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Asymptotic Enumeration for Combinatorial Structures

1. Introduction and History

In this thesis we will consider approximate enumerations for a large class of combinatorial struc-

tures which may be represented as complexes of certain basic blocks. There is a simple but important

relationship between the number of basic blocks in a complex and the complex itself. More specifi-

cally, this fundamental relationship is either an exponential or rational formula relating the bivariate

generating function for the number of complexes to a univariate generating function for the number

of basic blocks. In the case when the complexes are not distinguished by the order of the blocks, this

relationship is given by an exponential formula and the resulting complex is called an exponential

structure. Otherwise the relationship is a rational function and we refer to the complex as a rational

structure.

Examples of structures of these types include involutions, finite graphs, Stirling numbers of the

first kind, Stirling numbers of the second kind, and certain self-similar tree graphs which arise in

applications to river networks. For a quick orientation to the setting and basic questions, consider

the case of Stirling numbers of the first kind. This will be discussed more fully later. If we let

c(n, k) denote the number of permutations on n letters having k cycles, then these numbers count

complexes (i.e. the permutations) whose basic blocks are the cycles. There are (j 1)! unique cycles

on j letters. The basic problems of asymptotic enumeration concern approximations to c(n , k) for

large n as a function of k. Let Cr, := Ek c(n, k). Then C n! is the total number of permutations

on n letters having an arbitrary number of cycles. For approximations to c(n, k) it is natural to

consider the random variables X, distributed as P (X = k) = c(n, k)/ C, k = 1, 2, .... That

is, represents the number of blocks in a randomly selected complex. As a first approximation
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one seeks a formula for the average number of blocks in a random complex. With this computed,

the focus naturally turns to estimates of deviations from the mean in the forms of variance, large

deviation rates, laws of large numbers, and local and integral limit approximations in the sense of

weak convergence. For the case under consideration of Stirling numbers of the first kind, the average

number of cycles is given by z(c) E = 1 + + + ln(n) and it is well known

by a variety of different methods that c(n, k) is asymptotically a Gaussian function of k; Kolchin

(1986). Errors in the integral normal approximations obtained by the central limit theorem for i.i.d.

sequences are known by the Berry-Esseen theorem to be no more than 3p1(o-2 /T) where p is the

third absolute moment. This has been applied to certain classes of sufficiently regular exponential

structures, which include Stirling numbers, by Canfield (1980). Below is a plot of Stirling numbers

of the first kind, normalized by en, for n = 15.

The exponential formula can be traced back to a 1951 PhD thesis in physics at M.I.T. by Robert

Riddell, a student of G. E. Uhlenbeck. The ideal gas law, P = RT('Ii), is a first order expansion of
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pressure P in terms of density. Here n represents the number of moles, V the volume, R the molar

gas constant, and T the temperature in degrees Kelvin. The virial expansion for pressure in terms

of density is defined by

p (flRT)[1+ (71)131(V,71+ (71)2 B2(V,T) ...1,
V V V

where Bi(V,T) is the ith virial coefficient. The virial coefficient Bi(V,T) is an 3(i 1) fold integral

over displacements of particles, which can be shown to reduce to

1 1Bi(V,T)
n (n 2)!

f dqi ...dgiVi(qi qi),=

where Vi(gi ...qi) has the following graph representation. Let Si denote the collection of connected

graphs on i points such that if any point and all lines that connect to it are removed, the remaining

graph will still be connected. Such graphs are referred to as iparticle star graphs. Then

vi(qi ) vi(*) (1-3)

and vi(*) is a product over neighbors in * of the form

f,3(0 (1-4)
neighbors in *

where f(q) = ePu. 1 and vii is the interparticle potential between qi and qi . Riddell observed

that if one integrates over the configuration space then all terms which differ only in the labeling

of the points will give the same result. The combinatorial problem of calculating the number of

"irreducible" integrals then naturally led to the combinatorics of an exponential structure. This is

usually cited in the combinatorics literature as the origin of the notion of exponential structures.

In this thesis we include a new application of a form quite removed from molecular physics,

namely to a class of self-similar trees which arise as river network models. In particular, we will

establish basic relationship between these self-similar trees and a class of rational structures. This

(1-2)
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connection, which is not a-priori obvious, also provides new formulae for certain functionals of the

river networks of interest in hydrology applications.

Getting information about combinatorial objects from their generating functions is the focus of

papers by a number of authors, e.g, Harper (1967), Bender (1973), and Canfield (1977), Flajolet

and Odlyzko (1984), Kolchin (1986), Moon (1970) and Wang and Waymire (1991). Harper (1967)

observed that if the generating function is a polynomial with real, distinct, non-positive zeros, then

the Lindeberg central limit theorem implies a normal approximation to the object being counted. An

example which applies in his setting is Stirling numbers of the second kind transformed to rational

structures. Later, Bender (1973) was able to extend this work to combinatorial structures whose

generating function has poles, getting an integral limit theorem (NAT) and with an extra condition

(unimodality) local limit theorem (NAL). In a PhD thesis, Canfield (1977) applied this to Gaussian

approximations for exponential structures in the case when there are a finite number of basic blocks

or, in other words, when the generating function for the number of basic blocks is a polynomial.

The previous results noted above will be surveyed in chapter 3 to orient the reader to existing

theory and to indicate some interesting new problems. Emphasis is placed on an accounting of

which theories are applicable to classical examples of exponential or rational structures. Chapter 4

will contain some new results for enumerations of complexes. From chapter 3 it will be noted that

all previously derived formulae for the mean and variance provide only implicit formulae for these

basic quantities. However in chapter 4 we consider the problem of finding explicit formulae for the

total number, mean, and variance of the counts of blocks. Next with these in hand it is natural to

seek to compute large deviation rates of decay of deviations from the mean. Equipped with these

rates we then obtain weak and strong laws of large numbers for the number of blocks in a randomly

selected complex. Finally, we show that with sufficient convexity it is possible to get a simple new

probabilistic explanation of some Gaussian approximations previously derived by more cumbersome

computations. In Chapter 5 we will provide a new application of exponential and rational structures
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to enumerations of a class of self-similar trees recently considered by Scott Peckham (1994) in his

analysis of river networks.



2. Definitions, Fundamental Formulae, and Classical Examples

In this chapter, we will formally define what is meant by a basic block, an n-complex, and by

rational and exponential structures. For an n-complex of k blocks, we will state what we mean

for there to be a Gaussian approximation, law of large numbers, and large deviation result. Then

we will show the fundamental relationships between the number of basic blocks and the various

complexes. Finally we will discuss four (or infinitely many) classes of examples which can be viewed

as exponential or rational structures.

2.1 Definitions of Exponential and Rational Structures

Definition 2.1.1 Fix j > 1. Let Wi be a collection of subsets of N for which IWI j if W E

A basic block or coloring [3 of weight 1131 = j is a map on Wi into the set S, called the symbol space.

(13 :)/Vi S.) If the cardinality of W and the weight of are equal, then the subset and basic block

will be referred to as compatible. Given a coloring and a compatible W, then a block B(W , 13) is

the subset W paired with its coloring /5).

Recall that a partition of {1, 2, ..., n} is a collection W1, W2, ...Wk of disjoint subsets for which

ULVVi = {1, 2, ..., n}.

Definition 2.1.2 Let W1, .,Wk be a partition of {1, 2, ..., n}. Suppose r3t , are respectively

compatible basic blocks, that is IW I = Ii3 I and Wi E Wpd. Then {B(W1,01), , B(Wk, Ail is

called an unordered n-complex consisting of k blocks. Such complexes of blocks are referred to as

exponential structures.

6
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Definition 2.1.3 Let W1, Wk be a partition of {1, 2, ..., 0. Suppose i31, , Ok are respectively

compatible basic blocks, that is Wi = 113ii and W E W11. Then (B(Wi, OA B(Wk, A)) is

called an ordered n-complex consisting of k blocks. Such ordered complexes of blocks will be referred

to as rational structures.

Typically bi :=- the number of basic blocks of weight j is the given data. From this one seeks to

compute either c(n,,k):= the number of unordered n-complexes of k blocks, or

k!c(n, k)
a(n, k) :=

n!

the number of ordered n-complexes of k blocks scaled by 7+. From a probabilistic point of view one

may get a crude sense for these numbers c(n, k) or a(n, , k) by computation of the mean (center of

mass) and variance (scale of dispersion). We let

c(n, k) (2-2)

denote the total number of unordered n-complexes, and

a(n, k) (2-3)

denote the total number of ordered n-complexes. Let the random variable X, be distributed as

c(n, k)P(X, = k) = k = 1, 2, . .

This random variable represents the number of blocks in a randomly selected unordered n complex.

Similarly let Y distributed as

a(n, k)
= k) 1,2.....

A.,

The random variable Yr, represents the number of blocks in a randomly selected ordered n complex;

note that the scale factor in (2.1) cancels in the normalization by Ar,. For exponential structures,

nr,(c) = E(X) :=

(2-1)

c(n, k)

(2-4)

(2-5)

(2-6)



denotes the mean number of blocks in an unordered n-complex, and

o-2 (c) = Var(Xn)
(0)2 c( cnn,k)

(2-7)

denotes the variance, For rational structures,

[Oa) E(Y) := a(n, k)
(2-8)

denotes the mean number of blocks in an ordered n-complex, and

an2 (a) = Var(Yn) :

nk 1) (nk+ 1 k)(n

2

with mode at k =
n±1

2 ,

2

denotes the variance.

Although not an exponential structure, the most well known illustration of probabilistic ideas in

asymptotic enumeration is best illustrated by the case of the binomial coefficients. Briefly, consider

n!that the number of ways to select a subset of size k from a set of size n is (nk) = (n_k),(e. Then

normalize these by a factor of 1 = 2 and define a random variable Zn by P(Zn = k) =
(Z)

The binomial coefficients are log-convex and therefore unimodal; i.e.

c(n, k) 1 ix dyE C7, V2 7r .1_<,k<xo-I-12,

a(n, k)
Pa(a))2

if n is even

if n is odd.

8

(2-9)

(2-10)

= o(1) n oo (2-11)

A direct computation using Stirling's formula yields a local Gaussian approximation (NAL), a large

deviation property of the form P(1Z,I > nx) e-n(xInx+(1-r)In(1-T)+In2) for x > p, and a law of

large numbers a.s.
2

Definition 2.1.4 A sequence {c(n , k)} has integral asymptotic normality (NAT) if



Definition 2.1.5 A sequence {c(n, k)} has local asymptotic normality (NAL) if

Here [m] denotes the greatest integer less than or equal to m.

Definition 2.1.6 A sequence of random variables {S} with means {p} satisfies a weak law of

large numbers (WLLN) if

Sn as n oo in probability. (2-13)

It satisfies a strong law of large numbers (SLLN) if the convergence is almost sure.

Remark: We will be interested in cases in which pn n p as n co, and converges to p as

Definition 2.1.7 Let X be a complete separable metric space. Let {P} be a sequence of probability

measures on B(X), the Borel o--field on X. Suppose that there is a sequence cr, co as it co.

Then {P} is said to obey a large deviation principle (LDP) with rate function I : X [0, oo] if:

0 < I(x) <00 for every x E X.

4.) is lower semicontinuous.

For every 1 < oo, the set {x : I(x) < I} is a compact set in X.

For every closed Cc X, lim sup,r_oe < infxEc I(x).

For every open G C X, lim inf, infxEG I(x).

Rate functions satisfying (iii) are often said to be good rate functions. Infima of good rate functions

are achieved over closed sets.

c(n,[xo-, pr]) 1

x22un e_

9

Cn V27r
= o(1) n co. (2-12)



Thus

and similarly

Therefore

1 1
lim inf 1nPn(B°) = lim sup 1nPn(B°),

n an n an

1
lim inf 1nPn(T3) = lirn sup 1In Pi,(7,6).

n an n an

lim inf
1

= lim sup
11nPn(B) = I(B). 0

n an n an

2.2 Some Basic Formulae for Exponential and Rational Structures

There are simple combinatorial relationships between the number of basic blocks and the number

of n-complexes having k blocks. Recall that bi is the number of basic blocks of size j. These complexes

are unordered, which accounts for the factor . Then one needs to partition a set of size n into k

blocks, and multiply by the total number of such partitions. Therefore,

Lemma 2.2.1. The number of unordered n complexes having k blocks is

1
k

c(n, k)
(jll 2 ik) z=1k=n:ji>i

10

Remark: We will be interested in the classical case where X = 1k, Pn is a distribution of Zn, and

G = (na, oo), C = [na, Do), with a > p. Note that if B is a Borel set such that inGEBo /(x)

infxeri I(x) := I(B) then limn ÷,:lnPn(B) = I(B).

Proof of Remark. Observe

I(B) = inf /(x) < lim inf InPn(B°)

lim sup 1nPn(B°) < lim sup 1InPn(R)
an at,

- ml I(x) I(B).
rEB

(2-14)

(2-15)

(2-18)

(2-16)

(2-17)



Any power series with coefficients ao, al, IL can be thought of as a forma/ power series

ao aix a2x2 (2-19)

where there are no questions of convergence. It is in this setting where one thinks of the series as an

algebraic object. In particular, formal power series with coefficients from a field form an algebraic

ring under the obvious definitions of addition and multiplication. Various manipulations can be

carried out in the ring of formal power series. For example, the function

f(x) = 1 + 2x + 22x2 (2-20)

converges only for x = 0, however it is a perfectly good formal power series which place-holds the

sequence {2n}. If a power series converges, then one can consider it as an analytic power series and

get analytic information about the coefficients (via e.g. radius of convergence, Cauchy formula, etc.).

For the most part we are interested in analytic power series, however in cases of exact combinatorics

the formal power series is a useful device. We will often make use of the

Notation:

an = [xn](a0 aix et2x2 ...) (2-21)

where [xn] represents the coefficient of xn. It will be clear when refers to the coefficient of x'

and when it refers to the greatest integer function.

We now consider three (formal) power series. Let

be the exponential generating function for the number of basic blocks and let

C(x,y)

A(x,y)

B(x)

n k

be the bivari ate exponential generating function for the number of n-complexes with k blocks. Since

a(n,k) = 11!c(n k) we letn!

bn xn

n!
n=1

E c(n , k)xnyA

n!

11

(2-22)

(2-23)

a(n, k)x" yk (2-24)
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be the standard bivariate generating function for the number of ordered n-complexes with k blocks.

The rescaling of k!c(n,k) by is not necessary but is convenient for certain computations. Alterna-

tively it could be absorbed into the definition of the bivariate generating function. Then we have the

following fundamental lemmas which are the origins of the terminologies, exponential and rational

structures.

Lemma 2.2.2 (Exponential Formula).

C(x, y) = exp(gB(x)). (2-25)

Proof.

EE c(n,k)xnyk
n!

n k

= exp(gB(x)). 0

(

\
(

k

i>i i1)../2, )
b

b bikxik k

jk!

bxn \k
n!

-Fik=-n >1

1

n



Lemma 2.2.3 (Rational Formula).

Proof.

EE a(n , k)xn yk _-=

n k n k

1
A(x , y) = B(x).

E k!e(n, k)
X yn k

n!k!\\
(kn k ji+.. ik=72, j,>1 G1 ,i2,=EE k!n!

=EE E )Y
n k i=1

__=E(E bnxn k
) Y

k n=1

(B(x))k yk

1
. 0

1 yB(x)

2.3 Classical Examples of Exponential and Rational Structures

In this section four classes of well known examples which can be represented as exponential or

rational structures will be discussed.

2.3.1 Example: Involutions

Involutions are permutations whose square is the identity. Therefore involutions can have cycles

of length 1 or 2. If c(n , k) represents the number of involutions on n letters with k blocks, then

[-rthi] < k < n. Here we use [in] to denote the greatest integer in m. There is a single basic block

13

(2-26)
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of order 1 and a single basic block of order 2, bj = + 62,3, where kJ denotes the Kronecker

delta. The basic blocks are one and two cycles. 131({i}) = (i), )32({i, ,j}) = (i, j). For example,

(2,5)(3)(1,4) is an involution, and it is also a 5-complex consisting of 3 blocks.

The number of involutions on 1/ letters with k blocks, e(n, k), is the coefficient of x:Y,k in C(x , y).

We have

B(x) = x
x2

(2-27)

C (x , = exp(y(x +
X2

(2-28)

1
A(x, y) = (2-29)

1 y(x 4)'
as generating functions for b, c k), and a(n, k) respectively.

2.3.2 Example: Finite Graphs (Polynomials)

Suppose B(x) Ej Jim ia.mx F: is a polynomal with integer coefficients. Then b j can be thought

of as the number of unique graphs on j points. The symbol space S is the collection of these graphs.

A basic block 3 can be thought of as a map of a set of size j to a graph where the vertices of the

graph are labeled from the domain set. It may also be thought of as a coloring, just painting the

j points a nice shade of blue, say. The question is to compute c(n, k), the number of pictures one

can draw using the basic blocks in S. This example includes the involution case, the 2-regular graph

case, and the problem of Riddell (1951) discussed in Chapter 1. We have

B(x) =
jmax

b-Xj

.j min °I

(2-30)



C(x , = exp{yB(x)} (2-31)

1
A(x, = B(x),

as generating functions for b , c(n, k), and a(n, k) respectively. Conversely, from the point of view of

combinatorial enumeration, one may re-cast "polynomial data" B(x) as a finite graph enumeration,

though this is not always natural from the point of view of combinatorial interpretation.

2.3.3 Example: Stirling numbers of the second kind

The Stirling numbers of The second kind, c(n, k), are the number of ways to partition a set of

size n into k subsets. Therefore, the symbol space S are finite subsets of N and the identity is

the only basic block. That is AW) = W. Therefore the number of basic blocks of any weight is

1, bi = 1 V j > 1. The number of partitions of a set of n elements into k subsets, c(n, k), is the

coefficient ofr'4, in C (x , y). We have

cc
c°b xi

= e - 1,
j! .1!

C (x , = exp(y(ex 1)), (2-34)

1
A(x, = y(ex

1)'

B(x)

as generating functions for b , c k), and a(n, k) respectively.

15
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(2-33)

(2-35)



2.3.4 Example: Stirling numbers of the first kind

The Stirling numbers of the first kind, c(n, k), are the number of permutations on a set of n

elements having k cycles. The basic block ,3 cyclically orders a set W. For example there is a such

that 13({3, 6, 7}) = (7,3,6). The symbol space satisfies S = UiNk. The number of basic blocks is

bi = (j 1)! V j > 1. The number of permutations on a set of n elements having k cycles, c(n, k),

is the coefficient of''Y,k in C (x , y). We havert.

B(x) =
b xi cc xj 1

1 = ln(i x),
3= 3=

C (x , y) = exp(y(ln( 1 x))) = (1 x)-Y, (2-37)

1
A(x , = fro x)y ,

as generating functions for b, c(n, k), and a(n, k) respectively.

16
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3. Approximations for Exponential and Rational Structures

3.1 Some General Theory of Asymptotic Enumeration With Applications to Certain

Exponential and Rational Structures

We will now describe two general approaches to asymptotic enumeration, in large part due to

Harper (1967) and Bender (1973). Their results will then be applied to rational and exponential

structures. We will discuss which approaches are applicable to the examples of Chapter 2.3 and

describe the theory behind each approach with proofs to keep the development self-contained. We

will also identify difficulties in these approaches and discuss how the various techniques compare.

Often the above theories focus on the structure of a generating function. Our focus is on the basic

structure of the combinatorial object.

Harper (1967) showed that the Stirling numbers of the second kind satisfy an integral limit

theorem. His simple idea was to notice that if the generating function for a combinatorial sequence

{a(n, k)} is a polynomial which factors completely over IR and the variance behaves properly, then

the Lindeberg central limit theorem can be directly applied to obtain (NAT).

Theorem 3.1.1 (Harper). If An(x) :=Einkfia(n,k)xk = an(mn)fik(x rn(k)) is a polynomial

with only real (non-positive) roots and cr,,2 oo, then NAI applies to {a(n, k)} with

17

triangular array of mn i.i.d. Bernoulli random variables IC-72,1, such that X,,1= 1 with probability

1 and X-7,,k = 0 with probability r,(k)
1-1-r,(k)

and

dlogAn(x)
x=1

rn
1

(3-1)= dlogx 1 + r(k)

Proof. Define An(x)

2 d2logAn(x)
x.1

r(k)
(3-2)

function of a

Ur, =
(dlogx)2

A(x) ( 1

[1 + rn(k)]2.
k=1

r(k) ). This is the generatingA(1) i-l-r(k)X 1H-rn(k)



A'n(x)
(log A(x))

dx An (X)

Ek ka(n, k)x[k
Ek a(12, k)xk x=1

Ek ka(n, k) Ek ka(n, k)
Ek a(n, k) ATh

n

(12 log An(x) d1A(a))
(d log x )2 d log x An(x)

An(x)A1(x) (Al (x))2

k=1

[An(x)]2

1A(x) ) A(X)2
(x) A(x))

Ek k(k 1)a(n, k) 2

An

2=

Since cr2 oo by hypothesis, the Lindeberg central limit theorem implies normality. 0

As an application of Theorem 3.1.1, Harper (1967) noted that for Stirling numbers of the second

kind, c(n, k) is the number of partitions of a set of size n into k subsets. We define c(0, 0) 1. Let

us focus on which set the letter it resides. It is either in its own subset, in which case the other

n 1 letters must occupy the remaining k 1 subsets, or the letter n is in one of k partitions

of n 1 letters. Thus the Stirling numbers of the second kind satisfy the recursive relationship

c(n, k) = c(n 1, k 1) k c(n 1, k). Therefore the generating functions satisfy

C(x) =

{c(n 1,k 1) k c(n 1, IOW
k=1

X[dCn_ i(x) + Cn_i(x)],
dx

18

(3-3)
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and Co(x) = 1. A substitution of 11,,(x) = ex C,r(x) and Rolle's theorem shows that Cfl(x) factors

completely. The normalization constants are the Bell numbers

B := (3-4)
k = 0

It was shown by Harper (1967) that

Bry+2 Brt+1 2) = n/R(R + 1) + o(1)
B, Br,

where ReR = n. For the random variable Z,, defined by

c(n , k)
P (Z, = k) = k = 0, 1,2,...

the variance satisfies

V ar(Z n) =
c(n, k)

B,

Bn+2 (Bn+1 )2B, B,

k=0 k=0

c(n,
k))2Br,

(3-7)

which tend to infinity as n ---+ oo by (3-5). Harper's theorem 3.1.1 now implies (NAT) for Stirling

numbers of the second kind.

In 1973, Edward Bender published a paper proving asymptotic normality of a(n , k) as a func-

tion of k using generating functions. Conditions for both integrable (NAT) and local (NAL) limit

theorems were given. Bender's theory exploits singularities in the double parameter generating

function, A(x , = Ek a(n, k)xnyk. To see this idea let {p(k)} be a probability distribu-

tion on N and consider the case of the convolution class where a(n , k) p"(k). In this case

A(x , = Ek a(n, k)zn yk = 1_731(oz has a pole at 15(1y). If Ek k2 p(k) < oo then the convolu-

tion class is known to satisfy (NAT) because it is the distribution of n i.i.d. random variables with

P r(X = k) = p(k) and the central limit theorem applies. Even though the convolution example

can be considered neither an exponential nor a rational structure, it provides the motivation for

Bender's approach. His theory may be applied to Stirling numbers of the second kind, Eulerian

numbers, and Poisson numbers. Of these, only Stirling numbers of the second kind are in the classes

of exponential or rational structures.

(3-5)

(3-6)
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Theorem 3.1.2 (Bender). Let f(z, w) := 7 a(n,k)znAvk = q(s)z. Assume that there

exist c > 0, 5 > 0 such that

A(s) h(z s)
f(z, es) = 1

(1 )7"n+ (1 )rn

where i) 0 A(s) is continuous for Ii <

pi" (s) is bounded for Is' f,

m is a non-negative integer,

h(z,$) is analytic and bounded for Is' < e, 1z1 < jp(0)1+ b,

o-2 = P pi% ) 2 (PpZ) ) >0.

Then NAI with

p'(0)
= p(0)

/in = oft, and (3-10)

an2 na.2. (3-11)

Proof. [zn]f(z,e3) will be estimated and the Fourier transform of the distribution function of the

underlying random variable will be shown to converge pointwise to e-'2/2, the Fourier transform of

the distribution function of the normal random variable N(0,1). Levy's continuity theorem will be

invoked to finish the proof.

First note,

A(s)
= A(s)[z1(1

p(s))_m--)(12p(s))m-I-1

= A(s)[z (_i)k (p(8))k zk

k=0

A(s) (mu 1) (-1)n(P(S))n

= A(s)(771 n+) (p(s))-n , (3-12)

(3-8)

(3-9)



and

[zri]zh(z , s)
=

(1

gri(-n- ) ell as n cc.

p(zs))-1
[znk]h(z ,

1 + 69(s\\_k h(z , s)d z

M

1

1 )1 27" flz1=IP(0)1+P Znk+1

- 1 + k) I P(s)i k C(s)IPM + 361
2

m i
( m + n) )

m 1 k=0

17/

m n \ m

IP(S)1-k1P(13) 61-n+k

k=0
IP(S)l-k1P(0)

< m + n(m
+ 1C(s) 1P(s)i k 1 P(s) + .13- 61n14

k=0
n

=-_

rn + n(rn
+ 1C(s)1P(s)in 11 + 3p(s)

in

k=0

< M (711n,i+ 11) a(S)1P(S)l-n+ n

21

(3-13)

Above, C (s) = maxizi=1p(8)1+16h(z, s), and (s) = C(s)Enrc=o11 3,4s) . Thus we have

On(s) = [zTh] f (z , Cs) = A(s) (in n+ n)1P(s)rn(1 + 0(711)) (3-14)

If X, is a random variable such that Pr(X, = k) = pn(k), then gn() Ek iek pn(k) =

f3z eiex Pn(dx) = Eeiex- is the characteristic function of the random variable Xn. Let Y = X.-ntzn
TT CT

k=0

k=0

where p = P") and u2 = (P' (°) )2 (P"(°)) are defined as above. The characteristic function ofp(0) p(0) p(0)

Yn is then MO := EeieY. Fee( e E eie -7= sr." a (--) Below we show that
e \Fla



TA.: n

e cbr,(0)

A(*,) [p()]-fl 1.1 +0(1/n))1
I_ A(0) [p(0)}-n '1 + 0(1/n)ii

nlogP(Aa)]exp
vncr p(0)

exp[Knp n(p(0) p'(0) fiicr 4-21P"(0)(A,)2 °( ))]
0.2i2e

exp[n[2
no-2

]]_e 2 .

Therefore the Fourier transform ofE pr,(k) converges pointwise to the Fourier trans-k<V-ricrx-knkt

form of N(0,1). 0

One would prefer a local Gaussian result, for it would tell us about the individual a(n, k) for

values of k near the mean. Bender (1973) observed that unimodality of {a(n, k)} for fixed n is a

sufficient smoothness condition that allows one to pass from an (NA!) to a (NAL).

Definition 3.1.1 A sequence of numbers {ak} is called unimodal if there exists an i such that

al < a2 < (4_1 < a, > a,+1 > (3-16)

Another smoothness condition is strong logarithmic concavity (SLC).

Definition 3.1.2 A sequence of numbers {ak} has logarithmic concavity if

a/2, > ak+iak_i for all k = 2,3, ... , n - 1. (3-17)

The sequence has strong logarithmic concavity (SLC) if

2ak > ak+iak_i for all k = 2,3, .. . , n - 1. (3-18)

22

(3-15)



Proposition 3.1.3. Strong logarithmic concavity implies unimodality.

Proof. Suppose not, then there exist some k such that 0k._1 > ak < a+). We would then have

2ak ak+lak_i. This is a contradiction. 0

Leib (1968) showed that both the Stirling numbers of the first kind and Stirling numbers of the

second kind have strong logarithmic concavity as functions of k for fixed n.

Theorem 3.1.4 (Leib). If Ek akxk is a polynomial whose zeros are real and negative, then {ak}

has strong logarithmic concavity.

kProof. Newton's inequality states that if Ek ak Xk has only real roots, then ai2, > ak+laklk_i n_k

for all k = 2,3, ...n - 1. Consider the function f (x , y) = coxn y° + cixn + cnyn . Apply the

derivative DT Dyn-m-2 to f(x, y). Rolle's theorem implies that the resulting function has real roots.

This fact and Newton's inequality finishes the proof. 0

Bender (1973) applied Leib's result to rational structures. The following is a local limit theorem

for rational structures.

Theorem 3.1.5 (Bender). If {a(n,k)} satisfies a (NAI), a-7,(a)> co, and a(n, k) is unimodal for

every sufficiently large n, then {a(n, k)} satisfies a (NAL).

Proof

p--6a<k<p-E6a

a(n, k) 2 f
e

An V27 Jo

1 f 36 e-22dt
\/27

a(n, k)`
An

a(n, k)
An

p.-1,50-,<k<p-I-360.

23

(3-19)

so for every n sufficiently large, there exists a k in the closed interval [lin - fin ± 6o-n] such

that a(n, k) > a(n, ki) for some k' e [itn, + itn + 3.8o-n], and a(n,k) > a(n, k") for some -k" E



[-Pn 60-n, Pn 36crn]. For x> 0, 0 < y < c, and xn = [xun [lid, we have

1 1x dt --
A/27r x

a(n, xn)
{7Crn]

An

k - 5nx.+{70."]a(n,
k)

r+,5
\/27r

Therefore,

0(71,571) 7e_ x2-1-o(-rx).
e- cr,V27

3.2 Some Specific Results for Exponential and Rational Structures

A random walk representation was developed for (NAT) by Kolchin with specific application to

Stirling numbers of the first kind considered as exponential structures. These Stirling numbers

are known to have (NAL) since C (x , y) = exp(y(ln( 11 ,))) = (1- 5)-Y . The generating function

C71(y) = [In+,1C(x, = dd:. (1 - Ix.° = y(y +1) (y + n - 1). Harper's theorem yields (NAT) and

Leibs theorem provides the local result (NAL). Kolchin was able to do this by a different method.

Namely, recall that exponential structures satisfy

1 n
k

(31)32, ik)
c(n, k) = 1 b (3-22)

31+ -Fik=n j,>1 ITz=1

Define a sequence of i.i.d. random variables {Zi(x)} on an appropriate probability space by

P (Z (x) = j) = .b
j!B(X).

Further define Sk(x) to be the sum of the first k random variables,

Sk (X) = Z (X) + Zk (X).

This yields an exact formula for c(n, k).

a(n, k)
= Xn [7Cn1 An

(3-23)

(3-24)

24

(3-20)

(3-21)
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Theorem 3.2.1 (Random Walk Formula).

c(n k) nk:B(x)k P(Sk(x) = n). (3-25)

Note that this formula is valid for every x in the radius of convergence of B(x). Also note that

since the displacements of the random walk are positive, the event { Sk x = n} is equivalent to the

event {T(x) = k} where T(x) is the first hitting time of a state n by the random walk {Sk(x)} .

One has P(Sk(x) = n) = P(Tn(x) = k) as a function of k for fixed n. Substituting this formula into

(3-25), we obtain:

Corollary 3.2.2 (Hitting Time Formula).

c(n , k) =
n! B(x)k
k! xn

P(Tn(x) k), (3-26)

where T(x) = inf{j : Sk(x) = n}, inf{0} = oo.

Let us return to the case of the Stirling numbers of the first kind. Direct calculation yields lin(c)

In(n), and o(c) ln(n); see page 2. Also note that Cn = n!. Since the mean is asymptotically

equal to the variance, we can a priori look for a Poisson approximation toc(c,n'k) = c(nn;k). We choose

a sequence of xn := 1 so that B(x) In(n). The random walk formula tells us that

c(n, k) c(n, k) (In(n))k P(Sk(xn) = n)
Cn n! k! (1 )n

A local CLT shows P(sk(')') e-1, so that c(nri;k) are asymptotically distributed as a Poisson

random variable with parameter In(n). Now by a direct calculation of the characteristic function one

obtains (NAT). So in the case of Stirling numbers of the first kind since the mean and variance are

equal in this way, Kolchin (1986) applied his random walk formula to first establish a Poisson ap-

proximation and then pass to (NAT). Unfortunately, in general for exponential or rational structures

we do not have that pri = o- n2 so that Poisson approximations cannot be applied.

If one restricts to finitely generated (polynomial B(x)) exponential structures, then the following

theory of Canfield (1977) provides (NAI).

(3-27)



Sketch of Canfield's proof. Since

C (x , y) =

then by Cauchy integral formula

27rrn 6

xn
Cn(y)n! = E xn

c(n, k)n!yk = e(Y B(x)),

C(y) = nI[xn]e(y B(x))

n!exp(yB(z))
27ri fizi=r zn-Fi dz

n! f2w-b exp(yB(reie))riej°
dB

27ri rn+lei(n+1)61

27-6n!

(3-30)

exp{yB(rei9)- ine}d0, (3-31)

where [xn] denotes the coefficient of .x'', and the substitution z = is used in the third line. We

now expand B(reie) in a Taylor series at 9= 0 and obtain

B(reze ) = B(r) 9 (r) - 02 (r2 B" (r) r (r)) R(r, 0).

Ignoring error terms, we have

n! /27-6
C

27rrn
n (Y) explyB(r) yBirg ( - -202(r2 B"(r) rg(r)) - inOlde

n
eYB(r) 1_6 exp{i0(yrBi(r) - n) -(r2B"(r)-1- rg(r))1d19.

27rrn

At this step we choose r,,(y) so that the coefficient of 9 is 0. This implies

yrn(y)Bi(rn(y)) = n. (3-34)

26

Theorem 3.2.3 (Canfield). Suppose c(n,k) are generated by B(x) = b4-. r(x) be the

solution to Erni j;. f(r(x))i =s, a(s) B(x) - (x13/ (x))2 IEr;=1 j2bi . Then {c(n, k)} are (NAI)

with

= B(r(n)), and (3-28)

a-2 = a-(r(n)). (3-29)

(3-32)

(3-33)



It follows then

_1 nr(y) = ril (-) where m(x) = x (x).

It should be clear why the function r(x) was so defined. The argument is completed when the moment

X,-pr,generating function of is shown to converge to e- 412 the moment generating function for

the standard normal.

Canfield (1977) was able to use log concavity of the c(n, k) to also get a (NAL) for k =[+ xo-n].

That is, for values of k near the mean. Canfield also extended the range of values of k for which

there is a (NAL). If one replaces bk by pbk , which implies replacing B(x) by p B(x), and c(n, k) by

pk c(n, k), then the pk c(n , k) are still log-concave as a function of k (NAL) holds for values of k near

the transformed mean, pB(r(ap)), with variance o-7,2 (p); that is,

c(n, k)
C(p)

Pk art(P) V27
(3-36)

27

(3-35)



4. New Results on Asymptotic Approximation

As shown in Chapter 3, the results of Bender (1973) and Canfield (1977) provide only implicit

formulae (3-8), (3-10), (3-11), (3-28), (3-29) for the mean and variance of rational structures. For

example, Canfield (1977) finds the mean and variance are fin(a) = B(r(n)) and o-72(a) = o-(r(n)),

where r(y) is defined by r(y)B' (r(y)) = y, and u(x) B(x) (x_B/(x))21E3n.=1 j2bix3 . In this

chapter we consider the problem of finding explicit formulae for the mean and variance for rational

structures in the case where B(x) is a polynomial. We will also obtain a probabilistic explanation

of the previous implicit formulae in terms of large deviation rates. In particular we will see that

the large deviation rate for the number of blocks in a randomly selected ordered n-complex is the

Legendre transform of -fi(t) = ri(o),
ri(t) where 7-1(0 is the smallest root of 1 et B(x). Almost sure and

in probability limit theorems for the number of blocks in a randomly selected ordered n-complex will

then be proven via large deviation methods. Finally we will provide a probabilistic derivation of

asymptotic normality of a class of structures based on large deviation rates.

4.1 Explicit Formulae for Mean and Variance

We consider the case of finite graphs. Let jmin be the size of the smallest basic blocks, and

jmax be the size of the largest basic blocks. The generating function for the number of basic blocks,

B(x) = Eljn2jamr bin 777, , is a polynomial. The bivariate generating function for the corresponding

rational structures is A(x , y) En Ek a(n k)xnyk 1yB(x)'

Of fundamental importance to the methods of Bender (1973), Canfield (1977) is the smallest root

x = ri(t) to 1 et B(x) for t > 0. The following results are important from our perspective.

28
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Lemma 4.1.1. Fort > 0 and polynomial B(x) there exists a unique positive root ri (0 to 1-13 B(x).

Moreover Iri (t) I < 1.

Proof. Suppose that t > 0 is fixed. Then letting f (x ,t) 1 et B(x), we have f(0, t) = 1, f(1, t) < 0,

and fx(x,t) < 0 for all x > 0. Since the derivative of f is strictly less than 0, there can be no multiple

roots. Since f(x,t) is continuous, the mean value theorem implies that such a root exists. 0

Note that this result holds for t in a neighborhood of the origin, namely t> 1nB(1).

Theorem 4.1.2. Suppose that 1 B(x) = (1 )(1 ) ... (1 where

iri I < 1 < Ir2l< HA. Then as n tends to infinity,

1A =, ° «arn vi/3/(ri))(n \run rz
1

(riBi(ri))( )

=
r?Bll (ri) + (r1) (riBi(ri))2 0(n(iri/in (a)

(riB/(Ti)) (riBi(ri))2

(pi/3/(TO)

7/3"(ri) rig(ri) (rig(ri))22 0(n(a)n)o-n(a) = r
(7-1/31(ri))3 r2

r?B"(ri) (ri) (ri Bi(ri))2
(riBi(ri))3

Proof.

1
= a(n, k) = [xn] B(x) [xn]f 0_131 + (1 132 ) + 13rnrxm

where

n

A =
1

riB' (ri)
for every i. (4-5)

(4-1)

(4-2)

(4-3)

(4-4)



Therefore

1 1 1
Ar, =

(riBi(ri))(ri) (r2131(r2))(r2)
+ +

(ri,B1(rm))(rm)n
1

(rif31(ri))(ri)n

since for every j > 1, (7.17)n 0 exponentially fast. The generating function for the means can be

found by taking the logarithmic derivative of A(x , y).

E itn(a)xn = B(x)72 72m

(1 B(x))2 (1 TT-1-)2
+ (1 -

+
(1 - ;,x7, )1

where the critical coefficients are

and

Thus,

1- (ri B' (ri))2

itn(a)
(ri,/31(n.)) r?Bli(r1) (rrilB;(rr1) 1))-2 (r113/(r1))2

In order to calculate the variance, we take the second logarithmic derivative of A(x , y). We have

E An f nxn
2(B(x))2

(1 B(x))3

62 63 63m
(1 z_)3 (1 x )2 (1 (1 -ri Ti ri rm.

k (k 1)a(n,
k)

An

Coefficients of the cubed and squared terms are

2
63i-2 = (riM(ri))3,

and

30

(4-6)

(4-7)

B"(ri) (riB' (ri))2
72i = (riB' (ri))3

(4-8)

(4-9)

where

In =

(4-10)

(4-11)

(4-12)



3r? B" (ri) 4(riBi(ri))2
(53i 1 (riBi(ri))4

Hence,
712 3rig(ri.) 3r?B"(ri) 4(ri-B1(ri))2

Bi(r1))2 n (r1/31(ri))3

Also, the variance defined by (2-9) is

= fn itn(a) (iin ())2, (4-15)

from which

(a) n
r?B"(ri) /3' (ri ) (ri Bl(ri))2 0 (4-16)

(ri./31(ri.))3

Remark 1: Since an2 (a) =f, + Fin (a) ([17, (02, it is necessary to know [L(a) up to constant

terms. In particular, see (4-9).

Remark 2: In contrast to Bender's implicit formulae in terms of A(x , y), our result is explicit

and given in terms of the basic data B(x).

4.2 Large Deviations

What is the probability that the number of blocks in a randomly selected ordered n-complex will

deviate from tin (a) by more than c? What percentage of the randomly selected ordered n-complexes

have "more than" pn±fn blocks? We define the random variable Yr, by P(Y = k) = a(::'nk). We now

want to estimate P( > c) = P(1Y, nc). Here it, = it, i.e., the mean is of order n. If

there is a good rate function Bx), then by the Chebyshev inequality we have P(17, > nx) <

31

(4-13)

(4-14)



4.2.1 Rate Function

Let us turn to the problem of computing the large deviation rate for the number of blocks in a

randomly selected ordered n-complex. We have defined random variables Y, by P(Y a(n,k)= k) = A

Therefore in the case where B(x) is a polynomial, we have the following:

Theorem 4.2.1. Suppose that

1 et B(x) = (1 ro)(1 ro) r,(t)) with HMI < 1 <11-2(01 < 17-7(t)1 (4-17)

for t in a neighborhood of the origin. Taking a, = n as our normalization sequence, we have

I(x) = sup{tx + 171(7.1(0) in(ri(0))1 = T-1(x)

where the supremum is obtained for the value of t which solves

rii(t)
x + = O.

ri(t)

Proof. The assumption of the theorem is that

03

a(n, k)etk = [xl{ )31(i) /32(0 13,-,(t)

k.0 ri t)) r2x(t)) rmx(i))

1
01(1)(

Taking a, = 72 as our normalization sequence, we see that

I(x) = sup lirn {tx
t n'°°

= sup firn ttx
t

1ln(EeiY.)}a,
1
[ln(131(t)) n

32

ln(ri(t))+ nin(r1(0)) /n(ri (0)/3/(ri (0)))]}

= supfts ln(ri(t)) ln(ri(0))} 0 (4-21)

(4-18)

(4-19)

(4-20)



This implies that

P(Y > nx) < e- supt{tx*InEe'Y.1 < e

(corSo as long as I(x) 0 0, i.e. e- rico 0 1 then we have convergence in probability.ri(t)

Corollary 4.2.3 (SLLN). If e rio) '°) where t is defined by (4-19), then1-1(0

. Y,
lim = p with probability 1.

n

Proof. For x > p observe that e- )
oeni x (eInnl(x))at (n-1(x)) < 71-2 > .42x) which is

satisfied for example, when Inn oo. In our case, oen = n. This tells us that

E P(Y > nx) < 2 < (4-26)
n=1

EetY-
- etnx

InEe'Y'tnxe

by Chebyshev

33

4.2.2 Laws of Large Numbers

We are now able to give almost sure and in probability limit theorems for the number of complexes

as corollaries to our computations of large deviation rates. These results are stated in terms of the

important root ri(t).

Corollary 4.2.2 (WLLN). If e- rim 0 rvii((°i)) where t is defined by (4-19), then

Yn
0 in probability. (4-22)

Proof. The existence of a large deviation rate with ar,, n from 4.2.1 yields that for x >

> nx) p(etY > etnx)

(4-23)

(4-24)

(4-25)



Noting that we have a, = n. the Borel-Cantelli lemma, see Feller (1968), yields for c > 0

Y,
P(n E (p e,00) i.o.) 0.

Similarly Et°,°_, p(yr, < nx) < E n-2 < CO and

P(Yn E Hoc, P i.o.)= 0;

and

thus for all sufficiently large n

Define

En (I/ + E)) < oc.

Yn
P E + 1.

Yn
DE = (p c, p c) for all sufficiently large n}.

Setting D nLiTh. , we have

1_) = 1. C7 (4-32)

4.2.3 Large Deviation Central Limit Theorem

The large deviation central limit theorem is generally attributed to Gartner and Ellis; (Ellis 1985).

However, the following version is sufficient to explain its role in the problem to obtain (NAT). This

approach was used by Wang and Waymire (1991) in a related context.

Theorem 4.2.4. Suppose {Z,} is a sequence of random variables on (S2,.T,P) and {an} is a

sequence of numbers, a, oo as n cc. Assume that f0(A) = /nE[eAz,1 is finite for A E

34

(4-27)

(4-28)

(4-29)

= (c, d) containing 0, (0) = 0, fri f pointwise on I, where f is finite, strictly convex, and

(4-30)

(4-31)
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C2 on I, and f/(0) = 0, f"(0) o-2. If each f," is convex on [0, d) and f,'(0) r(0), then

ZnIA/an Af(0,(72).

Proof

1

InE[ez ]= AVan f f,"(sAlVan)ds = A21. (1 s)r(sAlfeds. (4-33)

The assumption that A is convex means fn" is increasing. Hence the left hand side above lies

somewhere in the interval

1 1

[ A2f,c1(0), A2f,/,:(A/Van)i

The first set of assumptions implies that f,' f' on I. For any x E I and small enough h, convexity

of fn implies

f(x) fn(x +h) fn(x)
,

f(x h) f(x)
h

Letting h 0 gives lim sup fn' (x) < f(x). Convexity also implies

fn(x) fn(x h)

(4-34)

we can likewise show that lim inf f,c(x) > f' (x). Again since we assume that the first derivatives are

convex, fr," f" on [0, d). Since f" is increasing and continuous, f(en) f"(0) whenever en 0.

The conclusion is that the moment generating functions converge to e El

Note: By the Cauchy-Schwarz inequality there is already a natural convexity of fn (A.) If one is able

to check the convexity issue (in terms of ri(t)), then one can get a large deviation CLT for rational

structures by applying the Gartner-Ellis theory. Examples suggest that it may be possible to relax

the convexity of f",(A), though this remains to be studied.

(4-35)

(4-36)



Theorem 4.2.4. If r1(t) satisfies

3i-1(07-(0r/A 0 7-?(t)rT (t) 2(r/i(t))3

in a neighborhood of the origin, then

Y,
> Ar(pt, cr2).

Proof. The condition (4-36) is exactly the one needed for (71,71nE[e'Y-1)/ to be convex. CI

Remark: It seems natural to expect that the structural conditions of theorem 4.2.3 on the rate func-

tion could be relaxed without affecting the conclusion. This in turn would lead to an improvement

of Lemma 4.2.4.

Example: (Involutions) Recall B(x) = x Tx2 so that

1 et.B(s) = (1 rix(i) )(1
r2(t)

) = (1 A/1 + 2e-t
)(1 (4-39)

1 -V1 2e-i+ 1)

Observing that

32-1(07(0rV) ri(t)ri"(i) 2(rii (t))31t=o = 14 4 4 A o (4-40)

and applying Lemma 4.2.4 allow one to conclude a (NAL) for the involution numbers.
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5. New Connections with River Network Trees and Some Results

In order to facilitate the understanding of various observed regularities in river network drainage

patterns, hydrologists and geomorphologists often consider the corresponding functionals defined

for idealized tree graphs. Tokunaga (1966) first identified the law of drainage composition of river

networks. This law was independently developed by Peckham (1994) as a form of self-similarity

observed to hold for a wide range of natural river basins in the absence of geologic controls. Perhaps

the most well studied river network functionals, both empirically and theoretically, are the counts of

the numbers of streams of prescribed Horton orders; e.g. Flajolet and Odlyzko (1984), Moon (1970),

Wang and Waymire (1991). In particular Jarvis and Woldenberg (1984) provides a collection of

papers on this subject dating back to Horton's classic work. We shall describe Horton ordering,

a numerical coding of tree graphs according to considerations of scales of resolution. Previous

theoretical work has concerned the expected counts for randomly occurring networks of a prescribed

size. In this chapter we consider the problem of obtaining exact formulae for the stream numbers in

terms of the parameters of a self-similar tree. This will also provide a new connection between this

class of self-similar trees and rational structures.

5.1 Topologically Self-Similar Trees

A tree graph is a set of nodes connected by edges, not containing any loops (closed paths). A

rooted tree has a specified node called the root. Each node has a single path to the root which is

used to direct the graph. Paths to the root will flow in the downstream direction, while paths headed

away from the root are in the upstream direction. A parent node is immediately downstream from

its children nodes. Nodes come in two types. Nodes that connect to one edge will be called sources;
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nodes that connect to more than one edge will be called junctions. Edges that connect a source to a

junction will be called external links; edges that connect two junctions will be called internal links.

A channel will refer to an arbitrary contiguous chain of links along a path toward the root, and the

channel length will refer to the number of links in the channel. Upstream tributaries are channels

that join to a given channel at its most upstream node, while side tributaries are channels that enter

one of the remaining nodes, other than the most downstream node.

In 1945, Horton introduced a stream ordering concept as a way of dividing a river network into its

major and minor tributaries. Strahler (1957) modified the ordering to remove ambiguities. Streams

can be defined recursively as follows:

Definition 5.1.1 Horton ordering of rooted tree graphs Each external link is assigned order

1. If b, the branching number, links join and each have order i, then the parent link is assigned order

(i 1), else the parent link is assigned the highest order among its offspring. Order k streams are

defined as contiguous chains of order k links. The order of the tree is defined as the largest order of

its streams.

Equivalently, as explained by Peckham (1994), one can think of a tree where the external links

provide the finest detail. Suppose all external links are pruned away and classified as order 1 streams.

A tree with less detail is left. The external links in the new tree correspond to what was a contiguous

chain of internal links (channel) in the former tree. Call these links order 2 streams. Continue to

prune and define order k streams in this way until after n steps the tree has been completely removed.

We will refer to the original tree as a tree of order QH n.

Digression: It is interesting to note that although originating in river network hydrology the notion

of Horton order also arises in connection with arithmetic flow in computer networks. Consider the

expression (a * b) (eI (c d)). There are four binary operations which correspond to interior nodes
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of a tree. The five operands correspond to the leaves (sources). Suppose that one has a certain

number of registers which can be used to perform any binary operation and store intermediate

results. It is useful to know the minimal number of registers needed to evaluate a binary expression.

Ershov (1958) showed that when the graph representation for the expression is a tree (i.e. there are

no common sub-expressions in the statement) then there is an optimal algorithm. This algorithm

assigns to each left-hand leaf a 1 and each right-hand leaf a 0. Each interior node is labeled the

maximum label of its children (if the labels of the children are different) or the label of a child +1 (if

the children have the same label). This algorithm produces the Horton order, According to Ershov's

theorem one has that two registers would be required to evaluate the statement (a* b) (e/(e+ d)).

Notice that since a * b = b* a, there is non-uniqueness in initial loading of information. But each

initial loading produces the same Horton order.

and has b > 2 upstream tributaries of order (i-1) and Ti,k side tributaries of order k, where 2 < i < n,

1 0

Figure 5.1 Labeling Algorithm

We will now give a formal definition of a self-similar tree as it arises in river-basin hydrology.

Definition 5.1.2 Consider a class of deterministic trees in which every stream of order i is identical,
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and 1 < k < i 1. Call b the branching number. The numbers Ti ,k associated with a tree of order

QH n are called the generators. Topologically self-similar trees will be defined as a subclass of

trees with generators that satisfy Ti,i_k = Tk

In view of the above, self-similar trees are ones in which the number of side tributaries only

depends on the relative order of streams, only on the difference of the stream order.

Self-similar trees are topologically determined by only (QH 1) = (n 1) parameters. Note that

two trees can have the same generators and still be different. Side tributaries may be added on the

left or on the right, and may be attached to the main channel in different ways. Our result focus on

topologically self-similar trees where these differences do not matter. Also note that the generators

,k can be arranged in a square, lower-triangular matrix called the generator matrix:

T= (5-1)

Self-similar trees satisfy T,,,k

may write

T=

Tk, and are thus constant along diagonals,

0 0 0

T2 T1 0 0

T3 T2 0

71-2,,_ 1 Tit H _ 2 Tni,_ 3 T1

Toeplitz matrices. We

(5-2)
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We want to compute Nn(i), the total number of Horton-Strahler streams of order i which occur

in a given network of order QH = n. Peckham (1994) used implicit methods to prove that the ratio

.

N(i)liRB = m
rt.+oo Arn(/ + 1)

exists. The limit parameter RB is called the bifurcation ratio of the tree. We will find explicit

formulae for the stream numbers Nn(i) in terms of the branching number b, and the generators

We begin with the following fundamental recursive relationship:

Lemma 5.1.2 (Tokunaga). Suppose QH = n. The number of Horton-Strahler streams of order i

which occur in a given tree satisfies:

Nn(i) = bNn(i + 1) + Tk Nn(n k). (5-4)
k.1

Proof. When b streams of order i meet at a node, they form a stream of order (i + 1). Streams of

order i enter streams of order j exactly Ti_i times. We therefore have the above recursion. CI

Note: There is exactly one stream of highest order, i.e., 1.

Therefore in order to find Nn(i) for QH = n, one needs to solve the following eigenvalue problem:

(5-3)

Nn(1)

Nfl(2)

Nn(n 1)

Nn(n)

0

0

:

0

0

(b TO

0

0

0

(b

T2

0

0

0

0

Trt 1

T_2

(b

1

Nn(1)

Nn(2)

Nn(n 1)

Nn(n)

(5-5)



Define

Now we can prove the following:

Theorem 5.1.4. For every M> 1H 1 n 1,

42

0 (b + TO T2 Tr,_1 0 ti t2

0 0 (b + TO Trt-2 0 0 t1 in-2

Sn = (5-6)

0 0 0 (b + Ti ) 0 0 0 ti

o 0 0 1 0 0

Lemma 5.1.3. For any i x i matrices

0

A and B,

0 *

0 0 0

0 A 0 AB (5-7)

0 0

0 0

S-711 =

0

0

0

0

0

0

0

0

0

0

0

P1(i1,i2, ,tn-i) \

P2(t1 1)

Pn-1(tlt2, tn-1)

Pn(tl, t2, - tn-1) /

(5-8)

Pn(tl, t2, tri-1) =- 1. (5-10)

where S, is defined by (5.6) and

t2, tn-1) (5-9)
ki-l---Fkj=n-1 1.1

1<k<ni

with
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Proof. First consider the case M = QH 1 = n 1. This result is a consequence of induction on

the size of the matrix Sn, (order of the tree S2H). The pi define in (5-9) and (5-10) satisfy:

Pi ilPi+i " tn-iPn (5-11)

and

we prove our claim by induction. The result is clear for Si which is the 1 x 1 identity matrix. The

inductive hypothesis is that

sn-2
n-1

0

0

0

0

0

0

0

0

0

0

0

P2(11, t2, in-1)

p3(ii,t2,

Pn-1(tl, t2, tn-1)

pr(ti,t2, ,tra-1)

(5-14)

Using Lemma 5.1.3 and observing that

Sn+1

0

0

0

0

0

1

ti

=-

t2

1.

tn

(5-12)

(5-13)



QH = n is:

(i) =- p(ti, 2 , ,t2H-1)

In particular,
m(i)

The result for M> QH 1 = n 1 holds by the same argument.

Corollary 5.1.5. The total number of Horton-Strahler streams of order i in a given tree of order

H tk, .

ki+ --Fki=f2Hi 1=1
1<k<S1Hi

defines a rational structure of size m(i) = n i with

1!(b if j = 1
bi j!ti =

if j > 1
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(5-15)

(5-17)

Therefore by (5-10),

5722-1

0

0

0

0

0

2

tl

0

0

0

0

0

0

00

=

t2

ti

0

0

0 ...

0 ...

0 ...

t,_

tn_

t1

pi(tit27.

Pn-1(t142,

Pri(t1

0

0

0 S:;'1?

I 0

0

i21

1-2,

Nn(l) = Dm(i) d( k) (5-16)



Proof. Nn(n)= 1. From Theorem 5.1.4,

Arm(i) = piNn(n). L (5-18)

Definition 5.1.3 A stream of order i in a network of order QH = n has nesting number j if

QH n = ni > ni_i > no = (5-19)

The numbers d(m(i), k) can be interpreted as the number of streams of a certain size i having

a certain nesting number k. The nesting number for a stream measures how embedded (relative to

the root) the stream is in particular network. A self-similar network corresponds to a sequence of

complexes parameterized by QH = 1, 2, ... which corresponds to a rational structure. A nesting is

defined for a rational structure of order QH = n. Start by defining no i. Each stream of order i may

be nested in a larger network of order n1 > no. This stream may itself be nested in a larger network

of order n2 > n1. This can continue until ni = Qn- = n. We denote this nesting by (ni, ni_i, . no).

Example: If 1H = 5, and a stream of order 1 enters a stream of order 2 which enters a stream of

order 3 which enters a stream of order 4 which enters the stream of order 5, then the original stream

of order 1 has a nesting number 4. If a stream of order 1 entered directly into the stream of order

5, then the stream of order 1 has nesting number 1. The interpretation is formalized below:

Proposition 5.1.6. For QH = n and m(i) = n i, we have

in(i)

Nn(i) = Din(i) = d( (i), k),
k=1

where

d(m(i), k) =
+ik=n2(i)

ntji
1=-1

is the number of streams of order n m(i)= i with nesting number k.
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Proof. First observe that the total number of order j streams nested in an order 1 stream must be

ti_i . So the total number of streams of order i = n m(i) and nesting number k is

number of nestings (nk,r/k-i,
(nk,nk-1,,no) (nk,r11,-1, -,no) 1=1

ii+..+Jk=m(01=1
= d(m(i), k) 0
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The following is an example of a self-similar tree defined by S2 H = n = 5; the branching number

b = 2; and generators T1 = 1, T2 = 2, T3 = 3, Tk = 0 for k > 3.

Figure 5.2 Self-Similar Tree Example

We can apply the results for rational structures to obtain a normal approximation to the number

of small order streams (relative to large basin order) having relatively small nesting number.

/ / / z
</\\ \

7\



D(x , y) :=
m(i) k

N, (i) = Dm(i) =

1
d(m(i), k)xm yk =

1 yB(x))

1
d( (i), k) = [xm]

1 B(x)
k=1

1 1

(ri./3/(ri))(ri
)m

.79589959(3.74735343164).

(5-24)

(5-25)

Referring back to Figure 5.2, we have a network of order S2 H = 5. We can count (or calculate) the

actual number of order i streams. We can also approximate the number of order i streams by (5-25).
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5.2 Self-Similar Tree Examples

Gaussian approximations to d(m(i), k) can be obtained for small nesting numbers (i.e. high

embedding) by a variety of existing theories. One can also quickly approximate Nr,(i), the number

of streams of order i in a network of order n. This will be illustrated in the following examples.

5.2.1 Baby D Tree Example

In the example illustrated by Figure 5.2, we have a self-similar tree defined by branching number

b = 2, and generators T1 = 1, T2 = 2, T3 = 3, else Tk = 0. Notice that

9(x) = 3x + 2x2 3x3 (5-21)

1 B (x) = (1 )(1 :-)(1 7x ) (5-22)

where

.266855 r2 .467 + 1.016i r3 .467 1.016i; (5-23)



and,

5.2.2 Mandelbrot-Viscek Tree

This tree has generators T1 = 0 and Tic = 2k-2 for k > 1. It also has branching number b = 2.

Thus,

-3x2 +2x
B(x) = 2x + x2 + 2x3 4x4 = 1 - 2x

(5-26)

1
1 1

1
Dm(i) = Nn(i) = [x7]1 B(x) [xmlf 23x + 2 = + 1'1; (5-27)

RB 3. (5-28)

5.2.3 Peano's Tree

This tree has branching number b = 3 and generators T1= 0 and Tk = 2k-1 for k> 1. Thus,

B(x) 3x + 2x2 + 4x3 + =

1 32 31 24,,
= Nn(i) = [xm] B(x)

[x,11
1 - 4x 1 - x 3 3

RB = 4.

(5-29)

(5-30)

(5-31)
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N5(5) = 1 Do 0.80

N5(4) = 3 2.98

N5(3) = 11 D2 11.17

N5(2) = 42 D3 41.88

N5(1) = 157 D4 156.95

3x - 4x2
1 - 2x



5.2.4 No Variance Tree

Consider the tree having branching number b and generators T1 = c and Tk = 0 for k > 1. Thus,

B(x) = (b c)x; (5-32)

1D = = [xm] B(x) = [xn1{ (b1+ } = (b cr ; (5-33)

RB = b C. (5-34)

We were able to show that self-similar trees are in the class of rational structures. The previous

four examples show how quickly one can obtain approximations for the number of steams of a

prescribed size and how quickly one can calculate the bifurcation ratio.
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6. Conclusion

We would like to be able to compute the bifurcation ratios and streams numbers more generally.

This will be aided when we extend our results to non-polynomial B(x). It is likely that there are

many other interesting objects that can be viewed as exponential or rational structures. We hope

to identify these objects and apply our theory to get quick and simple approximations for these

structures.

In Chapter 4, we computed explicit approximations for the a(n, k) in the case where B(x) is a

polynomial. We would like to extend our results to the non-polynomial B(x) case. The case of

the Stirling numbers of the second kind provide us with some hope that such an extension exists.

We would also like to extend our theory to the unordered c(n, k) in the case of polynomial or

non-polynomial B(x) We will need to adjust our methods to prove any of these extensions.

Recall that a(n, k) _ kc(n,k)A natural question is whether this relationship shows up in the

large deviation rate. That is, if we have a normal approximation for the a(n, k), can we use large

deviation methods to get a normal approximation to the c(n.k)? We hope to answer these questions

in future work.
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