibrium beach slope. For the purpose of 
illustration, it is assumed that the sediment transport is 
dominated by suspended load, but using a bedload model 
would result in similar shapes for the bars. 

The transport of suspended sediment is assumed to be 
given by is where 

•. ('r' u)u 
is = (14) 

w -u's 

where •s is an efficiency, T the bottom stress, w the fall 
velocity of the sediment, and s = (•h/•x), (•h/•y) the local 
bottom slope. 

The velocity field consists of the incident waves, assumed 
to be the dominant process, plus the edge waves. If the 
incident waves approach with crests approximately parallel 
to the shoreline, the velocity field is of the form 

u = (u0i cos •rit + u0e cos fret + t• 
+ ul, V0e COS •ret + Vi) (15) 

where Uo, and u0• are typical orbital velocities for the incident 
and edge waves, a is the drift velocity associated with the 
incident waves, and u•, v• are the edge wave drift velocities 
from (10) and (12). For this case, defining the bottom stress ,r 
by 

'r = CD plulu (16) 

the analysis of Bowen [1980] can be readily extended to both 
horizontal components. If we assume that u0•, a, u•, v• are all 
much smaller than Uo, but may themselves be of the same 
order, then to lowest order the two components of suspend- 
ed transport are 

•X .... 5 //03( a + //1) + I (h + h•) 
w 15•r w dx 

EsCDp 4 (17) 
ß __. //03/91 iY= W 3•r 
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We take fi to be the depth profile which is in equilibrium with 
the drift velocity associated with the incident waves (hence 
those two terms cancel in equation (17)), and h' to be the 
perturbation profile which would be produced by the edge 
wave drift velocities. Interestingly, longshore slope does not 
enter into fx since the term, (l10311101/W) dh/dy will be of 
higher order than other terms. 

The criterion for the beach to be in equilibrium is that the 
divergence of the sediment transport is zero everywhere. 

Orx 
-- +- = 0 (18) 
Ox Oy 

and, substituting (17), and integrating in from deep water 
where h• will vanish 

dh • 5wu • 5w Ij O0 = •. dx (19) dx u02 4u05 //03 Oy 
Now in the region of interest, the regime seaward of the surf 
zone, the orbital velocity is given by shallow water theory as 

UO = h3/4 = 'y/2 ' (gh)b 1/2 (20) 
where ao is the incident wave amplitude, ho the water depth, 
and 3' the ratio of wave height to water depth, all defined at 
the break point. Defining a nondimensional depth/• as 

$t• - •h• Xoh• (21) 
g/3 2 

and writing in terms of the scaled coordinates g, y, (19) 
becomes 

• = -K + g-9/4 dg (22) 
d• 4 

where 

K= 1-•' [ •? ' 
(22) can be integrated numerically by using the condition that 
the drift velocities and h• die away seaward. So 

ß d.• (23) 

The final result depends on only one free parameter K 
which defines the amplitude of the perturbed topography. It 
contains the terms one would expect, the settling velocity in 
the dimensionless form frequently encountered [Dean, 1973; 
Dalrymple and Thompson, 1977], the width of the surf zone 
and the relative size of the edge waves. In integrating (22) 
and (23), it became clear that the second term in (22) 
containing the longshore divergence of O is generally very 
small compared to the first term (although it was retained in 
the calculation). The primary balance is between the on- 
shore-offshore component of the drift velocity and the 
gravitational effects due to the beach slope. 

The basic morphology could therefore be produced by any 
model in which the slope was assumed proportional to up 
(provided the coefficient is a reasonable function of •) and 

the general qualitative trends as to how many bars, their 
position, and general appearance are not sensitive to the 
particular transport model used. 

As only the amplitude of h• is a function of K, h• would 
seem to be a useful description of the effects of the edge 
waves. The physical meaning is clear, it is the local depar- 
ture from the plane beach, slope/3, for which the edge wave 
solutions were derived. Figure 3b shows h• for the standing 
wave (1, -1) calculated from (23). The longshore periodicity 
of the depth perturbation is immediately evident. However, 
the crescentic nature of the system is not obvious. Instead, 
isolated mounds of sediment appear at zones of convergence 
of the drift velocity. This illustrates a general problem. What 
is observed on casual inspection, particularly on aerial 
photographs, is not the perturbation topography, but is the 
total water depth, equal to the sum of the perturbation and 
mean beach profiles. (In fact, it is unclear how one could 
estimate the mean beach profile from field data, even given 
detailed surveys. It is not just the average over a longshore 
period of onshore-offshore depth profiles since those could 
involve linear bars generated by the self-interaction terms.) 
To appreciate how the theoretical sediment distributions 
appear to a casual observer, it proved necessary to construct 
a measure of the total depth and to display contours of equal 
depth. Here, •0 is used as an arbitrary origin offshore and 

fir = (•0 - •) + h• (24) 

so fir is elevation above a submarine datum a distance x0 
offshore. Figure 4 shows contours of fir generated by the 
standing edge wave (1, -1) for the case K equal to 1.0. 
Contour values are actually fi7/4, a simple scaling for the 
purpose of avoiding double digit values in the contour 
program. To create a standing wave, the two constituent 
waves have equal amplitudes, the scaled amplitudes being •i• 
= d_• = 1.0. The crescentic pattern is now obvious. The 
profile given below the contour plot in Figure 4 shows the 
linear bar produced by either of these modes acting separate- 
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0.0 I010 

hT 0.0 
0.0 2.0 4.0 6.0 B.O I0.0 

Fig. 4. (Top) One longshore cycle of the total beach profile fir 
(,•, :) for the interaction (1, - 1) with K = 1. Values plotted are fi•4. 
(Bottom) Linear sand bar profile, fi•4, for a single, mode 1, edge 
wave (i.e., ar = 0), K = 2.0. 
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0.0 

0.0 2'.0 ,,'.o 6'.0 8'.0 ,o'.o 

Fig. 5. 'Low tide terrace' for a single mode 1 edge wave with small 
K - 1.1. Values plotted are hz/4. 

ly (ti• = 1.0, ti_• = 0, K = 2). It is interesting to see that the 
bar crest in the linear profile and the maximum offshore 
distance of the crest in the crescentic pattern occur at ;½ = 
3.0. Bowen and Inrnan [1971] suggested that the crest would 
be located at ;½ = 4.5, the point of drift convergence (Figure 
3a), and this is indeed the position where h• is largest (Figure 
3b). However, when the mean profile is added to h•, our 
ideas of what constitutes a crest clearly change. If we take 
the usual definition of the bar crest as the position where 
(dhr/d.O = 0, then the value predicted by the model is ;½ = 3. 
However, this position is a function of the amplitude of the 
perturbation topography, which in turn is a function of K. As 
K becomes small, the bar tends to ;½ = 4.5. As expected, fir 
seems to provide a better insight into the structure of the bar 

system as it would be seen by a casual observer. The point of 
using fir becomes even clearer when K becomes small. 
When the perturbation is small, there is no obvious bar. The 
crest disappears; the profile is variable in slope, containing a 
low tide terrace that is virtually fiat at some value of K 
(Figure 5). At still smaller values of K the profile shows a 
gentle slope inshore steepening offshore. Figure 5 shows the 
profile produced by a single progressive wave, as in Figure 
4b but for a smaller value of K. There is clearly a two- 
dimensional analogy where the amplitude of a crescentic bar 
system is not large enough to generate obvious bars (points 
where Ohr/O.f = 0), and the resulting structure appears as a 
complex terracing in the profiles. ' 

An apparent difficulty in Figure 4 is that the integration 
does not produce a shoreline. However, the model is not 
expected to apply in very shallow water, and conditions as ;½ 
--> 0 become increasingly unrealistic. Nevertheless, it is clear 
that the general pattern of a crescentic bar is produced as 
expected. 

INTERACTION BETWEEN TWO DIFFERENT MODES 

The cases that have not been previously examined are the 
interaction between two different modes. Figure 6 (left) 
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Fig. 6. (Left) Normalized drift velocity for the interaction (1,2). 
(Right) Total depth profile, fiz/4 for the interaction (1,2) with K = 1. 
Note the prediction of welded sand bars. 
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TABLE 1. Wavelength L, of the Topography for the Case (m, r) in the Normalized Form XoL/,r = 
A-• Where A is the Aspect Ratio of the Inshore Bar 

Y 

m -3 -2 -1 -0 0 1 2 3 4 

-3 X 35.0 10.5 2.33 1.75 4.20 5.83 7.00 7.88 
-2 X 15.0 2.50 1.67 3.75 5.00 5.83 6.43 
- 1 X 3.00 1.50 3.00 3.75 4.20 4.50 
-0 X 1.00 1.50 1.67 1.75 1.80 

0 X 3.00 2.50 2.33 2.25 
I X 15.00 10.50 9.00 
2 X 35.00 22.50 
3 X 63.00 
4 X 

Where L(m, r) = L(r, m); L(-m, r) = L(m, -r); L(-m, -r) = L(m, r). 

shows the drift velocity pattern for a mode 1 and mode 2 
edge wave propagating in the same direction, the case (1, 2). 
The periodicity of the motion is evident now on a larger 
length scale. As the longshore wave number is km -- kr, 
waves propagating in the same direction produce patterns 
with a longer length scale than the same waves'propagating 
in opposite directions (Table 1). In Figure 6 (left), the 
nearshore drift velocity is basically offshore out to k = 4.5, 
although its magnitude varies very noticeably alongshore. 
Offshore the flow is dominated by a meandering longshore 
flow, rather reminiscent of the meandering currents de- 
scribed by Sonu [ 1972]. However, this is really the flow just 
above the boundary layer and only partially reflects the 
pattern of the flow over the whole water depth. Figure 6 
(right) shows the depth contours fit for this case. Intriguing- 
ly, the model predicts the generation of periodic, oblique 
sand bars welded to the shoreline. The prediction of this 
morphology came as somewhat of a surprise but can perhaps 
best be understood by looking at the drift velocity pattern in 
conjunction with (22) and (23). Equation (22) is dominated by 
up, the contribution from the terms in vp being small. The 
nearshore pattern of up appears to be simply periodic in 
Figure 6 leading to the expectation of a crescentic system. In 
fact, a plot of the location of the bar, independent of the 
height of the crest, is crescentic. However, equation (23) 
contains an offshore integral, and it is the behavior offshore 
that produces the asymmetry observed. The weak onshore 
component of drift velocity near • = 30, producing steeper 

beach slopes offshore, accentuates the bar structure in this 
region. The weak offshore drift near ] = 45 leads to a more 
gentle offshore slope, and the bar appears to truncate 
alongshore. 

Other combinations of modes produce essentially the 
same morphological pattern as seen in Figure 6 (right), but 
the aspect ratio A of the pattern, the offshore distance to the 
first bar divided by the longshore wavelength, varies as a 
function of the modal numbers. As the offshore structure for 

all the higher modes is very similar close to shore (Figure 2), 
the maximum offshore distance of the first bar crest tends to 

be of the order of k = 3. The aspect ratio is therefore 
approximately given by 

A = 2rn + 1 2r + 1 (25) 
Figure 7, showing the topography that results from the (2, 

-3) interaction, illustrates this point; the length scale is 
relatively short as the waves propagate in opposite direc- 
tions. However, the most likely combination of modes of the 
same frequency is probably two consecutive modes propa- 
gating in the same direction, for example (0, 1) (see Discus- 
sion). Interestingly, this pair also generates a welded bar, 
even though n = 0 has no zero crossings in its offshore 
structure. It is clear that the aspect ratio of such consecutive 
pairs of modes rapidly becomes small with increasing n. For 
example, (2, 3) has an aspect ratio of 1:35, a very long 
longshore length scale. 

0,0 5.0 I0.0 15.0 20.0 

Fig. 7. Welded sand bar predicted for the interaction (2, -3), with 
K=I. 

6.0 • 

4.0 
2.0 

, 

o.o 
o.o 

Fig. 8a. hz/4 for the crescentic sand bar case (1, - 1) but with am -- 
1.0, ar = 0.5, K - 1. Compare with Figure 4 (top). 
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Fig. 8b. Same as Figure 8a but with ar = 0.25. Note that the 
essential crescentic nature is maintained. 

Figure 8 shows the effect of varying the relative amplitude 
of the two modes by using the standing wave (1, -1) as an 
illustration; d• is held at 1.0, and d_• is set to 0.5 (Figure 8a) 
and 0.25 (Figure 8b), and K = 1.0 in all cases. Compared 
with Figure 4, the morphology is virtually unchanged in 
Figure 8a, and even in Figure 8b the essential crescentic 
nature is retained. This insensitivity of the basic structure to 
the precise values of d suggests that rhythmic patterns will 

appear whenever the amplitudes of the modes are roughly of 
the same order. The linear bar shown in Figures 4 and 5 only 
occurs if one mode is totally dominant. 

INTERACTION OF THREE OR MORE MODES 

More complicated morphologies are produced if more 
than two modes interact. The perturbation topography is the 
sum of that generated by each pair of modes taken separate- 
ly. However, the phase angles become important. While 
changing 0 in the two mode case simply displaces the pattern 
alongshore, with more modes the phases determine whether 
the different modal combinations tend to reinforce one 
another or tend to cancel. Figure 9 shows the patterns 
produced separately by the interactions (0, 1), (0, 2), (1, 2), 
and finally the sum of all three, with phase angles zero and K 
= 1. For this case the wavelengths are simply related, the 
wavelength given by (1, 2) is exactly five wavelengths of (0, 
1) and six of (0, 2) (Table 1). The pattern shown by (0, 1, 2) in 
Figure 9 will therefore repeat alongshore with the wave- 
length of (1, 2) interaction. However, the pattern shown by 
the (0, 1, 2) interaction seems very irregular at scales 
appropriate to (0, 1) and (0, 2). As can be seen from Table 1, 
the triple interaction does not necessarily repeat in the 
wavelength of the largest interaction; the (-0, 0, 1) does, but 
the (1, 2, 3) requires three wavelengths of (2, 3) to repeat and 
(1, 3, 4) requires five wavelengths of (3, 4). It seems likely 

a 

i 

/2 
40.0 
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15.0 
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I 

0.0 'l• 
0.0 2D 4.0 6.0 8.0 10.0 OD 2.0 4.0 6.0 8D 10.0 0.0 2'.0 4.0 6.0 '0 I•3.0 0.0 2. 0 4,0 6.0 8.0 10.0 

A A A A 
X X X X 

(0,1) (0,2) (I,2) (0,1,2) 

Fig. 9. fid4 for one longshore cycle of the triple interaction (0, 1, 2) and for each of its constituent interactions (0, 1), 
(0, 2), and (1, 2). The triple interaction is just the average of its constituents. 
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that the irregularity of the pattern at the small scale will be 
much more apparent than the repetition at long intervals 
alongshore. Patterns involving more than three modes be- 
came increasingly complex although many repeat quite 
simply, (-0, 0, 1, 2) also repeats exactly the (1, 2) wave- 
length. 

OFFSHORE BARS 

For the higher wave modes, zeros in up exist offshore and 
give rise to the possibility of multiple bars, either crescentic, 
meandering, or linear. The present model does not resolve 
these structures at all well. This seems to be inevitable if the 

original beach slope is assumed to be plane. The drift 
velocity solutions die away rapidly offshore, and reasonable 
perturbations at the location of the offshore bars would be 
accompanied by very large changes indeed in the inshore 
bar. Scale analysis [Bowen, 1980] suggests that this problem 
would not arise so severely on the concave profile more 
typical of actual beaches; the perturbations in the slope due 
to the drift velocity patterns would be compared to a much 
steeper local slope near the shore and a gentler slope 
offshore. 

An intriguing result of the present model is the generation 
of morphology, which is periodic alongshore near the shore 
but linear offshore. This occurs when one of the waves has a 

relatively short offshore lengthscale. For example, a mode 1 
and mode 3 edge wave interact to produce a welded bar 
system inshore, but offshore the mode 3 is dominant (Figure 
2) and the morphology would be almost that produced by the 
mode 3 alone. In general, modes of adjacent modal numbers 
are not sufficiently different in offshore scale that the long- 
shore periodicity will disappear altogether. However, if a 
mode 2 interacts with a mode 1 wave of considerably smaller 
amplitude, the offshore structure might be dominated by the 
effects of the mode 2 wave. 

These results are not evident in the figures. To resolve the 
offshore bars adequately we would need a numerical model 
for calculating the drift velocities on any specified topogra- 
phy. The plane beach solutions represent only a first step; 

Fig. 10. Residual sediment transport over the crescentic bar 
system shown in Figure 4 (top). Transport is offshore over the center 
portion of the crescent and landward over the cusp. The dashed 
arrows indicate that the 'circulation' will be closed. 

the primary interest here is to indicate the general principles 
involved in the generation of topography by different modes 
of the same frequency and to sketch some of the possible 
morphologies that might result. 

RESIDUAL TRANSPORT 

The perturbation topography fil is generated by an equilib- 
rium model that assumes that the beach has adjusted com- 
pletely to the imposed velocity field. However, the sediment 
transport does not vanish everywhere. The condition for no 
further accumulation or erosion is that the divergence of the 
transport vector V'is is zero, equation (18). Patterns of 
sediment transport exist over the new topography in essen- 
tially two forms, longshore transport down the beach and 
closed circulation of sediment within a local area. Longshore 
transport is produced by a single wave and is consequently 
pronounced when two modes propagate in the same direc- 
tion. This is suggested in the drift velocity patterns in Figure 
6 (left). However, as the primary balance in the topographic 
model is between the transport due to drift velocity and the 
gravitational effects of the bottom slope, the transport up 
and down the slope is everywhere almost in equilibrium. The 
unbalanced part of the transport, the residual transport, 
therefore tends to run along depth contours, perpendicular 
to the slope. 

When there is no net longshore transport, the transport 
patterns are weaker but still nonzero. Figure 10 shows the 
residual transport in the dimensionless form ip for the 
standing edge wave (1, - 1). The total transport iT is given by 

where 

EsCD,y3 pg2 (am 2 + ar 2) 
i T: . (.•b) 15/4 24•r W 2 ip (26) 

ip = -- .•-9/4 (27) • d•, •-9/4Up 
As can be seen in Figure 10 the transport in the presence of 
the crescentic bar shown in Figure 4 is seaward over the 
central portion of the crescent and landward over the cusp. 
This is exactly the pattern of sediment transport noted by 
Greenwood and Davidson-Arnott [1979]. However, Green- 
wood and Davidson-Arnott ascribed the transport to the 
nearshore circulation pattern, observing that rip currents 
tend to flow seawards over the central area of the bar. 

DISCUSSION 

To estimate the practical importance of the interaction 
between two or more edge waves of the same frequency, we 
need some insight into the likelihood of forcing particular 
sets of modes. Bowen and Guza [1978] discuss the genera- 
tion of edge waves by an incident spectrum approaching the 
beach at an angle a with beam width 2 Aa. They show that as 
Aa becomes small a sequence of edge wave modes are 
forced at frequencies trn where 

O'n = 20'i sin a sin (2n + 1)• (28) 

where •ri is the central frequency of the incoming waves. 
Figure 11 shows schematically the resulting edge wave 
spectrum. The presence of a small angular spread Aa widens 
the resonant bands. Overlap occurs, first between adjacent 
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Fig. 11. Conceptual spectrum of edge waves forced a spect•m 
of incident waves with central angle of incidence a and a beam width 
2Aa. For Aa = 0 a sequence of modes will be forced (solid lines). 
For small but finite Aa, a spread of the modal peaks (dashed lines) is 
predicted. 

modes and eventually between several neighboring modes if 
Aa continues to increase. This suggests that the most 
common interactions would occur between adjacent modes 
or adjacent sets of modes with consecutive modal numbers. 
Interaction between nonconsecutive modes might be more 
important if the incident spectrum contains two separate 
wave trains approaching from different directions. 

In addition to the forcing by incident waves, we have the 
reflection of waves from headlands, piers, or groins provid- 
ing the appropriate negative wave numbers and standing or 
partially standing waves. Cartwright and Young [1974] used 
the modal combination (-1, -0, 0, 1) to satisfy nearshore 
boundary conditions suggested by the headlands and islands 
on the east coast of Shetland. This indicates a more general 
aspect of forcing; the response to any pattern of forcing of 
given frequency can be constructed from the eigensolutions, 
the normal modes of the problem. For complex forcing 
patterns or complicated geometry (a bay or, as in Cartwright 
and Young, a series of headlands or groins), the general 
solution may consist of a combination of a number of modes 
of the same frequency. In these cases the phase relationship 
between various modes may emerge as an integral part of the 
solution, for 'example, if the total longshore velocity must 
vanish at a headland. 

Usually, the problem is less well defined, and the phase 
relations are not known. When we speak of the amplitude or 
phase in an interaction we are referring only to the coherent 
part of the motion. The relative magnitude of the coherence 
provides another factor in the balance between the genera- 
tion of periodic features as opposed to linear features. The 
longshore periodicity depends on the coherent motion; two 
modes of random phase produce a set of linear bars. 

The analysis in this paper is based on linear wave theory 
for a plane beach. We ignore the effects of the changes in the 
beach profile on both the edge waves and incident waves. In 
reality, as the bars grow they will increasingly influence the 
velocity field. The detailed structure of the bar must result in 
part from these late interactions and we would not expect the 
present model to predict exactly the structure seen in Figure 
1. However, we can suggest that the general pattern of the 
bars is very reminiscent of the mature bars seen in nature 
(Figures 1, 12) and advance the hypothesis that the major 
features of such systems, the wavelength, the location of the 
major depositional features, and major troughs, are deter- 
mined by the interaction of two wave modes of the same 
frequencies. The analogy to crescentic bars is complete, and 
the idea that major bar systems may be generated by two 

edge waves is extended to include these skewed bars of 
various aspect ratios. 

Although the model makes quantitative predictions of the 
relative scales of the bars, the existence of a large number of 
possible modes leads to a very large selection of possible 
length scales for each frequency (Table 1) unless consecutive 
modes are assumed. The uncertainty is compounded by the 
fact that the frequency of interest will not normally be 
known. There are further difficulties in estimating the beach 
slope which also enters the scaling. Patterns shown in the 
literature, such as Figure 12, can only provide very qualita- 
tive support for this hypothesis. 

CONCLUSIONS 

The interaction of two modes of the same frequency may 
generate topography of three somewhat distinct types: (1) 
shore parallel bars only (either the waves are not coherent or 
one mode is dominan0; (2) rhythmic patterns nearshore, 
parallel bars offshore (two modes are at least partially 
coherent, they could be very coherent if the modal numbers 
are quite different or if the wave of lower modal number is of 
relatively small amplitude); (3) totally rhythmic patterns (the 
extreme case is the crescentic bar but highly coherent modes 
of adjacent model numbers produce other complex patterns 

o IOO 

Fig. 12. Nearshore welded bar structure for January 13, 1972, for 
Durras Beach, N. S. W. Australia [after Chappel and Eliot, 1979]. 
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if they are of roughly the same amplitude. The inshore bar 
tends to appear as a welded bar, its aspect ratio being a 
function of the two modes involved). 

The extension of these ideas to three or more modes 

produces deterministic but apparently irregular topography 
alongshore if the waves are coherent. Any random fluctua- 
tion in phase will encourage the formation of linear bars; 
they will, in a sense, make the system appear more regular. 

The discussion of bar formation does not introduce any 
physics that depends on the bars amplitude. In practice, this 
would change the velocity field of both the incoming and 
edge waves, but this has not been taken into account in the 
first order solution. However, the way in which the bar is 
perceived on the profile is very much a function of the 
amplitude both in terms of the position of the bar and the 
definition of a bar. At low amplitude the bar looks exactly 
like a terrace, perhaps the classical 'low tide' terrace. 
Nomenclature is also interesting for the channel inside the 
welded bar, particularly obvious in Figures 6 (right) and 7. 
This is a classical rip channel. There is no doubt that a rip 
current would flow in this channel, but it is clearly not 
necessarily the causal mechanism. 

To look at the sedimentary patterns in a more or less 
objective way, it is necessary to introduce a number of 
assumptions about the form of the sediment transport. It is 
important to emphasize that the general trend of the results 
does not depend on the precise form of these assumptions. 
Given these drift velocity patterns, interesting rhythmic 
topography will be generated by any reasonable model. The 
interesting point is that some of these patterns look familiar. 
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