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PRINCIPAL SUBGROUPS OF THE NONARITHMETIC

HECKE TRIANGLE GROUPS AND GALOIS ORBITS OF

ALGEBRAIC CURVES

1 BACKGROUND

1.1 Introduction

Unfortunately what is little recognized is that the most worthwhile
scientific books are those in which the author clearly indicates what
he does not know; for an author most hurts his readers by conceal-
ing difficulties. -Evariste Galois Quoted in N. Rose, Mathematical
Maxims and Minims (Raleigh NC 1988)

Little is known about the absolute Galois group, Ga/(Q/Q). A fundamental

problem concerning Ga/(Q/Q) is the classification of its normal subgroups of

finite index, i.e. determining which finite groups occur as Galois groups over

Q. Considering the Galois orbits of curves defined over Q has been one way

of examining this question. In 1984 Grothendieck's much more recently pub-

lished manuscript L'Equisse d'un Programme [15] laid out a program aiming

for a complete description of the absolute Galois group. He was inspired by

the geometric methods used in 1979 by G. Belyi who proved the following theo-

rem characterizing algebraic curves defined over Q, the algebraic closure of the

rationals [3].

Theorem 1.1 (Belyi) Let X be an algebraic curve defined over C. Then X is

defined over Q if and only if there exists a holomorphic function f : X INC

such that all the critical values of f lie in the set 10, 1, 00.



In 1992 J. Wolfart proved the following variation of Belyi's theorem [5, 24]:

Theorem 1.2 (Wolfart) A smooth algebraic curve X is defined over Q if and

only if it is representable as the quotient space (compactified if necessary) 7-ur

of the complex upper half plane by a subgroup r of finite index in a Fuchsian

triangle group.

This theorem implies that a Riemann surface that is uniformized by a sub-

group of finite index in a triangle group can be defined by an equation with

coefficients in Q. We define the action of Ga/(Q/Q) on a surface as the action

on the coefficients of the defining equation.

In 1967 J. Lehner and M. Newman [12] used explicit representations of

groups over algebraic number fields in order to determine certain Hurwitz sur-

faces, i.e. surfaces with maximal automorphism groups. In 1969 A. Macbeath [8]

proved that for each q = p ±1 mod(7) there are three non-biholomorphically

equivalent Riemann surfaces with PSL2(TFq) acting as a Hurwitz group of con-

formal automorphisms. We verify W. Harvey's [8] statement (presumably folk-

lore) that compactification preserves uniformization by a subgroup of a triangle

group. In 1998 M. Streit [19] found a class of non-biholomorphically equivalent

algebraic curves that are Gal(IQ) conjugate by using subgroups of the trian-

gle group A(2, 3, n). In 1999 Streit and J. Wolfart [21] used similar methods to

determine the Ga/(Q/Q) orbits of certain Riemann surfaces.



There are only finitely many Riemann surfaces in the Ga/(Q/Q) orbit of a

given Riemann surface defined over Q. Some invariants of the Gal (Q/Q) action

are the orientation preserving automorphism group of the surface and the genus

of the surface[10]. In addition, both the original Riemann surface and its image

under a Ga/(Q/Q) element are surfaces that are uniformized by subgroups of

the same index in the same overlying triangle group [24].

We shed some light on this subject by identifying specific classes of alge-

braic curves which form Gal(Q/Q) orbits. In particular, we prove that the

algebraic curves determined by certain principal subgroups of nonarithmetic

Hecke groups form a complete Gal(Q/Q) orbit. To do this, we show that our

surfaces have automorphism groups PSL2(Fpn). This puts our work in a direct

line going back at least to the work of L. Dickson [6]; we found ourselves partic-

ularly influenced by M. Streit's works [19, 20]. A particular set of Macbeath's

generating triples for PSL2(Fpn) affords a correspondence between the surfaces

and homomorphisms from an appropriate triangle group to PSL2(Fp.). This

correspondence is our main tool for examining Galois orbits.

1.2 Definitions and Theorems

1.2.1 Groups and Riemann Surfaces

The theory of Fuchsian groups is crucial to the construction of our surfaces.

Excellent references here are [2, 11]. A Fuchsian group is a discrete subgroup of



Ao n K 0 for only finitely many a, where K is any compact subset of X.

Definition 2 A group G acts properly discontinuously on X if the family of

subsets Gx = {g(x)1g E for x E X, is locally finite.

Definition 3 A closed region F C X is defined to be a fundamental domain

for G if

U g(F) =
gEG

ii) n g(P) = 0 for all g E G \ {Id}

Any Fuchsian group has a connected and convex fundamental domain. If G and

H are Fuchsian groups with H < G and a set of coset representatives for

GIH then a fundamental domain for H can be obtained by taking the union

of the regions obtained by applying each Mi to a fundamental domain for G.

The tiling of a fundamental domain of a Fuchsian group induces a tiling of

the surface uniformized by the group. In particular, a fundamental domain

for a subgroup of a triangle group with signature (mi, m2, m3) can be tiled

with (mi, m2, m3) triangles. Thus, when considering surfaces uniformized by

a subgroup of a triangle group with signature (mi, m2, m3) we get an induced

triangulation of the surface by (mi, m2, m3) triangles.

4

PSL ). Suppose X is a metric space and G is a group of homeomorphisms

of X.

Definition 1 A family of subsets {AO of X is called locally finite if



Gq =< S,T >

where T (7 -01) ,
s I1 )q\

\ 0 1 I

with Aq = 2 cos(lq), q E Z, q 3.

5

A Riemann surface is a connected 2-dimensional manifold S with a complex

structure. A complex structure on S is a family of pairs {(U,z,)}, where U,

is an open set of S and z is a map from S to C, such that for any two pairs

(U1, zi), (U2, z2), the map z2 o zj : zi(Ui n u2) z2(ui n u2) is holomorphic

and U U, = S. The following theorem is called the uniformization theorem for

nonsingular Riemann surfaces.

Theorem 1.3 (Koebe, Klein, Poincare) Every Riemann surface S is confor-

malty equivalent to DIG with D = CU oo, C, or the complex upper half plane,

9-t, and G a freely acting discontinuous group of Mobius transformations that

fixes D.

Proof: See [7].

The Riemann surfaces that we examine are the compactifications of surfaces

which are uniformized by certain subgroups of Hecke groups. Hecke groups are

a direct generalization of PS L2(7/4.

Definition 4 The Hecke group, Gq, is the group



T=< A, BIAmi = Bm2 = (AB)tm3 = I > .

In fact, Gq is isomorphic to the abstract group with presentation

Gq =< S,T T2 = (ST) = I> . A fundamental domain for the Hecke group

Gq is given by two copies of the ideal triangle with vertices at i, Gq, and oo,

where (2q is a primitive 2q-th root of unity.

From the definition of the Hecke groups given above, we see that all the

entries in the matrices of Gq lie in the ring Z[Aq]. We know, from say [23], that

Z[Aq] is the ring of integers of Q(Aq). Note that Q(Aq) Q(cq + c-1) since

Aq = 2 cos(5-) = (2q Gq-1. Suppose that I is an ideal of Z[Aq].

Definition 5 The subgroup Gq(I) of Gq defined by

Gq(I) = {(bd) E Gq1b,c e I,a d 1 mod(I)}

is called a principal congruence subgroup of Gq.

In fact, the aforementioned Lehner and Newman [12] used the congruence sub-

group G3 (17) to find a specific Hurwitz surface. A related class of groups that

plays an important role for us are triangle groups. If T is a hyperbolic triangle

with angles' '
and then the triangle group of signature (mi, m2, m3)

m2 M3

is the group of words in even powers of the reflections in the sides of T. Since

we are working in the hyperbolic plane, + -1- + -L- < I. A presentation for
M1 M2 rn3

the triangle group T of signature (mi, m2, m3) is given by



The following results on triangle groups will be of use to us.

Lemma 1.4 The only Fuchsian groups which contain triangle groups are tri-

angle groups.

Proof: See [2].

This tells us that any triangle group is a subgroup of a triangle group if it

is not maximal. The triangle groups we are most concerned with are maximal.

Theorem 1.5 (Singerman) If p is an odd prime and q > 3 then the triangle

group with signature (2, q, p) is maximal.

Proof: See [17].

Definition 6 Two groups G and H are called strictly commensurable if G n H

has finite index in both G and H.

Definition 7 Two Fuchsian groups G and H are called widely commensurable

if MGM' is strictly commensurable with H for some M E PS L2(R).

Definition 8 If a Fuchsian group G has a fundamental domain that is not

compact then G is arithmetic if it is widely commensurable with P S L2(Z).

If the fundamental domain of a Fuchsian group is compact then arithmeticity

is defined in terms of quaternion algebras [11].

7



The following is a special case of a result of K. Takeuchi [22].

Theorem 1.6 (Takeuchi) If p and q are finite primes with p q and

p > 3, q> 3 then the triangle group with signature (2, q, p) is non-arithmetic.

Proof: See [22].

Theorem 1.7 (Margulis) The strict commensurability class of a

non-arithmetic triangle group possesses a unique maximal element.

Proof: See [14].

1.2.2 Algebraic Background

The group PSL204) is the group of 2x2 matrices of determinant ±1 with

entries in the field Fp . It is well known that PSL2 (Fp ) is a simple group for

p > 7 (see, for instance, [1]).

Lemma 1.8 Let A, B E PS L2(Fp). If A and B are conjugate then they have

the same trace up to sign. Furthermore, if A and B are non-parabolic and have

the same trace up to sign then A and B are conjugates.

8
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Proof: We have A = (c , M = (; with ad bc = eh g f = +1 and

trace(A) = a + d. Then

trace(MAM-1) = aeh a f g + hde fdg

= a(eh fg) + d(he f g)

a+d if eh fg= 1,

(a + d) if eh f g 1.

Now suppose that A and B are non-parabolic and have the same trace. The

action of PSL2 (I) on Pl(Fp) that of projective transformations. That is, if

[x, y] E ED1 (Fp ) and M = (c 19d) E PSL2 (Fp ) then M ([x, yl) [ax + by, cx +dy].

Since A is not parabolic it fixes 2 points in Pl (Fp) and since the action of

PSL2(Fp) on P1(4) is doubly transitive [6], we can conjugate A in PSL2(Fp)

so that MAM' has fixed points 0 and co, which means MAM-1 is of the

form (ao a_°1). Similarly, since A and B have the same trace, there is a matrix

PSL2(Fp) so that NBN-1 = ( g a2i) or NBN-1 = (a-01 (a)). If NBN' =

(a
0

0 a-1) then

MAM-1 = NBN-1

MAM-1 N = B

N-1MA(N-1M)-1 =



Proof: See, for example, [18].

10

Thus, A and B are conjugates. If NBN-1 ( a-01 ) then we can conjugate

by the element T =( 1) in PSL2(Fp) to get T(NBN-1)T-1 = (ga2,) =

MAM-1 which gives us (M- 1TN)B(11I-1TN)-1 = A. So, in this case we also

have that A and B are conjugates. 0

Theorem 1.9 (Kummer) Let K be a number field of degree n with ring of

integers 0 = Z[A] generated by some A E K. Given a rational prime p, suppose

the minimal polynomial m(x) of A over Q has the following factorization into

irreducibles over Zp:

iii(x) =11 fiii(x)ei

where the bar denotes reduction modulo p. Then the prime factorization of

< p > in 0 is

< p >

where pi =< p, m(A) > and .V(pi) pdeg m,(T) where Aft i\) is the norm of

Pi
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If, in the above, ei = 1 for all i and r = [K : Q] we say that <p > splits

completely in 0. The factorization of < p> in 0 is given by

< p > =ll< p, mi >ei
i=1

The last step is only true if there is no ramification. If we have a Galois extension

of degree n, N-(0i) pfi = pf,, where .AI(pi) is the norm of pi and f is the

degree of mi(x). Because we have a degree n extension, .11(p(9) = pn , which

implies 11 ..Af(pi) pn. But 11 Jqpi) Epf = prf . Hence, pn = pTf and so

10/pi = . Now, 0/pi is a finite integral domain and hence a field. Thus,

0/pi R.,' Fps. If p splits completely in 0 then r = n and so f = 1. Note that we

have shown the following:

Lemma 1.10 If < p >= pi...pn for distinct primes pi of (9K then Ar(rdi) = P

for all i.

In the cyclotomic setting with q a prime, we know [Q(q) : q 1 where

(q is a primitive qth root of unity. Let p E Z be such that p splits completely

in 0 := Z[cq], the ring of integers of Q(( q)

Lemma 1.11 Let p and q be primes. The ideal < p > splits completely in

(X( q) if and only if ]F contains all the qth roots of unity.
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Proof: Suppose p splits completely in (2((q). Let (1)(X) be the qth cyclotomic

polynomial, which has degree q 1 as q is prime. When we look at .1.(x) mod(p)

we see that as q is prime,

q-1
(Xq - 1

(1)(x) =11 (x - ai) mod(p)

because p splits completely in Q((q). Thus, xq-1 = (x-1)(I)(x) splits completely

in Fp [x] and hence all of the qth roots of unity are in F.

Conversely, suppose Fp contains all the qth roots of unity. This means that

q-1
xq 1 = (x 1)(1)(x) splits completely in Fp . Thus, (I(x) =JJ (x ai) mod(p).

By Kummer's theorem we know that <p >= p71 ...pre' in Q((q) where

KJI; =< p, mi((q) > with (1.(x) =fJmi(x)ei. Combining this with the information

above, we have

q-1

Hfit, (x)ez (x ce,)

i=1 i=1

and since all the roots on the right side of the equation are distinct, all the roots

on the left side are also. Thus, ei = 1 for all i and r = q 1. Hence, < p >

splits completely in (2( (q

If <p > splits completely in Q((q ) then it also splits completely in Q()tq).

This corresponds to the case where p 1 mod(q). If p splits to Q(Aq) but not to

WO then each prime A of Z[Aq] over p has one prime of relative residue field
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degree 2 above it in Z[(q]. This corresponds to the case where p 1 mod(q).

A similar argument to that of Lemma 1.11 shows that if p splits in Q(Aq) and

not in Q((q ) then Fp2 contains all the Oh roots of unity but Fp does not.



2 THE SURFACES

2.1 Statement of Main Theorem

We state our main result.

Theorem 2.1 Fix odd primes p q, q > 3 such that p splits completely in

Z[Ad. Let pi be the prime ideals dividing p in Z[Ad, and let '11 denote the

complex upper half plane. Then the Riemann surfaces -11/Gq(pi) = X, are

algebraic curves which form a full Gal(01Q) orbit.

The proof is divided into three main parts: the construction of the Xi, the

characterization of the Xi, and the examination of the Gal(0142) orbit.

2.2 Construction of the Surfaces

Consider the Hecke group Gq and let {pi} be the prime ideals dividing p

in Z[Aql. We assume p splits completely in Z[Aq], i.e. < P Pi P2 '

Consider the congruence subgroup Gq(pi) of Gq, where

Gq(ipi) = {('D E Gq1b,c E pi, a d 1 mod(pi)}.

This is a normal subgroup of finite index in Gq since it is the kernel of reduction

mod(pi). Let n = [Gq: Gq(pi)]. We can form the surface 7-11Gq(pi) which is a

Riemann surface with cusps. Recall that a fundamental domain P for Gq can

14
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be given by two triangles with angles (, , 0). Since Gq(pi) is a subgroup of

index n in Gq, a fundamental domain .F for Gq(pi) can be given as a union of n

copies of F'. Thus the surface S =741Gq(p,) can be triangulated by (2, q, oo)

triangles.

Since Gq(pi) is a subgroup of finite index and its fundamental domain has

finite hyperbolic area, there are only finitely many cusps, which correspond

to non-congruent vertices of F at oo. In terms of the fundamental domain for

Gq(pi), the cusps are contained in Q(Aq)U f ool. Suppose {ri, r2, 7'5} are orbit

representatives of H := Gq(pi) on Q(Aq) U fool. For each r = ri, the stabilizer

in H, 1-1,, is a parabolic subgroup of H. If A E Gq is such that A(oo) = r then

24-1H,A is a parabolic subgroup of A-1H A = H (since H is normal) with fixed

point oo = A-1(r). This means that _11.-111,A is generated by some conjugate

of a power of S = (01 Aiq ). The order of the generating element of .4-1H,A is the

cusp width of the cusp r. That is, the order of this element tells us how many

triangles have sides coming into the cusp r. Since pi p,mi(x) >, SP E H

and since p is prime and Aq V pi [13], St H for t < p. Thus, oo has cusp width

p and as Gq(pi) is normal in Gq, all cusps have this same width. Having cusp

width p implies that p (topological) triangles meet at the filled in cusp. The

compactification does not affect the elliptic points of order 2 and q, so we know

that we have triangles of the form (2, q, p). Thus, 3 = 9-11Gq(K),) is a compact

topological space that is triangulated by (2, q, p) triangles.



2.3 Justifying the Structure of the Compactified Surface

The compactification of the surface 1-1/Gq(pi) is achieved by filling in the

cusps. As there are only finitely many cusps, topologically the compactification

amounts to repeated one-point compactifications until each cusp is filled. In

terms of Riemann surfaces we can think of the cusps as punctured disks and

the compactification as sewing in full disks to replace the punctured disks.

16

Proposition 2.2 The compactified surface 'HIGq(pi) is a Riemann surface tri-

angulated with (2, q, p) triangles.

Proof: We follow the arguments of [5] for a similar setting. Suppose 3 =

71/Gq(pi) is triangulated (as a topological space) with 2n triangles of type

(2, q,p), where n = [Gq : Gq(pi)]. Let X be the universal covering space of S.

The triangulation of 3 lifts to a triangulation of X by open triangles T+ and

T- of type (2, q, p). Fix one 'T in X and let al, U2, 0-3 be the reflections in the

sides el, e2, e3 of 'T. Note that the following properties hold:

the o-i are homeomorphisms of X preserving the triangulation of X by the

T+ and 7-- triangles;

U3 maps T to the triangle sharing edge ei with T so that a lei = 1 and

= 1 for j = 1, 2, 3;

the ai action changes the orientation of the T± triangles;

for any T EG a1, a2, a3> < Aut(X), if TT = 'T then T = 1.
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Let G R =< a, a2, a3 > C Aut(X). Since X is connected, G R acts transi-

tively on the set of triangles of X. Now, T is one of the (2, q, p) triangles. Since

we have a finite triangulation, the set of (closed) triangles that intersect at the

vertex el n e2 is

fair, 0-20-1T, aia2aiY, (al 0- 2)P T = 0-27-1

where the angle between el and e2 is E. Note that since o-10-2 is the product

of two reflections that fix el n e2, it can be thought of as a hyperbolic rotation

about el n e2 through an angle

By (iii) above we know that (o-10-2)P-IT a2T. So, (aia2)PT = 'T and by

(iv) above we get that (cr10-2)P 1. By looking at the other vertices of T (i.e.

e2 n e3 and el n e3) we similarly get that (o-2a3)q = (0103)2 = 1.

Following Wolfart [24] we see that these local relations give the following

presentation:

G R =< a1,a2,a3 (712 (722 = = (0-1(12)P (0-20-3 ) (C710-3)2 > .

This is an index 2 extension of A(2, q, p), which is generated by 0-10-2, a2a3, a1a3.

Now we need to define a conformal structure on T and then extend it to all

of X. The covering map will then induce a complex structure on 3. Let D be

a hyperbolic triangle in 7-1 with angles , and The hyperbolic reflections



f ITuiT(rei)
f

(T CT j) 0 f (7-Cr)-ij jej

a(r)a(cri) o Jo 0-.; (re j)

a(T) si of o oT-l(rei)

(tells i(Ej)

= a(7)(e3).

18

s1, 2, s3 in the sides of D fixing edges el, f2, and 63 of D respectively generate

a group of hyperbolic motions, G', that is isomorphic to GR. Let a be one

such isomorphism from GR to We see that a takes any product T of the

cri's and maps it to (ler), the corresponding product of the sz. Now we define a

homeomorphism f : X -+ 9-1 by taking any homeomorphism : 1:5 that

maps the edge ei fixed by ai to the edge ej fixed by s3 and extend f to every

TT, T E GR, by f a(T) o fo T-1. Using (iv) above and the fact that X is

tessellated by the TT, we see that each TT uniquely determines T. Thus, our

extension is well-defined.

We now check that f agrees on the common edge, red, of any two neighboring

triangles, TT and To-iT. First, on TT we have

f cy--,(Tei) = a (7) 0 / 0 T-1 (T ei) = aer)(6i);

Furthermore, on To-321 we have
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Hence, we see that f agrees on the common edge, Tej, of any two neighboring

triangles, TT and ro-3T. Furthermore, on ej we have f(e3) = fj and

si 0 f o o-3-1(ej) si 0 f (ej)

=_

== El,

and hence f(e3) = si o f o aj-1(e). We also have f o al o f-1 = sj. The

result of the above is that we can replace X with I-I and thereby induce a

complex structure on X with the cr3 antiholomorphic. On 3, take the complex

structure induced by the covering map h: X S. The deck transformations of

X completely determine 3 up to biholomorphic equivalence. Now we see that

3- is a Riemann surface tessellated with (2, q,p) triangles and so II/ Gq(pi)

S =1-t/Ki with Ki < A(2, q,p) for each i.



3 PROPERTIES OF THE SURFACES

3.1 The Automorphism Group of the Xi

Proposition 3.1 The automorphism group of each Xi is isomorphic

to PSL2 ( Fp )

We prove the above proposition by first looking at the automorphism group

of the noncompact surface and then proving that the automorphism group is

preserved under the compactification.

3.1.1 The Noncompact Case

Let 0 = Z[Aq] and N be any ideal of 0. Consider the following diagram:

1 Gq(N) Gq GqIGq(N) 1

1 PSL2(0)(N) incl PSL2(0) PSL2(01NO) 1

We know that PSL2(01N0);>:, PSL2(Fpn) for some n E Z (see, say, [16]) if and

only if NO is a prime ideal. In our case, N = pi which is a prime ideal. Since

< p> splits completely, we have that n 1. Thus, we know the automorphism

group injects into PSL2(Fp). Let Yq denote a root of the minimal polynomial

for A after reducing mod(p). W. Borho [4] proves that T and U generate all of

PSL2(Fpn) provided that Fp = Fp (AO where T: z and U: z1-->

Borho also treats the special cases p 2 and for q = 5, pn 9, which we do not

20



f = 1.

21

need. We have all of PSL2(1Fpn) provided that Fp (A) = IFp(Aq). We have the

following situation:

Fp (AO Q(Aq)

12
12

FpN) Q(*

c p (2q) q-122
Fp

Note that [Fp (A) : Fp (Aq)1 = 1 or 2 and [1F() FpOA must divide [Fp (AO

]Fp]. Thus, if [Fp(Aq) : Fp] is odd, we know [F() Fp ()'q)] = 1 and hence

Fp = Fp (Aq).

Lemma 3.2 If p splits completely in Q(Aq) then Fp (Aq2) = Fp (Aq) 1Fp.

Proof: From the discussion following Theorem 1.9, we know that Fps

01 := Z[Ad/pi. Let m(x) = nmi(x) be the minimal polynomial for q over

Q. Note that Fp [X] / (ñ ,(x)) ]F1 where each ih is irreducible of degree f. In

general, the degree of mi(x) would be fi but we have a Galois extension and

hence all fi are equal, say fi = f. For some j, ()tO = 0 and so Fp(Aq)

Fp[xl/(fiti(x)) Fpf. This means that Fp (kg) is a degree f extension of Fp .

But since p splits into <p >, flp, taking norms gives pn = pn f which implies



Thus, Aut(ILIGq(pi)) PSL2(1Fp) for each i. Note that we still have an

infinite class of p and q because the only restrictions we have thus far imposed

are for p and q to be odd primes with p q, q> 3, and for p to split completely

in Z[Aq] which means p +1 mod(q).

3.1.2 The Compact Case

In the previous section we saw that the automorphism group of the non-

compact surfaces li/Gq(pi) is PSL2(1?p) for each i. We now show that the

automorphism group of the compactified surface, 7-1/K, is also PSL2(Fp). Fix
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If we can show there exists a surjective homomorphism q : Gq A(2, q,p)

which takes H := Gq(pi) onto K then the following proposition proves that the

automorphism group of the compactified surface 7-11K is PSL2(1F'p).

Proposition 3.3 There exists a map v : GqlGq(pi) A(2, q,p)IK that is an

isomorphism.

Proof: For the moment, assume the surjective homomorphism 0 as in the

above diagram exists. (We prove the existence of 0 below.) Define v by v o a =

o

an i and let K Consider the following diagram:

>11 Gq(pi) Gq GqlGq(pi) PSL2(Fp)

1 KA 1A(2, q,AIK
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Claim 3.4 The homomorphism v : Gq1Gq(pi) A(2, q,p)1K is well defined.

Proof of Claim: Suppose gtH = g2H. Then g2-1g1 E H. Now, v o ce(gi gi) =

° 002-10 = 13(k) for some k E K since o takes H to K. But then 0(k) = 1

and so we have v o a(g2-10 = 1. Because both i3 and 0 are homomorphisms

we have 1 = voce(g2-10 = 0(0(g2))-1./3(0(m)) and hence /3(0(92)) =- 0(0(g1))

which implies v o ce(g2) = v o a(gi) and thus v(g2H) = v(giH). End of Claim

The surjectivity of v follows from the fact that a and v o a are surjective.

To see that v is injective, let giH be in the kernel of v. Then

v o a(gi) = 1 o cb(gi) = 1 q(g) E K E H.

Therefore, v is an isomorphism. El

This tells us that A(2, q,p)1K, which is the automorphism group of 7-1IK,

is isomorphic to PSL2(lFp). It is left to show that there is a homomorphism

o : Gq + A = A(2, q,p) that maps H to K. First, we prove the following:

Lemma 3.5 Let hEHC Gq, f be the covering map f : 7-11H WIGq, and

M C Sd be the monodrom,y group of f, which is a permutation representation

of Gq. Referring to the following diagrams, H = kerp,.

M C Sd

P7 \j'A

H C Gq ADK 711H f 1-11Gq



Proof: We have Gq=< S,TT2 = (ST) q = I > and
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Proof: We prove containment in both directions.

Let hEHC G. Thinking in terms of the monodromy representation, h

corresponds to a loop based at p E 711Gq, say [a]. Now, 70-1([a]) is a path

in 7-1 from z to Tiz for some h E H; we denote the path [z,Tiz]. This implies

that 71-11([z,hz]) is a loop in 7-1IH based at q for some q E f-1(p). Note that

71-},(z) = 711(Tiz) since h E H and so even though 7H(z) can be any q E f-1(p),

T-11([z,hz1) is always a loop. Thus, each lift of [a] to 741H does not permute

the sheets and so h corresponds to the identity element in M; that is to say,

Ii E kerpG.

Conversely, suppose g E kerpG. Since there is no permutation of the sheets,

g corresponds to a loop at p in 7-lIGq which lifts to a loop at each of the

q e f-1(p) in 7-11H. Thus, g corresponds to an element in in (7-1/H, q) H and

so we must have g E H. 0

Similarly, K kerp,. We now need to show that do(H) K.

Lemma 3.6 The following diagram commutes; that is, pc p, 0

M C Sd

H C Gq A K

A -=< 0(T) = A, (ST) = B4O(S) C A2 = Bq CP = ABC = I>,
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where 0 is the canonical homomorphism from Gq to A taking our distinguished

order 2 and q generators of Gq to order 2 and q generators of A, respectively.

Given 7-IIK and It/A are the compactifications of '14/1/ and 7-1IGq respectively

and that we know exactly the triangulations of these surfaces, we see that the

monodromy permutation representation is the same for both Gq and A,

11/1 =< p(E2), P(4), PK0) >

where p(f2) = (12)(34) 1}n),

p(q) = (123...q)({q+ 1}...2q) q 1}...{n 1}{n}),

p(t,)) = (12...p)({p+ 1}...2p) ({n p 1}...{n 1}{n})

of orders 2, q, and p respectively. Since the monodromy representations are the

same, PG(T) = p,o 0(T), pG(S) = po 0(S) and since 0(T) and 0(S) generate

A and all the maps are homomorphisms we see that Pa(g) = p, o 0(g) for all

g E Gq. 0

Note that q: ker pc kerp, since

pG(g) = 1 o q5(g) = 1 0(g) E kerp.

Thus, 0 is a homomorphism from Gq to A taking H onto K.



3.2 The Xi are Biholomorphically Distinct

In this section we prove that each of the X, = RIK, are biholomorphically

distinct Riemann surfaces.

Theorem 3.7 The Xi are biholomorphically distinct.

Proof: Let Ki and Kt be finite index subgroups of A = A(2, q,p) such

that Xi = 7-1/K3 and Xe = 7-11K1 with Xj biholomorphically equivalent to

Xe. Suppose there exists an M E PSL2(IR) such that MK2M-1 = Kt. Then

T = MAM-1 is a triangle group commensurable with A. But, we know that

A(2, q,p) is maximal by Theorem 1.5 as long as p is an odd prime and q> 3.

Also, for our cases of p and q, A(2, q,p) is non-arithmetic by Theorem 1.6 and so

by Theorem 1.7 we see that T = A. This allows us to conclude that KJ = Kt.

Hence, for distinct subgroups K, of A(2, q,p) we have surfaces that are not

biholomorphically equivalent.

3.3 Counting the Ki and the Trace Triplets

The Ki come from compactifying X, = 7i1Gq(p,) and since p splits com-

pletely in 0 = Z[Aq] there are n distinct p, where n = [Q : Q(Aq)]. Since

Aq = (2q + (2q-1 we see that n = '(:) where go is the Euler v)-function, and

so there are(''4 distinct X. Since the X, surfaces are uniformized by nor-

mal subgroups of A(2, q,p) which we called K, we see there are distinct

subgroups K. We know that A(2, q,p)I K, PSL2(IFp). Thus, there is a
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homomorphism (pi : (2, q,p) PSL2 (Fp ) with ker = K This surjec-

tive homomorphism identifies generators of PSL2(1F'p) of order 2, q, and p. In

fact, as stated in section 3.1 we know that there are generators of the form

T, U, and 37 mod(pi) where T -=( ) , u = -01 ) , s ) Now,

Aq = 2 cos(E) = 2 cos( ) = (2q + 2q-1 where (2, is a primitive 2q-th root
2q

of unity. If we diagonalize U over Pp we get U' = ((02q 2_°,1). Since U and

- --1U are conjugate, trace(U) = trace(U ) = (2q (2q
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We form a trace triplet

by listing the traces of the generating triplet. As there are c'(2q) distinct sums

Gq + 6-q1 in Fp, we see there are c(?) of the (0, (2q (27q1, 2) trace triplets for

the generating triplets of PSL2(l4) corresponding to the homomorphisms from

A(2, q,p) onto PSL2(J4) with kernels K. In section 4.1 we show that the ho-

momorphism y : A(2, q,p) PSL2(Fp) with ker(y) K induces a one-to-one

correspondence between the Ki and the trace triplets.

3.4 The Xi are not Hyperelliptic

In order to show the Xi are not hyperelliptic we use the fact that PSL2(Fp)

is a simple group for p> 7 and the following result from [7].

Proposition 3.8 The hyperelliptic involution on a surface M of genus g > 2

is in the center of Aut(M).

Proof: Since Aut(Xi) PSL2(1Fp), which is a simple group and hence has a

trivial center, we see that the Xi cannot be hyperelliptic surfaces.
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3.5 The Genus of the Xi Surfaces

In order to compute the genus of the Xi we use the Riemann-Hurwitz for-

mula.

Theorem 3.9 (Riem,ann-Hurwitz) If S is the Riemann surface of an algebraic

equation of degree n and if the branch points have orders n1, n2, nr, then the

genus g of S is given by

1 r
g = 1

2
i=1

ni.

Proof: See, for instance, [9].

In our case, n is given by the degree of the covering map of RIK over

fl/L(2, q,p). This is equal to the index [A(2, q,p) : K] which is equal to the

order of A(2, q,p)/K. In section 3.1.2 we saw that A(2, q,p)/K PSL2(Fp),

which has order Furthermore, we know from the geometry that the

branch points are over i, Gq and oo. The order of branching over i is 7i -

over G, is n Li, and over oo is n 11. Using the Riemann-Hurwitz formula we

now have

1n n
rg=1n+-2(n--2+n--+n--1-).



Using our knowledge that n = p(p221) we get

g = 1
p(p2

2
±

1) p(p2
4

1) ( pq + 2p(q 1) + 2q(p 1) )

2pq

p(p2
1

1) ( 2p + 2q pq)
2 4pq )
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4 GALOIS ORBITS

4.1 The Galois Orbit Consists of the Xi Surfaces.

The argument below follows a method due to M. Streit, who treats the case

for triangle groups of the form A(2, 3, q) [20]. Since the Xi are not hyperelliptic,

we can take our surfaces Xi 741K, of genus g and canonically embed them

in IP9-1 to get algebraic curves C. We consider the ideal 2 of the variety

C, 1=< Pil Pi2)Pir, > where pii = 0 on C. Let a, a non-trivial element

of Ga/(Q/Q), act on i(C) by extending the homomorphism o- : Q -0 to C.

Now we have C corresponding to Xi" 7-ilL where L< A(2, q,p), [A(2, q,p):

= [A : Ki] and A(2, q,p)/ L A(2, q,p)/ Ki. For a discussion of these facts,

which can be proved using Belyi functions, see [24]. From this last, we see

that A(2, q,p)IL PSL2(Fp). Thus, there is a homomorphism (Jo : A(2, q,p) --*

PSL2 (Fp ) with ker(co) L. This surjective homomorphism identifies generators

of PSL2(1Fp) of order 2, q, and p. As discussed in Section 3.3, this means our

generating triplet has trace triplet (0, (2q , 2) and so L must be one of our

Ki since in Section 3.3 we saw that only trace triplets of this form correspond

to homomorphisms from A(2, q,p) onto PSL2 (Fp ) with kernels

4.2 Each Xi is an Element of the Galois Orbit.
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Fix an Xi, call it X, and let g be the Galois orbit of X under the action of

Gal(Q/Q).



Proposition 4.1 Each X is an element of the Galois orbit g.

Proof: (Following Streit [19]) Let Q be a fixed point of -yq, an order q gener-

ator of PS L2(Fp) Aut(X). Using the canonical model of Xi discussed above,

let (Ua, z) be a chart at Q that describes the 7q action as multiplication by Cq

This allows us to write w = f (z)dz for w E 52(X) where 52(X) is the vector

space of holomorphic 1-forms on Xi. It follows that f (z o -yq)d(z o -yq) locally

defines a 1-form at R = -y-q-1(Q), call it W'rq E Q(X). If w1,w2, .., wq is a basis

for 52(X) then w7q = Edic?wi. The matrix e? := A7g gives a representation
i=1 -

of Aut(Xi) acting on 52(X) where

H.(Q), .., wg(Q)] = [col 0 -yq(R), cog 0 -yq(R)]

= A7g[wi(R), ...,wq(R)].

In affine coordinates on our curve in P9-1 we have

(o)?q (0, cqg (0) = (Cqwi(c2), (qw A))

= A7qPi(Q),...,w9(0)

= (-09(0).

So, each fixed point of -yq on Xi corresponds to a vector in 52(X) which is an

eigenvector of A7g with eigenvalue (q. It turns out that we can "see" the action

of the order q automorphism on X(' at Cr by looking at the Galois action on
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the elements of Q. Let a E Ga/(Q/Q). In Xicr the point Qu is a fixed point of

-yq and thus corresponds to an eigenvector of the eigenvalue q. Of course, cf is

some other primitive q-th root of unity, say cr n

We know by Lemma 1.11 that we have a corresponding primitive q-th root of

unity in Fp and hence the automorphism of X" that fixes Q has trace q771 ±

By considering the diagram below we see that the corresponding trace triplet

relating to generators of Aut(Xa) has the form (0, (gin (r, 2).

A

A trace triplet of this form corresponds to a homomorphism from A(2, q, p)

to PSL2(Fp) = Aut(X") which has kernel one of our K. From Section 4.1 we

know that we have one of our Xi surfaces. With the full Ga/(Q/Q) action we

see that we get each primitive q-th root of unity and so we get each of our Xi

surfaces. 0
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