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OPTIMAL DESIGN OF TRACTION DRIVE
CONTINUOUSLY VARIABLE TRANSMISSIONS

CHAPTER 1

INTRODUCTION

1.1 Background

The traction drive is a kind of a transmission device

that can transfer power from a power source to a load by

means of a metal roller running on a film of traction fluid

against mating metal rollers. The rollers can be cones,

cylinders, discs, rings, spheres, or toroids. The metal is

hardened steel such as ball or roller bearing material.

Three components must be present in a traction drive: the

input roller, the traction fluid between two rollers, and

the output roller.

Understanding of how power is transfered from the

drive roller to the driven roller is the first step to

designing a traction drive. A sufficiently high normal

load is applied to the contacting rollers to produce high

pressures at the contacting area of two rollers. Under

high pressure the traction fluid behaves like a plastic

solid. In such a state, shear stress in the traction fluid

generates traction forces to transmit torque from one

roller to the other roller.

The term "traction" should be distinguished from



Table 1.1 Typical Applications for Traction Drives

2

"friction." Friction is normally used to refer to the

force between two "nonlubricated" contacting bodies with

relative motion, while traction refers to force between two

"lubricated" contacting rollers with relative motion.

The traction drive not only has a fixed speed ratio,

but also can be designed for variable output speed.

Therefore the speed ratio of a traction drive can vary

between it's operational limits of speed ratio. A traction

drive that can change speed ratio continuously is called a

Traction Drive Continuously Variable Transmission (TD-CVT).

Generally traction drive power ratings. are 10 kW or

less, but they have been manufactured with ratings as high

as 200 kW [24]. Examples of various traction drive

configurations appear in Figure 1.1. As shown in Figure

1.1, every traction drive can achieve variable speed by

tilting or moving a roller which is located between two

rollers.

Applications for traction drives are diverse; they

range from automobiles [24,32,37,48,57] to machine tools

and pump drives [24]. Typical applications for traction

drives are listed in Table 1.1.

Marine propulsion drives
Machine tools
Textile machines
Farm equipments
Crane drives
Construction drives
Automobile transmissions
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Figure 1.1 A Sample of Traction Drive CVT [38]
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TD-CVTs have many advantages over a conventional

transmission. The advantages are listed below:

The CVT provides an infinite number of

shifting points to optimize the available power from a

power source. This is very useful, especially in

automobile transmission application to maximize engine

performance and fuel economy by changing speed ratio

continuously as a function of vehicle load, engine speed or

operator command (accelerator position), and vehicle speed.

Therefore, it has great potential for broad application to

automobile transmission.

Because traction drive depends on rolling

contact, without chain or meshing gear teeth, the traction

drive runs relatively quietly, and it does not have

chain slack or gear backlash. Because there is no slack or

backlash, a traction drive reduces dynamic overload

problems.

Since traction drive components have circular

cross-sections, they are relatively easy to produce using

bearing materials and manufacturing techniques.

Traction fluid film trapped between the

rollers protects the mating surfaces against wear and

dampens torsional vibration.

Operating speed of some traction drives can

reach over 100,000 rpm. In many cases, the traction drive

can be designed to be as small as or smaller than



alternative transmissions.

Despite of the above advantages, the overall

efficiency of most TD-CVTs is lower than that of

conventional transmissions, such as gear drive. The

purpose of this research is to develop a optmal design

technique to design a more efficient traction drive

utilizing optimization algorithm.

1.2 Research Goal

Traction drive technology has improved since its

beginning. Recent improvements in bearing materials,

traction fluids, and refinements due to computer-based

analysis have overcome many previous problems--low

durability, limited power capability, low efficiency--that

have prevented traction drive from achieving improved

performance. With improved technology, traction drives can

be designed to smoothly and continuously vary the speed

ratio with efficiencies approaching those of the gear

drives [37].

Experimental studies are the most reliable proof of

actual performance; however, studies on prototypes are not

only expensive but it is hard to understand how power is

transferred from one roller to another. In designing a

traction drive with desired specifications, and prior to

building a prototype of a traction drive, it is necessary

to simulate the traction drive repeatedly, to achieve

5
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improved performance, using a formulated mathematical model

implemented in a computer program.

Therefore the goal of this thesis is to develop an

optimal design technique for minimum power loss in traction

drive continuously variable transmissions.

1.3 Methodology

To achieve the research goal, the following procedures

were employed.

A mathematical model was developed to evaluate the

traction force and torque in traction drive contact. The

traction force must be known to calculate power loss in

traction drive contact. The mechanics of traction drive

contact were studied to understand how power is transmitted

from one roller to another roller. The governing equation

was established from the constitutive equation of traction

fluid at contact, and a numerical solution of the governing

equation followed. This is described in chapter 2.

Chapter 3 describes the kinematics of general traction

drive contact. Two configurations were chosen to study the

kinematics of chosen configurations.

Chapter 4 discusses strategies of problem formulation

for engineering optimization. A brief discription of the

Generalized Reduced Gradient (GRG) method is given as a

selected algorithm to optimize the problem at hand.
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As discussed in Chapters 5 and 6, optimal design

problems were formulated for two chosen configurations to

minimize power loss during power transmission as examples

of optimal design procedures. The equation for power loss

was derived as the objective function to minimize power

loss during power transmission through traction drive

contact. The constraint equations were derived from the

geometry of particular TD CVTs and functional relationships

between parameters. The optimum physical dimensions and

operating conditions were found for minimum power loss at a

selected speed ratio, by the GRG method. At different

speed ratios, only the operating condition parameters were

considered as design variables for minimizing the power

loss, because the physical dimensions did not vary with

the speed ratio.

In the last chapter, the optimal design technique is

summarized step by step for general application. Some

minor conclusions are drawn from two design examples.

In Appendix A, the computer program for the numerical

solution of the mathematical model to calculate traction

force and torque is diiscussed. The implementation of a

formulated optimal design problem to a nonlinear

programming algorithm, called the Generalized Reduced

Gradient (GRG) method, is presented in Appendix C.



CHAPTER 2

MATHEMATICAL MODEL OF TRACTION DRIVE CONTACT

2.1 Introduction

In order to calculate power loss in traction drive

contact, it is necessary to know the traction force. The

mechanics of traction drive contact illustrate how power is

transmitted from one roller to another roller. This

transmission occurs through the thin layer of traction

fluid between two elastically deformed rollers. This

situation is called elastohydrodynamic(EHD) lubrication.

The traction model to calculate the traction force in

the EHD lubrication situation is reviewed. The

constitutive equation of traction fluid was developed from

Johnson and Tevaarwerk's traction model [30], and a

governing equation can be derived from the constitutive

equation. The solution of the governing equation is

followed in the next section. There is no analytical

solution for the equation; however, a numerical solution

can be obtained. The general outline of a program for a

numerical solution is given. After the solution step, the

result from numerical solution of the traction model is

compared with experimental results. The last part of this

chapter is devoted to an approximated Hertzian solution of

two contacting elastic bodies with applied normal force.

Power is transmitted in a traction drive contact

8



Figure 2.1 A Simple Roller Pair in Traction Drive

The rollers are separated by a highly compressed,

9

through the layer of fluid between two elastically deformed

bodies. Figure 2.1 shows a simple roller pair in traction

contact. Two rollers roll against each other with

tangential velocity U1, U2 and the relatively large normal

load N is applied to produce the tangential force F. The

relation between N and F is dictated by Coulomb friction

law

F = p N (2.1)

where : traction coefficient.

N

//l'i:ner-;\\\
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Figure 2.2 Enlarged View of a Traction Drive Contact

Due to the rolling motion and the presence of a very

thin layer of traction drive fluid separating the two

bodies, the relative velocity difference between the two

bodies in contact shears the traction fluid. The average

rolling velocity is U = (Ul + U2)/2 and velocity

difference AU = U2 - U1 shears the fluid. The shear

stresses in the fluid enable the transmission of power from

the one roller to the other roller.

The extremely thin film( = 1 mm), the very high contact

10

extremely thin traction drive film as shown in the enlarged

view of the contact in Figure 2.2.
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pressure( 1 GPA) and short time(,=, 1 Asec) of duration of

pressure are typical at the traction drive contact point.

In addition to these extreme conditions, there is elastic

deformation of the contacting bodies. These extreme

condition along with elastic deformation of the contacting

bodies is called elastohydrodynamic(EHD) lubrication. The

deformation of the elastic rollers and shape of contact

area are determined by the classical Hertzian contact

theory. EHD lubrication also can be observed in other

machine elements, such as gears and rolling bearings, and

cams.

Due to the tangential force produced by the traction

contact, the actual pressure distribution of the contact

does not follow the Herzian distribution exactly as shown

in Figure 2.2. Since the pressure distribution does not

differ greatly from Hertzian distribution, the Hertzian

pressure distribution is assumed in traction contact [52].

The film thickness varies from inlet region to rear region,

but variations are so small that they can be ignored [52].

2.2 Previous Experimental Study and Traction Model

2.2.1 Disk Machine Experiment

The traction force is determined by the

characteristics of the traction fluid within the contact.

The rheology of EHD lubrication fluid which undergoes
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extreme conditions can never be conducted in a conventional

experimental device such as a viscometer. Most experimen-

tal studies on traction fluid have been conducted with disk

machines. The basic components of the disc machine is

similar to that shown in Figure 2.1.

The shear stress in the fluid is the source of traction

force. While the film thickness and load are maintained

constant, the traction forces are measured with changing

slip in a disc machine, where slip is defined as AU/U.

Typical traction-slip curve are shown in Figure 2.3. The

traction curve obtained from the disc machine is strongly

dependent on maximum pressure, average speed, temperature,

and slip. The curves in Figure 2.3 are changing in the

direction of the arrow with decrease of average velocity,

and increase of pressure at contact.

Figure 2.3 Typical Traction-Slip Curve with Three Regions
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The traction curve can be divided into three regions

and studies of each region have been made [30]. Region A

is known as the linear, small strain region where traction

increases linearly with slip AU/U. The thermal effects do

not play any part in the observed traction behavior.

Region B is the nonlinear region where traction increases

less rapidly as slip increases. Toward the end of this

region, thermal effects become significant. Region C is

known as the thermal region. It is influenced by the

effect of shear heating. In this region the slip reaches a

"gross slip" state, and the slip rapidly increases and the

contacting surfaces lose their grip. The temperature of

the fluid increases due to the gross slip and causes

lubricant film failure which is followed by metal-to-metal

contact. The metal-to-metal contact may cause serious

problems, such as wear. Therefore region C should be

avoided for traction drive design. Region A, and B are

considered to be design ranges, and a constant temperature

is assumed for the traction drive fluid in order to

establish a traction model for the evaluation of traction

force and torque.

Spin occurs in many EHD lubrication contacts due to

the geometry of rolling elements and it greatly influences

the traction force calculations, as explained later in this

chapter. It is the major focus of this chapter to find the

relationship between average velocity U, maximum pressure



Figure 2.4 Various Traction Models for EHD Lubrication
Conditions [49]
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p, slip, spin, and the traction force. A mathematical

model is needed to evaluate the traction force in terms of

U, p, slip and spin.

2.2.2 Review of Traction Model

In this section, traction models used to calculate

the traction force of EHD lubrication fluid are surveyed,

and a traction model is selected to calculate the traction

force.

The Newtonian fluid model is the simplest model for

development of EHD lubrication theory, as shown in Figure

2.4a.

Most fluids used in the EHD lubrication behave like a

41
A

,

A

a b c

471

TC

411

Tc

e



Newtonian fluid at ambient pressure and temperature. The

Newtonian fluid model states that the traction fluid

behaves like the Newtonian fluid which is assumed to be

perfectly viscous, and shear strain rate is linearly

related to shear stress as

T = n
(2.2)

where : shear stress

: viscosity of fluid

: shear strain rate.

The viscosity of a fluid varies with pressure p and

temperature T, and can be expressed [6,5] as

n = no EXP(p,T) (2.3)

where r : viscosity at ambient pressure and
temperature

no : viscosity at given pressure and
temperature.

The analysis of an isothermal elastohydrodynamic lubri-

cation point contact has been evaluated numerically

[17,18,19,20], and

a finite difference

Reynold's equations

summarized in [21].

15

In these analyses,

finite element method was applied to the Reynold's

equations to solve the EHD lubrication problem [39]. The

theoretical film thickness in an elastohydrodynamically

lubricated contact, determined by the Newtonian fluid

method was used to solve the governing

and elasticity equations. Later, the
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assumption, agrees well with the experimental results.

However, the prediction of traction force, based on the

Newtonian fluid assumption does not agree with experimental

results [49]. Therefore other traction models should be

applied to determine the traction force in EHD lubrication

contact.

If the slip is increased beyond the linear region and

the stress increases less rapidly than the linear region,

the fluid behaves like a non-Newtonian fluid. The first

nonlinear traction model was proposed by Bell et al. [4].

Their model becomes linear and predicts a simple Newtonian

viscosity for the fluid at a small strain rate. At larger

stresses and strain rates the model becomes non-linear as

shown in Figure 2.4b. The proposed model predicted

qualitative agreement, but could not correctly predict the

entire isothermal nonlinear behavior [49].

The limiting shear stress theory was introduced by

Smith [47] who suggested that the fluid reaches a critical

value of shear stress and behaves like a plastic solid

beyond that stress, dependent on pressure and temperature.

A similar model was investigated further by Plint [44] and

Bair and Winer [2,3]. Also the relationship between

limiting shear stress and pressure was investigated

experimentally by Hoglund and Jacobson [26]. The studies

show the existance of a limit shear stress for EHD

lubrication. Based on the limiting shear theory, Tracman



17

and Cheng [53] and Lingard [39] proposed traction models as

in Figures 2.4c and 2.4d respectively. Both models show

linear Newtonian behavior for a small strain rate.

However, for a large strain rate, the stress increases

nonlinearly (Figure 2.4c) and remains Newtonian (Figure

2.4d) until the shear stress reaches the limiting shear

stress. In the Lingard model, the fluid behaves like a

plastic solid after the limiting shear stress is reached.

Lingard's model gives a good agreement with experimental

results [39].

Based on the limiting shear stress theory, the most

recently suggested traction model is proposed by Johnson

and Tevaawerk [30]. The model is capable of describing

linear elastic or viscous, nonlinear viscous, and elastic

/plastic like behavior. The proposed model shows excellent

agrement with experimental results [30,36,38,49]. Johnson

and Tevaawerk suggested that an elastic/plastic type model

may be sufficient for overall analysis of traction drive

performance [49,50]. The traction model, as shown in

Figure 2.4e, is linear elastic at low strain rates, and at

sufficiently high strain rates the shear stress reaches

some limiting value and the film shears like a plastic

solid.

Another nonlinear viscous and plastic model was

introduced recently by Bair and Winer [3]. They proposed a

shear rheological model based on laboratory data for
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Where E Young's modulus

(2.5)
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traction drive contact fluid. The model is a Maxwell visco-

elastic model modified with limiting shear stress. In many

respects, the Bair and Winer model is similar to the

Johnson and Tevarrwerk traction model to be discussed in

detail in the next section.

2.3 Johnson and Tevaarwerk Traction Model

Traction force can be obtained from a solution of the

governing equation of traction drive contact. The Johnson

and Tevaawerk traction model will be used to establish the

governing equation. The governing equation is derived from

the general constitutive equation using plasticity theory

and is discussed as follows.

The total strain rate of traction fluid film is the

sum of elastic strain rate and the plastic strain rate

total = elastic -1- plastic (2.4)

Johnson and Tevaarwerk assumed that the fluid film

behaves like a Prandtl-Ruess elastic perfectly plastic

material. The Prandtl-Ruess equation for an elastic

perfectly plastic material is given in plasticity theory

[10,55] as



: Poisson ratio

stress tensor

kronecker delta

G : shear modulus

strain deviator tensor defined as

eij' = Eij - eSii

and

1

e - =
-3

(611+22+E33)
3

1] stress deviator tensor defined as

aij' = aij - aoij

and

1

= - (a11+a22+633)
3

= 1 when stresses are in plastic state.

= 0 when stresses are in elastic state.

Equation (2.5) is derived from the yield condition

given by

a..'a..' =13 ij

11

3

(2.6)

where is a constant dependent on the material. Equation

(2.5) can be written in rate form as
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e8..+2Ge'..1] )a'..lj-Csaki ekl
1-2y

The shear stress components in the fluid film are azx and

6 for the rolling direction and the transverse direction,zy

respectively, and are written ozx = r x, Ty to reduce

equation (2.7) as follows.

= Gix ryiy)rx
2e2

(2.8

= Giy c (rxix+ryi,y)ry
2e2

Let Te = ir
x

2+7.
y2 and the yield condition (2.6) becomes

22=r 24-7.
X

= r 2
e

(2.7)

(2.9)

Substitute equation (2.9) to (2.8) and rewrite equation

(2.8) as

= Gix774=;(rx7x+ry7y)rx

(2.10)

7ry = G7 C----(rxix+ry7y)ry.

re2

The above equations (2.10) are the governing equations of

shear stress and were used in [50,52] to calculate traction

force in traction drive contact.
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The boundary condition may be found from the contact

ellipse as shown in Figure 2.5. The boundary condition of

equation (2.10) is Tx = Ty = 0 at x = -b,/1-(y/a)2 which

state the condition that there is no shear stress at inlet

boundary.

Hertzian
Pressure
Distributi

Figure 2.5 Contact Ellipse
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where

U : average velocity of contact area in rolling(x)
direction

velocity difference in x direction across the
contact area.

velocity difference in y direction across the
contact area.

relative angular velocity perpendicular to contact
area (spin).

semiminor axis of contact ellipse.

semimajor axis of contact ellipse.

Traction force in x direction.

Traction force in y direction.

The shear strain rates -; and 'Yy can be obtained from

the contact ellipse. The shear strain yx, 'Yy at any

arbitrary point (x,y) as in Figure 2.5 can be expressed

[10] as

1 awz awx
7x = 7zx = ( +

23x az

(2.11)

1 aviz
=ry ,zy =

2 ay
aw17)
az

22

where w w and wz are components of displacement forXf yf
x,y,z directions respectively. Rewrite equations (2.11) in

rate form as

AU :

AV :

ws :

a :

Fx :

Fy :



1 auz aux. .
+ ---)7zx

2 ax az

(2.12)

1 auz
iy = izy = ( ---)

2 ay az

where u, u, and ux are components of relative velocityx y

difference in x,y and z directions respectively. These

can be found in Figure 2.5 as

ux = AU - wsy

u = AV + Wsx (2.13)

uz = 0

The source of velocity difference in transverse

direction AV is the misalignment angle a' as shown in

Figure 2.6.

Since a small amount of misalignment produces a great

amount of negative effect on traction force [35], the

misalignment angle a' should be maintained at zero as much

as possible. Assuming that there is no side slip(AV= ) and

using equation (2.13), (2.12) becomes

AU - cosy

2
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a' misalignment angle

AU : velocity difference in
rolling direction

AV : velocity difference in
transverse direction

Figure 2.6 Velocity Differences in the Rolling Direction
and the Transverse Direction.

The following parameters are introduced to

nondimensionalize the equation (2.10)

X = x/b

24

(2.14)

1 W

7y =
2 h

where h : traction fluid flim thickness in z direction.

With equation (2.14), the governing equation (2.10) can be

solved.



Y = y/a

TX
ZX =

Tc

ry
Z = -

Y
rc

re
Ze = --

rC

where a : semiaxis of contact ellipse in y direction.

: semiaxis of contact ellipse in x direction.

p N
T -C

rab

: average limiting shear strength of traction
fluid film.

Then the equation (2.10) becomes

dZx J3 J1 Zx- (-- - Yi-k-) - F(Ze)--
dx jk J3 Ze

(2.15)

J
dZY 3

- --X - F(Ze) --
dX k Ze

where k = a/b : aspect ratio of contact ellipse.

GliE AU

J1 - nondimensional slip.

Tch U
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GliE w5ja15
33 - : nondimensional spin.

rc h U

and yield condition (2.9) re2 = Tx2 Ty2 becomes in non-

dimensional form

Te2/rc2 =x2 a, Z 2 = ze2 (2.16)

Equation (2.16) is the nondimensionalized yield condition

compatible with equation (2.15). If re = rc or Ze = 1,

this means that, if the equivalant stress re reaches the

average limiting shear stress rc, then plastic yield starts

at that point in the traction drive contact area. In

addition F(Ze) can be expressed using nondimensional slip

JI and spin 33 as

F(Ze) = 0 when Ze < 1 : elastic state

(2.17)

J3{(31 - Y)Zx +
zy X

F(Ze) -
ZejE 33 JIZ

when Ze = 1 : plastic state.

The nondimensional governing equations of traction

forces and torque in traction drive contact are equations

(2.12) and (2.17) with a boundary condition

26

Zx = Z = 0 X = -j1 - Y2. (2.18)



The governing equation (2.15) are to be solved to get the

nondimensional traction forces and nondimensional torque

perpendicular to the contact area, which are defined as

1 1 11

J4 = Zx dX dY

7 L. J-1

Fx Fx

rc7rab AN (2.19)

J1 f11

J6 - -77 (Z X - Zx Y)dX dY
7,/k

(2.20)
a2b ,fro jab.

Where J4 : nondimensional traction force in rolling
direction.

J6 : nondimensional torque perpendicular to
contact area.

To solve equation (2.15), the shear modulus of traction

fluid, G, and average limiting shear strength, rc, must be

known which can be expressed as [52]

3 m N h
G - (2.21)

8 a2b

and
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where in : linear slope of a simple traction-slip test
curve.

p : maximum obtainable traction coefficient.

With equation (2.21) and (2.22), the nondimensional

slip and spin can be expressed as

37 m AU AU

J1 = /E --= C
8 p

3n in

J3=
8 p

3r m
where C /F.

8p

The in and p can be obtained from simple traction drive

experimental results such as in Figure 2.3. The result of

a regression analysis is given [36] in terms of operation

parameters such as maximum pressure p, aspect ratio k,

velocity U, temperature T and spin at contact area.

WSlaT5
p = C1+C2p+C3p2+C4U+C5U2+C6T+C7k+C8 (2.25)

wsiaTD ws-faE-C

28

(2.23)

(2.24)

in = C9+Clop+Cilln(p)+Ci2U+Ci3U2 +1014T+Ci5k (2.26)

/IN

Tc (2.22)
rab



where p : maximum contact pressure GPA

k : aspect ratio of contact ellipes

U : average velocity (1114-U2)/2

T : temperature of traction fluid

29

Table 2.1 Coefficient of Regression Equation (2.23),(2.24)
[36]

Coef. Santo 50 TDF-88 Coef. Santo 50 TDF-88

C1 101.4 51.3 C8 0.0726 0.0733

C2 -45.48 -6.53 C9 0.0477 0.0443

C3 69.44 17.20 C10 -0.0102 -0.0116

C4 -0.288 -0.646 C11 -6.92E-4 -7.34E-4

C5 1.30E-3 4.99E-3 C12 2.74E-6 2.38E-6

C6 6.63E-2 0.236 C13 -2.13E-4 -9.08E-5

C7 -2.99 -1.24

_

C14 -3.4E-4 -1.88E-3

C15 -1.22 -0.44

cosja-To
: SPIN(nondimensional spin parameter)

The coefficient of the equation (2.23),(2.24) for two

traction fluids, Santotrac 50 and TDF-88, are given as

in Table 2.1 [36].



To solve equation (2.15) divide the equation into an

elastic state and a plastic state depending on whether or

not the plastic yield condition is reached.

In elastic region Zx2+Zy2 < 1, the equation becomes

dZx J1
- J3Y

dX

(2.27)

J3dZY

dX

Equation (2.27) can be solved with the boundary

condition (2.18) as

1
Zx = (X +/1-Y2)(-- - J3Y)

(2.28)

1 J3
Z = (X2 + Y2-1).2k

In a plastic state, Zx2+Zy2 = 1, the equation becomes

dZx J1 J3
(-- - J3Y)Zy2 - --X ZxZy

dX 1E

(2.29)

J3
dZY

JI
-- X Zx2 - (-- - J3Y)ZxZy.

dX

30

The boundary condition for the begining of the plastic



region is the Zx, Zy value at the end of the elastic

region. The analytical solution to the equation in the

plastic region (2.29) is not known. However the equation

can be solved numerically.

2.4 Numerical Solution of Governing Equation

Equation (2.15) should be solved for Zx and Zy over the

contact area to find the nondimensional traction force J4

and torque J6 using equations (2.19) and (2.20). There is

no analytical solution available for the governing equation

(2.29) in the plastic state, Nevertheless the equation can

be solved numerically using a fourth order Runge-Kutta

method [13]. Then the traction force in the rolling

direction Fx can be evaluated by

FxYXN = AJ4N (2.30)

where : traction coeffcient.

A : maximum obtainable traction coefficient.

In equation (2.15) the JI and J3 are defined as

G517) AU
J -
1

rch U

and

31

37 m AU AU
(2.23)

8 A



3n m ws wsia-E1E -c
8 p

3n in
where C JR:

8 p

The nondimensional parameter C depends on maximum

pressure nmax, aspect ratio k, average velocity U,-

temperature T, and spin parameter wsjE/U because, from

equations (2.25) and (2.26), both m and A are functions of

p, k, U, T, and spin parameter w5/a15/U. Thus if p, k, U,

T, wsja-E/U and slip are known, then the J1 and J3 can be

calculated by equations (2.23) and (2.24). With the

knowledge of J1, J3, k, and boundary conditions, equation

(2.15) can be solved. The procedure and program listing

are given in Appendix A.

A comparision is made between calculated results of

traction coefficient based on the Johnson and Tevaarwerk

traction model the experimental results from the disc

machine. These are plotted in Figure 2.7. This figure

shows that the results from the mathematical model agree

well with the experimental results. The mean deviation of

experimental results from theoretical results is given in

the figure for each case. It also shows that the traction

32

(2.24)

GiaB wsja-E
J3-

h
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0.01 0.02 0.03 0.04

Slip

mean deviation
A : 0.003882
B : 0.005211

b)

Figure 2.7 Comparision of Calculated Traction Coefficient
with Experimental Results. a): Without Spin
b): With Spin
Experimental Data from a): (511 b):[381

Fluid : Santotrac 50
p = 1.9 CPA
k = 1.7625
U = 15.5 m/sec
T = 70° c

SPIN = 0

Traction

Theory
+ , 0: Experiment

Fluid : Santotrac 50
p = 1.8 CPA
k = 1.6
U = 8.4 in/sec

T = 50° c
SPIN

A : 0.012
B : 0.0176

Traction
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coefficient is larger for the no-spin condition than that

when spin is present. Also more slip occurs if spin is

present to obtain the same traction coefficient. As seen

in Figure 2.7a the maximum traction coefficient is reached

when slip is about 0.005 for the no spin case. However in

Figure 2.7b, the maximum traction coefficient is reached

when slip is about 0.02. With larger slip, the traction

coefficient does not increase and the thermal effects

become significant.

2.5 Maximum Contact Pressure and Aspect Ratio of Elliptical

Contact

The solution of governing equation (2.15) can be

obtained with knowledge of p, k, U, T, and wsja15/U. In this

section the approximate solution for p, k, and JB is
obtained from the Hertz ian theory.

When two elastic rollers are pressed together under

normal load N, the general shape of the contact area is an

ellipse. The size of the ellipse depends on the applied

load N and the dimensions of the roller as shown in Figure

2.8. Where r1x/ r2x are principal radii in x direction of

the bodies and r1y1 r2 are principal radii in y direction

of the bodies.

The pressure distribution over the contact area can be

obtained from the classical Hertz solution [23] in the

following equation.



Figure 2.8 Geometry of Contacting Elastic Solids

P=PmaxJ1-(x/b)2_(Y/a)2

max = 3N/2wab.P

Equation (2.31) shows that the pressure is maximum at the

center of the contact area and zero at the boundary.

The aspect ratio k is the ratio of the semimajor and

semiminor axis of the contact ellipse as

a
k = (2.33)

The classical Hertz contact solution requires the

calculation of the aspect ratio, k; and the complete
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where r, the curvature difference, is obtained from

1 1
p =

Rx RY

1 1 1
-

Rx rlx r2x

and

:Elliptic integral of the second kind.

1 1 1
-

R r1y r2y

36

elliptic integrals of the first and second kind, 0, A

repectively. The aspect ratio k can be expressed in terms

of the curvature difference r, o and A as

(2.35)

k

where

0

A

20 - A(i+r) 0.5
- (2.34)

=

=

A(1-F)

:Elliptic

jw/2
1

(1 - (1 - --)Sin2n)-°'5 dn

0 k2

integral of the first kind.

J

7r/2
1

(1 - (1 - --)Sin2n)°*5 dn

0 k2



1 1

r = (- - --)(1/p)
Rx Ry

The calculation of k, 0, and A require an iterative

numerical procedure. However fairly good approximate

solutions are given by Hamrock and Brewe [22]. A power fit

using a linear regression analysis by the method of least

squares results in the following equations.

where ' denotes an approximation to the value.

When k, applied load N, possion ratio v, and Young

modulus E of bodies 1 and 2 are known, then a, and b can be

evaluated by the Hertz equation

6k'2A' NR (1/3)

where

.71-kiE12

(2.36)

37

6A' NR (1/3)

k' = 1.0339(Ry/Rx)06360 (2.37)

0.5968
A' = 1.0003 + (2.38)

(Ry/Rx)

= 1.5277 + 0.60231n(Ry/Rx) (2.39)

a - (2.40)

b - (2.41)



E12-

2

1-v2i 1--v22

E2E1

El and E2 are Young's modulus of bodies 1 and 2. Then Pmax

can be calculated using equation (2.32).
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CHAPTER 3

KINEMATICS OF TRACTION DRIVE CONTACT

3.1 Introduction

The kinematics of general traction drive contact will

be discussed in this chapter. Two configurations; Toroidal

Traction Drive and Kopp Ball Variator, have been chosen to

illustrate the kinematics of the configurations.

The kinematics of traction drive contact can be

understood as composed of two touching rolling elements of

various geometric configurations. The traction force in

the contact is dictated by the amount of spin and slip

across the contact. The amount of slip depends on not only

the geometry of the traction drive but also the output

torque and applied normal force at the contact. The spin,

however, can be decided by the geometry of a traction drive

alone. Spin generally occurs in traction drives using

rollers with nonparallel rotation axes. This feature is

inevitably present in all traction drive CVTs that change

configuration for speed variation. Spin causes power loss,

reduces available traction force, and generates traction

forces perpendicular to the rolling direction. Thus, spin

has ill effect on traction drives and should be maintained

as small as possible to have best performance.

3.2 Spin in General Traction Drive Contact
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For optimal performance, it is necessary to find a

traction drive configuration that results in a minimum

amount of spin. The minimum spin configuration can be

found in a graphical representation of a spin equation of

general traction drive contact. The general contact

geometry in a traction drive is shown in Figure 3.1.

Roller 1

Figure 3.1 Spin Geometry in Traction Drive Contact

The angular velocities of Roller 1 and 2 are given as

wi and w2. Angular velocities perpendicular to the

tangential contact plane are wisina and w2sin(p-a) on

Roller 1 and Roller 2, respectively, where a is the angle

I sin a

40



where =
col

R1
A = =

R2 W1

R1,R2 : distance from rotation axis to center of
contacts.

41

between rotation axis and tangential contact plane and 0 is
the angle between the two rotation axes. The relative

angular velocity difference perpendicular to the contact

area (spin) is ws, and can be expressed as

Ws = WiSina W2Sin(0-a). (3.1)

For an idle condition, that is, when there is no

tangential force, then there exists no slip across the

contact, and

(A)i R2
= (3.2)

(4)2 R1.

Rewrite

ws

(3.1) as

W2
= sina - sin(p-a) (3.3)

W1

or

W1

T = sina - A sin(/3-a) (3.4)
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In equation (3.4) the ratio * is ratio of spin to input

angular velocity. This ratio was used in refrences [56,58]

to describe the kinematic relations between two rollers.

"A" is the ratio of two rollers' angular velocity.

In general, R1, R2, a, and p change with changing speed

in various traction drive CVT configurations. Thus * is

changing also. For pure rolling, * should be equal to

zero. Pure rolling is the ideal condition for minimum

power loss in a traction drive. Therefore, a near pure

rolling traction drive configuration has a great advantage

for minimum power loss during power transmission. To find

the minimum spin configuration, the equation (3.4) is

plotted as shown in Figure 3.2a, b, c for A=1, 0.5, 2.0

respectively. In Figure 3.2 the constant * lines are

plotted for 0° < a < 90° and -45° < p < 135° for A = 1,

0.5, and 2.0.

Region I represents the contact geometry 20° < a < 700,

and 60° < p < 120°. The traction drive configuration can

be drawn as in Figure 3.3a. In this region the * is in

the range from roughly -0.6 to 1.0 for A = 1 and -0.2 to

1.0 for A = 0.5 and -1.6 to 1.2 for A = 2. The contact

configuration for Region I shows a smaller value of T than

any other contact configuration, and the configuration can

be found in Toroidal Traction Drive contact as shown in

Figures 3.3b and 1.1a.
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a (degree)

Figure 3.2a Constant T Lines for A = 1.0
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A= 0.5
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Figure 3.2b Constant y Lines for A = 0.5
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A= 2.0
o 10 20 30 40 50 60 70 80 90

135 i 135

10 20 30 40 50 60 70
a (degree)

Figure 3.2c Constant y Lines for A = 2.0
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a) 20°<a<70°, 60°<9<1200 b) Toroidal Traction
Drive Contact

Figure 3.3 Traction Drive Configuration for Region I

In Region II, where 300 < a < 70° and 40° < p < 40°,

the range of * is roughly from 0.4 to 1.8, which is

relatively higher than * in Region I. In this region, the

traction drive configuration can be drawn as in Figure

3.4a. This configuration can be found in Kopp Ball

Variator as shown in Figures 3.4b and 1.1b.

In Region III, 0° < a < 30°, and p = 0°. Then equation

(3.4) becomes

= sina + sina = 2sina (3.5)

for A =1, and 11, is in a range from 0 to 1.0. The

configuration for this region can be drawn as in Figure

46



3.5a and can be found in a Parallel Cone configuration as

in Figures 3.5b and 1.1c.

L I

Figure 3.5 Traction Drive Configuration for Region III
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a) 30°<a<70°, -400<i3<400 b) Kopp Ball Variator
Contact

Figure 3.4 Traction Drive Configuration for Region II

a) oo<a<300, p=00 b) Parallel Cone Contact



In Region IV, a = 0°, and 00 < p < 40°. Then equation

(3.4) becomes

T = - sine (3.6)

for A = 1, and T is in a range from 0 to -0.64. The

configuration for this region can be shown as in Figure

3.6a, can be found in Kopp Roller Variator as in Figures

3.6b and 1.1d.
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a) ce=00, 00<<4O0 b) Kopp Roller Variator
Contact

Figure 3.6 Traction Drive Configuration for Region IV

In Region V, a = 90°, and 50° < < 90°. Then equation

(3.4) becomes



a=90°, 500<$<900

Figure 3.7 Traction Drive Configuration for Region V

Regions I to V are summarized in Table 3.1 for A = 1.

However, theoretically, an infinite number of configuration

combinations of a, fi, A are possible for Traction Drives.
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11, = 1 - sin(8-a) = 1 + cosfi (3.7)

for A = 1, the 41 is in a range from 1 to 1.64. The

configuration for this region can be shown as in Figures

3.7 and 1.1e.



Table 3.1 Summary of Regions I to V for A=1.0

The pure rolling lines are shown in Figure 3.2. If one

angle (a or 13) is known, then the other angle can be found.

The pure rolling line represents where two rotation axis

and the tangent of contact coincide at one point (Figure

3.8a) or are parallel to each other (Figure 3.8b).

Figure 3.8 Pure Rolling Contact
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Region a
13

if Figure

I 20°<a<70° 600<8<1200 -0.6<*<1.0 Figure3.3

II 30°<a<70° -400<fi<400 0.4<t<1.8 Figure3.4

III 00<a<300 00 0.0<111<1.0 Figure3.5

IV 00 00<p<400 -0.64<*<0.0 Figure3.6

V 900 500<8<900 1.0<*<1.65 Figure3.7

a) b)
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In general, spin is inevitable in most traction drive

configurations because the geometry is changing with speed

ratio change. In some cases there is one pure rolling

speed ratio for a given speed ratio range. Pure rolling is

physically possible in Region I as shown in Figure 3.2.

The kinematics of the Region I configuration, for example

the Toroidal Traction Drive, will be studied further

because it has relatively small value of T and pure rolling

is possible in this configuration. Also a Region II

configuration, for example the Kopp Ball Variator, will be

discussed because it has relatively large values of T.

3.3 Kinematics of the Toroidal Traction Drive

3.3.1 Principles of Operation

The speed change in a Toroidal Traction Drive CVT

can be understood from Figure 3.9. The power from the

input shaft passes to the input drive roller and to the

middle roller through the input TD contact. Then the power

is transmitted to the output roller and output shaft

through the output contact as shown in Figure 3.9.

The output speed regulation can be achieved by tilting

the middle roller to change the distance from the rotation

axes of the input and output rollers to the center of the

contact Ri, Ro as in Figure 3.9. If the inclination angle

0 is less than zero (counterclockwise) then the speed



ratio SR = wo/wi is greater than 1 as in Figure 3.9a. If

0 is greater than zero (clockwise),then the speed ratio is

less than 1 as in Figure 3.9c.

output contact
oint

out ut roller

middle roller

input contact
jut

input roller

a) SR > 1

SR = 1

SR < 1
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Figure 3.9 Speed Change of the Toroidal Traction Drive.

3.3.2 Kinematic Analysis of the Toroidal Traction Drive

A discussion of the kinematic analysis of the

Toroidal Traction Drive follows. The relationships among

the dimensions of the traction drive, speeds and slip at

both contacts will be derived based on the geometry of the

configuration.



AU
SLIPo = (---)o

where

AU : velocity difference at contact

U : average velocity at contact

subscript i : input contact

subscript o : output contact

Also

= SRwi

U wi Ri

U0 = wo Ro

(3.9)
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There is sliping that shears the traction fluid to

produce the traction force and transmit power at both input

and output contact points. The amount of slip is

determined by the applied normal force, output torque

output speed, and dimensions of the Torodial Traction

Drive. The slip at the input contact is SLIPi and the

slip at output contact is SLIP0.

AU
SLIPi = (---)i (3.8)

where U : velocity at input contact point on the
input roller

Uo : velocity at output contact point on the
output roller



input angular velocity

wo : output angular velocity

SR : speed ratio

Ri : distance from input rotation axis to
center of input contact

Ro : distance from output rotation axis to
center of output contact

The velocity difference in rolling direction across

the input and output contact points are AUi and AU0,

2

Where AU1 : velocity difference at input contact

AU() : velocity difference at output contact

velocity at input contact on the middle
roller

: velocity at output contact on the middlemo
roller.

Uai : average velocity at input contact

Uao : average velocity at output contact
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respectively, and can be written as

AU. = U. - U (3.13)

AUo = U mo - Uo (3.14)

Ual

(Ui
-

U mi)
(3.15)

2

(Umo + U0)

Uao (3.16)



Solving equations (3.13) through (3.16) for Umi and Umo

and

From Figure 3.10 the distances from the contact point

to the rotation axis of the ball are Ri and Ro which

regulate the speed ratio of the Toroidal Traction Drive are

given as

U) =w sin (8+) -wmcos°
SO 0

2 - SLIP.1
U . - U.mi 1

2 + SLIP.1

2 + SLIPo
U - Uomo

2 - SLIPo

w51 =w. sin (e-4)) -WinoOS
1
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(3.17)

(3.18)

Figure 3.10 Basic Geometry of the Toroidal Traction Drive



The angular velocity of the middle roller is

Umi mo
wm -

Rmsin0
(3.21)

because Umi = Umo.

The relative angular velocity perpendicular to the

contact area (spin) at input and output contact wsi and wso

are

wsi = wi sin(0 - 0) -m cos0 (3.22)

= sin(0 + 0) - w cos0 . (3.23)so wo

where

wsi : spin at input contact.

: spin at output contact.so

Uo, the velocity at contact on the output roller, can
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Ri = D - Rm cos(0 - 0) (3.19)

and

Ro = D - Rm cos(0 + 0). (3.20)

where D : distance from rotation axis of input and
output to the tilting center of middle roller.

: distance from rotation axis of middle roller
to the center of contact.

0 : cone angle of middle roller.

0 : inclination angle.



be rewritten from equations (3.17), (3.18), and relation

U = Umi mo*

(2 - SLIP0)(2 - SLIP)
U. = T U.

(2 + SLIP0)(2 + SLIP)

where

where
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(3.24)

(2 - SLIP0)(2 - SLIPi)
(3.25)

(2 + SLIP0)(2 + SLIP).

In equation (3.25) the T depends on only SLIPi and SLIP°.

For idle operation T is equal to 1 because there is no

slip, and for normal operation T is less than 1 because

slip always occurs at the contact areas.

Combining equations (3.24), (3.10) and (3.12)

R. SR
= -- (3.26)

Ro T.

Let SR' = SR/T , substitute Ri and Ro from equation (3.19)

and (3.20) into (3.26) and solve for 0

-B - 82 -(A2+B2)(1-A2)
0 = sin-1( when SR' < 0

A2 + B2

(3.27)

-B + B2 -(A2+B2)(1-A2)
0 = sin-,{ when SR' > 0

A2 + B2



Rmcos0
A=

Rm(SR'+1)
B- sin0

D(SR'-1)

Equation (3.27) is the geometric relation of a Toroidal

Traction Drive. From the above equation, the inclination

angle 0 can be evaluated if the speed ratio SR, SLIP,

SLIP°, and other basic geometric dimensions Rm, D, 0 are

known. In Chapter 5, these variables are part of design

variables to optimize the power loss of the Toridal

Traction Drive.

The spin to input angular velocity ratio at input

contact can be evaluated as Wi = sinai - Aisin(pi-ai) and

from Figure 3.11

a = 0 -

= 90° -

Figure 3.11 Input Contact of the Toroidal Traction Drive
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From equation (3.3)

A1-
Rmsin0
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Ti = sin(0 - 0) - Aicos8. (3.28)

If slip is present in equation (3.28), then the equation

would be the same as spin equation (3.22) at input contact.

Because of symmetry, only the input side is considered in

the above analysis.

3.4 Kinematics of the Kopp Ball Variator

3.4.1 Principles of Operation

The speed change in a Kopp Ball Variator is

illustrated in Figure 3.12. The power from the input shaft

passes to the input drive cone and then to a series of

drive balls. From the drive balls, power is transmitted

through the output drive cone. Regulation of output speed

is accomplished by changing the distance (rilli and r m2) to

the center of contact from the rotation axis of the ball as

shown in Figure 3.12. Speed change in a Kopp Ball Variator

can be achieved by changing the inclination angle 0 as

shown in Figure 3.12. If the inclination angle 0 is less

than 00 (clockwise) then the speed ratio SR is greater

than 1 (Figure 3.12a). If the inclination angle is greater

than 0° (counterclockwise) then the speed ratio SR is less



than 1 (Figure 3.12c).

rm2

rmi

Output cone

Retaining ring
Ball

output input

Input cone

a) SR > 1

b) SR = 1

c) SR < 1

Figure 3.12 Speed Change of the Kopp Ball Variator

The applied normal force produces a contact ellipse

at the input and output contact areas. The shape of the

contact ellipse depends on the geometry of the Kopp Ball
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Variator and the applied normal force. Since the applied

normal force and the geometry are same at both contact

points, the shape of the ellipses are also same at both

contact points. Therefore, the maximum contact pressure p

and aspect ratio k are the same at the input and output

contacts. The maximum contact pressure p and aspect ratio

k at the contact points are determined by the basic

dimensions and the applied normal force from equations

(2.32) and (2.33).

Pi = Po (3.29)

ki = ko = k (3.30)

3.4.2 Kinematic Anlysis of the Kopp Ball Variator

The kinematic relation for the Toroidal Traction

Drive, equations (3.8) through (3.18), are applicable to

the Kopp Ball Variator, since the equations are independent

of geometry for calculating Umi and Umo.

From Figure 3.13 the distance from the contact point

to the rotation axis of the ball is rmi and rmo, which

regulate the speed ratio of the Kopp Ball Variator.

rmi = Rmcos(0 - 0) (3.31)

rmo = Rmcos(0 + 0) (3.32)

where



Rm : radius of the middle ball

o : cone angle

0 : inclination angle.

msin ei,(0)

w
0
sine conisin

w .w sine + wmsin0so o

Input

Figure 3.13 Basic Geometry of the Kopp Ball Variator

The angular velocity of the ball is

(4)M =

Umi MO
(3.33)

rmi mo

Rearanging equation (3.33) with equations (3.31) and (3.32)

mo rmi

Umi mo

Rmcos(0 + 0)
(3.34)

Rmcos(O - 0)

siw .w.sine+wmsin0-0
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and from equations (3.17), (3.18,) and (3.25)

Umo (2 + SLIP0)(2 + SLIPi) U0

and

Umi (2 - SLIP0)(2 - SLIP!) Ui

1 Uo

T

Uo=Rowo Ul= R.SRw. = SR .

Therefore, from equations (3.34), (3.35), and (3.36)

Smo R
= = SR'

Urn!

and

63

(3.35)

3.36)

(3.37)

cos(0 + 0)
SR' - (3.38)

cos(0 - 0).

SR' is the speed ratio of input contact and output contact

on the ball. Solving equation (3.38) for 0 in terms of 0

and SR' yields

1 - SR'
0 = tan-1{ (3.39)

(1 + SR') tan0

The inclination angle equation (3.39) corresponds to

equation (3.28) for the Toroidal Traction Drive.

From Figure 3.13 the spin can be written as



wsi = wisin0 + wmsin(0-0)

wso = wosine + wmsin(0+0)

where wsi, wso are spin at input and output contact

respectively. Equation (3.40) and (3,41) provide same

information as eqautions (3.22) and (3.23) for the Toroidal

Traction Drive.

For the Kopp Ball Variator, * can be obtained from

Figure 3.14 as, ai = 0 and fli =

Ri R.
A -

r Rmcos(a-fl.)mi i

Rmcos(0-0)

= sine + (Ri/Rm)tan(8-0) (3.42)

Figure 3.14 Input Contact of the Kopp Ball Variator
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(3.40)

(3.41)

*i = sine - sin(0-0)
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If slip were included in equation (3.42), then the equation

would be same as spin equation (3.40).



CHAPTER 4

GENERAL STRATEGIES OF OPTIMIZATION AND THE

GENERALIZED REDUCED GRADIENT METHOD

4.1 Introduction

In Chapter 1, the objective of this dissertation was

stated as the optimal design of Traction Drive CVTs for

maximum efficiency. To achieve this objective, the design

problem was formulated to apply a chosen optimization

algorithm. In this chapter the general engineering

optimization problem is described and an optimization

algorithm is discussed.

Optimization theory uses mathematical and numerical

methods to find a best possible alternative from a

collection of alternatives without evaluating all possible

solutions. To make use of optimization theory, an

optimization problem must be formulated from the real

physical model to a mathematical form. A strategy of

problem formulation for engineering optimization is

discussed and a brief description of the Generalized

Reduced Gradient(GRG) method is given for a selected

algorithim to optimize the problem at hand.

4.2 Optimal Solution

In problems of engineering design, the engineer

intuitively tries to find the best possible solution, one
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that satisfies all significant constraints of the desired

performance. These constraints might involve size,

material, manufacturing limitation, cost or marketing

consideration, and so on. A feasible solution is a

solution which barely satifies all constraints. In

contrast, an optimum solution is a solution which not only

satisfies all constraints, but also has the best

performance. In many cases, the feasible solution of the

engineering design problem provides satisfactory

performance. However, in such cases, an optimal solution

of engineering design will result in invaluable savings or

in a considerable improvement in performance or quality.

Therefore, if there is the possiblity of improvement of

design performance by using optimization techniques in

design, then it is best to apply the technique toward an

optimum solution.

Most engineering design problems can not be solved

intuitively or examined for all possible combinations of

the design variable because of the complex relationships

and constraints among design variables. Optimization

theories [9,25,27,45] were developed to handle these

complex situations easily through mathematical and

numerical methods. To find an optimum solution using

available algorithms, the real physical system should first

be expressed in mathematical form. This is the problem

formulation step which is discussed in the next section.
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4.3 Problem Formulation for Optimization

In most engineering applications, the optimization

algorithm is available as coded software. However, the

time-consuming and expensive part of an optimal design is

the problem formulation, preparation for the solution and

preliminary troubleshooting runs [45]. A good problem

formulation is the key to success in an optimal design.

Good problem formulation skills are learned not only

through experience of previous successes and failures, but

also thorough understanding of the given problem and the

optimization algorithm [45]. There are some general rules

to formulate a problem for optimization.

Most engineering optimization problems can be worked

out with the help of a mathematical model that is a

simplified mathematical representation of the real system.

Models are used in optimal engineering design problems

because they offer the cheapest and fastest way of studying

the effects of change in key design variables on system

performance. The model is composed of equations describing

physical laws, requirements of engineering codes, and in-

equalities that define allowable operating ranges,

performance ranges, and limitations in available resources.

In the first stage of problem formulation for

optimization, it is good practice to include only

functional constraints, that is, those that carry physical

significance (e.g., expression of physical laws,
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definitions or requirements of engineering codes) and to

exclude the practical or regional constraints that impose

estimated bounds (e.g., practical limits on size, cost or

other reasonable limits of common practice). The optimal

design problem may have an optimum which violates the

practical constraints only slightly but is significantly

better than the optimum of the model that includes the

practical constraints. In this case, the designer can

decide if the constraints can be slightly relaxed to

include that optimal design.

Other key elements in problem formulation include the

selection of independent design variables that adequately

characterize the candidate designs or operating conditions

of the system. It is important to include in the problem

formulation all the significant variables that influence

the operation of the system.

From the problem formulation, the general summarized

expression of a model for optimal design can be written as

follows,

minimize f(x) x=[x11x2, xi]t (4.1)

subject to

g1() = 0 1 = 1,2, .... L (4.2)

hk(x) > 0 k = 1,2, .... K (4.3)
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xi1 < x i = 1,2, .... I (4.4)

The preceding equation system (4.1), (4.2) and (4.3) is

called the constrained optimization problem. Equation

(4.1) is the objective function, and (4.2), (4.3) are

constraint equations. The objective function (4.1) is

generally a nonlinear function of design variables of xi (i

= 1,2, ... I). If a problem is actually maximizing

function f(x), it can be easily converted to an equivalent

minimization problem by reciprocation of f(x) or negative

of f(x). The functions hk(x) are called inequality

constraints or regional constraints, and the functions

gi(x) are called equality constraints or functional

constraints. The xi is a vector containing the design

variables which have upper and lower bounds as given in

(4.4). The functions f(x), g1(x) and hk(x) are functions of

xi and can be evaluated if xi are known, by simple

substitution of xi to each equation or complex numerical

procedures.

If equations (4.1) through (4.3) are linear functions

of xi, then the problem is a case of linear programming

problem. The linear programming technique is widely used

to solve a number of engineering, economic, industrial, and

military problems. The Simplex Method of linear

programming has become highly developed and most linear

problems can be solved using this method [45]. In most

engineering optimal design problems, equations (4.1)
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through (4.3) are nonlinear functions of xi. This is

called the nonlinear programming problem. Even though

there exist many nonlinear programming algorithms, there is

no general algorithm to find the optimum point in a

nonlinear programming problem as there is in the linear

problem with the Simplex Method. The three algorithms

considered most successful for nonlinear programming

problems are Sucessive Linear Programming [15], Succesive

Quadratic Programming [43] and the Generalized Reduced

Gradient Method [11]. Of these three, the Generalized

Reduced Gradient (GRG) method is ranked as the most

reliable and robust nonlinear algorithm for solving a

nonlinear problem [11,33,46].

4.4 The Generalized Reduced Gradient (GRG) Method

The GRG method was selected for optimal design of

traction drive CVT, because the GRG method has proven that

it is one of the most reliable nonlinear programming

algorithms.

The earliest work on GRG method was by Abadie and

Carpenter [1]. This is a generalization of Wolfe's method

of linear constraints to nonlinear constraints in nonlinear

programming problems. The GRG algorithm can be found in

many references [1,11,25,33,34,40,43,45]. Many codes have

been developed and implemented based on this algorithm with

only minor changes. A list of algorithm developers and
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names of software can be found in Waren and Lasdon [34].

The GRG method requires converting the inequality

constraints (4.3) to equality constraints using slack

variables and adding to existing equality constraints (4.2)

as

gm(x) = 0 X = [X1,X2, .00 XN]t (4.5)

where m = 1,2, ... M

M = L + K.

N = I + K.

Hence the problem described by equations (4.1) through

(4.3) can be rewritten as

minimize f(x) x = [x11x2, xN]t (4.6)

subject to gm(x) = 0 m = 1,2,....M (4.7)

xnl< xn < xnu n = 1,2,....N

where xn now contains both the original variables of the

problem and the slack variables.

The problem has N independent design variables and M

constraint functions. N must be greater than M, because if

M is greater than N there are more equations than unknowns,

a situation that is too restrictive to be optimized. For

the case of N > M there are an infinite number of feasible

solutions which satisfy only the constraints. The basic
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idea of the GRG method is to reduce the number of design

variables from N to N - M variables using the constraint

equation (4.6) and then eliminating the constraint

equation.

The GRG algorithm divides the design variable vector xn

into xd which is called decision variable (nonbasic

variable in linear programming, or related parameter in

Johnson's MOD [58]), and xs which is called the state

variable (basic variable in linear programming, or

eliminated parameter in Johnson's MOD)

[Xn] = (Xd, Xs] n = 1,2,....N (4.8)

where

xd : decision variable d=1,2 ,....D

xs : state variable s=1,2 ,....S

N = D + S and S = M, D = N - M. Then the constraint

equation (4.6) becomes

gm(Xd,Xs) = ° in = 1,2,....M (4.9)

The purpose of dividing x as in (4.8) is to solve the

constraint equation (4.9) for xd in terms of xs.

xs = zs(xd) s = 1,2,....S (4.10)

The state variable xs can be evaluated if decision

variables xd are known by equation (4.10). Then the

objective function becomes



Where
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fOscpxs) = f{xclizs(xd)} = F(xd)- (4.11)

Equation F(xd), called the reduced problem, is the new

unconstrained objective function to be minimized with D =

N - M design variables.

In most cases, the equality constraints (4.9) are

algebraically complex so that such explicit elimination as

(4.10) is not possible. In those cases, a reduction of the

problem to (4.11) may still be possible through the

implicit solution of (4.9).

In the vicinity of a feasible point, the Taylor series

expansion of (4.9) with only first-order terms can be

written as

agm agm
dgm - dxd + ---dxs = 0 . m = 1,2,....M (4.12)

axd axs

Solving (4.12) for dxs as

agm -1 agm
dxs = - dx (4.13)

axs
d

8xd

and rewriting (4.13) in matrix notation as

[dxs]t = _[Eis1-1rn 1
LDCIJP-44*d-lt. (4.14)



[Bd] =

agm
J =

ax

axdl axd2

agm agm

axdl axd2

agi

The Jacobian matrix of gm can be partitioned as

m = 1,2,....M
i=1,2 .....I

agl agl

axi ax2 ax

agm agm agm

axi ax2 axN

= [ Bd
I

Bd

(Mx(N-M)) (MxM)

The Taylor series expansion of (4.11) at a feasible

axdm_N

agm

axdm_N
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[Bs] =

and

agm

axsl

agi

axs2

agi

axsM

agi

agl agi ag1

axsl axs2 axsM



point gives

Equation (4.16) can be expressed in matrix notation to

obtain the reduced gradient VdF

CydF]t = [df]t psf]t [Bsrl [Bd]. (4.17)

The reduced gradient defines the rate of change of the

objective function with respect to the decision variable

with the state variable adjusted to maintain feasibility

[11].

The necessary condition for a local minimum expressed

in terms of the reduced gradient is that the elements of

the reduced gradient vanish.

1.2dF1 (4.18)

The condition (4.18) is same as Kuhn-Tucker condition for

the existence of a constrained relative minimum[11,45].

The GRG method uses the reduced gradient to locate

better values of the objective function as
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aF af af
--dxd --dxd + --dxs (4.15)

axd axd axs .

Substituting (4.13) into (4.15) yields

aF af af
-

agm--1 agm
(4.16)

axd axd a xs a x s axd
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k+1 _
Ad - Ad ' A "(14'

(4.19)

where A is the parameter of the line search along the

direction of reduced gradient vdF. A line search on A is

used to locate the optimum of F along the reduced gradient

line from a feasible point xdk+1. The A should be adjusted

in (4.19) to satisfy the constraint equation (4.9). The

greatest computational effort involved in the GRG method is

the solution of the simultaneous nonlinear equation (4.9)

for an adjusted value of A to satisfy the constraint

equation.



CHAPTER 5

AN OPTIMAL DESIGN OF THE TOROIDAL TRACTION DRIVE

5.1 Introduction

In this chapter the Toroidal Traction Drive will be

used as an example to demonstrate problem formulation and

optimal design procedures.

There are two sources of power loss during power

transfer in a traction drive CVT. One is the power loss

due to spin and slip at the traction drive contact, and the

other is power loss due to bearing friction torque. The

sum of the two power losses is the objective function to be

minimized. The constraint equations for the Toroidal

Traction Drive are derived from physical laws, geometric

relationships and restrictions on operating condition such

as maximum pressure, aspect ratio, fatigue life of contacts

and so on.

An optimal design of a 1494 Watt (2-hp) Toroidal

Traction Drive unit provides an example of optimal design

procedures. Specific numerical values are given to the

parameters in the objective function and constraint

equations and bearings are selected for the unit to

calculate bearing losses. The design variables are

introduced from real physical dimensions of the traction

drive and the operating conditions. The optimization

problem was implemented in a GRG code called OPT. The
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optimum dimensions were found for SR = 1.0. For other

speed ratios the design variables are reduced only to

operating conditions, because the physical dimensions of

the traction drive do not change with different speed

ratios. The optimal design results are discussed at the

end of this chapter.

5.2 Power Loss in a Traction Drive

Total power loss is the sum of losses due to slip and

spin at contact and losses due to bearings. Each type of

loss is discussed in the following subsections.

5.2.1 Power Loss at Contact

The mathematical expression of power loss at

each contact can be obtained by use of the traction force

equation and the torque equation from Chapter 2. The

traction force was calculated using equations (2.19) and

(2.20) with equation (2.15). The power losses during power

transmission through traction drive contact are the sum of

power loss due to slip in rolling direction FU and power

loss due to spin Tws, where T and ws are torque and spin

perpendicular to contact area, respectively. There is no

power loss due to side slip because it is assumed that

there no is misalignment. Therefore, the power loss at

contact, Lc, can be written as
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Lc = FxAU + Tws. (5.1)



80

From (2.19) and (2.20)

Fx = y N J4 (5.2)

T = p Nja-E06. (5.3)

Substituting above equations to (5.1) and using (2.38) and

(2.39)

Lc = J4ANAU + J6AN/Ew5

ANU CAU ANU Cw iiE
=4 +36

ANU

(J4J1 J63) (5.4)

where C is defined in Chapter 2 as

3n m
C = -/E

8 A .

Equation (5.4) is the power loss due to spin and slip at a

traction drive contact.

5.2.2 Power Loss due to Bearing Friction Torque

Low friction and generally low consumption of

lubricant are two important advantages of rolling bearings.

A great many factors affect the friction in ball or roller

bearings, but little has been published about the subject

probably because the power loss from friction in the
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bearing is relatively unimportant compared to other major

sources of power loss. However, the power loss due to

bearings in a traction drive can not be ignored because of

the relatively high power loss which originates from the

high thrust load at the bearings. The high thrust load is

directly related to the high normal forces at contact. The

high normal force is needed to transmit power without

gross slip. The bearing loss can be evaluated from the

bearing torque friction equation. It reaches about the

same amount as the primary loss due to slip and spin across

the contact [58]. Therefore the bearing loss must be

included in calculating the total power loss in TD CVT.

The coefficient of friction for various bearings is

given in a range from 0.001 to 0.005, and the friction

coefficient of bearings varies considerably for different

operating conditions and can not be used satisfactorily for

estimating power loss in bearings [7].

The friction torque in bearings can be evaluated [7,23]

from equation

TB = Tf + T1 (5.5)

where Tf is the load-free friction torque and Tl is the

load dependent component of the total friction torque.

Tf is dependent on the viscosity of the lubricant,

speed of the bearings, and the design and size of the

bearings. For bearings that operate at moderate speed and



under moderate loads, the following formula is consistent

with experimental results [7,23]

Tf = 1.42 x 10-5f0(vin)2/3dm3 (5.6)

where fo is a coefficient dependent on the type of bearing

and the method of lubrication which is listed in Harris

[23], //' is the kinematic viscosity of the lubricant in

centistoke, n is rpm of shaft, and dm is the pitch circle

diameter of the bearing.

The Tl term in (5.5) results from the bearing load and

bearing design. It is given as follows

T1 = f1Fdm 5.7)

where f1 is a factor dependent on bearing design and

relative bearing load. For ball bearings

Fs
f1 = z(

Cs

where Fs : static equivalent load

Cs : basic static load rating

and z and y are determined from the bearing type. Fo

depends on the magnitude and direction of the applied load,

and is presented by Harris [36] for different bearings.

The bearing loss for each bearing can be calculated from

the equation
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LB = TB w (5.8)



where w is the angular velocity of the shaft where the

bearings are located.

5.3 Problem Formulation for Optimization

The objective function and constraint equations are

derived in this section.

5.3.1 Objective Function

The objective function is the total power loss

in Toroidal Traction Drive during power transmission. The

total power loss is the sum of the losses at contact and

losses due to bearings in the traction drive.

The power loss across a traction drive contact can be

evaluated by equation (5.4) for each contact. The total

power loss due to the contact for each middle roller is

Lc = (Li + Lo)

(J41J11 J6iJ3i)

A0N0U0

J. c1J3o)( 4o lo J6
Co

where Lc : Loss due to traction drive contact.

Li : Loss at input contact.

Lo : Loss at output contact.

subscript i : input contact.

(5.9)
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Drive is

Figure 5.1 Bearings in the Toroidal Traction Drive

Add all bearing losses to evaluate total bearing loss LB as

LB = M Ism LB° (5.10)

where

LB : Total bearing losses.

LBi : Total bearing losses in input shaft bearings.

LBm : Bearing loss in middle roller bearing.

LBO : Total bearing losses in output shaft bearings.

: Number of middle rollers.

Then the total power loss in the Toroidal Traction

84

subscript o : output contact.

It is assumed that there are two angular contact

bearings at each input shaft and output shaft, and a thrust

ball bearing in the middle roller as shown in Figure 5.1.



P. - L = P.'Bi (5.12)
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L = M Lc + LB 5.11)

Equation (5.11) is the objective function to minimize and

it corresponds to equation (4.1).

5.3.2 Constraint Equations

The constraint equations consist of equality

constraint and inequality constraint equations. The

equality constraint equations can be derived from the

conservation of energy equation prior to the input contact

and at the middle roller.

Equality Constraints. The power at input contact Pi' is

the power input from the power source minus the bearing

loss at the input side as shown in Figure 5.2.

where Pi is the power from the power source such as the

motor or engine, and Pi' is the actual power input to the

traction drive. This constraint effectively defines the

amount of input power to the traction drive. The other

constraint comes from the condition that there is no power

loss in the middle roller except for the bearing loss.

Pim - LBm = Pom (5.13)



output

Thrust Ball
Bearing

Angular Contact
Bearings

input

Figure 5.2 Power Loss at each Contact and Bearing
During Power Transmission from Input
to Output Shaft

Equation (5.13) is equivalent to the energy balance

equation; the power at the output side contact cannot be

greater than that of the input side contact in middle

roller. There is a similarity between equation (5.13) and

the second law of thermodynamics.

Inequality constraints. The inequality constraint

equations come from restrictions on parameters such as

86

Pi

0
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maximum pressure, aspect ratio, velocity, nondimensional

spin at contacts and fatigue life of contact. The upper

and lower bound of these parameters were imported from the

bound for the regression equation for the maximum available

traction coefficient, A, and the slope of slip-traction

coefficient equation, m, because these bounds are typical

for traction drive contact. Also a constraint is given to

the fatigue life of the traction drive contact surfaces.

The regression equations (2.23) and (2.24) are derived

[36] under the operating conditions for a traction drive

contact as

0.3 < k < 8.0 (5.14)

1.0 < p < 2.5 GPA (5.15)

0.0 < SPIN < 0.04 (5.16)

0.0 < U < 100.0 m/sec. (5.17)

where k, p, SPIN and U are defined as in Chapter 2, and the

above conditions serve as inequality constraints.

The condition

0.0 < J4 < 0.9 (5.18)

is added to the inequality constraints, where J4 was

defined as in (2.19) J4 = Ax /A. The limit imposed on

nondimensional force, J4 < 0.9 means that there is some

room for gross slip when an abrupt load is applied, because
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the current coefficient of traction px is always less than

0.9 times of the maximum available traction coefficent p.

An additioal constraint is given to fatigue life of the

traction drive contact surfaces because rolling element

fatigue failure may occur due to fluctuating subsurface

stresses. The fatigue life equation is stated by

Leowenthal and Zaretsky [38] as

FL = 2.32*1019K2O.9N-3p-6.3 -0.9 (5.19)

where FL is 90% survival life of a single contacting

element in millions of stress cycles, and

K2 = 4.80*106(1-r)-1'37(1+r)-563

r : Curvature difference from equation (2.26)

: Applied normal force (Newton)

P = 1/1.1x 1/r2x 1/r1y 1/r2y from equation

(2.36)

Rr : Roller's radius.

The lower limit on FL is set as 1000 millon stress cycles

for the design criteria, and there is no limit on the upper

bound of FL. Therefore the constraint equation for fatigue

life is

1000 < FL. (5.20)
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5.4 An Optimum Design of a Toroidal Traction Drive

As an example, a 1494 Watt (2-hp) input power and

1750-rpm input speed unit was selected for design.

Specific numerical values were given to the parameters in

the objective function and constraint equations, and

bearings were selected for the unit to calculate bearing

losses. The design variables were introduced from the real

physical dimensions of the traction drive and the operating

conditions. Thus every equation can be expressed in terms

of design variables implicitly, and it is possible to

optimize the power loss using the GRG algorithm.

For a 2-hp unit, the number of middle rollers is

assumed as 2. Therefore the objective function becomes

from (5.11)

L = 2Lc + LB (5.21)

The P. in equation (5.12) is 1494 Watt. The input and

output shaft angular contact bearings are selected as two

FAG 7206B [8] and the thrust bearing at the middle roller

is selected as an FAG 51100. The dimensions of the

bearings are given in Appendix B.

The equations (5.12) and (5.13) can be expressed with

parameters given in Chapter 2. For the 1494 Watt input

power

1494 - L = 2 J4iiiiNjUi (5.22)



Figure 5.3 Geometry of the Toroidal Traction Drive

Therefore

JI = Ji(p, k, U, SPIN, SLIP)

= Ji(N, SLIP, SLIP°, 0, D, Rm, Rmy)

J3 = J3(p, k, U, SPIN, SLIP)
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1.13m = J401.L0UmoNo (5.22)

It is necessary to know J4 and J6 to evaluate the objective

function (5.21) and constraint equations (5.22) and (5.23).

The nondimensional parameters Jl, J3, and are functions of

maximum contact pressure p, aspect ratio of contact ellipse

k, average velocity U at contact, SLIP, and SPIN at each

input and output contact. The terms p, k, and SPIN are

functions of geometry as in Figure 5.3 and applied normal

force N.



= J3(N, SLIPi, SLIP°, 0, D, Rm, Rmy).

and from the nondimensional governing equation (2.15) and

equations (2.19) and (2.20)

J4 = J4(J11 J31 k)

= J4(N, SLIP, SLIP°, 0, D, Rm, Rmy)

J6 = J6(J1/ J3, k)

= J6(N, SLIP, SLIP°, 0, D, Rm, Rmy).

Therefore the objective function (5.21) and

constraints equations (5.22) and (5.23) are functions of

the dimensions of the traction drive 0, D, Rm, Rmy and

operating condition N, SLIP, and SLIP°. These seven

variables are design variables for the optimum design of

Toroidal Traction Drive CVT. The objective function L can

be evaluated if the seven design variables are known for

given input power, input rpm, and speed ratio as

A
1N i

minimize L - 2 (J41J11 J6iJ3i)
Ci

.N.U.Ai i
+ 2 (J41J1i 1'13i)

C.

+ LB

91

= L(N, SLIPi, SLIP°, 0, D, Rm, Rmy) (5.21)
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because A, J1, J3, J4 and J6 are functions of the seven

design variables.

Also the equality constraints equation can be evaluated

if the value of the design variables are known

1494 - LBi - 2 J4iiliNiyi

= gi(N, SLIP, SLIP°, 0, D, Rm, Rmy) = 0

J4jAiUmiNi - LBm -,J-4oAoUmoNo

= g2(N, SLIP, SLIP°, 0, D, Rm, Rmy) = 0

(5.22)

(5.23)

The inequality constraints (5.14) through (5.18) and (5.20)

are also functions of the design variables N, SLIP, SLIP°,

0, D, Rm, Rmy.

The terms J1, J3, J4 and J6 at each contact for the

objective function (5.21) and the equality constraint

equations (5.22) and (5.23) cannot be expressed explicitly

in terms of the design variables. Rather they can be

evaluated implicitly using a numerical method as was done

in the mathematical modeling of traction drive contacts in

Chapter 2.

The upper and lower bound of the design variables are

quite flexible as explained in Chapter 4, if there are no

specific limitations on the dimensions of TD CVT and

operating conditions. The following upper and lower bounds

were used for the optimal design of a 2-hp input traction



drive.

50 < N < 5000 (Newton)

0 < SLIP. < 7 (%)

0 < SLIP° < 7 (%)

25° < 0 < 70°

2 < D <5 (cm)

1 < Rm < 4 (cm)

0.5 < Rmy < 3.5 (cm)
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(5.24)

The upper limit on the applied normal force N is

arbitrary. The upper limit on SLIPi and SLIP° is 7%

because no traction fluid has been shown to withstand slip

more than 7% on a disk machine [58]. The lower and upper

limits on the dimensions of the traction drive come from

the size limitation of the 2-hp unit set by specification

of the designer.

5.5 Results of the Optimal Design

The GRG method was used to minimize the power loss in

a 1494 Watt input power unit of the Toroidal Traction

Drive. The optimization problem was implemented to a GRG

code called OPT [11]. The speed ratio (SR) 1.0 was chosen

based on the assumption that SR = 1.0 is the most
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frequently used speed ratio. The calculated minimum power

loss is L = 68.65 Watt. The physical dimensions are 0 =

45.04°, D = 4 cm, Rm = 3 cm, and Rmy = 2.499 cm. The

optimum operating condition is N = 2390.64 Newton, SLIPi =

0.8356% and SLIPo = 0.7355%. The optimum physical

dimension of the Toroidal Traction Drive for SR = 1.0 is

the dimension of the designed traction drive, since the

physical dimensions of a Toroidal Traction Drive cannot be

varied for different speed ratios. Figure 5.4 shows the

optimal dimensions in scale.

8 = 45.04°

D = 4 cm

Rm = 3 cm

Rmy = 2.499 cm

Figure 5.4 Calculated Optimal Dimension in Scale

For different speed ratios with fixed physical

dimensions, the number of design variables reducs to only

three, because the physical dimensions no longer belongs to

the design variables. The design variables for different

speed ratios are N, SLIP, SLIP°. Therefore the objective

function and constraint equations are only functions of N,

SLIP, SLIP° for different speed ratios as



minimize L(N, SLIP, SLIP&

gi(N, SLIPi, SLIP& 0 (j = 1,2,....J)

50 < N < 5000 (Newton)

0 < SLIP. < 7 (%)

0 < SLIPo < 7 (%)

95

(5.25)

With the above reduced optimization problem (5.25), the

optimum power loss for a 1494 Watt power input Toroidal

Traction Drive is given in Figure 5.5a. The speed ratio

range considered is from 0.5 to 2.4. The formulated

optimal design problem was implemented in a FORTRAN

program, and explanation of implementation for a different

design is given in Appendix C.

The efficiency of the designed traction drive can

calculated from

output power input - loss

input power input power

1494 - loss

1494

and is plotted in Figure 5.5b.

The power loss curve in Figure 5.5a shows that power

loss increases with speed ratios up to 1.0 and stays

constant from 1 to 2 before increasing again. The Ti,

ratio of spin to input angular velocity at input contact

can be plotted as points in a constant T line diagram
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Figure 5.5 Total Power Loss:(a) and Efficiency:(b)
of a 2-hp Toroidal Traction Drive
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(Figure 3.2) for speed ratios of 0.5, 1.0, and 2.4 as shown

in Figure 5.6. Figures 5.6a, b, c are drawn from equation

(3.28) and Figure 3.11. The ai, pi, Ai, and Ti are given

for each speed ratio as in Figure 5.6. The Ti for each

speed ratio is very close to zero in region I as shown in

Figures 5.6a, b, c.

The increases in power loss come from increase in spin

wsi and wso as shown in Figure 5.7a. The spin--angular

velocity difference perpendicular to contact area--at both

contacts is plotted in figure 5.7a. The spin is very

closely related to SLIP as shown in Figure 5.7b. The

pattern of variation of spin at both contacts is very

similar to that of SLIP, and eventually influences the

pattern of power loss due to contact as in Figure 5.7c. As

seen in Figures 5.7a and 5.7c, there is a strong similarity

in the pattern of variation between the contact power loss

and spin. Thus the spin should be kept to a minimum for

minimum power loss in traction drive contact. This is

consist with the assumptions identified in Chapter 3. The

spin is determined by the geometry of traction drive. Thus

the configuration of the traction drive should be chosen

carefully in designing for a minimum power loss.

In commercial traction drives there exists a device

that control the applied normal force responding to output

torque to prevent gross slip at contact. If the output

torque increases, then the applied normal force should be
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higher to transfer power from the input to the output side

without gross slip. For a smaller output torque, the

applied normal force should be reduced accordingly. The

applied normal force determined the amount of slip to

produce the traction force for a given output torque at

contact. The relationship between the output torque to

normal force is given in Figure 5.8 note that the

relationship is almost linear. The linear relationship

between normal force and output torque could easily be

achieved by wedge-action mechanism [58].

co
4

0
.4) 3.5 -

o

CU

3 -00
2.5 - a

1 -Z

0.5 -

0 2 4 6 a 10 12 14 15 18 20

Output Torque (N-M)

Figure 5.8 Normal Force-Output Torque Relationship for
a 2-hp Toroidal Traction Drive

The power loss occurs in two ways: one is due to slip

and spin at contact and the other is due to bearing loss.

102

a

EP°
Da



Figure 5.9 shows that power loss due to bearing loss is

higher. Power loss due to slip and spin is relatively

small because the spin is so small at the contact.
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Figure 5.9 Bearing Loss and Contact Loss for a 2-hp
Toroidal Traction Drive
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CHAPTER 6

AN OPTIMAL DESIGN OF THE KOPP BALL VARIATOR

An optimal design of the Kopp Ball Variator is

presented in this chapter. The procedures are same as for

the Toroidal Traction Drive. Every equation in the problem

formulation is similar to the Toroidal Traction Drive,

except for some changes in the objective function and the

constraint equations.

6.1 Problem Formulation for Optimization

The objective function and constraint equations must

be derived for minimization of power loss in the Kopp Ball

Variator.

6.1.1 Objective Function

The Kopp Ball Variator has three contacts for each

ball. They are the input contact, the output contact and

the contact of the ball with the retaining ring. Thus

there is one more source of power loss than in the Toroidal

Traction Drive. The source of power loss due to additional

contact is the contact of the ball with the retaining ring.

Because there is no power transmission through that

contact, there is no slip at that contact. However, spin

is present at the contact due to the geometry of the

configuration and spin is the source of power loss at the
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ArNrUr

(J6rJ3r) (6.1)

Cr

Where Lc : total loss due to traction drive contact.

subscript i : input contact.

subscript o : output contact.

subscript r : contact between ball and retaining
ring.

Assuming that there are two angular contact bearings on

the input shaft and the same bearings on the output shaft,

add all bearing losses at each bearing to arrive at a total

bearing loss LB as

LB = LBi LBo' (6.2)

where

LB : Total bearing loss.

LBi : Bearing losses on input side bearings.

LBO : Bearing losses on output side bearings.

Then the total power loss in Kopp Ball Variator is

105

contact. Therefore the power loss due to contact for each

middle ball is

Lc - (J41J1i J6iJ3i)
C
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L = M Lc + LB. (6.3)

Where Lc and LB are defined in equations (6.1) and (6.2)

respectively, and M is the number of middle balls.

6.1.2 Constraint Equations

The equality constraint equations are very

similar to those of the Toroidal Traction Drive, however,

the inequality constraint equations are significantly

reduced because the average values of p and in are used

instead of the regression equations of A and m.

The first equality constraint equation is the same as

the first equality equation for the Toroidal Traction

Drive. The power losses at each contact and bearings are

shown in Figure 6.1 as

pi = (6.4)

And the second equality equation is given as

Pim. - Lcm = Pcm (6.5)

where Lcm is power loss at contact between the ball and the

retaining ring. The only difference in the second equality

constraint is that the loss due to the contact between the

ball and the retaining ring replaces the bearing loss as

given in (5.13).



Figure 6.1 Power Loss at each Contact and Bearing for
the Kopp Ball Variator

The average values of A and in are used to evaluate the

traction force at contacts for the Kopp Ball Variator

instead of regression equations (2.23) and (2.24) because

the nondimensional spin parameter SPIN (wsj/U) is too

high for use of the regression equation. Therefore there

are no inequality constraints such as equations (5.14)

through (5.17) for this case. The inequality equations

used are the constraints on J4i and J40 as

0.0 < J < 0.941 (6.6)
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Pi in equation (6.4) is 249 Watts, and the selected
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0.0 < J4o < 0.9 (6.7)

and constraint on fatigue life as

1000.0 < FL. (6.8)

1000.0 < FLo (6.9)

In summary, the equality constraints are given as

equations (6.4), (6.5) and the inequality constraints are

given as equations (6.6) through (6.9).

6.2 An Optimal Design of the Kopp Ball Variator

As an example, a 249 Watt (1/3-hp) input power and

1750-rpm input speed Kopp Ball Variator unit may be

designed for minimum power loss. The objective function

and constraint equations are given with numerical values

for a 249 Watt input power supply. Also, bearings are

selected to enable calculation of the power loss in

bearings.

For the 249 Watt unit, the number of middle rollers is

assumed to be three. This is a reasonable assumption for a

small power rating such as this. Therefore, the objective

function becomes as

L = 3Lc + LB (6.10)
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Figure 6.2 Geometry of the Kopp Ball Variator

Therefore, the objective function and constraint

equations are function of the dimensions of the Kopp Ball

109

angular contact ball bearing is FAG 7204B. The dimensions

of the bearings are given in Appendix B.

The equality equations (6.4) and (6.5) can be expressed

with the parameters given in Chapter 2. For the 249 Watts

input power

249 - LBl = 3 J41 .A.N.U. (6.11)

J4jAiUmiNi - L_m = J4oAoUmoNo (6.12)

The nondimensional parameters Jl, J3, J4, and J6 are

functions of p, k, SLIP, and SPIN at each input and output

contact. The terms p, k, and SPIN are functions of

geometrical dimensions as in Figure 6.2, and applied normal

force N.



and

gl(N, SLIPi, SLIP°, 0, Ri, Rm, Rry) = 0

(6.14)

g2(N, SLIPi, SLIP°, 0, Ri, Rm, Rry) = 0.

The upper and lower bound of the design variables are

given for the same reason as in Chapter 5.

50 < N < 5000 (Newton)

0 < SLIP. < 7 (%)

0 < SLIP° < 7 (%)

300 < 0 < 70°

35 < Rry < 10 (cm)

1.0 < R. < 3.0 (cm)

1.0 < Rm < 2.0 (cm)

6.3 Results of the Optimal Design
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Variator 0, Ri, Rm, Ryr and operating conditions N, SLIPi,

SLIP°. These seven variables are the design variables for

the optimum design of the Kopp Ball Variator TD CVT. The

objective function and constraint function can be written

in terms of these seven variables as

minimize f(N, SLIPi, SLIP°, 0, Ri, Rm, R ) (6.13)



The GRG method was used to minimize the power loss in

the Kopp Ball Variator design, when speed ratio SR = 1.0

and input speed is 1750 rpm. The calculated minimum power

loss is L = 17.58 Watts and the physical dimension is 0 =

30°, Ri = 2 cm, Rm = 1.4999 cm, Ryr = 11.91 cm. Figure 6.3

shows the optimal dimensions in scale.

=300

Ri = 2 cm

Rm = 1.4999 cm

Ryr = 11.91 cm

RYr

Figure 6.3 Calculated Optimal Dimension in Scale

The optimum operating condition is N = 304.282 Newton,

SLIPi = 2.28% and SLIP() = 1.88%.

For different speed ratios with fixed physical

dimensions, the number of design variables is reduced to

three for the same reason as in (5.24). The design

variables for different speed ratios are N, SLIP, and
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SLIP°. Therefore, the objective function and constraints

are only functions of N, SLIPi,SLIP for different speed

ratios and are expressed as

minimize L(N, SLIPi,SLIP0)

gi(N, SLIP, SLIP()) 0 (6.15)

50 < N < 5000 (Newton)

0 < SLIPi < 7 0.6)

0 < SLIPo < 7 (%)

With the above reduced optimization problem (6.15), the

optimum power loss for a 249 Watt Kopp Ball Variator is

given in Figure 6.4a. The power loss is minimum around SR

= 1.0 and increases for different speed ratios. The speed

ratio range considered is from 0.5 to 2.4.

The efficiency of the designed traction drive can be

calculated from

output power input - loss
-

input power input power

249 - loss

249

and plotted and compared with a typical commercial unit

[24] in Figure 6.4b. The efficiency of the optimally

designed unit is close to that of typical commercial unit,
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qualitively, they agree well with each other.

The dimension of a 1/3-hp commercial unit (WIN Kopp

Ball Variator 314) is given as

=47°

Rm 2.05 cm

Ri=3 cm
Ryr = 5 cm.

The bearings on each side of the shaft are two deep

groove bearings (FAG 6204, 6304) and a thrust bearing (FAG

51204). The dimensions of the bearings are given in

Appendix B. With the above dimensions and bearings, the

efficiency of WIN Kopp Ball Variator 314 is calculated

using the mathematical model in Chapter 2 and compared with

data given in (24] as in Figure 6.5.
100

90 -

so -

70 -

so -
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: Typical Commercial Unit
+ : Calculated result using the WIN

Kopp Ball Variator 314

!MITI
0.4 0.8 1.2 1.8 2 2.4 2.8

Speed Ratio

Figure 6.5 Efficiency of a Typical Commercial Unit and
the Calculated Results using the WIN Kopp Ball
Variator 314
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Figure 6.5 shows that the calculated efficiency is close to

the efficiency of the typical commercial unit.

The Ti, ratio of spin to input angular velocity at

input contact can be plotted as points in a constant T line

diagram (Figure 3.2) for speed ratios of 0.5, 1.0, and 2.4

as shown in Figure 6.6. Figures 6.6a, b, c are drawn from

equation (3.42) and Figure 3.14. The a, 0, Ai, and T are

given for each speed ratio as in Figure 6.6. The Ti

increases with the speed ratio, and the plotted points are

located on the line of a=30° in region II as shown in

Figures 6.6a, b, c.

The spin is very closely related to SLIP as shown in

Figures 6.7a and 6.7b. The pattern of variation of spin at

input and output contacts is very similar to that of SLIP,

and eventually influences the pattern of power loss due to

contact as in Figure 6.7c. As seen in Figures 6.7a and

6.7c, there is strong similarity in the pattern of

variation between contact power loss and spin. Therefore

spin should be kept at a minimum at every contact to have

minimum power loss due to spin and slip at contact.

The output torque-normal force relationship is given in

Figure 6.8 which shows that the relationship is no longer

linear. The figure 6.8 shows that the applied normal force

remains constant until a certain point of output torque.

After that point, the normal force increases almost

linearly with increase of output torque.
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The power loss has two parts. One is power loss due to

slip and spin at contact and the other is power loss due to

bearing loss as shown in Figure 6.9. It shows that the sum

of losses at the three contact points Lc is much higher

than the sum of losses due to bearings. This is due to the

higher spin at contact and lower applied normal force.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

A procedure of optimal design for traction drive

continuously variable transmission is the major conclusion

of this dissertation. Additionally minor conclusions can

be drawn from the two optimal design examples.

7.1 Optimal Design Technique

Assuming that the nominal input power, input angular

velocity, and operational range of speed ratio are given,

then the optimal design technique can be summarized as

following steps.

Step 1 : Choose a traction drive configuraion.

Step 2 : Investigate kinematics of the choosen

configuration to express the geometrical relationship

between the dimensions of the traction drive such as

equations (3.19), (3.20) for the Toroidal Traction

Drive, and equations (3.31), (3.32) for the Kopp Ball

Variator. The spin equaions at traction drive contacts

should be derived from the kinematic analysis of the

configuration. Equations (3.22), (3.23), (3.39), and

(3.40) are the spin equations at input and output contact

for the Toroidal Traction Drive and the Kopp Ball Variator.

The speed changing parameter-for example, the inclination

angle 0 for the two previous examples-must be expressed in
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terms of SR, dimensions of the traction drive, and slips at

contacts as equations (3.27) and (3.41) for the Toroidal

Traction Drive and the Kopp Ball Variator respectively.

Step 3 : Formulate the optimal design problem in terms of

design variables and implement the problem to a nonlinear

programming algorithm. The design variables consist of the

dimensions of the traction drive, the applied normal force,

and slips at the contacts.

The objective function is the total power loss

which is the sum of power loss at contacts and power loss

due to bearing friction torque in a traction drive. The

traction force and torque at a traction drive contact can

be evaluated from the numerical solution of the

mathematical model. Then the power loss at a contact,

equation (5.4), gives the power loss due to spin and slip

at a traction drive contact. The power loss in a bearing

can be found from equations (5.5) and (5.8). The general

form of objective function is given as equation (5.11).

Equality constraints are from the balance of power

prior to the input contact and at middle roller or ball.

For the Toroidal Traction Drive, the equality constraints

are given as equations (5.12) and (5.13). Inequality

constraints are from the restriction on the operation

conditions of a traction drive contact such as maxmum

pressure, aspect ratio at the contact etc.



The formulated optimal design problem needs to be

implemented in a nonlinear programming algorithm. The

implementation is explained in Appendix C.

Step 4 : Find the optimum dimension at selected speed ratio

for minimum power loss using a nonlinear programming

algorithm.

Step 5 : Since optimum dimensions are found in the Step 4,

the design variables are reduced to applied normal force

and slips at contact. Optimize the applied normal force

over the other speed ratio for minimum power loss.

An optimal design techique is developed to maximize the

efficiency traction drives. The developed techinque

provides a guide, and can be applied to any optimal design

of traction drive continuously variable transmissions.

7.2 Conclusions from Two Examples

Several minor conclusions can be drawn from the two

examples of optimal design of traction drives.

1. The efficiency of the Toroidal Traction Drive is higher

than that of the Kopp Ball Variator. The spin of the

Toroidal Traction Drive is smaller than that of the Kopp

Ball Variator as seen in Figures 5.6a and 6.5a. Figures

5.6c and 6.5c shows that spin is the major source of power

loss at contact. Therefore, the minimum spin configuration
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should be chosen for maximum efficiency of power transfer.

Figure 5.6a shows the Toroidal Traction Drive has almost

pure rolling at both contacts.

The bearing loss in the Toroidal Traction Drive is

higher than the loss due to contact. This higher bearing

loss comes from the substantial thrust load needed to

transmit high torque, and the contact loss is smaller

because it has small spin.

The amount of slip at both contacts is a function of

the dimension of traction drive, output torque and applied

normal force. If the dimension and output torque are given

then the slip is only dependent on applied normal force.

Therefore, minimum power loss can be achieved by

controlling the applied normal force to the contacts.

There is linear relationships between output torque and

applied normal force for the Toroidal Traction Drive as

seen in Figure 5.8. The normal force is constant up to

some value of output torque and increases almost linearly

with output torque after the value in order to obtain

optimum efficiency for the Kopp Ball Variator as seen in

Figure 6.8.

The calculated traction force and torque using the

mathematical model and numerical solution of the governing

equation agree well with the experimental results. The



procedures to evaluate the traction forces and torque are

given in Appendix A.

6. The GRG algorithm works well on the optimal design of a

traction drive CVTs.

7.3 Recommendations

Several possible extensions of the current work are

suggested for the future studies.

Perform a new design for various input power and

angular velocities as discussed in Appendix C where the

necessary changes are described for a different design.

Study the effects of temperature changes on traction

fluids. The characteristics of traction fluid depend on

temperature region C as seen in Figure 2.3. The current

work assumes constant temperature for the traction fluid

during power transmission through the contact. However, a

slight overload causes temperature to increase in traction

fluid due to increase in slip. Therefore, it is natural to

include the effect of temperature changes on the

characteristics of traction fluid when calculate traction

force.

Design with a different traction fluid. The optimal

design was done using a traction fluid named Santotrac 50.
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It is possible to do the same work using a different

traction fluid, such as TDF-88, if the charateristics of

the different traction fluid are known.

4. Investigate the selection of different thrust bearings

for the traction drive. The efficiency of traction drive

is greatly related to the thrust bearings because the

traction drive should withstand a high thrust load. This

higher thrust load causes substantial power loss in the

bearings.
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APPENDIX A

PROCEDURE AND PROGRAM LISTING FOR
TRACTION FORCE

The nondimensional traction force J4 and torque J6 are

calculated according to the mathematical model given in

Chapter 2 and the procedure given below.

1. Procedure

The calculation of J1 and J3 are done in SUBROUTINE

CALJ1J3 with values of p, k, U, and spin. With the

knowledge of Jl, J3, k and boundary conditions, it is

possible to solve the equation (2.15). The flow chart is

given as

INPUT DATA

max. contact pressure p
aspect ratio k
velocity U
SPIN

SUBROUTINE CALJ1J3

Calculate J - equation (2.23)
1

Calculate J3 - equation (2.24)

SUBROUTINE TRACTION

Calculate Z Zy

elastic region - equation (2.28)
plastic region - equation (2.29)

Calculate J4 - equation (2.19)

Calculate J6 - equation (2.20)

Calculate Fx - equation (2.30)
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2. Program Listing

The procedure is implemented to the program listed as

follows.

*********************************************************

PROGRAM FORCE

*********************************************************
C THIS PROGRAM CALCULATE NONDIMENSIONAL TRACTION FORCE J4
C AND TORQUE J6 BASED ON J & T MATHEMATICAL MODEL, USING
C SANTOTRAC 50 AS A TRACTION FLUID.

REAL K, MU, Jl, J3, J4, J5, 36

C INPUT DATA
P=1.8
K=1.6
U=8.4
SPIN=0.012
WRITE(*,*) ' ENTER SLIP'
READ(*, *)SLIP
CALL CALJ1J3(P,K,U,SPIN,SLIP,C,MU,J1,J3)
CALL TRACTION(K,J1,J3,J4,J5,J6)

C WRITE OUTPUT
WRITE(*,99)SLIP,J4,MU
STOP
END

********************************************************
SUBROUTINE CALJ1J3(P,K,U,SPIN,SLIP,C,MU,J1,J3)

C THIS SUBROUTINE CALCULATES NONDIMENSIONAL SLIP J1 AND NON
C DIMENSIONAL SPIN J3 USING REGRESSION EQUATION.

********************************************************
REAL K,MU,M,J1,J3
T=50.0

C11=0.0726
C12=0.0477
C13=-0.0102
C14=-6.92E-04
C15=2.74E-06
C16=-2.13E-04
C17=-3.4E-4
C18=-1.22

C21=101.4
C22=-45.48
C23=69.44
C24=-0.288



C25=1. 30E-03
C26=6. 63E-02
C27=-2.99

MU=C11+C12*P+C13*P*P+C14*U+C15*U*U
MU=MU+C16*T+C17*K+C18*SPIN

M=C21+C22*P+C23*ALOG(P)+C24*U+C25*U*U
M=M+C26*T+C27*K
C=3.0*3.141592456*M*SQRT(K)/(MU*8.0)
J1=C*SLIP
J3=C*SPIN
RETURN
END

*********************************************************
SUBROUTINE TRACTION(K,J1,J3,J4,J5,J6)

*********************************************************
C THIS SUBROUTINE CALCULATES NONDIMSIONAL FORCE, SIDE FORCE
C AND TORQUE

REAL K,J1,J3,J4,J5,J6
EXTERNAL PZXD,PZYD

C DEFINE STEP SIZE H IN X DIRECTION
H=0.04
H2=H*2.0

C INITIALIZE
J4=0.0
J5=0.0
J6=0.0

I1=INT(2.0/H2)
DO 200 J=1,I1+1
Y=-1.0+H2*FLOATJ(J-1)
X1=-SQRT(1.0-Y*Y)

C ELASTIC (NFLAG=0). PLASTIC(NFLAG=1)
NFLAG=0
X=Xl+H
ZX=0.0
ZY=0.0

30 IF(X*X+Y*Y .GT.1.0) GO TO 200
IF(NFLAG .EQ. 0)THEN
CALL ELASTIC(K,J1,J3,X,Y,ZX,ZY,ZE)

IF(ZE.GT.1.0) THEN
NFLAG=1
CALL ENDELST(K,J1,J3,X,Y,H,ZX,ZY,ZE)
END IF

ELSE
CALL PLASTIC(K,J1,J3,X,Y,H,ZX,ZY,ZE,PZXD,PZYD)
END IF

CALL RINTEG(H,H2,K,X,Y,ZX,ZY,J4,J5,J6)
X=X+H
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GO TO 30
200 CONTINUE

J4=J4/3.141592654
J5=J5/3.141592654
J6=J6/(3.141592654*SQRT(K))

900 FORMAT(6F11.5)
RETURN
END

*********************************************************
SUBROUTINE ELASTIC(K,J1,J3,X,Y,ZX,ZY,ZE)

C THIS SUBROUTINE CALCULATE ELASTIC STRESS ON CONTACT
C SURFACE

*********************************************************
REAL K,J1,J3

ZX=(X+SQRT(1.0-Y*Y))*(J1/SQRT(K)-J3*Y)
ZY=0.5*J3*(X*X+Y*Y-1.0)/K
ZE=SQRT(ZX*ZX+ZY*ZY)

RETURN
END

*********************************************************
SUBROUTINE ENDELST(K,J1,J3,X,Y,H,ZX,ZY,ZE)

C THIS SUBROUTINE DETERMINES X-COORDINATE WHERE ELASTIC
C ENDS AND PLASTIC STARTS

*********************************************************
REAL K,J1,J3
BACK=H/2.0
X=X-BACK
DO WHILE(ABS(ZE-1.0) .GT. 0.001)

CALL ELASTIC(K,J1,J3,X,Y,ZX,ZY,ZE)
BACK=BACK/2.0
IF(ZE.GT.1.0) X=X-BACK
IF(ZE.LT.1.0) X=X+BACK

END DO

RETURN
END

*********************************************************
SUBROUTINE PLASTIC(K,J1,J3,X,Y,H,ZX,ZY,ZE,PZXD,PZYD)

C THIS SUBROUTINE CALCULATES PLASTIC STRESS ON CONTACT
C AREA USING FORTH ORDER RUNGE-KUTTA METHOD

*********************************************************
REAL K1,K2,K3,K4
REAL K,J1,J3
K1=H*PZXD(K,J1,J3,X,Y,ZX,ZY)
Q1=H*PZYD(K,J1,J3,X,Y,ZX,ZY)
K2=H*PZXD(K,J1,J3,X+H/2.0,Y,ZX+K1/2.0,ZY+Q1/2.0)
Q2=H*PZYD(K,J1,J3,X+H/2.0,Y,ZX+K1/2.0,ZY+Q1/2.0)
K3=H*PZXD(K,J1,J3,X+H/2.0,Y,ZX+K2/2.0,ZY+Q2/2.0)
Q3=H*PZYD(K,J1,J3,X+H/2.0,Y,ZX+K2/2.0,ZY+Q2/2.0)
K4=H*PZXD(K,J1,J3,X+H,Y,ZX+K3,ZY+Q3)
Q4=H*PZYD(K,J1,J3,X+H,Y,ZX+K3,ZY+Q3)
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ZX=ZX+(K1+2.0*(K2+K3)+K4)/6.0
ZY=ZY+(Q1+2.0*(Q2+Q3)+Q4)/6.0
ZE=SQRT(ZX*ZX+ZY*ZY)

RETURN
END

*********************************************************
SUBROUTINE RINTEG(H,H2,K,X,Y,ZX,ZY,J4,J5,J6)

C INTEGRATE ZX, ZY OVER NONDIMENSIONAL CONTACT SURFACE
C TO HAVE J4,J5,J6

*********************************************************
REAL K,J4,35,36
J4=J4+H*H2*ZX
J5=J5+H*H2*ZY
J6=J6+(ZY*X-ZX*Y*K)*H*H2
RETURN
END

*********************************************************
FUNCTION PZXD(K,J1,J3,X,Y,ZX,ZY)

REAL K,J1,J3
PZXD=J1/SQRT(K)-J3*Y-(ZX*(J1/SQRT(K)-J3*Y)+J3*X

+ *ZY/K)*ZX
RETURN
END

*********************************************************
FUNCTION PZYD(K,J1,J3,X,Y,ZX,ZY)

REAL K,J1,J3
PZYD=J3*X*ZX*ZX/K-(J1/SQRT(K)-J3*Y)*ZY*ZX
RETURN
END
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APPENDIX B
DIMENSIONS OF BEARINGS

FAG 7206B Angular Contact Bearing

FAG 51100 Thrust Ball Bearing

FAG 7204B Angular Contact Bearing

D = 62 mm

d = 30 mm

B 16 Mn

a 27 mm

a = 40°

Static Load Rating

C5=2650 lbs

Weight = 0.443 lb

Dw = 24 mm

dw = 10 mm

dg = 11 mm

Dg = 24 mm

H = 9 mm

Static Load Rating
Cs = 2650 lbs

Weight = 0.046 lbs

D = 47 mm

d = 20 mm

B = 14 mm

a = 21 mm

S = 40°

Static Load Rating

Cs=1500 lbs

Weight = 0.236 lb
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FAG 6204 Deep Groove Ball Bearing

FAG 6304 Deep Groove Ball Bearing

reemea

\INN'

101
aeklge

FAG 5110451104 Thrust Ball Bearing

d = 20 mm

D = 47 mm

B = 14 mm

Static Load Rating
Cs = 1270 lbs

Weight = 0.231 lbs

d = 20 mm

D = 52 mm

B = 15 mm

Static Load Rating
Cs = 1630 lbs

Weight = 0.326 lbs

Dw = 35 mm

dw = 20 mm

dg = 21 mm

Dg = 35 mm

H = 10 mm

Static Load Rating
Cs = 5000 lbs

Weight = 0.088 lbs
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APPENDIX C

IMPLEMENTATION IN FORTRAN PROGRAM

Introduction

The problem formulation as discussed in Chapter 5 for

the optimal design of a Toroidal Traction Drive was

implementated via a FORTRAN program. The optimal design of

a 2-hp Toroidal Traction Drive and a different input power

unit is given. The program consists of a number of

subroutines and is described as follows. Appropriate

changes are discussed for alternative designs.

Input and output

The program input consists of the starting values of

design variables X(I). Where X(1) is applied normal force,

X(2) and X(3) are SLIP i and SLIP° respectively, X(4) is 8,

X(5) is D, X(6) is Rm, and X(7) is Rmy. Note that these

design variables are scaled in the SUBROUTINE OPRCON. The

outputs are the calculated values of optimum design

variables which provide minimum power loss.

Main program

The program calls a GRG code SUBROUTINE OPT, and OPT

calls FUNCTION F and SUBROUTINE CONST to conduct the search

for the optimum point. In this program, the following

parameters are used.

N = 7 : Number of design variables.
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NE = 2 : Number of equality constraints.

NI = 14 : Number of inequality constraints.

IPR, IDATA : Output print control parameters.

EPSLS = 1.E-4 : Line search stopping criteria.

EPSBD = 1.E-3 : Active constraint region.

EPS = 5.E-4 : Differencing paraneter.

CRIT = 1.E-4 : Convergence criteria.

MAXM = 50 : Maximum number of reduced gradient
stages.

Selecting a good starting point is a key to a

successful run, and the starting point can be found from a

few trial runs. The last step in the main program prior to

calling OPT is to define the upper and lower bounds of the

design variable and inequality constraints (5.14) through

(5.20). The first seven XMAX and XMIN indicate the upper

and lower bounds of design variables. The next 12 XMAX and

XMIN are upper and lower bound of inequality constraints.

After the optimal dimensions are found, the optimal design

has only 3 design variables as discussed in equation

(5.25). Therefore the main program should be changed

accordingly.

For different input power designs the upper and lower

bounds of the design variables will be changed except for

the upper and lower limits on slip at contacts.

4. SUBROUTINE OPRCON
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This subroutine calculates the necessary parameters

for the objective function evaluator FUNCTION F and the

constraints evaluator SUBROUTINE CONST. The input

parameters are the same as the starting point for the given

speed ratio, and the subroutine calculates the inclination

angle using equation (3.27), spin equations (3.22) and

(3.23), maximum pressure p (2.32), aspect ratio k (2.33)

and fatigue life (5.19) at both contacts. In this

subroutine the subroutines HERTZ and FATIGUE are called to

calculate p, k, and the fatigue life of the contacts.

5. FUNCTION F

FUNCTION F calculates the total power loss during

power transfer. To calculate the contact loss, the

nondimensional traction force and torque are evaluated as

in Chapter 2, and the implementation of this procedure is

described in Appendix A. Then the contact loss is be

obtained from equation (5.9). The bearing losses are

calculated in SUBROUTINE ACBEARING for angular contact

bearings and SUBROUTINE TBEARING for thrust ball bearings.

The dimension and static load ratings of the bearings are

given in Appendix B for a 1494 Watt (2-hp) ,input power unit

design. For different bearing selections, the required

changes in SUBROUTINE ACBEARING AND TBEARING are dm and

static load rating Cs.
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SUBROUTINE CONST

This subroutine evaluates equality and inequality

constraints. The equality constraints are calculated from

equations (5.12) and (5.13). The inequality constraint

equations are calculated from equations (5.14) through

(5.20) for each contact. This subroutine returns the

values of CON(1) through CON(14). The CON(1) and CON(2)

contain values of equality constraints, and CON(3) through

CON(14) contain the values of inequality constraints at

both contacts.

For different input power designs, only Pi in equality

constraint equation (5.12) should be changed.

Output Printout

The output printout of a 1494 Watt, 1750 rpm input

design is given below.

OPT: VERSION 1.0 LAST REVISION: 7- 9-79
COPYRIGHT, PURDUE RESEARCH FOUNDATION, 1976

STARTING INFORMATION

CONSTRAINT VALUES

CON( 1) -0.620300E+01

F(X) = 0.692668E+02

X( 1) = 0.240000E+03
X( 2) = 0.835000E+02
X( 3) = 0.760000E+02
X( 4) = 0.450000E+02
X( 5) = 0.400000E+03
X( 6) = 0.300000E+03
X( 7) = 0.250000E+03



CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(
CON(

=

=

=

-0.768348E+01
0.462979E+01
0.467700E+01
0.162077E+01
0.163200E+01
0.347042E+01
0.341551E+01
0.383871E-02
0.340875E-02
0.894776E+00
0.890066E+00
0.166101E+05
0.154241E+05

NUMBER OF DESIGN VARIABLES N = 7

NUMBER OF EQUALITY CONSTRAINTS NE = 2

NUMBER OF INEQUALITY CONSTRAINTS NI = 12
LINE SEARCH CRITERIA EPSLS = 0.10000E-03
BOUND TIGHTNESS EPSBD = 0.10000E-02
CONVERGENCE CRITERIA CRIT = 0.10000E-02
FORWARD DIFFERENCE PARAMETER EPS = 0.50000E-03
OUTPUT PARAMETER IPR = 1

INITIAL OUTPUT PARAMETER IDATA = 1

MAXIMUM NUMBER OF ITERATIONS MAX?! = 50
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XMAX( 1) 0.500000E+03 XMIN( 1) 0.500000E+01
XMAX( 2) 0.500000E+03 XMIN( 2) 0.000000E+00
XMAX( 3) 0.500000E+03 XMIN( 3) 0.000000E+00
XMAX( 4) = 0.700000E+02 XMIN( 4) = 0.250000E+02
XMAX( 5) 0.500000E+03 XMIN( 5) = 0.200000E+03
XMAX( 6) 0.400000E+03 XMIN( 6) 0.100000E+03
XMAX( 7) 0.350000E+03 XMIN( 7) 0.500000E+02
XMAX( 8) 0.800000E+01 XMIN( 8) 0.300000E+00
XMAX( 9) 0.800000E+01 XMIN( 9) = 0.300000E+00
XMAX( 10) = 0.250000E+01 XMIN( 10) 0.100000E+01
XMAX( 11) = 0.250000E+01 XMIN( 11) 0.100000E+01
XMAX( 12) 0.100000E+03 XMIN( 12) 0.000000E+00
XMAX( 13) 0.100000E+03 XMIN( 13) 0.000000E+00
XMAX( 14) 0.400000E-01 XMIN( 14) 0.000000E+00
XMAX( 15) 0.400000E-01 XMIN( 15) = 0.000000E+00
XMAX( 16) = 0.900000E+00 XMIN( 16) = 0.000000E+00
XMAX( 17) 0.900000E+00 XMIN( 17) 0.000000E+00
XMAX( 18) = 0.100000E+08 XMIN( 18) = 0.100000E+03
XMAX( 19) 0.100000E+08 XMIN( 19) = 0.100000E+03

INFEASIBLE STARTING POINT;
ABSOLUTE VALUE OF BEQUALITY CONSTRAINT GT 0.100000E-02

PHASE1 SEARCH FOR FEASIBLE STARTING POINT

:::FEASIBLE POINT FOUND:::



ITERATIONS= 3

F(X) = 0.686525E+02

= 0.239064E+03
= 0.835656E+02
= 0.735540E+02
= 0.450408E+02
= 0.400000E+03
= 0.300000E+03
= 0.250000E+03

CONSTRAINT VALUES

CON( 1) = 0.133057E-01
CON( 2) = 0.269685E-01
CON( 3) = 0.462778E+01
CON( 4) = 0.467425E+01
CON( 5) = 0.161818E+01
CON( 6) = 0.162922E+01
CON( 7) = 0.347280E+01
CON( 8) = 0.341866E+01
CON( 9) = 0.387143E-02
CON( 10) = 0.344914E-02
CON( 11) = 0.894642E+00
CON( 12) = 0.880735E+00
CON( 13) = 0.168538E+05
CON( 14) = 0.156677E+05

OPTIMIZATION USING THE REDUCED GRADIENT METHOD

* * * * * * * * * * * * * * * * * * * * * * * * * * * * *

LINE SEARCH COULD NOT FIND A LOWER POINT

OPTIMUM FOUND TO BE

F(X) = 0.6865252686E+02

DESIGN VARIABLES

X( 1) = 0.2390639038E+03
X( 2) = 0.8356558228E+02
X( 3) = 0.7355399323E+02
X( 4) = 0.4504080200E+02
X( 5) = 0.3999998169E+03
X( 6) = 0.2999999390E+03
X( 7) = 0.2499999847E+03

CONSTRAINT VALUES
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8. Program Listing

The program listing for a 2-hp input power design of

Toroidal Traction Drive is given.

PROGRAM MAIN
DIMENSION X0(7),XMAX(20),XMIN(20)
COMMON D(2000)
COMMON/PARI/ CRIT,EPS,IPR,MAXM,IDATA,NE,NI,LBD,NCON,

+ EPSLS,EPSBD

N=7
NE=2
NI=12
IPR=1
IDATA=1
EPSLS=1.E-4
EPSBD=1.E-3
EPS=5.E-4
MAXM=50
CRIT=1.E-3

WRITE(*,*)' ENTER STARTING POINT'
READ(*,*)(X0(I),I=1,7)

C UPPER LIMIT OF DESIGN VARABLES AND INEQUALITY CONSTRAINTS

XMAX(1)=500.0
XMAX(2)=700.0
XMAX(3)=700.0
XMAX(4)=70.0
XMAX(5)=500.0
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CON( 1) = 0.124511718E-01
CON( 2) = 0.272727012E-01
CON( 3) = 0.462777662E+01
CON( 4) = 0.467425346E+01
CON( 5) = 0.161817979E+01
CON( 6) = 0.162922084E+01
CON( 7) = 0.347280025E+01
CON( 8) = 0.341866135E+01
CON( 9) = 0.387142389E-02
CON( 10) = 0.344913569E-02
CON( 11) = 0.894641995E+00
CON( 12) = 0.880735337E+00
CON( 13) = 0.168537773E+05
CON( 14) = 0.156677509E+05



XMAX(6)=400.0
XMAX(7)=350.0
XMAX(8)=8.0
XMAX(9)=8.0
XMAX(10)=2.5
XMAX(11)=2.5
XMAX(12)=100.0
XMAX(13)=100.0
XMAX(14)=0.04
XMAX(15)=0.04
XMAX(16)=0.9
XMAX(17)=0.9
XMAX(18)=10000000.0
XMAX(19)=10000000.0

C LOWER LIMIT OF DESIGN VARIABLES AND INEQUALITY
C CONSTRAINTS

XMIN(1)=5.0
XMIN(2)=0.0
XMIN(3)=0.0
XMIN(4)=25.0
XMIN(5)=200.0
XMIN(6)=100.0
XMIN(7)=50.0
XMIN(8)=0.3
XMIN(9)=0.3
XMIN(10)=1.0
XMIN(11)=1.0
XMIN(12)=0.0
XMIN(13)=0.0
XMIN(14)=0.0
XMIN(15)=0.0
XMIN(16)=0.0
XMIN(17)=0.0
XMIN(18)=1000.0
XMIN(19)=1000.0

LBD=1
CALL OPT(X0,XMAX,XMIN,N)
STOP
END

*********************************************************
SUBROUTINE OPRCON(X,PI,PO,KI,KO,UAI,UAO,SPINI,SPINO,
SLIPI,SLIPO,FNI,FNO,UI,UO,UMI,UMO,OMEGAI,OMEGAO,D,
FAI,FAO,FTGLIFI,FTGLIFO,Q,OMEGAM)

*********************************************************
C THIS SBUROUTINE CALCUALTES NECESSARY PARAMETERS FOR
C FUNCTION F AND SUBROUTINE CONST.

DIMENSION X(7)
REAL KI,K0

C SPEED RATIO = OUTPUT RPM/INPUT RPM
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SPDR=1.0

C INPUT RPM OMEGAI= 1750 RPM AND STARTING POINT
OMEGAI=183.26

C DESIGN VARIABLES
FNI=X(1)*10.0
SLIPI=X(2)/10000.0
SLIPO=X(3)/10000.0
THETA=X(4)*3.14159456/180.0
D=X(5)/10000.0
R=X(6)/10000.0
RMY=X(7)/10000.0

TEMP1=(2.0-SLIP0)*(2.0-SLIPI)
TEMP1=TEMP1/((2.0+SLIP0)*(2.0+SLIPI))
SRD=SPDR/TEMP1
A=R*COS(THETA)/D
8=R*SIN(THETA)*(SRD+1.0)/(D*(SRD-1.0))
TEMP1=-B-SQRT(B*B-(A*A+B*B)*(1.0-A*A))

IF(SRD .GT. 1.0) THEN
TEMP1=-B+SQRT(B*B-(A*A+B*B)*(1.0-A*A))
END IF

TEMP1=TEMP1/(A*A+B*B)
C INCLINATION ANGLE PHI

PHI=ASIN(TEMP1)

RI=D-R*COS(THETA-PHI)
RO=D-R*COS(THETA+PHI)
UI=RI*OMEGAI
OMEGAO=SPDR*OMEGAI
UO=OMEGAO*R0
UMI=(2.0-SLIPI)*UI/(2.
UM0=(2.0+SLIP0)*U0/(2.

C AVERAGE VELOCITY AT CONTACT
UAI=(UI+UMI)/2.0
UA0=(UMO+UO)/2.0

OMEGAM=UMI/(R*SIN(THETA))

C SPINS AT BOTH CONTACT
OMEGASI=ABS(OMEGAI*SIN(THETA-PHI)-OMEGAM*COS(THETA))
OMEGASO=ABS(OMEGAO*SIN(THETA+PHI)-OMEGAM*COS(THETA))

C AT INPUT CONTACT

RX1=RI/COS(THETA-PHI)
RY1=-R
RX2=R
RY2=RMY
RX=RX1*RX2/(RX1+RX2)
RY=RY1*RY2/(RY1+RY2)

0+SLIPI)
0-SLIPO)

POINT
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RCA=RX*RY/(RX+RY)
CALL HERTZ(RX,RY,RCA,FNI,KI,PI,ABI)
RHO=1.0/RCA
GAMMA=(1.0/RX-1.0/RY)/RHO
RR=R*SIN(THETA)+RI
CALL FATIGUE(GAMMA,FNI,RHO,RR,FTGLIFI)

C EVALUATE AXIAL FORCE AT INPUT SHAFT, OUTPUT SHAFT,
C AND MIDDLE ROLLER

FNO=FNI
FAI=FNI*SIN(THETA-PHI)
FAO=FNO*SIN(THETA+PHI)
FRI=FNI*COS(THETA-PHI)
FRO=FNO*COS(THETA+PHI)
Q=(FRI+FRO)/COS(PHI)

C AT OUTPUT CONTACT

RX1=RO/COS(THETA+PHI)
RY1=-R
RX2=R
RY2=RMY
RX=RX1*RX2/(RX1+RX2)
RY=RY1*RY2/(RY1+RY2)
RCA=RX*RY/(RX+RY)
CALL HERTZ(RX,RY,RCA,FNO,KO,PO,ABO)
RHO=1.0/RCA
GAMMA=(1.0/RX-1.0/RY)/RHO
RR=R*SIN(THETA)+RO
CALL FATIGUE(GAMMA,FNO,RHO,RR,FTGLIFO)

SABI=SQRT(ABI)
SABO=SQRT(ABO)
SPINI=SABI*OMEGASI/UAI
SPINO=SABO*OMEGASO/UAO

RETURN
END

c**********************************************************
SUBROUTINE HERTZ(RX,RY,RCA,FN,K,P,AB)

C THIS SUBROUTINE CALCULATES MAXIMUM PRESSURE AND ASPECT
C RATIO OF CONTACT ELLIPSE.

*********************************************************
REAL K
PPI=3.141592456
E=207. 0E9
POISSON=0.3
EDASH=E/(1.0-POISSON*POISSON)
RYRX=RY/RX
EBAR=1.0003+0.5968/RYRX
K=1.0339*RYRX**0.636
A=(6.0*K*K*EBAR*RCA*FN/(PPI*EDASH))**(1./3.)
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B=A/K
AB=A*B
P=3.0*FN/(2.0*PPI*AB*1.0E9)
RETURN
END

*********************************************************
SUBROUTINE FATIGUE(GAMMA,FN,RHO,RR,FTGLIFE)

C THIS SUBROUTINE EVALUATES FATIGUE LIFE OF TRACTION DIRVE
C CONTACT FROM [38]

*********************************************************
RK2 = 4.80E6/((1.0-GAMMA)**1.37*(1.0+GAMMA)**5.63)
RK2=RK2**0.9
FTGLIFE=2.32E19*RK2/(FN**3.0*RHO**6.3*ABS(RR)**0.9)
RETURN
END

*********************************************************
FUNCTION F(X)

C THIS FUNCTION EVALUATES THE THE TOTAL POWER LOSS DURING
C POWER TRANSMISSION.

*********************************************************
DIMENSION X(7)
COMMON /Al/NF,NC
REAL KI,MUI,J1I,J3I,J4I,J5I,J6I
REAL KO,MUO,310,J30,J40,J50,J60
NF=NF+1

CALL OPRCON(X,PI,PO,KI,KO,UAI,UAO,SPINI,SPINO,
SLIPI,SLIPO,FNI,FNO,UI,UO,UMI,UMO,OMEGAI,OMEGAO,D,
FAI,FAO,FTGLIFI,FTGLIFO,Q,OMEGAM)

C CALCULATE TRACTION FORCE AND TORQUE PERPENDCULAR TO THE
C CONTACT AREA AT INPUT CONTACT.

CALL CALJ1J3(PI,KI,UAI,SPINI,SLIPI,CI,MUI,J1I,J3I)
CALL TRACTION(KI,J1I,J3I,J4I,J5I,36I)

C CALCULATE TRACTION FORCE AND TORQUE PERPENDCULAR TO THE
C CONTACT AREA AT OUTPUT CONTACT.

CALL CALJ1J3(PO,KO,UAO,SPINO,SLIPO,CO,MUO,J10,J30)
CALL TRACTION(KO,J10,J30,J40,J50,J60)

C CALCULATE LOSSES AT EACH CONTACT POINT

FI=(ABS(J4I*J1I)+ABS(J3I*J6I))*MUI*UI*FNI/CI
F0=(ABS(J40*J10)+ABS(J30*J60))*MUO*UO*FNO/C0

C CALCULATE BEARING LOSS AT INPUT AND OUTPUT SIDE
CALL ACBEARING(FAI,OMEGAI,BLI)
CALL ACBEARING(FAO,OMEGAO,BLO)

C CALCULATE BEARING LOSS AT MIDDLE ROLLER
CALL TBEARING(Q,OMEGAM,BLM)
BL=2.0*(BLI+BLO+BLM)
F=2.0*(FI+FO)+BL
RETURN
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END

*********************************************************
SUBROUTINE CONST(X,CON)

C THIS SUBROUTINE EVALUATES THE EQUALITY AND INEQUALITY
C CONSTRAINTS
*********************************************************

DIMENSION X(7),CON(20)
COMMON /Al/ NF,NC
REAL KI,MUI,J1I,J3I,J4I,J5I,J6I
REAL KO,MUO,J10,J30,J40,J50,J60
NC=NC+1

CALL OPRCON(X,PI,PO,KI,KO,UAI,UAO,SPINI,SPINO,
SLIPI,SLIPO,FNI,FNO,UI,UO,UMI,UMO,OMEGAI,OMEGAO,D,
FAI,FAO,FTGLIFI,FTGLIFO,Q,OMEGAM)

C CALCULATE TRACTION FORCE AND TORQUE PERPENDCULAR TO THE
C CONTACT AREA AT INPUT CONTACT.

CALL CALJ1J3(PI,KI,UAI,SPINI,SLIPI,CI,MUI,J1I,J3I)
CALL TRACTION(KI,J1I,J3I,J4I,J5I,J6I)

C CALCULATE TRACTION FORCE AND TORQUE PERPENDCULAR TO THE
C CONTACT AREA AT OUTPUT CONTACT.

CALL CALJ1J3(PO,KO,UAO,SPINO,SLIPO,CO,MUO,J100130)
CALL TRACTION(KO,J10,J30,J40,J50,J60)

C EVALUATE EQUALITY.
CALL ACBEARING(FAI,OMEGAI,BLI)
CON(1)=1494.0-2.0*BLI-2.0*J4I*MUI*FNI*UI
CALL TBEARING(Q,OMEGAM,BLM)
CON(2)=J4I*MUI*UMI*FNI-J40*MUO*UMO*FNO-BLM

C INEQUALITY CONSTRAINTS
CON(3)=KI
CON(4)=K0
CON(5)=PI
CON(6)=P0
CON(7)=UI
CON(8)=U0
CON(9)=SPINI
CON(10)=SPINO
CON(11)=J4I
CON(12)=J40
CON(13)=FTGLIFI
CON(14)=FTGLIFO

RETURN
END

*********************************************************
SUBROUTINE ACBEARING(FA,OMEGA,BL)

C THIS SUBROUTINE CALCULATES THE ANGULAR CONTACT BALL
C BEARING FRICTION TORQUE

(FAG 7206B : REFERENCE STANDARD FAG PROGRAM)
*********************************************************

RPM=OMEGA*60.0/(2.0*3.141592456)
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ALFA=40.0*3.14159456/180.0
FRO. 0
XS=0.5
YS=0.26
FS=XS*FR+YS*FA
FBETA=0.9*FA/TAN(ALFA)-0.1*FR
DM=0.046
DMI=DM*100.0/2.54
Z=0.001
Y=1.0/3.0
CS=2650.0*4.448
VISCO=35.0
F0=1.0
TFI=1.42E-5*F0*(VISCO*RPM)**(2.0/3.0)*DMI**3.0
TF=TFI*2.54*4.448/100.0
TL=Z*(FS/CS)**Y*(FBETA)*DM
BL=(TF+TL)*OMEGA
RETURN
END

*********************************************************
SUBROUTINE TBEARING(FN,OMEGA,BL)

C THIS SUBROUTINE CALCULATES THE THRUST BALL BEARING

C FRICTION TORQUE (FAG 51100)
*********************************************************

RPM=OMEGA*60.0/(2.0*3.141592456)
DM=0.0175
DMI=DM*100.0/2.54
Z=0.001
Y=1./3.
CS=2650.0*4.448
VISCO=35.0
F0=1.0
TFI=1.42E-5*F0*(VISCO*RPM)**(2.0/3.0)*DMI**3.0
TF=TFI*2.54*4.448/100.0
TL=Z*(FN/CS)**Y*(FN)*DM
BL=(TF+TL)*OMEGA
RETURN
END


