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The standard constructions of special relativistic quantum field theory rely

heavily on both Poincare symmetry and Fourier transforms. In general relativity,

however, neither of these may be available. For example, in the seemingly simple

trousers spacetime, Manogue, Dray and Copeland show that the plane wave modes

are incapable of capturing all the degrees of freedom of the field. They suggest that

the remaining degrees of freedom are of a singular nature, so that the quantization

of certain singular modes, the distributional modes, would be required. It was

further conjectured that a reformulation of quantum field theory based solely on

the distributional modes is possible and would be more generally applicable than

quantum field theory based on plane wave modes.

In this dissertation, the reformulation of flat space quantum field theory in

terms of the distributional modes is provided, as is the relationship with the stan-

dard formalism. The same is accomplished for the case of Rindler spacetime. A

canonical generalization of the distributional mode theory to general, globally hy-

perbolic spacetimes in n > 2 dimensions is made. From this canonical theory, we

show how to associate a quantum field theory to a given Cauchy surface and choice

of time coordinate. Also included is a result which shows that the "Unruh effect"
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may be derived using any one set of modes {Vk} from a one-parameter family F of

sets of modes, where each Vk is related to the set of plane wave modes by a Bogol-

ubov transformation. Each Vk in F defines a different notion of positive frequency,

which implies that the source of the Unruh effect is attributed to something deeper

than simply the standard notions of particle associated with Minkowski and Rindler

observers.
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DISTRIBUTIONAL MODES FOR QUANTUM FIELD THEORY IN

CURVED SPACETIMES

1. INTRODUCTION

1.1. Quantum Field Theory in Curved Space

1.1.1. An Overview of QFTCS

Of the four known fundamental force fields of physics (electromagnetic, strong

nuclear, weak nuclear, and gravitational), it is the gravitational field which has

resisted quantization. Nevertheless, attempts to understand the influence of the

gravitational field on quantized matter fields and its consequences for cosmology

and astrophysics have led to the development of the theory known as Quantum

Field Theory in Curved Space (QFTCS). QFTCS emerged from the work of Parker.

Zel'dovich, and Fulling during the late sixties and early seventies [1-3], although the

effects of gravity on a quantum field had been discussed as early as 1932 [4]. QFTCS

is a theory describing the effects of a classical. curved, background spacetime on a

quantum field. In this sense, the theory may be regarded as an approximation to

the (so far elusive) quantum theory of gravity.

Though initially a theoretical tool for investigating particle creation in various

well-known spacetimes, QFTCS has proven to be much more; it has provided a deep.

unexpected connection between areas of physics that were previously unrelated.



This connection was provided by the startling result of Hawking [5, 6], that black

holes radiate a precisely thermal spectrum of particles, and which links together

General Relativity, Quantum Field Theory, and Thermodynamics.

As in much of the work in QFTCS, we will assume in this dissertation that

the matter field is a free scalar field with mass parameter m > 0. This is the simplest

field theory to analyze, yet contains all the essential structure of QFTCS for any

free field.

1.1.2. Canonical Quantization

We will be primarily concerned with the method of quantization known as

"canonical quantization" [9]. This method begins with a classical, Hamiltonian

dynamical system on which one performs "first quantization" by determining a

Hilbert space representation of the canonical commutation relations (CCR) that

the field operators are postulated to satisfy. The resulting Hilbert space is the "one

particle Hilbert space", which represents, physically, the states (i.e. wave functions)

of single particles. Observables are represented by an algebra of self-adjoint, linear

operators acting on this Hilbert space; the generators of the algebra satisfy the

canonical commutation relations (CCR). However, experiments reveal that physical

processes do not preserve particle number, so that the state space of the theory

must allow for arbitrary numbers of particles. This is accomplished by "second

quantization", which consists of forming the infinite direct sum of symmetrized

tensor products of the one particle Hilbert space. thereby obtaining the necessary

(many particle) Hilbert space of states. Subsequently, the algebra of operators may

be canonically extended to act on the many particle Hilbert space and serve as



observables for the theory. This results in a Fock representation of the field algebra.

Since second quantization is a functorial process (in particular, it is independent

of the details of the underlying spacetime), there are no difficulties in generalizing

this process to curved spacetime. It is in first quantization where problems arise in

generalizing canonical quantization to curved spaces.

1.1.3. The Central Problem with Quantum Fields in Curved Spacetimes:
Inequivalent CCR Representations

Dynamical fields have infinitely many degrees of freedom. In the quantum

mechanics of systems with finitely many degrees of freedom, such as non relativistic

"SchrOdinger" quantum mechanics, one has the fundamental result known as the

Stone-von Neumann Theorem [34 which establishes the equivalence of irreducible

representations of the CCR. Thus, although there are many ways to achieve first

quantization (i.e. many different representations of the CCR), they are all unitarily

equivalent in the finite case. This result depends in a crucial way on the degrees

of freedom of the system being finite in number, and is not true for systems with

infinitely many degrees of freedom. The importance of this fact for QFTCS is

that two different first quantizations generally result in inequivalent theories. For

example, a no-particle state in one theory may have infinitely many particles in

another.

Although there may be inequivalent representations of the CCR, in flat

Minkowski space the special relativistic requirement of Poincare invariance selects

a unique representation for the quantum field theory . When allowing the space-

time to become curved to incorporate gravity, it will, in general, not possess any



symmetry to aid in the selection of a representation, or alternatively, a particular

state of the quantum field to serve as the "vacuum" state [7]. From this viewpoint,

the fundamental problem in formulating QFTCS is to determine conditions that

select a unique vacuum state. Attempts to isolate and generalize the mathematical

structures existing in the flat space theory have led to a number of prescriptions for

selecting a state to serve as the vacuum [8, 9, 17]. One may then use the vacuum

state to generate a Fock representation of the field algebra (via first and second

quantization) and perform calculations.

1.2. Statement of the Problem

Consider a scalar field 4 in Minkowski space, a smooth, real-valued solu-

tion to the Klein-Gordon equation. In Minkowski spacetime, where there exists a

preferred global time coordinate t, one achieves first quantization by Fourier decom-

posing the field 4) into an integral over plane waves, thereby splitting the field into

a sum of a "positive frequency part- 4+ (positive values of the Fourier t-conjugate

variable w), and a "negative frequency part" 4)- (negative values of w):

= 4)± (1.1)

The one-particle Hilbert space is then constructed in a straightforward manner

from (1.+. The mathematical significance of the splitting of fields into positive and

negative frequency parts is that a symplectic product, when suitably extended to

complex solutions, is positive definite on the subspace of positive frequency solutions

4cf. Much more will be said about this important point in the next chapter.
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First quantization in Minkow,ki space, as summarized above, relies critically

on the high degree of symmetry and the topological and geometric simplicity of the

spacetime. One might investigate the sensitivity of the first quantization process

by considering spacetimes that are "almost" as simple as Minkowski space. For

example, consider two-dimensional Minkowski space M2. One may consider field

quantization on the quotient of this space by a fixed, spacelike translation, thereby

obtaining a cylinder R x S'. This is topologically inequivalent to M2, but is still

intrinsically flat. In constructing a quantum field theory on the cylinder, the peri-

odicity actually simplifies the analysis, since one need only work with a countable

set of (periodic) plane waves.

A more interesting spacetime, but only slightly more complicated, is the two-

dimensional, flat, "trousers spacetime". This spacetime is a cylinder (the "trunk")

for negative values of the time coordinate R- x S', while for positive values of

the time coordinate, the spacetime consists of two disjoint cylinders (the "legs")

(R+ x S') (R+ x S1). Thus, taking the time axis as the vertical axis, this space-

time "looks" like an inverted pair of trousers, with the trunk and legs extending

indefinitely along the time axis. There is an unavoidable singular point in the

hypersurface joining the trunk and leg regions. Therefore, consideration of field

quantization on this spacetime raises additional interesting issues.

In the article by Manogue, Dray, and Copeland [19], the quantization of

the (massless) scalar field on the two-dimensional trousers spacetime is considered.

In each of the three cylinders, periodic plane waves exist, and therefore one may

attempt to quantize these plane wave modes in each region. The issue of a "propa-

gation rule" to determine how to link the three regions into a single spacetime with



quantized field may be addressed, and expectation values (e.g. of the stress-energy

tensor) may be calculated. In [19], the authors find singular modes that indeed solve

the field equations (in the sense of distributions), but do not lie in the span of the

plane wave modes. The problem stems from the fact that the spacetime itself is sin-

gular, and therefore the nonsingular plane wave modes are apparently inadequate.

The aforementioned singular modes are indeed singular, and in [19] it is suggested

that a QFT based on these distributional modes may be possible, and further, more

appropriate for nontrivial spacetimes.

The problem is then to (1) develop and (2) apply a formulation of quantum

field theory based on distributional modes. This dissertation is a fulfillment of (1)

and a partial fulfillment of (2).

1.3. Organization of the Dissertation

In Chapter 2, the necessary mathematical and physical background is pro-

vided. The first section presents the structure of the solution spaces of the Klein-

Gordon equation and introduces the relevant function spaces. This section is

followed by a discussion of the essential mathematical structures (e.g. positive-

frequency decompositions, complex structures. etc.) involved in quantization and

proposals for generalizing these structures to curved space. We also discuss the

relationship between the various proposals. The last section presents the theory of

Bogolubov transformations in some detail, as these play an important role in the

invariance theorems of Chapter 4.

Chapter 3 presents the theory of distributional modes for the case of two-

dimensional Minkowski space. Since there is much experimental evidence in support



of the validity of the standard quantum field theory formalism, this case is important

as a "reality check"; the comparison with the standard formalism is made in Section

3. In the following section, we apply the theory to the case of Rindler spacetime,

the wedge-shaped subset of two-dimensional Minkowski which describes observers

undergoing constant acceleration. The significance of this application is due to

the non triviality of the geometry (Rindler space is geodesically incomplete [8])

and its close association with the Schwarzschild spacetime from which Hawking

radiation arises. The presence of radiation in the Rindler case is known as the Unruh

effect [42], and it describes the phenomenon that accelerating observers will detect

a thermal bath of particles in the (Poincare invariant) vacuum state in Minkowski

spacetime.

The generalization of the distributional modes to arbitrary globally hyper-

bolic spacetimes is presented in Chapter 4. Comparison with the standard formalism

in flat space is given, as far as it differs from the two-dimensional case.

In making the connection between the distributional modes and plane wave

formalism in Chapter 3, we are led to consider different sets of modes that define

mutually inequivalent quantum field theories, all of which nevertheless correctly de-

scribe the Unruh effect. This result is proved in Chapter 5, where we explore the

generality of the Unruh effect within the canonical quantization/mode sum formal-

ism. We show that the Unruh effect follows from a particular property satisfied by

the Bogolubov transformation, the transformation between Minkowski modes and

Rindler modes. Motivated by this, we study a general class of Bogolubov trans-

formations with this property; each such transformation leads to the Unruh effect.

Although the distributional modes inspired the work in this chapter, it is logically



independent of distributional modes. In particular, the distributional modes are not

among the set of modes considered.

In the concluding chapter a summary is provided, and we also discuss new

research problems generated by this dissertation.



2. BACKGROUND

We assume General Relativity Theory as our theory of gravity, and so space-

time (A4, g) will be assumed to be a C, n-dimensional, manifold M with metric g

of signature ( + + + ---). The Levi-Civita (metric compatible, torsion free) connec-

tion V is used exclusively. A Cauchy surface E in a spacetime (M, g) is a spacelike

hypersurface such that every inextendible causal curve intersects E in a point. In

particular, Cauchy surfaces serve as initial data surfaces for initial-value problems.

We assume the spacetime manifold to be globally hyperbolic, which implies that M

is of the form R x E, where the surface {t} x E is a Cauchy surface for each t R.

The metric functions gab satisfy the Einstein Field Equations Gab = 871-Tab, where

Gab is the Einstein tensor and Tab is the stress-energy tensor for the (classical) grav-

itational source. We use gravitational units h = c = G = 1, where h,, c, G denote

Planck's constant (divided by 27), the speed of light, and Newton's gravitational

constant, respectively.'

2.1. The Scalar Field

2.1.1. The Field Equation

The relativistic scalar field (13 of mass in > 0 satisfies the Klein-Gordon

equation2

'For further details regarding the items in this paragraph, [43] and [8] are recommended.

2A more general form of the Klein-Gordon equation includes a term proportional to the
scalar curvature. In setting this term equal to zero, we consider the standard case of



(o - 7712)(D' = 0,

where 0 :=--.- gabva,bv is the d'Alembertian operator. Associated with L is the

following symplectic bilinear form defined on the space S of smooth, real-valued

solutions to (2.1) whose restriction to an arbitrary Cauchy surface has compact

support:

u(c1), T) := f ((vf,(1))T klf) dE, (2.2)

where dE is the canonical volume element on the Cauchy surface E induced by g, and

it is the future pointing unit normal to E. The bilinear form o-(,-) is independent

of the choice of Cauchy surface E.

2.1.2. The Mathematical Structure of the Solution Spaces

First, we review the basic definitions of the relevant function spaces

[30, 38, 39] to establish notation (which follows [39]). Let Q C R72 be an open set.

We denote the space of real-valued, smooth functions on Q by C"(Q). The space of

continuous linear functionals on C(Q) (the dual space) is denoted by Cj-"(Q), and

its elements will be referred to as distributions. Elements f e C" (Q) will be called

test functions. The subspace C(Q) C C°°(Q) consists of those f f C"(Q) that have

compact support; its dual space is denoted C-"(Q). We also refer to C(c)x) (Q) and

C-"(Q) as test functions and distributions (respectively) when the context permits.

As the notation indicates, the space C°(Q) may be identified as the subspace of

minimal coupling [8]. For more on the deceptively difficult issue of nonzero coupling, see
[11, 12].

10

(2.1)
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C-"(C2) whose elements have compact support. The translation to the Schwartz

notation is C"(52) = E, Co-"(52) E', C0(C2) D, C'(52) = D'. For a dis-

cussion of the standard topologies defined on these spaces, as well as the extension

of the distribution spaces to manifolds, see [33]. We will often abuse notation, as

is customary in these circumstances, and formally identify a distribution D with a

"kernel function" D. The action of D on a test function 0 will then be represented

by D[0] = f Ddp.

Existence and uniqueness of solutions for the Cauchy problem associated

with the Klein-Gordon equation has been established in [23, 31, 32]. Included are

theorems establishing the existence and uniqueness of solutions for more general

classes of "wave equations" [33], but we summarize here the result for the current

operator of interest, L:

Theorem 2.1.1 Let (M, g) be a globally hyperbolic spacetime and let E be a Cauchy
surface for (A/1,g). Consider the space Cc7° (E) x C(E) on which is defined the
canonical symplectic product

( (11:1)) fy_ 77 dE (2.3)

Then there exists a symplectic isomorphism

b: (c) x C(7°(E),S2 (,)) (S. o-): () (2.4)

We refer to the space (C,T(E) x (-, )) as the space of (Cauchy) data.

Let (Xa yb) be coordinates for points (tr, y) e MX x MY , where Mx, MY and

.A/1 are isometric and carry equivalent canonical measures dpx,d,, and dbl. The

distribution 64(x -y) is defined as the "delta function" appropriate to the spacetime

metric, which acts on test functions as
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(Sid (Y)] f 6A(x Y)1(Y)dtly= f(x), V f E 9(M).
my

In the following we freely use the Schwartz Kernel Theorem [30] to enable us to

regard a distribution D EC'(.A4x x .My) as a "bi-distribution", a continuous lin-

ear map D : C(T(.A4y) C-"(A4x). For example, consider the tensor product

of the two delta functions ó(x) SA(y). On one hand it is a distribution on

.A4x x My: Let f (Mx), g fC(T(.A4y). Since elements of the form f g are

dense in Ce?' (Mx x Mn), it is sufficient [33] to uniquely defineS(x)®(y) on these

elements by

(51.,(x) (5(y)(f, g) = f(0)g(0). _(2.6)

As a map D: C°(M) C-"(./v1x), we have

p(x) 6m(Y)(g) = g(0)(5,(x). (2.7)

For the same reasons, we have

Su(x) Sy(Y)(f) = f(0)S(y) (2.8)

mapping D: q)(.A4x) C-" (./v1y). An example of a bi-distribution that is not

a tensor product is provided by the fundamental solution for the (homogeneous)

Klein-Gordon equation, G, appearing in equation (2.10) below.

The advanced/retarded Green function for the operator L is defined to be the

(distributional) solution of LGA/R(x, y) Sv(x y) that is uniquely defined by the

support property supp(GA/Rf) c JT(supp(f))Vf f C(7c(.A4), where J+ (x) denotes

the causal past/future of X E M [8]. Define G(x. y) G1(x, y) GR(x, y). Then the

isomorphism 1, in the above theorem is given explicitly by

(2.5)



13

t: }-÷ f (7(y)G(x, y) 0(y)'qG(x, y)) EY = (I)(x) (2.9)
E

In this equation, EY is an arbitrary Cauchy surface in M. The inverse cl is given

by the restriction map ((v. The distribution G also provides a linear

map on (spacetime) test functions:

G: C(7° (M) S: (y) 1-->1 G(x, y) 1(y) ("fly =-- G[f]. (2.10)

This map has the following properties [7, 23]:

The map G is surjective. That is, given any (1* S, ]f C(7° (M) such that

= G[f]. It will be convenient to include this fact in our notation by writing

clif for the solution l generated by f via G.

ker(G) fh E Copc(M) : h Lg, g (CT (.A4)}.

G[1, = fm.f f (x) G(x , y) g (y) dttydiu, = o-(cl)f, g)

Note in particular that G endows C(M) with a symplectic product which we

denote also by G. We may summarize the structures arising from the field equation

as

(C,T(M)/ker(G), G) o-(., -)) (Cc7,°(E) x CeT'(E), Q (, )). (2.11)

2.2. Quantization: Selecting a Representation of the Field Algebra

2.2.1. Flat Space QFT

Methods of field quantization on a curved background are naturally based

on the methods employed in flat space quantum field theory, which has enjoyed
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overwhelming experimental support. We now take a closer look at fiat space quan-

tization and note the key structures that may be generalized to curved spacetimes.

The One-Particle Hilbert Space

Let (t,x1,x2,x3) = (t,Z) be a globally inertial coordinate system on

Minkowski space which we denote collectively by x, and let (I)(x) be a real-valued

solution to the Klein-Gordon equation

LCD(t, = - m2)(1)(t,Y) = 0. (2.12)

Taking the Fourier transform of the field 4), together with some algebra, allows one

to express the field as

f (13 k
= + , (2.13)(13. = (a(k.)e-iwi. .t ± a(k)e-17-Fiw Al (I)+ (1.-

R3 , V2c.uk.(2703

where (w, k1, k2, k3) = (w, lc.) are the Fourier "momentum" variables conjugate to

(t, x1, x2, x3), w = -V k' + m2 > 0, and -d(k') is the complex conjugate of a(k.).

The positive and negative frequency parts of the field, (1.±, are given explicitly by

013+ :=fa(i) d3 k
(2.14)

N/2w,c(27)3

Regarded as the wave function for a single particle having momentum k, the Fourier

transform of (I.+ is an eigenfunction of the energy operator (i.e. Hamiltonian)

iat with positive eigenvalue wk, the "frequency-. Thus, the particle described by

(Fourier transform of)4)± satisfies the physical requirement of positive energy; this

is, in fact, the original reason for defining (I)+ and (1)- as above. Therefore, we take

as our one particle Hilbert space H the space of purely positive frequency fields (1.+

arising from 1.6S. The Hilbert norm (-, )-H on 1-1 is given by:



0(1)- aclY'
(`D+, (D±).H = (TY+ (1)± d3 x

t=o at at

As we shall see in Section 2.2,2, this norm is just the symplectic product (2.2)

suitably extended to complex solutions of the Klein-Gordon equation. In momentum

space (w, , k2, 10), the Hilbert norm is just the L2 norm on the space of functions

a(k) arising from the positive frequency fields (2.14). From (2.15) we find:

(27T)3(0D+, (1.-17t = i ft=0 { [fi;-i a(k ) e---7.1'..±- d3 k
2

[_

f (70-,c)e_if,.±. d31-c

[ft=0 6
(i; Cr X

= (27031

= (27)3 fii(Ic) a() d3 k.

Thus, we have (43+, (13.17.i = fk- a(k) (13 k as desired. We note that elements (I.+

of the one-particle Hilbert space are complex solutions of the Klein-Gordon equation,

as are their negative frequency counterparts.

We continue the quantization procedure by regarding the coefficients a (k)

and rii(k) of 13 as operators acting on vectors in a Hilbert space F, the Fock space of

states to be defined shortly. In analogy with the quantum harmonic oscillator [7],

these operators satisfy the canonical commutation relations

[a(k) , at (6] = (17: --

2

\lb) k. 11

15

a()ethx d3 k

V2wk.

(k) d3 ki d3 x

(2.15)

IL;)d3kd3 k



3Recall that (-, -)7.1 is antilinear in the first argument.
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[a(), a(] 0
[at () , at (i)] 0. (2.16)

Second Quantization

We use the abstract index notation for tensors over Hilbert spaces as pre-

sented in {7, 101. In particular, an element of 71 is denoted by '1/5a, and the associated

element of the complex conjugate space 7-1 is denoted17. An element of 91 0 71

will be denoted /!b, and so forth for higher order tensor products. Elements of 7{*,

the space of bounded linear maps on 9-1, are denoted by an abstract subscript

Therefore, the inner product (Oa, cb1)7/ would be denoted by where the Riesz

lemma is used to identify 71i)ai with The operation of symmetrization is denoted

as usual by parenthesis (e.g. oa cb(a,e) _1_(0a0b one)).

The Fock space of states is defined by

(2.17)
n=0

where 11° = C, and, 7-C1 is the symmetrized n-fold tensor product sOin 0 'H. A

typical element We .T° is a finite-normed sequence of the form (/' oab .\) where

//) C, and f oab 712, The norm for T is

00

11'1'11 = I I 'ci5u
'HT1, (2.18)

n=0

where 110n117./. is the norm for the (symmetrized) tensor product 9-111 [381.
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For any one-particle element Oa with associated Oa , and an arbitrary element

ku E 1F, we define annihilation and creation operators, respectively, as'

al(-M(W) (a0, NiaV)ab ab(

at (0) (kit) _ (0, ,00a, (a b) 0(aOc) (2.19)

For the special case a = U- := we write a(0) =: a(k), and similarly
.V2Lok.. (27)3

at(0) =: at(). The field operator acting 011 is then defined by the expansion

(2.13), using notation appropriate for operators: ä(k) -+ at(k).

Fock space, physically, serves as the multiparticle space of states. An el-

ement aj..cf rt. represents a state of the quantum field with nparticles present;

the vacuum or no-particle state is 10) := (1,0.0, ...); a state consisting of a single

particle in the mode e is represented by 4) := at(k)0).
2

)10). Thus, we see that
,V2wij(71-)3

the one-particle subspace 7-1 is contained in the span of the set { at(k)10)Vic'e R3},

and the vacuum is characterized by

a(610) = 0, V k. (2.20)

From 2.19 we see that the entire Fock space may be generated by the repeated

application of creation operators at(i,-) on the vacuum 0) and taking linear combi-

nations. 5

4In order to avoid confusion with "balancing indices" on both sides of the equation, the
index is left off the arguments of annihilation and creation operators.

-vLukt-i-z17

5Technically, of course, e is not an element of 1-1. We may define a(k) and at(i)
vi24 k:.(27) 3

formally as for elements of 74, and treat the set (10),11-) ...},`d as a generalizedk k k
basis. In other terms, we restrict to linear combinations that result in elements of



Green Functions

Let (s, y', y2, = (s, c) (collectively, y) be another copy of the inertial coor-

dinate x. The Wightman Reconstruction Theorem [8] implies that the one-particle

Hilbert space is uniquely determined by a suitable choice of distribution to serve as

the Wightman two-point function6 (001)(x)(13(y) 0). The Wightman two-point func-

tion is also a Green function for the Klein-Gordon operator. This relationship is not

unusual: vacuum expectation values of other products of field operators correspond

precisely to certain Green functions of the field equation. It is worthwhile, therefore,

to review the "Green function zoo" [8] more explicitly.

We seek the integral kernel g of the inverse of the Klein-Gordon operator:

(D m2)C(x,y) = 6(x y). (2.21)

Taking (formally) the Fourier transform of this equation with respect to x, we obtain

(w2 e2yk. (2.22)

Solving for 0 and inverting, we get

G =
1

dk. (2.23)
k W2 ± W?'

This formal expression is not well defined until we specify how to handle the poles

at w Viewing the integration of the variable w as a contour integral in

Interestingly, this is the mathematical emergence of the Heisenberg uncertainty principle:
there cannot exist a particle in a state with an infinitely precise value of momentum
(which is exactly what lic) represents!).

6The Wightman two-point "function" is a distribution in general, but we choose to remain
consistent with the terminology in the literature. We do the same for "Green function".
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the complex w-plane, the problem is that the contour of integration is the real axis,

which contains the poles. Thus, we avoid the poles by deforming the contour so that

it does not contain the poles. There are clearly many possible contours, and each

choice yields a different Green function [81. We list the relevant Green functions',

some of the relationships between them and,the vacuum expectation values they

correspond to:

The Wightman two-point function G+(x. y):

G±(x,y) = (01(1)(x)4)(y)

19

1
0) = (GI- (x, y) + iG(x, y)). (2.24)

The commutator function G(x. y):

G(x, y) (01c1.(x)(1)(y) (1)(y)4)(x) 0) = GA (x, y) GR(x, y). (2.25)

The anticommutator function Gl(x.y):

Gl(x,y) (01(1)(x)(1)(y) + (1)(y)01)(x)10) . (2.26)

The retarded Green function GR(x, y)

GR(x,y) -= 8(t s)G(x,y). (2.27)

The advanced Green function GA (x. y):

GA(x, y) 8(s t)G(x, y). (2.28)

7A liberty is taken with the term Green function, in that some of the distributions
here solve the homogeneous Klein-Gordon equation. These correspond to taking closed
contours, instead of a deformed real axis as discussed above.



G(x,y):

G(x,y) GA (x, y) + GR(x, y). (2.29)

The Feynman Green function G (x, y):

GF(x,y) (01T(T(x)(1)(Y))

20

1
0) (G (x y) + (x .y)). (2.30)

The Heaviside (step) function has been denoted by 0(x), and the time ordered

product T is defined as8

T(4)(x)4)(y)) = (c(x).1)(y))0(t s) + (((y)(1)(x))0(s t). (2.31)

An important property of the two-point function is that it is equivalent to the inner

product on the one-particle Hilbert space. Let (13j, W E S. Then,

G+(f,g) = (40f- ) . (2.32)

Alternatively, noting equations (2.15) and (2.19). and in particular, that the negative

frequency part of the field (being a sum of annihilation operators) annihilates the

vacuum, (01(1.(x)(y)10) = (014)-(x)(1)+(y)10) = (+, +)9 Since it extracts the

positive frequency solution from a test function, G+ is often called the positive

frequency Green function.

8In GF, GR and GA, products of step functions with distributions are defined as in [8].
See also [52].

9See also section 3.2 of [7].



21

2.2.2. The 1-Particle Hilbert Space of Positive Frequency Solutions

As indicated in Chapter 1, the mathematical purpose of splitting the field

into positive and negative frequency parts is to facilitate the conversion of the real-

linear symplectic product (classical structure) into a positive-definite, complex (pre-)

Hilbert space scalar product (quantum structure). We now describe decompositions

in the more general case of a Klein-Gordon field propagating in a globally hyperbolic

spacetime. Let S denote the vector space of real-valued, smooth, Klein-Gordon

fields having compact spatial support (as above), arid let Sc 5, S e is denote

the complexification of S. We extend o-(-, -) to Scby complex bilinearity, then

define:

(1))KG (iP, .1)). (2.33)

Defined in this way, (-, .)KG defines a Hermitian sesquilinear form on Sc:

(CD112.(4312 4)3))KG = z(4)114)2)KG + z(4)1. 3)KG, iESC; Z EC.

(4)11 C1)2)KG (4121(1)1)KG-

--
Moreover, (-, .)KG satisfies (4)1, (1)2) KG (4)1, 4)2)KG, and we note that (-, *)KG

is antisymmetric on the real subspace S. With this new construction we do not,

however, obtain a complex Hilbert space. In particular, (, .)KG is not positive-

definite.

A positive-negative frequency splitting of Sc is a pair of subspaces V+ C Sc

such that (*, )KG is positive-definite on V+ and satisfying

Sc = v+ e v-

v± n v- = fol
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V- , (2.34)

where 0 denotes the zero vector. The restriction to S of the projection map

: Sc V+ defines a (real) vector space isomorphism with V+ regarded as a

real vector space, as does the restriction of P- : Sc > V. The one particle

Hilbert space II is then defined to be the Cauchy completion of the pre-Hilbert

space (V+, (-, -)KG). Quantization proceeds in analogy with the flat space case by

defining annihilation and creation operators acting on the (symmetric) Fock space

built from 7-1: Given a field (I), the associated field operator is defined by

:= a(P-F<D) at(P) (2.35)

2.2.3. The Methods

In the case of quantum field theory on Minkowski space, we saw above that a

positive-negative frequency decomposition was achieved via Fourier transformation.

However, on a curved spacetime, the Fourier transform may not be available, and

so we look into alternative ways to generate a positive-negative frequency decom-

position 0f The first method we will discuss is the mode-sum formalism [9, 50].

This is perhaps the most direct generalization of standard flat space quantization

and focuses on the role of the plane wave modes as an expansion basis for the fields,

as well as the role of the expansion coefficients serving as annihilation and creation

operators. It is also the method of primary interest in this dissertation for reasons to

be made clear. The second method involves the introduction of a complex structure

on the space of real solutions S. The third method involves the introduction of a
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real Hilbert inner product on S. This method has its roots in algebraic quantum

field theory which has been supported, in particular, by Wald [7]. The remaining

two methods involve the use of Green functions, an appropriate choice of which

determines a positive-negative frequency decomposition.

Mode-Sum Method

Define U- and U-
kk.(27r)3.

Then, with respect to theOwij(27)3 k

Klein-Gordon norm (., -)KG, the U. and Uk. form an orthonormall° set:

(Uic.,U)KG = 6(k'

(Uic-,(710-KG = 3(-k k)
(Uk , Lid KG 0.

Then the field decomposition (2.13) may be rewritten as

u(k))Uk-.) d3k. (2.36)

The rest of the quantization procedure follows as in 2.2.1.

To generalize this idea to curved spacetimes, we postulate the existence of

an orthonormal set of complex modes Uk., U,. satisfying (2.36). It is also assumed

that any real field .4) may be expanded in terms of these modes as in (2.36). The

one-particle Hilbert space 7-1 is taken to be the completion of the set {Uk. V in the

norm (-, -)KG. Thus, a positive-negative frequency decomposition is given by the

projectors:

mAt this stage, the Klein-Gordon norm is indefinite, and so we must use the correspond-
ing notion of orthonormality.
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P+,1) := a(k)Uk. d3k

P-(1) := I a(k)Uk d3k. (2.37)

The field operator (2.35) takes the form

= filo (a(k.)t + aI(1-c*)(//-,..) d3 k, (2.38)

where a(k) denotes the annihilation operator associated with Uk., etc.

Complex Structure Method

A complex structure on a real vector space V is a linear map J : V > V

satisfying J2 = -II, where II :V >Vis the identity map. Complex structures

exist on even-dimensional and infinite-dimensional spaces [35]. Given a complex

structure J on V, we can define operators P± : V > Vc, where Vc denotes the

complexification of V, which are given by

PIzz = -21(v + zjv). (2.39)

Extending J to Vc by complex linearity, the following properties hold for all v e Vc

and follow directly from the definition of P.

J2

P±(P±v) = P±v

(P+ + P-)v = v

P-v = Pt?) (2.40)

The operators P± are called positive and negative frequency projectors and they

define a positive-negative frequency decomposition. Furthermore, J has eigenvalues

±i and the corresponding eigenspaces are V±.
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Conversely, suppose that on a real vector space V, positive and negative

frequency projectors are given. We may define a complex structure J:

Jv v v). (241)

That Jv EV follows from the above properties of the projectors, and ../2 = follows

directly from the definition of J. If we extend .1 to Sc by complex linearity, then as

-before, J has eigenvalues ±i and the corresponding eigenspaces are VI.

Taking V above to be S, we see that a specification of a complex structure J

on S determines a space of positive frequency fields 5+, and the (pre-Hilbert) inner

product on this space is defined to be

1
(P+c1), P±T)ii = (o-(4), Jklf) (4), W)). (2.42)

2 \

The complex structure J is required to be compatible with the symplectic product

in the sense that J is symplectic, a((I), = cr(J(I), JW), and that o-(4), JcI)) >

0 V(1), kIf S. This restriction does not pose any problem in practice [35].

p,-Method

This method derives from the algebraic approach to quantum theory. The

traditional formulation of quantum theory. as by von Neumann [41], requires first the

specification of a Hilbert space, whose unit normed elements represent the possible

states of the physical system under consideration. The observables of the theory

are an algebra of operators generated by self-adjoint operators acting on the Hilbert

space of states. The generators are required to satisfy the canonical commutation

relations.
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On the other hand, the algebraic approach to quantum theory [40] initiated

by Segal reverses this process. One first specifies an abstract C*-algebra, whose

generators satisfy the canonical commutation relations, to serve as the basic ob-

servables for the quantum theory. Then a choice of representation of the algebra

is made, and the resulting representation space is the Hilbert space of states. The

chief motivation for the algebraic approach is that although there exist infinitely

many unitarily inequivalent representations of the CCR (cf. section 1.1.3), the al-

gebras of basic observables in all cases are *-isomorphic. Such algebras are referred

to as CCR algebras. The algebra of observables is therefore more fundamental than

the Hilbert space of states, and one may use the unique abstract C*-algebra to pro-

vide a foundation for the quantum theory that is independent of the representation

problem.

We are concerned only with irreducible Fock representations of the field alge-

bra. These representations allow for the most direct interpretation of the quantum

field theory in terms of particles. In the theory of CCR algebras [36], such represen-

tations are characterized by a choice of positive-definite (real) inner product p,(,

on S satisfying

(7(4), klf )2
tt(<1), (I)) = sup (2.43)

ql)

The real pre-Hilbert space (S, it( , -)) may then be completed to a real Hilbert space

[7], SP. Consider the bounded linear operator J defined by

JO), = (2.44)

The existence of such an operator follows from the Riesz theorem [38], and the

boundedness of J follows from the fact that c (- -) is bounded in the R-norm, as a
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result of (2.43). Thus, a(.,-) may be extended to 54 by continuity. Furthermore, the

antisymmetry of a(,-) implies fr = J and that J is unitary with respect to the

A-norm. Consequently, J2 = JtJ = L Thus, a choice of /./(, -) on S determines a

complex structure J on 54 that is compatible (by definition) with a(.; -) and hence;

determines a positive-negative frequency decomposition. A good reference for this

approach is [7], and for the representation theory of CCR algebras, see [36].

G1-Method

This method begins with the observation that when M is Minkowski

space, the (homogeneous) Green function G1(x, y) satifies the following properties

Vf

Gi * Gi = G

Gi[f, f] 0 (2.45)

It follows from these conditions that the operator J: S S defined by

J(cl)f) := (2.46)

is a complex structure, and that a(.. J(.)) defines a real Hilbert norm on S. A

positive-negative frequency decomposition is defined by the projectors

P±(1)f := (G (2.47)

The original idea for this approach comes from Lichnerowicz [44], and for this reason,

Gl is often referred to as the "Lichnerowicz kernel". Existence and uniqueness of

the Lichnerowicz kernel in the case of a stationary spacetime having closed (i.e.

compact and without boundary) spatial sections is proved in [45].



CF -Method

This method generalizes the flat space Feynman propagator CF (cf. equation

2.30). In flat space, CF is the Green function that propagates the positive frequency

part of a solution into the future and the negative part into the past. For example,

in (2.30), time ordering T arranges for CF to agree with the (positive frequency

propagating) Wightman function G+ whenever x is to the future of y.

Alternatively, one can take the specification of the Feynman propagator as

defining the notion of positive and negative frequency by the equation"

iG

(0fou17-0)()4)(y)) 01.0,
iGF(x, Y)

(Of 0,, ()past)

where the time ordering T )(x)cI)(y)) is generalized to

r(cD(x)4)(Y)) =

(0
Y) :=

f cD(x)(1)(y),

4)(04)(-1),

if y I+ (x)

if x J+ (y)

28

(2.48)

In a stationary spacetime, there is a preferred quantum field theory in the

sense that one can define positive frequency with respect to Killing time. Further-

more, consider a spacetime that is asymptotically stationary in the past and future.

Then in the asymptotic regimes, there exist two (possibly different) notions of pos-

itive frequency, but assume that the two Fock spaces are related by a well-defined

(S-matrix) transformation. Then the Feynman propagator may be generalized to:

(2.49)

(2.50)

"Of course, the denominator (010) = 1. but we include it for the forthcoming
generalization.

T(c1)(1)(1)(Y)) 0)

(00)
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Defined this way, it follows that GF is a Green function for the Klein-Gordon equa-

tion, and that it propagates positive frequencies into the future and negative fre-

quencies into the past [43]. By again reversing the process, one may specify a Green

function with the appropriate properties (e.g. propagates test functions into the

future as solutions having positive Klein-Gordon norm), and thereby define asymp-

totic notions of positive frequency. Examples of this approach may be found in

[46-49].

Summary

All of these methods of determining an irreducible Fock representation of

the CCR are tantamount to a positive-negative frequency decomposition of Sc.

The Green function (in flat space) G+ is the distribution that extracts the positive

frequency part of a solution, and may therefore be used to define positive frequency.

The Green functions G and G are independent of the definition of positive frequency

for any globally hyperbolic spacetime. Thus, as we saw explicity for the flat space

case, specification of G' or CF determines G-r (hence a positive frequency decom-

position). Moreover, specification of a comp1ex structure J or a real inner product

,a satisfying (2.43), determines a positive frequency decomposition. Both J and p,

are equivalent to C'.

2.3. Bogolubov Transformations

We saw above that the Fourier transform with respect to inertial coordinates

is used in standard Minkowski space quantization in order to split the field into

positive and negative frequency parts. The space of positive frequency solutions of
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the field equation is then completed to form the one-particle Hilbert space of states,

and subsequently, the many particle Fock space is built. As remarked in Section

1.1.2, differences in quantum field theories are due to differences in the one-particle

Hilbert space. In fact, even in Minkowski space there are many different choices

for the one-particle Hilbert space, though there are, perhaps, reasons to prefer the

procedure sketched above. For example, we shall see in the next chapter that us-

ing a noninertial coordinate system yields a different quantum field theory than

the standard one. Thus, it is important to compare the various Fock space con-

structions by comparing their one particle structures. This leads to the Bogolubov

transformations which we now describe within the mode-sum formalism.

2.3.1. Theory

Suppose we are given two different notions of positive frequency by providing

two different orthonormal(in the sense of (2.36)) sets of modes Uk,U k and 17i, VI, as

in §2.2.3. In practice, the indices k and 1 may be from a discrete or continuous set,

and so we denote sums generally as integrals over the index set with respect to the

appropriate measure as

fk dp(k). (2.51)

For example, plane waves in Minkowski space, we would have

d3k, (2.52)

and if we take the spatial part of Minkowski space to be a torus, the sum would be
00

(2.53)



where k is proportional to integers n, and so dp(k) is simply the "counting measure"

on the set of integers (which doesn't appear explicitly in notation!).

Let {Uk, Uk} and {Vi, V/} be two sets of modes, and denote by S the space

of admissible solutions12 (e.g. (DE 3). Assume that both sets of modes are complete

in the sense that any (DE S, as well as the modes themselves, may be expanded in

terms of either set of modes

=f (a(k)Uk + ii(k)Uk) d1(k) (2.54)

Or

31

(b(1)Vi + b(1)171) d1(1). (2.55)

Then there exist a "Bogolubov transformation" [9], specified by the "Bogolubov

coefficients," eta, 131k, satisfying

faikUk + OtkUk 4(1). (2.56)

We may express the Bogolubov coefficients in terms of the modes by taking inner

products

alk = (Uk717)KG

Olk -(Uk)1)KG (2.57)

It follows from the properties of the Klein-Gordon product (cf. §2.2.2) that

( 1k = (Uk 1) K G

12As with the measure, this will vary in practice, and so we do not commit to a particular
space.
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(2.58)

Similarly, we find

Uk f "1k 131kV1 dp(k). (2.59)

Now, consider the expansion of (I) as above in (2.54). Then taking the appro-

priate products, we can solve for the U-mode coefficients in terms of the V-mode

coefficients:

a(k) = (Uk, (I)) KG = f ct1kb(1) + Akb(1) di-1(1)

Zi(k) = (Uk, 4))KG = f 1kb(1) + d/kb(l) dp,(1). (2.60)

Conversely,

b(1) = (Vk,c1))KG = dika(k) ikd(k) d,a(k)

b(1) (V k, cD)KG = Aka(k) + a1J/7(k) cl,a(k). (2.61)

By letting (1. = Uk in (2.55),

Uk = f (1)(1)171 + b(1)1:1) d(l), (2.62)

then substituting b(1) and b(1) via (2.60) and (2.60) respectively, we get the following

consistency conditions:

aikOki 131k6ic1 d1l(1) = 0

13ikOki 41(1) = 6(k k). (2.63)

These equations are often referred to as the "Bogolubov identities".



2.3.2. Particle Content

Upon quantization, the field operator is represented by either of

(a(k)Uk + at (k)Uk) apt(k)

= f (b(1)Vi + bt (1)1) d11(1), (2.64)

where a(k) is the annihilation operator associated with the mode Uk, b(1) is the anni-

hilation operator associated with the mode as in §2.2.1. In particular, associated

with the modes Uk is a vacuum 10u), and associated with the modes V/ is a vac-

uum 100. Either vacuum may be characterized by the action of the corresponding

annihilation operators as in (2.20):

a(k)10u) = 0. V k

b(1)10v) = 0. V 1.

Using the Bogolubov coefficients, we may compare the vacua:

a(k)10v) = ( aikb(I) + 3ikbt (1) (4(1)) f0v)

= f Olkbt (1) 6111(1))

= f131k 1101
1

where Ili) is a state with one particle in the mode 1, a 17-particle". Consider the

number operator for U-particles, (k)a(k). The last equality implies that, provided

Ak (and hence I31k) is nonzero, the V-vacuum 10v) contains U-particles in the mode

k at a density of
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(2.65)

(2.66)

(0vlat(k)a(k)10v) = 31k12 (2.67)



2.4. Discussion

In this chapter we presented the relevant background in PDE's and quantum

field theory for the purposes of developing the theory of distributional modes in the

two following chapters. Specific attention has been drawn to the fundamental solu-

tion of the Klein-Gordon equation, as it will be shown to be intimately related to

the distributional modes. We have emphasized the role of the one-particle Hilbert

space of positive frequency solutions as being the key structure to be generalized in

order to construct a quantum field theory in curved spacetimes. Although many dif-

ferent proposals for this generalization have been made, it is the mode-sum method

that this thesis is primarily concerned with. The main assumption in the mode-sum

method is the existence of a complete set of modes, and in practice, the validity

of this assumption is a subtle and important issue. Indeed, the motivation for the

distributional modes comes from the observation by Manogue, Dray, and Copeland

that in the trousers spacetime (cf. §1.2), the assumption that plane waves form a

complete set of modes is invalid.

Bogolubov transformations describe how two sets of basis modes are related,

and therefore, how two quantum field theories, say a and b. are related. In particu-

lar, the Bogolubov transformations provide an expression for the density of a-type

particles in the vacuum associated with b. We will use this formalism in the follow-

ing chapter to compare new results with established results as a consistency check.
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3. TWO-DIMENSIONAL DISTRIBUTIONAL MODES

3.1. Motivation

In this chapter, we begin the development of the distributional modes pro-

gram (cf. §1.2) with the case of two-dimensional Minkowski space. This program

was prompted by the work of Manogue, Dray, and Copeland [19] on the quantiza-

tion of the massless scalar field on the trousers spacetime. Their research reveals

the incompleteness of the plane wave modes in the following sense: in the analysis

of the particle production arising from the topology change, there arise solutions of

the wave equation that are orthogonal (with respect (., -)KG) to every plane wave

mode. These new modes satisfy the wave equation in the distributional sense and

are of the form

1
Oy(t, x) t) 0(x y t)]

1
Ay(t , x) =

2[6(x
y t) (5(x y t)].

With the goal of capturing these modes and their utility, we consider a formalism

for the canonical quantization of the scalar field based on this set of modes, which

differ from the usual plane wave modes. In particular, the new modes are indexed

by position, as opposed to momentum.

(3.1)

(3.2)



3.2. Minkowski Space Theory

3.2.1. The Distributional Mode Expansion and Standard Quantum Field
Theory

The scalar field (1. (t, .x) on two-dimensional Minkowski spa,cetimel satisfies

the Klein-Gordon equation:

021, 32,,D

(0 m2)(1.= + m2cp = o.
at2 ax2

The Klein-Gordon inner product for complex valued solutions is given by 2

04)(t,
x)

(t, x) x)
(t, x)

dx (3.4)at at
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(3.3)

The (delta function normalized) plane waves are, for k c R, 3

uk Nkeiwkt-Eikx

Uk Nkeiwktikx, (3.5)

where wk := Vk2 + m2, and the k-dependent normalization constants are given by

NI, = 07,1 The normalization is of the modes is expressed by

(Uk )KG (k k)

'As there is only one spatial coordinate in a two-dimensional spacethne, we write (t, x)
as opposed to (t,). In particular, x is not the co1lective coordinate x = (t, as in §2.2.1
for example.

2As remarked in 2.1.1, the Klein-Gordon product is independent of the choice of Cauchy
surface. For definiteness only, we choose the surface t = 0.

3In the case in = 0, we assume k c IF {0}

x), W(t, X))KG =
ft=0



since then

(Ti k, Ti KG 6(k k)

(Uk,U k)KG 0.

Our choice of normalization is convenient. but not Lorentz invariant. To see

this, consider 2-dimensional Minkowski (momentum) space with coordinates (k°, kl).

For fixed m > 0, the mass shell is the hyperboloid (k°)2 + (0)2 = 77/2. If we

define wki = H-N/m2 + (0)2, then the positive mass shell (10 > 0) has coordinates

(Wk, k), where we define k = kl for ease of notation. We now show that the boost

invariant measure on the hyperboloid is dfL

Consider a boost:

(dwk) sinh + (dk) cosh 3

w k cosh + sinh 3
(kwdk ) sinh 3 ± (dk) cosh 3

wk cosh 3 k sinh

(clic-.)(k sinh -4- k cosh 3)

Wk cosh 0 4- k sinh 3
dk

Wk

The delta function associated with this measure is

ti(k k) = 6(1-t"' k),

(
k'

cosh 3 sinh

sinh 3 cosh 3

Wk

Then,

dk' d(w k sinh 3 + k cosh 3)
w'k' W k cosh 3 + k sinh
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(3.6)



5The tilde in the expressions below indicate Fourier transform. See §4.2 for details and
conventions.
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f (k) p(k k) (IR f f (k)wk 6(k k)

Wk

= f (k) 6(k k) dk
k

= f (0-

In particular, the Lorentz invariant notion of orthonormality for plane waves and

such is, e.g.,

(0k, U) KG = ijk k) =Wk6(k k).

The distributional modes ey, Ay for two-dimensional Minkowski space have

been defined in equations (3.1), and (3.2), and satisfy the normalization conditions

(ey, 0) KG = 0

(AY, /)KG = 0

Ow '40 KG = -i(5(Y (3.7)

Assume' that the field can be expanded uniquely in terms of either the plane

wave modes Uk, IA or the distributional modes ey, Ay:

of. (X, t) = (a(k)Uk +(i(k)Uk) dk (3.8)

t) = f (c¢(y)Ay + 7(y)ey) dy. (3.9)

In (3.9), y is a coordinate for the Cauchy surface t = 0. The relationship between

the coefficients may then be determined by the Bogolubov coefficients:5

4Cf. §4.3 regarding the validity of this assumption. A strong argument for the distribu-
tional modes is related to the dubiousness of this assumption in many cases!



Similarly,

a(k) = (Uk, 4))

= f dy (OM (Uk, Ay)

(= f dy [7(y)
2.01Wk.

= Wk 7

2
p(k)

+7r(Y)(Uk,ey))

°(y)
/1

For fixed k, these are simply the annihilation operator associated with a simple

harmonic oscillator of frequency k with phase space variables (-4, and fr! Thus, as

the plane wave expansion of the field reveals the field as an infinite collection of

harmonic oscillators indexed by their fixed frequency, the distributional mode ex-

pansion reveals the field as an infinite collection of Fourier transformed harmonic

oscillators indexed by their fixed position on the Cauchy surface. Notice that there

is Heisenberg duality at work here: the plane wave oscillators have definite frequen-

cies, and so are completely nonlocal, whereas the distributional mode "oscillators"

are localized, and have indefinite frequency. In terms of the plane wave coefficients,

the distributional mode coefficients are

(ING

= if (a(k)(ey, Uk)KG a(k)(ey, Uk)KG)dk

fNkeikYa(k) + Nke'"11(k) dk

[ (N/2aWk) (Y) V2a)k
( (3.12)
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(3.11)

a(k) = - (k) + i :k(k). (3.10)

Similarly, we find



7(Y) = (D)KG
,

= (( V2wka) (y) (/2wka) (-0) (3.13)

The commutation relations for the operator coefficients 0(y) and 7r(y) may

be computed from the CCR (111) imposed on the operator coefficients a(k) and

at (k). The result is:

[OM, 7(01 = 6(1) --- (3.14)

all other commutators vanishing which, of course, is just the equal time CCR for

the field operator and the momentum operator. This is not a coincidence and is the

reason for denoting the distributional mode coefficients as we have:- 0(y) = (1)(0, y),

r(Y) at(I)(0, y). This will be addressed more fully in the following chapter, where

the general distributional mode formalism is discussed.

The goal is to have a mode-sum formalism that views the distributional

modes and their operator coefficients as fundamental. Furthermore, we want the

formalism to reproduce standard flat space quantum field theory. Thus, we take the

decomposition (3.9) as our starting point, and impose the canonical commutation

relations (3.14) on the coefficients. The Foci; space of states is generated by the

vacuum, defined by (cf. 2.20)

basis.

co -
20(k) +

40

= 0, Vic( R. (3.15)

Equation (3.15) defines the same vacuum as the plane waves, but in terms of a new



3.2.2. Position Fock Space

There is an alternative Fock space that we can construct that does not require

a Fourier transform of the (distributional mode) expansion coefficients 0 and 7F, as

in (3.15), but only a positive-negative frequency splitting of the field. The vacuum

condition (2.20) is equivalent to the condition that the vacuum is annihilated by the

positive frequency part of the field, as defined by (2.14):

0) = 0 V x E R. (3.16)

Furthermore, as discussed in [51], if we denote the one-particle state of momentum

k, air(k)10), by 11k), then the function fk(t, x) := (01(1.(t, x)11k) is the positive energy

wave function in the configuration space version of the nonquantized Klein-Gordon

equation. In this formalism, f k(t, x) is interpreted as the probability amplitude for

finding a particle of momentum k at the point (t. x) in spacetime. Thus, (I)(t, x)10) =

(t, x)10) represents a state of the field with a quantum located at (t, x), and is

a superposition of all one-particle states 110. Similarly, the operator (13+ (t, x) is

interpreted as annihilating a particle at (t, x); however, the value of t must be the

same for all the operators. Thus, we may generate the Fock space using the "position

basis" by fixing t and acting repeatedly on 0) with the operators (I)- (t, x). To be

explicit when using this position basis for Fock space, we call it "position Fock

space".

In terms of the distributional mode operators 0(y) and 7(y), the positive

frequency field (at t = 0) that defines the vacuum via (3.16) is given by

Y) =
ii

V,6(v) + (Q* 7)(0),

41

(3.17)
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or, in terms of the operator (2) := A -

V- (0, Y) = -21 (95(y) + 0-17)(Y)) (3.18)

where Q = wk-1(y), and * denotes convolution'.

We may view (3.18) as defining an annihilation operator 01)± (0, y) for position

Fock space by an appropriate encoding of the field data 0(y), 7r(y) into the real and

imaginary parts (resp.) of a complex quantity (I)±(0. y). "Appropriate" in this case

refers to equation (3.18), which reproduces the standard notion of positive frequency

in Minkowski space. But, as emphasized throughout this dissertation, there isn't a

universal choice of positive frequency, only preferred choices, and so we don't refer

to (3.18) as the encoding. Indeed, we now look at a particularly convenient encoding

that leads to modes called the "pseudo plane wave" modes.

3.2.3. Positive-Negative Frequency Splittings and Pseudo Plane Waves

From (3.18), we saw that the real part of the positive frequency field (I.+

(at t = 0) involves the data 0, while the imaginary part involves 71-. We argued

that we may view the forming of the t = 0 positive frequency field as suitably

encoding the (real) Cauchy data 0(y) and 7-(y) into a single complex quantity, (I)+

- the negative frequency part of the field being the complex conjugate. This is

analogous to viewing the pair (x, y) eR2 as real and imaginary parts of a single

complex number z, corresponding to the positive frequency field. The negative

'Recall that the convolution of two functions f (x) and g(r) is defined to be the function
h(x) = (f * g)(x) := f f (x y)g(y) dy.



frequency field corresponds to -z-, and the positive-negative frequency decomposition

(DA- + <V corresponds to the statement 2x ------- Z

The standard Fourier transform formalism of 2.2.1 leads to a particular

encoding of the data 0(y) and 7(y) by the plane wave expansion of (I)+, that of

(3.18). From the distributional modes viewpoint, the more natural procedure would

be to take the above analogy with IR2 more directly and define

24>+ (0 x) ç5(x) + i7r(x).ppw

Then, we would have 24)p-p.(0, x) := 0(x) - i7(x). To see how this might arise from

a mode decomposition, consider the "pseudo plane wave" modes Vk and V k, defined

by

1 ikx f 4_\Vk := 2e cos kwk L) sin (b) kt))
wk

1
V k =

2
\Fr.ernikx (cos(wkt) 4 sin(a)t)).

These modes satisfy the same normalization conditions as the plane waves:

(Vk , 17k) K = (k k)

(17 k,17 ic) KG - -6(k -

(17k,17k)KG = O.

Expand the field in terms of the pseudo plane waves

(t, x) = f (b(k)171, + b (k)V(k)) dk (3.22)
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(3.19)

(3.20)

(3.21)

(I)

The Bogolubov transformation between the pseudo plane waves and distributional

modes, together with the transformation between the pseudo plane waves and the

plane waves, imply:
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b(k).1 (0(k) + iF1-(k))

b(k) = (k) irfr(k))

b(k) 2"1 ((1 wk)a(k) + (1 (.0c)-ellk))

b(k) = 2v1wk((1 wk)a(k) + (1+ wk)a(k)). (3.23)

The first two of these equations shows that the pseudo plane wave coefficients are

related to the Fourier transform of the Cauchy data 0(y) and 7r(y) in essentially the

same manner as in (3.19). For x-space pseudo plane waves, one could either Fourier

transform on the variable k, or take the appropriate complex combination of the

distributional modes to obtain the desired expansion:

1

VY = (AY

Another advantageous property of the pseudo plane waves was noted by

Dray and Manogue in [50]. In the case of the massless scalar field, the zero fre-

quency limit of Uk in (3.5) does not exist since the normalization factor Nk di-

verges. Even if we take the zero frequency limit before normalizing and define

U0 lirn, _40 C-iWkt-i-lks 1, it is real (and hence has no notion of positive fre-

quency) and is orthogonal to the modes Uk, U, as well as to itself. Thus, the set

{U0, Uk, U, Vk} is degenerate with respect to the Klein-Gordon product. It is com-

mon in practice to simply discard this mode as unphysical. However, this is hard

to justify in spacetimes with compact spatial sections, since in this case, Uo is a

smooth function with compact support. In contrast, Dray and Manogue pointed

out that Vk and V k do have well defined zero frequency limits, namely .(1 i)

and\+-2--(1 i). It is also noteworthy that the distributional modes ey and Ay are

(3.24)
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also have zero norm, and that {U0, 0?), Ay} is not degenerate with respect to the

Klein-Gordon product. This is an explicit example of how the distributional modes

have the ability to capture all the degrees of freedom of a system, where the plane

waves cannot

3.3. Quantum Field Theory in Rindler Space

In this section, we present the construction of quantum field theory in

two-dimensional Rindler space. The comparison of this construction with the stan-

dard quantum field theory construction in Mmkowski space leads to the surprising

phenomenon known as the Unruh effect (cf. §1.3), which is the subject of the next

subsection. A remarkable result, to be presented in Chapter 5, is that the Unruh

effect can be derived using a general family F of sets of "generalized plane waves",

which include both the usual plane waves as well as the aforementioned pseudo

plane waves as special cases. What is remarkable about this result is that each set

of modes defines a different notion of positive frequency.

3.3.1. Rindler Space

In a spacetime diagram of two-dimensional Minkowski space, partition the

spacetime into 4 wedge shaped regions defined by the diagonal lines x = ±t. Rindler

space corresponds to the globally hyperbolic, open submanifold consisting of the

left (x < Itl) and right wedge (x > ) regions. Canonical coordinates ("Rindler

coordinates") (T, p) are defined in terms of Minkowski coordinates as follows.

Right wedge (x > 0):



T= 1 tanh-1(-t)
a

1

P = in[a2(x2 t2)]
2acap

t = sinh(aT)
a

X = cosh (aT)
a

Left wedge (x < 0):

T = 1 tanh-1(-t)
a X

1 1nra2(x' 2)]

2a_eap
t = sinh(aT)

a_eap
X = cosh(ar),

a

where a > 0 is a constant. The line element is given in both cases by:

ds2 = c2ap d T 2 ± dp2)
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(3.25)

( 3 . 26 )

(3.27)

The rays T=C,Ca constant, are acceptable Cauchy surfaces for Rindler

space. For definiteness we will work with the Cauchy surface ER, defined by T 0,

which differs (as a subset of Minkowski space) from the Minkowski Cauchy surface

EM (t = 0) in that ER lacks the Minkowski origin point t = 0, x = 0. The curves

p C are hyperbolae symmetric about the x-axis and have as asymptotes the

lines x = ±t. These hyperbolae represent the world lines of observers undergoing

a constant acceleration ae-aP [9, 50]. Without loss of generality, we will hereforth

consider only the right wedge explicitly. In particular, in the right wedge, we take

ER R n {X > 0} for our Cauchy surface.



3.3.2. The Unruh Effect

In the case of the massless scalar field (m 0), the Klein-Gordon equation

is conformally invariant, and the line element (3.27) is conformal to the Minkowski

line element [9, 19]. It follows that the entire quantization procedure in terms

of Rindler plane waves will be formally identical to the Minkowski space quanti-

zation procedure, but with p replacing x and T replacing t. Thus, we will have

an orthonofmal basis of positive frequency solutions (with respect to Rindler time

L , = 1 , that will split Rindler space fields (i.e. solutionsV4vi 71

to the Rindler space wave equation) into positive and negative frequency parts,
(DR(T, (DR+ ± (DR In the usual way (cf. §2.2.1), the coefficients aR , aRt of the

field expansion become operators satisfying the CCR (5.11) and define a vacuum

state 10R) which serves as a cyclic vector for a Fock space of states .FR.

As discussed in 2.3, we may compare the Minkowski vacuum 0) and the

Rindler vacuum 10R). The result is [9, 501

(01aRt aR

Ca 1
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(3.28)

Thus, the Minkowski vacuum state contains Rindler particles (i.e. the notion of

particles defined by quantum field theory the Rindler space) in each mode v, at

a density 2,1, ! Moreover, this spectrum of particles is precisely a Planckian
e a _1

spectrum at temperature. As mentioned above, curves of the form "p = constant"

represent uniformly accelerating observers, and so we may interpret the difference

in vacua by saying that uniformly accelerating observers in Minkowski space with a

quantum field in the vacuum state will "feel themselves immersed in a thermal bath

of radiation at the temperature 2i" [42]. This is the Unruh effect.



3.3.3. Distributional Modes in Rindier Space

The Rindler space distributional and pseudo plane wave modes are formally

the same as the Minkowski versions, but in terms of different variables:

1
0(7. p) = 2(0 (p + T) - 8(p 7))

, 1
(T. p = + 7) 4 (-5(p

,R 1 (6 zz\-

I
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(3.29)

where A, I ER. The distributional modes ey are coordinate independent, in partic-

ular, 0(7, = ey(A)(t(r, p), x(T, p)). However, the same does not hold for AA and

Ay. The modes AA (resp. , Ay) have been defined as the T (resp. t) derivative of OA

(resp. ey), and a, 0 a,. This is the emergence of the inequivalent notions of positive

frequency with respect to Minkowski and Rindler coordinates in the distributional

modes formalism, where it appears as different notions of time (t vs. 7).

In the right Rindler wedge, we have the expansions

(DR(p. 7) fdl (aR MUIR + aR(l)UiR)

(DR (p.7) = fdl (bR (1)-1/R ± MT/IR)

cDR(p. 7) f dA(OR(A).AA 7FR()0) . (3.30)
A

As in the Minkowski case, it follows from the computation of the Bogolubov

transformations that the expansion coefficients. hence the annihilation and creation

operators defined by the modes, are related as follows:

aR (1) = \lir) (vOR (1) + iitR(l))

aR (1) = 2(1)OR (-1) + iTR (-1))



3.4. Discussion

In this chapter a reformulation of quantum field theory in Minkowski and

Rindler spaces in terms of distributional modes was presented. The Bogolubov co-

efficients were computed and tabulated, and it was shown how to define the standard

vacuum in terms of the operators defined by the distributional mode expansion co-

efficients. In Minkowski space, these coefficients turned out to be the Cauchy data

for the field Qt. on the initial data surface t = 0. Although the Klein-Gordon product

itself is independent of the choice of Cauchy surface, the expansion coefficients do

depend on this choice. In general, if a Cauchy surface E is chosen, the expansion

coefficients are the initial data for the field with regard to the initial data surface E.

In relating the distributional modes to the plane wave modes, we found the

relationship was similar to that between ri? and C. The Fourier transform of the

distributional mode coefficients of the field are almost, but not quite, the real and

1
bR(1) ORM + (1))

-6R(1) = (R(-1)

bR(i) = 1 ((1 + vi)aR (1) + (1 ( 1))

bR(/) = 1 ((1 vi)aR (-1) + (1 + (I))
207/

The sets of modes U1, 17i, and OA L\A are related by

I 1 ) (1 1 ),
k u k

2 2wk 2 2w k

iA1).
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(3.31)

(3.32)
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imaginary parts of the plane wave coefficients of the field. The distributional modes

suggest a different type of plane wave, the pseudo plane wave, by using the Fourier

transform of the distributional mode coefficients of the field as exactly the real and

imaginary parts. The pseudo plane waves are therefore more directly and naturally

related to the distributional modes. However, the pseudo plane waves are indexed

by momentum and satisfy the same normalization conditions as the standard plane

waves. Furthermore, in the case of the massless scalar field, the pseudo plane waves

have a well defined zero frequency limit, unlike their standard counterpart.
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4. GENERAL THEORY OF DISTRIBUTIONAL MODES

In this chapter the general theory of distributional modes is presented. The

existence and uniqueness of canonical distributional modes for an arbitrary globally

hyperbolic n-dimensional spacetime, n > 2, is established in the first section. The

second section presents the generalization of the two-dimensional flat space results

of Chapter 3 to dimension n. The Bogolubov transformations between the distribu-

tional, plane wave, and pseudo plane wave modes are computed for both Minkowski

and Rindler space. Concluding remarks follow in the last section.

4.1. Existence and Uniqueness of Canonical Distributional Modes

Although the primary interest in the distributional modes is in providing a

basis for a mode sum formulation of quantum field theory in curved spacetime, it was

found that the distributional modes are closely related to the mathematical object

in PDE theory known as the fundamental solution (for the Klein-Gordon PDE in

this case) [23, 32]. This observation makes it possible to establish the existence and

uniqueness of a canonical type of distributional modes generally and directly.

The family of distributional modes {07i} corresponds precisely to the fun-

damental solution of the Klein-Gordon equation [23, 3211. One of the properties of

the fundamental solution is that it is uniquely defined on any globally hyperbolic

spacetime. Thus, the distributional modes {O} have a unique, coordinate invariant

'This distribution arises in many contexts, and as a result, has numerous other names [8,
44, 45, 23, 32, 511: propagator, resolvent kernel. homogeneous Green function, commutator
function, Schwinger function, Pauli-Jordan function. etc.
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generalization to arbitrary globally hyperbolic spacetimes that requires, and will de-

pend on, only a choice of Cauchy surface. The distributional modes {Ay} of Chapter

3 were defined as the time derivative of the modes {ey}, as were the Rindler ver-

sions. As mentioned in §3.3.3, the Minkows:ki and Rindler versions of these modes

differed because of the different definitions of time coordinate. So, although there

is a unique set of modes {ey} associated to a given Cauchy surface in a spacetime.

this will not be the case for {Ay }.

The Minkowski space distributional modes, as defined in Chapter 3, have the

property that their nonzero data, being delta functions, have support concentrated

on a single point. For example, in Minkowski space, the distributional modes have

the data (at t = 0)

r 0 ) (5(x Y))
fey, Ay}

(5.(x Y)) j
It is this property that compelled their study, since it allows one to isolate degrees of

freedom associated with points in spacetime. Thus, the distributional mode formu-

lation of quantum field theory would be the most natural approach to problems of

quantization in spacetimes where there are singular points (e.g. the trousers space-

time, cf. §1.2). With this in mind, we define canonical distributional modes that

generalize the Minkowski distributional modes in the following sense. For Cauchy

surfaces in Minkowski space of the form t = 0, where (t fc') are inertial coordinates,

the normal vector coincides with at. Since every Cauchy surface in a globally hy-

perbolic spacetime has a unique, future pointing normal vector, we may generalize

the Minkowski definition of distributional modes using the normal vector to define

data a preferred A.

(4.1)
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Definition 4.1.1 Let (M,g) be a globally hyperbolic n-aimensional spacetime and
E a Cauchy surface. Let x and y be 2 independent copies of a local coordinate
for .A4 . Restrict to y E. The canonical distributional modes are defined to be the
distributional solutions to the Klein-Gordon equation, ey and A, corresponding to
the data

r ( 0 (6-(x - Y))
fey, Ay}

(5(3c, Y))'

This definition is substantiated by the following theorem:

Theorem 4.1.1 Let (M, g) be a globally hyperbolic n-dimensional spacetime and E
a Cauchy surface. Then there exist a unique set of distributional modes fey, Ayl.
Furthermore, the set of modes is complete in the sense that any C solution of the
Klein-Gordon equation (D m2)(1) = 0 with compact spatial support may be uniquely
expanded in terms of the distributional modes.

Proof:

As discussed in Chapter 2, equation (2.9) provides the solution to the initial

value problem for the Klein-Gordon equation in terms of the distribution kernel

G(x, y) associated with the homogeneous fundamental solution (cf. §2.1.2). Thus,

G(x,y) satisfies (C1 m2)G(x,y) = 0 in either argument x or y, and G(x,y) =

G(y, x).

Global hyperbolicity allows us to assume without loss of generality that the

coordinates have been chosen so that E corresponds to the hypersurface x° = t = 0

or y° = s = 0 (cf. the introductory paragraph to Chapter 2). It will be helpful to

be explicit and write G(x, y) = G(t,Y;s,W). The equation (2.9) then reads

(t,) = f (y)G (t, 0, (y)VYnG (t , X*; 0, 01 dEY. (4.3)

(4.2)

Let (I)(t, be the solution generated by data 0(0, 7(), where OM is an arbitrary

smooth function of compact support, and TM = 0. In this case, (4.3) is just
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(1) (t, = f 0(0\1:G (t, 37:; 0, fj) dEY. (4.4)

Evaluating this equation at t = 0, we find

0(Y) := (1)(0, = f 0(c)NIG (0 , x; 0, y) dEY. (4.5)

However, this is exactly the definition of the Dirac delta distribution S(±'

Differentiate (4.4):

VTI(I).(t,) = f 0(c)N7TIV (t, Y; 0, dEY. (4.6)

Then,

0 = 7r(i) = VT,4)(0, = 007)VT:q9(0, Y; 0, OdEY. (4.7)

As ow is arbitrary, we must have VTiVIG(0, 17; 0, = 0. Alternatively, let 1(t, ,

be the solution generated by data ¢(c),7-1-(), where 70) is an arbitrary smooth

function of compact support, and 0() = 0. Then (4.3) reduces to

(1)(t, f (y) G (t , 0, rj) dEY. (4.8)

Evaluate this equation at t 0:

0 = cb(Z) = 4)(0, = f 71-(y)G(0,Y; 0, fi') dEY. (4.9)

As 7(0 is arbitrary, we must have G(0, T; 0, fj) = 0, Collecting these three results,

together with the antisymmetry of G(x , y), we conclude that for each fixed c E,

G(t,i; 0, is the unique distributional solution to the Klein-Gordon equation hav-

ing data (.5(±.° 0), and VG(t,i; 0, W) is the unique distributional solution to the

Klein-Gordon equation having data (-6(±-0-9. Define ey and Ay as in (4.2). The

completeness condition then follows from (2.9).



:=-- (27) '2
1

The inverse transforms are then

(1)(x) = (27) f (I)(k)e01 cl"k

(DV) (27) 2 41) ( /7, d"- k (4.12)
TL - 1

Rr/ -1

We work in terms of data and so the Klein-Gordon product assumes the form

( (01) (02
2 Cln-1 X (4.13)\ ViT2 KG -1

Plane Waves: The delta function normalized plane waves correspond to

the data
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4.2. Quantum Field Theory in n-Dimensional Minkowski Space

Plane wave and pseudo plane wave modes may also be defined in n-

dimensions. Together with the distributional modes, three Bogolubov transforma-

tions can be computed. This has been done, and we collect the results in this

section.

We use the notation of §2.2.1. The spacetime Fourier transform is defined by

(I)(k) := (27)
f

4)(T) -1"x' dn (4.10)

The spatial Fourier transform is

(4.11)

,L7-;



U=

where Nk. [26q(27r)n-11-1, and Lok : k2 + m2.

Pseudo Plane Waves: The pseudo plane wave data are

where M := [2(27r)n-1]-1.

Distributional Modes: The distributional mode data are

Vk.

Bogolubov Coefficients: As discussed in Chapter 2. the Bogolubov trans-

formation formalism relates two sets of modes by way of inner products. For the

plane wave, pseudo plane wave, and distributional modes, the inner products are as

follows.

Plane wave/plane wave:

(Uk.,U-)KG (U, 1)1G = 6(k- (4.17)

Pseudo plane wave/pseudo plane wave:
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(4.14)

(4.15)

(4.16)
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(V ,17 K G = - (V =k7)K G = ( (4.18)

Distributional mode/distributional mode:

(en, An),KG = (Ay, 00KG (4.19)



Distributional mode/plane wave:

(Ay, UOKG = (4.23)

Pseudo plane wave/plane wave:

Uk)KG = Uk)KG = --2-1c.p.2 (1 +w( 1-=) (4.24)

and

(17,U1)KG = tfic.)KG = c.q)6( + k.) (4.25)

Distributional mode/pseudo plane wave:

(en, = (0y, Vi-)KG (4.26)

and

(Ay, V)KG = (Y' )KG = Me. (4.27)

All other nonzero Bogolubov coefficients may be found by using the Hermitian

symmetry of (, *)KG-
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,U0KG = (4.20)

(en, Uk.)KG (4.21)

(Ay, Ui-c*)KG Wk. (4.22)

and



Field Expansions and Bogolubov Transformations

It is also useful to see the corresponding transformation of the operator co-

efficients associated with two different sets of modes. First we fix a field, a solution

of the Klein-Gordon equation, and expand the field in the different sets of modes:

(t, =R a(k)U: + i(k':)( (in-1 k (4.28)
--1

f7()()Y + Ay (171-1Y
Rn-1

(1)(t,) =f b(k)17,- +
Rn-1

By taking the appropriate inner products, we an expression for the coefficients

associated with one set of modes, in terms of the coefficients associated with another.

Plane wave/distributional mode:

a(k) = (Uk.,(D)KG =

= (I))KG

Distributional mode/plane wave:

C4)
aN/2wk

and

-6(k) +

(#)
2-a k) 4)1

and
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(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



60

71(y) = i[(V2w ka) (0 (V14) (-01. (4.34)

Pseudo plane wave/distributional mode:

b()) =(V,4')KG = 1[0(177) + i(k)] (4.35)

and

= (V -k-,(1))KG = + (4.36)

Pseudo plane wave/plane wave:

b(k) ,---- 1 _[a(k)(1 + wk-) 11,(--k) (1 wk.)] (4.37)

and

b(k) 2v1wk.ra(k)(1 + wk-.) + a(k)(1 (4.38)

In the next chapter we use some of these formulae to compute vacuum ex-

pectation values in order to come up with more general results. We show how the

pseudo plane waves arise as a special case in an infinite family of sets of modes

related to the plane waves by a Bogolubov transformation. An expression is ob-

tained for vacuum expectation values for the whole family of sets of modes, and

from this expression, the special case of the pseudo plane wave number operator in

the standard vacuum is found.



4.3. Discussion

In Minkowski space, the distributional modes have a simple definition in

terms of data on an initial data surface. On Rindler space, however, the defini-

tion of the distributional modes depended in a crucial way on Rindler coordinates.

Although it turns out that the modes OA are invariantly defined on any globally hy-

perbolic spacetime, the modes AA were defined as the derivatives of OA with respect

to the Rindler time coordinate, and therefore are not equivalent to their Minkowski

counterparts. This presents many interesting issues concerning the generalization

of distributional modes to more general spacetimes.

Nonetheless, from the results of the theory of PDEs, we were able to produce a

canonical generalization of the distributional modes. This construction most directly

generalizes the Minkowski case in that the modes are defined using a Cauchy surface

and the unit normal derivative, and then prescribing delta function data as in (4.2).

Work is in progress on the generalization of the distributional modes for a given

coordinate system and Cauchy surface, as in the case of Rindler space in chapter 3

(cf. §6).

Also collected in this chapter are the Bogoluboy formulae between ii-

dimensional flat space plane waves, pseudo plane waves, and distributional modes.
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5. INVARIANCE THEOREM

5.1. Introduction

A standard method for deriving the Unruh and Hawking effects is to analyze

the Bogolubov transformations between the basis modes associated with two differ-

ent coordinate systems associated with two sets of observers a and b [27]. That one

obtains a thermal spectrum of "a particles" in the b vacuum state follows from a

particular property (say, P) satisfied by the lBogolubov coefficients eqk and Ak (cf.

§2.3). For the Unruh effect, one makes the standard choice of basis modes in both

coordinate systems plane waves. Although this is a natural choice to make, this

dissertation argues that the consideration of alternatives to the plane waves may be

advantageous and, in certain spacetimes. even necessary. Thus, the question arises

if, and to what extent, the properties of the Bogolubov coefficients that lead to the

thermal spectrum result do (or do not) depend on this choice of modes.

We will define a family of Bogolubov transformations on plane waves to

obtain a family F of sets of "generalized plane wave" modes. We will regard each

set in the family as an alternative set of basis modes for the mode-sum formulation

of quantum field theory. Considering both Minkowski and Rindler generalized plane

waves, we show that the Unruh effect may be derived by choosing any set of modes

in the family to serve as the basis modes, so long as the same set of generalized

plane waves are used in the two different coordinate systems.

We give a brief review of the derivation of the Unruh effect in section 2,

pointing out the property P of the Bogolubov coefficients that leads to the Unruh
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effect. In sections 3 and 4 we define the family F of sets of modes and prove the

invariance of the property P under changes of mode sets within F.

5.2. The Unruh Effect

Using the notation of §2.3 and Chapter 3, we compute the expression for the

Bogolubov coefficients aik and Ak for the Minkowski plane waves Uk. and U11

aik =--

1= 2, )(ivie i -ap(x)-ilp(x) + iwkeikxe-ilp(x)) dx1°9 ( 1 )(
o V471wk V47/11

VC-Ok fcc' eikxei-In(ax) (1 + lit \
.-= ) dx.

47-VV7 /0
-

axwki

Let x iy and rotate the resulting contour back to the positive real axis x > 0.

Using In(iy) = + ln(y), y f R, we get

iWk foo
1/1 )-ky In(iay) 1(alk 47

e e 1 + dy
iaywk

(Do )[ci .,,,, iV
0

wk e-kwe-In(ay) 1+ VI

47T"\A- taywk)

By essentially the same calculation, one finds

(UIR, -i,c) KG

= e- 2a [

iVWk0
1n(ay) ( 1 + 111 dyi.

47 iaywk

Thus, we see that the Bogolubov coefficients satisfy the property

which implies

2 217

= 6
2
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(5.1)

(5.5)

(5.2)

(5.3)

(5.4)



and hence,

I2/7r

e 101k 12 --

2kr
(e a 1)

2 dl 1
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This is the property P. To see how the thermal spectrum result follows, consider the

consistency condition (2.63), which becomes, setting k = = k,

r3i 2 dl = 6(1 k). (5.6)

Using P to substitute for alk, we get

(5.7)

11kHl = (c)k: (5.8)

As mentioned in §2.3, j 01k 2d1 is precisely the density of Rindler particles in

the mode (if present in the Minkowski vacuum. Further, this spectrum is precisely

a thermal spectrum corresponding to a temperature T =

5.3. Modes and Mode Isometries

For each fixed k, consider the two-dimensional vector space ilk over R gener-

ated by the plane waves Uk and U_k. Elements of lifk are then real linear combina-

tions of the generators, e.g. aUk + bU _k =: (a, b). Define a Lorentzian inner product

on Uk by

((a, b), (c, d)) := ac bd. (5.9)

I aUk )
In a column matrix notation aUk + HI -k =-: J. an orientation preserving

\bU _k
/-k B k \

isometry will assume the matrix form and will satisfy
\Bk -1k)

Olk
2cit 17



(Ak Bk)

Bk Ak

Thus, we consider a family of isometrics, indexed by k of the form

, that act on the collection of spaces Ilk for each fixed k. Generally,

we have Ak = cosh(0), Bk = sinh(0), where 8= 0(k) is a function of k. This defines

a Bogolubov transformation on the set of modes {LA, U k} in the sense of §2.3, but

we prefer this description for current purposes. We note that an explicit example

of such a transformation is given by the pseudo plane wave modes. In this case,

Ak = Wkl and Bk Wk If Bk 0, then there will be mixing

of positive and negative frequencies, and thus the transformed modes will define a

different vacuum state than the standard Minkowski vacuum:

(Vk (Ak Bk
V wk Bk Ak

We may formally reproduce the above construction for plane waves in Rindler space

and write the transformation as

det(Ak
Bk)

= = 1.
Bk Ak

Lk Ak0rk B kr" k

.B1cLik Aktik)
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(5.10)

We now have a new set of modes {i/k. V_/,} in Minkowski space and a new set

WiR, VR/1 in Rindler space. Each was obtained from their plane wave counterpart

by (formally) the same transformation.

By using a different set of basis modes we obtain a different set of operator

coefficients. We now show explicitly that for the above class of transformations the

new operator coefficients satisfy the same canonical commutation relations as their

plane wave counterparts.

Assume that

Trli(v 1R) Ai( Bi ) I LT ' / AU"' + ALTRI

V B1 A1 \L AU + _1



b(k) Ak a(k) + B, at( k)

(k) = Ak at (k) + Bk a(k),

where Ai = 1.

Then,

[b(k), bt (k)] [Ak a(k) + Bk at( k), A at(k) + Bk a( k)]

= AkAk[a(k), at (0] + BkBijat (-10, a( 101

= Ak Ak[a(k), at (k)] BkBk[a(k) at(

= Akilk 6(k k) BkBk 6(k k)

= B;) (k k)

= (5(k k).
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[a(k), at (k)] = 6(k k), (5.11)

with all other commutators vanishing. Assume further that

(Of (k)b(k)10) (01{Ak at (k) + Bk a(k)} {Ak. a(k) + B at(k)}10)

(5.14)

Thus, the commutation relations (5.11) are unchanged by the transformation

(5.12),(5.13). The special case of pseudo plane waves (and their operator coefficients)

corresponds to

Ak = cosh /3k, Bk sinh Ok, (5.15)

where 13k ln(wk 2).

Using (5.12),(5.13), we may compute the following vacuum expectation val-

ues:

(5.12)

(5.13)



0.

(0lbt(k)b(k)10) =
, (

1k
2) = DC,

L,-)4
k=--co
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= (0 Bk.130(k)at (-1-010)

Bk (016 (k k) + at(k)a( k)10)

Bk (00 (k k)10) + (0 at( k)a( k) 0)

B12, 6(k k). (5.16)

Consider the special case where the operators a(k), at (k) are the usual

Minkowski plane wave operator coefficients and b(k), bt (k) are the pseudo plane

wave operator coefficients.

The number operator for k-mode particles is bt (k)b(k). The vacuum expec-

tation value of the number operator for k-mode particles is then infinite:

(Olbt (k)b(k)I0)+ -146(0) + 2). (5.17)

The infinity due to the delta function arises because of the infinite spatial

volume of time slices (t = k, keR hypersurfaces) in Minkowski space. In particular,

if we "put the field in a box" (that is, assume that the time slices are flat 3-tori

instead of copies of R3 [7]), the delta function becomes a Kronecker delta, and in

this case,

(Of (k)b(k)10) = /1k + LJk 2). (5.18)
(..J

The total particle content still diverges:

This shows explicitly that the vacuum defined by the pseudo plane wave modes

defines a Fock space that is not unitarily equivalent to the Fock space generated by

(5.19)

the standard Minkowski vacuum, for finiteness of EkDt__Do bt (k)b(k) 0) is necessary



and sufficient to guarantee that the pseudo plane wave vacuum and the standard

Minkowski vacuum define unitarily equivalent Fock spaces [8].

The following section shows that the modes {I7k,17_k} and {VIR,VR} may

be used to derive the Unruh effect.

5.4. Invariance Theorem

We have already showed that the if property P is satisfied by the Bogolubov

coefficients, then the Unruh effect follows via the consistency conditions satisfied

by the Bogolubov coefficients. Using the notation and definitions of §5.2, we derive

some properties of the Bogolubov transformations aik and 131k between Minkowski

and Rindler plane waves.

Lemma 1 The Bogolubov coefficients Gik and Ak associated with the plane wave
modes in Minkowski and Rindler space satisfy

Similarly,

'61k = a-1 -k
131k = 0-1-k.

Proof:

By direct computation,

Olk (UiRUTC) KGf:(\/ 1 )( 1 )ex e1) ivie-ap(x) iwk dx1ce) f ei(lp(x)-kx) (e-ap(x)
V47(.4.4

)(
V47rvi 0

Wk)

0-1
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(5.20)

(5.21)



We now prove the main result.

--RTheorem 5.4.1 Let {Vk,V_k} and 11; .17 be defined as above. Then, property
P holds for the associated Bogolubov coefficients. That is, for dik = (VIR,V0 KG and

= --(171R 11 k)KG WC have (Ilk = 31k-

Proof:

The Bogolubov coefficients duc may be expressed in terms of the (untrans-

formed) plane wave Bogolubov coefficients by substitution:

cxlk = (11 17RV-k)KG
R= (AAR + bli 1U _1, AkCk BkU -k)KG

= AlAk(UIR ,Uk)KG _--1113k(UIR -k)KG+

BjAk(Ul,
R

Uk)KG -1)(-} -k)KG-

Using the lemma, we get

lk = AlAkaik AlBkT3 ± BlAk '3 -1 k BIB ka

(AiAk BIB k) uc(B1Ak -41Bk)

From (5.4), we know that ctik =/lk,and we may use this in the above equation

to get

69

Olk(UIR 7 Uk) KG

1 1 ) f -z(lp(x)-f-kx) (_ ivte-ap(x) iw k)
Vel7rwk)( V47rvt o

1 1
cc

= )( ) ei(-1P(x)-4')(vie-"(x) + Wk)
47Wk V47rvi o

= 13-1 (5.22)

(5.23)

(5.24)

= (AlAk BIBk)e 131k (B1.4k AIBOT3-ak- (5.25)
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Similarly, one finds

ik (AlAk BIBk) 01k (BlAk AlBk a t 1k- (5.26)

By comparing (5.25) and (5.26), we conclude that

(5.27)

that is, the Bogolubov coefficients for the transformed modes possess the property P.
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6. SUMMARY OF RESULTS AND NEW RESEARCH DIRECTIONS

Inspired by the work of Manogue, Dray, and Copland on the quantization

of the massless scalar field on the trousers spacetime, we developed the theory of

distributional modes in n-dimensional Minkowski spacetime, beginning with n 2,

as a reformulation of the standard quantum field theory of the (massive or massless)

scalar field in Minkowski spacetirne. A similar development was made for quantum

field theory in Rindler space. A natural set of modes, the pseudo plane waves,

emerges from the theory, and the construction of quantum field theory based on

these modes provides an alternative, and inequivalent, quantum field theory. All

Bogolubov transformations were computed. The case- of n-dimensional Minkowski

space was also worked out.

As is evident from the discussion in 2.2.3, there are many approaches to

curved space quantum field theory that take a particular Green function as the

basic object of the theory. In chapter 4, the 0 family of distributional modes was

seen to correspond to one of the homogeneous Green functions. However, there is

an important distinction between the method introduced in this dissertation and

the Green function approaches of Chapter 2, in that our method is a mode-sum

formalism.

Using the Minkowski distributional modes as a model, we generalized the

distributional modes to arbitrary globally hyperbolic spacetimes. This construction

depends on a choice of Cauchy surface, and uses the unit normal in an essential

way. However, there are two issues that the Rindler case raises. The first is that

the definition of particle is observer, or coordinate, dependent (recall the Unruh

effect). The Rindler distributional modes do not use the unit normal derivative;
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rather, it uses the coordinate time derivative. Thus, it would seem useful to have a

general notion of distributional modes depending on a Cauchy surface and choice of

coordinates. This is indeed possible, but at a cost: the expansion coefficients for the

field are no longer exactly the initial data, but will be functions of the data. This

is due to the fact that the Dirac delta function is not invariant under coordinate

transformations, so that the above results on canonical distributional modes will

not carry through. This is further complicated by the definition of in terms of

the coordinate derivative, and not the normal derivative. This will bring in terms

involving the lapse and shift functions associated with the foliation of the spacetime

by Cauchy surfaces [43]. Thus, although it appears possible to have such a definition

of distributional modes, it is unclear how difficult they will be to work with in general

spacetimes.

The pseudo plane waves are related to standard plane waves by isometries.

In chapter 5, we considered a one-parameter family of orientation preserving isome-

tries that resulted in a one-parameter family of "generalized plane waves". An

invariance theorem was proved, showing that any set of plane waves taken from the

one-parameter family may by used to derive the Unruh effect. The distributional

modes themselves are not involved in this theorem, other than their relationship

with the pseudo plane waves (which are members of the family of sets of general-

ized plane waves), however, an analysis of the invariance of the Unruh effect from a

purely distributional mode point of view in in progress.

The obvious next problem to work on is the application of this formalism

to the trousers and other spacetimes. Work is already in progress on defining a
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notion of distributional modes associated with a Cauchy surface and a choice of

coordinates, or observers.

An interesting avenue would be to consider and compare the construction of

distributional modes from the slicing, threading, and parametric points of view of

the decomposition of spacetime [13-16]. This may provide insight into an observer

based theory of distributional modes. The construction presented in Chapter 4 is

in line with the slicing, or (3 + 1) decomposition of spacetime. Lastly, we note

that work is in progress on probing the properties of Bogolubov transformations,

as in Chapter 5, further. Generalizations of the results of Chapter 5 appear to be

possible.
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