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One-Dependence and k-Block Factors

Chapter 1

Introduction

This work describes the properties and relationships between two notions in the

theory of stationary stochastic processes, that of m-dependence and that of a

block factor.factor. Roughly speaking, a process is m-dependent if observations separated

by m time units are stochastically independent. A process is a k-block factor of an

independent and identically distributed (i.i.d.) process if the observation at time

n is a fixed function of the i.i.d. process at times n, n-1, , n-k+1. It is easy

to see that any k-block factor of an i.i.d. process is necessarily (k-1)-dependent.

It is natural to ask if the converse is true. The isomorphism theory of Ornstein

(Ornstein, 1974) says that any m-dependent process is a limit of k-block factors

in a rather strong way. Ibragimov and Linnik (1971) state that there are (k-1)-

dependent processes which are not k-block factors. No examples of such processes

are to be found in the literature. Chapter 2 gives a history of results made in this

connection, along with some basic definitions.

We give an explicit construction which provides an example. The construc-

tion modifies an i.i.d. process so as to preserve one-dependence (and hence k-

dependence for any finite k). It also has certain combinatorial properties that
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prevent it from being a k-block factor for any k > 1. We define this process, and

related processes in Chapter 3.

In Chapter 4, we discuss the one-dependence of our processes. In Chapter's

5 and 6 we explain k-block factors. In the former we restrict our attention to

2-block factors, giving a geometrical description of such objects as well as several

examples. In the latter we state and prove our main results. In Chapter 7 we give

some generalizations of our results and in Chapter 8 we state some open questions.



Chapter 2

History and Preliminaries

For our purposes the following definition of a stochastic process will suffice.

Definition 1 Let Z denote a collection of random variables {Z}, indexed by the

integers Z, where the random variables {Zri} are all defined on a common proba-

bility space (ft, E, P). For all n E Z

3

where S is the real numbers or a countable state space. We call Z a stochastic

process.

Definition 2 Let Z be a stochastic process, and n1, ,n E Z. Let U be a mea-

surable subset of Sm. Then the collection of all measures of the form

E U)

for m > 1, are called the finite dimensional distributions.

Our definition of a stochastic process and the Kolmogorov Extension Theorem

tell us that the finite dimensional distributions determine the stochastic processes.

Hence two stochastic processes are equivalent if they have the same finite dimen-

sional distributions.
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Definition 3 A stochastic process is said to be stationary if for all measurable

U E Sm and ni, , nm,t E Z, we have

Zn, ) E = , Znin+t) E U),

i.e. the finite dimensional distributions are all translation invariant.

The stochastic processes of interest for us will all be stationary.

Definition 4 Let Z be a stochastic process with countable state space S. Let for

all n1, . nm E Z and sn,,, , Sn E S

[Sni Snm] {W1Zn1 Sn1, Snm

and call [s. sn,m] a cylinder event.

Definition 5 Let Y and Z be two stationary stochastic processes with respective

state spaces Sy and Sz. We say that Z is a (k+1)-block factor of Y if there

exists a measurable function, f : Syk+1 Sz, such that for all n E Z, Z can be

represented as

f(Yrt Yn+1 7

Definition 6 Let Z be a stationary stochastic process. Define the a-algebras ,F-1

and .Fr as the a-algebras generated by

{Zk, Zk+2, .} , respectively. Then Z is said to be k-dependent if ,F-001

and ,Fr are independent.

It is clear by the definition that if a process is one-dependent then it is k-

dependent for all k > 1. The study of k-dependent processes can be motivated

by first being a generalization of independence which is different than Markov. In

fact for a two state Markov process to be one-dependent, it must be independent.

To see this, let Z be a Markov process on two states, {0,1}. Let the transition

probabilities be given by, poo = 1 poi p and 1 pll = Pio q. By the one-

dependence the transition matrix P must satisfy P2 = II, where H is the matrix

and
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whose rows consist of the stationary distribution. Therefore these rows must be

equal, and so we have

p2 (1 p),2, go_ 0

A central limit theorem was proved for k-dependent processes by Hoeffding and

Robbins (1949). O'Brien (1980) showed that one-dependent processes also arise

naturally as scaling transformations (i.e. renormalizations) of certain strongly

mixing processes.

Consider the (k+1)-block factor Z, which arises as a function of an i.i.d process

Y That is, let Y = {Y7,}7,Ez be an i.i.d. process and define Z as,

f(Y, , Y7,44), n E Z,

for some measurable function f. Then Z is k-dependent. So the class of k-

dependent processes contains the (k+1)-block factors. It was stated by Ibragi-

mov and Linnik (1971), but examples not provided, that there were k-dependent

processes which were not (k+1)-block factors. Some examples were constructed

by Aaronson, Gilat, Keane and de Valk (1989). In that paper they construct a

2-parameter family of one-dependent, two-valued stochastic processes which are

not 2-block factors of any i.i.d. process. The construction used in that paper was

algebraic and a more probabilistic mechanism was desired. It remains open if their

construction was a k-block factor for any k > 3. Further progress was made in

Aaronson, Gilat and Keane (1990), where it was shown that any stationary, one-

dependent Markov shift with up to 4 states is necessarily a 2-block factor. The

result is sharp, as they were further able to construct a stationary, 1-dependent

5-state Markov shift which is not a 2-block factor. The methods of proof in that

paper relied on a geometrical approach to 2-block factors which is described further

in chapter ??.

This paper provides an example of a one-dependent process which is not a

k-block factor for any k > 1.
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Xn

Chapter 3

Process Definitions

Let Y' = {Yn'},,,Ez be an i.i.d. stochastic process with

p(11.0)== P(11 = 1) = P(Yo' =2) =

Let C be an arbitrary subset of the positive integers. Let for all n E Z, r(n) be
defined as

T(n) = sup{m < = 2}.

Note that r(n) is finite a.s. Let

d(n) = n r(n) 1.

That is, d(n) is the number of elements strictly between lc,' and the previous

2. Now we define the stochastic process X = {X,}Ez with state space S =

{0,1,(),(01;
if = 0 or Yr', = 1

if ri = 2

n-1E y; (mod 2) if d(n) C
j=7-(n)-1-1

n-1
1 + E Y.; (mod 2) if d(n) E C.

6
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In the case where C = 0 denote the resulting process as X. This process gives

the parity of the Y' process between consecutive two's, where the parity is 1 if

there is an odd number of one's between consecutive two's and 0 if there is an even

number of one's between consecutive two's. That is, if a cylinder in the Y' process

is

[0 2 102 110 122 120 112 1],

then the corresponding cylinder (actually a union of cylinders, but we will abuse

this notation when it is clear what is meant) in the j( process is

[0 (`) 10 (1) 1101 (1) () 1 () 011 () 1].

Note that we do not have enough information to determine the second coordinate of

the first two in the "k process as we don't know where its corresponding previous

two occurred. The symbol () stands for either () or (1) , i.e. where the top

coordinate is unspecified. We write {X0 --,- () } for {X0 = ()} U {X0 = ()}. On

occasion we will have need to refer to a symbol whose top coordinate is fixed, but

arbitrary. In this case we denote the corresponding symbol by () .

In the case when C is equal to the set of square integers, i.e

C = {z2lz E Z},

denote the resulting process by X. Here, when the number of elements between

successive two's is a square we make the second coordinate of the latter two an

opposite parity, and otherwise it is correct. The corresponding cylinder (again,

union of cylinders because of the presence of the () ) in the X process to the

above Y' cylinder is

[o (2) 1 o 0) 1 1 o 1 () 0) 1 () 0 11 () 1].

In the case when C is the set of squares we call the process X, the reverse

parity at squares process. In the case when C = 0 we call the process X the parity

process. It is clear that both X and .)--( are stationary. In the next chapter we will

show that they are both one-dependent.



Chapter 4

One-Dependence

Theorem 4.1 Any process X, arising from any C is one-dependent.

In order to get a feeling for why this theorem should be true, let us discuss a

heuristic as it pertains to two special cylinder sets, contained in the reverse parity

at squares process. The argument is exactly the same for the parity process and

any other process. Let A E .Ti3 be arbitrary, and B E .FiD° be given by

B [0 1 (1) 0 (1) 0 1 (1) 1111 () 0].

Notice that the only thing in B which can possibly depend on A is the top coor-

dinate of the first two, namely () . This is because everything after this occurs

with probability equal to regardless of what was observed before, as the second

coordinates are all determined by the definition of the process. Clearly everything

before the occurrence of this () has probability equal to A. Conditioning on Xo we

see that if X0 = (), then the probability of the () is equal to 1 or 0 depending on

whether or not the sequence between these two's is admissible or not, regardless

of A. If X0 is not equal to then the probability of the (1) is-1- by symmetry.

Proof of Theorem ?? It is enough to show that P(BA) = P(B) for all cylinder

events A E col and B E Fr . Let A be such an arbitrary cylinder set, and B be

of the form

[b1 b2

8
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where n > 1, and both A and B have positive probability. If bi E {0,1} for

1 <i < n, then B is clearly independent of A by construction. So we may assume

that 0, defined by

O= i nibi {0,1}}

is well defined. It is clear by the construction of the X process that only the top

coordinate of bp is possibly dependent on A. In order to exploit this, define the

events D and Bo, as

D {w1X1 + Xe--1 = b1 + be--1 (mod 2)1,

Bo = {w1Xt9 be}

Write P(BIA) as

P(BIA) P(BIA, Xo ())P(X0 = (21/4") IA) +

P(BIA, Xo E {0,1})P(X0 E {0,1}IA)

(B D, Xo =-- ())P(X0 +
(13).-1 p,

(_bi IA, D, X0 E {0,1})P(X0 E {0,1}0).

The idea is now to argue that in each of the terms above, we may remove A from

the conditioning event without changing the values of the probabilities involved.

Clearly, we have

P(X0 = (") = P(Xo = 09),

P(X0 E {0,1}1A) = P(X0 E {0,1}).

Also, from the construction of the process X

P(Bo IA, D, Xo = ) = P(BolD , Xo

Further, by symmetry of even and odd parities, the probability of seeing a 0 (or

a 1) in the top coordinate, given any event which does not specify all coordinates

back to the previous two is independent of this event. Hence

P(B01A, D, Xo E {0,1}) = P(BolD, X0 E {0,1}).



Therefore we have,

P(BIA) = (On P(BeiD, X0 ())P(X0 = (0) -I-

(1)n 1P(BolD, Xo E {0,1})P(X0 E {OM)

= (1 n 1)P(BeiD)
= P(B). 0

10



Chapter 5

2-Block Factors

There is a nice geometrical interpretation of a 2-block factor. Assume we have

a stochastic process Z TZ 1 7 taking values in some finite state space S

{1, n} which is a 2-block factor of an i.i.d. process U. Any i.i.d. process may

be written as a transformation of an i.i.d. uniform process, so we may take U to

consist of random variables uniformly distributed on [0,1]. We have for all n E Z

Zn = f (Um, Un+1),

for some measurable function f : [0,112 ---+ S. We may associate to this 2-block

factor a measurable partition on the unit square {S1, ,S} where,

f: Vi E S.

Given a realization of the uniform process, we may construct the correspond-

ing realization of the 2-block factor by the following "diagram chasing". ,From

, U2(w), , we determine Zi(w) by determining the partition element

that (Ui(w), U2(w)) belongs to. Project (Ui(w), U2(w)) horizontally to the diago-

nal and view U3(w) as the second coordinate of a point chosen on the vertical line

passing through the point (U2(w), U2(w)). We may now determine Z2 (0) by seeing

which partition element (U2(w), U3(w)) belongs to. Continuing in this fashion we

see that a measurable partition on the unit square and this above procedure gives

11
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Call the 2-block factor represented by this partition W, and we will argue why W

and iC are equivalent processes. Each partition element is denoted by the element

in the state space of the k' process to which it is mapped. Each partition element

is itself a union of squares whose area is equal to

12

rise to a dynamical way of viewing a 2-block factor. Clearly, different partitions

can give rise to the same 2-block factor.

A heuristic as to why the main result, Theorem ?? should be true is that in

order to determine the present, we expect to look arbitrarily (although finitely)

far back. This is because in order to determine the top coordinate of a symbol,

we apparently need to know where the previous symbol containing a two occurred.

This property is satisfied by both the parity and reverse parity at squares processes.

However, it does not follow from this that the processes are not k-block factors.

In fact the parity process is a 2-block factor on three symbols.

Let U be an i.i.d. process with state space la, b, c}, where

P(U0 = a) = P(U0 = b) = P (U0 = c)

Then the measurable map f, corresponding to the 2-block factor is defined by

f (a, a) = (2) , f (b, = , f (c, a) =

f (a, b) = 0, f (b, b) = 0, f (c, b) = 1,

f (a, c) = 1, f (b, c) = 1, f (c, c) = 0.

This can be represented as the following diagram (measurable partition on the

square).

1 1 0

0 0 1

(1) () (0



13

What is really going on here? The 2-block factor is keeping track of the parity

of the process since the last 2 occurred, and does not in fact need to keep track of

the last time this 2 occurred. Let us look at a sequence of symbols from { a, b, c}

and what it factors to;

[aabbcacbcbaac]

We see by the above diagram that f (a , a) = , f (a, b) 0, etc. and hence the

corresponding cylinder in the iC process is given by

[() o 0 1 (0 1 1 () 11 M 1].

By the above "diagram chasing" way of thinking the second coordinate of the

argument of the current symbol has the effect of choosing the column which the

succeeding symbol must be chosen from. The set of symbols {a, b} above can be

thought of as carrying the information that the process is now in an even parity

and as such if a () is chosen it will be a () . Similarly the symbol c can be thought

of as carrying the information that the process is now in an odd parity.

To see that the above diagram W, provides a representation of the parity process

we argue as follows. First we show a 6-state Markov chain Z = { Z rib which covers

the parity process, in the sense that the parity process can be recovered by a

lumping of the states of this Markov chain. That is to say that the parity process

is a 1-block factor of this Markov chain. Then we show that the Markov chain Z,

is a 2-block factor, and hence the parity process is also a 2-block factor.

Label the state space of this Markov cover, Z as

= {CO , (1) , , (g) (T) , ()1.

We define the events

{zn, ()} = {Yr: = 2} n {the Y'process is in even parity at time n 1},

{Z, = ()} =. {}'r: = 2} n {the Y'process is in odd parity at time n 1},

{Z, (0)} = 0} n {the rprocess is in even parity at time n},



()} = 0} n {the Y'process is in odd parity at time n},

{Zn = (f) } = = 1} n {the Y'process is in even parity at time n},

{Zn = ()} = = 1} n {the Y'process is in odd parity at time n}.

The event [Zn = zn] tells us both the value of Yn and the parity of the Y' process

at time n or n 1. Write = (Ypn). To see that Z is in fact a Markov process we

need to show that

P(znizo, , zn_i) = P(znizn-i).

The right hand side is easily checked to be either 0 or -13-. When it is 0, the left

hand side is also. When it is positive and yn = 0 or 1, write

P(znizo, , zn_i) = P({Y7,' = yn} n {Y1 in parity p at time njzo, , zni)

= P({Y' in parity p at time n Izo, .. ,z_1, Yn = yn)

P (Y. = ynIzo, zn_i)

= 1

The last equality following from the facts that if you know the parity of the Y'

process at time n 1 and the value of Yn' then you know the parity of the Y'

process at time n. Also Yn' is independent of Zo, ,Z_1. In the case when yr, = 2

the argument is similar where p = 0 is treated as being an even parity, and p = 1

as an odd parity, and the parity information given by the event [Zri = zn] occurs

at time n 1. So we have that Z is Markov and has transition matrix given by

(?) 0) 0) 0) CO CO

P = (pi) =

1

3

1
3

0

0

0

0

1

3

1

3

3

3

14

1

3 0 0 1

3

1

3 0 0 1

3

3 0 0 1

3

0 1

3
1

3 0

3 0 0 1

3

0 1

3
1

3 0



It is easy to see that a Markov chain is one-dependent if and only if /32 =

where II is the matrix having 7r as rows. Hence the above Markov chain is one-

dependent. The process is a 1-block factor of the Markov cover (lumping states)

and so if the cover is a 2-block factor so is the process.

To complete our discussion of the parity process as a 2-block factor we should

show that the process W, generated by the measurable partition on the unit square

above, has the same finite dimensional distributions as the parity process. But this

is implied by showing that the process V, generated by the following partition on the

unit square is Markov and gives rise to the correct finite dimensional distributions

on the Markov cover above.

a

15

where pii = P[Zo = AZ-1 = i] for i, j E S. The stationary probability distribution

for this Markov chain is

a

If the V process is Markov then we need only check one and two dimensional

distributions. One can easily check from the definition of Z and inspection of V

that the one dimensional distributions agree. That the two dimensional distribu-

tions agree can be seen by the following arguments. The only way one may see a

() followed by a (.1) in the above diagram is to choose the () in the second col-

umn (done with probability t) and then by the dynamics we know that it followed

a symbol from the second row. This symbol is a () with probability If we had

chosen the () in the first column we see that this never follows a (), but only

succeeds a () or a () . Similarly one can check that the calculation of all other

two dimensional cylinders by these two methods gives the same result.

So it remains to show that V is Markov. For this we apply the following discrete

version of a theorem found in (Bhattacharya and Waymire, 1990 p.502).

(0 (0 0)

(0 0) (I)

() (i ) 0)

r 2 1 2 1 1 21
L9 9 9 9 9 9j
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Theorem 5.1 Let X be a Markov process with state space Sx , and h a measurable

function on Sx. Then h(X) is Markov if (i) there exists a group of transformations

G under which the transition probabilities are invariant, (ii) h is constant on orbits

(o(x) = {gxig E G}), and (iii) h distinguishes distinct orbits, (i.e. h(x) h(y) if

o(x) o(y).)

The process V, generated by the measurable partition

is Markov. Now define h(1, 1) = h(1,2) = (S) ,h(1,3) = (1) , h(2,1) = h(2,2) =

, h(2, 3) = (f) ,h(3,1) h(3,2) =- (1) , h(3,3) = , so that h(12-) = V.

Let G be the two element group of transformations consisting of the identity and

the element g, where g(i, 1) = (i, 2), g(i, 2) = (i,l) and g(i, 3) = (i, 3), for i =

1,2,3 (the transformation which interchanges the first two columns while leaving

the third fixed). The transition probabilities are clearly invariant under G. The

function h is constant on orbits since h(i, 1) = h(i, 2) for i = 1,2,3 and clearly

distinguishes orbits since o((i, 1)) o((i,2)) for i 1, 2,3. So we have that V is

Markov.

In order to facilitate the discussion of k-block factors we introduce the notion

of a code. Given a set of symbols S, we call a concatenation of a finite number of

these symbols w, a word,

w = sti st2 st, E S, i = 1, . . . , n.

We say that n is the length of the word. We call the set of all words of length

greater than or equal to k as Wk(S).

Let Z = {Z.}.Ez be a stochastic process with state space Sz and Y = -fYL-ninEZ

be a stochastic process with state space Sy. Further assume that Z is a k-block

(3,1) (3,2) (3,3)

(2,1) (2,2) (2,3)

(1,1) (1,2) (1,3)
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factor of Y, that is Z is represented by f(Y_,..., Yn+k_i) for some measurable f.
We define a function c

C: Wk(Sy) > Wi(S z),

where

c(st, stm) = f (st, f(st, (st,,,i stm)

We call c the code of the process Z.

There is an example of a one-dependent process which is, by definition, a 2-

block factor of an i.i.d. process, but it is not a k-block factor, for any k, of an

i.i.d. finite state process. This example is widely attributed to G. O'Brien who

in turn credits F. Spitzer. We have found no reference although the example is

a well known part of the folklore. Let U = {Un} be i.i.d where Un is uniformly

distributed on [04]. Then define the 2-block factor V = {Vn}

Vn=

where 1B is the indicator function of the event B. Notice that

1
P(Vn+i = Vn+rn = 1) = p(Un+m > .. > Um) (m 1)!

On the other hand, assume it were possible to represent V as a k-block factor of a

finite state process for some k. Then since the total number of sequences of length

k is finite we would have for m sufficiently large a block of symbols, aia2 at

which would necessarily have to repeat in order to have

c(ai am+k_i) = 1 .

m times

But this would imply, letting in k 1 = at, that

p(vn+1 = 1, . , vn+. = 1) (7)'

where



But for m sufficiently large, -ya > 1(m+l)!, a contradiction.

An example of an 8-state, one-dependent Markov chain which is not a 2-block

factor of any i.i.d. process can be defined as a cover of the process defined for

C = {1}. We call this process, X, the reverse parity at I process. For instance

some cylinders with positive measure are

and some with zero measure are

[(1) 1 ()], KO (0], [(i) 01 Mi.

The Markov cover M, has transition matrix given by

(?) (1) () (1) (is) (1) (g) (11)

KO 0 CO], [() Mb [() 00 (?)],

03 3 3

1

3

0

1

3

1

3

3

0

0

0

3

3

1

3

The stationary distribution is given by

= (2
1 1 1 1 1 1 1,

9' 9' 9'9'9' 9'9'9)

As P2 = II, the matrix whose rows consist of 7r, this Markov chain can be seen to

be one-dependent.

Theorem 5.2 M is not a 2-block factor of any i.i.d. process.

1 1

3 3

0 0

0 0 0

0 0 0

0 0 0

0 0

0 0

18

Proof We show that the reverse parity at 1 process is not a 2-block factor. Assume

it were, then there would exist a measurable function f, which would give rise to a

0 0 0 0

0 0 0 0

1

3
0 0 1

3

0 1

3
1

3 0

1

3 0 0 1

3

1
3 0 0 1

3

0
1

3
1

3 0

0 1

3
1

3 0
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code c. The idea of the proof is as follows. If c(w, x, y, z) = () 0 (1) then consider

the possible values for f(y, y) = c(y, y). We may not have that f(y, y) -= (;) , as

then we would have c(w, x, y, y, z) = () 0 () (1) , a contradiction. Similarly we

may not have f(y, y) 0 as then we would have c(w,x, y, y, z) = () 0 0 (1)

again a contradiction. This leaves only f(y, y) = 1. But then f(w,x, y, y, y, z) =

(21`) 0 11 , a contradiction. We now make this precise, i.e. reason that this

contradiction occurs on a set of positive Lebesgue measure. Let Ak denote Lebesgue

measure on [0, 1]k . Define

A = 1(w, x, y, z) E [0, x, y, z) = () 0 ()}.

Now for fixed w,x,z E [0,1], define

[0,1] Y(w, x, z) = {Ow, x, y, z) E A},

[0,1]2 2 k(w, x, z) = {(y, y') E Y(w, x, Z)21f (Y,V) = 11,

[0, 1]3 D Y(w, x, z) = {(y, Y")1(Y, V), (V, y") E if(w, x, z)}.

By the assumption of a 2-block factor and the measure on the process we have

A4(A) = (-D3. On the other hand we may write

i
A4(A) = ojo (Y(w, x, z))dwdxdz,

So Ai(Y(w, x, z)) is positive on a set of positive measure in [0, 1]3. We show

/Y(w,x,z) = Y(w,x,z)2 a.e. for a.a. (w, x, z) E [0, 1]3

z) = Y(w,x, z)3 a.e. for a.a. (w, x, z) E [0, 1]3.

To see (a) define

D(w,x,z) = Y (w,x, z)2 \-1-7 (w, x , z).

We show A2(D(w,x, z)) = 0 for a.a. (w, x, z) E [0, 1]3. Notice that

D(w, x, z) {(y, 01(w, x, y,z), (w, z) E A, f(Y, = or 01.



Define

D = {(w,x, Y) z)RY, E D(w,x,z)}.

On D we have either

c(w, x, y, yi, z) = 00 (1) or

c(w,x,y,yi,z) = (r) ()

so we see A5(D) = 0. However as

1 11 fi
A5(D) = f 2(D(w , x, z))dwdxdz,

o o o

we have A2(D(w, x, z)) = 0 for a.a. (w, x, z) E [0, 1]3.

To see (b) we first remark that two events G and H are equal almost everywhere

if and only if the indicator of G, 1G and the indicator of H, 1H are equal almost

everywhere. Notice

lk(w,r,z)(Y,Yll) = ik(w,x,z)(Y, 01-k(w,s,=)(Yi, Yu)

= ly(,x,z)(0137(w,x,=)(0137(w,x,=)(01Y(w,x,z)(y")

=-_- ly(,,,,,,z)(01Y(w,x,z)(01Y(w,s,z)(V)

1y(w,r,z)3(Y, Yll)

The second equality in the above follows from (a).

Now define

E = {(w,x, Y", z)1(Y, Y/, y") E /(/D, z)}.

We have

1 fi.

JoJo h
r r ii. j i.

jo hA6(E) = 11-,(w,x,z)(y, yi, yndydy'dy"dwdxdz

1 ii. [1 [1 [111
jo hJohJo o

. 1y(w,x,z)3(Y, y', y")dydy' dy" dwdxdz from (b)

101 101 101
A3(Y(w, x, z)3)dwdxdz.

20
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Recall that Ai(Y(w,x,z)) > 0 on a set of positive measure on [0,1]3, and so

A3(Y(w, x, z)3) > 0 on a set of positive measure on [0,1]3. Therefore A6(E) > 0.

But on E we have

c(w , x , y , y' , y' , z) = (- `) 0 11 ,

and so must have A6(E) = 0, a contradiction. 0



Chapter 6

k-Block Factors

Theorem 6.1 Let Y = WOnez be an i.i.d.stochastic process with a countable

state space Sy. Then the reverse parity at squares process X, is not a k-block

factor of Y for any k > 1.

Proof Since the state space of Y is countable we may assume that all events of

the form

Oft = st, .,Yt+. = 8t+.} t,u E Z and st,.,st+i, E Sy

have positive probability. Fix k > 1, and assume X is a k-block factor of Y. First

choose n E N so large that there exists i, j E N satisfying for m = k n2 + 1:

k < i <j <722 +2,

m i k +1 = k 1,

(iv) jik+t(0Cre= 1, . . . , 2k 1.

It can be checked that the choices of n = k 1,i = k + 1,j = m (k + 1) satisfy

these conditions. If X is a k-block factor of Y, then there exists s, E Sy, for

i = 1, ... in, with

C(81 " Sin) = IL,2, (1) .

n2

The idea of the proof is as follows. We "pull" the word apart at locations i and

j. We then insert k symbols which we know code to a (?) . We then guarantee

22
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(by our choice of i and j) that the number of symbols between certain successive

two's is not a square, thereby implying a certain parity between these two's. Then

we remove one of these M's, and see that a reverse parity is implied, reaching a

contradiction.

Find d1, d2,. , dk such that c(di dk) = . Consider the word

W = S1S2 dk8i-I-1

Our k-block factor takes this word, w, in the Y process and maps it into a word,

c(w) in the X process,

C(D) = (1) 0.0*... *0... 0 .

i-k 2k-1 m-k-i

The *'s correspond to 2k 1 new symbols (unspecified) introduced in c(w). The

k rightmost symbols are c(wi), , c(wk) where,

= dkSid-1"

W 2 = dk-idk si+k-2

Wk-1 = d2d3

Wk = dld2 dk

Define

= min{ 1 5_ i 5_ kjc(wi) = (2: ) or c(w) = ()1.

In words, the location of the first new symbol, starting from the right, which codes

to a two. Now consider the sequence of symbols,

C(Si Sidk-ti +1 dk8i+1 rn)

By our choice of i we know that the number of symbols between the two right

most two's is not a square. These right most two's are given by c(wti) and
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+... + c(w1) C(V1) +... + 4V/it-I) = (mod 2). (6.2)

c(sm_k+i sm) = . By the definition of our process we then know that,

c(wv_i) + c(wi) = 1 (mod 2). (6.1)

Note that this is impossible in the case that t' = 1, as then the elements between

these two's are all O's, and so we would arrive at a contradiction right away. So

we may assume that t' > 1.

Now consider the word

W S1' ' Sidk-t/ +1 dkSi+i Sidi dk8j-14

Again our k-block factor maps this word into c(w'), with 2k 1 new symbols.

c(wi) = () 0

parity 1 j-i-k+1 2k-1 m-k-j

The k left most symbols are c(vi), c(vi) where,

V1 8j-k+2 j

V2 8j-k+3 d1d2

Vk-1 = Sjdi dk_l

Vk = di dk

Define,

t" minfl i <kc(v) = () or c(vi) = ()1.

We have c(vo) = , for some = 0,1. Consider the word,

c(si sidk-ti+i dkSi+i dtlIS j-f-i

LFrom our choice of j, we have guaranteed that the number of symbols between

c(wt,) and c(vo) is not a square. Hence by definition of the process,



Finally, consider the word

= dos3-4-1

obtained from w' by removing the first group of new symbols. Again by our

choice of j, we know that the number of symbols between c(si = (1) and

c(wo) () is not a square. But (??) and (??) imply that

c(vi) c(vo_i) = 1 (mod 2),

however our process definition implies that

c(vi) c(vo-i) = (mod 2).

Hence the word w" should not occur. However, since the process Y is i.i.d. and

has a countable state space, we know that the event where (Yi, Yrn-1-/H W"

has positive probability, a contradiction. 0

Notice that we have a lot of freedom in how we define our process X. We need

only choose C in such a way that the distance between successive elements in C is

unbounded. For instance the proof would go through if C were equal to the set of

prime numbers.

We now consider the general case.

Theorem 6.2 Let Y = {K}nEz be an i.i.d. stochastic process with Yo distributed

uniformly on [0, 1]. Then our process X is not a k-block factor of Y for any k > 1.

Proof Fix an arbitrary k and assume X were a k-block factor of Y. As before let

m = k n2 1, for some n, which allows the determining of i, j satisfying (i) (iv)

above. The same choices of n, i, and j as above work here as well. Define, for any

m-tuple i1 <2 < in, and k-tuple j < jk the events

E(ii,i2,..., = {c(Yii /12 = 0 0) }
n2

25



F(ii, = {c(Yji = }-

These events have positive probability by the assumption of a k-block factor. Con-

sider the event

= k +1,...,m k)n F(i +1,i +2,... k).

On Di we have almost surely,

XiX2 Xn2k 2(0 0 * 0 (1) .

i-k 2k-1 m-i-k

Consider the right most (21`) among the *'s. (This is at a random location, but

that doesn't matter). By our choice of i we have guaranteed that the number of

elements between this () and the last () is not a square, and hence the parity

of new elements added to the right of this ('21/4) must be 1. Note that this implies

that the rightmost new element can not be a ('2'), as all that follows it to the right

are O's.

Consider the event D2 defined by

D2 = k +1,..., M n F(j 1,... , j k).

Clearly this event has positive probability. As above, we have on D2 almost surely,

Xi = (2) (12)
j-k 2k-1 m-k-j

Here we consider the left most () among the *'s, and denote it's (random) top

element by t. By our choice of j, we know that the parity of the new symbols to

the left of this () is t.

Finally consider

D3 = E(1,...i+k+1,...,j+k,j+2k+1,...,m+2k)
nF(i + 1, , n F(j k , + 2k).

26
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Again, P(D3) > 0. We have on D3 almost surely, that X1 Xn2+2k+2 is equal to

(1) 0 0 *- * (1) ,

ik parity 1 §ik+1 parity mkj
where t is random, and the parity of the third group of *'s is t from the conclusion

drawn from D2. Since our choices of i and j guarantee that the number of symbols

between () and () is not a square, we see that () has the wrong top coordinate,

and hence P(D3) = 0. 0



Chapter 7

Generalizations

28

When we consider the proof of the main result in the preceding chapter, we see

that our process X, as defined is not a k-block factor of a larger class of pro-

cesses than i.i.d.. The only condition we require of our underlying process is that

Lebesgue measure be absolutely continuous with respect to its finite dimensional

distributions. This means that given any finite sequence n1 <n2 < and

any B C le with positive tdimensional Lebesgue measure we have

13((17.1,17.2, E B) >0.

This guarantees that the events D1, D2 and D3 defined in the preceding proof

have positive probability. This is in fact the only requirement we need on the

underlying processes finite dimensional distributions, and hence the proof above

may be copied to prove Theorem ??.

Theorem 7.1 Let Y = TYn 7 be a stochastic process taking values in [0,1] for-

which Lebesgue measure is absolutely continuous with respect to its finite dimen-

sional distributions. Then the reverse parity at squares process defined as above is

not a k-block factor of Y for any k > 1.

This theorem is interesting from a k-block factor point of view, but we lose the

one-dependence. To retain the one-dependence we need to keep the underlying
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i.i.d. process. The next result keeps both one-dependence and the fact that the

process is not a k-block factor for any k. For this we redefine our process, X in the

following "perturbed" way. First we define the finite energy condition of Newman

and Schulman (1981).

Definition 7 A stationary process X = {Xn} with finite state space, S, is said to

have finite energy if for any s E S and event B, measurable with respect to the

a-algebra generated by {X In 0} and P(B) > 0 then we have P(X0 = sIB) > 0.

This condition is implied by i.i.d. and implies positivity on all cylinder events,

Let {ak} be a sequence of real numbers chosen from [0,1] which decrease to 0.

Then define independent random variables T ft so that,

P(Tn = 1) = 1 P(Tn = 0) = an.

Now let n, in and d(n) be as in Chapter 3. As before, if n = 0 or n = 1, then

X," Y. But if 1' 2, we perturb the top coordinate of Xn independently of

everything else as follows

1 Yn' with probability 1 ad(n)

(1-2in) with probability ad(n) .

X' = {X} so defined is one-dependent and has finite energy.

Theorem 7.2 X' is not a k-block factor of any i.i.d. process for any k.

Proof As in the proof of ?? we prove this by contradiction. Choose n, i and j

as before with the extra condition that j z k + 1 > n/2. Define E almost as

before,

= fc(ril 12 rim) --- () 0- 0 ()1.
n2

The only difference is that to simplify some of the calculations we make the leading

two a (2') . Define F and D1 as before and note that, now

P(Di) = (-3) (1 an2).
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Define D1(1) C D1, as the event where the new symbols to the right of the right-

most (21/4.) have parity 1, and NO) = D1\ Di(1). We say that the top coordinate

of a 2 is right if the parity of all the elements back to the previous 2 agrees with

this coordinate, otherwise it is wrong. Note that D1(0) is contained in the event

X1 Xn2141-2 (21/4) 0 0*. W*. (1)
ik k 1 k-1 n2

n{the top coordinate of Xni2 + k+2 is wrong}.

Hence we see that

P(D1(0)) (Dn2k+4Cen2-2+1.

So we may choose n so large that

P(Di(1)) (7.3)

Define D2 as before. We say that the top coordinate of a two is right if the parity

of all the elements back to the previous two agrees with this coordinate, otherwise

it is wrong. Define the events D2(r) C D2, as the event where the top coordinate

of the left most two among the -k's is right, and D2(w) = D2\D2(r). As above, we

have for sufficiently large m

P(D2(r))> P(D2). (7.4)

With D3 as before we have a.s on D3 that Xl Xn2+2k+2 is equal to

WO0**0---0*-*0---0 0).
ik 2k-1 jik+1 2k-1 n2 j+1

Define the events, D3(1) and D3(r), where D3(1) C D3 is the event that the new

symbols to the right of the right most two in the first group of stars has parity 1.

The event D3(r) c D3 is where the top coordinate of the first two in the second

group of stars is right. From the independence of the underlying process Y, and

(??) and (??) we have

P(D3(1))>



P(D3(r)) > P(D3).

Therefore,

P(D3(1) n D(r)) > P(D3) = )n24-4 (1 an2).

However notice that the event D3(1) n D3(r) is contained in the event where

Xi,. . , Xn2+2k+2 is equal to

(2) 0 * (2k * 0 (2) (1) .

i-k k-1 k-1 j-i-k+1 k-1 k-1 n2 j+1

k-1-By our choices of i and j, this event has probability at most r226 n/2. Hence

it follows that
1 1 n2+4 1 n2-2k+6

(-5 ) (1 an2) < (5)

a contradiction for large enough n.

31
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Chapter 8

Open Questions

A question one might ask regarding this research is; is there a two state example

of a one-dependent (or k-dependent) process which is not a (k+1)-block factor for

any k? For instance, will simply replacing the () and () by 0 and 1 respectively

work? Also it seems that it should be possible to prove Theorem ?? for a uniform

a but we were not able to succeed at this. Questions involving the structure

of Markov chains also arise. Theorem 5.1 shows how our process and methods of

proof give rise to an example of a one-dependent Markov chain which is not a 2-

block factor, (for another example see Aaronson, Gilat and Keane). The existence

of a k-dependent (k > 2) Markov chain which is not a (k+1)-block factor has yet

to be shown. Is it true that any k-dependent Markov chain is an m-block factor

for some sufficiently large m?

Another question arises relating to symbolic dynamics. In order to pose the

question we give a brief summary of what can be found in Bedford, Keane and

Series (1991). First we must make some definitions.

Definition 8 Let N {1, . , n} , and define E = NZ. Endow E with the shift,

o- defined by

C ( Xn-1)X71,7 X n+17 = n-1, Yn, Yri+1,

where u xii+1. Such a system is called the full n-shift.
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Definition 9 A subshift of finite type is the closed subset of E of the full shift

which does not contain any of some finite list of finite forbidden blocks.

If we let n = 2 and do not allow the block (1,1) to occur anywhere we have a

subshift of finite type, called the Fibonacci shift.

By making use of some elementary graph theory we may arrive at an equivalent

formulation of these concepts. A full shift can be thought of as all bi-infinite walks

on the complete directed graph on n vertices with all edges distinctly labelled. A

subshift of finite type can be thought of in the same way except that some edges

may be removed.

If we generalize this notion of subshift of finite type to include bi-infinite walks

on a directed graph where the edges are not necessarily distinctly labelled we call

this a sofic system (Weiss, 1973). Sofic systems also have a representation which

is graph free.

Define the two sequences s- = (. . . , 5_2, 5_1) and s+ (50,51,...). We say

that s+ is a follower sequence of s- if (... , s_2, s_i, so, Si, ...) is admissible. The

follower set of .5- is the set of all it's follower sequences. A sofic system is one

where there are only a finite number of different follower sets.

When C is equal to the set of square integers and viewing our process as a

symbolic dynamical system we see that it is not sofic. To see this, first construct

for each m,

8;2 =
n1 times

Now choose an n so big that n j, j = 0, , m is not a square, but n m is.

This guarantees that the follower sequence of s,

= 0, (1),...)
n finites

has not occurred in the follower set of any si for any j < m. Thus there are an

infinite number of follower sets.
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In the case when C = 0 one can see that there are only two follower sets. These

can be seen to arise from the sequences (... , ()) and (... , () , 1). Hence in this

case we have a sofic system.

In order to state an open question regarding our process we make another

definition. A renewal system is a symbolic dynamical system arising from all

infinite concatenations of a finite set of finite blocks. It is an open question whether

every subshift of finite type is a renewal system. In the case when C = 0 we saw

that our system was sofic. The Markov cover for this parity process (regarded as a

symbolic dynamical system) is a subshift of finite type, since it's Markov. However

we are not able to show if it is or is not a renewal system.
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