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AN EXTENSION OF HILBERT'S,AXIOMS OF

INCIDENCE AND ORDER TO N DIMENSIONS

I. INTRODUCTION

In 1898, David Hilbert published a set of axioms for

plane and 3-dimensional geometry (2). These axioms were

organized into six groups: incidence, order, congruence,

parallel, Archimedes' (continuity), and completeness. All

except the incidence axioms are essentially linear or

planar, and therefore extension to higher dimensions is

chiefly by means of the incidence axioms.

This paper presents an extension of the incidence

axioms to higher dimensions and uses these and the order

axioms to develop properties of n-hedra ((n-1)-simplices)

and n-polytopes (complexes).

In the second chapter, the incidence axioms are

developed, some independence theorems are proved, two

models are given, and several incidence theorems are

proved. This chapter is largely an extension of Chapter I

of Main's thesis (4).

Chapter III presents the order axioms. We then show

that an extension of Pasch's Axiom and an extension of
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the Crossbar Theorem can be proved based on the extended

incidence axioms and the usual order axioms. An extension

of Desargues' Theorem is also proved.

We present a non-Euclidean model in Chapter IV and

prove that it satisfies the axioms. This model is an

extension of Zell's thesis (5).

In the final chapter we define n-polytope, the higher

dimensional analogue of a polyhedron. Then we prove a

sequence of theorems leading to the final theorem, that

every n-polytope can be dissected into (n+1)-hedra

(n-simplices). The theorems and proofs of this chapter

are based on Chapters X and XII of Forder (1).

A word about notation. "Theorem 6" refers to Theorem

6 of the current chapter. "Axiom 1.3" refers to Axiom 3

of Chapter II, "Theorem 11.5" refers to Theorem 5 of

Chapter III. Axioms and theorems developed inductively

are sometimes labelled by dimension, for example, Theorem

11.6.3 is the 3-dimensional form of Theorem 11.6.



that P is a point of

P.

II. INCIDENCE AXIOMS

In this chapter we give a set of incidence axioms

for a geometry of arbitrary positive integer dimension n.

The undefined nouns of this geometry are k-flat for

k = 0, 1, ..., n. A 0-flat will be called a point, a

1-flat will also be called a line, and a 2-flat will be

called a plane. There is one undefined relation in this

chapter: incident on, said of a k-flat and certain sets

of k + 1 distinct points.

The first two axioms and definitions must be given

inductively. We begin by giving the first case:

Axiom 1.1. Given two distinct points, there is

exactly one 1-flat (line) incident on them.

Definition 1.1. If P is a point and a is a

1-flat and there exists a point Q, different from P,

such that a is incident on P and Q, then we say

is on a, or a contains

Axiom 2.1. If P and Q are distinct points of a

3

1-flat a, then a is the 1-flat incident on P and Q.

Definition 2.1. A set of points is called a co-1

(collinear) set if the points of the set are all points



of the same 1-flat. Two points P and Q form a co-0

set if they are the same point.

Now, the second part of the induction. We state

Axiom 1.k, Definition 1.k, Axiom 2.k, and Definition 2.k,

k = 2, n, in terms of items postulated and defined

in Axiom 1.(k-1), Definition 1.(k-1), Axiom 2.(k-1), and

Definition 2.(k-1).

Axiom 1.k. Given k + 1 distinct non-co-(k-1)

points, there is exactly one k-flat incident on them.

Definition 1.k, If P is a point and a a k-flat

and there exist k points Al, Ak such that

{P, Ai, Ak} is a non-co-(k-1) set and a is incident

on {P, Al, Ak}, then we say that P is a point of

a, P is on a, or a contains P.

Axiom 2.k. If P0, Pk are non-co-(k-1) points

of a k-flat a, then a is the k-flat incident on

{Po, Pkl*

Definition 2.k. A set of points is called a co-k

set if there is a k-flat a such that each point of the

set is a point of a. A set of points is called a

non-co-k set if it is not a co-k set.

We summarize as follows.

The following hold for k = 1, n.

4



there is exactly one k-flat incident on that set.

Definition 1. If P is a point and a is a k-flat

and there exists a set of k points {A1, Ak} such

that the set {P, A, ..., Ak} is non-co-(k-1) and a

is incident on that set, then we say that P is a point

of a, P is on or a contains P.

Axiom 2. If Po, ..., Pk are non-co-(k-1) points

of a k-flat a, then a is the k-flat incident on

{P P }
k

Definition 2. A set of points is called a co-k set

if there is a k-flat a such that each point of the set

is a point of a A set of points is called a non-co-k

set if it is not a co-k set.

It would be nice if we could now assert the existence

of n +1 non-co-(n-1) points and deduce the existence

of k + 1 non-co-(k-1) points for k = 1, n - 1.

The following example shows that this is not possible.

Let n = 3. The 0-flats of our model will be {A},

{B}, {C}, and {D}. The 1-flat will be {A, B, C, D},

the 2-flats will be {A, B, C}, fA, B, Dl, {A, C, D},

and {B, C, D}, and the 3-flat will be tA, B, C, D}.

A k-flat will be incident on a set of k + 1 points if

those points are subsets of the k-flat. This model

5

Axiom 1. Given k + 1 distinct non-co-(k-1) points,
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satisfies the first two axioms and we do have four non-

co-2 points, but there is no set of three non-co-1 points.

Hence our existence axiom will be stated as follows.

Axiom 3. For k = 1, n, there exist k + 1

distinct non-co-(k-1) points.

Continuing with the axioms,

Axiom 4. If a is a k-flat, k = 1, n, there

exist k + 1 distinct non-co-(k-1) points which are

points of a.

Axiom 5. If k + 1 distinct non-co-(k-1) points of

a k-flat are points of a (k+1)-flat, then every point of

the k-flat is a point of the (k+1)-flat, k = 1, ..., n-1.

Definition 3. If every point of a k-flat is a point

of an m-flat and k < m, then the k-flat is contained in

the m-flat. We also say that the m-flat contains the

k-flat.

Comment. If k = m in Definition 3, then the two

flats are coincident.

Axiom 6. If a k-flat and an m-flat which are both

contained in a p-flat and distinct have a point in common

and k + m > p, then the two flats have a non-co-(k+m-p-1)

set of k+m-p+1 points in common, i.e. their intersection



is a (k+m-p)-flat, 1 < k, m < n.

Next we show that our axioms are consistent by exhi-

biting two models in which they are valid. The proofs

that these models satisfy the axioms are standard exer-

cises in set theory or linear algebra.

Model 1. Consider the set of n + 1 symbols

G = {A0, Al, Ak}. Define the k-flats of our model

to be the (k+1)-element subsets of G, k = 0, 1, n.

In particular, the points (0-flats) are the singleton

subsets of G. Define a k-flat a to be incident on

a set of k + 1 points if those points are distinct

elements of a.

Model 2. Our second model will be R.11, that is the

n-flat will be {(xl, xn)lxi E R, i = 1, ..., n}.

A point will be an n-tuple of real numbers, (xl, xn).

For 0 < k < n, a k-flat will be an equivalence class of

n-k linear equations in n variables:

a11x1 + a12x2 + + alnxn = b1

a21x1
+a 22x2 + +a2nxn = b2

amlx1 + am2x2
+ + a x =bmmn n

where m = n-k, and the rank of A = (a. .) is m. Two
13

sets of n-k equations will be called equivalent if they

7
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have the same solution set. A k-flat will be incident on

a set of k + 1 non-co-(k-1) points if these points are

in the solution set of its equations.

We now demonstrate certain independence relationships

among the axioms by constructing appropriate models.

Theorem 1. For a given m in the set N = {1, 2,

n}, Axiom 2.m is independent of Axiom 1 and Axioms

2.k, k E N-iml,

Proof. We exhibit a model in which Axiom 1 holds

and Axioms 2.k hold except for k = m, some specified

number in the set N.

Consider the set a = {A0, Al, ..., An}. Define

the k-flats as in Model 1 to be the (k+1)-element subsets

of G, except that the m-flats are a = {{A0, ..., Am},

{A0' ..' Am-1' Am+1 }} and the (m+1)-element subsets of

which are not elements of a. A k-flat different

from a will be incident on a set of k + 1 points if

each of the points is a subset of the k-flat. The m-flat

a will be incident on a set of m + 1 points if each

of the points is a subset of one of the elements of a.

Axiom 1 holds for this model. Axioms 2.k hold for

k m because of Model 1, but, for k = m,

{A0' "" Am-2''A Am+1} is a set of m + 1 non-co-(m-1)
m

points which are points of a, yet the m-flat incident



on them is {A A AA}# a.
(), m-2' m' m+1

Axiom 3 also is valid in this model, but the other

axioms do not hold. For example Axiom 4 does not hold,

since the (m+1)-flat {A0, ..., Am+1} does not contain

m + 2 non-co-m points.

Axiom 3, being an existence axiom, is independent

of Axioms 1 and 2.

Theorem 2. Given a positive integer m, m < n,

Axioms 1, 2, and 3.k, k = 1, m are independent of

Axioms 3.k, k = m+1, n.

Proof. We use Model 1, with the (k+1)-element subsets

of G as the k-flats for k = 1, ..., m and the set G

as the only k-flat for k = m+1, n. Then it is

easily verified that every set of k + 1 points is

co-(k-1) for k = m+1, n. Axiom 5 holds in this

model but Axioms 4 and 6 do not.

Theorem 3, Axiom 4 together with existence of k-flats,

k = 1, n, implies Axiom 3.

Theorem 4. For any integer m in N, Axiom 4.m

is independent of the first three axioms and Axioms 4.k,

k

Proof. Again, we modify Model 1. We define k-flats

for k m as in Model 1 and define the m-flats to be all

9



of the (m+1)-element subsets of 6 plus the set

{A1, ..., A. On this latter m-flat there do not exist

m + 1 distinct points. In this model Axiom 5 holds but

Axiom 6 does not.

Theorem 5. For any integer in N-{n}, Axiom 5.m is

independent of the first four axioms and Axioms 5.k,

k m.

Proof. We modify Model 1 in the following way. For

k # m and k # m+1, k-flats will be the (k+1)-element

subsets of a. The m-flats will be IS = {A0, ..., Am, Am+1}

together with all (m+1)-element subsets of 6 which are

not subsets of 13. The (m+1)-flats will be all (m+2)-

element subsets of 6 different from IS.

Axioms 1 - 4 are satisfied by this model. To show

that Axiom 5.m is not, consider the (m+1)-flat

7 = {A0, Am, Am+2}. The set iA0, Aml is a

set of m + 1 non-co-(m-1) points of 13, an m-flat, all

of which are also points of 7, yet there is a point of

Am+11 which is not a point of 7. This contradicts

Axiom 5.m.

Axiom 6 does not hold in this model.

Theorem 6. Axiom 6 is independent of the first five

10

axioms.
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Proof. Let the n-flat be a {A0, ..., An, A+1}.

Define the k-flats to be the (k+1)-element subsets of B

for k = 0, 1, ..., n-1, and define incidence as in

Model 1.

Now consider the k-flat {A0, ..., AO and the

(n-k+1)-flat iAn+1, An, ..., Akl. The sum of the

dimensions of these flats is n + 1 (> n), so that

Axiom 6 applies with p = n and m = n-k+1. Hence these

flats should have a point in common other than Ak which

they obviously do not. Therefore Axiom 6 does not hold

in this model, while it can be easily verified that Axioms

1 - 5 are valid.

We now prove several theorems as consequences of the

axioms.

Theorem 7. Exactly one k-flat contains a given

(k-1)-flat and a point not on the (k-1)-flat,

k E N = {1, ..., n}.

Proof. Let a be the (k-1)-flat and P the point

not on a. By Axiom 4, there are k distinct non-co-

(k-2) points of a. Together with P, these points

form a non-co-(k-1) set of k + 1 points, since by Axioms

1 and 2 the only (k-1)-flat that the k points are on is

a and P is not on a. Again by Axiom 1 there is a

unique k-flat 3 incident on P and the k distinct



points of a. By definition, these points are all points

of 13 so, by Axiom 5, 3 contains a.

Theorem 3. Every (k-1)-flat is contained in some

k -flat, k E N.

Proof. Let a be a (k-1)-flat. By Axiom 4 there

are k distinct non-co-(k-2) points Al, Ak on a,

denote this set C. By Axiom 3, k + 1 distinct

non-co-(k-1) points exist, so there is a point Ao which

is not a point of a. Therefore G U {Ao} is a set of

k + 1 non-co-(k-1) points, since a is the unique

(k-1)-flat incident on a by Axiom 2. Hence by Axiom 1

there is a k-flat 13 incident on {A0, ..., Ak}. Since

every element of a is a point of 3, every point of a

is a point of iB by Axiom 5 and by definition we have

the (k-1)-flat a contained in the k-flat

Corollary to Theorem S, A set of co-(k-1) points is

co-k, k = 2, ..., n.

Theorem 9. If Ao, Al, ..., Am are m + 1 distinct

non-co-(m-1) points, then any k-element subset of these

points is non-co-(k-2), k < m < n._

Proof. We prove that, under the hypothesis, any

m-element subset is non-co-(m-2). The theorem is estab-

lished by applying the proof m-k+1 times.

12



Let 6 = fA0' A} let B = a - {A0} be an

m-element subset of G. The choice of j3 can be made

arbitrary by a suitable rearrangement of the subscripts.

Let a be the m-flat incident on 6 (Axiom 1). Now

suppose that g is co-(m-2), i.e. there is an (n-2)-flat

8 such that Al, ..., Am are points of 8. Then either

A0
is a point of 8 or

A0
is not a point of 8. We

will show that either condition leads to a contradiction.

Case I. A is not a point of 8. Then, by Theorem

7, exactly one (m-1)-flat contains 8 and Ao and hence

is a co-(m-1) set, contrary to hypothesis.

Case II.
A0

is a point of R. Then la is a

co-(m-2) set, since all of its points are points of 8.

By Theorem 8, R is contained in some (m-1)-flat and

hence 6 is a co-(m-1) set, contrary to hypothesis.

Therefore our assumption that B is a co-(m-2) set

must be incorrect and therefore every m-element subset of

is non-co-(m-2).

Theorem 10. There are at least (n+1) distinct k-flats,
k+1

k = 0, ..., n-1.

Proof. By Axiom 3 there are at least n + 1 distinct

non-co-(n-1) points. There are (n+1)
k+1

(k+1)-element
-

subsets of these points. There is a unique k-flat incident

13
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on each of these sets (Axioms 1 and 2), since each set is

non-co-(k-1) (Theorem 9). We need to show that if we are

given two distinct (k+1)-element subsets, the k-flats so

determined are also distinct.

Suppose that a = {A0, ..., Ak} and B = {B0, ..., Bk}

are two distinct (k+1)-element subsets of the n + 1 points

guaranteed by Axiom 3 and suppose that a is a k-flat

incident on both G and B. Then, since G and 3 are

distinct, at least one element of 6, say Bo, is differ-

ent from every element of G. Now we have {A0,
Ak'

B0} a co-k set of k + 2 points, contrary to Theorem 9.

This establishes that the k-flats determined by G and

n+1
are distinct, so there are at least (

\k+1'

k-flats.

Theorem 11. If two distinct k-flats intersect (i.e.

have a point in common), they have an m-flat in common

and m < k-1.

Proof. Let a and $ be k-flats having a set

P = {Po' Pm/
of non-co-(m-1) points in common. By

Axiom 1 there is an m-flat 7 incident on P and by

definition, 7 is contained in both a and $.

Now suppose that m > k-1. Then P is a non-co-(m-1)

set which has a unique m-flat 7 incident on it, by

Axiom 1. If m = k, then a is the same as f3, contrary

to hypothesis. If m = k+1, p is a non-co-k set, contrary
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to hypothesis. If m k+1, then P is a non-co-m set

(m > k). But then by Theorem 9, any m - (m-k-1) =

(k+1)-element subset of P is non-co-k, contrary to the

assumption that every point of P is a point of a. Thus

we have established that m < k-1.

Theorem 12. A k-flat and a j-flat, if they intersect,

intersect in an m-flat, where m < minik, jl.

Proof. Assume by symmetry that k < j. Suppose

that P = {P0, ..., Pm} is a non-co-(m-1) set of points

which are points of both the k-flat a and the j-flat 8.

There is a unique m-flat incident on P which is contained

in both a and 8 by Axiom 1.

Suppose that m > k. Then P is a co-k set and

therefore a co-(m-1) set by the Corollary to Theorem 8,

contrary to the assumption that P is a non-co-(m-1) set.

Theorem 13. (Extension of Axiom 5). Suppose that

a is a k-flat containing distinct non-co-(k-1) points

Ao, Ak which are also points of the (k+m)-flat 13.

Then every point of a is a point of 8, that is a is

contained in 8 (m > 0).

Proof. By Axiom 4, 8 contains a set of k+m+1

distinct non-co-(k+m-1) points, at most k + 1 of which

can be elements of the set {A0, ..., Ak}. Choose



successively B1, ..., Bm from this set such that B.

is not a point of the (k+i-1)-flat incident on

{A0, ..., Ak, B1, ..., Bi_1}. Eventually a set

{A0, Ak, B1, ..., Bra} of k+m+1 non-co-(k+m-1)

points results and, by Axiom 1 and Theorem 7, the (k+m)-

flat incident on these points must be

Theorem 14. Let a be a k-flat and 13 a j-flat

distinct from çy. with a non-empty m-flat Tr of points

in common. Then there is exactly one (k+j-m)-flat a

such that a and are contained in a.

Proof. If k = m or j = m, the theorem is true

by Theorem 13. Let P = {Po, Pm} be a set of

m + 1 non-co-(m-1) points of Tr, guaranteed by Axiom 4.

This axiom also asserts the existence of a set G of

k + 1 non-co-(k-1) points of a. At most m + 1 of

these can be points of P.

Assume without loss of generality that k < j. If

k > m, there are at least k - m elements of G which

are not elements of P. By Theorem 9, one of these is

not a point of Tr, call it Al. Then {P0, ..., Pm, All

has a unique (m+1)-flat incident on it. Now, if k > m+1,

there is another point of 6, say A2 which is not a

point of the (m+1)-flat of the preceeding sentence. The

set (Po, P, A2} has a unique (m+2)-flat

16
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incident on it.

Continuing this process, we eventually obtain a set

{Po, ..., Pm, Al, Ak_m} of k + 1 non-co-(k-1)

points which have a unique k-flat incident on them. This

k-flat must be a by Axioms 1 and 2.

Now e, contains a set of j + 1 non-co-(j-1)

points by Axiom 4, of which at most m + 1 can be elements

of P and none of which are points of a. By a process

similar to that above, choose B1, ..., Bi_m from g

such that {P P A ..., A B B ) is
0' ' m' 1' k-m' 1, j-m-

a set of k+j-m+1 non-co-(k+j-m-1) points. This set

uniquely determines a (k+j-m)-flat a containing a and

Theorem 15. If G = {P0, ..., Pk} is a non-co-(k-1)

set and a is the k-flat incident on G, and if P is

a point of a, then there is a subset of k points of

G which, together with P, forms a set of k+1 non-co-

(k-1) points.

Proof. Suppose not. Then every such set is co-(k-1).

Let Bi = {Pilj = 0, k; j i} and denote by ai

the (k-1)-flat incident on {P} U i3, i = 0, k. Now

B. is a set of k non-co-(k-2) points for each i by

Theorem 9, hence there is a unique (k-1)-flat incident on

this set; this (k-1)-flat must be
ai

by Axiom 2.



is the 0-flat (point) Pk.

17.a

Byassumptionlpisapointofeachc6.;hence P

is a point of nai. We now show that this is impossible.

Define (3 = n= 1, k. Then is the
j=0 j

(k-2)-flat incident on fP2'
P 1 by Axiom 6. Simi-
k

larly, $2 is the (k-3)-f1at incident on {P3, ..., Pk},

and so on. Finally,

Then fik is empty, since Pk is not a point of ak.

Therefore P cannot be a point of nai, so the original

assumption is false. This proves the theorem.



III. ORDER AXIOMS

In this chapter we introduce another undefined

relation, between, said of a point and a pair of distinct

points (neither of which is the first point), all of which

are collinear. We say, for example, "B is between A

and C" and we will denote that relation by (ABC).

Next we describe how this relation acts in our geo-

metry by means of some axioms.

Axiom 1. If B is between A and C, then B is

between C and A. Symbolically, if (ABC), then (CBA).

Axiom 2. If A, B, and C are distinct co-1 points,

then at most one of these points is between the other two.

Axiom 3. If A and C are distinct points of a

line (1-flat) a, then there is a point D on a such

that (ACD).

Main (4) has shown that these axioms are consistent,

that Axiom 2 is independent of Axiom 1, and that Axiom 3

is independent of Axioms 1 and 2.

Definition 1. Given two distinct points A and B,

the open segment determined by these points consists of

all points P such that (APB). We denote this open

segment by AB.

18



Definition 2. If A and B are distinct points,

the closed segment determined by these points consists of

all points P such that P = A, P = B, or (APB). We

denote this set by AB.

Definition 3. Let A, B, and C be three non-co-1

points. The set AB U AC U BC will be called the

triangle determined by A, B, and C and will be denoted

AABC. The points A, B, and C will be called vertices

of the triangle, the segments AB, AC, and BC will be

called its (closed) sides, and the open segments AB, AC,

and BC will be called its open sides.

Axiom 4. (Pasch's Axiom). If all points of AABC

are points of a 2-flat a and if $ is a line of a

which contains a point of one of the open sides of AABC,

then contains another point of AABC.

To show that our axioms are consistent, we exhibit a

model; in fact we use Model 2 of the first chapter.

It can be shown that in that model, a line can be

represented by the equations

(1) x. = x. + td.,
1 10 1

= 11 0001 n,

where (x10' x20' xn0)
is a point of the line. We

define B to be between A and C if the value of t

associated with B is between (in the sense of the real

numbers) the values of t associated with A and C.

19
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The first three axioms are true in this model because

of the order properties of the real numbers.

To prove that Pasch's Axiom holds in this model, we

use the original form of representing lines and planes.

Let A, B, and C be three non-co-1 points of the plane

represented by the n - 2 equations:

a11x1
+

a12x2
+ +

alnxn = b1

(2)

a x +a
x2

+ + ax = b,
pl 1 p22 p

where p = n-2.

Suppose that the line 13 in this plane is represented

by the n - 2 equations (2) and the additional equation

( 3 ) aqlx1
+

aq2x2
+ +

aqnxn
=b

and that IS contains P on AB.

Consider the function f : Rn 4 R given by

(4) f(xl, xn) = aqixi + + aqnxn - bq.

This function is linear, has value 0 at every point of

and is non-zero elsewhere on the plane a of A, B,

and C.

Now f(P) = 0. Therefore either f(A) = f(B) = 0

or else f(A) and f(B) have opposite signs. In the

first case, A and B are also points of 13 and Axiom

4 holds in the model. In the second case, assume without

loss of generality that f(A) < 0 and f(B) > 0.



Consider f(C).

Case I. f(C) 0. Then C is a petit of and

Axiom 4 is valid.

Case II. f(C) < 0. Represent BC by

x. = x. td., i = 1, n,
113

where B = (sx1B1 xB )'n
Then B corresponds to

t = 0 and C corresponds to some other value of t,

say tc Define g :ER+ ER by

(6) g(t) = tdjajq + a. x. - b
lq iB

i=1 i=1

Now g(0) = f(B) > 0 and g(t) < 0, since we are

assuming that f(C) < 0. Hence by the Mean Value Theorem

there is a value of t, say t', with 0 < t' < tc,

such that g(t') = 0. Call the point on BC associated

with t' Q. Then we have f(Q) = 0 and (BQC), so

that Q is a point of on .6.ABC as required.

Case III. f(C) > 0. This case can be handled in

a manner analogous to that of Case II.

This proves that Pasch's Axiom holds in the model.

Now we state some elementary theorems which will be

needed. These are proved by Main (4).

(5)
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Theorem M-1. If A and C are two points of a line

a, there is a point B on a such that (ABC). (4, p.34).

Theorem M-2. If A, B, and C are distinct points

of a line, at least one of the following holds: (ABC),

(BAC), (ACB). (4, p.35).

cmallEa_LIz:DEILI±L1L, If B, and C are

distinct points of a line, then exactly one of these points

is between the other two. (4, p.37).

Theorem M-3. Any line contains an infinite number

of points. (4, p.62).

Theorem M-4. Between any two points of a line are

infinitely many points. (4, p.63).

The next definitions and theorem show that a (k-1)-

flat "separates" a k-flat into three disjoint sets.

Definition 4. Given a k-flat a containing a

(k-1)-flat $ and a point P not on $, the set of

points Q such that P = Q or PQ does not contain any

points of 6 will be called the (open) P-half-k-flat of

a with respect to 6, denoted H(a; (3, P) or, when

there is no confusion, H(6, P). The set of points Q

such that PQ contains a point of 6 will be called the

opposite half-k-flat to the one above, denoted 1-11(a; P)



or H'((i, P).

Definition 5. Given a, 3, and P as in Definition

4, the set {Q1Q is a point of 13} u H(a; 13, P) will be

called a closed half-kflat',.denotedr,:H(a; 13, P).

When -k = 1, we have the usual definitions of half-

line and ray. The open ray H(A, B) on AB will be

denoted AB and the closed ray H(A, B) will be denoted

Ail. When k = 2, we obtain the usual definitions of

open and closed half-plane.

Now we need to show that "half-k-flat" is a well-

defined term. To this end, we establish the following

theorem.

Theorem 1. If a is a k-flat containing the (k-1)-

flat 13 and the point P not on 13, then the sets

H(13, P) and H'(13, P) are (1) non-empty, (2) disjoint,

and (3) well-defined. Furthermore every point of a is

a point of exactly one of the sets 13, H(,, P), P).

Proof of (1). P is a point of H(13, P), so that

set is non-empty. Axiom 1.4 guarantees that a point M

exists on 13 and Axiom 3 says that Q exists on

such that (PMQ). This makes Q a point of H'(13, P),

so that this set is also non-empty.
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Proof of (2). Suppose that Q is a point of



H'(0, P). Then there is a point M of 13 such that

(RIM. Axiom 2 guarantees that we cannot have either

(PQM) or (QPM) so Q cannot be a point of 11(0, P)

Similarly, if Q is a point of H(0, P), then there is

no point M of 13 such that (PMQ) and therefore 0

cannot be a point of H'(13, P).

Proof of (3). By well-defined, we mean that if

Q E H(0, P), then H(0, Q) = 11(0, P). It will follow

immediately that H'((3, P) = H'(0, Q).

Suppose that Q is a point of H(13, P) and R is

a point of 11(0, Q). We will show that R is also a

point of H(0, P).

Case I. P, Q, and R are co-1. Then exactly one of

(PQR), (QPR), and (PRQ) is true. The theorem that four points

on a line can be ordered (2,p.7) asserts that if (PAR), M

then either (PMQ) or (QMR) in each case. Contradiction.

Case II. Q, and R are non-co-1. Consider

APQR and suppose that R is not a point of 11(3, P).

Then PR contains a point M of 13. Since all of the

points under consideration are points of the k-flat a,

Axiom 1.6 yields the conclusion that 13 and the 2-flat

7 incident on {P, Q, R} have at least a 1-flat a in

common. Axiom 4 applies to APQR and a, so u must

contain another point L of APQR. We consider the
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possibilities.

L is a point of QR. Then, since L is a

point of 8, R is not in H(I, Q), contrary to hypo-

thesis.

L is a point of PQ. Then Q is not in

H(8, P), contrary to hypothesis.

L is a point of T17. Then PR contains two

points of 8 and this means that P and R are points

of 8, contrary to hypothesis.

Therefore no such point M exists and we must have

R E H(8, P). Hence H(8, Q) c H(8, P). By interchanging

the roles of P and Q, we can show that H(8, P) c

H(8, Q). By the Schroeder-Bernstein Theorem of set

theory, we have H(8, P) = H(8, Q).

Next, we define the higher-dimensional analogues of

triangles and tetrahedra.

Definition 6. Two distinct points are a 2-hedron.

A triangle (Definition 3) is a 3-hedron. If Ao, Ak

are k + 1 non-co-(k-1) points, k > 3, the (k+1)-hedron

determined by these points, denoted AA0 Ak, is the

union of the sets of points belonging to the closed

k-hedra (Definition 8) determined by the k-element subsets

of {A0, ..., Ak}. The k-hedra determined by the k-ele-

ment subsets will be called faces of the (k+1)-hedron.

The points Ao, Ak will be called its vertices.



is the intersection of the

Definition 7. If Ao, Ak are k + 1 non-co-

(k-1) points, the interior of the (k+1)-hedron AA0 ... Ak'

denoted Int A ... A
0 k'

half-k-flatsli(c4A.),i=0,,k,wherecx-is
the (k-1)-flat incident on {A .j = 0, k, j # i}.

The interior of AA0 Ak is sometimes called the

(open) k-simplex determined by Ao, A.

Definition 8. If Ao, Ak are k + 1 non-co-

(k-1) points, the closed (k+1)-hedron AA0 Ak, denoted

AA0 A.k, is the union of Int AA° Ak and the set

of points of AA° A. This set is sometimes called

the closed k-simplex of Ao, A.

Theorem 2. Every (k+1)-hedron has an interior point.

Proof by induction. When k = 1 this theorem

reduces to Theorem M-1.

Now consider the (k+1)-hedron AA° A. By the

induction hypothesis, there is a point P in

Int AA1 A. There is a point Q on A0P. We need

to show that Q E H(ai, Ai), i = 0, ..., k, where a.

as before is the (k-1)-flat incident on

{A jj = 0, k, j # Since (A0QP) and Ao

is not on
a0'

it follows that Q E H(a0' A0 ). Now

suppose that Q H(ai, Ai) for some i. Then either
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a. in a 1-flat1
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E which is impossible, or there is a point R of

ction.A.Q. By Axiom 1.6, the 2-flat incident on

"LP,A , (some j 0, i)1 intersects

13.Axiom4appliestoandAPQA.so that 13 con-

tains another point of ATQA.. A consideration of cases

shows that this leads to a contradiction. This proves the

theorem.

Corollary to Theorem 2. Given AA° Ak, if B

is a point of Int AA]. ... Ak and P is a point of

A
0

then P is a point of Int AA° A.

Next we prove several theorems together inductively;

the first of these is the higher-dimensional form of Pasch's

Axiom (Axiom 4). First we establish the two-dimensional

forms of these theorems.

Theorem 3.2. (Axiom 4). If line 13 is a line of

the 2-flat a incident on the vertices of AABC, and

contains a point of an open side of AABC, then

contains another point of AABC.

Theorem 4.2. (Crossbar Theorem). If D is a point

of Int AABC then (1) At contains a point E of BC,

and (2) (ADE).

Proof. Main (4, p.79-80) proves (1). To prove (2),

assume the contrary, that is suppose that (AED) or



(DAE). Now, (DAE) is impossible since E is on A.

If (AED), then D is in H'(-M A) and so is not in

Int AABC, contrary to hypothesis. By Theorem M-2 and

its Corollary, we must have (ADE).

Theorem 5.2. If P is a point of line a and P

is in Int AABC, and if a is in the plane incident on

{A, B, CI, then a contains two points of AABC.

Proof is given by Main (4, p.80-81).

Theorem 6.2. If A, B, and C are non-co-1, D

is on AB, E is on AC, and P is on DE, then

P E Int AABC.

Proof. Our first goal is to show that P E H(AC, B

Consider LADE and BP.

By Axiom 4, BP contains

another point Q of AADE.

A consideration of cases

shows that Q E AE, (Fig.3.1).

Now we need to show that

(PQB) is false. Consider

APDB and (Fig.3.2).

If (PQB), then Axiom 4

applies and there must be

a point R of AC which

is a point of APBD. A

Fig. 3.1
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consideration of cases shows

that this is impossible,

hence (PQB) is impossible.

Therefore, either (QPB)

or (QBP), and we have

E H(AC B). By inter-

changing the roles of B and

C, we can show that

E H(AB, C).

It remains to show that

is a point of H(BC, A).

Suppose not. Then there is

a point Q of BC on PA

(Fig.3.3). By applying Axiom

4 to line BC and triangles

PEA and PDA, we obtain

two points, R on PD and

on PE which are also

points of BC. This implies

that BC is coincident with

Fig. 3.2
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DE, contrary to hypothesis. A

Thus we must have P E H(BC, A) Fig. 3.3

and the theorem is proved.



30

As an aid to intuition, we state the three-dimensional

forms of these theorems.

Theorem 3.3. If (1) A, B, C, and D are non-co-2

points having the 3-flat 7 incident on them, (2) a is

a line of 7, and (3) P is a point of a and also a

point of the interior of a face of AABCD, then a con-

tains another point of AABCD.

Theorem 4.3. Given a 4-hedron AABCD with P a

point of its interior. Then AP contains a point R of

Int ABCD and (APR).

Theorem 5.3. If 13, is a line of the 3-flat incident

on the non-co-2 points A, B, C, and D, and if P is

a point of and also of Int AABCD, then 3 contains

two points of AABCD.

Theorem 6.3.If in ABCD, P E Int AABC, Q E Int AABD,

and R E PQ, then R is a point of Int AABCD.

We assume the truth of the m-dimensional forms of

Theorems 3, 4, 5, and 6 for m = 3, ..., k-1, and now we

must prove the following k-dimensional forms.

Theorem 3.k. (Extension of,Pasch's Axiom). If a

line 13 is a line of the k-flat incident on the non-co-

(k-1) points Ao, Ak and if P is a point of 12,

which is also a point of the interior of a face of
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AA° Ak, then 3 contains another point of AA0...Ak.

Proof. Suppose that P E Int AA0 Ak_i and define

a. to be the (k-1)-flat incident on

{A.1 j = 0, k, j for j = 0, k. If 3 is
3

contained in ak'
then Theorem 5.(k-1) applies and the

theorem is proved. If 3 is not contained in
ak'

then

there is a point Q of 3 such that Q E H( ak, Ak).

Consider the points Ao, P, and Q. These points are

not collinear, for if they were, Q would be on ak, so

there is a unique plane 7 incident on these points. By

Theorem 4.(k-1), A0P
intersects the (k-2)-flat incident

on {A1, ..., Ak_i} at a point R of Int AA.1 Ak_i

such that (NPR). R is also a point of ao. By

Axiom 1.6, there is a line a common to 7 and a0.
0

Now, by Theorem 5.(k-1), a contains a point S of

AA]. A. Consider ANRS and line 3 and apply

Axiom 4. 3 must contain another point T of ANRS.

We consider the possibilities.

Case I. T E AoR. Then 3 = PT = AoR
and 3

contains
A0'

a point of AA0 A.

Case II. T E RS. RS is a line of
ao

and hence

by Theorem 6.(k-1), T is a point of AA1 Ak, a

face of AA0 A.



Case III. T E AoS. S is a point of AA1 Ak;

suppose without loss of generality that S is a point

of LA1 ' Ak-l Then S is a point of the k-hedron

AA0 Ak-1.
By Theorem 2, T is a point of

A0 Ak-1
and therefore a point of AA0 ...

'

A asA k

was to be proved.

Theorem 4.k. (Crossbar Theorem). If P is a point

of Int AAo Ak, then RoP contains a point R of

Int AA1 . A. Furthermore (AoPR).
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hence determine a k-hedron. By Theorem 2, there is

a point B in Int AA0B1 Bk-1.
We now prove two

lemmas which show that Ao is in Int ABAI Ak_i,

one of the faces of ABA1 '

A.

Lemma A. Under the conditions described above,

A0
E HO., A.), i = 1, ..., k-1, where 18. is the

Proof. We will construct a new (k+1)-hedron ABAl...Ak

such that A0
is a point of the interior of one of its

faces and then apply Theorem 3.k. Consider the (k-1)-flat

ak
incident on

there is a point

{A0' ...,

Bi on

Ak-1}.
For i = 1, ..., k-1,

by
A0 A. such that (B.A0

A.)i i
Axiom 3 and these points Bi

are all points of ak
by

Theorem 1.13.

The points Ao, Bi, Bk_i are non-co-(k-2) and
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(k-2)-flat incident on {B, Al, Ai_1, A+1, Ak_1}.

Proof of lemma A. Suppose not. Then either Ao is

a point of 6i or else Ao E H' (6i, Ai) by Theorem 1.

If Ao is a point of 6., then by Theorem 1.13 the

points B1, ..., Bi_i, B+1, Bk_i are also points

of
6i.

Now B is a point of
6i

by definition, so we

have B on the (k-2)-flat of {A0, B 1,, Bi-1' Bi+1,

Bk_i}, which contains a face of &Flea. Bk_l,

contrary to the hypothesis that B is in

IntAA B . B
0 1 k-1*

Now suppose that Ao E H' (I3 Ai) for some i in

the set {1, ..., k-1}. Then there is a point C of

6i such that (A0CAi). Consider the 2-flat. 7. incident
1

on {A0, B, Ai}. (This is a non-co-1 set else B would

not be in Int AB]. ... Bk-1)*
Applying Axiom 1.6 to 7i

and 6 we conclude that there is a 1-flat c common

to both flats, and C is a point of a.

Axiom 4 applies to AA0BAi and a. Hence there is

another point D of a on ANBAi. We consider the

possibilities.

Case I. D E A0Ai. Then, since C and D are

points of a, Ai is a point of a, and hence of 6i,

contrary to the definition of 6i.



Case II. D E A1B. Then D and B are points

of AB, and we reach the same contradiction as in Case I.

Case III. D E A013. Then BA contains two points,
0

B and D, of 13i; therefore Ao is a point of

and we have already shown that to be impossible.

Thus we reach a contradiction in all cases by assuming

that Ao is not in H(3., A.). This proves the lemma.

Lemma B. Under the conditions described above,

A0
E H(a, B), where a is the (k-2)-flat incident on

{A1, Ak_1}.

Proof of Lemma B. Suppose not. Then, since Ao

is not a point of a, there is a point C of a on

A0B. Denote by 7 the 2-flat incident on {A0, B, B1}.

Since C is a point of 7, we apply Axiom 1.6 and con-

clude that 7 and a intersect in a line a and C

is a point of a. According to Axiom 4, a contains

another point ofAA BB
0 1.

We consider cases.
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Case I. D E A0B. Then CD = a = A0B by Axioms

1.1 and 1.2, which implies that Ao is a point of a,

contrary to hypothesis.

Case II. D E BiAo. Then D and A are points



of a which are also points of A0B1 and again
A0

is

a point of a which is impossible.

Case III. D E BB1. Consider ak, the (k-1)-flat

incident on {A0, ..., Ak_il , (fig. 3.4). It is easy

to see that B1, "" Bk-1 are also points of ak. Since

C and D are points of a, they are points of
ak'

and

since C is also a point of Int AA0B1Bk_iby

Theorem 6.(k-1), we have that CD contains two points of

AA0B1 Bk_i by Theorem 5.(k-1). One of these points

is D, call the other one E. We want to show that this

situation is impossible.

Fig. 3.4
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First of all, E cannot be a point of AB,
Bk-1'

for if it were, then C, being on 15-E% would be on the

(k-2)-flat of1, , Bk-1 1, contrary to hypothesis.

Now we use an inductive argument. Suppose that E

is on
A0B1

for some i E {1, k-11. Then E and

Ai are both points of A0Bi which are points of a;

hence every point of that line, and in particular Ao,

is a point of a. This contradicts the assumption that

{A0, .., Ak_.11 is a non-co-(k-2) set. Thus E is not

on A0Bi for i = 1, ..., k-1.

Next, suppose that E is a point of Int AA0B1Bi.

Then the (k-2)-flat a and the 2-flat incident on

{A0, Bi, Bj} have the point E in common. Axiom 1.6

tells us that these flats have a line in common. Apply

Theorem 5.2 and conclude that CD intersects AA0BiBj

at a point F, but this is impossible as was seen in the

preceeding paragraph.

Inductively, suppose that E is a point of

IntAA B. ... B. (p < k). There is a unique
0 11 p-1

(p-1)-flat 3 incident on the vertices of that p-hedron.

By Axiom 1.6, there is a (p-2)-flat 1T of intersection

of a and 3, since E is a point of both a and 3.

According to Theorem 5.(p-1), there is a point F of CE

on one of the faces of the p-hedron. But the faces are

(p-1)-hedra and by our induction hypothesis, it is
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impossible for n to contain a point on a closed

(p-1)-hedron AA B. B.
0 3] 32

We havehave shown that in all cases we reach a contra-

diction by assuming that Ao is in H' (a, B). This

proves Lemma B.

Lemmas A and B establish that
A0

is a point of

Int ABA, ...Akl. We now apply Theorem 3.k and conclude

that A0P contains another point R of ABA A.

We need to show that R is a point of Int AA A.

Lemma C. R cannot be a point of any closed face

of ABA1 ... Ak which contains B.

Proof of lemma. If R is a point of
ABA1 Ak-1

then, since Ao and R are points of ak, P is a point

of ak, contrary to hypothesis.

Now suppose that R is a point of

ABA, ... A1_1A1+1 A. By the first part of this

theorem (Theorem 4.2), a point C of AIN exists on

BA.. Cisona.,henceBandA.are in opposite

half-k--flats with respect to ai. B and R must be

in the same half-k-flat (with respect to ai), for if not,

there is a point T on ai such that (BTR). But, by

the induction hypothesis (Theorem 4.(k-1)), there is a

point S of BR in Int LA A1_1Ai+1 Ak which
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is contained in a.. Since S and T are in a.,
1 1

is in a.,
1 contrary to the way B was defined.
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WemusthaveRandA.in opposite half-k-flats
1

with respect to ai, P and
A.1

in the same half-k-

flat, so there is a point U of ai on PR. Then, since

U and
A0

are on a., P is also on a., contrary to
1 1

hypothesis. This proves the lemma. Hence R is in

Int AA1 " . A

Now, since R is on AoP, either (AoRP), (PA0R),

or (A0 PR). In the first case, P would be in H1(a0' A0 ),

contrary to the hypothesis that P is in Int AA° A.

In the second case, there is some i E {1, k} such

that P is in H'(a., A.), again contrary to hypothesis.

Therefore, (A0PR) and the theorem is proved.

Theorem 5.k. If AAo ... A is a (k+1)-hedron and

P is a point of its interior and if P is also a point

of a line of the k-flat incident on {A0, Ak},

then (3 contains two points of AA° A.

Proof. If A0
is a point of then Theorem 4.k

applies and we have Ao and a point of Int AA1 ... Ak

which satisfy the theorem.

Suppose that Ao is not a point of By Axiom

1.4, contains a point R different from P. Let Q

be the point of Int API_ Ak on A0P guaranteed by



Theorem 4.k. There is a unique 2-flat 7 incident on

{A0, P, R} and Q is a point of 7. Axiom 1.6 allows

us to conclude that there is a line common to 7 and

ao, the (k-1)-flat incident on {A1, Ak}. This

line contains Q, a point of Int AA1 Ak so, by

Theorem 5.(k-1), there are two points, S and S', of

a which are points of AA1 A.

Assume without loss of generality that S is a point

of
AA1 ". Ak-1 and consider AAoQS

and line I. Axiom

4 applies and hence there is a point T of P, which is

a point of ANQS. T cannot be a point of AoQ by

assumption. We consider the following three cases.

Case I. T E AO. Because of the Corollary to

Theorem 2, T is a point of Int PA° Ak_i, so Theo-

rem 3.k applies to and AA0 A. This yields a

point U of AA0 Ak on The points T and U

satisfy the theorem (Fig. 3.5).

Case II. T E QS. A similar argument applies.

Case III. T = S. Recall that a intersects

AA1 Ak in another point S'. Axiom 4 applies to

AA0 QS'
and 13 and elementary incidence arguments yield

the conclusion that must contain a point U of AoSI.

Assume without loss of generality that S' is a point

of AA2 A. Then U is a point of Int AA0A2 Ak
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Fig. 3.5

by Theorem 6.(k-1), so T and U are the points required.

This proves the theorem.

Theorem 6.k. If P and Q are points of the

interiors of two different faces of AA° Ak and

R E PQ, then R is a point of Int AA° A.

Proof. Choose a vertex, say Ao, of AA() Ak

which is a vertex of the two faces which contain P and

Q. By Theorem 4.(k-1), A0P and AoQ contain points

B and C respectively of the faces opposite Ao in

their respective (k-1)-flats (Fig. 3.6). Hence BC
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A1

Fig. 3.6

is a line of ao (as previously defined). By Theorem

6.2, R is a point of Int AA0BC and by Theorem 4.2,

A0
R contains a point D of BC. Now D is a point of

Int AA1 Ak by Theorem 6.(k-1), so we apply the

Corollary to Theorem 2 to A0D, R, and AA0 Ak to

prove the theorem.

This completes the induction proofs of Theorems 3,

4, 5, and 6.

Theorem 7. If P is a point of Int AA° ... Ak

and if a is an m-flat contained in the k-flat incident

on {A0, Ak} with P a point of a, then m + 1

non-co-(m-1) points exist which are on both a and

AA0 ASK.

41



Proof. The m-flat a contains m + 1 non-co-(m-1)

points Po, ..., Pm, by Axiom 1.4, at most one of which

is P. If one of these points, say Po, is P, then

there are m distinct lines H i = 1, m in a,

each of which meets AA° Ak in two points, Ri and

Si by Theorem 5. Now the points Ri, Si, S2, ..., Sm

are a non-co-(m-1) set, since if they were co-(m-1), the

points Po, ..., Pm would be co-(m-1), contrary to

hypothesis.

If none of the points Pi is P, then {P, Po, ...,

Pm1
is a co-rn set of m + 2 points from which we can

choose a set of m + 1 non-co-(m-1) points containing P

by Theorem 1.15. With suitable renumbering, assume that

the set is IP, Pi, ..., Pml and proceed as in the pre-

ceeding paragraph.

Theorem 8. (Extension of Desargues' Theorem).

Given two (k+1)-hedra AA° Ak and AB0 Bk, define

(k-1)-flats ui, i = 0, k, as in Definition 7 and

the corresponding (k-1)-flats with respect to

Bk. If a point P exists such that P, A.,
1

and B. are co-1 for i = 0, k, and if the lines

. .A.A.andYjintersectat.for all i, j such
1 j

C.

that 0 < i < j < k, then

(1) a and Is have a (k-2)-flat in common,

i = 0, k, and
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(2) these (k-2)-flats are all contained in the same

(k -1) -flat.

Comment. The case k = 2 is one form of Desargues°

Theorem.

Proof. Denote by Wh the set {C1i10 < i < j < hl

and consider first the points C1 .. in W3. By Desargues'
3

Theorem we have C01' C02'
and

C12
collinear; denote

this line 71. We prove the following two lemmas.

Lemma 1.
C03

is not a point of 71.

Proof of Lemma 1. Suppose that CO3 is on 71.

Ao, Al, and A2 cannot all be points of 71, so assume

without loss of generality that Ao is not on 71 and

consider the plane al determined by Ao and 71.

Since C01' C02'
and

C03
are on

71°
Axiom 1.5 yields

A0' A1, A2' and
A3

in
al'

contrary to hypothesis and

Theorem 1.9. Hence CO3 is not a point of 71.

Lemma 2. All C W3 are points of the plane

72
determined by 71 and CO3.

Proof of Lemma 2.
C13

is a point of 72, since

C01' C03' and C13
are collinear (Desargues' Theorem)

and the first two of these are known to be points of 72.

Similarly C23 is a point of n2.
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Now let us consider the points C.. in
W4.13

we have the lemmas

Lemma 3.
C04

is not a point of 72.

Lemma 4. All Cij in W4 are points of the 3-flat

73
determined by 72 and C04.

Proofs of these lemmas are similar to those of Lemmas

1 and 2.

We continue this process inductively; at some stage

we have all C Wh contained in the (h-1)-flat

7h-1 determined by Coh and 711....2. Then consider the

pointsC . in
Wh+1.

mmWe have the following leas.lj

Lemma 5. C0,h+1
is not a point of 7h...1.

Proof of Lemma 5. The points Ao, Ah+1 cannot

all be on 7h-1' so assume that Ao is not on

Consider the h-flat ah-1
determined by

7h-1
and A0.

is a point of 7h-1'
then A0' ..., Ah+1If CO,h+1

are co-h (since they would all be points of ah_1),

contrary to hypothesis and Theorem 1.9. Therefore C0,h+1

is not a point of 711_1.

Lemma 6. All Cij in Wh+1 are points of the

h-flath determined by 7h-1
and

C0,h+1.
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Ci,h+1'

Proof of Lemma 6. We need only consider points

i = 1, ..., h. The points C C and
0,h+1' 0,1

45

Cih+1 are collinear (by Desargues' Theorem) and the
,

first two of these are points of Trh. Therefore by Axiom

1.5,Cih+1 is also a point of Trh.
,

Now consider the (k-1)-flats ak and 13k. We have

that all C. . in Wk-1 are points of ak and 13k and
ij

therefore of their intersection. By taking h = k-2 in

Lemmas 5 and 6, we find that the C. . in Wk-1
are

ip

co-(k-2). Since the order in which we consider the points

Ao, Ak and Bo, ..., Bk is not important, the

result holds for any of the (k-1)-flats determined by k

of the points of {A0, ..., Ak} and the corresponding

points from {B B}.
0' k

This establishes the first

conclusion of the theorem.

To prove the second part, take h = k-1 in Lemmas

5 and 6 and find that the C in W are co-(k-1).C.
k

This means that all of the (k-2)-flats of the preceeding

paragraph must be co-(k-1). This proves the theorem.



IV. A NON-EUCLIDEAN MODEL

This chapter extends results obtained by Zell (5) for

three dimensions.

First we interpret the undefined terms of our axiom

system as elements of the model.

Definition 1. A point is an n-tuple of real numbers

2(x1 xn) such that Exi < 1. Throughout this

chapter, all unlabelled summations are on index i from

1 to n.

Definition 2. An n-flat is the set of all points as

defined above.

Definition 3. A k-flat, k = 1, ..., n-1, is an

equivalence class of n k equations of the form

2
(1) d.(Ex. + 1) + Ea..x. =0, j = 1, n-k,

3 i pi i

such that

2 2
Ea.. > 4d., j = 1, n-k,

31

the set of points satisfying equations (1) is

non-empty,

the rank of the coefficient matrix
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dn-k an-k,1 an-k,2
e00 an-k,n

is n - k, and

4. two sets of equations are in the same equivalence

class if and only if they have the same (non-empty) solution

set.

Definition 4. A k-flat is incident on k + 1 non-co-

(k-1) points if the coordinates of the points satisfy all

n - k equations (1) representing the k-flat.

Now we need to show that all of the axioms of incidence

and order presented in the first two chapters are valid in

the model. First, two preliminary lemmas.

Lemma 1. Denote by Ph the point (xhi, xhn).

The k + 1 points Po, ..., Pk are non-co-(k-1) if and

only if the rank of the matrix

1
.+1

x01 x02 On
\\

li
+1 xll x12

000 xln
(2) V =

Ica xkl xk2 xkn

a11 a12 aln

a
a2 a2n21 2
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is k + 1.

Proof. Consider the system

(5) VQ' = 0,

where Q = (d, al,
an)

and the "prime" denotes matrix

transposition. This is a homogeneous system of k equations

in n + 1 variables and hence it has a (Euclidean) solution

space of dimension (n+1)-rank(V).

Now suppose that rank(V) = k + 1. Then the solution

space of (3) is of dimension n - k so there are n - k

linearly independent solutions (d1 aj1. , ajn),j

j = 1, n-k. Hence there cannot be a set of n-(k-1)

linearly independent solutions to (3) and the points

Po, ..., Pk are non-co-(k-1).

Conversely, assume that rank(V) < k+1. Then, by

rearranging rows if necessary, there is some relationship

(4) xoi t
hx h.i'

1 = 1, n,

h=1

(5)

with not all th = 0.

Ex21 . + 1 =
0

h=1

Let p = n+1 - rank(V). We know that equation (3)

has a solution space with p linearly independent

Also we must have

th (Exhi
2

+ 1).
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solutions. Since rank(V) < k, we have p > n + 1 - k

or n - p < k 1. This means that Po, ..., Pk are

co-(n-p), that is, they are all contained in a flat of

dimension at most k - 1. Hence Po, ..., Pk are

co-(k-1). This completes the proof.

Lemma 2. If (x1,
xn)

satisfies the equation

2 2cl(Ex.+1).+Ea.x.=.0,notalla.=0, and Ex < 1,

then 4d2 < a?.

Proof. If d = 0 the result is immediate, so assume

that d 0. The equation of the hypothesis is equivalent

to

(6) E(xi + a./2d)2 = E(ai/4d2 ) - 1,
2

which requires that the right hand side be non-negative

since there is a solution. Hence we have Ea.2 > 4d2.

We need to show that equality is impossible. If

= 4d2, then the right hand side of (6) is 0 and

the only solution is the point (-a1/2d, ..., -an/2d).

But then, for that point, Exf = E(4/4d2) = 1, so that

point is not in our model. Therefore Ia1 > d2 and

the lemma is proved.

Now we are ready to show that the axioms of incidence
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and order are satisfied in this model.

Theorem 1. Axiom 1.1 is satisfied in the model.

Axiom 1.1: Given k + 1 non-co-(k-1) points, there is

exactly one k-flat incident on them.

Proof. Denote the points Ph = (

xhl" xhn"

h = 0, ..., k. By Lemma 1 the rank of the matrix V

is k + 1, hence the system (3) has a Euclidean solution

space of dimension n-k. Thus there are n-k linearly

independent solutions (di, ail, ain), j = 1, ...,

n-k, such that Po, ..., Pk satisfy the equations

d.(Ex.2 + 1) + a..x. = 0, j = 1, n-k.
3 a, 31

2
By Lemma 2, 4d2 < Ea.. for all j. This set of n-k

31

equations uniquely defines an equivalence class and

represents a k-flat.

Theorem 2. Axiom 1.2 is satisfied in the model.

Axiom 1.2: Given k + 1 non-co-(k-1) points of a k-flat

a, then a is the k-flat incident on these points.

Proof. Any two sets of n-k linearly independent

solutions of (3) are in the same equivalence class. Thus,

if the equations representing a are satisfied by

PP it is the same k-flat as the one obtained
k'
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by solving equations (3).

Theorem 3. Axiom 1.3 is satisfied in the model.

Axiom 1.3: For k = 1, n, there exist k + 1 dis-

tinct non-co-(k-l) points.

Proof. Define

P0 = (0, ..., 0)

(7)

where
Ph

has 1/2 in the h-th position and zeroes else-

where.

Suppose that these points are co-(k-l). Then there

is a set of n-(k-1) equations

2
(8)

Now consider the remaining system

(9)

( 1/2 0

0i2

0 \

0

0 0

= 0.

The rank of the coefficient matrix is k, hence there

are at most n-k linearly independent solutions

51

13
d, (Ex + 1) + Ea..x. = 0, j = 1, ..., n-(k-1)

satisfied by Po, ..., P. Since Po satisfies all of

the equations (8), we have di = 0, j = 1, ..., n-(k-1).
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(a "" an).
Then the points are co-k but not co-(k-1),

contrary to assumption. This completes the proof.

Theorem 4, Axiom 1.4 is satisfied in the model.

Axiom 1.4: If a is a k-flat, k = 1, n, there

exist k + 1 non-co-(k-1) points which are points of a.

We will prove this theorem by induction on k. To

get started, we establish the following lemma.

Lemma 3. Given a 1-flat a, there are two distinct

points of a.

Proof of Lemma 3. Let a be represented by

2d.(Ex. + 1) + Ea..x. = 0, j = 1, ..., n-1.
3 31

Since the rank of the matrix A (of coefficients d.
3

and a,. as in Definition 3) is n - 1, we can choose
31

a representative of the equivalence class of a in such

away.thattherowsofthesubmatrix(a.)are ortho-ji

gonal, i.e.

Eapiaqi = 0 if p q.

Assume that equations (10) have this property.

Now we consider two cases.

Case I. dj = 0, j = 1, ..., n-1. Then we have a

homogeneous system of n - 1 linear equations in n



variables. The solution is of dimension 1. There is the

trivial solution (0, ..., 0) and a non-trivial solution,

which may be taken so that Ex2i. < 1. These two points

are points of a

Case.II.Atleastonedsay dl, is not zero.
7

We transform equations (10) to the equivalent system

2
(12) Ex. + 1 + Eb.x. = 0

Ec..x. = 0, j = 1, ..., n-2,
31

where b. and c.i . are defined by the equations
j

b. = a ./d
11 1

(13) j+1,i

(14) C*X*1 = Z,

if d. =0
3+1

j+1,i/dj+1 bi
otherwise.

Denote by 13 the 2-flat represented by the last n - 2

equations of (12) and by 7 the (n-1)-flat represented

by the first of those equations.

The matrix C = (c ) is an (n-2)x n matrix of
ji

rank n - 2, hence it has a square submatrix C* of

rank n - 2 whose determinant is not zero. Assume with-

out loss of generality that this submatrix consists of

the first n - 2 columns of C.

Then we can write the equations for 13 in the form
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where X* = (xi, xn-2)
and

-c1,n-1x cn-1 1,nxn

-c2,n-1xn-1 c2,nxn
Z =

-cn-2,n-1xn-1 -c n-2,nxn

Since C* is non-singular, we can write (14) as

X*' = (C*)-1Z.

By assigning first xn....1 = 1, xn = 0, and then

xn-1 = 0,
xn

= 1, we obtain two linearly independent

solutions of the equations representing S,

CX1 = 0.

These solutions can be "orthonormalized" and we call the

resulting n-tuples X1 and X2.

Now denote by Cj the j-th normalized row of C.

The set of vectors X1, X2, Cl, Cn...2 is an orthogonal

set and can be normalized. We consider this done.

The matrix

R = (X1 C' C_)
11 2' 1" n-2

is an orthogonal (rotation) matrix which maps (1, 0, ..., 0)

to
X1,

(0, 1, 0, ..., 0) to X2'
and (0, ..., 0, 1, 0,

..., 0), which has 1 in the (j+2)-th position and 0

elsewhere, to Cj,,j = 1, ..., n-2.
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Define Y' by

Y' R 1X', X E IRn

Then R maps 8 on to the (Euclidean) (yi, y2)-plane.

The image of the intersection of 8 and 7 is a circle

in the (y1, y2)-plane which intersects the unit circle.

Now we apply a rotation S which maps the (y1, y2)-

plane onto itself with the center of the circle

R-1(7 n (3) on the 171-axis. We have the following figure:

above:

Suppose that the coordinates of C are (w, 0)

(w > 1). Then R-1(7 n is given by

(y1 w)2 w2
1

and we can find the coordinates of the points labelled
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C = (w, 0)

D = (1, 0)

E = (w - (w2 - 1) 2, 0)

F= (w-1, w-1(w2 - 1) -)

H (w (2w)-1((w2 1)(4w2 1))1/2, (2w)-1(w2
1)

2).

Now E and H are distinct points on SR-1(7 n

hence RS-1(E) and RS-1(H) will be distinct points of

7 n (3, which is the 1-flat a given by equations (10).

This proves the lemma.

Now we must show that an arbitrary k-flat contains

k + 1 non-co-(k-1) points, assuming that any (k-1)-flat

contains k non-co-(k-2) points.

Let the k-flat a be represented by the n-k

equations

2d.(Ex. + 1) + Ea..x. = 0, j = 1, n-k.
1 ji

This implies in particular that (1) the rank of the

coefficient matrix A is n-k, and (2) there is a point

P = (yi, yn) satisfying equations (21). Next we

will define two (k-1)-flats, (31 and 132, contained

in a.

There is an (n-k) x (n-k) submatrix of A, denoted

here by A*, with non-zero determinant. Since there are

n + 1 columns of A and k > 2, at least 2 columns of
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A are not included in A*; let u and v denote two

such columns.

Case I. yu = yv = 0. Define 131 to be the

(k-1)-flat represented by equations (21) and the equation

xu = 0 and define2 to be the (k-1)-flat represented

by equations (21) and the equation xv = 0.

Case II. Exactly one of y, y is zero, say
u v

Yu = 0" Define1 as in case I and define
132

to be

the (k-1)-flat represented by equations (21) and the

equation

2 2Ex. + 1 - 2x (Ey. + 1)/yv = 0
1 v 1

Case III. Both yu and yv are non-zero. Let

13 be defined by equations (21) and the equation
1

yx -yx =0u v VU

and let2 be defined as in case II.

It is easy to show that 31 and 32 are distinct

(k-1)-flats, that is (1) 31 and 132 are non-empty (P

is a point of both), (2) 31 and 32 are not in the

same equivalence class (the matrix of coefficients of the

intersection of
31

and
32

has rank n-(k-2)), and the

coefficient matrices of 31 and 32 each have rank

n-(k-1). According to the induction hypothesis, 31

57



contains k non-co-(k-2) points. Since 32
8l' 32

contains a point which is not on 31. This point,

together with the k points of the preceeding sentence,

form a non-co-(k-1) set of k + 1 points of a. This

completes the proof.

Theorem 5. Axiom 1.5 is satisfied in the model.

Axiom 1.5: If k + 1 non-co-(k-1) points of a k-flat

a are points of a (k+1)-flat 3, then every point of

a is a point of 8.

Proof. a is the unique k-flat incident on the

k + 1 points Po, ..., P. We can choose a representa-

tion of a such that n k - 1 of its equations are

a representation of 13. Then all points of a satisfy

the equations of 3.

Theorem 6. Axiom 1.6 is satisfied in the model.

Axiom 1.6: If a k-flat a and an m-flat 8 are both

contained in a p-flat Tr and k + m > p, and if a and

3 have a point P in common, then a and 13 have a

set of k + m p + 1 non-co-(k+m-p-1) points in common.

Proof. Denote the flats as follows:

2
(24) a: d.(Ex. + 1) + Ea..x. = 0, j = 1, n-k,

D Di i
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(25) (3: e.(Ex.2 + 1) + Eb..x. = 0, j = 1, n-m,
1 ji 1
2

(26) Tr: f.(Ex. + 1) + Ec..x. = 0, j = 1, n-p.j 1 ji 1

Consider the (n-k) + (n-m) x (n+1) array

(27)

Since u and IS are contained in a p-flat, the rank of

this array is no greater than n - p. Hence equations

(24) and (25) have a common solution space (which is a

flat in our model) of dimension at least k + m - p.

This solution space contains k + m - p + 1 non-co-

(k+m-p-1) points, by Theorem 4.

This completes the proof that the model satisfies

the incidence axioms. Before proving that the order

axioms are valid, we need a lemma and a definition.

Lemma 4. Given a 1-flat a in the model, there is

a bijective monotone function f:u 4- R.

Proof. Let a be represented as in Lemma 3 by

(28) d.(Ex.2 + 1) + a..x. = 0, j = 1, ..., n-1.
1 31

Case I. d. 0, j = 1, ..., n-1. Then there is

a non-trivial solution (y1, ..., yn) to (28). In fact
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any point (tyl, tyn) where E(tyi)2 < 1 is a

solution. Define f:a iR by

(29) f(tyl, tyn) = t/(1 - E(tyi)2).

This is a suitable function.

Case II. At least one d1 say dl, is not zero.
D

Then apply R-1 and S to the set of points as in Lemma

3. The image of a, as before, is an arc of a circle

within the unit circle (arc FEG in the figure).

IA
11111111111111111111111,

Recall that if C = (w, 0), the coordinates of F are

(w- 1 w-1 (w2 l) 1/2)

Define a function g: arc (FEG) --)- IR by

(30) g(s, t) = wt/((w2 - l)1/2 wit).

Note that g is a monotone function. Since both R and
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S are 1 - 1 transformations, we may define f:a R

by

(31) f(P) = g(SR-1(P)),

where P is a point of a. Then f is the required

function.

Definition 5. If A, B, and C are collinear

points, B is between A and C if f(B) is between

f(A) and f(C) in the usual ordering of the real numbers,

where f is the function of Lemma 4.

Theorem 7. Axioms 11.1, 11.2, and 11.3 are satisfied

in the model.

Proof. Definition 5 translates these axioms into

true statements about the order properties of the real

numbers.

Theorem 8. Axiom 11.4 is satisfied in the model.

Axiom 11.4: If A, B, and C are non-collinear and if

a is a line of the plane p, incident on {A, B, C} such

that a contains a point of AB, then a contains

another point of AABC.

Proof. Suppose that D is a point of a and also

of AB.
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Case I. a = AB. Then A (or B) is another

point of a which is a point of AABC.

Case II. a A. Perform the rotation as in

-
Lemma 3. Then R1 (6) is the (y1, y2)-plane. Define

a function f:6 ER by

(32)f (y1,f(Y1' Y2) = Y '1 Y2 ' "Y1 ' '112 '

where f(yi, y2) = 0 is the equation of R-1(a). Then

f(P) = 0 if and only if P is a point of R-1(a).

Furthermore, f is continuous.

Since R-1(D) is the only point of R (a) on

-1 -1
R (AB), it follows that f(R-1(A)) and f(R (B))

have opposite signs; assume without loss of generality

that the former is negative. Now consider f(R-1(C)).

There are three possibilities.

Subcase ha. f(R-1(C)) = 0. Then R-1(C) is a

point of R-1(a) and therefore C is a point of a.

Also C is a point of AABC, so it satisfies the theorem.

-1
Subcase IIb. f(R(C) > 0. Consider f along

- -- -1 -1
R1 (AC). We have f(R (A)) < 0 < f(R (C)), so there

-1
is a point E on R (AC) such that f(E) = 0. Thus E

-1
is a point of R (a), so R(E) is a point of AC and
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Subcase IIc. f(R-1(C)) < 0. This case is handled

in a manner similar to subcase lib.

We have shown in each case a second point of a

which is also a point of AABC. This proves the theorem.

We have now established that the model satisfies the

incidence and order axioms presented in the preceeding

two chapters.
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V. POLYTOPES

In this chapter we first define n-polytopes. Then

we give some results for convex n-polytopes. Finally, we

show that every n-polytope can be dissected into (n+1)-

hedra.

Definition 1. An n-polytope II is a set of points

consisting of a finite set H of closed n-hedra which all

lie in the same n-flat but not all in the same (n-1)-flat

such that

every face of an n-hedron of H is a face of

an even number of members of H,

the only points common to two or more members

of H are points of their common face (this restricts

the definition to "simple" polytopes), and

there is no subset H' of H such that (1)

is true of a proper subset of H° (H' may be the same

as H.).

The vertices of H are those of the elements of H.

The (closed) j-faces of II, j = 1, 2, ..., n-1,

are the (closed) (j+1)-hodra determined by any

j + 1 points of an element of H. The (n-1)-faces of

H, i.e. the elements of H, will be called the faces

of H.

The (n-1)-flat determined by a face of II will



be called a face-flat of H. The face flat determined

by AA1 ... An will sometimes be denoted f(AA1 An).

Definition 2. An n-polytope is convex if all of its

points are in one closed half-n-flat with respect to each

of its face-flats.

In particular, an n-hedron is a convex (n-1)-polytope.

Temporary Definition. A point P is in the interior

of a convex n-polytope H if it is in each of the open

half-n-flats determined by the face-flats of H which

contain points of H. A point not in the interior of H

and not on H is in the exterior of H. These sets

will be denoted Int H and Ext H.

Theorem 1. If P is a point of Int H, where H

is a convex n-polytope, then a ray having P as its

endpoint meets H in at most one point.

Proof. Suppose not. Then let R and S be points

of PQ which are on H, and assume without loss of

generality that (PRS). We consider two cases.

Case I. R and S are in the same face-flat of

Then f is a line of the face-flat; hence P is

a point of the face-flat, contrary to the hypothesis that

P is in Int H.

65



66

Case II. R and S are in different face-flats of

H. Then, since (PRS), P and S are in different half-

n-flats with respect to the face-flat containing R, which

implies that H is not convex, contrary to hypothesis.

This proves the theorem.

Theorem 2. If II is a convex n-polytope, a set E

of closed (n+1)-hedra exists such that

every vertex of a member of E is a vertex of II,

any two members of E intersect only at a common

face,

every point of the interior of a member of E is

in Int II, and

every point of Int II is a point of a member of E.

Proof. Let A be a vertex of II and let K be the

set of faces of II (elements of H) contained in face-flats

of II which do not contain A. Each member of K, together

with A, determines an (n+1)-hedron. We will now show that

this set E of (n+1)-hedra satisfies the theorem.

(1) is true by definition of E.

Proof of (2). Suppose not; then one of the following

occurs. (Note: E2 = E2 U Int E2)

Case I. A point P exists which is a point of Int El

and also a point of E2 for some members E1
and

E2
of

E. By Theorem 11.4, AP contains a point T such that
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T is a point of the interior of the face of El opposite

A and also of the face of
E2

opposite A. But then

those faces, which are also faces of II, do not satisfy

(2) of Definition 1. Hence this situation is impossible.

Case II. Points R and S exist which are points

of both
E1

and
E2

and are not on the same face of E1°

Then on RS there is a point P which is a point of

Int
E1

and also of
E2

and we reach the same contradic-

tion as in Case I.

Case III. A face of E1
is contained in a face of

E2
but is not the entire face. This is impossible because

of the way in which El and E2 were defined.

This proves (2).

Proof of (3). Let P be in Int El, El = AAB1 B.

Then, by Theorem 11.4, AP contains a point Q of

Int AB1 Bn with (APQ). Hence P E H(a, A), where

a = f(AB1 B ). Suppose that P g Int n. Then there

is a face-flat of II and some vertex of E say

B1, such that P E H'((3, Bl); hence there is a point

R on (3 such that (BOP).

The points A, B1, and P determine a plane con-

taining R. By Axiom 1.6, this plane intersects a in
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either a line or a plane. If the intersection is a plane,

then P is a point of a, contrary to Theorem 1, so the

intersection is a line. This line does not contain Blip.

Axiom 11.4 (Pasch's Axiom) asserts that the line of

intersection contains another point S of AABiP and

it must be on AB or AP.
1

If S = A, then AR contains a point T of

AB ... Bn by Theorem 11.4. Also BiT contains a point
1

Ti of AB2 B. Now T1 is a point of H and is in

the opposite half-n-flat from Bi with respect to a,

contrary to the convexity of H. Hence S is not A.

S is not on AP by Theorem 1. The only other

possibility is that S is on ABi, but then A and Bi

are in opposite half-n-flats with respect to a, contrary

to hypothesis. Therefore P is in Int H, and (3) is

proved.

Proof of (4). Consider the convex n-polytope Hi,

whose faces are the faces of elements of E which are in

the face-flats of H. It is clear from the definition of

interior that if P E Int H, then P E Int Hi. We need

to show that if P is in Int H1 then there is an E1

in E such that P E El U Int E We will prove the

contrapositive, i.e. if P is not a point of any closed

member of E, then P is not a point of Int Hi.
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Let E = U E. and denote E. U Int E. by E..1 1 1 1
1=1

Then we are assuming that P is not in UiEi. By

definition, we have E. = n J. n n L. where the1 \k ik k lk

ik are closed half-n-flats determined by (n-1)-flatsj

which are not face-flats of II and the are closed
1

L.

half-n-flats determined by face-flats of Hi. Since
E1

is convex, nothing is changed if we include all half-n-flats

determined by face-flats of Hi in Lik. Also, each

(n-1)-flat determining an elementik appears twice in
j

U.E., with the corresponding Jik's on opposite sides.

We obtain then the following:

/
u = U [(n

ik)
n Lik)

= U. cn L= 111 U Int
i 111.1 k

Therefore P is not in Int II1 and we obtain the result

( 4 ) .

Theorem 3. If II is a convex n-polytope having

point P in its interior, then any ray from P inter-

sects n in exactly one point.

Proof. Let PQ be a ray from P in Int H.

Because of Theorem 1 we only need to show that PQ inter-
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(n+1)-hedra as in Theorem 2 and that P is a point of El.

Case I. P E Int E1. Then by Theorem 11.5, PQ

contains two points R and R' of El such that (RPR').

One of these, say R, is on PQ. If R is on II, we

are finished. If not, then either R is on an open face

of
El'

which is also an open face of another member of

E, say E2, or R is on an (n-2)-face of El.

Subcase Ia. R is on an open face of El (and E2).

-÷
Then PQ intersects E2 in another point R1 such that

(PRR1) by Theorem 11.3. If Ri is on II we are finished.

If not, we repeat this process.

Subcase lb. R is on an (n-2)-face of El. Then

there is a point Ri on PQ such that (PRRi) by

Axiom 11.3. Further, Ri is not a point of El. If

R is in Ext II or on II we are finished. If R' is
1 1

in Int II, then by Theorem 2, it is on some closed member

of E, say E2. If R' is in Int
E2'

we repeat the
1

Case I procedure. If not, we repeat the subcase lb

procedure.

Case II. P is in the interior of a face of E1.

Then we can use Theorem 11.3 to obtain a point P' in

Int E1 such that (P'PQ) or (PP'Q). Then P'Q can

be considered as in Case I.



Case III. P is on an (n-L)-face of El. This

can be handled as in subcase lb.

is a finite set, we must eventually obtain a

point T of PQ in Ext II, in which case there is a

point of II on PT, or we must return to some member of

E, say E2. In that case we have distinct points R1,

R2'
and Ru' Ru+1

on
E2

(for some positive integer u)

in the order P, R1, R2, Ru, Ru+1. We need to show that

this latter situation is impossible. Consider the cases.

Case I. R and R are on different faces of E2.1 u

Then, since (R1R2Ru), R2
is in Int

E2'
contrary to

the definition of R2.

Case II. R1
and Ru

are on the same face of E2.

By definition, R3 is not on E2, so u > 3. Then,

since (R1R3Ru), R3
is on the face of E2

containing

Ri and Ru, contrary to the definition of R3.

As both of these cases lead to contradictions, the

situation described above is impossible and the theorem

is proved.

Corollary to Theorem 3. A line which does not

contain any points of any (n-2)-faces of a convex n-polytope

contains either 0 or 2 points of the polytope.

Definition 3. If all points of a line a which
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are points of the n-polytope II are points of the inter-

iors of the faces of a, then a will e called a suitable

line. A ray will be called a suitable ray if and only if

it is contained in a suitable line.

Now we need to show that the objects just defined

actually exist.

Theorem 4. Given an n-polytope H and a point P

not on any of the (n-2)-faces of II, there is a suitable

line which lies in the n-flat of II and contains P.

Proof. Let P and If satisfy the hypothesis.

Then each of the (n-2)-faces of II, together with P,

determines either an (n-2)-flat or an (n-1)-flat. As

there are a finite number of these, points exist which

are not on any of them. The line incident on P and

any one of these points is a suitable line.

Theorem 5. If suitable ray PQ intersects the

convex polytope IT in exactly one point and P is not

on TI, then P is in Int H.

Proof. Suppose that P is not on II and that

suitable ray PQ intersects II at R. Since n is

suitable by definition, the corollary above applies and

PQ contains exactly two points of II, one of which is

R. Call the other S. Now S is not on PQ by



hypothesis, so (SPQ). Then we have P in Int IT, as

required.

Theorems 3 and 5 for convex polytopes imply that the

statement "P is in the interior of H" is equivalent

to "a suitable ray from P contains exactly one point

of H, where P is a point not on H." Therefore we

make the following definition for arbitrary n-polytopes

to replace the temporary definition.

Definition If P is a point not on an n-poly-

tope H, then P is in the interior of H, denoted

Int II, if one suitable ray from P contains an odd

number of points of H. If a suitable ray from such a

point P contains an even number of points of H, then

P is in the exterior of II, denoted Ext H.

To show that these terms are well-defined, we need

to show that if one suitable ray from P contains an odd

(even) number of points of IT, then so does every other

suitable ray from P. This will be accomplished in the

next four theorems.

Definition 5. A suitable plane with respect to an

n-polytope H is a plane which contains no vertices of

H and is contained in no (n-2)-face-flat of H,

Theorem 6. If a is a suitable line with respect

to the n-polytope H, then a suitable plane containing
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exists.

Proof. There is a point P on a which is not on

any face-flat of II and there is a line
a1

different

from a containing P. If the plane of a and al

contains no vertex of fl, it satisfies the theorem. If

that plane contains a vertex of II, choose another such

line
a2'

and so forth. As the number of such lines is

infinite and the number of vertices of II is finite,

eventually we will obtain a plane satisfying the theorem.

Theorem 7. The intersection of an n-polytope

and a suitable plane a is a finite set of 2-polytopes

(polygons) which intersect only at vertices and whose

vertices are on (n-2)-faces of H.

Proof. By Axiom 1.6, the intersection of a and

a face-flat of II, if it is non-empty, is a line 13.

This line must contain a point of the interior of the

face r involved, for if not, then a is contained in

a face-flat of r and is not suitable. Hence the inter-

section of a and r is a segment whose endpoints P1

and P are on different faces of r (Theorem 11.5).
2

Each face of r is a face of an even number of

faces of II, and the other faces of II containing P1

and
P2

also intersect a in segments, and so forth.

This process yields a finite collection of coplanar
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segments which intersect only at their endpoints on the

(n-2)-faces of IT, an even number per vertex. This is

a finite set of 2-polytopes.

Theorem 8.

R in an even number of points.

Proof. There exists a suitable plane 8 containing

a by Theorem 6. By the previous theorem 8 meets R

in a finite set of polygons intersecting only at vertices.

Since a is suitable, it does not contain any of these

vertices and hence it meets each polygon in an even number

of points (1, p.242). As the sum of a finite number of

even integers is even, a meets II in an even number

of points.

Theorem 9. If II is an n-polytope and P is a

point not on .71, and if a suitable ray from P contains

an odd (resp. even) number of points of II, then so does

any suitable ray from P.

Proof. Let PQ and PR be suitable rays from

and consider the plane 8 incident on {10, Q, R}. If

8 is suitable, Forder's proof can be applied (1, p.276).

If 8 is not suitable, a suitable plane 81 exists

containing PQ and in 81 a suitable ray PQ1 exists

(adapt the proof of Theorem 4). Again, the theorem is

A suitable line a meets an n-polytope
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true for 15-6 and PQ1. If the plane of PQ1 and PR

is suitable, the theorem is also valid for these rays and

hence for PQ and PR. If the latter plane is not

suitable, then there is a suitable plane 132 containing

-±
PQ1 and in a suitable ray PQ2 exists, and so forth.

As the number of vertices and also the number of (n-2)-

faces of H is finite, eventually we obtain a sequence

of rays PQ, PQ, PQ2, PQh, PR such that the theorem

applies to each consecutive pair and therefore the theorem

is true.

Corollary to Theorem 9. Given an n-polytope H,

every point P of the n-flat determined by II is in

exactly one of the sets II, Int II, Ext H.

We have shown that the notion of interior of an

n-polytope is well-defined; next we define some new terms

in preparation for proving that every n-polytope is

"disseotible."

Definition 6. A dissection of an n-polytope

consists of a finite set K of (n+1)-hedra such that

every point of Int II is a point of a closed

member of K,

every point of the interior of a member of

is a point of Int II, and

the elements of K intersect only at common
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faces.

Theorem 2 can be rephrased "every convex n-polytope

can be dissected."

Definition 7. A path from Al to Ah is a finite

set of segments A1A2, A2A3, Ah_lAh such that the

A. are distinct and the only points common to more than

one of the segments are A2, ...,
Ah-1.

Definition 8, If H is an n-polytope, two points

and Q are accessible with respect to 11 if there is

a path from P to Q in the n-flat determined by II

which does not contain any points of H except (possibly)

or Q.

Theorem 10. Given an n-polytope H there is a

line which lies in the n-flat determined by H and does

not contain any points of H. (All points of this line

are in Ext H.)

Proof. A suitable plane a exists with respect

to II (Theorems 4 and 6). The intersection of a and

is a finite set of 2-polytopes (polygons) (Theorem 7)

whose vertices are a finite set of points. There is a

line 3 in a such that all of these points are on one

side (open half-plane) of a with respect to (3

(1, p.239).
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Suppose that contains a point of H. This point

cannot be a vertex, so it must be on an open side of a

polygon. But, in that case, the two endpoints of the

side must be on opposite sides of (3, contrary to the

conclusion of the preceeding paragraph. Hence the line

satisfies the theorem.

Theorem 11. The intersection of an (n-1)-flat and

an n-polytope is a finite set of points, segments, and

closed j-hedra, j = 2, n.

Theorem 12. If
D1

and
D2

are two dissections

of a k-polytope II, there is a third dissection D of

II such that

each closed j-hedron of D is contained in

a closed j-hedron of Di and also in a closed j-hedron

of D2, j = 2, ..., k+1, and

every vertex of Di and every vertex of D2

is a vertex of D.

Proof. By definition, each point of Int II is in

a closed member of D1
and also in a closed member of

D2. As these members are (k+1)-hedra, they are convex

sets, and their intersection is a convex k-polytope.

This k-polytope is dissectible by Theorem 1. The union

of all such dissections is a dissection of E satisfying

the theorem.



Now we are ready to prove the main theorem of the

chapter, that is that every n-polytope is dissectible.

We do this by proving two theorems inductively simulta-

neously. First we give the theorems for plane figures.

Theorem 13.2. If a line a contains a point of

the interior of a 2-polytope II, there is a finite set

L of closed segments, no two of which have a common

interior point, such that every point of a n Int II is

on some member of L, but no points in Ext II are on

any member of L.

Theorem 14.2. Any 2-polytope is dissectible into

triangles. (1, p.246).

We will give the three-dimensional forms of these

theorems also.

Theorem 13.3. If a 2-flat a contains a point P

of the interior of a 3-polytope II, then there is in a a

finite set L of closed triangles (3-hedra) such that

(1) any point of two elements of L is on a common side,

and (2) every point of a n Int II is on some element

of L while no points in Ext II are on any element of

L.

Proof is given by Forder (1, p.280-281).

It is apparent that only two members of L can

intersect at a common edge.
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Theorem 14.3. Any 3-polytope can be dissected into

tetrahedra.

Proof is given by Forder (1, p.283).

It is interesting to note that the dissection of

Theorem 14.2 can be done in such a way that every vertex

of a dissecting triangle is a vertex of II, while Lennes

(3, p.55-57) has given an example to show that this cannot

be done in dimension 3.

As the next step in our inductive proof, we assume

the truth of the following two statements.

Theorem 13.(k-1). If a (k-2)-flat a contains a

point of the interior of the (k-1)-polytope II, there is in a

a finite set L of closed (k-1)-hedra such that (1) any

point common to two members of L is on their common face,

(2) every point of a n Int II is on a member of L while

no point of Ext II is, and (3) only two elements of

L contain a given common edge.

Theorem 14.(k-1). Every (k-1)-polytope can be

dissected into k-hedra.

We must now prove the corresponding theorems where

k - 1 is replaced by k.

Theorem 13.k. If a (k-1)-flat a contains a

point P of the interior of a k-polytope II, there is in a

a finite set L of closed k-hedra such that (1) any



point conutLon to two members of L is on their common

face, (2) every point of a (1 Int II is on a member

of L while no point of Ext II is, and (3) only two

members of L contain a given common edge.

Proof. Denote by V the set of all (k-1)-hedra

formed by the intersection of and H. Let S denote

the set of all points which are accessible to P with

respect to H by paths in a, i.e. S is the set of all

points accessible to P with respect to V. There are

points of a not in S by Theorem 10. Let Q be one

such point. Then any path from P to Q intersects

some member of V.

There is a "minimal" subset V' of V such that Q

is not accessible to P with respect to V' by paths

in a. Now the elements of V' do not "overlap", i.e.

there is no point which is on two members of V° and in

the interior of one of them, since this leads to a contra-

diction of the definition of E. Thus the only points

common to two elements of V' are on their common face.

Lemma 1. Each face of an element of V' is a face

of at least two members of V'.

Proof of Lemma I. Suppose not, i.e. suppose that

F E V' has a face AA1 Ak_2 which is not a face of

any other element of V'. Since V' is minimal, Q
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is accessible to P with respect to V' - {r} by a path

in a and that path must contain a point of F. Denote

this path PB1, B1B2, Bm_iBm, BmQ.

Now for each segment of the path which contains a

point of r one of the following cases obtains.

Case I. contains exactly one point R of

F, not an endpoint. Let R' be a point of Int r and

S be a point of Int AA, ... Ak_2 (face of r). There

is a point T on R'S such that (R'ST) and there are

points P1 and P2 on BiR and RBi+1 such that P1T

and P2T
do not contain any points of any members of V.

Then we replace the segment BiBi+, of the path by the

segments BiPi, PIT, TP2, P2Bi+1, which do not intersect

F.

Case II. B. contains more than one point of

F, but not all points of BiBi+1 are points of F.

Then at least one endpoint, say Bi, is not a point of

F. If there is a point R on BiBi+1 and a point S

on B1-1Bi
such that RS does not intersect any element

of V', then replace the segments Bi_iBi, BiBi+1 with

Bi-1S, SR, RB1+1
and consider these segments in cases

III and IV.

If no such points R and S exist, then find S

on B. B. such that (B B.S) and such that B.
S1-1 1 i-1 1 1+1
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and B.S do not contain any points of members of V'.

Replace BiBi+1 by BiS, SBi+1 and deal with the latter

as in case IV.

Case III. BiBi+1 is contained in r u Int F = F.

Let the first point of the sequence Bi, B1_1, Bi_2,

'whichisnotapointofrbeB.and the first such

point of the sequence B±+1, Bi+2, ... be Bh. Replace

the portion BjBj+1, Bh_lBh by BiBh. Then BiBh

can be dealt with as in case I if it contains a point of

7 and left as is if it does not.

Case IV. BiBi+1 has an endpoint only, say B.+1,

in 7. Find the first point in the sequence

Bi+11 Bi+2, which is not in 7, call it
Bh°

Replace BiB1+1, Bh_lBh by BiBh. If that segment

contains a point of 7, deal with it as in case I.

Eventually we obtain a path from P to Q which

does not contain any point of any element of V', contrary

to our definition of V'. This proves the lemma.

Hence at least two members of V' meet at each

face. Now, start with an element of V'. At each of

its faces there is another member of V', at each face

of each of these is another member of V', and so on.

Eventually we obtain a "closed" network of elements of

V', with exactly two members of V' meeting at each face.



Thus V is a (k-1)-polytope Hi with all points

of S in its interior (and also in the interior of H).

By the induction hypothesis (Theorem 14.(k-1)) there is

a set of closed k-hedra which dissect Hi. It is easy

to see that this dissection may be done in such a way that

the points and j-faces (j = 2, ..., k-1) of 11 which are

in Int 111 are vertices and j-faces of the k-hedra in

the dissection.

Now if there are points Q of Int El which are not

in Int H, we can repeat this process to obtain a (k-1)-

polytope H2 with its interior containing the points

accessible to Q.
112

is dissectible by the induction

hypothesis. If there are points R of Int H2 which

are not accessible to Q, we can find a (k-1)-polytope

113
whose interior contains the points accessible to R,

and so on.

The dissection of 7 - Int
1111 72 -

Int 17 is
3'

a finite set of k-hedra with the properties desired.

This proves the theorem.

Theorem 14.k. Every k-polytope is dissectible.

Proof. Let II be a k-polytope. If H is convex

Theorem 2 applies so assume that it is not convex. Then

H has a face-flat a such that there are points of H

in each of the (open) half-k-flats (of the k-flat
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determined by the vertices of H) determined by a.

Now a contains points of Int N. To prove this,

suppose not. Then a contains only points of faces of

H and the set of faces of H and portions thereof in one

of the closed half-k-flats with respect to a constitutes

a k-polytope, as will be seen later (Lemma 2), contrary

to the definition of k-polytope.

By Theorem 11, a n H contains sets of points, seg-

ments, and closed j-hedra, j = 3, ..., k (some of these

sets may be empty). By Theorem 13.k, there is a "dissec-

tion" of a n iT into k-hedra.

We separate the points of a n Int H into "regions"

by associating with a point of a n Int H all points

which are accessible to it with respect to H by paths

in a. There are only finitely many such regions, for

each region is "bounded" by a set of k-hedra and there

are only finitely many of these by Theorem 11. Denote

these regions Ri, ..., R147 and select a point Qi in

each region Ri.

We consider the portion of H which is in one fixed

open half-k-flat with respect to a together with the

points of a n Int H. We further restrict our consider-

ationtoonlythoseregionsk.for which there exists

R. on H in the selected open half-k-flat such that



Q.R. contains no point of H. We include the "bound-

aries" of these selected regions ki.

Now we partition the set of regions into classes

suchthattworegionsRiandii.are in the same
3

class if R. is accessible to R, by a path in II in

the selected open half-k-flat with respect to a. We

will prove that the set of points of the regions in a

class, together with the associated portions of

constitute a k-polytope.

There are three sets of k-hedra involved here:

H1,
the set of k-hedra in a 11

the set of k-hedra of II which do not inter-

sect a or intersect a in a face, and

the set of k-hedra of II which have an inter-

ior point on a.

The elements of
H2

satisfy the definition of

k-polytope among themselves and at their boundaries with

members of
H3.

The elements of H1
also satisfy the
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definition. We need to consider the elements of H3 and

the boundaries of elements of H1 and
H3.

The following lemma applies to the members of H3.

Lemma 2. Given a k-hedron r (k > 4) and a

(k-1)-flat a. If a (1) contains a point P of

Int F, (2) is in the same k-flat as r, and (3) does

not contain r, then the intersection of a and F is

a (k-2)-polytope.

Proof by induction. Consider first the case k = 4.

Then r is a tetrahedron and a is a 3-flat. By Axiom

1.6, the intersection of a and f(r) is a 2- or 3-flat

13. Since a does not contain r, p. must be a 2-flat.

It is easy to see that 8 must contain a point P of

the interior of a face of r, say r1.

Again by Axiom 1.6, the intersection of 13 and

f(r1) is a 1-flat (line). This line contains an interior

point of r1 and therefore contains two points of r1,

at least one of which is not at a vertex, say Q. Now

Q is also a point of a "neighboring" face of r1 and

thus 13 intersects that face in a segment, and so on.

This yields a finite set of segments joined only at their

endpoints such that at each vertex exactly two segments

meet. Hence we have a 2-polytope as required.

Now we assume the truth of the lemma when k is
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replaced by any integer between 4 and k and proceed

to prove that the lemma is true for the case k.

Let r be a k-hedron and a a (k-1)-flat and suppose

that the hypotheses of the lemma are satisfied. Let 6

be the intersection of a and f(r); by Axiom 1.6 6

is a (k-2)- or (k-1)-flat. If 6 were a (k-1)-flat,

it would be the same as a, and then a = f(F), contrary

to hypothesis, hence is a (k-2)-flat. We assert that

(1) contains a point of the interior of F1, a face

of I', (2) 6 is in the same (k-1)-flat as I'll and

(3) 6 does not contain F1.

Proof of (1). A line a exists in 6 which contains

P. This line contains two points of F. Suppose that

neither is in the interior of a face of F. Then both

are on faces of faces of r and so the line a lies

entirely in a face-flat of r, contrary to hypothesis.

Proof of (2). Both 6 and F1 are contained in

the (k-1)-flat f(r).

Proof of (3). f3 and f(F1) are both (k-2)-flats.

P, in Int r, is not a point of f(ri). If p, contained

I'1, it would contain the k - 1 vertices of r1 and also

P, and this is a set of k non-co-(k-2) points. This

contradicts the fact that 6 is a (k-2)-flat.

Hence the induction hypothesis enables us to show
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that the intersection of 8 and r1 is a (k-3)-polytope,

which is dissectible into (k-2)-hedra by the induction

hypothesis of Theorem 14. Each (k-2)-hedron whose face

is on r also borders on another face of r in which

the same argument applies. Thus we obtain a finite set

of (k-2)-hedra forming a (k-2)-polytope. This proves the

lemma.

Now the lemma tells us that the portions of elements

of H3
in one closed half-k-flat with respect to a form

a finite set of (k-1)-polytopes which, by the induction

hypothesis, are dissectible into a finite set of k-

hedra. Suppose that F1 is a k-hedron which lies

in a and is a face of an element of H3'
say r, and

also of an element of H1,
say r'. If r' is an

element of II, there is nothing to prove, so suppose not.

Let P be a point of Int Fl, Q a point of Int r,

and R a point of Int r' and let S be a point of

PR such that (RPS). These points are to be subject

to the conditions (1) the plane a incident on

P, Q, R is suitable with respect to R and (2) seg-

ments RQ and QS do not contain points of any elements

of 11 except those for which F1 is a face. Then the

intersection of 8 and any element of II having F1

for a face is a segment with an endpoint at P.

The intersection of 8 and R is a finite set of



polygons meeting only at vertices, by Theorem 7. It has

been proved (1, p.244) that if a segment AB meets a

polygon in one point of an open side, then A is in the

interior and B is in the exterior of the polygon, or

vice-versa. The objective now is to show that there are

an even number of elements of H1 U H3 having F1 for

a face and on the fixed (closed) side of a, that is we

must show that if there are an odd number of members of

H3
with r1 as a face then exactly one of R, S is in

Int II, and if an even number, then both or neither of

R, S are in Int H.

Case I. Suppose that on the given side of a there

are an odd number of elements of H3 having F1 as a

face. Then along the path RQ, QS there are an odd number

of points of intersection of II n 13 and the path; each

time we "cross" one of these points, we go from Int II to

Ext II or vice-versa. Hence, if R is a point of Int II,

then S is a point of Ext II and vice-versa.

Case II. If there are an even number of elements

of H3 having r1 for a face, then the path RQ, QS

has an even number of points of intersection with II n

Thus, if R is in Int II, so is S and if R is in

Ext II, S is also.

Hence every (k-l)-hedron of a n II is a face of an
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even number of elements of H1 U H3 (in a given closed

half-k-flat with respect to a) and so the set of k-hedra

in H1 U H2 U H3 is a k-polytope, all of whose points

are on one side of a, a face-flat of E. The members

of
H1, H2' and H3 have been dissected individually

and these dissections are not necessarily the same on

common faces. Theorem 12 provides for this.

If any of the k-polytopes thus formed (on either

side of a) is convex, it is dissectible by Theorem 2. If

not, we choose another face-flat and proceed as before.

As there are only finitely many face-flats, eventually we

will have "decomposed" -1-1. into a finite number of closed convex

k-polytopes, each of which is dissectible and whose union

is H. This proves the theorem.
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