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The specific research questions concerned: student's

representational knowledge and concept image (representational
facility, connection among representations, management of
representations) and student's calculator usage and interpretation
of calculator results (management of the calculator, conflict
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framework for the study is a concept image theory put forward by
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Paper-and-pencil tasks were administered to the
experimental students as well as 30 students from traditional

calculus classes (18 from Oregon State University and 12 from a
parallel class at a project site). Audio-taped task-based
interviews were conducted with 33 experimental students and 31
traditional students.

Results indicated that:
Experimental students showed greater facility with
graphical and numerical representations and exhibited
better ties among the three representations than
traditional students.
Individual students do show definite preferences for
certain representations but different factors influence

their choices.
More evidence of compartmentalization was observed
among the traditional students than among the

experimental students.
Grades do not appear to be a good predictor of the quality

of the connections among the representations.
Students use of the calculator is closely tied to their

management of representations.
Students who lack confidence in their symbol manipulation
skills appear to use the calculator more readily than those

who are confident in their symbol manipulation skills.
When a device (machine or a formula) is used to perform a

computation in a routine fashion, those are results
students look at least critically.
Students' confidence in graphical information appearing on

the screen is tied to having a priori information.

In addition, the role of the instructor appears to be particularly

important in terms of management of representations and of the

calculator.
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BUILDING CONCEPT IMAGES--
SUPERCALCULATORS AND STUDENTS' USE OF
MULTIPLE REPRESENTATIONS IN CALCULUS

Chapter One: Introduction

During the last few years, there has been much criticism
concerning the calculus curriculum at the college level leading to
calls for calculus reform. One concern is the high failure rate in
calculus. In a recent study only 140,000 of 300,000 students who
took calculus finished with a grade of D or better (Steen, 1987).
Calculus plays a central role in the economic growth of our country
and is filtering students out of rather than pumping them into
science and engineering fields (White, 1987). If calculus is to be
made a "pump" into these professions, then changes in calculus
instruction must be made.

Many of the students passing calculus may do so without
understanding the concepts. Therefore, they are unable to apply
mathematics to their various disciplines (Douglas, 1986). After

looking at examinations from many colleges and universities,
Steen (1987) observed that 90% of current examination problems
ask students to solve, sketch, find, graph, evaluate, determine,
calculate, integrate, or differentiate. These problems require
students to mimic textbook examples and problems, problems which
can be done by a hand-held supercalculator. Approximately 10% of
the problems may be word problems, but nevertheless are usually
template problems. The National Research Council (1989) indicates:

The ready availability of versatile calculators and
computers establishes new ground rules for mathematics
education. Template exercises and mimicry
mathematics--the staple diet of today's texts--will
diminish under the assault of machines that specialize in
mimicry. Instructors will be forced to change their
approach and their assignments. It will no longer do for



teachers to teach as they were taught in the paper-and-
pencil era. (p. 63)

The reform movement in calculus grew out of these and other
concerns. Since 1988, over 70 projects have been part of this
effort, some funded by the National Science Foundation
(Tucker, 1990). Many of the projects are making use of computer
technology or calculators with graphing and/or symbolic
manipulation capabilities.

Multiple Representations of Functions and Technology

The NCTM (National Council of Teachers of Mathematics)
Curriculum and Evaluation Standards for School Mathematics (1989)
indicates that for grades 9-12, the mathematics curriculum should
include study of functions so that all students can:

represent and analyze relationships using tables, verbal
rules, equations, and graphs;
translate among tabular, symbolic, and graphical
representations of functions. (p. 154)

This emphasis on multiple representations fits the picture of
calculus reform in which Tucker (1987, p.16) sees "a vista of a
more conceptual, intuitive, numerical, pictorial calculus" as the
calculus of tomorrow.

For example, the Harvard Project is using technology as a tool
which enables students to use the "Rule of Three" in working with
functional concepts: graphical, numerical, and analytic. Students

participating in the Oregon State University Calculus Project are
also using technology in the form of supercalculators (HP 28S or
HP 48SX) in the classroom. Emphasis is placed on using these
calculators to assist the students in working with and transferring
among three representations: graphical, numerical, and symbolic.

2
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Very little extensive research has been done on the effects of
using this technology in the classroom. The purpose of this study is
to investigate the impact the use of this technology may have on
students who are studying differential and integral calculus,
particularly with regard to their use of multiple representations of
functions.

Theoretical Framework

In their work with functions, Tall and Vinner (1981) created a
framework in which to discuss the images students hold concerning
the function concept. This framework was useful and powerful in
formulating research questions for this study, in making sense of
literature relevant to this study, and in analyzing the results of
this study. Certain terms used throughout this paper are defined
below.

Glossary of Terms

According to Webster's Dictionary, the term

concept refers to the "formation in the mind of an image or
idea."

Tall and Vinner (1981) give the following descriptions of
concept image and related terms.

concept image describes "the total cognitive structure
associated with the concept, which includes all mental pictures and
associated properties and processes" (p. 152).

These mental pictures may consist of any type of
representation--graphical, symbolic, tabular, pictorial, etc. A

student builds a concept image as a result of experiences. The
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image is not always coherent and is ever-changing as the student
matures and has new experiences.

The term concept image is similar to that of "frame" or
"knowledge representation structure" (Davis, 1984). The idea of a
student building a concept image is supported by the constructivist
theory of learning. Constructivist theory suggests that knowledge
is actively constructed out of one's experiences. A person tries to
make sense out of new information by evaluating, connecting, and
organizing this information relative to the person's prior
experiences (Piaget, 1967, 1973; von Glaserfeld, 1987; Skemp,
1987).

evoked concept image is that "portion of the concept
image which is activated at a particular time" (p.152).

Similar tasks might cause different parts of the concept
image to be evoked.

concept definition is the "form of words used to specify
the concept" (p. 152).

A student's personal concept definition may have been
memorized by the student in rote fashion. The student may or may
not then meaningfully relate the definition to the concept. It may

also be a personal reconstruction of the forma/ concept definition
(that which is accepted by mathematicians).

A personal concept definition may not be the same as the
formal concept definition. The concept definition may or may not be

a part of the concept image and may change over time. For some

students, it may not exist. For others, it may or may not be
coherently related to other parts of the concept image.

Parts of the concept image may be in conflict. These

conflicting factors may coexist without causing any cognitive
conflict.
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cognitive conflict can occur only when conflicting factors
are evoked together and the conflict is recognized. When factors

are in conflict, there is potential for cognitive conflict (Tall &
Vinner, 1981).

misconception will be taken to mean the act of
misinterpreting information or the act of evoking an incorrect part
of the concept image, which is paraphrased from the definition in
Webster's dictionary.

compartmentalization occurs when an incorrect part of
the concept image is evoked or when a part of the concept image
which is not helpful is evoked (Vinner & Dreyfus, 1989).

For example, a student's concept image of derivative may
include the formal limit definition, examples of graphs of functions
which are not differentiable at a particular point and those which
are everywhere differentiable, some differentiation rules, various
symbols for the derivative, and procedures for solving extrema
problems and analyzing graphs. When asked to explain what a
derivative is, a student may even respond that it is the slope of the
tangent line to the curve. However, when asked to work a problem
such as that in Figure 1, the student may say that the problem
cannot be worked unless the symbolic form for f is known. The
problem of finding f '(2.5) may bring to mind only examples in which
the student had used the symbolic form of f to find P.



Problem. Shown below is the graph of
f and the line tangent to f at x = 2.5.
Find f '(2.5).

mom=
M11111111111111M
11111111111111110%
11111111111111111MMI

3 1111111P.MIAMII

mommions
2

Figure 1. Derivative task requiring connection between
numerical and graphical representations.

If cognitive conflict factors are evoked, they may cause
nothing more than a subconscious uneasiness in the student. Later,

this conflict may be consciously understood. If a part of the
concept image is in conflict with the concept definition, this could
seriously hinder the learning of a formal theory (Tall & Vinner,
1981).

Using the terminology of concept image, we could say that a
primary goal of mathematics instruction is to help students build
accurate and rich concept images. It follows that mathematics
education research can help to provide a better understanding of the
processes by which students build concept images.

Research Questions

In calculus, students begin to work with functions within new
contexts. Familiar vocabulary tied to previously learned
mathematical ideas and non-mathematical ideas may become a part
of a new concept image. Existing concept images may change as the

6
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student tries to make sense of new information. At any time, parts
of a concept image may be in conflict with other parts and some
parts of the image may be incoherent. As the student processes

this new information, difficulties, conceptions, and misconceptions
occur. This study investigates how the use of technology,
specifically the "supercalculator", affects the process by which
students who are studying differential and integral calculus build
concept images. More specifically, the following areas are the
focus of this study:

Student's representational knowledge and concept image

Representational facility

Can the student work individually with each of three
representations: graphical, numerical, and symbolic?

Connections among representations

Does the student see a connection among the three
representations?

Management of representations

Does the student have a preferred representation and how does
the student vary the choice of representation depending on the
problem? Does the student transfer among the three
representations?



Student's calculator usage and interpretation of calculator results

Management of the calculator

How and when does the student use the calculator in
undirected situations (that is, when there are no specific
instructions given as to its use)?

Conflict resolution and confidence in the calculator

If conflicts are produced while working with the calculator,
does the student recognize them? If so, how does the student
resolve them? How aware is the student of the calculator's
numerical and graphical limitations?

The next chapter consists of a review of the research
literature pertinent to this study. It will include a review of the
difficulties students have in understanding calculus, difficulties
students have with multiple representations, suggestions for
curriculum change, and the use of technology in precalculus and
calculus.

8



Chapter Two: Review of the Literature

Difficulties in Understanding Calculus Concepts

This section reviews the research pertinent to investigating
the images students hold for the following calculus concepts:

The concept of function.
The concepts of limit and continuity.
The concept of derivative.
The concept of integral.

This review will include difficulties students have with multiple
representations and some suggestions for curriculum change.
Following this section will be a review of the use of technology in
the classroom.

The Concept of Function

Having worked with functions before entering calculus, a
student generally has already formed a concept image and possibly a
concept definition for function. However, there may be an
inconsistency between a student's personal concept definition and
the actual identification by the student of whether or not a certain
relation could be a function. For example, students may use
discontinuity or a piecewise definition as reasons for rejecting a
particular relation as a function. Rather than calling upon the
personal concept definition when identifying functions or non-
functions, a student may instead draw on a portion of the concept
image such as past examples of objects which are functions or non-
functions. If this evoked concept image is inappropriate for the
task, compartmentalization may occur.

Vinner and Dreyfus (1989) analyzed questionnaire responses
from 271 first year college students in two Israeli institutions and
36 junior high mathematics teachers who had not been mathematics

9
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majors. The college students included students from eight
different majors with varying levels of mathematics requirements.
These students had studied functions in high school but not yet in
college. The purpose of the questionnaire was to compare some
aspects of images and definitions their respondents had for the
concept of function. The questionnaire asked the respondents to:

Determine whether or not a given graphical relation
represented a function.
Determine whether or not a function satisfying given
criteria existed.
Define a function.

The students were asked to explain their responses. Three

incorrect reasons why a relation was not a function appeared within
the explanations given by the students:

Discontinuity: The correspondence is discontinuous at one
point in its domain.
Split domain: The domain of correspondence splits into
two subdomains, in each of which a different rule of
correspondence holds.
Exceptional point: There is a point for which the general
rule of correspondence does not hold.

The Dirichlet-Bourbaki definition states that a function is a
"correspondence between two nonempty sets that assigns to every
element in the first set (the domain) exactly one element in the
second set (the codomain)" (Vinner & Dreyfus, 1989, p. 357).
Vinner and Dreyfus found 56% (46 of 82) of those who gave the
Dirichlet-Bourbaki for function did not use the definition when
performing the identification and construction tasks. This was
interpreted as evidence of compartmentalization.

During a task-based interview conducted after the study of
functions during the first semester of calculus, Ferrini-Mundy and



Graham (1991) found that Sandy, a calculus student, used three
criteria to decide whether or not a given relation was a function:

A function had to be defined by a single algebraic formula.
The graph had to be familiar, i.e., one which she had seen in
class, including the graph of a circle.
The relation had to be continuous.

However, she did not use the three criteria consistently. For

example, she (correctly) judged a graph which was "familiar" but
not continuous to be a function.

Vinner (1983) administered a questionnaire to 65 students in
grade 10 and 81 students in grade 11 from two high schools in
Jerusalem. In four of the five questions, the students had to
determine whether or not each relation, described verbally,
represented a function. The fifth question asked the students to
explain what a function was. From the analysis of questions 1-4, it

was found that students believe:

The correspondence which describes a function should be
given by one rule.
A function can be given by several rules relating two
disjoint domains given the domains are half lines or
intervals. A rule with one exception is not considered as a
function.
A function which is not algebraic exists only if the
mathematics community officially recognizes it as a
function.
A graph of a function should be 'regular' or 'persistent'.
A function should be one-to-one.

In the analysis of question 5, four main categories were defined:

1. Students gave the textbook definition sometimes mixed
with elements from other parts of the concept image.

11



A function is a rule of correspondence.
A function is a formula, an equation, or an arithmetical
operation.
Some elements of the concept image were taken as a
definition for the concept such as a graph, the symbols
'y = f(x)', or a "two potato arrow" diagram (see Figure 2).

Figure 2. Two potato arrow diagram.

Vinner also noted that 34% of the 57% who stated the
Dirichlet-Bourbaki definition used the definition when reasoning
was required for problems 1-4. The remainder of the students
relied on other parts of their concept images which were
inconsistent with the definition.

Markovits, Eylon, and Bruckheimer (1986) investigated ninth
grade students' (n = 400) understanding of the concept of function
as they first began learning about the concept. After studying the
material, the students were given written problems in which they
were asked to classify and give examples of functions and non-

functions.
Most students were able to correctly identify relations given

in graphical form but found it more difficult to identify relations
given in algebraic form, in particular, piecewise defined functions
and constant functions. Most students were also able to give
examples of functions, with over half the students giving graphical
examples.

In the same study (Markovits et al., 1986), students were
asked to identify and find images and pre-images of functions.
Markovits et al. found that most students recognized that
(preimage, image) pairs were located on the curve but had difficulty
finding preimages and images when the function was represented in

12
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graphical form. When the function was given in algebraic form,
most were able to determine whether or not a given number was a
preimage of the function. They had more difficulty in actually

finding a preimage given an image which Markovits felt was due to
the calculations involved. For example, students were given the
following problem:

For the function f,

f : (real numbers} (real numbers}
f(x) = 4x + 6,
complete the following: f(o) = 10.

However, when determining whether or not a number could be an
image or whether a particular ordered pair could be a (preimage,
image) pair of the function, many students ignored the domain.
Students also had difficulty when the function was constant.

Goldenberg (1988) also noted students' difficulty in working
with (input, output) pairs. For example, when data was presented in
tabular form, students seemed to understand the mapping described
by associating each input with a unique output. However, when

analyzing a graphical representation, students may associate each
input number to a unique output point (input, output) rather than a
unique output number. Therefore, students may be thinking of a
graph as a mapping from numbers to points. Confusion may occur
then in trying to relate the information provided by the two
representations thus hindering an appropriate transfer between the
representations.

Summary. Rather than using a concept definition to make an
identification, a student may evoke another, sometimes
inappropriate, part of the concept image. The evoked concept image
may consist of examples of functions and non-functions previously

seen before. Familiarity with certain examples may lead students
to require additional criteria such as continuity or being defined by
a single formula. Discontinuous or piecewise defined relations may
be disallowed as functions. At some point, the evoked concept
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image may be in conflict with the definition, causing potential
cognitive conflict. However, unless both the definition and
conflicting image are evoked together, a student may feel no reason
to doubt the criteria for identification.

Compartmentalization occurs when a student does not relate
several representations for the same function. For example, a
student may indicate that a relation defined symbolically by a split
formula is not a function. On the other hand, this student may
indicate that the same relation described graphically is a function.
Because of the failure to transfer between representations, again
the student may feel no reason to doubt either the symbolic or
graphic criteria for identification. The inability to transfer
knowledge between several representations for the same function
(compartmentalization) avoids the cognitive conflict that could
lead to a correction of the difficulty.

The Concepts of Limit and Continuity

Tall and Vinner (1981) gave a questionnaire to first year
college students with either an A or B grade in A-level
mathematics. The students were asked to indicate what was meant

by lim x-31

3tx -

x - 1
) = 3 and then asked to define

Ii m f (x ) c. Of 70 students, 54 used a dynamic approach when

explaining the first question using language including "gets to close
to", "approaches", and "tends to". Tall and Vinner believed that this
might lead students to assume that f(x) cannot equal c, which could
create potential cognitive conflict.

Ferrini-Mundy and Graham (1989) found that most students were

able to evaluate limit problems such as I i a f (x ) when f was

continuous at x = a. Most were also able to graphically evaluate
limits but demonstrated very little geometric understanding. In

addition, they found that one student did not understand what the
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notation (the arrow, the word "urn") meant even though she
correctly evaluated a limit such as the one described above.

Williams (1989, 1991) investigated student understanding of
the concept of limit. He administered a questionnaire, probing
students' viewpoints about limits, to 341 college students in
second semester calculus. From this group, 50 students volunteered
to participate in the study. Ten were chosen due to the fact that
they were judged to clearly and unambiguously fit into a particular
category (viewpoint) on the basis of their questionnaires. Williams

also wanted as much diversity as possible in his sample. Five

viewpoints were considered:

Limit as motion.
Limit as unreachable.
Limit as bound.
Limit as an approximation.
Formal.

A three-part instructional sequence was used with students
participating in five interview sessions. The first session was to
explore the components of a student's model of limit. During the

second phase of the instruction comprising three interview
sessions, students were given two opposing descriptions of limit.

For example, during session four, students were presented with the
following two statements differing as to whether or not a limit
was a boundary which the function could not go beyond:

A limit is like a point or line you can't cross over. So

mathematically, a limit is a point or number that the
function cannot cross over, or get bigger than. It's the
largest or smallest the function can get as x approaches t.
The term limit has a different meaning when you use it
mathematically than when you use it in ordinary speech,

like in the term "speed limit." It isn't really a boundary or
something you can't cross over. The function can assume
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values much larger or smaller than its limit point, and even
when you get close to the limit, it can assume values both
larger and smaller than the limit. What matters is that for
all x close enough to t, the values of f(x) are arbitrarily
close to the limit. (1989, p. 295)

They were asked to explain each viewpoint and choose the one which
they agreed with more and then explain what was wrong with the
other, if anything. They were then given a set of problems and
asked to explain each from the alternative viewpoints they had just
read. During the last phase, interview session five, they were asked
to explain why their viewpoints of limit had or had not changed
during the course of the previous sessions by responding to the
three views presented during the middle three sessions.

Results from the three viewpoints--limit as unreachable,
limit as bound, limit as motion--are discussed below. Prior to the
sessions, nine of the ten students thought of the limit as
unreachable. By the last session, seven of those nine had changed
this viewpoint. Four of the ten students initially thought of the
limit as a boundary. By the end, only one still believed this to be
true. No change occurred in any of the ten students' dynamic view
of limit.

Williams noticed that some students felt that all viewpoints

were acceptable depending on the problem, with certain
counterexamples viewed as minor exceptions. Seven of the ten
placed great faith in using a graph as a means to understand the
limit concept. Williams also found that students chose the model of
limit which was the easiest and the most practical whether it was

correct or not.
Davis and Vinner (1986) conducted a study of 15 second year

calculus students. Although the study investigated the students'
concept images of limits of sequences rather than limits of
functions, results pertaining to the intuitive vocabulary which the
students used to describe the limit of a sequence may also apply to
limits of functions. Davis and Vinner felt that students have non-
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mathematical images of terms such as limit. One example is
confusing the word "limit" with bound as in a speed limit that
cannot be reached. This may interfere with the understanding of
these terms in a mathematical context.

Tall and Vinner (1981) administered a questionnaire to 41
students with an A or B grade in A-level mathematics. Five

functions were given to the students, four with both a graphical and

algebraic representation and one represented algebraically. The

students were asked to determine which functions were continuous

and to give a reason for their answers. Most students had a concept

image which did not allow a continuous function to have "gaps".
Some felt a continuous function must be given by a single formula
or that its graph must have no sharp corners (differentiability).

Ferrini-Mundy and Graham (1991) reported from an interview
that Sandy graphically judged a continuous function to have no holes

or jumps in the graph. She looked for places where f(x) was
undefined and seemed to equate this information to a jump in the
graph of f. However, she seemed uneasy about the fact that a
discontinuous function could be defined for all real numbers.

Vinner (1990) conducted a study of 406 college students in
the middle of their calculus courses in which they were presented

with four functions represented graphically and four functions in

symbolic form and were asked to determine if each was continuous

and then give their reasoning. Explanations were classified into

four categories:

For a function to be continuous is the same as being
defined and to be discontinuous is the same as being
undefined at a certain point.
Continuity or discontinuity is related to the graph.
There is a certain reference to the concept of limit,
presumably, a meaningless one.
Other cases of irrelevant reasoning. (pp. 13-17)



Between 80% and 90% of the students were able to answer
correctly those questions in which the functions were
presented in graphical form. However, Vinner considered all
the explanations falling into category 1 as to why a particular
function was continuous or discontinuous as being incorrect.
For the two continuous functions, the largest percentage (46%
and 44%) of students with correct answers gave explanations
which fell into category 1. For the two discontinuous
functions, the largest percentage of students (33% and 35%)
with correct answers gave explanations which fell into

category 2 with 20% and 22% of those with correct answers
falling into category 1.

The percent of students with correct answers for those
functions presented in symbolic form ranged from 28.5% to
74% with the two lowest percentages being attributed to the
two functions each defined (for all x) by a split formula, one
of which was continuous and one which was discontinuous.
For each of the functions represented symbolically, the
largest percent of those students who answered the problems
correctly gave explanations falling into category 1. Vinner

again felt that many of these explanations may have been
incorrect due to the fact the function defined as

y = sin(1/x) for x 0 and y = 0 for x = 0

was discontinuous at a point but defined for all x and was
correctly determined to be discontinuous by only 28.5% of the
students.

Vinner felt that those students who gave category 2
explanations were using correct relevant reasoning. They

were using a visual definition of continuity. He felt that the
category 3 explanations were meaningless because students
stated a rotely memorized limit definition for continuity or
discontinuity with no reference made to actual points of
discontinuity or continuity for the particular example. This is

an example of the concept definition having no relation to the

18
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student's actual use of the concept. Other cases of irrelevant
reasoning (category 4) included referring to one-to-oneness or
demonstrating confusion between differentiability and
continuity or indicating that a function was continuous since
it was the product of two continuous functions (one of which
was not continuous). Some students also indicated that a
function was discontinuous because it consisted of two
functions (referring to one defined by a split formula) or it

had no inflection points.
Summary. Students appear to view a limit as how the

function values move when x moves toward a target value. As with

functions, familiarity may play a role in student understanding of
the limit concept. Non-mathematical ideas such as "speed limit"
may influence how students interpret mathematical terms such as
limit.

Students seem to have a visual feeling for continuity.
However, some misconceptions include assuming that a continuous
function cannot be algebraically described with a split formula or
confusing continuity with differentiability. In the first case, the
concept image may include only examples of functions described by
a single formula. In the latter case, it appears that the wrong part
of the concept image may have been evoked. This also seemed to

occur in a study done by Vinner (1990) when students referred to
one-to-oneness and lack of inflection points in their explanations
as to whether a function was continuous or discontinuous. Another

difficulty seemed to be using the criterion that a function is
defined for all x and therefore is continuous. Students who used
this criterion when a function is presented in symbolic form may
not have made a connection between the symbolic representation
and the graphical representation, particularly since most students
correctly determined continuity when the function was represented
graphically.



The Concept of Derivative

Orton (1983b) conducted a study involving 110 students, 55
males and 55 females. Of these students, 60 were age 16-18 years
and 50 were age 18-22 and were studying to become mathematics
teachers. The purpose of the study was to investigate students'
understanding of differentiation. A clinical methodology was used.
Tasks included several rate of change problems in which the
functions, both linear and non-linear, were described using these
representations:

A verbal description of the setting supported by tabular and

graphical information--linear function.
Symbolic and graphical information--linear function.
Symbolic and graphical information--non-linear function.
Symbolic--non-linear function.
Graphical--non-linear function.
Elementary application (Find and classify critical points

and find slope of tangent line.)--symbolic information--
non-linear function.

Some of the aspects of the concept of derivative investigated
through these tasks were:

Carrying out differentiation.
Determining both instantaneous and average rate of change.
Understanding the significance of the instantaneous rate of
change.
Understanding the derivative as a limit.
Using the derivative in an elementary application.

Orton found that most students were able to routinely
differentiate polynomial functions with only four failing to

20



21

correctly differentiate y = x2 - 4x + 1. Students experienced more

difficulty when asked to differentiate y = 2/x2.

Students performed less well on conceptual tasks. A few
experienced difficulty in interpreting negative and zero rates of
change. Forty-three students did not exhibit understanding the
tangent as a limit of a set of secant lines. Students also had
difficulty with finding the rate of change at a point and the average
rate of change over an interval regardless of whether the functional
relationship was linear or non-linear. A difficulty in understanding
ratio and proportion may underlie students' problems in
understanding rate of change.

Most students were able to find the slope of the tangent to

y = x3 - 3x2 + 4 at x = 3. Errors in determining the coordinates of

the extrema of the above function were mostly algebraic.
Vinner (1990) conducted a study involving 119 students from

Israel who had studied calculus in high school. After two or three
years of military service, these students were beginning their study
of calculus at the university level. This course was for students
who got an A on their mathematics matriculation examination.
Vinner asked the students to respond to the question, "What is a
derivative?" Six percent gave a correct limit definition of
derivative and 25% gave a "correct conception of the derivative in
its visual sense" (p. 21) making reference to the slope of the
original function. Twenty-three percent thought of the derivative
as a function obtained by certain rules or made reference to its

applications. The remaining 46% gave unacceptable answers,
vaguely recalling in a meaningless way, words, symbols and
pictures related to the topic.

Ferrini-Mundy and Graham (1991) found that Sandy, a calculus
student, was able to compute derivatives quite efficiently. She was

also able to accurately describe the steps of a curve-sketching
procedure. However, she did not know how the tangent line related
to the derivative of a function or how the function was related to
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its derivative. Sandy did not seem to have a geometric
understanding of differentiation. She seemed unable to process
information given the graphical representation for a function. For

example, when asked to sketch the graph of a function given the
graph of its derivative, she first found an algebraic expression for
the function, differentiated, and then sketched from the symbolic
derivative.

Summary. The above studies indicate that students may be
able to carry out the routine aspects of differentiation and also may
be able to follow basic procedures such as those prescribed for
curve sketching. However, students may have difficulty in their
conceptual understanding of the derivative, so they may not be
making connections between the procedural knowledge and the
conceptual information pertaining to the procedure. Orton (1983b)
also commented that difficulties with algebra may be obscuring the
ideas of calculus. Two examples from his study include factoring a
simple quadratic and expanding a binomial squared.

The Concept of Integral

In the same study in which he investigated students'
understanding of differentiation, Orton (1983a) investigated
students' understanding of integration. The interview tasks were
designed to test student understanding of integration as the limit
of a sum and also to test applications of integration. Among the
tasks were six which dealt with limits of sequences, two of which
involved numerical sequences. Over half the students were unable

3nto find lim (n = 1, 2, 3,...). There was a tendency for
n+1

students to treat as an algebraic symbol which can be
manipulated similarly to letters which represent numbers in
algebra. Orton felt that most of the errors for this task indicated a
lack of understanding of numerical sequences.

Several tasks were designed to test student understanding of
integration as the limit of a sum. For example, students were asked



to find the areas of the following rectangles with uniform widths
(see Figure 3).

Figure 3. Example of a task designed by Orton to test students'
understanding of integration as the limit of a sum.

Most of the errors were algebraic. Students were then asked to
create a sequence that would give approximations to the area under
the curve. Of the 79 respondees, 62 were able to find a general
form for the sequence and also evaluate the limit. The proportion of
correct answers for these tasks was similar to the proportion for
those tasks above in which students were asked to find the limits
of several sequences. However, only 10 students were able to say
that the limit of the sequence would give them the area under the

curve y = x2 from x = 0 to x = a. Subsequent tasks also showed that

very few students understood integration as the limit of a sum.
For the most part, the principles of antidifferentiation were

understood for functions of the form y = axn with some difficulty

experienced when n was a negative or fractional index.
When asked to calculate the area between a curve and the

x-axis from given points x = a and x = b, students found difficulty
both in obtaining this area and in explaining their answers when the
curve was below the x-axis and also when the region was infinite.

23
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between f x2dx and fX2dx = x313 + C is that the latter is similar

to finding the area under the curve but you don't know how far to go.
She indicated on the graph in Figure 4 where C would be if C = 2.

24

Ferrini-Mundy and Graham (1991) found that Sandy thought of
the integral as a process. She also exhibited confusion between a
definite integral and an indefinite integral. To her, the difference

Figure 4. Sandy's graphical interpretation of the constant C which
occurs when evaluating an indefinite integral.

Sandy was also unclear as to how a Riemann sum was connected to
integration but vaguely remembered something similar to that in a
proof. She also wasn't sure if limits had anything to do with the
integral.

Summary. As with differentiation, students may think of
integration as a procedure. They may have very little understanding
of integration as the limit of a sum and may have difficulty with an
area application if the function is negative or if the function is
undefined at some point in the interval of integration. Again, as
with previously discussed concepts, algebra seems to be causing
difficulty.



Students' Use of Multiple Representations

Part of the richness of the concept image is the variety of
representations for that concept and the strength of the
connections between the representations. Goldenberg (1987)

states,

...each well-chosen representation views a function from
a particular perspective that captures some aspect of
the function well, but leaves another less clear: taken

together, multiple representations should improve the
fidelity of the whole message. (p. 97)

The following studies indicate that students may be able to work
with more than one representation but may not be making
connections between the various representations.

Markovits, Eylon, and Bruckheimer (1986) found that most
students understood that a function would have more than one
representation. Approximately 50% were able to identify two
functions, one represented in algebraic form and the other in
graphical form, as being the same. Difficulties occurred with the
other students in that they ignored the domain and range.
Difficulties also occurred when the students were asked to find an
algebraic representation for a function (linear) given in graphical

form with less than one-third responding correctly. If the function
was similar to ones they had worked with in class, it was easier
for them to transfer from algebra-to-graph than vice-versa. When

unfamiliar functions were presented to the students, both types of

transfer were difficult.
In a study done by Dreyfus and Eisenberg (1988), the following

three problems were given, each to a different group of calculus
students.

Integrate f(x,y,z) = 4xz - 3y over the region x 0,

y 0, 0 z 3.
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Find 11x2- 51x1+ 61 dx.
5

Find the equations of the tangents to the circle

x2+ y2 = 10 which contain the point (5,5). (p. 2)

Most students were able to draw appropriate sketches
pertinent to the problem but were not able to relate the information

from the sketch when algebraically describing the problem. So,

both graphical and algebraic representations were available to the
students but there was no connection between the two.

Monk (1989) indicated that the representation used to
describe a function plays a large role in whether or not students can

answer questions about the function. He gave the following problem

as an example:

A car moves along a track, and its position at various times is

described by the following function (given by a graph or
formula). Give the time at which the car is 10 miles from the
start. (p. 3)

He felt that most students in a beginning calculus class would not

be able to correctly answer this question if the function were given

in symbolic form. However, many would be able to solve this
problem if the function were described using its graphical
representation.

Dick (1988) noted that students tended to ignore the graph of
a function when judging the reasonableness of the result of a
definite integral even when the graph was produced prior to the

integration and was visually adjacent to the integration problem.

He also indicated that over 50% of the students could be expected to

use symbolic methods when performing the integration (even when a

geometric solution was available).
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Ferrini-Mundy and Graham (1991) found that students may
treat algebraic contexts and graphical contexts as separate worlds.
Ability to relate the two contexts may differ depending on the
concept. For example, Sandy, was able to connect information
provided from the symbolic form of a function to its graphical
information when discussing the concept of continuity. However,

for the concept of derivative, she had difficulty relating graphical
and formula-based understandings.

In each of the above studies, students seemed to be able to
work with different representations. However, they seemed unable
to relate similar information provided by the different
representations.

Suggestions for Curriculum Change

How can educators help students develop rich and accurate
concept images? What can be done to diminish
compartmentalization? Can technology play a role in helping
students build rich and accurate concept images? If so, how?
Below are some suggestions researchers have made for improving
students' conceptual understanding of calculus concepts.

One suggestion is to teach calculus using an informal
investigation as a first approach. For example, a first exposure to

limits, differentiation, and integration might include numerical and
graphical explorations. Technology provides the opportunity for
such explorations. This approach can then be followed by an
algebraic approach (Orton, 1983a, 1983b).

Another suggestion is for teachers to include informal
reference to infinite processes throughout students' mathematics
education. Informal meetings with limits and infinity within other
topics could improve students' understanding of these concepts at
the calculus level. For example, geometric series can by
investigated by paper folding. Another opportunity would be in
elementary geometry, discussing properties of polygons with an
increasing number of sides. Basic concepts of calculus need to be
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revisited throughout a student's study of mathematics, with each
new look becoming more formal than the previous one
(Orton, 1983a, 1983b).

Tall (1985) feels that teaching a concept in stages and
building up to the total concept may be one reason why students
have difficulties. At each stage, a student is reorganizing this
information and may be making inappropriate assumptions. He feels
one should present the whole concept first. Technology provides the

opportunity to do this. For example, rather than begin with teaching
the derivative as a limit of secant lines and the slope of the tangent
line, one should begin with showing the students that the derivative
is actually not just the slope of the tangent line but the slope of the
graph itself. Use of graphing technology makes this approach
extremely feasible since one can zoom in on the graph to observe its
behavior locally.

Other suggestions for improved understanding of functional
concepts include the teaching of concepts via several
representations of the same function. This may be a way to
decompartmentalize students' concept images. The Curriculum and
Evaluation Standards for School Mathematics (NCTM, 1989)
indicates that for grades 9-12, the mathematics curriculum should
include study of functions so that all students can:

represent and analyze relationships using tables, verbal
rules, equations, and graphs;
translate among tabular, symbolic, and graphical
representations of functions. (p. 154)

The Standards also advocates informal explorations of calculus
concepts from both a graphical and numerical perspective in
preparation for a formal study of calculus in college.



Role of Technology

At least two of the Calculus Reform projects, the Harvard
Project and the Oregon State University Project, are emphasizing
the study and exploration of calculus concepts within the three
representations: symbolic, numerical, and graphical. Both projects
are using technology capable of graphics and symbolic manipulation,
making it easy for the students to work with and transfer among
these representations.

The Triple Representation Model (T.R.M.) curriculum was
designed by Schwarz, Dreyfus, and Bruckheimer (1990) to help
students overcome some of the conceptual difficulties they have
when working with functions. T.R.M. is set in a microcomputer
environment. Students worked on activities guided by the
instructor. Periodically, the teacher would pull the students
together for discussion and a summary. The software was designed
to allow students to easily move among three representations for a
function: graphical, tabular, or symbolic. The students were able to
consult results previously obtained in one representation while
working in another.

Technology may provide a means to implement suggestions
which could help improve students' concept images of calculus
concepts. Orton (1983a, 1983b) and Tall (1985) have indicated that
use of technology would be advantageous in carrying out their
suggestions for improved conceptual understanding. The next
section reviews some of the research literature pertaining to
technology and its use in the classroom, specifically its use to
present concepts via multiple representations: graphical,

numerical, and symbolic.

Technology and Multiple Representations

A body of research is beginning to emerge regarding the
effects on students who have used the computer or a graphing
calculator as a tool to work with the three representations of
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certain functional concepts. The first nine studies involve calculus
students and the remaining studies focus on precalculus students.
These studies are then followed by a summary of some of the
difficulties students face when using graphing technology.

In Heid's (1984, 1988) study of resequencing skills and
concepts, two classes of applied calculus students (n = 39 total)
spent the first 12 weeks of the term using graphical computer
programs to analyze concepts of calculus and symbolic manipulation
programs to perform routine calculations. The two sections, taught
by the same instructor, differed in that the instructor demonstrated
examples of basic algorithms throughout the term to Experimental
Section 1 whereas Experimental Section 2 saw no such
demonstrations. In both experimental classes, the last three weeks
were then spent on skill development. Comparison data was
gathered from a traditional large lecture class (n = 100) in which

skills had been practiced for the entire 15 weeks.

Data was gathered from the following:

Sixty-nine audiotapes of the experimental class lectures in

which 41 were randomly selected to be transcribed.
Twenty audiotapes of student interviews--15 from the
experimental classes and 5 from the comparison class.
Copies of student assignments, quizzes, and exams.
Copies of several student's notes taken from the board
during class.
Field notes taken from observations of 15 sessions of the
large lecture comparison class.
Student responses to a questionnaire.
Field notes on encounters with students outside of class.

Quiz and exam questions for the experimental classes prior to

the final exam were designed to test concepts and applications
which did not require the ability to perform algorithms. Some of
these questions were also included on exams for the comparison
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group. The final exam, however, consisted of questions which
primarily required knowledge of routine textbook algorithms.
Experimental sections outscored the comparison section in 14 of 16
parts of the concept questions from the pre-final quizzes and exam.

Students in the experimental classes scored almost as well on the
final exam as those in the comparison group with the mean scores
(200 possible points) of each group as follows: Experimental

Section 1 (n = 18)-105, Experimental Section 2 (n = 17)--115, and

Comparison Section (n = 100)--117. (Several students completed
alternate final exams and their scores were not included.)

Interview results indicated that students in the experimental
classes were more creative yet accurate and more detailed in their
responses to questions and were better able to tie ideas together
than students in the comparison class. For example, interviewees

from the experimental classes constructed representations of the
Riemann sum concept which were different in form than those

presented in class or in the textbook. One student correctly
constructed the trapezoidal rule which was not covered in class or
in the textbook and then further explained the difference in error
for curves which were concave up and those which were concave
down. No similar instances of construction were found in the

transcripts of those students interviewed from the comparison
class.

Pa!miter's (1991) study included students from two
engineering integral calculus classes, each being taught by a
different instructor. The traditional group (n = 41) was taught
integral calculus where the students computed antiderivatives and

definite integrals using paper-and-pencil methods. The

experimental group (n = 40) was taught the same topics and was
exposed to some of the same examples but used the computer

algebra system, MACSYMA, to compute integrals. The experimental

group covered in five weeks the same (conceptual) material covered

in ten weeks by the traditional group. During the last five weeks of
the term, the experimental group was taught paper and pencil

methods for evaluating integrals.
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At the end of the first five weeks, the experimental group was
given identical conceptual and computational exams as the
traditional class was given at the end of their ten week term. The

experimental class was allowed to use MACSYMA on the
computational exam and was allotted one hour for the exam. They

received no partial credit for syntax errors. The traditional class
received partial credit for careless computational errors and was
allotted two hours.

Significant differences, favoring the experimental class, were
found between the scores of the experimental class and the
traditional class on both the conceptual and computational exams.
On the conceptual exam, the experimental group (n = 39) had a mean

of 89.8% with the traditional group (n = 39) having a mean of 72.0%.
For the computational exam, the experimental group (n = 38) had a
mean of 90.0% and the traditional group (n = 39), a mean of 69.6%.

Judson (1988) also investigated the effects of resequencing

different skills and concepts in an elementary business calculus

course. Four groups of students participated in this study: two

experimental groups (n = 11, n = 13) and two traditional groups
(n = 10, n = 14). The experimental groups were taught concepts and

applications of the derivative prior to algorithms. They made use of

the computer algebra system, MAPLE. The traditional classes were
taught algorithms together with concepts before applications. The

investigator together with another instructor each taught one
experimental section and one traditional section. The same

textbook, lesson plans, tests, and handouts were used for all four

sections.
No significant differences in achievement were found between

the experimental and the traditional groups in any of the three
areas: skills, concepts, and applications. However, Judson felt the
students had increased motivation to learn about the derivative and

found the material more interesting when the applications were
studied first. She also felt that the study showed that students can
understand concepts and applications without doing symbolic
manipulations by hand.
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Hamm (1989) conducted a study in which he developed and
implemented a computer oriented instructional program for
introductory calculus students. One of the purposes of the study
was to investigate the association between a computer oriented

calculus instructional program, a non-computer oriented calculus
instructional program, and student achievement. Two groups of
students participated in the study. The same lecture format,
textbook, and homework problems were used for both groups. The

non-computer group (n = 40) was taught new concepts and skills in

a traditional way using the chalkboard for demonstration purposes.
The computer group (n = 32) saw demonstrations of various
concepts displayed on an overhead projector using the
microcomputer software programs, Arbplot by Conduit, Inc. and The
Calculus Toolkit by Addison-Wesley Publishing Company. In

addition, 20 computer lab assignments were given to the computer
group. The non-computer group was given paper-and-pencil
problems covering the same objectives as the computer lab
assignments.

Three achievement exams were given covering the following
topics: functions and limits, differentiation, and
antidifferentiation. Each measured mechanical skills in problem

solving. There were no significant differences between the two
groups found on any of the three exams. So, Hamm felt that
computer oriented instruction had no affect on achievement when

achievement was measured in terms of mechanical skills. However,

he felt that had he measured the geometric conceptual aspects of

the topics covered, the results would have been "unfairly skewed" in

favor of the computer group.
Beckmann (1988) observed four groups of calculus students

(n = 163) , each group having various degrees of graphics exposure
with and without the aid of the computer. Each group and its type

of exposure is described below:

(G) Exposure to a computer-graphically developed
conceptual course.



(G+) Exposure to the same course as G subjects plus
provision of computer graphics software and related
supplemental assignments.

(Si) Exposure to a graphically developed conceptual course
without the computer.

(S2) Exposure to a traditional skill-oriented course.

Concepts were presented to (G) and (G+) sections through real
world applications. They were first modeled graphically and then
those results translated to a symbolic representation.

First, (G) and (G+) were compared. No significant differences

were found on any of the cognitive or affective variables between
(G) and (G+) sections even though (G+) subjects' scores on cognitive
measures were a little higher than those of (G) subjects. It was
later discovered that 48.5% of the (G+) subjects never used the
computer when it was required or for assignments suggested.

Second, all four groups were compared. For non-routine
symbolic questions, significant differences favoring (G) over (S2)
were found. Non-routine symbolic questions are those in which
students had no known answer nor previously established routine
procedure. For example, students were asked to solve the following
problem:

Indicate which of the graphs below correspond to a function f
that has the following properties:

f (C) > 0, f '(c ) > 0, f "(c ) > 0 at the point x = C.

Briefly, support you answer. (Students were presented with 5
different graphs.) (p. 393)

No other significant differences were found. Beckmann also found
that the percent of students completing the course was higher in

(G+), (G), and (Si), the conceptually developed sections.
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In summary, Beckmann felt that student understanding and
interest was positively affected by a graphically developed
conceptual course and that skill acquisition was not necessarily
negatively affected.

Schrock (1989) conducted a study involving three sections of
Calculus I college students. Two classes (n = 25, n = 25) were
randomly chosen as control groups while the third class (n = 24)
was designated the experimental group. One purpose of Schrock's
study was to investigate any differences between students using a
computer algebra system and those in a traditional class in their

understanding of Calculus I concepts. A second purpose was to
investigate any differences in computational abilities between the
group. The third purpose was to investigate any differences
between the groups when working application problems.

The experimental group used the computer algebra system,
MAPLE. Both groups covered the same material, used the same
textbook, followed the same course outline, and were assigned the
same homework problems. Calculators were allowed for in class
exams and homework problems. Students in the experimental group
were allowed to use the computer for all assignments and in some

cases were required to use the computer. The investigator taught
the experimental group and one control group. A second instructor

taught the other control group.
During the thirteenth week of class, all groups were

administered a conceptual exam. Students were not allowed to use
a calculator nor was one needed. Significant differences in the
means between the control groups and the experimental group were

found. The experimental group's mean was 51.67 and the two means
for the control groups were 33.08 and 36.08. No significant
differences were found between the two control groups.

All groups were administered a final exam which was
primarily computational, 38 of 51 questions. Six of the 51
questions were conceptual while the remaining seven dealt with a
direct application of a theorem or definition. Although the
experimental group's mean on the final exam scores was highest, no
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significant differences were found. Schrock felt this indicated that
the experimental group, having used the computer algebra system,
showed no loss in computational abilities. Significant differences
favoring the experimental group were found in the mean scores for

the conceptual questions. Again, no significant differences were
found between the two control groups.

Students were also given a chapter exam consisting of

application problems. Students in the experimental group were
allowed to use the computer. Significant differences favoring the
experimental group were found with no significant differences
between the two control groups.

In summary, Schrock felt that calculus courses emphasizing
the development of concepts rather than skills acquisition through

the use of technology ( a computer algebra system) would have a
positive effect on the students. She felt paper-and-pencil
calculations should not be eliminated but that students should learn
to distinguish between appropriate methods to use to solve

problems whether it be paper-and-pencil, a computer algebra
system, or a combination of both.

Over a period of three years from 1983 - 1986, an experiment
was done by Dolcetta, Emmer, Falcone, and Vita (1988) at the
University of Rome using personal computers in calculus and
advanced calculus courses. During lab sessions, the students guided
by the instructor would discuss a problem, construct a program, and

then test it on a variety of examples. In many cases, the students
could visualize graphically and numerically the mathematical
phenomena pertaining to various examples and observe the
relationship between the algorithm and the results of and also the

limitations in using the algorithm. The students were able to move
among three representations quickly with the aid of the computer.

At the end of the last semester of the experiment, a
questionnaire was administered to the entire computer group
(n = 40) for that term and 24 volunteers from the traditional
classes. These were all students from the first year course. The

main purpose was to determine whether or not students solving
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problems on the computer develop a particular intuition on the
subject. Only three problems showed significant differences
between the two groups. Two of the problems favored the computer
group. For one of the problems, students were asked to discuss the

real roots for the function f (x) = exp(-x2) - x2 . Multiple choice

answers were given in the form of intervals. 32.5% of the computer
group answered this problem correctly in contrast to 16.7% of the
traditional group. A second problem required the students to

it 12

estimate fsin(x) dx. Again, multiple choice answers were
it/4

presented in the form of intervals. Of the computer group, 50%
answered this problem correctly in contrast to 33.3% of the
traditional group. The third problem, favoring the traditional group,
asked the students to find the number of zeroes of the derivative of
f (x) = (x - 2)(x - 3)(x - 4)(x - 5). Multiple choice answers were

integer values. Of the traditional group, 70.8% answered this
problem correctly in contrast to 47.5% of the computer group.

In summary, Dolcetta et al. felt that visualization of
mathematical phenomena helped the students to gain basic
knowledge more quickly and to develop math intuition. The students

felt that certain theoretical concepts, which were previously
unclear, were clarified with the aid of the computer.

Melin (1990) conducted a study consisting of two groups of
first term calculus students each of size n = 24. The purpose of his

study was to compare the achievement of students who used
graphing calculators (Casio fx-70000) in class with those who did

not have access to this type of calculator. The investigator taught
the experimental group and another instructor taught the control

group. The experiment was conducted over a period of four weeks
and included the following topics: critical points, existence of
derivatives, continuity of a function, vertical and horizontal

asymptotes, cusps and vertical tangents. Students in both groups
used the same textbook and were exposed to the same topics,
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examples, and problems. The main difference in instruction was
that the students in the calculator class produced their own graphs
of the functions under discussion whereas the students in the non-
calculator class saw similar graphs drawn by the instructor on the

chalkboard. A second difference was that the calculator class saw
more graphical examples than the non-calculator class.

Two departmental exams not specifically designed for the
experiment were given during the semester. The experimental
instruction occurred between exam one and exam two. The

calculator students were not allowed to use their calculator on

exam two. Statistical analysis of the test scores indicated that the
calculator students (adjusted mean = 116.55 out of 150) performed

significantly better than the non-calculator students (adjusted
mean = 97.49) on exam two. In conclusion, Melin felt that a
textbook designed to encourage and incorporate the use of graphing

calculators might have produced an even greater achievement on the

part of the calcUlator students.
Stout (1991) conducted a two day study in which elementary

calculus students (n = 9) used the HP28S calculator to study the
concept of derivative. Using the graphics and symbolic
manipulation capabilities of the HP28S, the students began by

graphing a polynomial, finding and graphing its derivative, and then
analyzing relationships between the two graphs. Students in a
control group (n = 10) studied the concept of derivative in a
traditional manner using a standard calculus text without the aid of

any graphics technology.
Two 5-item tests were administered to both groups in which

no calculators were allowed. The first test consisted of graphs of
functions in which the students were asked to sketch the graph of

the derivative of each. On Test 2, the students were asked to
sketch the graphs of several functions from the graphs of their

derivatives. On Test 1, the experimental group scored significantly
higher. However, on Test 2, no significant differences were found
between the means of the two groups.
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Schwarz, Dreyfus, and Bruckheimer (1990) conducted a study
with students who used the Triple Representation Model (T.R.M.)
curriculum. The study was conducted over a ten week period using
ninth grade students (n = 35) from an Israeli junior high.

Results from the T.R.M. group were compared to those from a
similar group (n = 83) from a study done by Markovits, EyIon, and

Bruckheimer (1986) and another group of USA high school students

(n = 111) who had participated in a study done by Karplus (1979).

The T.R.M. students were asked to respond to four questions. The

four questions included:

Given a set of five data points (input, output), predict the

outputs of three inputs not included in the data points.

Given two points displayed in a coordinate plane, determine
the number of functions that can be drawn.
Given seven points displayed in a coordinate plane,
determine the minimum of the function whose graph passes
through those points.
Given four points displayed in a coordinate plane and a
symbolic expression for a function whose graph passes
through the points, determine the minimum of the function.

Analysis led to the classification of functional reasoning in the

following way:

Intuitive, discrete reasoning.
Linear reasoning.
Partial curved-line reasoning.
Full curved-line reasoning.

For example, a student using intuitive, discrete reasoning would

make no attempt to fit a continuous model to a problem. A student
using linear reasoning might indicate only one curve, a line, can be

constructed to pass through two given points in the coordinate

plane whereas a student using curved line reasoning might indicate
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more than one curve can be constructed and/or construct a curved

graph. The distinction between levels 3 and 4 is between having
conceptual knowledge about the function concept (level 3) and being
able to connect conceptual and procedural knowledge (level 4). This

classification was modified from a similar categorization done by
Karplus.

Results from question 1, designed by Karplus and administered

by all three researchers, indicated that 41% of Karplus's students
used intuitive, discrete reasoning, 41% linear reasoning, and 18%

curved-line reasoning. Of Markovits's students, 83% used linear
reasoning and 17% curved line reasoning. However, 31% of T.R.M.

students used linear reasoning and 69% curved-line reasoning.

The second question designed by Markovits et al. was
administered by Markovits et al. and Schwarz et al. The purpose

was to further investigate students' attachment to linearity.

Results indicated that 68% of Markovits's students drew a linear

graph and 32% a curved graph with 50% indicating the number of
functions through two given points is infinite. 36% of the T.R.M.
students drew a linear graph and 64% a curved graph with 92%
indicating the number of functions through two given points is
infinite

The other two questions were asked by Schwarz et al. in order

to refine the analyses from questions 1 and 2. From the analyses of

the answers to these two questions, Schwarz et al. felt that at
least 43% of the T.R.M. students reached level 4. In summary,

Schwarz et al. felt that T.R.M. enabled students to attain high levels

in functional reasoning.
One of the purposes of Kent's (1987) study involving college

level college algebra students was to investigate how a
microcomputer based graphics program used to supplement
classroom instruction would affect achievement. The study
involved four groups of 35 students, two of which became the
experimental groups while the other two became the control groups.
Each of two instructors taught both an experimental class and a

control class. The experiment was conducted over a period of three
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weeks. During both experimental classes, the teachers used the
microcomputer software programs, CactusPlot and Quadratics in
One Variable, to demonstrate graphs of polynomial functions. The

control classes had traditional exposure to the same material via
the chalkboard. One of the experimental groups was assigned
problems from the text without any guidance as to how to use the
computer to help solve them. The other experimental group was
assigned problems and then guided as to how to use the computer to
help solve the problems.

On a posttest, no significant differences were found between
the combined control groups and the combined experimental groups.
However, significant differences favoring the experimental group
with reinforcing lessons were found when compared to each of the
control groups. No other pair-wise comparisons were significant.

Gesshel-Green (1987) conducted a study involving two groups
of high school students enrolled in Algebra II. Both groups were

taught by the researcher using the same textbook, covering the
same topics, and assigning the same exercises. One group (n = 33)

was taught in a traditional manner in which the teacher used the

chalkboard to demonstrate concepts. For the second group (n = 30),
the interactive microcomputer graphics program, PLOT, was used in

daily demonstrations and in small group work beginning the fifth

week of a fifteen week term. Seven class sessions were spent in
the lab analyzing families of equations and solving equations and

systems of equations.
Formative tests consisting of items covering concepts and

skills studied by both groups were given at the end of each of three

units. Two cumulative tests were given. No significant differences
were found between the groups on either the formative tests or the

summative tests. However, Gesshel-Green observed that students
with difficulty using symbol manipulation methods were successful
using microcomputer graphics. He also observed that students in
the traditional group tended to work alone and become extremely

frustrated graphing families of equations whereas students in the
computer group tended to work together and share ideas.
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Dreyfus and Eisenberg (1987) conducted a study with high
school students using the Green Globs computer software developed
by Dugdale and Kibbey (1982). The purpose of the study was to
investigate the effect of the computer software on students'
understanding of transformations on functions resulting from
changing the coefficients of their algebraic representations. Other

goals included emphasizing the geometric representation for a
function and helping students to progress in establishing a link

between the algebraic and geometric representation. Eight pairs of
high school students with similar scores on a pretest participated

in the study. One from each pair went into group A and the other
into group B. They were then paired again within the group with the
two students having the highest scores becoming pair one, etc.
Group A was free to choose their own functions to work with. In

contrast, group B's activities were highly structured in that the
students were directed as to which functions to investigate and

which parameters to vary.
Written posttest results were not significantly different

between the two groups so Dreyfus and Eisenberg felt that any
improvement was as a result of the Green Globs activities rather

than the structure of those activities or lack thereof. The biggest

improvement between pretest and posttest scores occurred on the

non-standard part of the test which included questions involving

the effect of changing parameters and shifting/stretching
transformations. The mean percent scores changed from 24% to
50% from pretest to posttest. Interview results indicated that the
students progressed toward processing the information visually.

However, only three of eight students interviewed had established

the connection between the graphical and algebraic representation

for a function.
Browning (1990) developed the Graphing Levels Test in an

attempt to assess growth in understanding of functions and graphs

by measuring growth in graphical ability. She based her belief that
understanding of functions and their graphs occurs in levels on

research pertaining to the van Hiele levels of geometric
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understanding as characterized by Shaughnessy and Burger (1986).
The graphing levels are defined are follows:

Level 0: Students who don't meet level 1 requirements.

Level 1: Students can interpret scattergrams and block graphs
and recognize a straight line represents a constant
rate.

Level 2: Students begin to focus on the components and

properties of a graph.
Level 3: Students make the mathematical connections

necessary to understand the importance and use of

graphs.
Level 4: Students use abstract reasoning and their advanced

mathematics in the interpretation of graphs.

Browning then conducted a study in order to investigate any

differences in graphing ability and understanding of functions

between students from the Calculator and Computer Precalculus

Project conducted by the Ohio State University and students in a
traditional precalculus course not using technology to enhance the

curriculum. Within the project, computers and calculators were
used to emphasize the relationship between the numerical,

algebraic, and the graphical representations of functions.

Precalculus students from four high schools participated in the

study.
The Graphing Levels Test was used as a pretest and a posttest

together with pretest and posttest interviews. Prior to
precalculus, pretest information indicated 77.7% of the students

were operating at levels 0, 1, or 2. Posttest results indicated that
68.7% in the traditional group (n = 32) remained at graphing levels

0, 1, or 2 while 73.1% of the students in the technology group

(n = 125) were functioning at levels 3 and 4.
Browning (1991) conducted another study in which she used

data gathered from the high school students involved in the
Calculator and Computer Precalculus Project from the study
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mentioned above. She compared these students to over 100 college
students in traditional precalculus classes using the Graphing
Levels Test also described above.

Posttest results indicated that 59% of the traditional
students taking the pretest remained at levels 0, 1, or 2. She also

found that 67.6% (n 75) of those taking previous college math
courses remained at levels 0, 1, or 2. As mentioned above, 68.7% of
the traditional students from the high school sample of her earlier
study remained at levels 0, 1, or 2 whereas 73.1% of the calculator
and computer group were operating at levels 3 or 4.

As a result of these studies, Browning felt that learning of

functions and their graphs occurs in levels. If this is the case,
Browning feels that instructors should organize their instruction in

order to help students learn more effectively. She also indicated

that one advantage of using graphing technology is that it allows

students to form their own ties. This study showed that students
using technology may have stronger connections between the

graphical and algebraic representations for a function.
The introduction of graphing technology into mathematics

instruction can also be a source of misconceptions for students.

When viewing a graph, many illusions can arise. An inappropriate

scale and/or viewing window can hide important graphical behavior.

(Goldenberg, 1987, 1988; Dunham, 1991). Problems also arise in
how students interpret perceptual features of the graph such as the

"slant" of the graph of a linear function or the "fatness" of a

parabola. Other features of a computer generated graph which cause

difficulty include the connecting of points across a vertical

asymptote and the appearance that a graph is continuous when it is

actually discontinuous and vice versa (Goldenberg, 1988). Similar

misconceptions occur when students are using the supercalculator.
A hole in a graph may be displayed as a missing pixel, a jagged

"jump" or "drop", or not at all. Students also misunderstand the
effects of round-off errors when performing numerical calculations

(Dick, 1990).



Summary

Use of technology in the classroom appears to affect student
learning in a positive way. Those students using technology to
access multiple representations may have "richer" concept images
than those who do not have the same experience. In all the above
studies, investigators wanted to place more emphasis on
development of concepts with less emphasis on skills acquisition.

Use of technology, capable of graphing and symbolic manipulation,
allowed them to easily implement this change in emphasis. They

hoped for better conceptual understanding. All felt their studies
showed this to be the case. In addition, students using technology
were no worse than their traditionally taught counterparts at skills
manipulation. Dick and Shaughnessy (1988) noted that calculus
students using technology appear to view technology not only as a
fun way to assist them in learning mathematics but also as a tool

to assist them in problem solving, though the tool itself is not the
problem solver. However, in order to obtain any positive effects
from the use of technology, students need to be guided to
appropriately interpret the results on the computer or calculator
screen due to misconceptions which can arise.

4 5



Chapter Three: Research Design

Purpose of the Study and its
Relationship to the Experimental Literature

A review of the literature concerning the concept images held
by students studying calculus indicated that these images may be

incomplete, inaccurate, or contain conflicting information.
Students may find it difficult to make connections between several
representations for the same functional concept. It may be that
constant exposure to several representations and constant transfer
between several representations would help students build richer

concept images.
Technology can provide a means for presenting concepts via

multiple representations and for students to work within multiple
representations. A review of the literature indicated there may be
some positive effects from the use of technology, capable of
graphing and /or symbolic manipulation, in the classroom. In the
studies cited, technology allowed for an increased emphasis on
conceptual understanding with a decreased emphasis on skills
manipulation. Investigators felt that students using technology had
better conceptual understanding than those students not having this
exposure. It was also noted that those students using technology
were no worse at symbolic manipulation skills than those students

not using technology.
The "supercalculator", a hand-held calculator with graphics

and symbolic manipulation capabilities, is a relatively new advance
in technology. (For the remainder of this paper, "supercalculator" or
just "calculator" will refer to the Hewlett-Packard 28S or the
Hewlett-Packard 48SX). Very little extensive research has been
done on the effects of the use of this calculator in the classroom.

Some researchers of student understanding of calculus
concepts such as function, limit, derivative, and integral have noted
implications for instruction that call for teachers and students to
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make greater use of multiple representations (Orton, 1983a, 1983b;
Tall, 1985). The Curriculum and Evaluation Standards for School
Mathematics (NCTM, 1989) is calling for similar instruction for
grades 9-12. A precalculus curriculum (Schwarz, Dreyfus, &
Bruckheimer, 1990) and some of the projects (Harvard Project,
Oregon State University Project) involved in the calculus curriculm
reform movement have taken that direction. As with some
computer software, the supercalculator provides better access to
multiple representations and the opportunity to make more use of
multiple representations. The supercalculator has an advantage
over the computer in that it is constantly available to the students
for classroom work, tests, and homework.

What impact will the use of and access to this calculator in
and out of the classroom have on students studying differential and
integral calculus, in particular, with how they deal with
representational issues? More specifically, the following areas are
the focus of this study:

Student's representational knowledge and concept image

Representational facility

Can the student work individually with each of three
representations: graphical, numerical, and symbolic?

Connections among representations

Does the student see connections among the three
representations?



Management of representations

Does the student have a preferred representation and how
does the student vary the choice of representation depending
on the problem? Does the student transfer among the three

representations?

Student's calculator usage and interpretation of calculator results

Management of the calculator

How and when does the student use the calculator in

undirected situations (that is, when there are no specific
instructions given as to its use?

Conflict resolution and confidence in the calculator

If conflicts are produced while working with the calculator,
does the student recognize them? If so, how does the student

resolve them? How aware is the student of the calculator's
numerical and graphical limitations?

The calculator has a potential to provide students with the ability
to investigate concepts from three different viewpoints: graphical,

numerical, and symbolic. Can this improve the quality of their
concept images? The first group of questions will investigate
whether or not those students having constant exposure to multiple
representations have different concept images than those who do

not. To complement this first group, the second group of questions

will investigate how students use the calculator and how they

analyze its results.
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Design and Methodology

Setting and Subjects

The setting for this study is the Oregon State University
Calculus Project funded by an NSF grant (#USE-895 3938). The
experimental group consisted of 324 students from 12 institutions
throughout the United States. The types of schools participating in
the project, their corresponding codes, and the number of students

who participated are shown in Table 1:

Table 1
Summary of Students Participating in the Study

An experimental class was taught at each of the 12 schools

with school 2C5 having three sections using the experimental

materials. Because data for the experiment was gathered over a
period of two terms, the numbers of students above indicate the

maximum number of students participating during any one term.
They do not reflect the total number of different students. In the
analysis of the data, no distinction was made between those
students who had participated for both terms and those who had

not.
The traditional calculus students came from several sources.

The instructor from school 202 also taught a traditional calculus

class. Students (n = 12) from this class, coded 2C2N, served as one

source of traditional differential calculus students. These students
completed the paper-and-pencil tasks pertaining to the concepts of

function and limit. A non-project instructor teaching a traditional
differential calculus class at the project site UC1 administered one

49

High
Schools

Two-year colleges

UC1

Four-year
University

UC2

and
colleges
UC3 U04Code HS1 HS2 2C1 2C2 203 2C4 2C5 2C6

Number of
Students 17 31 28 30 30 14 79 14 24 26 12 19
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of the paper-and-pencil tasks to this class, coded UC1N, and those
results are also reported. The remainder of the traditional students
were volunteers from four large lecture classes at Oregon State
University, two differential calculus classes and two integral
calculus classes. Both differential calculus classes were taught by
the same instructor and the integral calculus classes were both
taught by a different instructor. Neither of the two traditional
instructors from Oregon State University were teaching an
experimental section. A drawing for two HP 28S calculators, one
per nineteen students, was used as an incentive to obtain
volunteers for the traditional group from Oregon State University.

A total of 20 students volunteered from the two differential
calculus classes, coded UCN, with 15 students completing all the
paper-and-pencil and interview tasks pertaining to differential

calculus. There were also 20 volunteers from the two integral
calculus classes, coded UCN, with 18 completing all the paper-and-

pencil and interview tasks pertaining to integral calculus. One

student volunteered to participate in tasks for both differential and
integral calculus because he was taking both classes concurrently.
One of the paper-and-pencil tasks was administered to all the
students in the traditional integral calculus class from school UCN.

Those results are also reported.

Description of Experimental Calculus Course

The experimental classes had each received a classroom set
of the HP 28S or HP 48SX calculators through the Calculus Project.
However, students who owned their own calculator (HP 28S or

48SX) were allowed to participate in an experimental class
regardless of which calculator the majority of their class was
using. The experimental class from high school HS2 participating in

the Calculus Project used Casio graphing calculators and computer

software rather than HP calculators. The combination of these two
tools have the same capabilities as the HP calculators. Therefore,

data from this class was included in this study.
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Along with traditional methods, the students in the
experimental classes were taught graphical and numerical methods
for analyzing and solving problems with the aid of either the
HP 28S or the HP 48SX calculators. At the beginning of the term,
students were taught how to use the calculators. They were then

free to use the calculator for any aspect of the course. Symbolic

manipulation skills by hand were taught but not with as much

emphasis as is in traditional classes. The experimental group also

used the text, Calculus, currently being written by Dick and Patton.
This text emphasizes multiple representations and how to use
technology to work with these representations. Below is a
summary of the treatments of the calculus topics of functions,

limits and continuity, differentiation, and integration.

Treatment of functions. The first chapter consisted of a
review of functions including notation, terminology, domain,

inverse, composition, and algebraic combinations of functions.

These topics were reviewed using three representations of

functions: graphical, numerical, and symbolic. The students were
required to work problems in which they had to transfer between

these representations. From the onset students were exposed to
different types of functions: polynomial, rational, logarithmic,

exponential, trigonometric, and inverse trigonometric.

Treatment of Limits and Continuity. Students were
encouraged to estimate limits numerically by evaluating the

function using a sequence of inputs approaching the appropriate

number from both sides. They were also encouraged to graphically

estimate limits. When estimating limits numerically or
graphically, students were encouraged to investigate and to be
cautious concerning the limitations of the calculator. Students

were not required to learn a set of rules in which to symbolically
evaluate certain limits. However, they were encouraged to find
limits from known limits using the algebra of limits (sum,

difference, product, quotient). The e- 5 definition was presented
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along with examples of limit proofs. Students worked with this
definition using the calculator in one of two ways. Students would

set the vertical range on the graphing screen to be [L - e, L + e] given

a particular value for e. They would then find a value for 8. so that

the graph of the function would enter on the left of the screen and

exit on the right of the screen. In another approach, students would
scale the vertical axis given a value for e and find a value for 8 by

repeated rescaling of the graph so that given inputs in the interval

(- 8, 8), any output between L - c and L + E would lie on the line

y L, where L is the limit. The different types of discontinuities
and asymptotic behavior of transcendental functions, rational

functions, and those defined by a split formula were discussed and

analyzed both graphically and symbolically.

Treatment of derivatives. Students were encouraged to
estimate a derivative at a given point x = a numerically by

selecting a point a + h near a and evaluating either the slope

between the points (a, f (a )) and (a + h, f (a + h)) or by using the

symmetric difference quotient, f'(a ) (f (a + h ) - f (a - h))I(2h).
They also estimated the derivative graphically by zooming in on the
graph near the input a until the graph appeared to be a straight line.
They would then pluck two points from the graph and calculate the
slope between those two points. Students were exposed to the

various rules for finding derivatives: product rule, quotient rule,
and chain rule. Memorization of these rules was not emphasized.
However, they were required to use these rules given syrnbolic,
graphical and numerical information. Students also spent time
analyzing the behavior (increasing, decreasing, extrema, concavity,
inflection points) of a function by using the graph of its derivative.

They were also required to sketch the graph of the derivative of a
function given the graph of the function. Interpretations and
applications were similar to those in a traditional class: rate of
change, linear approximation, finding extrema, implicit
differentiation, related rates. More emphasis was placed on
modeling the problem than the computational details of the



solution. Students were taught and also allowed to solve the
problems graphically, symbolically by hand, or symbolically using

the calculator.

Treatment of integration. Students first evaluated
definite integrals geometrically from the graph of a function. They

found Riemann sums numerically by summing the areas of

rectangles. They did not construct a Riemann sum in symbolic form

and then find its limit. Students sketched the graph of an
antiderivative of a function numerically using the Fundamental

Theorem of Calculus and also by sketching a slope field either from
the symbolic representation or the graphical representation of a

function. They were taught only two techniques of integration:
substitution and integration by parts. They were also instructed in

the use of integral tables. Applications included: differential
equations, area, volume, arc length, average, probability, and

physical measurement (net and total distance traveled, and work)

As with applications of differentiation, emphasis was on the

modeling of the problem rather than the computational details of

the solution. They were allowed to calculate the definite integrals

symbolically, numerically using the calculator, or by hand.

Traditional Treatment of Calculus Topics

Students in the traditional class from school 2C2N used the

textbook Calculus and Analytic Geometry by Anton. These students

were allowed to use any calculator for all quizzes and exams.
Students in the traditional classes from school UCN used the

textbook Calculus and Analytic Geometry by Edwards and Penney.

The students in traditional class UCN for differential calculus were
allowed to use any calculator for all quizzes and exams but were

required to show all their work symbolically and present answers
in exact form. The students in the traditional class UCN from
integral calculus could use scientific calculators, but were not

allowed to use programmable or graphing calculators on exams
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prior to the final. For the final exam, however, no calculators were
allowed.

Instruments

Data were gathered through the use of paper-and-pencil tests
and task-based interviews. These tasks were designed by the
investigator to match the objectives of the research and were

validated by a mathematics educator. Each instructor of an
experimental class was responsible for determining when to
administer the paper-and-pencil test questions. Students from the
traditional differential calculus class 2C2N answered the paper-

and-pencil questions in parallel with the experimental students at
the same school. The traditional students from the differential
calculus class UCN answered the paper-and-pencil test questions in

two parts, both during the last week of the term, at their

convenience. The traditional students from the integral calculus
class UCN also answered the paper-and-pencil test questions during

the last week of the term, at their convenience, but it consisted of

only one part.
Pilot interviews covering differential calculus were

conducted at the beginning of winter term, 1991. All the students

in the investigator's winter term class were interviewed. Those

(n = 7) in her previous term's class were interviewed by a person

other than the investigator while all new students (n = 13) were
interviewed by the investigator. Two students from UC2 also

participated in pilot interviews. The interview protocol was then
altered slightly. Pilot interviews covering integral calculus were
conducted by the investigator at the end of winter term, 1991,

using five volunteers from the traditional class.
The interviewers were trained by the investigator in the

following way. The protocol for each task was explained by the
investigator. Each interviewer listened to tapes of three
interviews conducted by the investigator. They then interviewed
three students and the investigator listened to those tapes and



commented on how to conduct the interviews as consistently as
possible.

Sixty-four interviews were conducted for this study at the

end of winter term, 1991. Table 2 summarizes information
concerning the interviewees.

Table 2
Summary of Interviewees
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All students from the experimental group participating in the
interviews covering differential calculus were volunteers from

school 2C6 and were not taught by the investigator. These students

were interviewed during the last week of their differential
calculus term by the investigator. Students from the experimental

group participating in the interviews covering integral calculus
were volunteers from schools UC2 and UC4. Two different

interviewers, neither of which was the investigator, conducted

these interviews. The investigator conducted all the interviews
involving the traditional students from school UCN. Twenty-four

tapes were then analyzed by the investigator and the mathematics

educator who validated the tasks. These tapes were selected from
64 (non-pilot) tapes in the following way:

Six students were from the traditional differential
calculus classes.
Six students were from the experimental differential

calculus classes.
Six students were from the traditional integral calculus

classes.

Experimental I Traditional
School (number of interviewees)

UCN (n=17)Differential
Calculus

206 (n =14)

Integral
Calculus

UO2 (n = 7)
UC4 (n = 12)

UCN (n=14)
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4. Six students were from the experimental integral calcu lus
classes.

For each of the groups of six above, two A students were chosen,

two B students, and two C students. An attempt was made
whenever possible to select one male and one female at each grade

level. If there was more than one male A differential calculus
student, then a series of coin tosses was used to determine which

tape would be analyzed. For example, assume there were more than
two tapes from which to select one. A coin was tossed for each

tape. A head indicated that tape was a candidate for analysis. This

same procedure was repeated until no more than two tapes

remained. If there were two tapes remaining, then a single coin

was tossed. A head indicated that tape was to be analyzed. That

tape was then checked for clarity. If it was difficult to hear the
responses, then another tape was chosen in the same way as

described above. The other students were chosen in a similar way.
Table 3 shows the distribution of the grades of those students

participating in interviews.

Table 3
Distribution of Grades for Interviewees

Interview instruments and protocol. Nine interview

tasks were designed to investigate students' concept images in four

areas paying particular note to students' use of multiple
representations and students' use of the calculator. The four areas

were:

A B c D

Differential UCN 5 7 5 0

Calculus 2C6 2 4 8 0

Integral UCN 7 4 2 1

Calculus UC2 2 5 0 0

UC4 5 5 2 0



57

Limit: 3 tasks
Derivative: 2 tasks
Continuity: 1 task

Integral: 3 tasks

All the tasks were representative of the concepts covered during

differential and integral calculus. Several tasks were also
designed to investigate how the experimental students resolve

calculator produced conflicts and conflicts between different

representations, if the students recognized such conflicts. The

first six tasks were completed during one interview session lasting

from 45 minutes to one hour with the remaining three during a
different session which was 30 to 45 minutes in length.

Prior to each interview students were told to think of the
interview as a review for the final exam. They were also told that
the interviewer or their instructor would go over any difficulties

that they might have concerning the tasks. This was to insure that
the interview tasks did not negatively affect their study for their
final exam. Students were also asked not to share information
concerning specific tasks from the interview. Because most of the
interviewees from the large lectures did not know each other and

the interviews for the other students were scheduled very close

together, it was felt unlikely that information about the tasks was

shared. Interviewees were also told ahead of time that the tasks

covered the four areas mentioned above, and that results from the

interview would not affect their grade.
The textbook used by the experimental classes used a

different notation for function. This notation appears in the tasks
below. During the interview, each student was given the problems
one at a time. This notation was changed for the problems which

were worked by the students in the traditional classes so as to
reflect the notation they were familiar with.

During the interview session, the interviewer made technical

notes concerning a student's activities which might not be



recognizable from an audio tape. The format followed is shown in

Appendix A.

Limit tasks. Listed below in Figures 5 through 13 is the
purpose and the interview protocol for each task. The first three
tasks were designed to investigate different aspects of a student's
concept image of limit. Besides the purposes listed, Task 1 was

also a good warm-up task. Task 2 is very similar to Task 3. Task 2

was used to observe a student's analysis of a more difficult limit
without interference or assistance from the interviewer. In

particular, Task 2 monitors a student's left and/or right-hand limit

analysis since in Task 3, the left-hand limit and the right-hand
limit are the same. The purpose of part (a) of Task 3 was to make

sure that the student had the function entered correctly in the
calculator if he chose to use the calculator. This particular
function was chosen because when f is evaluated at very small

numbers, it produces an incorrect answer due to the limitations of

the calculator. Task 3 was altered slightly after the pilot
interviews because it appeared that from the pilot interviews
parts (a) through (c) may have influenced students to investigate

the limit numerically. A graph of the function was shown to the
traditional students during Task 3.
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Task 1: Limit.

Purpose: To investigate a student's concept image of limit. This includes:

To determine how a student analyzes an "easy" limit.

To determine which representation(s) a student uses to evaluate an
"easy" limit.

To determine if and/or how a student uses the calculator to evaluate
"easy" limits. (polynomial)

Script:

(Hand student the sheet containing the following problem.)

Investigate the limit: Ii m2
Record your answer on the sheet provided.

Note which representation the student used to solve the problem.

Note how calculator was used. If calculator was used, ask the student: "Explain
how you are using the calculator."

Also ask: "How did you get your answer?"

If student substituted 2 for x, ask: "Why can you just substitute 2 in for
x?"

Figure 5. Interview Task 1: Limit.
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Figure 6. Interview Task 2: Limit.
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Task 2: Limit.

Purpose: To investigate a student's concept image of limit. This includes:

To determine how a student analyzes a limit for which he has learned
no rules.

To determine which representation(s) a student uses when
investigating a limit of this type.

To determine if and/or how a student uses the calculator to evaluate

limits of this type.

Script:

(Hand sheet containing the following problem to the student.)

1

Investigate: lin3(_)0
1 + 2 1 /x

If student is unable to work this problem, note any attempts under comments and go

on to next problem.



Figure 7. Interview Task 3: Limit.
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Task 3: Limit.

Purpose: To investigate a student's concept image of limit. This includes:

To determine how a student analyzes limits of this type.

To determine if a student can investigate a limit using more than one

representation. (Are students "stuck" in symbolic mode? Does
evoked concept image consist of more than one representation for

problems of this type?)

To determine which representation the student chooses to work with
first when investigating a limit of this type.

To determine if a student notices any conflicts between solutions
found using different representations, (if there are such conflicts),
and to determine if and how these conflicts are resolved?

To determine how a student uses a calculator when investigating a
limit of this type.

Script:

(Hand student the sheet containing the following problem.)

Let f: x l--> (1 - .5x)1/x. Record your answers to the following

questions on the sheet provided.

Investigate: lin of (x )

For pilot interviews, the above two problems were done instead of the two below.

A2. Find f (2).
B2. Same as D.

A. Find f (.001).
B. Find f(.00001).
C. Find f(.000000000001).



(At some point during the interview, the traditional students were
shown the following graph of f.)

Note whether or not function was entered correctly by observing answer to A. it

should be approximately .606 or 2 for A2. lf not entered correctly, indicate how it
was entered and say: I don't think you have the function entered quite
right. Let's check." Then help the student correct the error. "Now
continue with the remaining parts."

For part D or B2.

Note how student first approaches this problem such as symbolically, graphically,
or numerically. If this approach fails, indicate student's other approaches. Note
how calculator is used. If calculator is used ask: "Explain how you are using
the calculator."

Ask the following question several times until the student cannot think of any other
ways to solve this problem: "Can you think of other ways to solve this
problem?

For experimental students. When you feel the student is done and if he/she has not
used a graph, suggest: "Use your calculator to sketch the above
function." After f has been sketched, ask the student: "Do you see any way
in which the sketch can help you investigate this limit?"

For traditional students. When you feel the student is done, hand him/her the
sketch of f and say: "Here is the sketch of f. Do you see any way in
which the sketch can help you investigate this limit?"

Likewise, if the student did not make a table of values or did not use values from A,

B, or C, ask: "Do you see any way in which the answers from A, B, or
C above can help you investigate this limit? (or for second group.)"Do
you see any way that you can substitute in some numbers? If so,
which ones would you choose?" Pause. Try x = .000000000001.

If at any time conflicting results appear and the student notices the conflict, note
whether or not the student tries to resolve it. If so, how?

If at any time conflicting results appear and the student does not notice the conflict,
ask: "Why does the information that you got from not match
the results from

(Figure 7 continued)
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Figure 8. Interview Task 4: Derivative.
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Derivative tasks. Tasks 4 and 5 were designed to
investigate student's concept image of derivatives. Task 4 also
served as a warm-up to ease any frustrations which occurred during
the limit tasks. The derivative was given in factored form in Task
5 to avoid possible algebra errors, to save time, and also to make it
easy for students to use the symbolic form for the derivative. This
particular function was chosen because a graph of f drawn by the
HP 28S and HP 48SX calculators using the default parameters hides

local extrema.

Task 4: Derivative.

Purpose: To determine if and/or how a student uses the calculator to differentiate
"easy" functions. (polynomial)

Script:

(Hand sheet containing the following problem to the student.)

Find f '(x ) if f: x 3x4 - 5x3 - 9x2+ x 1. Record your answer

on the sheet provided.

Note how the calculator is used. If the calculator is used, ask the student:
"Explain how you are using the calculator."

Note if done by hand.



Task 5: Derivative.

Purpose: To investigate a student's concept image of derivative. This includes:

To determine how a student analyzes a problem of this type.

To determine which representation(s) a student uses to find critical
points and locate local maxima and minima.

To determine if a student's concept image consists of the relationship
between the symbolic representation of the derivative of a function f
and the graphical representation of either f or P. In particular, to
determine if the student recognizes a conflict between the symbolic
information and the graphical information and to determine if and
how they try to resolve the conflict.

To determine how a student uses the calculator when working
problems of this type. (Does the student blindly believe the
calculator screen without further analysis?)

Script:

(Hand the sheet containing the following problem to the student.)

Let f : xl--> x3(x - 1)4 and

f 1: x 1---> x2(x - 1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither. Indicate your
answers on the sheet provided.

(At some point during the interview, the traditional students were shown the
following graphs of f and f`.)

y = f(x) y = f' (

Figure 9. Interview Task 5: Derivative.
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Note how the calculator is used. At any time, if the student uses the calculator, ask
the student: "Explain how you are using the calculator."

Note in order of appearance all representations the student uses to solve this
problem.

Note whether or not the student notices any conflict which arises. If so, ask student:
"Explain what seems to be wrong." If the conflict is resolved, note how. If

noticed but not resolved, indicate that this was the case.

When student is finished and if conflict is not recognized, ask: "Do the graph of
f and the information you just found support each other?" Please
explain.

(Figure 9 continued )
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Continuity task. The main purpose of the final task
covering differential calculus was to investigate a student's
concept image of continuity. The function in Task 6 (a) was chosen
because when graphed on the calculator, it appears that there might
be an asymptote at x = 0 when there is actually a hole at x = 0. The

function in Task 6 (b) was chosen because when graphed on the

calculator, it appears to be asymptotic at x = 2. It is actually

discontinuous at x 2.11. Also, the denominator of this function

has no rational root. The purpose was to observe how students
would go about trying to find this discontinuity, and for the
experimental students to investigate how they used the calculator,
and how much confidence they place in the first drawing of the

graph.



Figure 10. Interview Task 6: Continuity.
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Task 6: Continuity.

Purpose: To investigate a student's concept image of continuity. This includes the
following:

To determine how a student analyzes a function in symbolic form
when determining whether or not a function is continuous.

To determine which representation(s) a student uses to find and
classify discontinuities.

To observe any attempts to connect the graphical representation with
the symbolic representation of the function.

To determine how a student uses a calculator when finding and
classifying discontinuities.

Script:

(Hand student sheet containing the following problems.)

Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )(a) f:x1)
x -1

( b ) 3 2
3x - 5 x - 6

If student does not recall the types of discontinuities, interviewer may briefly

explain each.

When finished, ask: "How did you decide what type of discontinuity it
was?

Note how calculator is used. If student uses calculator, ask: "Explain how you
are using the calculator."



If student tried to factor the denominator of the second one, interviewer may interfere
after student realizes he is unsuccessful and say: "Why are you trying to factor
the denominator?" Pause. "This one cannot be factored. Can you think of
any other way to determine where the denominator is 0?" Pause. "Can
you give me an example of a problem which is factorable and explain
what information you get from the factors?" Pause. "What happens if you
have a factor of (x-1) in the denominator as well as in the numerator?

(Figure 10 continued)
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Integral tasks. The purpose of these three tasks was to
investigate a student's concept image of integral. Task 7 again

served as a warm-up task. Task 8 was presented to the
experimental students differently than to the traditional students.

The traditional students did not have any means for checking their

answer. The main purpose for the traditional students was to
investigate whether or not information provided by the graph of the
integrand meant anything to the them. A graph of the integrand and

one of its antiderivatives was shown to the traditional students

during Task 8.

Task 7: Integral.

Purpose: To determine how a student uses the calculator when evaluating "easy''
definite integrals.

Script:

(Hand student the sheet containing the following problem.)

Evaluate:
2 x dx .
-1

Figure 11. Interview Task 7: Integral.



Script:

(Hand student the sheet containing the following problem.)

For traditional students:

Evaluate: 13" ' 4sec2(x ) dx .
0

(At some point during the interview, the traditional students were shown the
following graphs.)

5 &

_n/2 3104

- 5 -

y = sec x)

Task 8: Integral.

Purpose: To investigate a students concept image of definite integration. This
includes:

To determine if the evoked concept image consists of a connection
between a symbolic computation result and graphical information.

To determine how a conflict between a by hand symbolic computation
result and a calculator result is handled if recognized.

To determine how a student uses the calculator to solve this problem
and to resolve any conflicts which occur.

y = tan(x)

Figure 12. Interview Task 8: Integral.
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For experimental students:

Using The Fundamental Theorem of Calculus we get the following
result:

,r03 1c/ 4sec2 (x ) dx =[tan(x )1137t14 =

tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

If an experimental student uses a calculator to integrate this function, he may get an
infinite result message or the calculator will run for a long period of time. If so,
ask: "Which answer if either do you think is correct and why?"

When a traditional student is finished evaluating the integral, then show him the

graphs of y = secix ) and y tan(x ) and ask: "Can you use a graph to decide

if your answer might be correct? If so, how?"

If an experimental student has not referred to a graph, at some point ask: "Can you
use a graph to decide which answer might be correct? If so, how?"

If student says answer is OK even after looking at the graph(s), ask: "What

information does the graph of y = sec2(x) provide as far as the

definite integral above is concerned?"

If a student finally decides that the answer found by using the FTC is not correct,
ask: "Why does the procedure you used not apply in this case but
seemed ok for the first problem?"

(Figure 12 continued )
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Purpose: To investigate of student's concept image of antiderivatives. This

includes:

To determine how a student analyzes a problem of this type.

To determine if a student can use graphical/numerical information
from f to sketch the graph of an antiderivative of I. (Does the student
understand what information the ordered pairs from the graph of f
provide?)

Script:

(Hand student the sheet containing the following problem.)

Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

(2,-2)

Give the student a chance to think about this before providing some guidance. "Do
you understand what I am asking you to do?" If student is unable to begin,
provide the following hints allowing time for the student to respond after each.

"So if this is the graph F can you sketch the graph of F?"

" (0,3) is a point on the graph of the derivative of a function F. Does
(0,3) tell us anything about the graph of F at x = Or

"Write down F '(0) = 3. What does F'(0) = 3 tell us about the
behavior of the function F at x = Or

(7,3)

Task 9: Integral.

Figure 13. Interview Task 9: Integral.
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"What does (0,3) tell you about the slope of F at x = O?"

"(0,3) tells us that the slope of the curve F at x = 0 is 3. What does
a slope of 3 look like? Now can you continue?"

When finished, if the student starts at a certain point, ask: "Why did you choose
to start here?" Ask: "How many antiderivatives does this function
have?" If student says many, ask: "Can you draw another one such that the
point (2,-1) is on its graph?"

During long moments of silence, ask: "What are you thinking?"

If the student uses the idea of the area function to find an antiderivative, ask them
similar questions to try to determine if the ordered pair information means
anything to them with regard to the sketch of an antiderivative.

(Figure 13 continued )
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Paper-and-pencil tasks. Thirteen paper-and-pencil tasks were
designed to investigate whether or not a student could work with
different representations and in some cases whether or not the

student could transfer between several representations. Each task

was designed to force students to work with particular
representations. One other paper-and-pencil task was designed to

investigate a student's preferred representation when solving a

limit problem. Shown below are the paper-and-pencil tasks.

Function tasks. For the identification of functions tasks, a

wide variety of relations was chosen. Notice in Figure 14, that
tabular relation (a) has two inputs which are the same and tabular
relation (b) has two outputs which are the same. The graphical

relations included a piece-wise defined relation, one which was

non-differentiable at a point, and one which was not defined for all

values of x. Students were also asked to work with functions

represented tabUlarly and graphically within the contexts of

inverse and composition.

Circle the answer to each question. If you answer no " , explain why.

a- input

2
5

-3

8

2

output

5

-1

4
6

7

b. .
input

3
-4

a

-2

4

output

2

-1

5

6

-1

Could this table represent a function? Could this table represent a function?

yes or no yes Of no

Figure 14. Paper-and-pencil Task 1: Identification of functions,
tabular presentation.



Circle the answer to each question. If you answer no " . explain why.

a.

Figure 15. Paper-and-pencil Task 2: Identification of functions,

graphical presentation.
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Z2 0 < z < 2
Is r(z) = a function? If not, explain why not.

Ix+2 2<x<cx,

Is the radius of a circle a function of its area? If not. explain why not.

(2.)
Let .c33/2 = 6. Is: a function of y? If not. explain why not Is y a function of r? If not. =plain

why not.

Figure 16. Paper-and-pencil Task 3: Identification of functions,

symbolic presentation and verbal description.

d.

graph of a function y cx ) graph of a function y .1 (x 7 graph of a function y (x )

yes Of no yes Of no yes Of no

graph of a function y 1 (x ) graph of a unction y ) ? graph of a function y (x )

yes or no yes Of no yes Of no



Below is a table of values for the function f and the graph of the function g.

Find g o f (3).

Find f o 00).

Table for f

input output

-2 5

4

0 -1

1 0

4

1 -5

4 3

I I I I A I II
_l L .., ... /... ..4 .. .1.

I 1 I 1 1 I

-"1'1... i - r
_ J L.

1
1 1 i

1 I L I 1,

I I 1

- II-

I I I 1

yrg (x)

Figure 17. Paper-and-pencil Task 4: Composition of functions,

graphical and tabular presentations.
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Suppose

f: [-1,1]

f

g : [5, 0o)

g :

Find a formula for fog.

Find the domain for f o g.

Figure 18. Paper-and-pencil Task 5: Composition of functions,

symbolic presentation.
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Below is a table of values for the function f and the graph of the function g.

Table for f
y-g (x )

Does f have an inverse? If so, make a table for If not, explain why not.

-1
Does g have an inverse? If so, sketch g on the same axes as g above.

If not, explain why not.

Figure 19. Paper-and-pencil Task 6: Inverse of a function, tabular

or graphical presentation.

1 1 1 1 1 1 1

- .1 -1- -1 - 1..
1 1 I 1 1 1 1

_ -J - L.

.Jd
- 1-

I it I

- -I1 -Ad T - r 1 " r -
i 11

IIIIt It
-- II - i -

I

- 2i. --
.1 I 1 I

fi E 1 1

,.1alit ttill
I

.II. - fr 4 - tr
/ 1 I /

input output

-2 5

-1 4

0 -1

1 0

2 4

3 -5

3
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Limit task. This particular graph includes each type of

discontinuity; a skip, a jump, a hole, and an asymptote. Therefore,

it includes an example where the limit exists but is not equal to the
the function evaluated at the target value, an example where the

right and left-hand limits are not the same, an example where the

limit can be described as infinite, and an example where the limit

exists but the function is not defined at the target value. It also

includes a point where the function is continuous but not

differentiable.



Fill out the following table for the function f shown below.

Figure 20. Paper-and-pencil Task 7: Limit,

graphical presentation.
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x .. a f(a)
left-hand limit

lim f(A)

x -4a '

right-hand limit
lim f(x)

x -.--,a*

limit
Um f(x)

x .4a

Is f
continuous
at x - a ?

-7

-5

-2

i

2

4

5

9



The table below contains information with regard to the height in inches. h : t h(t), of a spider
on the wall at various times between 1 second and 2 seconds inclusive.

Estimate the instantaneous speed of the spider at 1.3 seconds.

Figure 21. Paper-and-pencil Task 8: Derivative,
tabular presentation.
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Derivative tasks. The derivative tasks include a function
presented in tabular form and two functions displayed graphically.
The derivative in Figure 22 was chosen and labelled so that
students could easily interpret the increasing/decreasing behavior,
concavity, and extrema of both the derivative and the original
function. It also includes a point where the derivative is undefined
and where the derivative is constant. Task 10 in Figure 23 was
chosen to determine if students graphically understand the
derivative as the slope of the tangent line and can use this
information to sketch the derivative of a function presented
graphically. The function includes a point where the derivative is
undefined and an interval over which the derivative is zero.

input 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

output 3.64 3.65 3.69 3.76 3.85 3.94 4.02 4.09 4.14 4.17 4.17



Below is the graph of y = l'(:) (the derivative off: r f(r)).

Over which intervaLs is the original function f

increasing?

decreasing?

Over which intervals is the graph of the original function f

concave up?

concave down?

Find the x-coordinates of the

local niinirtiura points of the oriejnni function f.

local maximum points of the oriermi function f.

=f 'tx

Figure 22. Paper-and-pencil Task 9: Derivative,

graphical presentation.

82



Below is the graph of f and the line tangent to f at x = 2.5.

7

6

5

4

3

2

1

Ay

,

1 2 3 4 5 6 7 I

a. Find f'(2.5) and find the equation of b. Sketch the derivative of f over

the normal line at x = 2.5. Sketch the interval [0,11 using the axes above.

this normal line on the axes above.

Figure 23. Paper-and-pencil Task 10: Derivative,

graphical presentation.

83

(:) 7453



Shown below is a table containing some data from an experiment. If f is continuous,

4

estimate ff(x)dx by finding a Riemann sum corresponding to the partition of size n 6

using the right endpoint of each subinterval.

Figure 24. Paper-and-pencil Task 11: Definite integral,

tabular presentation.
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Definite integral tasks. When finding a Riemann sum over

an interval, students typically follow a procedure in which they use
function values and lengths of intervals to find areas of rectangles.

Paper-and-pencil Task 11 was used to investigate whether students

understand what it means to find a Riemann sum, hence estimate a

definite integral, when the function is presented in tabular form.
Both paper-and-pencil Tasks 12 and 13 were designed to

investigate students graphical understanding of a definite integral.
Students had the opportunity to solve Task 12 either symbolically

or geometrically. Also, in Task 12, notice the interval of

integration is a proper subset of the domain of the function shown.

Students were forced to solve Task 13 geometrically using the idea

of signed area.

1 1.5 2 2.5 3 3.5 4

f(x) .3 .5 .2 - .4
-

-.2 .4 .5



8 5

Figure 25. Paper-and-pencil Task 12: Definite integral, graphical

presentation.
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Referring to the graph of f: f( z) as shown above. assump the
area of region A is 2 sq. units and regions A. B and C are congruent Using

this information and the graph of y = f(z). evaluate the following:

a. f 34 f(z)dx =
0

b. i3a
(z)idx =

3a

C. I f(x)dzi =
0

a. 12a
f(z)dx =

Figure 26. Paper-and-pencil Task 13: Definite integral, graphical

presentation.



Representation used task. One other paper-and-pencil

task was administered. For this task, students were required to
explain how they worked the problem and how they may have used

the calculator to assist them. This task was used to investigate
the representation students choose to use when solving limit
problems of the type shown in the problem. This task was

administered only to the experimental classes and is shown in

Figure 27.

Figure 27. Paper-and-pencil Task 14: Limit, symbolic

presentation--representation used.

Table 4 summarizes the research areas, the tasks used to

investigate these areas, and the concepts investigated. The tasks

are coded by task number. interview Tasks 1-9 can be found in

Figures 5-13 and paper-and-pencil tasks 1-14 can be found in

Figures 14-27. The research questions are as follows:

Student's representational knowledge and concept image

Representational facility

Can the student work individually with each of three

representations: graphical, numerical, and symbolic?

87

10
Let f :

1 +

Find f(3.37).

Find lirn f(x). Describe your method.

C) Find Urn f(x). Describe your method.



Connections among representations

Does the student see a connection among the three

representations?

Management of representations

Does the student have a preferred representation and how does

the student vary the choice of representation depending on the

problem? Does the student transfer among the three

representations?

Student's calculator usage and interpretation of calculator results

Management of the calculator

How and when does the student use the calculator in
undirected situations (that is, when there are no specific

instructions given as to its use)?

Conflict resolution and confidence in the calculator

If conflicts are produced while working with the calculator,

does the student recognize them? If so, how does the student
resolve them? How aware is the student of the calculator's

numerical and graphical limitations?

88



Table 4
Summary of Research Instruments

89

Type of Task Concept

Function Limit Continuity Derivative Integral

Interview 0 3 1 2 3

Paper-and-
Pencil 6 2 1 3 3

Total 6 5 2 5 6

Research
Area

Concept

Function Limit Continuity Derivative Integral

Representational
facility:
Tabular

PP1, PP4,
P P6

P P8 P P1 1

Representational
facility:

Graphical

PP2, PP4,
PP6

P P7 PP7 PP9, PP10 PP12,
PP13

Representational
facility:

Symbolic/Verbal

PP3, PP5

Representational
connection

IT3 IT5 IT8, IT9

Representational
management

PP14, IT1,
IT2,
1T3

IT6 IT5 IT8, IT9

Calculator
management

Ti,I IT2,
IT3

IT6 IT4, IT5 IT7, IT8, IT9

Conflict resolution/
Confidence

IT3 IT6 IT5 IT8

Note. PP# = paper-and-pencil task
IT# = interview task

Table 5 summarizes the total number of tasks per concept and

the total number of each type of task, interview or paper-and-

pencil, per concept.

Table 5
Summary of Total Number of Tasks on Each Concept



90

Chapter Four: Results and Analysis of Paper-and-Pencil
Tasks

The first thirteen paper-and-pencil tasks were designed to

primarily investigate student representational facility, that is,

whether students can work with each of three representations:

graphical, numerical, and symbolic.
The final paper-and-pencil task was used to investigate the

representation(s) students choose to use when investigating a

particular limit.

Shown below is

A copy of each paper and pencil task.

Tables describing student responses to certain aspects of

each problem, one for experimental student responses and

one for traditional student responses.
A discussion of the results displayed in the tables.
Tables summarizing the results of all the paper-and-pencil

tasks and a discussion of those results.
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Circle the answer to each question. If you answer "no , explain why.

a. input output
b. .

input

2 5

5 -1

-3 4

8 6

2 7

Could this table represent a function?
yes Or no yes or no

output

3 2

-4 -1

8 5

-2 6

4 -1

Could this table represent a function?

Figure 28. Paper-and-pencil Task 1: Identification of functions,

tabular presentation.



Table 6
Summary of Experimental Student Responses to Paper-and-Pencil

Task 1 (a): Identification of Functions, Tabular Presentation

200

Table 7
Summary of Traditional Student Responses to Paper-and-Pencil

Task 1 (a): Identification of Functions, Tabular Presentation

22 1

92

School Correct Reason given) Incorrect Total

Fails
Vertical
line test

Fails
Dirichlet-

Bourbaki

Both Incorrect
reason

None /

no
answer

Definition
HS1 0 16 0 0 0 1 17

HS2 3 19 2 0 4 3 31

2C1 1 21 2 0 0 4 28

2C2 2 16 4 2 1 4 29

203 2 24 0 2 1 1 30

2C5 1 59 1 0 0 18 79

UC3 o 6 0 0 0 6 12

UC4 0 11 0 0 0 2 13

Total 9 172 9 4 6 39 239

School Correct Reason given) Incorrect Total

Fails
Vertical
line test

Fails
Dirichlet-

Bourbaki
Definition

Both Incorrect
reason

None /
no

answer

2C2N 0
1

4

10

1

0

1

1

4

0

2

4

12
16

Total 1 14 1 2 4 6 28
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A typical response from those students who indicated the

relation failed the Dirichlet-Bourbaki definition was, "For some x's,

there is more than one y value." The percentage of experimental and

the traditional students who answered this task correctly was

much the same. Only 6 students gave incorrect reasons for

explaining why this table of values could not represent a function.

Those reasons included:

It is not one-to-one.
It jumps around too much.
It has vertices.
it is discontinuous.

Part (b) of paper-and-pencil Task 1 in Figure 28 was answered

incorrectly by 32 students, 27 who gave reasons which included the

relation failed the vertical line test or two different inputs share
the same output. Those who said the relation failed the vertical

line test did not make a connection between the tabular information

presented and its graphical representation. Those who indicated

two different inputs share the same output may have interpreted

the Dirichlet-Bourbaki definition incorrectly.



Circle the answer to each question. If you answer no " , explain why.

d.

graph ot a function y tx ?

yes or no

graph of a unction y ) ? graph et a function y (x ) ?

yes or no yes Of no

f. y

a.
X

graph of a function y ) 7 graph of a function y )

yes Of no yes Of no

Figure 29. Paper-and-pencil Task 2: Identification of functions,

graphical presentation.

94

C.b.a.

graph of a function y ) ?

yes Of no



Table 8
Summary of Experimental Student Responses to Paper-and-Pencil

Task 2 (c): Identification of Functions, Graphical Presentation

95

212

Table 9
Summary of Traditional Student Responses to Paper-and-Pencil

Task 2 (c): Identification of Functions, Graphical Presentation

16

School Correct (Reason given) Incorrect Total

Fails Fails Both None Other
Vertical
line test

Dirichlet-
Bourbaki
Definition

HS1 9 6 1 1 0 0 17

HS2 24 2 1 4 0 0 31

201 9 10 1 0 2 6 28

2C2 14 5 0 0 2 8 29

2C3 7 10 4 4 2 3 30

2C5 31 24 9 2 3 10 79

UC3 5 3 0 1 3 o 12

UC4 7 3 1 1 1 o 13

Total 106 63 17 13 13 27 239

School Correct (Reason given) Incorrect Total

Fails
Vertical
line test

Fails
Dirichlet-
Bourbaki
Definition

Both None Other

2C2N
UCN

3
6

1

3
0
0

0
2

0
1

8
4

12
16

Total 9 4 0 2 1 12 28
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Thirteen out of 212 experimental students and 1 out of 16

traditional students answered correctly but gave incorrect reasons.

Some of these included:

It's not one-to-one.
The graph is not constant in its shape. It changes too much.

It has no symmetry.
x and y don't match up.
It repeats.
It crosses the y-axis twice.
It's not systematic in order.

There are no limits.

There was a larger percentage of correct responses from the

experimental classes (89%, 212/239) on the whole than from

traditional classes (57%, 16/28). However, students from the

experimental class 2C2 had a slightly lower percentage of correct

responses (72%, 21/29) than those from the traditional class UCN

(75%, 12/16). Responses gathered from part (f) were similar to

those gathered from part (c) which were reported in Tables 8 and 9.

Notice 115 students said the graph failed the vertical line

test and 67 said it failed the Dirichlet-Bourbaki definition.
Contrast this to the responses from Tables 6 and 7 where the

number of students (186) who said it failed the Dirichlet-Bourbaki

definition of function far outweighed those (10) who said it failed

the vertical line test. The graphical representation seemed to

evoke both the vertical line test and the Dirichlet-Bourbaki

definition as criteria for identification. However, for most

students the tabular representation seemed to evoke the Dirichlet-

Bourbaki definition.
For the remainder of the graphical problems on function

identification, a short summary of the results is provided. Part (a)

had to be discarded because it didn't xerox properly. Only 11

students total answered part (b) incorrectly. For some students,

part (d) presented difficulty. The most common responses (35 of 57



incorrect answers) why students said it was not a function
included:

The pieces are not spelled out.
It is just points.
It is not connected by a smooth curve.

It is discontinuous.

Part (e) was incorrectly answered by a total of 33 students with 20
of those making some reference to discontinuity as the reason why

the relation was not a function. It appeared that students more

often use incorrect reasoning when the relation they are classifying

as a function or not is discontinuous, in particular, those similar to

the one in part (d).

97



rl 0 < X < 2
Is r(z) = a function? if not. explain why not.

+ 2 2<<cc

Is the radius of a circle a function of its area? If not, explain why not.

04)
C. Let z3y3 =6. Is z a function of y? If not. explain why not. Is y a function of r? If not. explain

why not.

Figure 30. Paper-and-pencil Task 3: Identification of functions,

symbolic presentation and verbal description.

98



Table 10
Summary of Experimental Student Responses to Paper-and-Pencil

Task 3 (a): Identification of Functions, Symbolic Presentation

Table 11
Summary of Traditional Student Responses to Paper-and-Pencil

Task 3 (a): Identification of Functions, Symbolic Presentation

There is no way to tell how those giving correct answers

made their decision since they were not required to provide this

information. Reasons given as to why this relation was not a

function included:

It was two different functions.
There are two different domains.
x doesn't satisfy both inequalities.
There is an infinite result at x = 2.
The graphs share a common point.
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School Correct Incorrect/no
answer

Total

HS1 17 0 17

HS2 28 3 31

201 24 4 28
202 25 5 30
203 28 2 30
205 67 12 79
UC3 9 3 12

UC4 12 1 13

Total 210 30 240

School Correct Incorrect/no
answer

Total

2C2N 7 5 12

UCN 10 6 16

Total 17 11 28



Table 12
Summary of Experimental Student Responses to Paper-and-Pencil

Task 3 (b): Identification of Functions, Verbal Description

1 158 (12)

Note. Numbers in parentheses indicate those students who also drew a circle.

Table 13
Summary of Traditional Student Responses to Paper-and-Pencil

Task 3 (b): Identification of Functions, Verbal Description

1
82 (13) 1
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School Correct Incorrect Total

Found No Wrote Only Found Other No
reason/r,\FA--

ic-

or gave
a

correct
reason

work
shown
or no

reason
given

A .,_ itt-2 drew a
circle r= "\F-7it

no
answer

HS1 1 4 6 (2) 2 2 2 (1) 0 17 (3)

HS2 3 10 6 (3) 2 2 7 (1) 1 31 (4)

2C1 0 10 3 (2) 1 6 5 (2) 3 (1) 28 (5)

2C2 2 11 3 1 5 7 (2) 1 30 (2)

2C3 7 9 2 1 4 5 (1) 2 30 (1)

2C5 16 18 14 (4) 9 8 9 (3) 5 79 (7)

UC3 1 6 2 (1) 1 1 1 (1) 0 12 (2)

UC4 1 5 1 0 4 2 (1) 0 13 (1)

Total 31 73 37 (12) 17 32 38 (12) 12 (1) 240 (25)

School Correct Incorrect Total

Found No
k

shown
or no

reason
given

Wrote
A. nr2

Only
drew a
circle

Found Other No
reason/

no
answerr=AFAn

or gave
a

correct
reason

A.

2C2N
UCN

_
1

4
6
5

1

5
0
0

' 0
0

1

1

3
1

12
16

Total I 5 11 6 0 0 2 4 28

22 1
6 1
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For those who wrote A = v2 and also answered correctly, it

was impossible to know from this response if they were actually
thinking about A as a function of r or r as a function of A. For all

those students who showed no work, wrote A = nr2, or graphed a

circle, it is unclear what criteria they used to judge this relation.

Many may be using the wrong criteria.

Reasons given why the relation was not a function included:

It doesn't pass the vertical line test. Four of those giving

this reason also drew a circle. Others wrote x2 + y2 r2.

R is a straight line.
Radius alone doesn't give area.
You don't need a radius to find a circle.
Radius is a line and a line can't have area.

The numbers in column "other" also include those students whose

reasons were not readable. Since students have had many different

experiences with circles and radii, this problem evoked many

different responses.



Table 15
Summary of Traditional Student Responses to Paper-and-Pencil

Task 3 (cl): Identification of Functions, Symbolic Presentation

21 I 7
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Table 14
Summary of Experimental Student Responses to Paper-and-Pencil

Task 3 (cl): Identification of Functions, Symbolic Presentation

School Correct Incorrect No Answe Total
Found No work

shown3
6

x=

HS1 7 1 7 2 1 7

HS2 1 3 1 0 7 1 31

2C1 6 10 9 3 28

2C2 6 8 16 0 30

2C3 13 4 11 2 30

2C5 25 10 35 9 79

UC3 3 4 4 1 12

UC4 7 2 3 1 13

Total 80 1 49 92 19 240

'School Correct Incorrect No
Answer

Total

Found No work

6
x=

Y

2C2N
UCN

0

3

10
8

1

5

1

0

12

16

Total 3 18 6 1 28
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Students who answered correctly but showed no work may or

may not be using the correct criteria. Some of the reasons given for

why the relation was not a function include:

One must act on the other.
x is the input value.
They are just variables when combined with or without a

constant.
They are on the same side.
No x or y can stand on its own.

Of those who answered incorrectly, 15 students answered one part

of the question and it was not clear which part they had answered.

Also, 32 of those students who answered incorrectly thought x a

function of y meant to solve for y. The traditional students seemed

to fare a little better on this problem than the experimental
students with 75% (21/28) of the traditional students and 54%

(129/240) of the experimental students answering correctly.

However, only 14% (3/21) of the traditional students who answered

correctly showed work whereas 62% (80/129) of the experimental

students who answered correctly showed work to support their

answer.



5 I 23

83 I 157

Table 17
Summary of Traditional Student Responses to Paper-and-Pencil

Task 3 (c2): Identification of Functions, Symbolic Presentation
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Table 16
Summary of Experimental Student Responses to Paper-and-Pencil

Task 3 (c2): Identification of Functions, Symbolic Presentation

School Correct (reason given) Incorrect Total

y= no work/
incorrect
reason

no work
shown

Y= Other No
answer
given

r-- -
+ 9---

1 6

N
HS1 8 o 0 2 7 0 17

HS2 3 4 9 10 4 1 31

2C1 2 7 13 2 1 3 28

2C2 1 8 8 2 11 0 30

2C3 10 4 4 3 6 3 30

2C5 16 11 11 12 21 8 79

UC3 2 1 4 2 3 0 12

UC4 5 1 2 2 2 1 13

Total 47 36 51 35 55 16 240

School Correct (reason given) Incorrect Total

y=

+
T no work/

incorrectincorrect
reason

no work
shown

y= Other No
answer
given

i 6

N x3

2C2N
UCN

0

1

1

3

8

10
0
1

1

1

2

0

12
16

Total 1 4 18 1 2 2 28
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For those students who solved for y in terms of x but took the

square root incorrectly and obtained a single value for y, this

algebraic error could be the cause of their incorrect decision.

Column "other" includes those students who answered only one

part, those who decided by solving for x in terms of y, and those

who made other errors. Fewer students correctly answered part

(c2) than part (c1). As was stated above concerning part (c1), the

criteria used by those who correctly answered part (c1) and

incorrectly answered part (c2) might be questionable. Notice 18

traditional students showed no work and correctly answered part

(c1), yet 18 traditional students showed no work and incorrectly

answered part (c2). Similarly, 49 experimental students showed no

work and correctly answered part (c1), yet 51 experimental

students showed no work and incorrectly answered part (c2). These

students may have just guessed and answered "yes" to both parts.



Below is a table of values for the function f and the graph of the function g.

Find g o 1(3).

Find f o g(0).

Table for f y g (x )

Figure 31. Paper-and-pencil Task 4: Composition of functions,

tabular and graphical presentations.
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1111 1 1 1- .1 .. I-. .1 - 1- .. /.. -1 .. J. 1. .itI ll I

-1- ./. -. 1- -.
1 I I 1 1 1

-'.. ..1 - .-1 - T - 7 - r 7 - r -
I 1 1 2 )11,,,.

I I 11 tl 2 I 1- - r -I - r - --1 7 -I- 7 - r -'
1 1 1 1r 1111 a 1 1 1 11111
II ti 1 1 I I

/ 1 1 I 1 1 1 11 11 I / I /

input output

-2 5

-1 4

0 -1

1 0

2 4

3 -5

4 3



Table 19
Summary of Traditional Student Responses to Paper-and-Pencil
Task 4 (a): Composition of Functions, Tabular and Graphical
Presentations
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Table 18
Summary of Experimental Student Responses to Paper-and-Pencil
Task 4 (a): Composition of Functions, Tabular and Graphical
Presentations

The experimental students had a higher percentage of correct
answers on this task than the traditional students. However, seven
of the eleven traditional students whose answers were labeled
incorrect in Table 19 did not answer the question. One common
error made was computing f og(3) with nine experimental students
and one traditional student making this error. Five experimental
students and one traditional student multiplied rather than
composed the two functions. The number of correct responses for
part (b) was similar as were the types of errors.

School Correct Incorrect Total

HS1 17 o 17
HS2 28 3 31
201 27 1 28
202 24 6 30
2C3 26 4 30
2C5 66 13 79
UC3 8 4 12
UC4 13 o 13
Total 209 31 240

School Correct Incorrect Total

2C2N
UCN

6
11

6
5

12
16

Total 17 11 28



Suppose

Find a formula for f o g.

Find the domain for fog.

Figure 32. Paper-and-pencil Task 5: Composition of functions,

symbolic presentation.

108



Note. Numbers in parenthesis indicate those
students who answered both parts (a) and (b)

correctly.

Table 21
Summary of Traditional Student Responses to Paper-and-Pencil

Task 5 (a): Composition of Functions, Symbolic Presentation

Note. Numbers in parentheses indicate
those students who answered both parts (a)

and (b) correctly.

The numbers in column "correct" include those students who

may have simplified their result incorrectly. Of those answering

incorrectly, 11 experimental and 0 traditional students multiplied f

and g. Another common error was to find g of, with 12 experimental

students and 0 traditional students making this error. It appeared that the

experimental students had a greater success rate than the

traditional students on this problem.
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Table 20.
Summary of Experimental Student Responses to Paper-and-Pencil

Task 5 (a): Composition of Functions, Symbolic Presentation

School Correct ' Incorrect Total

HS1 16 (2) 1 17
HS2 27 (6) 4 31

2C1 21 (8) 7 28
2C2 25 (1) 5 30
2C3 24 (10) 6 30
2C5 60(14) 19 79
UC3 11 (0) 1 12
UC4 9 (2) 4 13

Total 193 (43) 47 240 (43)

s School Correct Incorrect ' Total

2C2N 4 (0)

UCN 11 (0)

I-

8
5

12
16

Total 15 (0) 13 28 ,



Table 23
Summary of Traditional Student Responses to Paper-and-Pencil

Task 5 (b): Composition of Functions, Symbolic Presentation
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Table 22
Summary of Experimental Student Responses to Paper-and-Pencil

Task 5 (b): Composition of Functions, Symbolic Presentation

As the tables display, finding the domain was quite difficult

for the students. The answers of those students who simplified the

function in part (a) incorrectly and found the correct domain based

on their simplification were also labelled correct. The most

common incorrect domain was (-0., -6] which is the domain of the
function resulting from the composition without considering the
domain of g. Another common incorrect domain was [-1, 1], the

domain of f. Some other incorrect domains resulted from incorrect

simplification of the function in part (a) while not considering the
domain of g. Although the experimental classes had a higher

success rate than the traditional classes on this part, both groups

found this task extremely difficult.

,
School Correct

domain
Incorrect
domain

Total

HS1 2 15 17

HS2 6 25 31

2C1 9 19 28

2C2 2 28 30

2C3 11 19 30

2C5 17 62 79

UC3 1 11 12

UC4 3 10 13

Total 51 189 240

School Correct
domain

Incorrect
domain

Total

2C2N o 12 12

UCN o 16 16

Total 0 28 28



Below is a table of values for the function f and the graph of the function g.

Table for t
Y -g )

Does f have an inverse? If so, make a table for fl If not, explain why not.

-1

Does g have an inverse? If so, sketch g on the same axes as g above.

If not, explain why not.

Figure 33. Paper-and-Pencil Task 6: Inverse of a function,

tabular or graphical presentation.

1 1 1

1111
.. -I ..1... ..1 .. 1..1111
-1'%...1-'r

.J

11
.. 1.. ..1 .1. 1..

11 1--t-
-

1 Jill
1 1 ii 0 2 1 1

111 I a 1 _1....1...11111
-1- t- -1- .t. -

1 I 7 r
- 4 - I- -t - I-

I 1111-....-.......1111 1111

input output

-2 5

-1 4

0 -1

0

2 4

3 .5

4 3



Table 25
Summary of Traditional Student Responses to Paper-and-Pencil

Task 6 (e): Inverse of a Function, Tabular Presentation

For part (e), the percentage of experimental students with

correct answers was higher on this task than the percentage of
traditional students with correct answers. Of those answering

correctly, 27% (34/125) of the experimental students and 80%

(12/15) of the traditional students made their decisions based on

incorrect reasoning. Some of these reasons included:

It is discontinuous.
It's not reflective across y = x.
-a and +a are not equal to the same function.
All points do not reflect through the origin.

The graph doesn't repeat.

1 1 2

Table 24
Summary of Experimental Student Responses to Paper-and-Pencil

Task 6 (e): Inverse of a Function, Tabular Presentation

School Correct Incorrect Total
Correct
reason
given

Incorrect
reason
given

No
reason
given

HS1 11 4 1 1 17

HS2 17 4 1 9 31

2C1 10 5 2 11 28

202 5 15 3 7 30
203 24 1 o 5 30
UC3 6 4 0 2 12

UC4 10 1 1 1 13

Total 83 34 8 36 161

School Correct Incorrect Total
Correct
reason
given

Incorrect
reason
given

No
reason
given

2C2N
UCN

0
3

8
4

_

0
0

4
9

12
16

Total 3 12 0 13 28
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Table 27
Summary of Traditional Student Responses to Paper-and-Pencil

Task 6 (f): Inverse of a Function, Graphical Presentation

27

113

Table 26
Summary of Experimental Student Responses to Paper-and-Pencil

Task 6 (f): Inverse of a Function, Graphical Presentation

For part (f), all students had a great deal of success in making

a decision about whether or not the inverse existed. However, 31%

(48/153) of the experimental students and 74% (20/27) of the

traditional students answering correctly sketched the inverse

incorrectly. The most common error was to reflect the original

function about the line y = 0.

School Indicated g-1
exists

Incorrect Total

Correct
graph

Incorrect
graph

HS1 15 2 0 17
HS2 19 11 1 31

2C1 16 11 1 28
2C2 8 16 6 30
2C3 28 2 0 30
UC3 11 1 0 12

UC4 8 5 0 13

Total 105 48 8 161 .

School Indicated g-1 '
exists

In-
correct

Total

Correct
graph

Incorrect
graph

2C2N
UCN

2
5

10
10

0
1

12
16

Total 7 20 1 28



Fill out the following table for the function f shown below.

Figure 34. Paper-and-pencil Task 7: Limit,

graphical presentation.
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x . a 1(a)

lett-hand limit
lim gal

x fa '

right-hand limit
rim ((xi

x--0a

limit
lire f(x)

x .a

Is f
continuous
at x . a ?

-7

-5

-2

1

2

5

9
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Table 28
Summary of Correct Student Responses to Paper-and-Pencil Task 7:

Limit, Graphical Presentation

The experimental students had a higher percentage of correct

answers than the traditional students in all parts of this problem.
The traditional students had their greatest success in evaluating

f(a). On some of the parts, as many as 14 of the traditional

students did not answer the question. Four of the traditional
students indicated on their paper they had run out of time when

working this task.

,

x = a f(a) left-hand limit
li m f(x)

x-4a-

right-hand limit
Jim f(x)

x>a+

limit
lim f(x)

x-->a

Is f
continuous

at x= a?

# correct
,

# correct # correct # correct # correct

(n=289) (n=28) (n=289) (n=28) (n=289) (n=28) (n=289) (n=28) (n=289) (n=28)

exper. trad. exper. trad. exPer- trad. exPer- trad. exPer. trad.

7 283 24 283 17 283 17 280 17 282 22

5 256 17 269 13 263 13 213 10 276 17

2 278 21 274 16 274 16 272 15 276 20

1 267 25 265 15 262 15 258 15 273 23

2 281 25 255 11 282 15 255 18 281 14

4 277 23 273 14 273 14 269 12 275 19

5 256 20 264 11 244 9 215 10 282 20

9 233 19 252 12 230 11 257 10 278 19



1 1 6

The table below contains information with regard to the height in inches. h: t h(t). of a spider

on the wall at various times between 1 second and 2 seconds inclusive.

Estimate the instantaneous speed of the spider at 1.3 seconds.

Figure 35. Paper-and-pencil Task 8: Derivative,

tabular presentation.

input 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

output 3.64 3.65 3.69 3.76 3.85 3.94 4.02 4.09 4.14 4.17 4.17
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Table 30
Summary of Traditional Student Responses to Paper-and-Pencil

Task 8: Derivative, Tabular Presentation

1 1 7

Table 29
Summary of Experimental Student Responses to Paper-and-Pencil

Task 8: Derivative, Tabular Presentation

I 15

It appears that students who found At/Ah evoked the idea of

slope but possibly without thinking about the units involved. Those

who found h(1.3)/1.3 may have thought about inches per second but

did not make the connection to the fact that a slope was needed.

This problem appeared difficult for all the students with 48%

(62/130) of the experimental students and 12% (2/17) of the

traditional students answering correctly.

School Correct Incorrect Total

Found Found
Ah h(1.3) - h(1.2) At h(1.3) h(1.3) Other

At .1 Ah 1.3

HS1 9 5 0 0 2 16

2C1 10 3 1 2 8 24

2C2 7 2 1 3 11 24

2C5 25 5 2 7 6 45

UC3 6 0 1 0 1 8

UC4 5 1 2 0 5 13

Total 62 16 7 12 33 130

School Correct Incorrect Total

Found Found

Ah h(1.3) - h(1.2) At
Ah

h(1.3)
h(1.3)

Other
At - .1

1.3

UCN 2 0 3 1 11 17



Below is the graph of, = f'(r) (the derivative off: z f(z)).

Over which intervals is the original function f

increasing?

decreasing?

Over which intervals is the graph of the original function f

concave up?

concave down?

Find the x-coordinates of the

local minimura points of the oriVnAt fruiction f.

local maximum points of the orient function f.

Figure 36. Paper-and-pencil Task 9: Derivative,

graphical presentation.

-1'(x)

118



Table 32
Summary of Traditional Student Responses to Paper-and-Pencil

Task 9 (a), Increasing Behavior of f: Derivative, Graphical

Presentation

37

119

Table 31
Summary of Experimental Student Responses to Paper-and-Pencil

Task 9 (a), Increasing Behavior of f: Derivative, Graphical

Presentation

s School Correct Incorrect Total

Omitted
interval

Used
f'

Other

(2, co) as f
HS1 12 2 2 0 16
2C1 7 2 11 3 23
2C2 8 4 11 1 24
2C5 25 6 9 5 45
UC1 14 2 6 0 22
UC3 3 1 4 3 11

UC4 8 1 1 3 13

Total 77 18 44 15 154

SchoolCorrect Incorrect TotalI
Omitted
interval

(2, oo)

Used
f`

as f

Other

UCN
UC1N

5
4

0
6

11
16

1

3
17
29

Total 9 6 27 4 46
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Table 34
Summary of Traditional Student Responses to Paper-and-Pencil

1-ask 9 (b), Decreasing Behavior of 1: Derivative, Graphical

c'resentation

30

120

Table 33
Summary of Experimental Student Responses to Paper-and-Pencil

Task 9 (b), Decreasing Behavior of f: Derivative, Graphical

Presentation

School Correct ' Incorrect Total
Used

f '

as f

Other

HS1 14 1 1 16
201 9 7 7 23
202 11 9 4 24
205 31 6 8 45
UG1 16 4 2 22
UC3 3 4 4 11

UC4 9 1 3 13
Total 93 32 129 , 154

School Correct Incorrect Total
Used

f '

as f

Other

UCN
UC1N

5
11

10
16

2
2

17
29

Total 16 26 4 46
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Table 36
Summary of Traditional Student Responses to Paper-and-Pencil

Task 9 (c), Concave Up: Derivative, Graphical Presentation

29

121

Table 35
Summary of Experimental Student Responses to Paper-and-Pencil

Task 9 (c), Concave Up: Derivative, Graphical Presentation

School Correct incorrect Total

Used
f '

as f

Other

HS1 11 2 3 16

201 9 7 7 23

2C2 11 6 7 24

2C5 29 7 9 45

UC1 5 9 8 22
UO3 1 2 8 11

UC4 7 2 4 13

Total 73 35 46 154

School Correct Incorrect Total

Used
1'

as f

Other

UCN
UC1N

5
12

5

7

7

10

17
29

Total 17 12 17 46
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Table 38
Summary of Traditional Student Responses to Paper-and-Pencil

Task 9 (d), Concave Up: Derivative, Graphical Presentation

31

122

Table 37
Summary of Experimental Student Responses to Paper-and-Pencil

Task 9 (d), Concave Down: Derivative, Graphical Presentation

School Correct Incorrect Total
Used

1'
as f

Other

HS1 11 2 3 16
201 10 8 5 23
2C2 12 7 5 24
2C5 31 6 8 45
UC1 5 13 4 22
UC3 1 3 7 11

UC4 7 2 4 13

Total 77 41 36 154

School Correct Incorrect Total
Used
f,

as f

Other

UCN
UC1N

3
12

6
12

8
5

17
29

Total 15 18 13 46
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Both groups of students had more difficulty with part (a) than

part (b) of Task 9. Twenty-four students who had correctly
indicated the other two intervals did not consider the function

increasing over the interval (2, Although f is positive over

this interval, it is constant and students may have interpreted this

to mean the original function was constant over (2, .0), therefore,

non-increasing. It was also easier for students to determine the

increasing/decreasing behavior than the concavity. All students had

difficulty with this problem with only 60% (93/154) of the
experimental students and 35% (16/46) of the traditional students

answering (b) correctly. The errors made in parts (e) and (f) and the

number making those errors was similar to that of parts (a) through

(d), so tables are not included.



Below is the graph of f and the line tangent to f at z = 2.5.

7

5

4

3

2

1

a. Find f'(2.5) and find the equation of
the normal line at z = 2.5. Sketch
this normal line on the axes above.

1 2 3456

b. Sketch the derivative of f over
the interval (0, 71 using the axes above.

Figure 37. Paper-and-pencil Task 10: Derivative,

graphical presentation.

124

a 3 4 6 7



1
50

Table 40
Summary of Traditional Student Responses to Paper-and-Pencil

Task 10 (a): Derivative, Graphical Presentation

6

125

Table 39
Summary of Experimental Student Responses to Paper-and-Pencil

Task 10 (a): Derivative, Graphical Presentation

School Correct Incorrect Total

f ' incorrect but
slope used for

equation of
normal line is

correct

Found
equation
of tangent

line at
x = 2.5

Other

HS1 14 0 0 2 16

201 11 4 0 9 24

202 12 1 1 10 24

205 30 4 3 8 45

UC3 5 1 0 2 8

UC4 8 1 1 3 13

Total 80 11 5 34 130

School Correct Incorrect ' Total

f ' incorrect but
slope used for

equation of
normal line is

correct

Found
equation
of tangent

line at
x = 2.5

Other

UCN 11 1 0 5 17



1 2 6

Of the 34 experimental students represented in column

"other", 22 did not answer the question. Four of the five traditional

students represented in column "other" also did not answer the

question. Included in this same column are those students who gave

no answer to f `(2.5) but correctly found the equation of the normal

line. Both groups had a similar percentage of correct answers.

Notice that both groups had a higher percentage of correct answers

on this problem than on Task 8 where the function was presented in

tabular form. The graphical representation evoked the idea of slope

in more cases than did the tabular representation.



Table 41
Summary of Experimental Student Responses to Paper-and-Pencil

Task 10 (b): Derivative, Graphical Presentation

UCN

95
1

Table 42
Summary of Traditional Student Responses to Paper-and-Pencil

Task 10 (b): Derivative, Graphical Presentation

School

1

1 27

The major difficulty students had with this problem was how

to sketch the derivative over the interval [6, 7]. Some of the errors

included ignoring that part, sketching it as if it were still an

increasing slope, or sketching it correctly but connecting the curve

over the interval [0, 6] and [6, 7]. For the latter two of these,

continuity of the function seemed to evoke continuity of the

derivative. As the tables show, this was a more difficult task for

the traditional students.

School Correct Correct except
for interval 16, 71

Incorrect/
no answer

Total

HS1 8 8 0 16

2C1 7 9 8 24

2C2 6 4 14 24

2C5 21 18 6 45

UC3 4 3 1 8

UC4 4 3 6 13

35 13050 45Total

Incorrect/
no answer

TotalCorrect Correct except
for interval 16, 71

1 2 14 17

3 1



Shown below is a table containing some data from an experiment. If f is continuous,
4

estimate ff(x)dx by finding a Riemann sum corresponding to the partition of size n = 6

using the right endpoint of each subinterval.

Figure 38. Paper-and-pencil Task 11: Definite integral,
tabular presentation.

128

x 1 1.5 2 2.5 3 3.5 4

f(x) .3 .2 -.4 - .2 .4 .5



Note. Numbers in parentheses indicate students who
drew a graph or rectangles, the sum of whose areas
represented the value of the Riemann sum.

Table 44
Summary of Traditional Student Responses to Paper-and-Pencil

Task 11: Definite Integral, Tabular Presentation

Note. Numbers in parentheses indicate students who
drew a graph or rectangles, the sum of whose areas
represented the value of the Riemann sum.

Both groups of students experienced difficulty with this

problem. Although both groups of students had solved Riemann sum

problems, they found it difficult to apply previously learned

knowledge when solving this task. Neither groups had much

exposure to problems of this type when the function was presented

tabularly.

1 29

Table 43
Summary of Experimental Student Responses to Paper-and-Pencil

Task 11: Definite Integral, Tabular Presentation

School Correct Incorrect Total

2C2 13 (11) 6 (6) 19 (17)

2C4 9 (3) 21 (8) 30 (11)

2C5 8 (5) 7 15 (5)

UC4 16 (7) 4 20 (7)

Total 46 (26) 38 (14) 84 (40)

Correct Incorrect I Total I

ISchoolUCN
I

3 (1)

I
15 (4) 18 (5)



1 3 0

3

Below is the graph of the function f : x 1--- f(x). Evaluate if(x)dr.
-3

Figure 39. Paper-and-pencil Task 12: Definite integral, graphical

presentation.



Table 45
Summary of Experimental Student Responses to Paper-and-Pencil

Task 12: Definite Integral, Graphical Presentation

56

Table 46
Summary of Traditional Student Responses to Paper-and-Pencil

Task 12: Definite Integral, Graphical Presentation

1
12 (2)

Note. Numbers in parentheses indicate those students who solved by first
finding a symbolic expression for each piece of the function.

131

School Correct Incorrect Total

wrong
region

of
integrator

arithmetic
error

area under
x-axis

treated as
positive

Other

HS1 10 1 2 o 3 16

2C1 12 1 5 0 0 18

2C2 10 2 2 o 1 15

2C4 14 5 6 5 2 32

2C5 15 4 0 2 0 21

UC2 14 3 4 1 2 24

UC4 14 4 o 1 o 19

Total 89 20 19 9 8 145

School Correct Incorrect Total

wrong
region

of
integrator

arithmetic
error

area under
x-axis

treated as
positive

Other

UCN 6(4) 2 1 1(1) 8(1) 18(6)



1 3 2

For those students who integrated using the wrong region of
integration, some examples included integrating from -4 to 4 or
from -3 to 4. Notice 6 of 18 traditional students found a symbolic
expression prior to finding the definite integral. For all the
experimental students, this problem appeared to evoke a geometric
solution. There was no symbolic expression on their papers and
their computations appeared to be a calculation of the areas of
several rectangles and a triangle.



1 3 3

Referring to the graph of f : X f(z) as shown above. assume the

area of region A is 2 sq. units and regions A. B and C are congruent. Usinsr

this information and the graph of y = f(z), evaluate the following:

a. [36 f(z)dx =

'34

b. j1f(zAcix
=

la

34

1 f f(z)dz1=

f3,24
f(z)dx =

Figure 40. Paper-and-pencil Task 13: Definite integral, graphical

presentation.



Table 48
Summary of Experimental Student Responses to Paper-and-Pencil
Task 13 (b): Definite Integral, Graphical Presentation

134

Table 47
Summary of Experimental Student Responses to Paper-and-Pencil
Task 13 (a): Definite Integral, Graphical Presentation

School Correct Incorrect Total

HS1 14 2 16
2C1 18 0 18
2C2 13 2 15
2C4 31 1 32
2C5 17 4 21
UC2 23 1 24
UC4 19 0 19
Total 135 10 145

School Correct Incorrect Total
answer

of 2
Other

HS1 12 3 1 16
HS2 18 o o 18
2C1 15 0 0 15
2C2 25 2 5 32
2C3 20 1 0 21
UC3 22 2 0 24
UC4 12 7 0 19
Total 124 15 6 145



Table 50
Summary of Experimental Student Responses to Paper-and-Pencil
Task 13 (d): Definite Integral, Graphical Presentation

135

Table 49
Summary of Experimental Student Responses to Paper-and-Pencil
Task 13 (c): Definite Integral, Graphical Presentation

School Correct Incorrect Total
answer

of 6
Other

HS1 13 2 1 16
HS2 18 0 0 18
2C1 13 1 1 15
2C2 28 3 1 32
2C3 17 4 0 21
UC3 20 3 1 24
UC4 16 3 0 19
Total 125 16 4 145

School Correct Incorrect Total
answer

of 2
Other

HS1 12 3 1 16
HS2 15 3 0 18
2C1 10 5 0 15
2C2 16 14 2 32
2C3 16 4 1 21
UC3 9 15 0 24
UC4 11 7 1 19
Total 89 51 5 145



Table 51
Summary of Traditional Student Responses to Paper-and-Pencil
Task 13 (all parts) Definite Integral, Graphical Presentation

136

In Tables 48 through 50, the most common incorrect error is
shown. Part (d) was the most difficult for both groups of students,
possibly because when students use the Fundamental Theorem of
Calculus or the calculator to evaluate a definite integral they don't
need to worry about the relative size of the limits of integration.
Students also may have overlooked the order of the limits. Students
whose answer was 2 evoked the appropriate sign if the limits of
integration had been reversed. For 27 of the traditional students,
this problem evoked a symbolic approach as was indidated on their
papers. Some examples included:

[f(x)]2/2 = 9a2/2 + C

[-2]30+ [2]2aa
[2] 32aa ,10a

[a]308 =3a9

3a

f6x2 dx

School Correct Incorrect Total
UCN

part (a) 166 53 219
part (b) 172 47 219
part (c) 139 80 219
part (d) 125 94 219



Let f: z IO

1 ± 21/(

Find f(3.57).

Find lim f(z). Describe your method.

Find lim f(z). Describe your method.
z--1-

Figure 41. Paper-and-pencil Task 14: Limit, symbolic
presentation--representation used.

Task 14 in Figure 41 was presented only to the experimental
students. It was designed to investigate the representation(s)
students choose to use when solving a limit problem of this type.
Part (a) was included to assist the investigator in determining
whether the function was entered correctly.

137
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Table 52
Summary of Student Responses to Paper-and-Pencil Task 14: Limit,
Symbolic Presentation--Representation Used

76 I 55 I 53

Column "Graphical/Correct" represents not only those
students who entered the function correctly and interpreted the
graphical results correctly but also those who entered it

incorrectly but analyzed the results of their graph correctly based
on the function which they entered. Similarly, for columns
"Tabular/Correct" and "Both/Correct." The columns "Incorrect"
represent those students who interpreted their results incorrectly.
The "Not sure" column represents those students who indicated that
they had used a particular representation but had entered the
function incorrectly and had shown no work so it was unclear
whether or not their interpretation was correct. Column "other"
represents those students who showed no work and had incorrect
answers or whose work was incoherent or incorrect algebraically.
Notice in particular the preferred representations for each school.
Schools HS1, UC2, and UC5 had the majority of their students
selecting a graphical representation whereas schools 201, 203, and
UC1 had the majority of their students favoring the tabular
representation. HS2, 205, and UC4 had a large number of students
use both graphical and tabular representation. The fact

School Graphical Tabuiar Both Other Total
Corr. Incor. Not

sure
used
Corr.

Corr. lncor. Not
sure
used
corr.

Corr. lncor. Not
sure
used
corr.

HS1 4 1 5 0 1 0 2 1 0 2 16
HS2 10 4 2 1 0 0 7 4 0 0 28
201 2 0 1 7 2 2 0 1 2 8 25
2C3 3 0 0 9 4 0 5 1 0 3 25
205 0 0 0 7 0 0 9 1 0 1 18
UC1 0 0 0 9 3 3 2 0 1 5 23
UC2 6 9 6 1 0 0 5 0 1 2 30
UC3 1 1 1 2 2 0 1 0 0 4 12
UC4 1 0 1 1 0 0 7 2 0 1 13
UC5 10 3 5 0 1 0 1 0 o 1 21

Total 37 18 21 37 13 5 39 10 4 27 211
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that the majority of students from some of the schools tended to
favor particular representations may indicate instruction played a
role in their choice. This choice could have been influenced by the
representation(s) emphasized by the instructor. The number of
students who correctly answered the problem is similar for each
representation: 37, 37, and 39, respectively. At least 129 out of
211 used the graphical representation at some point during the
solution process.

Tables 53 - 57 summarize the results of the paper-and-pencil
tasks.

Table 53
Summary of Correct Responses to Identification of Functions Tasks

For function identification Tasks 1 and 2, the experimental
group had a comparable number of students with correct answers.
However, the traditional group exhibited better performance on the
tabular task (Task 1) than on the graphical task (Task 2). Most

traditional students seemed to use the Dirichlet-Bourbaki
definition when classifying the tabular relations in Task 2.
However, they may be using different criteria for a relation
represented graphically and thus, may not be connecting this
criteria with the Dirichlet-Bourbaki definition.

The traditional students fared a little better on Task 3 (b).
However, only 23% (5/22) of the traditional students and 20%
(31/158) of the experimental students answering correctly showed
work which corrrectly supported their answer. Similary, in Task 3
(c1) and Task 3 (c2), it is unclear what criteria the students used.
As was mentioned in the discussion, many students displayed no
work and may have used incorrect criteria since the number of

Task Experimental Traditional
1 (a): Tabular 200/239 = 84% 22/28 = 79%
2 (c): Graphical 212/239 = 89% 16/28 = 57%
3 (a): Symbolic 210/240 = 88% 17/28 = 61%
3 (b): Verbal Descrip. 158/240 = 66% 22/28 = 79%
3 (c1): Symbolic 129/240 = 54% 21/28 = 75%
3 (c2): Symbolic 83/240 = 35% 5/28 = 18%



1 4 0

students answering correctly on part (c1) is much greater than on
part (c2).

Some of the function identification tasks were similar to
those used by Vinner (1983), Vinner and Dreyfus (1989), and
Ferrini-Mundy and Graham (1991). Consistent with the results of
previous studies, some students from both groups of students who
participated in this study used discontinuity as the reason why a
particular relation represented graphically was not a function.
Another incorrect reason students' used was that a function cannot
be defined with a split domain. Ferrini-Mundy and Graham (1991)
found that a student may use familiarity as a criteria for
identification of a function. In other words, the graph had to be one
that the student had seen in class. For the function in paper-and-
pencil Task 3 (b), familiarity also seemed to play a role. In this
case, however, familiar words evoked different things for different
students. This example showed how strongly previous experiences
can affect problem solving in that particular problems can evoke
information which is not pertinent to solving the task at hand. For

this particular task, the key words "circle" and "radius" evoked
such images as picture of a circle, equation of a circle, area of a
circle, and a line representing the radius of a circle. For many
students, one or more of these may have interfered with the
solution of the task.

Table 54
Summary of Correct Responses to Composition and Inverse of
Functions Tasks

The experimental students exhibited better performance than
the traditional students on the composition tasks. The

Task Experimental Traditional
4: Comp.,Tab./Graph. 209/240 = 87% 17/28 = 61%
5 (a): Comp., Symbolic 193/240 = 80% 15/28 = 54%
5 (b): Comp., Symbolic 51/240 = 21% 0/28 = 0%
6 (e): Inverses, Tab. 125/161 = 78% 15/28 = 54%
6 (f): Inverses, Graph. 153/161 = 95% 27/28 = 96%
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experimental students may have had no experience with a task
similar to Task 4. However, it is unclear why they had a lower
performance than the experimental students on the symbolic task,
Task 5 (a). Notice the poor performance of both groups on Task 5
(b) where they were asked to find the domain of the composition of
two functions. Twenty-one percent (51/240) of the experimental
students and 0% (0/28) of the traditional students found the correct
domain. It appears that the aspect of finding the domain of a
composition may not be stressed as much as actually performing
the composition. Both groups fared quite well when they indicated
a particular function presented graphically had an inverse (Task 6
(f)). However, 31% (48/153) of the experimental students and 74%
(20/27) of the traditional students answering correctly drew the
graph of the inverse incorrectly. Contrast the performance for both
groups on Tasks 6 (e) and 6 (f). Both groups of students did not
appear to connect their criteria used for a function represented
graphically to their criteria used for tabular representation.
Recall, a similar thing happened in Tasks 1 (a) and 2 (c) for the
traditional students but in this case they had a larger number of
correct responses for the tabular task rather than for the graphical
task.

Table 55
Summary of Correct Student Responses to Task 7: Limit, Graphical
Presentation

x = a f(a) left-hand limit
Gm f(x)

x>a.

right-hand limit
lim f(x)

x-->a+

limit
lim f(x)x>a

Is f
continuous

at x= a?

# correct # correct # correct # correct # correct
(n=289) (n=28) (n=289) (n=28) (n=289) (n=28) (n=289) (n=28) (n=289) (n=28)

exper. f rad. exper. trad. exper. trad. exper. trad. exper. trad.7 283 24 283 17 283 17 280 17 282 225 256 17 269 13 263 13 213 10 276 172 278 21 274 16 274 16 272 15 276 20
1 267 25 265 15 262 15 258 15 273 23
2 281 25 255 11 282 15 255 18 281 14
4 277 23 273 14 273 14 269 12 275 19
5 256 20 264 11 244 9 215 10 282 20
9 233 19 252 12 230 11 257 10 278 19
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The traditional students exhibited a lower performance than

the experimental students when graphically finding limits. The

traditional students may have found this presentation difficult.
However, there may be other explanations. One reason may be that

the traditional students from school UCN worked the paper-and-

pencil tasks at the end of the term and the material concerning

functions and limits was covered at the beginning of the term. In

contrast, the experimental group worked the paper-and-pencil tasks

which covered a particular topic throughout the term upon

completion of each topic. Also, four of 12 students from school

2C2N indicated on their paper they had run out of time when

working this task. Another reason may be that the traditional

students were not instructed in the use of the graphical

representation for a limit.

Table 56
Summary of Correct Responses to Derivative Tasks

Both groups exhibited a low performance on Task (8). This

was a task which the experimental group had very little experience

with and which the traditional group had no experience with.

However, there is a striking difference between the two groups

possibly because the experimental students had more exposure to

working with tabular data. Both groups also exhibited a low

performance on Task 9 yet the experimental students had

instruction in tasks similar to this one. Notice both groups

performed comparably on Task 10 (a). However, there is quite a

large difference in the two groups for Task 10 (b) which required

Task Experimental Traditional
8: Tabular
9 (a): Graphical
9 (b): Graphical
9 (c): Graphical
9 (d): Graphical
10 (a): Graphical
10 (b): Graphical

62/130
77/154
93/154
73/154
77/154
80/130
95/130

=
=
=
=
=
=
=

48%
50%
60%
47%
50%
62%
73%

2/17
9/46

16/46
17/46
15/46
11/17

3/17

=
=
=
=
=
=
=

12%
20%
35%
37%
33%
65%
18%



similar understanding of the derivative. More will be discussed
concerning Task 10 in Chapter 6.

Table 57
Summary of Correct Responses to Definite Integral Tasks
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As with the tabular derivative task, both groups exhibited a
low performance on Task 11 with striking differences between the
two groups. Again, the experimental students had worked with
tabular data throughout the term although not a great deal within
the context of integration. Part (d) was the most difficult of all
the tasks in Task 13. Recall, in this task the lower limit of
integration was larger than the upper limit. For part (d), this
appeared to be a major reason why the difference in the percent
correct in part (a) and part (d). Note the difference in the percent
correct for Task 12 and Task 13. Both were graphical tasks.
However, the presentation of Task 12 caused more difficulty for
both groups.

Both groups of students demonstrated low performance (60%
or less with correct answers) when working the following tasks:

Task 3 (c2): Determining whether a relation presented
symbolically is a function.
Task 5 (b): Finding the domain of the compostion of two
functions presented symbolically.
Task 8: Estimating the derivative of a function presented
tabularly.
Task 9: Determining increasing or decreasing behavior,
concavity, and critical points of a function f using the
graph of its derivative.

Task Experimental Traditional
11: Tabular 46/84 = 55% 3/18 = 17%
12: Graphical 89/145 = 61% 6/18 = 33%
13 (a): Graphical 135/145 = 93% 166/219 = 76%
13 (b): Graphical 124/145 = 86% 172/219 = 79%
13 (c): Graphical 125/145 = 86% 139/219 = 63%
13 (d): Graphical 89/145 = 61% 125/219 = 57%



5. Task 11: Estimating the definite integral of a function
presented tabularly using a Riemann sum .

The traditional students appeared to have much lower percentages
of correct answers except for the definite integral Task 13 than the
experimental students when the function was presented graphically.
Some of the widest differences between the two groups (over 30
percentage points) occurred in graphical Tasks 2, 7, and 10 (b).
Although both groups exhibited low performance on the tabular
Tasks 8 and 11, again there is a wide difference in percentage of
correct answers between the two groups with the experimental
group faring better.
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Chapter Five: Interview Summaries and Analyses

For each of the students interviewed, the following
information will be presented:

Identification of student's class (experimental or traditional),
gender, grade, and type of calculator used if any.
Summary and discussion of the results of the interview
organized by task.
Analysis of the interview with regard to the following
research questions:

Student's representational knowledge and concept image

Connections among representations

Does the student see connections among the three
representations?

Management of representations

Does the student have a preferred representation and how does
the student vary the choice of representation depending on the
problem? Does the student transfer among the
representations?

Student's calculator usage and interpretation of calculator results

Management of calculator

How and when does the student use the calculator in
undirected situations (that is, when there are no specific
instructions given as to its use)?
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Conflict resolution and confidence in the calculator

If conflicts are produced while working with the calculator,
does the student recognize them? If so, how does the student
resolve them? How aware is the student of the calculator's
numerical and graphical limitations?

The first group of research questions will be addressed for all the
students. The second group of questions pertaining specifically to
calculator usage will be addressed for those students in the
experimental group.

For the presentation of the summaries and analyses, the
students will be discussed in the following order:

Six experimental differential calculus students.
Six traditional differential calculus students.

3 Six experimental integral calculus students.
4. Six traditional integral calculus students.

During the interviews of the experimental calculus students,
certain calculator keys were used by the students. Below is a brief
description of these keys and their functions:

AREA: calculates and displays the signed area between
the curve and the x-axis between two x-values.
AUTO(scale): evaluates the equation at 40 values
spaced equally across the range of the independent variable
and then computes an appropriate y-axis range and plots
the graph.
COOR(dinates): displays the coordinates of the cursor
position.
Connected mode: connects successive computed points
with straight line segments regardless of the relative
positions of the plotted points. Therefore, it connects

1 46



1 4 7

across asymptotes. It sometimes gives the appearance
that an asymptote has been drawn.
EquationWriter: allows one to enter and review
algebraic expressions and equations the way they appear
printed in books.
ISECT: numerically finds a point of intersection of two
curves from the graphs of the curves.
ROOT: numerically finds the roots of an equation from a
graph.
SOLVR: allows one to enter an expression and evaluate
that expression at a number of inputs without rewriting
the expression each time. It also allows one to numerically
solve an equation.
Z-BOX: allows one to zoom by specifying with a box the
part of the curve of interest.

During the interviews of the students, certain aspects of
specific tasks need clarification. In Task 3, a conflict for the
experimental students may occur as a result of calculator round-off
error.

In Task 5, traditional students were presented with calculator
produced graphs which are hiding information due to improper
scaling. When the calculator students initially drew either one
these graphs using their calculators, the graphs appeared the same
as the ones shown to the traditional students.

The integrand in Task 8 has an asymptote in the interior of the
interval of integration. Therefore, when a student tries to use the
calculator to numerically evaluate this definite integral the
Calculator runs for a long period of time since the integral does not
converge. In most cases, the students eventually interrupted the
process. When students apply the Fundamental Theorem of Calculus
without checking the continuity of the integrand over the interval
of integration, the typical wrong answer they get is -1.



Name:

Class:
Gender:

Grade:

Calculator:

Andy
Differential Calculus (Experimental Class)
Male

HP 48SX

Summary and Discussion of Andy's Interview

1 . Investigate: 1 i mx 2 x3+ 2x + 5.

Andy evaluated the function by hand by substituting x = 2 to
obtain the correct limit of 17.

1
Investigate: 1 i mx 0

1 + 211x

Andy observed that the function was undefined at 0. He then
used the calculator to graph the function and correctly found both
the right-hand and the left-hand limits directly from the graph.
Without prompting, he then checked these results mentally by
determining the behavior of the function's values for negative and
positive inputs near x = 0.

Let f: x (1 - .5x)1/x.

Find f (2).

Investigate: "mx -4 0 f (x )'

For part (a), Andy used SOLVR on the calculator to find
f (2) = 0. On part (b), he used the calculator to graph the function
and correctly estimated the limit as .5. He was momentarily
distracted by the answer of 0 from part (a), perhaps because 0 was
the target input for part (b). He then observed the graph near the
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points (0, .5) and (2, 0) and then seemed to realize that the answer
of 0 from part (a) was not related to the role of 0 in part (b).

When asked to work the problem in another way, he used the
calculator to estimate the limit to be .6 from both the left-hand
side and the right-hand side by substituting inputs near x = 0. Andy

could think of no other ways to evaluate this limit.
On request of the interviewer, Andy then found

f( 1 x 10-11)- .6 and f(1 x 10-12) = 1. The value of 1 conflicted

with his previous answer of .6 to part (b). He then appeared to look
for an interpretation of the problem which would support the
calculator result.

I: Do you have any sort of opinion about that?
S: The exponent would finally get so large that the

function would start to increase. Oh! Wait a
minute. I see. This (.5x) would start going towards
0 and leave just 1 and 1 raised to any exponent is

Find f '(x ) if f: x 1> 3x4 - 5x3 - 9x2 + x - 1.

Andy calculated the correct derivative by hand.

Let f:x1> x3(x - 1)4 and

f x 1> x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Andy initially entered the derivative in the calculator and was
preparing to find the critical points from the graph of the
derivative by finding the roots. He then observed the symbolic form
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for f' and decided it was easier to find the critical points from
this expression. He then used the graph of the derivative to
classify the critical points by examining the sign change around
each critical point. Andy felt the appearance of the first graph
might be hiding information between x = 0 and x = 1 and so he
zoomed in to get a more accurate graph. Initially, he changed only
the scaling on the x-axis which did not provide any new
information. He then altered the y-axis scaling. At the request of
the interviewer, he also correctly explained how he could classify
the critical points using the symbolic expression for f' by
determining the sign of the derivative on each side of the critical
points.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )f:x 1>
x-1

3

3x - 5x2 -6
For part (a), Andy determined the discontinuity at x = 0 from

the symbolic form for f. He then graphed the function and correctly
determined the type of discontinuity to be a hole. He altered the
scale once to get a better picture of the graph near the
discontinuity.

For part (b), Andy initially graphed the function f using
connected mode (meaning all graphs are plotted as if they were of
continuous functions). For this function, this resulted in a graph
connected across the vertical asymptote with a jagged drop from
one column of pixels to the next. By observing this graph, Andy's
attention was drawn to the point near x = 2.12. Although there is
actually a vertical asymptote at this location, the appearance of the
graph on the calculator led Andy to classify it as a jump. Andy's



concept image included the fact that a vertical asymptote cannot
touch the function's graph and he used that to rule out a vertical
asymptote when classifying this discontinuity.

I: Something looked strange there?
S: It's a jump, I guess.
I: What's the difference between a jump and a vertical

asymptote? How do you know that that's a jump rather
than a vertical asymptote?

S: It never touches an asymptote. On the top of this
one it was touching the vertical line that's been
drawn here.

He then tried to algebraically determine where the denominator was
equal to zero by factoring. Andy could not think of any other way to
determine the zeroes of the denominator.
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Analysis of Andy's Interview

Andy's representational knowledge and concept image

Connections among representations

Andy made excellent connections among the representations.
He substituted values near the target and also used a graph to
estimate the limit for each function in Tasks 2 and 3. In Task 5, he
demonstrated multiple representational understanding of the first
derivative test. He used the graph of the derivative to classify each
critical point by observing the sign of the derivative on each side of
the critical point. Upon request, he then explained how to classify a
critical point by evaluating the derivative at inputs on each side of
the critical point and observing the sign of these results.

Management of representations

Andy's ability to transfer among representations seemed to be
dependent on the particular task. In Task 5, his initial approach to
finding the zeroes of the derivative (in search of critical points)
was to graph the derivative and locate the roots. However, in Task
6 (b), faced with a similar goal of finding the roots of the
denominator (in search of discontinuities of a rational function),
Andy was unable to consider any other strategies other than
factoring. Andy appeared to compartmentalize the task of finding
roots in this instance by excluding all but a symbolic approach.
This may be attributed to the difference in the presentation of the
functions in Tasks 5 and 6 (b). In Task 5, the derivative was
presented as a separate function f whereas in Task 6 (b), the
function to be graphed appeared only as a component, the
denominator, of the function f.

Andy seemed to prefer the graphical representation but did
not seem limited to this approach. He made additional use of both
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the symbolic and numerical representations with and without
prompting from the interviewer.

The availability and presentation of symbolic information
influenced his use of the graphical representation. In Task 5, the
ease with which Andy was able to obtain the critical points from
the symbolic form appeared to influence when he used the graphical
representation. Once he had located the critical points, he then
used the graph of the derivative to classify them. In Task 6 (a), he
easily found the discontinuity from the symbolic form and then
classified the discontinuity from the graph of the function. In the
case of Task 6 (b), the discontinuity could not be found by
observation of the symbolic form for the function. Andy first
graphed the function to estimate the point of discontinuity and then
tried to factor the denominator to locate the discontinuity.

Andy's calculator usage and interpretation of calculator results

Management of the calculator

Andy used the calculator to graph and whenever possible he
used the graph to help him solve the problems. As was stated
above, Andy was influenced by the appearance of symbolic
information which determined when and how he used the graphical
approach. He estimated the limits in Tasks 2 and 3 from the graphs
of the functions. He classified critical points of a function from
the graph of its derivative in Task 5 after first locating the critical
points from the symbolic form. He classified the discontinuity
from the graph of the function in Task 6 (a) after first locating the
discontinuity from the symbolic form. In Task 6 (b), he initially
graphed the function and then estimated and classified the
discontinuity of the function from the graph.

As with his use of the calculator to graph, Andy was selective
in his numerical use of the calculator. He appeared to be influenced
by the type of function to be evaluated and possibly the accuracy
required of the result. Andy used SOLVR to evaluate the exponential
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function in Task 3 (a) and then, at the interviewer's prompting, to
investigate the limit in Task 3 (b) However, he evaluated the
polynomial function in Task 1 by hand. He checked his limit in Task
2 by mentally determining the function's behavior for positive and
negative inputs near 0 when he could have easily used SOLVR since
he had just graphed the function. Similarly, in Task 5, at the
interviewer's request, he mentally classified a critical point of the
function by determining the sign of the derivative for inputs on each
side of the critical point. It would have been easy for him again to
use SOLVR since he had just graphed the derivative.

Andy did not use the calculator to work with the symbolic
representation. Although he was not hesitant to use the calculator,
he seemed to feel the need on three occasions to ask if it was okay.

Conflict resolution and confidence in the calculator

Over all, Andy placed a great deal of confidence in the
calculator's numerical results. His confidence in the final
(incorrect) numerical result given by the calculator in Task 3
appeared to caused him to to look for an interpretation of the
problem that would support the calculator result. Andy was
unaware of the numerical limitations of the calculator.

Andy showed awareness that graphical information could be
hidden due to scaling in Tasks 5 and 6 (a). He was inconsistent in
his awareness of the accuracy of the graphical information or lack
of information displayed on the screen. In Task 5, thinking that all
the critical points might not show up on the screen, Andy hesitated
to graph the derivative until he found all the critical points using
the symbolic representation for f'. However, in Task 6 (b), his
confidence in the accuracy of the calculator produced graph of the
function and his concept image of vertical asymptote led him to
incorrectly classify the type of discontinuity which occurred. Andy



also did not even appear to consider the fact that there might be
discontinuities other than the one showing on the screen.
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Name: Bob

Class: Differential Calculus (Experimental Class)
Gender: Male
Grade: A -

Calculator: HP 48SX

Summary and Discussion of Bob's Interview

Investigate: I i mx 2 x3+ 2x + 5.

Bob substituted inputs near x = 2 from both sides using the
calculator to obtain a correct limit of 17.

1Investigate: I mx 0

1 + 21
/x

Bob used the calculator to graph the function. He indicated
the limit did not exist since the function appeared to blow up at
x = 0. The interviewer did not check to see if he had entered the
function correctly and also did not check the appearance of the
graph. Bob may have used autoscale to draw the graph. He may have
also entered the function incorrectly. In either case, the graph may
have appeared asymptotic at x = 0. Bob fully trusted the appearance
of the graph on the screen without checking the scaling or checking
with another representation.

Let f: x (1 -

Find f (2).

Investigate: li 0 f (x ).

For part (a), Bob found f (2) = 0 using the calculator. For part
(b), he initially substituted positive and negative inputs near x = 0
using the calculator and correctly estimated the limit as
approximately .6. When asked to work the problem another way, he
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then observed the graph and estimated the limit as approximately
.6.

At the interviewer's request, Bob then found f(1 x 10 -11) - .6

and f(1 x10 12)
= 1. He found an interpretation of the problem

which would support the second calculator result even though this
result was due to round-off error.

S: Ah. We have a fraction here in this exponent so that
when.... Let me see if this is right. As this gets
smaller and smaller, the exponent effectively drops
out so that you are really evaluating (1 - .5x ). That
would be (1 - 0) and which would be 1.

Find f '(x ) if f: x I---> 3x4 - 5x3 - 9x2 + x - 1.

Bob calculated the correct derivative symbolically by hand.

Let f : x 1-4 x3(x - 1)4 and

f x 1-4 x2(x-1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Bob initially found the critical points by hand from the
symbolic form. After using the calculator to evaluate the function
at the critical points, he then realized he needed "to get a sign
change in here somewhere". (Bob initially had the function from
Task 3 still stored in the calculator. The interviewer reminded him
to check this.) Bob checked for a sign change in the derivative by
substituting inputs on either side of each critical point using the
calculator. He correctly classified the critical points. When the
interviewer requested that he check his answers, he chose to graph
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the original function f. Bob rescaled the graph several times (with
some assistance from the interviewer) before arriving at a graph
that reflected accurately the first derivative information.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )f:x1>
x -1

f : x I--> 3
2

3x - 5 x -6
For part (a), Bob determined the discontinuity at x = 0 from

the symbolic form for f. He then classified it as a vertical
asymptote. It seemed that Bob's concept image included the fact
that zeroes in the denominator always produce vertical
asymptotes.

1: How do you know it's a vertical asymptote?
S: I don't think I can explain the reason. That's just one

of the rules that I learned. If the orders or the
powers are the same, then for whatever is outside the
domain of x there'd be a vertical asymptote.

I: Does this occur anytime the denominator is 0 or is it just
specific to certain (problems)?

S: Yes. It would occur anytime the expression in the
denominator would equal to 0.

For part (b), Bob's first inclination was to graph the function
"to save time" but instead he opted to factor the denominator and
found a zero at x = 411/3. He checked his result by substituting
x = A/11/3 into the denominator using the calculator and found Ai 1 1/3

was not a zero of the denominator. When asked to find the zeroes in



another way, he then observed the graph of the function and
indicated there was a vertical asymptote around x = 2.2.
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Analysis of Bob's Interview

Bob's representational knowledge and concept image

Connections among representations

Bob saw connections between the representations. In limit

Task 3, Bob made a connection between the graphical and numerical
information. In Task 5, Bob also saw a connection between the
critical point information obtained from the derivative and the
graph of the original function. This was apparent because of the
time he spent scaling the graph in order to obtain a graph which
accurately agreed with the critical point information. Thus, again,
he made appropriate connections between different representations.
In Task 6 (b), although he tried unsuccessfully to locate the zero(es)
of the denominator symbolically, a connection existed here between
what the symbolic information was supposed to provide and the
numerical and the graphical representations of the function.

Management of representations

Bob's choice of representation seemed to be determined by the
ease at which he was able to obtain information by symbolic
manipulation of the function. In Task 4, 5, and 6 (a), he was easily
able to gather information from the symbolic form so he initially
used the symbolic form. If he decided not to use the symbolic
representation or found it necessary to use another representation,
then he chose either the numerical or the graphical representation.
It is unclear as to how he chose between graphical and numerical
when both were equally viable choices. For example, in limit Task
3, he initially chose the numerical representation while using the
graphical representation for limit Task 2. The expression in Task 2,
however, is very similar to the expression in Task 3. In Task 5,
after using the symbolic form to find the critical points, he then
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chose the more traditional numerical representation of the
derivative to classify these points rather than the graphical.

In all the tasks except 6 (b), he readily made his initial choice
of representation--symbolic or other based on the apparent
difficulty in gathering information from the symbolic expression as
was discussed above. However, in Task 6 (b), initially he was
undecided as to which representation to use. On first glance, the
symbolic form may have appeared too complicated to work with
since his first inclination was to graph the function. He did,
however, then attempt to gather information from the symbolic
form prior to using the graphical representation. After this
symbolic attempt was unsuccessful, he then graphed the function
when prompted to look for another way to solve the problem.

Once Bob had gathered information from the symbolic form, he
was not hesitant to use another representation if necessary to
complete the problem as in Task 6 (b). However, once he was
satisfied with his solution, he did not readily check results
gathered from one representation with another representation
without prompting.

Bob's calculator usage and interpretation of calculator results

Management of the calculator

Bob did not use the calculator for symbolic manipulation.
However, once he chose the numerical or graphical representation,
he then used the calculator. He performed no numerical evaluations
and drew no graphs by hand. As was discussed above, he did not
routinely check results from one representation using another
unless prompted by the interviewer. He could have done this in all

the tasks but Tasks 4 and 6 (a) since he already had the function
stored in the calculator, but he either chose not to or didn't
consider the possibility.



Conflict resolution and confidence in the calculator

Bob appeared to place a great deal of confidence in the
calculator's numerical results. A conflict was raised by the
calculator in Task 3. Bob found an interpretation of the problem
that would support the calculator result. Although Bob used the
calculator for many numerical investigations, he was unaware of
the numerical limitations of the calculator.

Bob placed a great deal of confidence in the screen appearance
of the graph. The amount of scaling he did seemed to depend on
whether he had gathered information from other representations
prior to graphing. In Task 2, he determined the limit by observation
of the graph without checking the scaling or without checking with
another representation. In Task 5, he used the graph to check
information he had previously found. This required that he rescale
the graph several times to get an accurate picture. This previously
found information may have influenced him to rescale. In Task 6
(b), it is unclear as to whether he considered the screen appearance
of the graph since he classified the discontinuity prior to graphing.
He, however, did not consider there might be other discontinuities
not shown on the screen.
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Name:

Class:
Gender:

Grade:

Calculator:

Chris
Differential Calculus (Experimental Class)
Male

C-
HP 48SX

Summary and Discussion of Chris's Interview

Investigate: I i mx 2 x3+ 2x + 5.

Chris substituted inputs near x = 2 from both sides using the
calculator to obtain a correct limit of 17.

Investigate: I mx 0 1+ 121
/x

Chris substituted inputs near x = 0 from both sides using the
calculator. He found the right-hand limit to be 0 and the left-hand
limit to be 1, both of which are correct. He noted that this was not
a continuous function since there was a jump at x = 0. Chris

exhibited excellent understanding when interpreting graphical
information from the numerical results with respect to the limit
concept.

I: What does that mean about the limit in general?
S: It's not a continuous function. There is a jump there.
I: Let's go back to this one (Task 1). You put numbers near 2 in.

Are you allowed to put 2 in?
S: You can. Nothing says you can't. The question asks

what's the limit as x approaches 2 from the left and
the right and I just popped 2 in to see if it came up in
between there to see if it would be a continuous
function.

I: Was it?
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S: Yes. At x = 2, it's 17 and as x approaches 2 from both
sides, the limit is going to 17. If it had come up
something different, I know that the graph would have
a hole there.

3. Let f: x (1 - .5x)lix

Find f (2).

Investigate: lirnx f (x ).

For part (a), Chris found f (2) = 0 using the calculator after -

initially entering the function into the calculator incorrectly. For

part (b), he substituted positive and negative inputs near x = 0 using
the calculator. He estimated the limit to be approximately .60.
When asked to work the problem in another way, he graphed the
function and felt the graphical information supported his previous
answer of .6.

At the request of the interviewer, he found f(1 x 10-11) - .6

and f(1 x 10
12)

= 1. This second value conflicted with his previous

answer of .6 to part (b). He then found an interpretation of the
problem which would support the second calculator result.

S. As x gets infinitely smaller, this (.5x ) drops out
and 1 over an infinitely small number is 1 divided by
an infinitely small number which is going to be 1 and

1 to the 1 is 1.
I: Do you think the limit is 1 now?

S: Yes.

4. Find f '(x ) if f: x 1> 3x4 - 5x3 - 9x2 + x - 1.

Chris calculated the correct derivative by hand.



Figure 42. Graph of f': x 1> xix - 1)3(7x - 3) as it appeared on

Chris's calculator screen. (The coordinates of the points did not
appear on his screen.)

He classified x = 0 as producing a local minimum by observation
that the graph of the derivative was at a minimum at (0, 0). He

pointed to the graph of the derivative at approximately (.2, .03)

thinking the x-coordinate of this point was 3/7. The derivative
appeared to be at a maximum at x - .2 so he classified x = 3/7 as a
maximum. At the point (.6, .03), the derivative was again at a
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5. Let : x x3(x - 1)4 and

f x x2(x - 1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Chris found the critical points from the symbolic form for the
derivative. Chris then chose to graph the derivative. He appeared to
classify the critical points as if they were critical points of the
derivative rather than critical points of the original function f.

Chris did not connect the zeroes found from the symbolic form of
the derivative with the roots of the graph of the derivative.



1 66

minimum. He thought the x-coordinate of this point was actually 1.
He, however, classified it as neither indicating there was a flat
spot and the slope was 0. (See Figure 42.) Chris verbally described
the derivative as a slope function but failed to connect how
graphical information provided by the derivative related to the
original function.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )

x-1
(b) f : x 3 2

3x 5 x -6

For part (a), Chris initially drew the graph of the function and
by observation of the graph indicated there were no discontinuities.
He did not appear to find any helpful information from the symbolic
form of f. For part (b), he felt there must be "loads" of
discontinuities by observation of the symbolic form. Initially, he
thought there was a discontinuity at x = 1 ( the zero of the
numerator) but then realized he needed to look for the zeroes of the
denominator rather than those of the numerator. He then graphed
the function (changing parameters several times) and indicated by

observation of the graph there was a vertical asymptote at some
point. He returned to the symbolic form and attempted
unsuccessfully to find the zeroes of the denominator by factoring.
The interviewer suggested Chris use the calculator in some way to
find these zeroes. After entering the denominator into the
calculator, his first inclination was to use the root-finder within
SOLVR but he was unsure of the procedure. At the interviewer's
suggestion, he then graphed the denominator and without prompting
found the zero using the root-finder within the grapher. He,

(a) f : x 1-4
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however, did not search for any other roots even though initially he
thought there were several.



Analysis of Chris's Interview

Chris's representational knowledge and concept image

Connections among representations

In most cases, Chris made connections between information
gathered from different representations. In his discussion
following Task 2, Chris exhibited excellent ties between the
graphical and numerical representations with respect to the limit
concept by effectively using the numerical approach followed by a
graphical explanation of his results. In Task 3, he also exhibited
connections between the numerical and graphical representations.
In Task 6 (b), although unable to locate the zero(es) of the
denominator, he was aware of possible information provided by the
symbolic expression for this denominator of the function and
information he observed from the graphical representation of the
function. However, in Task 5, Chris did not connect the zeroes of
the derivative with the roots of the graph of the derivative.

Management of representations

Chris appeared to initially prefer the numerical or the
graphical representation. Aside from Task 4, Task 5 was the only
task in which Chris initially used the symbolic representation (to
locate the critical points of the function). He, however, followed
this symbolic approach by using a graphical representation of the
derivative, (although incorrectly), to classify the critical points.

It appeared that graphical information determined any further
use of another representation. In Task 5, he appeared satisfied with
information obtained from the graph of the derivative. The graph of
the function in Task 6 (a) looked convincingly continuous so it
appeared he did not see a need to gather any more information. In

Task 6 (b), the graph appeared to indicate a vertical asymptote, so
he returned to the symbolic form to attempt to gather more
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information to support what he had observed. Once Chris was
satisfied with his solution to a problem, he did not readily check
results gathered from one representation with another
representation without prompting.

Chris's calculator usage and interpretation of calculator results

Management of the calculator

According to the interviewer's notes, Chris used the
calculator constantly and was quite proficient in its use. However,
he did not use the calculator for symbolic manipulation. He

performed no numerical evaluations and drew no graphs by hand.
Once he chose a representation, he did not typically use another
representation to check his results unless requested by the
interviewer.

Conflict resolution and confidence in the calculator

Chris placed a great deal of confidence in the calculator's
numerical results. He resolved the conflict raised by the calculator
in Task 3 by finding an interpretation of the problem that would
support the calculator result. Chris was unaware of the numerical
limitations of the calculator.

Chris placed a great deal of confidence in the appearance of
the graph on the screen. In Task 5, he appeared to force the critical
points to be located on the graph where he thought they should be.
In Tasks 6 (a) and 6 (b), the appearance of the graph also seemed to
determine whether he gathered further information from another
representation. In Task 6 (a), the graph of the function looked
convincingly continuous so it appeared he did not see a need to
gather any more information. In Task 6 (b), he even indicated there
would be several discontinuities by observation of the symbolic
form but upon seeing the graph he seemed to focus only on what he
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saw on the screen. Even when he graphed the denominator, he didn't
appear to be concerned about possible roots not appearing on the
screen. However, Chris showed some awareness that graphical
information could be hidden due to scaling in Tasks 5 and 6. In both

tasks, he zoomed in for a closer look at the graphs. In Task 5, his
initial graph of the derivative was flat between x = 0 and x = 1.
Since one of his critical points was located between these 2 values,
it appeared he knew the graph was hiding information. He rescaled
to get a graph which accurately reflected the information he had
previously found. In Task 6, he spent a great deal of time rescaling
the graph to get a better look at the asymptote.



Name: Dan

Class: Differential Calculus (Experimental Class)
Gender: Male

Grade: B -

Calculator: HP 48SX

Summary and Discussion of Dan's Interview

1 . Investigate: 1 m 2 x3+ 2x + 5.

Dan substituted x = 2 to obtain the correct limit of 17.

12. Investigate: I i mx_40
1 + 21

/x

Dan graphed the function and determined both one-sided limits
by observation of the graph. He indicated the right-hand limit was

and the left-hand limit was oo. It appeared the function was
entered correctly but the scaling caused him to misinterpret the
limits. If the graph is drawn within a viewing window in which the
minimum y value shown is larger than 0 and the maximum y value
shown is less than 1, the graph in Figure 43 may be similar to what
he may have seen on the calculator screen.

Figure 43. Example of a calculator graph as seen by Dan
during interview Task 2.
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3. Let f x 1-4 (1 - .5x)1/x.

Find f (2).

Investigate: "mx , 0 f (x
For part (a), Dan found 1(2) = 0 by hand. For part (b), he found

the limit to be 1. It did not appear that he had actually found the
one-sided limits even though he had indicated their answers on his
paper.

S: As x becomes infinitely small or close to 0, this
number (.5x) becomes insignificant and it makes this
1. 1 raised to any power is always 1. It looks like it
approaches 1.

When asked to work this problem in other ways, Dan first graphed
the function and indicated the limit appeared to be .6 by observation
of the graph. He then substituted positive and negative inputs near
x = 0 and estimated the limit to be .6.

At the interviewer's request, he found f(1 x 10 12)
= 1. Dan

rescaled the graph to attempt to observe the behavior of the
function very close to x = 0. Dan was unable to see anything on the
graph which corresponded to a function value of 1. He then
indicated the limit was .6 "because the limit is what the graph
appears to go toward from the right and left-hand side".

4. Find f '(x ) if f: x 3x4 - 5x3 - 9x2 + x - 1.

Dan calculated the derivative using the calculator but
indicated he typically worked problems like this by hand.

S: ....Right now I prefer to do them by hand so I know
how to do them just to get the practice and then I'll
use the calculator to back myself up.
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Let f : x x3(x - 1)4 and

2f x x (x -1)3(7 x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Dan found the critical points by hand from the symbolic form.
Dan checked for a sign change in the derivative by substituting
inputs on either side of each critical point using the calculator. He

correctly classified the critical points. When asked to verify his
answers, Dan chose to graph the original function. He then
indicated the need to zoom in to see the behavior of the function
between x = 0 and x = 1.

S: I think we've only got part of the graph here. What
I'm seeing here is what we have at 0 where there's no
minimum or maximum. I bet what has happened here
is that they are too small to see.

Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

(a) f : x 1-4

(b) x1-4

4 sin(x )

3x3 - 5 x2 -6
For part (a), Dan found the discontinuity at x = 0 from the

symbolic form. He then classified it as a hole "just because it's
(the function) undefined at 0 in the denominator". For part (b), he
tried to factor the denominator. The interviewer indicated it was
not factorable. After the interviewer asked him to think of another
way to find the zeroes, he entered the denominator into the
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calculator and attempted to use SOLVR but was unclear about the
procedure. The interviewer showed him how to use the graph of the
denominator to find its zeroes. Dan did not, however, consider there
might be other roots not appearing on the screen.



Analysis of Dan's Interview

Dan's representational knowledge and concept image

Connections among representations

Dan saw connections between representations. In Task 3, he
was able to connect numerical and graphical information gathered
from the function near x = 0. In Task 5, he was able to connect
information gathered from the derivative to the graphical
representation of the original function f.

Management of representations

Dan was quite able to use the graphical representation but did
not choose to use it to solve a problem except in limit Task 2. Dan

did not readily check results gathered from one representation with
another representation without prompting. But if Dan had
information available from different representations, he freely
moved between the representations to compare results and to
resolve any conflicts. When Dan was prompted to check his answer,
he chose the graphical representation and tried to resolve any
conflicts in favor of this representation as in Tasks 3 and 5. So,

although Dan did not typically choose to use this representation to
solve a problem, he placed a lot of confidence in graphical results
when they were available.

Dan's calculator usage and interpretation of calculator results

Management of the calculator

Dan used the calculator for primarily numerical calculations.
However, it appeared if he could do a numerical calculation easily
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by hand then he did so as in Task 1 and Task 3. He also indicated he
used the calculator to symbolically check the derivatives he had
done by hand. While Dan was quite capable of using a graph, he did
not choose to without prompting.

Conflict resolution and confidence in the calculator

Dan showed some awareness that graphical information could
be hidden due to scaling. This appeared to be dependent on whether
or not he saw a conflict between representations. If he saw a
conflict, he tried to resolve it in favor of the graph. In Task 2, he
made a decision based on the screen appearance of the graph
without considering the scaling or without gathering any further
information. Because he used no other representations, he saw no
conflict and no reason to rescale. In Task 3, he rescaled the graph
several times to attempt to resolve the conflict which occurred
between the graph and information he had previously found.
Although when he rescaled he did not see on the graph what he
thought he should see, he chose to believe the graphical results. In

Task 5, he knew what the graph was supposed to look like because
of the information he had gathered from the derivative. He rescaled

to resolve this conflict. In Task 6 (b), Dan saw no reason to look for
any roots which might not be shown on the screen because he had
found no other information which would have led him to rescale and
look for more roots.



Summary and Discussion of Elise's Interview

1 . Investigate: 1 mx 2 x3 + 2x + 5.

Initially, Elise indicated that she had forgotten how to do a
limit. She then asked whether it was "legal" to graph the function
and use that to determine the limit. She maintained she knew what
a limit was but just couldn't remember "how to figure it out". To

Elise, it appeared that solving this problem meant applying a
symbolic procedure. From her first graph, which exited the top of
the screen near x = 2, she indicated that the limit from the left was
infinite and that the right-hand limit did not exist since there was
no function on the right. It appeared that she tried verify this
result using the cursor and observed the coordinates of the cursor
near the point where the graph exited the screen. Some confusion
occurred over the fact that the coordinates of the cursor appeared
in polar form rather than rectangular form. The interviewer helped
her change them to rectangular form. At this point, Elise indicated
on her paper the correct limit, 17, which is equal to 1(2). It

appeared that she had substituted x = 2 into the expression. On her
paper, she also noted 17 as the left-hand and right-hand limit,
although her notation for these one-sided limits was consistently
incorrect. She then discussed the meaning of this limit in graphical
terms.

2. Investigate: 1 i mx 0 1+ 121
/x
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Name:

Class:
Gender:

Grade:

Calculator:

Elise
Differential Calculus (Experimental Class)
Female
C-
HP 48SX



Elise substituted x = .0001 into the expression using the
calculator and indicated the right-hand limit was 0. This result
seemed surprising to her and she suggested graphing the function as
a check. She predicted the left-hand limit would match the right-
hand limit. After graphing, she noted that information from the
graph supported the right-hand limit of 0 but not her prediction for
the left-hand limit. She then suggested substituting x = -.001 into
the expression. (The interviewer suggested she use SOVLR to do

this. Since she indicated that she was not sure how to use SOLVR,
the interviewer assisted her in its use.) On her paper, she correctly
indicated the left-hand and right-hand limit. Her final conclusion
was that the two-sided limit did not exist.

3. Let f: x (1 - .5x)lix

Find f (2).

Investigate:

For part (a), Elise found f (2) = 0 using the calculator. For

part (b), Elise initially graphed the function, which she had entered
incorrectly. At the interviewer's request, she correctly edited the
equation. Elise then graphed the correct function. Without
prompting, she substituted x = .001 and a sample value on the left
side of 0 into the expression using the calculator. She indicated
that the left-hand and right-hand limits were both .6 but that the
two-sided limit did not exist because of the fraction (in the
exponent). Although Elise felt in Task 1 she could not remember
how to do limits, she showed in all three limit tasks excellent
graphical and numerical understanding of one-sided limits.

At the interviewer's request, Elise found f(1 X 10-11) - .6 and

f(1 x 10
12)

= 1. She initially said that 1 must be the answer but

then decided the answer was .6. It appeared she was still referring

to the one-sided limits in part (b). She seemed unaware of the
limitations of the calculator and seemed to make her decision based
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on the fact that most of the information she had gathered supported

the answer of .6.

Find f '(x ) if f: x1* 3x4 - 5x3 - 9x2 + x - 1.

Elise calculated the correct derivative by hand.

Let f : x 1> x3(x - 1)4 and

f 1: x 1> x2(x-1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Elise first substituted x = 0 into the derivative f ' before

realizing that she needed to solve f'(x) = 0. She then found the

critical points from the symbolic expression for f'. Elise was not
sure how to classify the critical points using the derivative, so she
graphed the original function f and correctly classified the critical
points by observation of the graph. Thus, she exhibited the ability
to extract information concerning the critical points from the graph

of the original function f. As in Task 1, she appeared to have a
preconceived notion concerning how she was supposed to work this
problem. She commented that she was "supposed to not have to use
the graph" of f to classify the critical points. Although unable to

initially use f' to classify the critical points, she explained,
motioning with her hands, the slopes needed to go up and then down

if the critical point yielded a maximum. The interviewer asked her
to think about how f' could be used to determine the slopes. She

initially indicated that she would evaluate f' at each critical point
but then realized this would yield 0 since the slope was 0 at each

of those points. She then said she would substitute a number from
the left and one from the right of each critical point into f'. At the

interviewer's request, she was able to correctly describe the signs



(a) f:x1-4
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of the slope on each side of the critical point x = 3/7. Although

Elise did not readily recall how to classify the critical points using
the derivative, she demonstrated knowledge of the derivative as a
slope function.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )

x-1
(b) f : x 1-4 3 2

3x - 5x - 6

For part (a), Elise determined the discontinuity, at x = 0 from
the symbolic form. She then graphed the function using the
calculator and classified the discontinuity as a hole. She appeared

to have a preconceived notion about the classification of this
discontinuity. She also appeared to ignore the effect of the
denominator except at x = 0.

S: .... My first assumption would be that because this is

a sine wave and since the sine wave is continuous
except at x = 0, that there would be a hole. That was
like my first intuition.

This evoked image of the sine wave seemed to influence her more
than the graphical information appearing on the screen of the
calculator since on the screen it appeared there might be a vertical
asymptote at x = 0. The interviewer then asked her to explain how

she had decided. This prompted her to rescale until it was apparent
that there was not a vertical asymptote at x = 0.

For part (b), she initially graphed and predicted the function
would be discontinuous at x = 1 and then realized the function was 0
at x = 1. She then tried, unsuccessfully, to locate the zero(es) of
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the denominator symbolically by setting the denominator equal to 0.
After returning to the graph and observing that the discontinuity
was around x = 2, she evaluated f (2) using the calculator. Elise

could think of no other ways to find the zeroes of the denominator.
Although she was unable to find the location of the discontinuity,
she classified it as a jump by observation of the graph and indicated
that she could verify this by taking the limit from both sides. The

interviewer gave her the approximate location of x = 2.11 and she
tried to find the right-hand and left-hand limits at this point. The

approximation of x was too inaccurate for these limits to produce
any valuable information. Although Elise was influenced by the
graph on the calculator screen when classifying the discontinuity,
she exhibited excellent movement between the three
representations.



Analysis of Elise's Interview

Elise's representational knowledge and concept image

Connections among representations

Elise appeared to see connections among the different
representations. In the solution of limit Tasks 2 and 3, she used
both graphical and numerical representations. In Tasks 5 and 6 (a),
she connected information gathered from the symbolic form
together with the graphical representation of the function while
solving these problems. Elise's solution to Task 6 (b) further
illustrated her ability to make connections between the different
representations. In search of the point of discontinuity, she used
the three representations (graphical, numerical, and symbolic)
several times while solving the problem.

Management of representations

Elise freely transferred between the different
representations. She seemed to prefer the graphical representation
but when deemed helpful she also used the numerical and symbolic
representations. In the limit Tasks 1 and 3, she used a graphical
representation followed by a numerical. In Tasks 5 and 6 (a), she
also graphed the functions but only after extracting pertinent
information from the symbolic form. In Task 6 (b), however, she
initially graphed before proceeding to the symbolic form, possibly
because information from the symbolic form was more difficult to
extract in this task than in Tasks 5 and 6 (a). Also, in Task 6 (b),
Elise transferred among all three representations several times.

Although her actions seemed to indicate a preference for
representations other than the symbolic, she seemed to be
concerned that she needed to rely on other than the symbolic
representation to solve a problem. This was evidenced in all the
tasks except Task 4. For example, she indicated that she knew what
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a limit was but could not remember "how to figure it out". Yet, in

Tasks 2 and 3, she exhibited understanding of one-sided limits both
graphically and numerically.

In Task 5 as in the limit tasks, she appeared to have a
preconceived idea about what it meant to solve the problem. She

alluded to the fact that she was supposed to be able to solve this
problem symbolically using paper and pencil. She commented that
she was not supposed to have to use the graph of the function and
wished that she did not have to use the graph to classify the
critical points. However, she successfully solved this problem
using the graph of the original function to classify the critical
points. Although a procedure using the derivative did not initially
come to mind, she exhibited understanding of the derivative as a
slope function.

In Task 6 (b), she indicated she also had forgotten how to do
this problem. Yet, she was able to estimate the point of
discontinuity from the graph and knew how to verify the type of
discontinuity by finding both one-sided limits at the point of
discontinuity. She also knew she needed to find the zeroes of the
denominator but again was unable to do this symbolically or think
of any other way. In each of the above cases, she seemed to link
solving a problem with a symbolic procedure.

Elise's calculator usage and interpretation of calculator results

Management of the calculator

Elise used the calculator to gather both graphical and
numerical information. She typically compared results from
different representations whenever possible. This was particularly
evidenced in the limit tasks and Task 6 (b). Although she freely
used the calculator, she seemed to feel she should not have to use
the graph or the SOLVR to work the problems. She appeared to feel
symbolically deficient. She may have used the calculator to gather
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as much information as she could in order to compensate for what

she felt was a deficiency.
In some instances, Elise had some intuition concerning

answers to particular problems. She then used the calculator to
gather information to support or contradict her intuition. Tasks 2
and 6 (a) are two examples. After evaluating the right-hand limit in
Task 2, Elise had an idea about what the left-hand limit might be.
She, however, was ill at ease working limit problems so tended to
gather more information graphically and numerically before making
her final decision. In Task 6 (a), she had an idea about the type of
discontinuity but then graphed the function to verify her intuition
concerning the answer. In this case, however, she appeared more
confident in her intuition and seemed to ignore the appearance of
the graph on the screen.

Conflict resolution and confidence in the calculator

Elise was unaware of the numerical limitations of the
calculator. She did not appear concerned about the conflict in Task
3, when the final numerical result conflicted with previous
graphical and numerical information. This was only one piece of
information she had gathered for this problem. She tended to trust
the previous numerical and graphical information since they were in

agreement.
Elise showed awareness that graphical information could be

hidden due to scaling in Task 5. Her confidence in the graphical
information appeared to be influenced by familiarity. In Task 6 (a)
when classifying the type of discontinuity, she seemed to ignore the
effect of the denominator. She was confident in her previous
knowledge about the sine function and placed more weight on that
knowledge even though the graph of the function appeared to
contradict her decision. However, in Task 6 (b), she trusted the
appearance of the graph on the screen and incorrectly classified the

discontinuity. She also did not consider the fact there might be
discontinuities other than the one showing on the screen.



Name: Fred

Class: Differential Calculus (Experimental Class)

Gender: Male

Grade: A -

Calculator: HP 48SX

Summary and Discussion of Fred's Interview

1 . Investigate: I i mx 2 x3+ 2x + 5.

Fred calculated the derivative by hand and found f '(2) = 14.

2.Investigate: I i mx _40 1+1211x

Fred replaced x by 0 and treated 1/0 as 0o and arrived at an
answer of 0. He only considered the right-hand limit.

3. Let f: x 1> (1 - .5x)1/x.

Find f (2).

Investigate: 'imx _40 f (x )

Fred found 1(2) = 0 by hand. He found the limit as in Task 2 by
replacing x by 0 and treating 1/0 as .. He again considered only

the right-hand limit. To check this, he decided to graph (without
prompting). He also found f (0) using the calculator which gave an
infinite result message. Fred then observed the coordinate read-out
of the cursor placed at (0, 1) on the graphing screen. He seemed to

use these coordinates to support his initial answer of 1 to part (b).

S: I put 0 in and got the answer 1 (by hand). But here I

have an error or something--infinite result. But the
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answer is 1. I think we have a hole at the coordinate
(0,1).

At this point, Fred indicated the graphical information supported a
limit of .6. At the interviewer's request, Fred began to substitute
positive and negative inputs. Some examples included .2, -.2, and

100. He then realized he should be choosing values closer to 0. It

appeared that Fred's concept image of limit includes some
requirement on the function's value at the target.

S: The limit for this is undefined.
I: Tell me why it's undefined.
S: Because there is a hole.

Find f'(x) if f: x 3x4 - 5x3 - 9x2 +x - 1.

Fred calculated the correct derivative by hand.

3 4
Let x(x - 1) and

f':x 1> x2(x-1 )3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

Fred found the critical points from the symbolic form and
substituted each into the function f by hand. He then constructed a
chart which displayed the sign of the derivative on each side of the
critical points by evaluating f' at inputs on each side of the
derivative, using the calculator occasionally. He then graphed f
without prompting. Fred was uncomfortable using his sign chart to
classify the critical points and requested to use the second
derivative test (which he had learned in high school). The
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interviewer forced him to use the first derivative information to
classify them. He then correctly classified the critical points
x = 3/7 and x = 1. He made no mention of x = 0 possibly because it

did not represent an extremum. At this point, he returned to the
graph and tried to rescale to get a better picture. The interviewer

assisted him. He then applied the second derivative test and
incorrectly interpreted its results. After reviewing his sign chart
again, he felt the results of the second derivative test were
accurate. Although the graph of f supported the information he
found using his sign chart, Fred preferred to rely on the (incorrect)
results of a previously learned procedure.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )
f : x I--->

x -1
f : x 1> 3 2

3x - 5x - 6

For part (a), Fred found the discontinuity at x = 0 from the
symbolic form and classified it as a vertical asymptote. It

appeared that Fred's concept image consisted of the fact the zeroes
in the denominator always produce vertical asymptotes.

I: How did you decide?
S: x = 0, y is 0o is a requirement for a vertical

asymptote.
I: Anytime the denominator is 0, do we get a vertical

asymptote?
S: Yes.

For part (b), Fred initially set the denominator equal to 0. He then

decided to graph the denominator to locate the zeroes. He used the
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ISECT button on the calculator which located the root appearing on
the screen. He felt the other two roots were complex. As in part
(a), he classified this discontinuity as a vertical asymptote.



Analysis of Fred's Interview

Fred's representational knowledge and concept image

Connections among representations

Fred is able to make connections between information
gathered from different representations. However, his willingness
to make connections was dependent on his confidence in the

procedure used to solve the problems. In Task 5, information
gathered from the derivative supported the graph of the function f.

However, information from the second derivative test conflicted

with this previous information. Fred chose to believe the results of
the second derivative test because he felt extremely confident in

his ability to perform this test and interpret its results. However,

in Task 6 (b), after an unsuccessful attempt at trying to locate the

zeroes of the denominator symbolically, Fred without hesitation
graphed the denominator and located the root from the graph. Fred

exhibited excellent ties here between the symbolic and graphical

representations. In the case of Task 5, Fred's overconfidence in his
second derivative procedure interfered with his willingness to
make ties between representations even though the ties may have
existed.

Management of representations

Fred preferred using procedures to solve problems. However,

he used the graphical representation to check results of his
procedure as in Tasks 3 and 5 but only when he was not confident
with the results of his procedure. He also used the graphical
representation to actually solve a problem when his procedure
failed as in Task 6 (b) . This indicated that although Fred preferred
a procedure, he was open to using another representation when

unable to solve the problem using a procedure.
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If information between representations conflicted, Fred

appeared to believe the results of procedures in which he was the
most confident in performing and interpreting. In Task 5,
information gathered from the first derivative supported the graph
of the function f. However, Fred chose to believe the results of the
second derivative test because he felt more confident in its results

although they conflicted with his previous results.

Fred's calculator usage and interpretation of calculator results

Management of the calculator

Fred used the calculator to numerically evaluate functions but
only if he was unable to evaluate them easily by hand. When he used
the calculator to graph, it was primarily to check answers found
using other representations. In the one case, Task 6 (b), in which he
used the calculator to actually solve a problem, it was only after
his procedure had failed.

Conflict resolution and confidence in the calculator

Fred gave no indication that he did not have confidence in the
calculator's results. In Task 3, he trusted the graphical information
provided by the calculator possibly since it did not conflict with his
interpretation of the problem. In Task 5, although he chose to
believe results from the second derivative test, it did not appear to
be because he did not trust the calculator produced graph. In the

same task, he showed awareness that graphical information could

be hidden due to scaling. He also in Task 6 (b) considered the fact
that roots other than the one showing on the screen might exist.
Thus, he indicated awareness that information existed outside of
what he could see on the calculator screen.

Fred's resolution of conflicts was dependent on his confidence
in his procedure. A conflict arose in Task 5 between graphical
information and first derivative information, and the second
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derivative test. He did not indicate he saw a conflict but he chose
to believe results from the second derivative test as was mentioned
above. Fred saw no conflict in Task 3 because the graphical results
and the results from his procedure fit with his concept image of
limit.



Name:

Class:
Gender:

Grade:

Calculator:

Gretchen
Differential Calculus (Traditional Class)

Female
A

none

Summary and Discussion of Gretchen's Interview

1. Investigate: I i mx 2 x3+ 2x + 5.

Gretchen evaluated the function by hand by substituting x = 2

to obtain the correct limit of 17.

2. Investigate:
1

I i m 11xx _4 0
1 + 2

Gretchen appeared to investigate only the right hand limit.

I: ...So tell me a little bit about why you did that?
S: 1 divided by 0 as x approaches 0 is an infinite number

and 2 to a very big number is equal to very big and 1

divided by a very big number is 0.

3. Let f: x 1> (1 - .5x)1/x.

Find f (2).

Investigate: 'jinx 0 f (x )

(At some point during the interview, the traditional
students were shown the following graph of f.)
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For part (a), Gretchen correctly evaluated f (2) by substituting

x = 2 into the expression. For part (b), she replaced x with 0 and
treated 1/0 as co and arrived at an answer of 1. As in Task 2, it

appeared that she only attempted to evaluate the right-hand limit.
Gretchen was then presented with a graph on paper of this function.
Although she observed the hole in the graph near the point (0, .6),
she appeared to make no connection between the graph and the limit
task. She also had difficulty articulating how one might
numerically estimate the limit. She may have misunderstood the
interviewer's request.

I: ...Could you think of a way where you could just plug some
numbers in the calculator to get an idea about the limit?...

S: Yes, in special cases you can but not in all of them.
I: What special cases would you be able to do that in?
S: Some special cases that you cannot do it--if it can

be factored or a number like this (referring to ./.
or 0/0).
Oh. I see. If it were 0400 or 0/0 you would not be able to
use the calculator to put any numbers in?

S: So we have to fix it--fix the limit--fix the
function.

Fix the function may mean to use an algebraic technique to
rewrite the function in such a way that it can be evaluated at the
target value.

4. Find f '(x ) if f: x 3x4 - 5x3 - 9x2 + x - 1.
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Gretchen calculated the correct derivative.

5. Let f : x 1* x3(x - 1)4 and

f x I---> x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following graphs of f and f `.)

0 1

y =f(x)

op, X

Gretchen correctly found the critical points by hand from the
symbolic form. She then began to classify them by determining the
sign of the derivative on each side of the critical points and making
a sign chart. The interviewer asked her to interpret the pluses and
minuses on her chart. She then decided that she was using the
wrong function to make her sign chart and classified the critical

points by determining the sign of the original function f on each
side of the critical points. When shown the graphs of f and f' as
produced by a calculator, Gretchen felt that information from the
calculator produced graph was consistent with what she had found
concerning the critical points although it was not.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.
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4 sin(x )
f : x 1-3

x-1
f : x 1> 3

3x - 5x - 6

For part (a), Gretchen sketched by hand a graph similar to
1(x) = 4sin(x )/x including marking a hole at x = 0. She correctly

evaluated the limit as x approached 0 and then indicated that the
function was continuous.

For part (b), Gretchen set the denominator equal to 0 to try to
locate the discontinuities. The interviewer indicated that this
denominator could not be factored. Gretchen could think of no other
ways to work this problem aside from long division. At the
interviewer's request, Gretchen then provided an example of a
problem in which the denominator could be factored and correctly
located the discontinuities. However, she incorrectly said that if a
factor (x - 2) in the numerator cancelled with a factor in the
denominator, then the function was no longer discontinuous at x = 2.
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Analysis of Gretchen's Interview

Gretchen's representational knowledge and concept image

Connections among representations

Gretchen appeared unable to see a connection between the

graphical representation and other representations. In Task 3, she
seemed to make no connection between the graph of the function and

the limit task. In Task 5, she appeared unable to use graphical
information which was inconsistent with her data to monitor
derivative information which she had found. In Task 6 (a), she
sketched the graph of the function even noting a hole at (0,4) but
then indicated that the function was continuous. So, again it
appeared she seemed unable to interpret graphical information--

even from an accurate graph which she had produced.

Management of representations

Gretchen appeared very procedurally oriented and seemed ill

at ease when asked to look at problems from a different perspective

or using a different representation. She appeared to use a rote

procedure for each problem. Her preferred representation appeared
to be whatever representation her procedure called for. For the

limit Tasks 1 through 3, she essentially substituted the target
value into the expression treating 1/0 as oo. It appeared that if the
function were 0/0 or 0400 she would redefine the function and then
substitute the target value into the new expression.

In the case of Task 5 when classifying critical points of a
function, it appeared she was following a procedure which had no

link to understanding the concept of the derivative. She, initially,

made a sign chart indicating the sign of the derivative on each side

of the critical points. The interviewer questioned her about the
meaning of the signs and she explained correctly the relationship

between the signs and the function's increasing/decreasing
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behavior. At this point, she felt she was using the wrong function
to determine the signs. So, even though she interpreted the sign
information correctly, she was unable to connect this information
with knowledge of what the derivative represents. The

interviewer's interruption may have also disrupted her procedure.
For Task 6 (a), her procedure was to graph the function even

noting the hole at (0,4). However, she then indicated that the
function was continuous. For Task 6 (b), her procedure was to
factor the denominator and cancel. She was able to verbally explain
her procedure but she was unable to accurately classify a
discontinuity which was a hole. Again, in both cases it did not
appear that she had a conceptual link to her procedure. It may also
be possible that within her concept image the idea of discontinuity
is only associated with vertical asymptotes.



Name:

Class:
Gender:

Grade:

Calculator:

Heather
Differential Calculus (Traditional Class)

Female

non-graphing

Summary and Discussion of Heather's Interview

1 . Investigate: I i mx 2 x3+ 2x + 5.

Heather substituted x = 2 to obtain the correct limit of 17.

1

Investigate: I mx 0
1 + 21

/x

Heather replaced x by 0 and then dropped the 21/0 because she

was unsure as to what to do with it. Her final answer was 1.

Let f: x 1-4 (1 - .5x)11
x

Find f (2).

Investigate: "mx 0 f()
(At some point during the interview, the traditional
students were shown the following graph of f.)

NTX
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For part (a), Heather found f (2) = 0 by hand. For part (b),

Heather determined the limit to be 1 by considering values of the
function for small positive values of x. She, however, considered

the right-hand limit only.

S. ....I think it might go to 1. Because if you have a
really small number, then it's (1 /x) a really large
number and it doesn't matter. Because as x goes to
really really small, then .5 would get really really
small. So it would just be 1 to a very large number.
So it might go to 1 also.

When asked to think of other ways to solve this problem, she

appeared to search for another procedure. She indicated she could
possibly set the function equal to 0 and solve for x. Heather then

correctly estimated the limit to be 1/2 by observing the graph

provided by the interviewer. At the interviewer's request, she
substituted positive and negative inputs near x = 0. (Initially, she

substituted numbers near 1/2 but then realized that was not
correct.) Heather felt her answer of 1 was not correct. (She also
commented that the graph alerted her to the fact that the function

was undefined at x = 0.)
This function is very similar to the one in Task 2 where she

just dropped 21/0 because she didn't know what it was. In Task 3,

she essentially had the same decision to make with the expression
io

1 but decided 1 raised to any power is 1.

4. Find f '(x ) if f: x1* 3x4 - 5x3 - 9x2 + x - 1.

Heather calculated the correct derivative.

5. Let f : x x3(x - 1)4 and
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f x x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following graphs of f and f `.)

y f(x)

200

Heather found the critical points from the symbolic form of
the derivative. (Initially, instead of x = 1, she had x = -1 but then
corrected it.) She then substituted each one into the original

function and indicated the minimum was 8.39 x 10-3 (f (3/7)) and

the maximum was 0 (f (1) = (0)). It is unclear how she made this

decision. After observing the calculator produced graphs of f and f'
provided by the interviewer, she indicated her information was
consistent with the interviewer's graph although it was not.
Heather verbally indicated that the derivative was the slope of the
tangent line to the curve but was unable to use this information to

help her classify the critical points.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

(a) f:x1> 4 sin(x )



x-1
(b) 3

2
3x - 5x 6

Heather chose to begin with part (b). She differentiated the
function "because our teacher said when in doubt take a derivative".
She was unable to clearly explain how she would complete the
problem. She then indicated she did not know how to do these
problems.
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Analysis of Heather's Interview

Heather's representational knowledge and concept image

Connections among representations

Heather was unable to make good connections between the
graphical representation and other representations. In Task 3, she
appeared able to graphically estimate the limit but initially had

difficulty using the numerical representation. In Task 5, she was
unable to use graphical information which was inconsistent with
her data to check information she had found using other
representations.

Management of representations

Heather appeared very procedurally oriented. In Task 1, she
indicated "you're supposed to try to factor...". In Task 5, she found
the critical points and then began her procedure to classify them.

Although able to recite geometrical and physical information about
the derivative, she did not use this information) particularly when

classifying the critical points.

I: What does the derivative actually tell us?
S: The slope of the tangent line to the point and it tells

us like the rate of change. I'm like quoting these
from the book. We can also use it to check for
critical points.

In Task 6, she appeared conditioned to take the derivative and in

some way utilize that information. But she was unable to follow
through with a solution.

Heather was not able to think of more than one procedure to
solve a problem. In Task 3, she had to be prompted by the
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interviewer to use other representations. In Task 6, she was unable
to recall a procedure and therefore could not complete the problem.



Name: Jon

Class: Differential Calculus (Traditional Class)

Gender: Male

Grade:

Calculator: Casio-graphing

Summary and Discussion of Jon's Interview

1 . Investigate: I mx 2 x3+ 2x + 5.

Jon graphed the function. He also substituted x = 2 to obtain
the correct limit of 17. It is not clear from the transcript or the
interviewer's notes whether he initially graphed or substituted
x = 2 .

Investigate: I i mx 0 1+ 121
/x

Jon initially replaced x by 0 but was unable to arrive at an
answer. He then tried to multiply the denominator by its conjugate
and again was unsuccessful in obtaining an answer. Multiplying by

the conjugate was a procedure he had evidently seen before.

Let f: x (1 - .5x)1/x.

Find f (2).

Investigate: 'imx 0 f (x )

(At some point during the interview, the traditional
students were shown the following graph of f.)
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For part (a), Jon found f (2) = 0 by hand. For part (b), he
initially tried to rewrite the exponent as a root. After the
interviewer asked him to think of other ways to find this limit, he
graphed the function and observed the limit to be 1 (pointing on the

calculator to the point (2, 0)). (It appeared each mark on the x-axis
was worth 2.) The interviewer then asked him to plug in some
numbers to estimate the limit. After substituting in 2 and -1, he
then began to choose numbers closer to 0 and found the limit to be
approximately .66. The interviewer did not have Jon resolve the
conflict.

4. Find f '(x ) if f: xH 3x4 - 5x3 - 9x2 + x - 1.

Jon calculated the correct derivative.

5 Let f x 1-4 x3(x - 1)4. and

f x 1> x2 (x-1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following graphs of f and f '.)



PO.- X

Jon found the critical points x = 3/7 and x = 1 but missed

x = 0. Jon checked for a sign change in the derivative by
substituting inputs on either side of each critical point using his
calculator to do some of the arithmetic. He indicated the function
was always increasing. (He made an error and found the sign of the
derivative over the interval (3/7, 1) to be positive rather than
negative.) When presented with the graphs of the functions f and
f', Jon indicated his information did not match the graph of f since
the graph of f was flat between 0 and 1.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )f : x
x - 1

f : x 1> 3

3x - 5 x2 -6
For part (a), Jon initially graphed the function. He indicated

the function was continuous by observation of the graph. For part

(b), Jon also graphed the function. He indicated there was a hole
near x = 0 and several vertical asymptotes. Jon made this decision
by observing the initial graph on the calculator screen. He did no

further scaling. The appearance of a hole and vertical asymptotes
on the screen may have been similar to those he'd seen in textbooks.
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Analysis of Jon's Interview

Jon's representational knowledge and concept image

Connections among representations

Jon exhibited some connections between the representations.
In Task 5, although he made several errors, Jon appeared to connect
information found from the derivative to the graphical
representation of the function f. However, in Task 3, he did not
exhibit connections between the graphical and numerical
representations with respect to the limit concept. He understood
how to numerically investigate a limit but graphically, he noted the
x-coordinate where the function approached 0 instead of observing
the function as x approached 0.

Management of representations

Jon appeared to first search for a procedure to use to solve a
problem. If the procedure produced an answer, then Jon did not
further check the results. If he was unable to find a procedure, he
either went on to the next problem or graphed a function. In some

cases, he appeared to graph just because the graphing calculator
was available since he appeared unsure as to how to use the graph
to solve problems. When unable to complete Task 2, he went on to
the next problem. Although he had just graphed the function in Task
1, it did not occur to him to graph in Task 2. In Task 1, he just
graphed "to see what the graph looks like of that" and indicated he
was "not sure if that will help me out or not". When asked to think

of other ways to estimate the limit in Task 3, his first reaction
was to graph the function but he was unable to accurately interpret

the graph. In Task 6 (b), he was unable to recall a procedure to
locate the discontinuities so he chose to graph the function but
wasn't sure how to use the graph to find the points of discontinuity.
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Name:

Class:
Gender:

Grade:

Calculator:

Kevin
Differential Calculus (Traditional Class)

Male

non-graphing

Summary and Discussion of Kevin's Interview

Investigate: I i mx 2 x3+ 2x + 5.

Kevin substituted x = 2 to obtain the correct limit of 17.

1

Investigate: I imx 0
1 + 2 1/x

Kevin considered both one-sided limits although his
interpretation was incorrect. He then indicated the limit did not
exist.

S: At least as you are approaching 0 from the positive
side...the bottom part would go to infinity and the top
part will be 1 over a large number--becomes
decreasing small.... It's going to 1 over co is what it
would look like which would be -

1: Think about what 1 divided by a very big number is.
S: Very small. It would be a negative number close to 0.

...but then if you plug in some negative number for
this one, it will be 1 over infinitely large like 1 plus
2 to the -1000 or something like that. And urn that
will be the same as one over a huge number. ...

I: So can you be a little more specific why you don't think it has
a limit?

S: Because when you come from the negative side, it
becomes infinitely large and as you come from the
positive side it becomes infinitely small.
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3. Let f: x (1 - .5x)1/x.

Find f (2).

Investigate: "mx 0 f

(At some point during the interview, the traditional
students were shown the following graph of f.)

For part (a), Kevin found 1(2) = 0. For part (b), Kevin
considered both one-sided limits and indicated the limit was 1.
When asked to think of other ways to solve this problem, Kevin

mentioned factoring or substituting positive and negative inputs
near x = 0. The interviewer then showed him the graph of the
function.

I: Does the graph help you figure out what the limit might be as
x approaches 0?

S: It will be--is this supposed to be on the point 1?
I: This is 1 here (pointing to the y-axis at (0, 1).)

S: It doesn't really help me a lot. Where it crosses the
y-axis, it jumps from positive to negative values. It

skips on 0. There is no value but for numbers on each
side of it, it has values. One way it's negative, the
other side it's positive.
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y f(x)
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S: Just looking at the graph. I'd say + or - oo just

because--.
I: As x approaches 0?
S: Oh, as x approaches 0. The limit's 1 because--I say

the limit is 1 just by looking at it.

Kevin was unable to graphically interpret the limit.

Find f '(x ) if f: x 3x4 - 5x3 - 9x2 + x - 1.

Kevin calculated the correct derivative.

Let f : x 1-4 x3(x - 1)4 and

f 1: x I--> x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following graph of f and f '.)

Ay AY

Kevin found the critical points from the symbolic form. He

then checked for a sign change in the derivative by substituting
inputs on either side of each critical point. He correctly classified
the critical points. When shown the calculator produced graphs of f



21 1

and f', he indicated he may have made a mistake. Thus, he realized

his information did not agree with the graphical representation for
f. At the interviewer's request, he drew a graph which reflected
his critical point information. However, he was confused about the
function's behavior between x = 0 and x = 3/7. He indicated the
function was increasing up to x = 0 and that x = 0 produced neither a
local maximum nor a minimum. Although he indicated the
derivative was positive between x = 0 and x = 3/7, Kevin drew the
graph as if the slope were 0 over this interval. He seemed to
associate the fact that since x = 0 did not produce an extremum
then the function didn't change until x = 3/7. Between x = 0 and

x = 3/7, he then drew the graph horizontally.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )f:x1>
x-1f: x 3

3x - 5x2 - 6

Kevin decided to work on part (b) first. He differentiated the
numerator and the denominator separately and then tried to factor
the denominator of the derivative. (The interviewer did not feel he
was using L'Hopital's rule.) He then made a table of values
substituting inputs 0, 1, -1, and 2 into the original expression. He

was unable to finish. At the interviewer's request, he went back to
part (a). He used the quotient rule to differentiate this function
indicating he was looking for critical points. Again, he was unable
to finish.



Analysis of Kevin's Interview

Kevin's representational knowledge and concept image

Connections among representations

Kevin appeared to have weak connections between the

graphical representation and information gathered using other

representations. In Task 3, after observing the graph he indicated
the limit was 1 when it was actually .6. He did not appear to make
the connection between the graphical information and his previous

estimate of 1. In Task 5, he attempted to sketch a function
satisfying information he had obtained from the derivative. The

sketch was almost correct. However, he seemed to have an
(incorrect) image of how the graph should look near a critical point

which did not produce an extremum. This image took precedence

over the previous information he had found.

Management of representations

Kevin was very procedurally oriented. If a procedure failed as
in Task 6, he was unable complete the problem. When presented
with other representations, he tried to make connections as in Task

3 but he did not typically consider representations other than that
which was required by his procedure.
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Name:

Class:
Gender:

Grade:

Calculator:

Larry
Differential Calculus (Traditional Class)

Male

A

non-graphing

Summary and Discussion of Larry's Interview

Investigate: I mx 2 x3+ 2x + 5.

Larry substituted x = 2 to obtain the correct limit of 17.

Investigate: I imx 0 1+ 121/x

Larry investigated only the right-hand limit.

S: You can plug in like numbers close to 0. It would be 2
to some very large power. That's going to be co plus 1
divided by 1. That would be kind of weird so I

thought I might separate it and see what happens. (At
this point he separated the expression into two terms:

1

1 + 1/x
2

His final answer was 1.

Let f: x 1> (1 - .5x)

Find f (2).

Investigate: "IX -) 0 f (X )"

.) Then I just used the addition rule.

(At some point during the interview, the traditional
students were shown the following graph of f.
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5. Let

For part (a), Larry found f (2) = 0 by hand. For part (b), he

investigated only the right-hand limit. He found the limit of the
expression inside the parenthesis to be 1 and then took the limit of

the exponent. His final answer was 1. When asked to think of other

ways to do this problem, Larry indicated that he could use a
graphing calculator to graph it or substitute in values close to 0.

He then estimated the limit to be .6 by observing the graph provided

by the interviewer. He then substituted positive inputs near 0 and
indicated he would also try a negative input. Again, his estimate

was .6. He chose to believe this result.

4. Find f '(x ) if f: x I---> 3x4 - 5x3 - 9x2 + x - 1.

Larry calculated the correct derivative.

4
: x 1> x3(x - 1) and

f x 1* x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following graphs of f and f `.)
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Larry found all the critical points from the symbolic form. He

then checked for a sign change in the derivative by substituting
inputs on either side of each critical point and correctly classified

each critical point. The interviewer then provided him with the
graphs of f and f'. Since the local maximum of x= 3/7 was not
readily apparent from the graph of f, his initial reaction was that

he had made a mistake. However, he indicated the values of the
function between x= 0 and x = 1 might be too small to see on the

graph. The interviewer did not ask him to try to verify this fact.

6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )f:x1>
x -1

f:x1---> 3

3x - 5x2 -6
For part (a), Larry found the zero from the symbolic form. He

then classified it as a hole by taking the limit as x approached 0.
Larry then described how the limit as x approaches the point of

discontinuity can be used to classify the discontinuity when it is a
jump or a vertical asymptote.

What would you have expected to happen if it had been a

vertical asymptote?

y f(x)
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S: It would have approached
I: What about if it had been a jump? How do you tell those sort

of things?
S: I guess you can take the limit as x approaches 0 from

both sides--they approach different numbers.
I: Would they approach or would they approach some number,

if it were a jump?
S: It would probably approach some number.

For part (b), he tried to find the zeroes of the denominator
using synthetic division. The interviewer indicated the
denominator was not factorable. He then without prompting
indicated the only way to locate the zeroes would be to graph the
denominator and determine the x-axis intercepts. At the
interviewer's request, he explained how he could determine a
vertical asymptote or a hole if the denominator were factorable.



Analysis of Larry's Interview

Larrys representational knowledge and concept image

Connections among representations

Larry exhibited excellent connections between the
representations. In Task 3, he was able to graphically and
numerically estimate the limit. In Task 5, when asked to compare a
calculator produced graph of the function with his derivative
information, Larry was easily able to see the graph and his
information were not in agreement. In Task 6 (b), he demonstrated
knowledge of the relationship between finding the zeroes of the
denominator of the function and the roots of the graph of the
denominator.

Management of representations

Larry appeared able to move between the representations but

lacked the tool to do so. If he had a graphing calculator, it appeared

he could easily transfer between the graphical representation and

other representations. Although he lacked the tools to easily
access the graphical representation, Larry was able to indicate
times when this representation would be helpful. When asked to

think of other ways to estimate the limit in Task 3, Larry indicated
he could use a graph drawn by a calculator. When unable to factor
the denominator in Task 6 (b), without prompting he indicated how

he could use the graph of the denominator to locate the
discontinuities.

Because he had no access to other tools, Larry primarily relied
on or made reference to various rules and procedures when working

Tasks 2, 3, 5 and 6. In Task 2, he rewrote the function incorrectly
and indicated he was using the addition rule for limits. In Task 3,
when asked to think of other ways to work a limit, he indicated he

would try to use all the rules he could. In Task 5, he followed a
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traditional proccedure when finding and classifying the critical

points. In Task 6 (b), he attempted to use the rational root theorem
to locate the discontinuities. In the limit tasks, he used a
numerical procedure.

Although Larry did not check his results using other
representations, he was willing to work with another
representation when his first approach failed. When he was unable

to locate the zeroes of the denominator in Task 6 by factoring, as
was discussed above he immediately indicated he could use a graph.



Name:

Class:
Gender:

Grade:

Calculator:

Monty
Differential Calculus (Traditional Class)

Male

TI 35

Summary and Discussion of Monty's Interview

1 . Investigate: I i mx 2 x3 + 2x + 5.

Monty substituted x = 2 to obtain the correct limit of 17.

Investigate: I i mx 0 1+ 121 /x

Monty substituted x= 0 into the expression and noted 1/x

was undefined. He then dropped the term 211x and indicated the

answer was 1. (Given his answer for Task 3, the interviewer came
back to this question at the end of the session. Monty then

indicated the limit did not exist.)

Let f: x (1 -

Find f (2).

Investigate: liniX --> 0 f (X )

(At some point during the interview, the traditional
students were shown the following graph of f.)
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For part (a), Monty found 1(2) = 0 by hand. For part (b), he

indicated the limit did not exist because the function was undefined

at x = 0. (Notice in Task 2, the function was also undefined at x = 0

but he treated it differently.) When asked if he could think of other
ways to solve this problem, he indicated he could find the one-sided
limits by substituting inputs near x = 0. He initially input 1 and -1
but then indicated he would try numbers closer to 0. When the

interviewer provided him with the graph of the function, he
estimated the limit to be .5 but it's not clear as to how he was

interpreting the graph.

I: Does the graph help you find the limit in any way?

S: I guess it would be easier to figure the answer out
since you could see that it's going to oo on both sides.

I: As x gets close to 0, the function is going to oo on both sides?

S: It's going to 0 from the left side--it's getting
smaller and from the right side it's getting larger.

I: Is it approaching some number? Can you tell if it's getting

close to anything?
S: To .5.

It appeared for Monty the function being defined was a
requirement for the two-sided limit to exist but not for the one-
sided limits to exist. The interviewer did not pursue this further.

4. Find f '(x ) if f: x 1> 3x4 - 5x3 - 9x2 + x - 1.

Monty calculated the correct derivative.



5. Let f:xH x3(x - 1)4 and

f x x2(x -1 )3(7x - 3).

Find all critical points of f. Classify each as producing
a local maximum value, local minimum value, or neither.

(At some point during the interview, the traditional
students were shown the following calculator produced
graphs of f and f `.)
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y = f(x)

pp X

y = f(x)

Monty found two of the critical points, 0 and 3/7. He

classified 0 as a local minimum and 3/7 as a local maximum
because "the larger of the two critical points is a local max". When

shown the graphs of f and f', he did not think the interviewer's

graph of f was accurate. He drew a graph which was increasing
everywhere and felt this graph matched his critical point

information. He drew the portion of the graph starting at x = 0
down from right to left as if the function was increasing but
indicated it was decreasing. Monty did not appear to connect the
graphical information with the critical point information. He

seemed to be following a rote procedure.

I: Do you know why you set them equal to 0 (referring to the

factors of the derivative)?
S: To make them differentiable. It's just a process.
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6. Determine all discontinuities for each function below
and classify each as a jump, a hole, or a vertical
asymptote.

4 sin(x )
f : x 1-4

x-1
f : x 1-> 3

2
3x - 5 x -6

For part (a), Monty made a table of values with inputs -2, -1,
0, 1, and 2 "to get an over all look of what the graph is like". He

then decided the function was continuous. For part (b), he tried to
factor the denominator in order to locate vertical asymptotes. The

interviewer indicated the denominator could not be factored. At the
interviewer's request, Monty then explained how the factors of the
denominator could be used to locate vertical asymptotes. He

incorrectly indicated that if the numerator and denominator had the
same factor (x - 1) there would still be a vertical asymptote at
x= 1.



Analysis of Monty's Interview

Monty's representational knowledge and concept image

Connections among representations

Monty appeared to make very poor connections between the

graphical representation and information gathered in other ways. In

Task 3, it is unclear as to how he interpreted the graph even though

he gave the correct answer. In Task 5, he made incorrect ties
between information he had found from the derivative and the
graphical representation of that information.

Management of representations

Monty appeared to look for rote procedures. After prompting,

he considered other representations. When asked to think of other

ways to estimate a limit, he indicated how he would numerically

estimate the one-sided limits. In Tasks 3 and 5, he attempted to
analyze the graphs which were presented by the interviewer. This

analysis, however, was inaccurate. Monty appeared to feel

confident in results obtained from his procedures. He did not check

his answers using other representations or procedures.

Monty had different procedures for similar tasks. In Tasks 6

(a) and (b), the appearance of the symbolic expression appeared to

trigger different procedures. In Task 6 (b), his procedure was to
factor the denominator to look for points of discontinuity.

However, in Task 6 (a), he evaluated the function at several inputs

and used this information to make this decision.
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Name: Ned

Class: Integral Calculus (Experimental Class)

Gender: Male

Grade:

Calculator: HP 28S

Summary and Discussion of Ned's Interview

2

Evaluate: Jx dx .

Ned graphed the function, y = x2/2, "for fun" using the

calculator and shaded the area under this curve between x = -1 and

x = 2 on his paper. He then used the calculator to calculate the
definite integral to obtain a correct answer of 1.5.

Using The Fundamental Theorem of Calculus we get the
following result:

3n14
2f sec (x) dx = [tan(x)13704

= tan(3704) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Ned used the calculator to evaluate tan(0). He then attempted

to find the definite integral using the calculator. The calculator ran
for a long period of time without producing an answer. After the
interviewer asked him how he could use a graph to check the above

result, he then used a right endpoint approximation with a partition

of {0, .5, 1, 1.5, 2, 2.35} on f(x) = tan(x) and estimated the value of
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(0,3)

(1,0)

(2,-2)
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the definite integral to be 6.65. Prior to graphing, he felt -1 was
more correct than 6.65.

S: The -1 seems more feasible. I know that sometimes
the calculator does have flaws that seem sort of
minor but they can be compounded.

He then graphed f(x) = tan(x) and changed his mind in favor of 6.65

because he felt f(x) = tan(x) was positive over the interval

[0, 37t/4]. He may have misread the scaling on the graph.

S: I just graphed tan(x). I'm not sure where it's
asymptotic at, exactly. I'd say it's probably
asymptotic at Tr/2. It's probably asymptotic at 7Z.

Right now I'd vote for -1. There isn't a negative
value for 0 to 311/4 according to this graph. I don't
know what to do now. I'm going with the 6.65 now
because it seems more reasonable now.

Ned was unable to explain why the Fundamental Theorem of Calculus

did not apply.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the

interval [0, 7].

(7,3)

X
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Ned's initial reaction was to draw a slope field but then
decided to graph an area function assuming the constant of
integration, C, was 0. Upon completion of the correct graph, he
indicated the above graph of f represented the slope of F. He then

compared the slopes, referring to the values of f(x) labelled on the

graph of f, with his graph of F . Ned also indicated this function had
an infinite number of antiderivatives whose graphs would be a
vertical translation of the one he had just drawn. During the

interview, Ned referred to the derivative and an antiderivative in a

physical setting.

S: I need to graph the total distance travelled or
whatever or the area basically.
(Sketching an area function.)

S: At 1 it's dropping off because the speed is dropped

off.



Analysis of Ned's Interview

Ned's representational knowledge and concept image

Connections among representations

Ned has good connections between area and the value of the

definite integral. He knew the area under the graph of a positive
function should be positive. However, he consistently
misinterpreted under which function he should observe the area
when evaluating a definite integral as in Tasks 7 and 8. He

observed the area under an antiderivative rather than the area under

the integrand.
He made excellent connections between graphical and

numerical information of a function and its antiderivatives. In Task

9, he constructed an area function F and then interpreted the values

of f(x) labelled on the graph of f as slopes of F.

Management of representations

Ned seemed inclined to use the graphical representation
whenever feasible. He also typically used more than one
representation or method during the solution process without

prompting. In Task 7, he observed a graph and then used the
calculator to evaluate the definite integral. In Task 8, he observed
the symbolic process, attempted to evaluate the definite integral

using the calculator, and estimated the definite integral using a

right endpoint approximation. He also observed the graph although

with prompting. In Task 9, Ned initially chose to work with the
graphical representation of f when constructing an antiderivative.
He then interpreted his solution using the values of f(x) on the
original graph as slopes of its antiderivatives.
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Ned's calculator usage and interpretation of calculator results

Management of the calculator

Ned actively looked for ways to use the calculator to gain

information. In Tasks 7 and 8, he graphed an antiderivative of the

integrand. He also used the calculator to evaluate definite integrals

regardless of the complexity of the integrand.

Conflict resolution and confidence in the calculator

Ned verbally indicated awareness of the limitations of the

calculator. He, however, made a decision concerning the graph in

Task 8 without checking the scaling. He observed an asymptote
from the calculator graph and guessed at its location but did not

check further.
Ned was unable to resolve the conflict produced in Task 8. He,

however, decided the answer from the Fundamental Theorem of

Calculus was incorrect since it conflicted with graphical and
numerical information he had gathered using the calculator.
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Name: Opal

Class: Integral Calculus (Experimental Class)

Gender: Female

Grade: A -

Calculator: HP 28S

Summary and Discussion of Opal's Interview

2

Evaluate: Jx dx .
-

Opal evaluated the definite integral by hand to obtain a

correct answer of 3/2.

Using The Fundamental Theorem of Calculus we get the

following result:

3 n / 4

sec 2(x) dx = [tan(x)137c/
4

= tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Opal initially graphed y = cos(x) by hand. She then graphed

y = sec2(X) using the calculator and indicated the area would not be

defined since the graph of y = sec2(x) extended to infinity. The

interviewer did not ask her why the Fundamental Theorem of

Calculus did not apply in this case.
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9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(0,3)

(1,0)

(2,-2)
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Opal began to construct an antiderivative by thinking in terms

of the sign of the slope, i.e., positive means antiderivative is
increasing. Over the interval [3, 5], she indicated an antiderivative

would look like x2. Over the interval [5, 7], she indicated an

antiderivative would be linear since the derivative was flat. She

was concerned about how the graph of an antiderivative would look

at x = 0. The interviewer then asked her what the value of the

derivative represented. At this point she connected the values of
f(x) labelled on the original graph to the slopes of its

antiderivatives. At the interviewer's request, she indicated it was

necessary to move her graph down to find the antiderivative through

the point (2, -1).



Analysis of Opal's Interview

Opal's representational knowledge and concept image

Connections among representations

Opal displayed excellent connections between the three
representations within the context of integration. In Task 9, she
was able to use sign information from the graph of a function to
sketch a graph of one of its antiderivatives. She viewed a linear

portion of the derivative as producing a parabolic portion for the

antiderivatives by mentally integrating f(x) = x. After being

prompted to indicate what the derivative represents, Opal then

connected the numerical information provided by the ordered pairs

on the graph of the derivative to the slope of the antiderivatives.

Management of representations

Opal displayed excellent transfer between representations
within the context of integration. Although not given the symbolic
representation in Task 9, she transferred between the graphical and

symbolic representation when constructing an antiderivative over
the interval [3, 5].

Opal's calculator usage and interpretation of calculator results

Management of the calculator

Opal appeared selective in her use of the calculator. She did

not evaluate either definite integral in Task 7 or Task 8 using the

calculator. She appeared to use the calculator to graph if the graph

was not familiar. In Task 8, she initially drew the graph of

y = cos(x) by hand but then drew the graph of y = se0x) using the

calculator.
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Conflict resolution and confidence in the calculator

Opal did not use the calculator enough to determine how much

confidence she placed in the calculator. The interviewer also did
not ask her to explain why the Fundamental Theorem of Calculus did

not apply in Task 8. Opal did, however, decide the answer given was

incorrect based on the graph of y = sec2( x) .
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Name: Paul

Class: Integral Calculus (Experimental Class)

Gender: Male

Grade:

Calculator: HP 48SX

Summary and Discussion of Paul's Interview

2

Evaluate: ix dx .
-

Paul evaluated the definite integral by hand to obtain the

correct answer of 3/2.

Using The Fundamental Theorem of Calculus we get the
following result:

3,t/4

J

2
37c/

4
(x) dx = [tan(x)sec 1

= tan(37E/4) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Paul initially attempted to evaluate the definite integral

using the calculator. Paul made several errors before correctly
inputting the definite integral. The calculator ran for a long period
of time without producing an answer. Paul then checked the above

answer by evaluating tan(75°) - tan(0°) to get an answer of 3.7. It

appeared he interpreted 3n/4 as 75. He felt 3.7 was the correct

answer.
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I: But you said yet when you put it into your calculator

(referring to initial entry of the definite integral), you didn't

get an answer.
S: I got 3.7.
I: Which answer do you think is correct?
S: I'd probably have to go with this one (3.7). Another

problem I could have is where I misinput it in the
Equation Writer. Then I pressed enter and didn't
double check it. I could have put an error in, too. I

don't know.

The interviewer did not probe as to why the Fundamental Theorem

of Calculus did not apply in this case. He was very adamant about

not using the graph to gather information to check the above

answer.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(0,3)

(1,0)

(2,-2)

Paul initially indicated he had done similar problems but had

used the symbolic form and generated a slope field and then

sketched an antiderivative from the slope field. Paul was unable to

make a connection between the values of f(x) labelled on the graph

of the derivative to the slopes of its antiderivatives. The

interviewer then prompted him to this relationship and he

(7,3)
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constructed an antiderivative which was piece-wise linear (see
Figure 44) with a shape similar to the function f .

Figure 44 . PaUl's sketch of an antiderivative during
interview Task 9.

At the interviewer's request, he was able to sketch another through

the point (2, -1) by translating down his original antiderivative.
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Analysis of Paul's Interview

Paul's representational knowledge and concept image

Connections among representations

Paul exhibited weak connections between the representations

within the context of integration. In Task 8, he refused to observe a

graph. In Task 9, he was unable to connect the graphical and

numerical information from a function to the graphical
representation of one of its antiderivatives.

Management of representations

Paul preferred not to use the graphical representation.

S: I would prefer not to use a graph because I don't work
well with graphs.

In Task 8, he refused to use a graph. In Task 9, he had difficulty

working with the graphical and numerical information. However,

when presented with the symbolic form of the function, he was able

to obtain results.

Paul's calculator usage and interpretation of calculator results

Management of the calculator

Paul used the calculator for numerical calculations but did not

choose to use the calculator to graph. When asked to check the

result given in Task 8, he used the calculator to attempt to evaluate

the definite integral. However, he evaluated the definite integral in

Task 7 by hand. It is unclear whether the complexity of the
integrand would prompt him to use the calculator to evaluate a
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definite integral in a future situation or if he would choose to
evaluate by hand.

Conflict resolution and confidence in the calculator

Paul saw no conflict in Task 8.

There was no evidence to indicate he lacked confidence in the

calculator. However, he lacked confidence in his ability to interpret
graphical information so he did not choose to use calculator to
produce graphs.
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Name: Rex

Class: Integral Calculus (Experimental Class)

Gender: Male

Grade: A

Calculator: HP 48SX

Summary and Discussion of Rex's Interview

2

Evaluate: 5x dx .

-

Rex evaluated the definite integral by hand to obtain the

correct answer of 3/2.

Using The Fundamental Theorem of Calculus we get the
following result:

3n/4

fsec2(x)
dx = [tan(x)13704

= tan(3Tc14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Rex initially confirmed the values for tan(3704) and tan(0).

He then input the definite integral. The calculator ran for a long

period of time without producing an answer. He then listed several

other ways to check the above result such as graphing the function

and using the AREA button on the calculator or approximating using

Riemann sums. He graphed f(x) = secix) and indicated the area

should be much larger than -1 because the function was positive.

His final answer, however, was -1. He felt the appearance of the
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graph on the screen was due to calculator error and indicated this

on his paper.

S: Sometimes calculator doesn't always plot functions
correctly, and some of the plot might should have

been under the x-axis, making the answer come up -1.

This reasoning may have been supported by the fact that the

calculator was unable to compute the integral.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the

interval [0, 7].

(0,3)

(1,0)

(2,-2)

(7,3)

IIIMM MIIIIIIIMM
MEM MIME
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1111111111MMEM
11111111MMIIIMME
IIIMMENNIIMM
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Rex initially constructed an antiderivative thinking of it as an

area function. He then seemed unsure that this was right. He

recalled doing problems similar in which he had been given the

symbolic form and then found a slope field. He then sketched a

slope field by calculating the arctangent of each slope and noting

the angle for each slope line. He noticed his original graph followed

the slope lines. Without prompting, he indicated other
antiderivatives could be found by a vertical transfer of his

antiderivative.



Analysis of Rex's Interview

Rex's representational knowledge and concept image

Connections among representations

Although Rex misinterpreted the graph in Task 8, he exhibited

good connections between area under the graph of the integrand and

the value of the definite integral. Since the answer given in Task 8

was negative, Rex felt the graph of the integrand in Task 8 was
hiding information and did actually dip below the x-axis. In Task 9,

he also exhibited nice connections between the slope field of a
function and the graph of its antiderivatives.

Management of representations

If Rex was confident in his answer, he did not check with

another representation. However, if Rex was unable to obtain an
answer or unsure of results or his interpetation of a representation,
he consulted some other method or representation. In Task 8, when

a numerical attempt failed on the calculator, he appealed to the

graph. In Task 9, when he was unsure of his interpretation of

antiderivative as an area function, he switched to the idea of a

slope field.

Rex's calculator usage and interpretation of calculator results

Management of the calculator

Rex did not appear to use the calculator to do problems which

could be easily done by hand as in Task 7. However, when asked to

check the results for Task 8, he chose to use the calculator to

attempt to evaluate the integral, evaluate f(x) = tan(x) at the limits
of integration, and to graph the integrand.
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Conflict resolution and confidence in the calculator

Rex was aware of the limitations of the calculator to some

extent. He appeared to use these limitations as an excuse why the

graphical representation for the definite integral as displayed on

the calculator screen did not agree with the results of the
Fundamental Theorem of Calculus without investigating further or

changing the scaling. Although he recognized an asymptote, he

seemed unaware as to how the calculator would handle an improper

integral which does not converge.
Rex did not resolve any conflict. Rather than resolve the

conflict, he preferred to blame it on the calculator's limitations as

was discussed above.
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Name: Sam

Class: Integral Calculus (Experimental Class)

Gender: Male

Grade:

Calculator: HP 28S

Summary and Discussion of Sam's Interview

2

Evaluate: f x dx .
-

Sam evaluated the definite integral by hand to obtain the

correct answer of 1.5.

Using The Fundamental Theorem of Calculus we get the
following result:

3 n 4

fsec
2(x) dx = [tan(x)13g/4

= tan(37c14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Sam initially attempted to evaluate the definite integral

using the calculator. The calculator ran for a long period of time
without producing an answer. He also indicated he could check his
answer by working the problem backwards, although he did not

appear to do this. After the interviewer suggested he use a graph,
he graphed the integrand using the calculator. Sam indicated the

area should be positive. He then integrated again using the
calculator to get an answer of 124. It is unclear as to how he got

this answer. He then graphed again and although the graphical
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information conflicted with information provided by the
Fundamental Theorem of Calculus, he chose to believe the latter.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(0,3)

(1,0)

(2,-2)

(7,3) EMENNEM

NM =Ma
11111.111111111.11
MEMINEEM
MINEREMMENMinIUMIN

MINMEMIN
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Sam was unable to proceed without hints from the

interviewer. After repeated hints, he never thought of the
derivative as representing slopes. When the interviewer explained

to Sam that the values of f(x) labelled on the graph of the derivative
represented slopes, Sam was able to construct a correct
antiderivative. At the request of the interviewer, he was able to
sketch another antiderivative through (2, -1) by translating down

his original sketch.



Analysis of Sam's Interview

Sam's representational knowledge and concept image

Connections among representations

In Task 8, Sam was aware that the value of the definite

integral found using the Fundamental Theorem of Calculus did not

agree with information provided by the graph of the integrand.
Thus, he made a nice connection between the value of a definite

integral and the graphical representation. However, in Task 9, he

was unable to connect the numerical and graphical representations
of a function to the graph of its antiderivatives without prompting.

Management of representations

When prompted to check his results in Task 8, Sam moved back

and forth among different representations to try to resolve the

conflict.

Sam's calculator usage and interpretation of calculator results

Management of the calculator

Sam did not appear to use the calculator to do problems which

could be easily done by hand as in Task 7. However, when asked to

check the results for Task 8, he freely used the calculator to

attempt to evaluate the integral and to graph the integrand.

Conflict resolution and confidence in the calculator

Sam did not appear to place much confidence in the calculator

results. In Task 8, he indicated the graphical information did not

agree with the value of the definite integral as calculated using the
Fundamental Theorem of Calculus. Although the calculator had
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difficulty evaluating the definite integral, it did produce an
(incorrect) answer of 124. When he was unable to resolve the
conflict, Sam chose to believe the Theorem rather than information

provided by the calculator. The interviewer did not pursue this

further.



Name: Tim
Class: integral Calculus (Experimental Class)

Gender: Male

Grade:

Calculator: HP 48SX

Summary and Discussion of Tim's Interview

2

Evaluate: f x dx
-

Tim evaluated the definite integral using the calculator to

obtain the correct answer of 1.5.

Using The Fundamental Theorem of Calculus we get the
following result:

37c/ 4

fsec2(x)
dx = [tan(x)137r/

4

= tan(3704) - tan(0) = -1 0 = -1.

Determine whether or not this answer is correct.
Justify your answer.

Tim initially attempted to use the calculator to evaluate the

integral commenting that "sometimes it balks at some of these

things". The calculator ran for a long period of time without

producing an answer. After the interviewer asked him to think of

another way, he chose to graph the integrand and use the AREA

button on the calculator. Upon viewing the graph he indicated the
calculator would not give him an answer because of the asymptote.

On his paper he noted the Fundamental Theorem of Calculus only
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applies if the integrand is continuous and in this case it is not.

Therefore, he felt the answer -1 was incorrect.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(2,-2)

Tim's initial thought was that "it should be a matter of

slopes." However, he was unable to begin without prompting. After

the interviewer reminded him that at x = 0 the derivative is 3, he

was able to construct an antiderivative. Without prompting he
indicated this was not the only antiderivative and that the others

would be a vertical translation depending on the constant C.
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Analysis of Tim's Interview

Tim's representational knowledge and concept image

Connections among representations

Tim exhibited excellent connections between the graphical

representation and the definite integral in Task 8. Although the

idea of "slope" was evoked in Task 9, he was unable to connect the

graphical and numerical representations without prompting. Upon

understanding the values of f(x) labelled on the graph of the

derivative represented the value of the derivative at its

corresponding x-coordinate, Tim was able to construct an
antiderivative.

Management of representations

Tim appeared to feel that his by hand symbolic manipulation

skills were weak.

S: The only way I know how to check it is to put in the
calculator (referring to Task 8). If I was familiar with
some of the other substitution--that's my weak point.
If I was familiar with some of the other stuff, I

might be able to do it by hand faster.

He would choose a representation or procedure and then use the

calculator to complete the task. For both Tasks 7 and 8, Tim chose

to evaluate the definite integral using the calculator. When asked

to further check in Task 8, he chose to use the graphical

representation. He appeared quite comfortable with any
representation which did not require by hand symbolic manipulation.

He was able to transfer between representations with

prompting as was illustrated in both Tasks 8 and 9. He did not,
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however, routinely check results obtained from one representation

with those from another.

Tim's calculator usage and interpretation of calculator results

Management of the calculator

Tim was an avid user of the calculator. As was stated above,

Tim would choose a representation or procedure and then use the

calculator to complete the task. In Task 7, he used it to calculate
the definite integral. In Task 8, he used it initially to again

calculate the definite integral. When he was unable to get an
answer from the calculator in Task 8, he then graphed the integrand.
In Task 9, he indicated if he had a symbolic expression for the

function, he would use the calculator to find a slope field.

S: I can put it in the calculator and draw a slope field
for you and explain it to you. You can't do that with
this one (referring to the function in Task 9) because it's
a made up function.

Although Tim relied heavily on the calculator, he used it wisely and

attempted to understand how it worked and what its limitations

were as discussed below.

Conflict resolution and confidence in the calculator

Tim was quite knowledgeable about the calculator. In Task 8,

he verbally expressed awareness of the limitations of the

calculator. He resolved the conflict in Task 8 after observing the

graph of the integrand. During this task, he exhibited understanding
of the conditions under which the Fundamental Theorem of Calculus

can be applied. He also understood how the calculator handles a
definite integral when an asymptote occurs in the interval of

integration.



Name:

Class:
Gender:

Grade:

Calculator:

Ursula
Integral Calculus (Traditional Class)

Female

non-graphing

Summary and Discussion of Ursula's Interview

2

Evaluate: f x dx .
-

Ursula evaluated the definite integral to obtain the correct
answer of 1.5.

31s/ 4

Evaluate:
fsec2(x)

d x .

(At some point during the interview, the traditional
students were shown the following graphs.)

II 5
it/2 37t/4

-5
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y = sec2(x) y= tan(x)



Ursula evaluated the definite integral to obtain the canonical
wrong answer of -1. She used her calculator to evaluate tan(3704)

and tan(0). She was unable to see how the graph related to the

definite integral.

S: It (the graph) doesn't help me because I have a really
hard time looking at graphs and applying them to
formulas.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the

interval [0, 7].

(0,3)

(1,0)

(2,-2)
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Ursula was unable to construct an antiderivative without

prompting. After the interviewer indicated the slope of F at x = 0 is

3, Ursula constructed a piece-wise linear curve. At the two points
where the derivative was 0, she drew vertical lines. She appeared

to understand how all the antiderivatives are related and at the
interviewer's request was able to construct another through the

point (2, -1) by translating her graph down.



Analysis of Ursula's Interview

Ursula's representational knowledge and concept image

Connections among representations

Ursula appeared to hold no connection between the area under

a graph of the integrand and the value of a definite integral. In Task

8, she indicated she was unable to see how a graph would help. In

Task 9, she was unable to make connections between the numerical

and graphical information provided by a function and the graph of

one of its antiderivatives without prompting.

Management of representations

To Ursula, definite integration appeared to be a procedure.

She was not comfortable working with other representations and

indicated she had difficulty working with graphs. She was able to

evaluate each of the definite integrals in Tasks 7 and 8 using the

traditional procedure. In Task 8, she was unable to interpret
graphical information. In Task 9, she was unable to use the
graphical and numerical information provided by the derivative

without prompting.
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Name: Vincent
Class: Integral Calculus (Traditional Class)

Gender: Male

Grade:

Calculator: non-graphing

Summary and Discussion of Vincent's Interview

2

Evaluate: fx dx .
-

Vincent evaluated the definite integral to obtain the correct
answer of 1 1/2.

37r/ 4

Evaluate: sec2(x) dx .

(At some point during the interview, the traditional
students were shown the following graphs.)

x
l 5

Tc/2 3704

-5-

2
y = sec (x) y= tan(x)
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Vincent evaluated the definite integral to obtain the canonical
wrong answer of -1 after the interviewer prompted him as to an

antiderivative of y = sec2(x). After observing the graphs of

y = tan(x) and y = sec2(x) provided by the interviewer, Vincent

indicated that his answer of -1 was not correct since the graph was

positive over the interval of integration.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(0,3)

(1,0)

(2,-2)

(7,3)
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Vincent was able to construct the graph of an antiderivative

without prompting. He made a slight error in indicating that the
slope between (5, 3) and (7, 3) was 5. Since he was able to
correctly indicate the slope for the remainder of the graph, this

was probably just an oversight. At the interviewer's request, he
then sketched an antiderivative through (2, -1) by translating down
his original sketch of an antiderivative.



Analysis of Vincent's Interview

Vincent's representational knowledge and concept image

Connections among representations

Vincent exhibited excellent ties between the representations

within the integration context. In Task 8, Vincent made a
connection between the area under the graph of the integrand and

the value of the definite integral. In Task 9, he was able to connect
the graphical and numerical information from a function to the
graphical representation of its antiderivatives.

Management of representations

Vincent worked with the representation most readily

available. He routinely evaluated the definite integrals in Tasks 7

and 8 using the traditional procedure. However, he also worked well

with the graphical and numerical information when no symbolic

representation was available as in Task 9.
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Name:

Class:
Gender:

Grade:

Calculator:

Summary and Discussion of Wayne's Interview

2

Evaluate: f x dx .
-1

Wayne evaluated the definite integral to obtain the correct

answer of 1.5.

3t/4
Evaluate:

fsec2(x)
d x .

(At some point during the interview, the traditional
students were shown the following graphs.)

11110'X
5_n/2 3n/4

-5-

Wayne

Integral Calculus (Traditional Class)

Male

non-graphing

2
y = sec (x) y= tan(x)
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Wayne evaluated the definite integral to obtain the canonical
wrong answer of -1. After the interviewer provided him with the

graphs of y = tan(x) and y = secix), he indicated he "never looked at

the graphs".

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(2,-2)

Initially, Wayne thought he should find a symbolic form for

the graph and then proceed. The interviewer forced him to look at

the graph. As he was observing the graph, he made reference to

function derivative pairs such as tangent and secant squared, and

sine and cosine. The interviewer then proceeded with more hints
and he took a point value and interpreted it as a function.

I: Write down on your paper F `(0) = 3. What does all of that say

in words to you about the original function F?
S: Take an antiderivative of 3. That's 3x.

Finally, when the interviewer questioned Wayne about the slope

of an antiderivative at x = 0, he made the connection between the

numerical information provided by the derivative. He was then able

to construct an antiderivative and indicate how he could construct
another by a vertical translation of his original antiderivative.

(7,3)
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Analysis of Wayne's Interview

Wayne's representational knowledge and concept image

Connections among representations

Wayne had very weak ties between the representations within

the context of integration. In Task 8, he was unable to make a
connection between the area under the graph of the integrand and

value of the integral. In Task 9, he was unable to relate graphical

and numerical representation of a function to the graphical

representation of one of its antiderivatives without prompting.

Management of representations

Wayne was very procedural and couldn't function without the

symbolic representation. He routinely evaluated the definite
integrals in Tasks 7 and 8 using a traditional procedure. In Task 9,

his initial reaction was to find a symbolic expression for the

function and then find an antiderivative. He was at a loss as to how
to proceed without the symbolic form. This is an example of

compartmentalization.
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Name: Xavier
Class: Integral Calculus (Traditional Class)

Gender: Male

Grade: A

Calculator: none

Summary and Discussion of Xavier's Interview

2

Evaluate: f x dx .

Xavier evaluated the definite integral to obtain the correct

answer of 1 1/2.

37c/ 4

Evaluate:
fsec2(x)

d x .

(At some point during the interview, the traditional
students were shown the following graphs.)

2
y = sec (x) y= tan(x)
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Xavier evaluated the definite integral to obtain the canonical

wrong answer of -1. After the interviewer provided him with the

'II 5
X

_n/2 3704

-5



graphs of y = tan(x) and y = secix), he indicated his answer of -1

seemed fine.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

A

(0,3)

(1,0)

(5,3)

(2,-2)

Initially, Xavier found an (incorrect) equation for a parabola

which he felt represented the piece of the graph over the interval

[1, 3]. He then antidifferentiated this expression. The interviewer
interrupted him and requested he try to work this problem without

using a symbolic expression. Xavier appeared to have a lot of
difficulty reasoning without the symbolic expression.

I: What are you trying to do?
S: This is the graph of a parabola (referring to the piece

over the interval [1, 3]). The x-intercepts are (1, 0) and
(3, 0). I got the equation for the parabola should be

x2 - 4x + 3. Then I can integrate it and this part

from 3 to 5 is just a linear function and this one is a
constant function. Let me integrate this (the parabolic

expression) first.
I: Before you go any further, what if I don't let you find an

equation first? See if we could graph an antiderivative from

(7,3)

PPP
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the information given in that function there just from the
looks of it and any other information that you can get from it.

S: By looking at the graph, I know this part when I

integrate it, it would still be just a line. Then we
can draw it like this. This should be linear.
Integrate a linear function will get a polynomial
function. Can I find the equation first?

The interviewer then began prompting him and he still had

difficulty transferring out of symbolic mode.

I: Write down on your paper F`(0) = 3. Does that tell us anything

about the graph of the original function at x = 0?

S: Yes. It's a linear function, 3x.
I: What does it tell us about the slope?
S: The slope is 3.
I: If you know the slope is 3 at x = 0, would you be able to sort

of construct that maybe?
(Sketching an antiderivative.)

I: What have we got so far here?
S: The slope at the point 1 is just x. It's y = x + c. The

point (3, 0) would be 3x + C. The point 2 is -2....

He was confused about where the interviewer got the fact

that F `(0) = 3. Once this was explained, he sketched an

antiderivative initially with sharp corners connecting the different

pieces. Again he was prompted and corrected his graph. He then

correctly indicated how he could sketch the antiderivative passing

through the point (2, -1).



Analysis of Xavier's Interview

Xavier's representational knowledge and concept image

Connections among representations

Xavier exhibited weak connections between the symbolic

representation and other representations within the context of

integration. In Task 8, he exhibited no connection between the area

under the graph of the integrand and the value of the definite

integral. Clear evidence of compartmentalization appeared in Task

9 in that he was unable to reason without a symbolic expression. He

indicated the derivative would provide information concerning slope

but he was unable without prompting to extract slope information

from the coordinates of the points on the graph of the derivative.
When attempting to find a symbolic expression for the graph over
the interval [1, 3], he made an incorrect connection.

Management of representations

Although Xavier is an A student, he is very tied to the

symbolic representation. He doesn't use the graphical

representation. When the graphical representation is the only

representation available, the only thing he can think to do is to find
the symbolic form for the graph rather than interpret the graph.

Even when the interviewer attempted to force him to use other
representations in Task 9, he still reverted back to the symbolic

expression throughout the interview. Thus, any transfers he
attempted were from the graphical representation to the symbolic

form.
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Name: Yvonne

Class: Integral Calculus (Traditional Class)

Gender: Female

Grade:

Calculator: non-irashin.

Summary and Discussion of Yvonne's Interview

2

Evaluate: f x dx

Yvonne evaluated the definite integral to obtain the incorrect

answer of 1/2 + C.

3n/4
Evaluate:

fsec2(x)
d x .

(At some point during the interview, the traditional
students were shown the following graphs.)

y = sec2(x) y= tan(x)
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Yvonne evaluated the definite integral to obtain the canonical

wrong answer of -1. After the interviewer provided her with the

graphs of y = tan(x) and y = secix), she indicated her answer of -1

seemed fine.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the
interval [0, 7].

(0,3)

(1,0)

(2,-2)

Yvonne was unable to sketch an antiderivative even when she

was provided with all the hints.
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Analysis of Yvonne's Interview

Yvonne's representational knowledge and concept image

Connections among representations

Yvonne exhibited no connections between the representations

within the context of integration. In Task 8, she did not seem to
connect the area under the graph of the integrand to the value of the

definite integral. In Task 9, she also appeared to be unable to make

connections between the graphical and numerical information

provided by a function and the graphical representation of its

antiderivative.

Management of representations

Yvonne appeared to understand the process of definite

integration when the integrand was in symbolic form. She either

was unable to work with the graphical and numerical
representations of the function in Task 9 or she was unwilling to

think within a graphical or numerical representation.
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Name: Zeke

Class: Integral Calculus (Traditional Class)

Gender: Male

Grade: A

Calculator: none

Summary and Discussion of Zeke's Interview

2

Evaluate: f x dx .

Zeke evaluated the definite integral to obtain the correct
answer of 3/2.

3704

Evaluate:
fsec2(x)

d x

(At some point during the interview, the traditional
students were shown the following graphs.)

II 5
-702 37C/4

-5-
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y = sec2(x) y= tan(x)



Zeke evaluated the definite integral to obtain the canonical

wrong answer of -1. After the interviewer provided him with the

graphs of y = tan(x) and y = secx), he indicated his answer of -1

seemed fine.

9. Shown below is the graph of a function f. On the grid to
the right, sketch an antiderivative F of f over the

interval [0, 7].

(7,3)
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(2,-2)

Zeke initially approached this problem by sketching a sample.

S: I know it's the slope and all that. So I just drew a

little picture of 1/2x2 and the derivative is x, a

sample kind of that I already knew.

He then received several hints. After the interviewer asked him if

he could determine the value of the slope at x = 0, Zeke was able to

sketch an antiderivative. He was again stumped when asked to
construct another antiderivative through the point (2, -1). He

reverted back to thinking symbolically and indicated he would need

to find the constant of integration, C. He again wrote down a
symbolic sample but was unable to sketch another antiderivative.



Analysis of Zeke's Interview

Zeke's representational knowledge and concept image

Connections among representations

Zeke exhibited weak connections between the representations

within the context of integration. In Task 8, he appeared unable to

connect the area under the graph of the integrand with the value of

the definite integral. In Task 9, he was unable to use the graphical

and numerical information provided by the derivative without being

prompted. Once Zeke understood the values of f(x) labelled on the

original graph of the function were the slopes of its antiderivatives

at the corresponding x-coordinates, then he was able to construct

an antiderivative.

Management of representations

Zeke preferred working with the symbolic representation. In

Task 9, he was unable to work without the symbolic representation

of the function until he received many hints. Even after he sketched

an antiderivative, he was unable to sketch another without first

finding the constant of integration using the symbolic form.
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Chapter Six: Discussion and Conclusions

This study investigated how the use of the supercalculator

may affect the processes by which students build concept images.

The following areas were the focus of the study:

Student's representational knowledge and concept image

Representational facility

Can the student work individually with each of three

representations: graphical, numerical, and symbolic?

Connections among representations

Does the student see a connection among the three

representations?

Management of representations

Does the student have a preferred representation and how does

the student vary the choice of representation depending on the

problem? Does the student transfer among the three

representations?

Student's calculator usage and interpretation of calculator results

Management of the calculator

How and when does the student use the calculator in
undirected situations (that is, when there are no specific

instructions given as to its use)?
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Conflict resolution and confidence in the calculator

If conflicts are produced while working with the calculator,

does the student recognize them? If so, how does the student

resolve them? How aware is the student of the calculator's

numerical and graphical limitations?

The relevant results from the study will be discussed pertaining to

each of these areas. In addition, limitations of the study,
implications for curriculum and instruction, and implications for

future research will be discussed.

Student Representational Knowledge and Concept Image

Representational Facility

0 The experimental students showed greater facility

with graphical and numerical representations.

In three interview tasks (3, 5, and 9), students were asked to

work with graphical and/or numerical representations.

In interview Task 3, all the experimental students
investigated the limit by inputting values near the target and by
observing a graph of the function. Only two traditional students

(Heather and Larry) used both methods to investigate the limit.

However, three traditional students (Jon, Kevin, and Monty) were

able to investigate the limit by inputting values near the target.
In interview Task 5, students were asked to locate and

classify critical points. Four of six experimental students (Andy,

Bob, Dan, and Elise) and two of six traditional students (Heather and

Larry) used a graph to verify critical point information.

In interview Task 9, students were asked to use
numerical/graphical information from a function to sketch an

antiderivative. Three of six experimental students (Ned, Opal, and

Rex) used this information and sketched an antiderivative whereas
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Figure 45. Paper-and-pencil Task 10: Derivative,

graphical presentation.
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only one traditional student (Vincent) was able to complete this

task successfully without prompting.
The paper-and-pencil tasks required the students to work

with each representation: graphical, numerical, and symbolic. This

study was not designed with a statistical analyses of differences
between the two groups in mind and thus, no statistical tests of

significance were done. (The number of traditional students is so
small that conclusions drawn from such comparisons would be

tenuous.) Nevertheless, note that for 21 of 25 tasks, the

experimental group had as high a percentage or a higher percentage

of students with correct answers than the traditional group and in

some cases the difference in percentages was striking.
The widest difference in percentages of correct answers on

the paper-and-pencil tasks between the two groups occurred for

Task 10 (b) shown in Figure 45 with 73% (95/130) of the

experimental students and 18% (3/17) of the traditional students

having correct answers.

Below is the graph off and the line tangent to f at z = 2.5.

7

6

5

4

3

2

A

2 3 4 5 6

a. Find f'(2.5) and find the equation of b. Sketch the derivative of f over
the normal line at x = 2.5. Sketch the interval [0, 71 using the axes above.
this normal line on the axes above.

-f ) 1111111)
1 2 3 4 5 6 7 A
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Contrast these results to those from Task 10 (a), in which 62% of
the experimental students and 65% of the traditional students

answered correctly. For the particular graphical task in part (a),

both groups understood that to find the derivative at a point meant

to find the slope of the tangent line. Students have had experience

with tasks similar to this in algebra where they were asked to find

the slope of a line given a graph of the line and no symbolic

representation. For part (b), students needed to generate some
ordered pairs of inputs and outputs which in this case were slopes.

In the absence of the symbolic form for the derivative, most of the

traditional students failed to generate these ordered pairs using the

graph even though the majority were successful at finding the slope

at a single point. Part (b) required them to not only generate the

slope at several points but also to use these slopes to form ordered

pairs. The experimental group had been instructed and had worked

problems similar to both parts. However, the traditional group had
not, but for part (a) may have drawn on previous instruction to work

the problem.

Connections Among Representations

0 More students from the experimental group exhibited

better ties among the representations than those from

the traditional group.

Four interview tasks (3, 5, 8, 9) were designed to specifically
observe a student's connections among the different

representations.
For Task 3, the students were asked to investigate a limit.

They were then prompted to input values or to observe a graph if

they had not done so during their initial investigation. All six

experimental differential calculus students were able to
investigate this limit by observing a graph of the function and by
inputting appropriate values near the target value. Two of the
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traditional students (Heather and Larry) were able to use both

methods of investigation.
For Task 5, students were given the symbolic forms for a

function f and its derivative. They were asked to find and classify

the critical points of f. Experimental students were asked how

they could check this information. Traditional students were shown

calculator produced graphs of f and f and asked if their critical
point information and the graphical information were in agreement.

Four of the six experimental differential calculus students (Andy,

Bob, Dan, and Elise) and two of the six traditional students (Heather

and Larry) were able to use a graph to monitor critical point

information.
For Task 8, students were presented with an integral in which

the integrand was asymptotic at a point in the interior of the

interval of integration. The traditional students were asked to

evaluate the integral. They then were presented with graphs of the
integrand and an antiderivative and asked to determine whether

their answer seemed reasonable. The experimental students were

given an (incorrect) solution to the problem using the Fundamental

Theorem of Calculus and asked to verify this result. Five of the six

experimental integral calculus students (all except Paul) used the

area under the graph of the integrand to monitor the value of the

definite integral. Only one of the traditional students (Vincent)

used the graph of the integrand in this same way.
For Task 9, students were required to interpret

graphical/numerical information from the graph of the derivative.

Three of six experimental integral calculus students (Ned, Opal, and

Rex) were able to use graphical/numerical information provided by

the graph of a function to sketch an antiderivative without

prompting. Only one traditional student (Vincent) was able to

complete this task successfully without prompting.

From the paper-and-pencil tasks, data from two pairs of tasks
(1(a) and 2 (c), 6 (e) and 6 (f)) indicated a large percentage of

students in the traditional group failed to make a connection

between graphical and tabular information. In Tasks 1 (a) and 2 (c),
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students were asked to identify whether or not the relation was a

function. In Task 1 (a) the relation was presented tabularly and 79%

of the traditional students answered correctly but in Task 2 (c) the
relation was presented graphically and 57% of the traditional

students answered correctly. For Task 1 (a), 84% of the
experimental students and for Task 2 (c), 89% of the experimental

students answered correctly. It appeared some of the traditional
students failed to make a connection between criteria used on

graphical and tabular data when identifying functions.
In Tasks 6 (e) and 6 (f) students were asked to determine

whether the function had an inverse. In Task 6 (e) the function was
presented tabularly and 54% of the traditional students answered

correctly but in Task 6 (f) the function was presented graphically

and 96% answered correctly. For Task 6 (e), 78% of the
experimental students and for Task 6 (f), 95% of the experimental

students answered correctly. It appeared a large percent of the
traditional students failed to make a connection between criteria

used on graphical and tabular data when determining whether a

function has an inverse. Some of the traditional students also
seemed to fail to make this same connection.

Not only were the experimental students instructed in the use

of multiple representations but they also had access to the

calculator and possessed more powerful tools to work individually

with each representation. It should not be surprising they exhibited
better connections between the representations than the traditional

students.

0 Grades do not appear to be a good predictor of the

quality of the connections among representations a

student holds.

Contrast Elise (an experimental student; grade C) with

Gretchen (a traditional student; grade A). For interview Task 5,

Elise did an excellent job of classifying critical points using the

graph of the original function and explaining the first derivative
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test. Gretchen, however, made no connection between information

provided by the derivative and the classification of the critical

points. She also lacked a connection between the critical point

information and the graph of the original function.

Also, contrast Tim (an experimental student; grade C) with

Xavier (a traditional student; grade A). Tim had poor symbolic

skills but was the only student interviewed who recalled the
conditions under which the Fundamental Theorem of Calculus could

be applied. He made a nice connection between the area under the

graph of the integrand and the value of the definite integral. Xavier,

a student skilled at symbolic manipulation made no such connection.

Xavier had great difficulty working without a symbolic

representation for a function as in interview Task 9 where the

students were asked to use graphical/numerical information from

the graph of a function to sketch an antiderivative. Xavier

attempted to find a symbolic expression for the given function so

that he could antidifferentiate this expression and then graph an

antiderivative.

Management of Representations

0 Individual students do show definite preferences for

certain representations but factors influencing their

choices are varied.

Some factors influencing students' choice of representation

include:

1. Students confident in their symbolic manipulation skills

tend to use alternate representations only when
unsuccessful at finding an answer symbolically.

For example, Fred was extremely confident with symbol

manipulation. However, when he was unable to locate the
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zero of the denominator of the function in interview Task

6, he used the graph of the denominator to find the root.

Students make a choice of representation depending on the

complexity of the symbolic information provided.

In interview Task 5, Andy indicated he could locate critical

points using the graph of the derivative but the ease at

which he was able to obtain the zeroes from the symbolic

form of the derivative appeared to influence when he used

the graphical representation. After obtaining the critical
points from the symbolic form of the derivative, he then
used the graph of the derivative to classify them.

Some students do not use a certain representation because

they do not recognize that it's a viable choice.

In interview Task 6 (b), Andy was presented with the

problem of finding the zeroes of the denominator of a

function. It did not occur to him to graph the denominator

even though in interview Task 5 he had indicated he could
locate the zeroes of a function using a graph. Similarly,

some students don't recognize that graphical/numerical
information for a function can be as useful as symbolic

information. For example, during interview Task 9,

students were asked to sketch an antiderivative of a

function presented graphically with several ordered pairs

labeled on the graph. Three students (Wayne, Xavier, and

Zeke) attempted to make use of symbolic information

rather than use the graphical/numerical information

provided.

Students lack confidence in using certain representations.
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Two experimental students (Elise and Tim) lacked
confidence in their symbol manipulation skills and so

typically chose numerical or graphical representations or

non-symbolic methods. However, one experimental student

(Paul) lacked confidence in his ability to interpret
graphical information so he refused to use a graph during

interview Task 8.

5. Students who do not have access to a graphing calculator

do not typically choose to use the graphical representation.

During the interviews of traditional students, only two
traditional students (Gretchen and Heather) sketched a

graph (Task 6 (a)) during the solution of any of the

problems without prompting.

0 The level of a student's confidence in the problem

solving process dictates whether that student
monitors results using different representations.

If an experimental student was confident in results obtained

from a first method, then the student did not typically check with

another representation. If unable to find a solution from a first
method, then the student would choose another method or

representation. Again, if this method produced results which the
student felt confident in, the student did not typically check

further.
For example, one student (Fred) was confident in his symbolic

results from interview Task 6 (a) where he was asked to locate and

classify any discontinuities. In Task 6 (a), he found the correct
point of discontinuity from the symbolic form but classified it

incorrectly. Had he further checked with another representation, he

may have caught this error. In Task 6 (b), he was unable to
symbolically find the discontinuity so he chose to graph the

denominator and successfully found the root and classified the
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discontinuity incorrectly. But again, once he was confident with his
results, he did not further check with other representations.

One student (Elise) lacked confidence in her symbolic skills

and in her ability to do mathematics. She was the only

experimental student who routinely checked with more than one

representation without prompting.

0 More evidence of compartmentalization was observed

among the traditional students than among the
experimental students.

Most instances of compartmentalization among the traditional

students occurred as a result of their subservience to the symbolic

representation. They were unwilling or unable to work with the

other representations. Some examples included:

In paper-and-pencil Task 12, students were asked to

evaluate the definite integral of a function presented

graphically. Although the task was designed so that

students could easily use areas of rectangles and triangles

to evaluate the integral, six of 18 traditional students

found a symbolic representation for this function with four

of the six working it correctly.
In paper-and-pencil Task 13 (a), students were asked to

evaluate the definite integral of a function presented

graphically. No symbolic representation was readily

available for this function. However, 27 of 219 traditional
students attempted to solve this problem symbolically.

Some examples included:
3a

(a) 1f(x) dx = f(x)212 = 9a21 2



3a
3a 2

(C) ff(x) d x = [a10 =3a

3a

(d) f 6x2 dx
0

3. During interview Task 9, students were asked to sketch an
antiderivative of a function presented graphically with

several ordered pairs labeled on the graph. Three

traditional students (Wayne, Xavier, and Zeke) attempted to

make use of symbolic information with one student (Xavier)

trying to find a symbolic form for each piece of the

function.

Compartmentalization was also observed among the
experimental students. However, it took a different form with the
experimental students. These students were very willing to use any
representation and had the ability to work with other
representations. However, in some cases they appeared not to
recognize that a particular representation would be helpful, i.e.,

compartmentalization was task dependent.
For example, in interview Task 6 (b), all experimental

students had access to the tools and four students (Andy, Bob,

Chris, and Elise) graphed the function. However, only one student

(Fred) recognized he could find the zeroes of the denominator of the

function by graphing the denominator. One student (Andy) had even

verbally expressed knowledge of how to find the zeroes of a
function graphically in interview Task 5. But when presented with

a similar goal of finding zeroes of the denominator in Task 6 (b), he

was unable to think of a way other than factoring. He did not

recognize he could use a graph of the denominator to locate the

zeroes of the denominator.
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Student's Calculator Usage and Interpretation of
Calculator Results

The discussion of this area of research only pertains to the

experimental students.

Management of the Calculator

0 Students use of the calculator is closely tied to their
management of representations.

Once a student chose to use a graphical or numerical

representation, then using the calculator became an option. Five

students (Bob, Chris, Elise, Ned, and Tim) used it for all numerical

and graphical calculations whereas seven (Andy, Dan, Fred, Opal,

Paul, Rex, and Sam) used it more selectively by doing easy

evaluations by hand. All the experimental students except one
(Opal) used the calculator once a graphical representation was

chosen.

0 Students who lack confidence in their symbol
manipulation skills appear to use the calculator more

readily than those who are confident in their symbol

manipulation skills.

Both Elise and Tim expressed a lack of confidence in their

symbolic manipulation skills. Both were also quite adept at using

the calculator. Elise transferred between representations more

readily than any other differential calculus student. Tim used the

calculator to evaluate even the simplest integral as in interview

Task 7. He was also the most knowledgeable of all the students

about the calculator's capabilities and limitations.
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Conflict Resolution and Confidence in the Calculator

0 When a device (machine or a formula) is used to

perform a computation in a routine fashion, those are

results students look at least critically.

Due to the numerical and graphical limitations of the

calculator, conflicts may arise. Students interviewed from the
experimental group had been instructed in the graphical limitations
of the calculator but had not been instructed in the numerical

limitations of the calculator.
In interview Task 3, students were asked to investigate a

limit using a graph and also by inputting values near the target.

They were also asked to input a number very close to the target
which produced an erroneous result due to the numerical limitations

of the calculator. Confidence in the final (incorrect) calculator

result for this task was supported for three of the six experimental
differential calculus students (Andy, Bob, Chris) by a mental
numerical analysis of the symbolic representation. They appeared

to look for an interpretation of the problem which would support

this erroneous result. Each student determined an answer for the
problem. However, no one tried to resolve the conflict produced by

the erroneous result.
Conflicts can also occur between calculator results and by

hand computations. For example, a conflict occurred between the

use of the Fundamental Theorem of Calculus, the use of the

calculator to integrate the function numerically, and the graph of

the integrand in interview Task 8. In this task, the integrand has an
asymptote in the interior of the interval of integration. When

applying the Fundamental Theorem of Calculus, an incorrect answer

results. This answer is negative but the integrand is clearly

positive over the interval of integration. Each student made a
decision concerning the answer but only one student (Tim) resolved

the conflict produced in this task.
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The strength of a symbolic representation appeared here. Two

students from the experimental group (Rex and Sam) chose to

believe an incorrect symbolic result even though it conflicted with

graphical information. Rex even used the graphical limitations of

the calculator as an excuse for the conflict between a (correct)

graph and this symbolic result.
In both interview Tasks 3 and 8, conflicts were produced in

different ways. In Task 3, students accepted the evaluation of the

calculator without thinking about what the calculator does

internally. In Task 8, students accepted the Fundamental Theorem

of Calculus without checking the hypotheses of the theorem. Both

calculations are essentially black box procedures which will

produce an answer. Students were willing to make a decision

concerning the answers to the problems but were not willing to

resolve conflicts which may have occurred between different

representations or methods.

O Students' confidence in graphical information

appearing on the screen is tied to having
a priori information.

Students appeared very willing to rescale when using a

graph to monitor information which had been found previously.

However, when they didn't have previous information they

appeared more apt to believe the appearance of graphical

information on the screen without checking with other

representations.
In interview Task 5, all six experimental students found

the critical points of the function f using the symbolic form

and then classified these points. During the interview, all six

students used a calculator produced graph in some way. This

task was designed to see how students resolve the fact a

maximum and a minimum of a function exist but the

appearance of the graph of the function did not indicate their

existence. All six were successful in obtaining a correct
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graph. In this task, students were looking for graphical

behavior that would match information they had previously

found.
When investigating the limit in interview Task 2, two

students (Bob and Dan) made an (incorrect) decision concerning the

right and left-hand limits, based on the screen appearance of the

graph without rescaling or checking with another representation.

When graphing the function in interview Task 6 (b) in order to

locate possible discontinuities, only one calculator student (Fred)
considered there might be more roots of a function than those

appearing on the screen. Also, in interview Task 6 (b), four

students (Andy, Bob, Chris, and Elise) made a decision concerning

the type of discontinuity present based on the screen appearance of

the graph of the function with no further investigation. Two (Andy

and Elise) classified the discontinuity as a jump while two (Bob and

Chris) classified it as an asymptote.
Students appear more willing to zoom-in than zoom-out.

While investigating the limit in interview Task 2 as was discussed

above, two students (Bob and Dan) determined their answer based on

the screen appearance of the graph of the function. Had these two

students zoomed-out, they may have found a different answer.
During interview Task 6 (b), only one student (Fred) considered

there might be more roots than those appearing on the screen

although it is unclear how he decided the other two roots were

complex. Had roots other than those appearing on the screen

existed, the other five students may have missed them.

When investigating the limit of the function near x = 0 in

interview Task 3, one student (Dan) zoomed-in to observe the

behavior of the graph of the function near x = 0. Interview Task 5

was designed so that students needed to zoom-in to get a more

accurate graph. All the students zoomed-in to get a more accurate

graph of either f or f depending on which function they were

working with.



Limitations of the Study

Certain limitations for this study are noted:

The paper-and-pencil tasks were not designed for
comparison of the two groups of students and it would be

inappropriate to compare them.
Since the interview sample was so small and not a random

selection of students, it would be inappropriate to
generalize these results to a larger group of students.

The interview data gathered is only as good as the

technique used by the interviewer. Although the
interviewers followed a script, on occasion it was
necessary for them to deviate from the script. In some

cases, further probing may have produced different results.
In other cases, too much prompting may have occurred. A

more open-ended approach may have also produced

different results.
Three interviewers participated in the study and tried to
follow the script as closely as possible. In some cases,

further probing may have been warranted but the

interviewers felt bound to the script. If the investigator
had interviewed all the subjects, an on-the-spot decision

could have been made as to whether further probing would

yield information valuable to the investigator.

Implications for Curriculum and Instruction

What instructors teach influences what students learn, and

the influence of the instructor appears to be particularly strong in

students' use of the new tools provided by technology. This

influence seemed to manifest itself in three ways:
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One example occurred in paper-and-pencil Task 14 designed to

investigate students' choice of representation(s) when

investigating limits of this type. The majority of students from
certain classes favored a particular representation(s), which

indicated that instruction had possibly played a strong and direct

role in influencing the choice of representation.

Students' ability to interpret calculator results.

The instructor of the experimental differential calculus class

participating in the interviews had not discussed numerical

limitations of the calculator with the students. This was evidenced

in interview Task 3. However, during pilot interviews of students

taught by a different instructor and using exactly the same tasks

and protocols, five of six interviewees recognized the numerical

limitations of the calculator. The instructor of the experimental
differential calculus class had, however, spent time discussing

deceptive features of the graphs. This was evidenced in the results

from interview Task 5 and also in student comments during the

interviews.

Students' use of the calculator to solve problems.

The same instructor from the experimental differential

calculus class participating in the interviews also treated the
calculator more as a tool which can be used to verify and check

algebraic results. He freely showed the students graphical and

numerical explorations. However, for a task such as finding critical

points he concentrated on showing the students algebraic

procedures and then used the graph of the function to support

information found algebraically. Evidence of this appeared when

analyzing the interviews of students doing interview Task 5. Five

of the six students found the critical points from the symbolic form

and then may have used a graph. In the pilot interviews of the
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students mentioned above, seven of seven students initially graphed

the derivative to find and classify the critical points. Four of these

did not refer to the symbolic form for the derivative.

Each of the above examples illustrates different aspects of

how the instructor may influence the students. One is in providing

proper instruction in the use of the calculator and in interpreting

results. Another is in freely and willingly moving among different
representations when discussing problems in class. A third is in

the instructor's philosophy of the role of the calculator in the

classroom. Is it used as a check for algebraic work? Is it used for

exploration only or is it used to actually solve problems
graphically, symbolically or numerically?

For students to build the richest possible concept images,

changes in curriculum and instruction may need to be implemented.

If instruction is to include a multiple representational approach,

then curriculum will need to include:

Opportunities for the students to work with all three
representations and opportunities which force them to

work with all three representations.
Examples containing conflicts between representations.

In addition to implementing the curriculum, instructors will

need to:

Create an atmosphere in which the students are not

hesitant to solve a problem using a representation other

than symbolic.
Encouraging students to use more than one representation

when solving a problem.

If instructors want to make use of technology, then their role

will include instructing students in the graphical and numerical

limitations of the calculator. Some activities instructors should

provide for the students include:
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Students should use the calculator to graph functions,

including those with different types of discontinuities
(holes, jumps, vertical asymptotes), in "connected mode"

and "disconnected mode.
Students should use the calculator to graph functions for
which information is hidden due to scaling. Students

should encounter many examples where zooming-in is

required and where zooming-out is required to obtain

information.
Students should graph and evaluate functions in both degree

mode and radian mode.
Students should encounter examples where a numerical

evaluation of a function is erroneous due to the numerical

limitations of the calculator.
Students should encounter examples (similar to those

described in 1-4) which provide conflicts between the
representations due to the limitations of the calculator.

It is important that the above activities be ongoing throughout the

term.

Implications for Future Research

All of the students in the study had been working within a

symbolic/procedural context for years. Some students may feel
comfortable with this representation and ill at ease with a new

tool. One student (Fred) chose to believe results from the second

derivative test over graphical information and the first derivative
test because he was more confident in his ability to perform the
second derivative test and interpret its results.

If a student were exposed to years of working with
multiple representations, would the student still favor the

symbolic representation?



Some students were uncomfortable with their symbol

manipulation skills and, therefore, made use of numerical and

graphical representations more readily than those students who

were symbolically confident.

Are students who are confident with their symbol

manipulation skills less likely to use representations other

than symbolic?

Are students who lack confidence in their symbol
manipulation skills more likely to use representations

other than symbolic?

One of the goals of the calculus reform movement is to pump

more students into science and engineering fields.

Will the use of technology and a multiple representational

approach in calculus have the affect that more students

will pursue science and engineering careers?

When students study calculus and symbol manipulation skills

are de-emphasized, it is logical that students' symbol manipulation

skills may not improve.

If students having poor "by hand" symbol manipulation

skills can have success in learning and understanding

calculus through the use of multiple representations, how

will this affect their success in more advanced

mathematics and science courses?

Symbolic methods are prone to becoming rote procedures.

Other representations are not immuned to this. For example,

suppose a student is asked to determine whether the radius of a

circle is a function of its area. The student may draw a circle and

288



289

indicate the radius is not a function of its area because it fails the

vertical line test. The student has applied the vertical line test for
identifying functions in a mindless fashion.

If more emphasis is put on using multiple representational

techniques, are these methods likely to turn into

algorithmic procedures?

In view of how important the role of the instructor plays in
implementing a curriculum change, the instructor may be the most

important factor to study when bringing in technology and an

emphasis on multiple representations. In particular,

How difficult will it be for teachers to assume a different

role? The following aspects of a teacher's role in the
classroom may need to change:

Assessment. Instructors may need to consider different
types of assessment to supplement paper-and-pencil

exams, such as interviews or portfolios, in order to test a
student's conceptual knowledge. Many of the traditional

exam problems which require students to mimic textbook
examples and problems can be done by the calculator.

These types of problems may not test a student's

conceptual knowledge. Paper-and-pencil exams geared to

test conceptual knowledge, rather than knowledge of
routine procedures, may need to be shorter in length since

students may need more time to think and may want to

use the calculator to do some explorations.

Presentation of concepts. The calculator gives
instructors the freedom to present a concept in its

entirety rather than to present the concept in stages. It

provides the opportunity for exploration.
Classroom management. When students use the calculator

in the classroom, they will have more questions since
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calculator questions will arise along with the conceptual

questions. Things will not always run smoothly and
sometimes designated material will not get covered.
A teacher's view of the how technology is to be used.
Will the calculator be used just to check answers or
back-up computations done by hand? Will it be used

primarily for graphical and numerical explorations in

class and on homework but not allowed to be used on

tests? Or, will the students be given the freedom to use
it whenever they choose?
A teacher's view of the his/her role in the classroom and

his/her style of teaching. Is an instructor's role that of
one who hands information to the students, one who

guides the students in obtaining information, or one who

does both? The calculator provides the instructor the
opportunity to allow students to discover many of the
conceptual ideas previously presented directly to the

students by the instructor. Taking advantage of the
technology in this way may mean altering one's role in the

classroom and/or teaching style.
A teacher's belief as to what it means to learn

mathematics. Does learning mathematics mean having

good symbol manipulation skills? Is the ability to
perform a symbolic procedure a prerequisite and thus,

necessary to achieve good conceptual understanding? Is

it acceptable or possible to have good conceptual

understanding but weak symbol manipulation skills?

Supercalculators in the classroom have much to offer the

students. They may be able to provide students with opportunities

to view calculus concepts from a whole new perspective that is

different from their traditional counterparts. They may also
provide students with choices as to how to analyze and solve

problems. This study indicated that students using the calculator
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may have richer concept images in that the calculator provided

them with the ability to easily work with and move among the

different representations. Even though the symbolic approach was

favored by some, these students did not hesitate to use another

representation when the symbolic approach did not yield an answer.

So, students may favor a particular representation but in most

cases did not hesitate to use another if they deemed it necessary to

assist them in solving a problem.
The calculators, however, do not enter the classroom without

bringing along extra baggage with them. Students will face many

problems in interpreting calculator results. Most of the difficulties

with the calculator observed from this study can be remedied via

instruction. Instructors will face new challenges with possible

major changes in certain aspects of their teaching. In particular,

there may need to be changes in the following areas: classroom

management, presentation of concepts, teaching style, and

assessment.



Bibliography

Beckmann, C. E. (1988). Effect of computer graphics use on student
understanding of calculus concepts. (Doctoral dissertation,
Western Michigan University, 1988). Dissertation Abstracts
International, 50, 1974B.

Browning, C. A. (1990). The computer/calculator precalculus
project and levels of graphical understanding. In F. Demana & B.
K. Waits (Eds.), Proceedings of the Conference on Technology in

Collegiate Mathematics. Reading, MA: Addison-Wesley
Publishing Company.

Browning, C. A. (1991). Level of graphical understanding:
Comparisons between high school and college precalculus
students. In F. Demana & B. K. Waits (Eds.), Proceedings of the
Second Annual Conference on Technology in Collegiate
Mathematics (pp. 129-132). Reading, MA: Addison-Wesley
Publishing Company.

Davis, R. B. (1984). Learning mathematics: The cognitive science
approach to mathematics education. Norwood, New Jersey:
Ablex.

Davis, R. & Vinner, S. (1986). The notion of limit: Some seemingly
unavoidable misconception stages. Journal of Mathematical
Behavior, 5, 281-303.

Dick, T. P. (1988, July). The development of graphical sense. Paper

presented at the Sixth International Congress on Mathematical
Education, Budapest, Hungary.

Dick, T. P. (1990, April). Equal access to representations--
research questions about mathematical toolkits in the
classroom. Paper presented at research pre-session, NCTM.

Dick, T. P. & Patton, C. (1991). Calculus. Boston: PWS-KENT.

292



293

Dick, T. P. & Shaughnessy, J. M. (1988). The influence of
symbolic/graphic calculators on the perceptions of students and
teachers toward mathematics. In M. Behr, C. Lacampagne, & M.
Wheeler (Eds.), Proceedings of the Tenth Annual Meeting of the
North American Chapter of the International Group for the
Psychology of Mathematics Education (pp. 327-333). DeKalb, IL:

PME-NA.

Dolcetta, I. C., Emmer, M., Falcone, M., & Vita, S. F. (1988). The
impact of new technologies on teaching calculus: A report of an
experiment. International Journal of Mathematical Education in

Science and Technology, 19, 637-657.

Douglas, R. G. (Ed.). (1986). Notes on teaching calculus: Report of
the methods workshop. Toward a Lean and Lively Calculus (pp.
xv-xxi). Washington, DC: Mathematical Association of America.

Dreyfus, T. & Eisenberg, T. (1982). Intuitive functional concepts: A

baseline study on intuitions. Journal for Research in
Mathematics Education, 13, 360-380.

Dreyfus, T. & Eisenberg, T. (1987). On the deep structure of
functions. In J. Bergeron, N. Herscovits, & C. Kieran, (Eds.),

Proceedings of the Eleventh International Conference on the
Psychology of Mathematics Education, 1, 190-196.

Dreyfus, T. & Eisenberg, T. (1988). On Visualizing Function
Transformations. Unpublished paper.

Dunham, P. H. (1991). An investigation of students' understanding
of scale in technology-oriented classrooms. In F. Demana & B. K.
Waits (Eds.), Proceedings of the Second Annual Conference on
Technology in Collegiate Mathematics (pp. 148-151). Reading,

MA: Addison-Wesley Publishing Company.

Ferrini-Mundy, J. & Graham, K. (1989, March). An exploration of
student understanding of central concepts in calculus. Paper
presented at the Annual Meeting of the American Educational
Research Association, San Francisco.



294

Ferrini-Mundy, J. & Graham, K. (1991, January). Research in
calculus learning: Understanding of limits, derivatives, and
integrals. Paper presented at the Joint Mathematics Meetings,
Special Session on Research in Undergraduate Mathematics
Education, San Francisco.

Gesshel-Green, H. A. (1987). The effect of interactive
microcomputer graphics on student achievement and retention in

second year algebra in an academic high school. (Doctoral
dissertation, Temple University, 1987). Dissertation Abstracts
International, 48, 326A.

Goldenberg, E. P. (1987). Believing is seeing: How preconceptions
influence the perception of graphs. In J. Bergeron, N. Herscovits,
& C. Kieran, (Eds.), Proceedings of the Eleventh International
Conference on the Psychology of Mathematics Education, 1, 197-

203.

Goldenberg, E. P. (1988). Mathematics, metaphors, and human
factors: Mathematical, technical, and pedagogical challenges in

the educational use of graphical representation of functions.
Journal of Mathematical Behavior, 7, 135-173.

Hamm, D. M. (1989). The association between computer-oriented
and non-computer-oriented mathematics instruction, student
achievement, and attitude toward mathematics in introductory

calculus. (Doctoral dissertation, University of North Texas,

1989). Dissertation Abstracts International, 50, 2817A.

Heid, M. K. (1984). An exploratory study to examine the effects of
resequencing skills and concepts in an applied calculus
curriculum through the use of the microcomputer. (Doctoral
dissertation, University of Maryland, 1984). Dissertation
Abstracts International, 46, 1548A.

Held, M. K. (1988). Resequencing skills and concepts in applied

calculus using the computer as a tool. Journal for Research in
Mathematics Education, 19, 3-25.



29 5

Judson, P. T. (1988). Effects of modified sequencing of skills and
applications in introductory calculus. (Doctoral dissertation,
University of Texas at Austin, 1988). Dissertation Abstracts
International, 49, 1 39 7A.

Karplus, R. (1979). Continuous functions: Students' Viewpoints.
European Journal of Science Education, 1, 397-415.

Kent, G. S. (1987). The effects of computer graphics on
achievement in the teaching of functions in college algebra.
(Doctoral dissertation, University of South Florida, 1987).
Dissertation Abstracts International, 48, 587A.

Markovits, Z., Eylon, B., & Bruckheimer, M. (1986). Functions today
and yesterday. For the Learning of Mathematics, 6, 18-24.

Melin, J. (1990). The enhancement of concept development in

calculus through the use of the graphing calculator. In F. Demana
& B. K. Waits (Eds.), Proceedings of the Third Annual Conference
on Technology in Collegiate Mathematics. Reading, MA: Addison-
Wesley Publishing Company.

Monk, G. (1989, March). A framework for describing student
understanding of functions. Paper presented at the Annual
Meeting of the American Educational Research Association, San
Francisco.

National Council of Teachers of Mathematics, Commission on
Standards for School Mathematics. (1989). Curriculum and
evaluation standards for school mathematics. Reston, VA: The
National Council of Teachers of Mathematics.

National Research Council. (1989). Everybody counts. Washington,
DC: National Academy Press.

Orton, A. (1983a). Students' understanding of integration.
Educational Studies in Mathematics, 14, 1-8.

Orton, A. (1983b). Students' understanding of differentiation.
Educational Studies in Mathematics, 14, 235-250.



296

Palmiter, J. R. (1991). Effects of computer algebra systems on
concept and skill acquisition in calculus. Journal for Research in
Mathematics Education, 22, 151-156.

Piaget, J. (1967). The psychology of intelligence. London:
Routledge & Kegan Paul.

Piaget, J. (1973). Comments on mathematical education. In A.
Howson (Ed.), Developments in Mathematical Education
(pp. 79-87). London: Cambridge University Press.

Schrock, C. S. (1989). Calculus and computing: An exploratory
study to examine the effectiveness of using a computer algebra
system to develop increased conceptual understanding in a first
semester calculus course. (Doctoral dissertation, Kansas State
University, 1989). Dissertation Abstracts International, 50,
1926A.

Schwarz, B., Dreyfus, T., & Bruckheimer, M. (1990). A model of the
function concept in a three-fold representation. Computers and
Education, 14, 249-262.

Shaughnessy, J. M. & Burger, W. F. (1986). Characterizing the van
Hiele levels of development in geometry. Journal for Research in
Mathematics Education, 17, 31-48.

Skemp, R. R. (1987). The psychology of learning mathematics
(Expanded American ed.). Hillsdale, NJ: Erlbaum.

Steen, L. A. (1987). Calculus today. In L. A. Steen (Ed.), Calculus for
a New Century: A Pump Not a Filter (pp. 10-13). Washington, DC:
Mathematical Association of America.

Stout, D. L. (1991). Teaching the concept of derivative utilizing the
HP 28S. In F. Demana & B. K. Waits (Eds.), Proceedings of the
second annual conference on technology in collegiate
mathematics (pp. 313-316). Reading, MA: Addison-Wesley
Publishing Company.

Tall, D. (1985). Understanding the calculus. Mathematics Teaching,
110, 48-53.



297
Tall, D. & Vinner, S. (1981). Concept image and concept definition

in mathematics with particular reference to limits and
continuity. Educational Studies in Mathematics, 12, 151-169.

Tucker, T. W. (1987). Calculus tomorrow. In L. A. Steen (Ed.),
Calculus for a New Century: A Pump Not a Filter (pp. 14 -17).
Washington, DC: Mathematical Association of America.

Tucker, T. W. (1990). Priming the calculus pump: Innovations and
resources. Washington, DC: Mathematical Association of
America.

Vinner, S. (1983). Concept definition, concept image and the notion
of function. International Journal of Mathematical Education in
Science and Technology, 14, 293-305.

Vinner, S. (1990, October). The function concept as a prototype for
problems in mathematics learning. Paper presented at a
Mathematics Education Conference, Purdue University.

Vinner, S. & Dreyfus, T. (1989). Images and definitions for the
concept of function. Journal for Research in Mathematics
Education, 20, 356-366.

Von Glaserfeld, E. (1987). Learning as a constructive activity. In C.
Janvier (Ed.), Problems of Representation in the Teaching and
Learning of Mathematics (pp. 3-17). Hillsdale, NJ: Erlbaum.

White, R. M. (1987). Calculus of reality. In L. A. Steen (Ed.),
Calculus for a New Century: A Pump Not a Filter (pp. 6-9).
Washington, DC: Mathematical Association of America.

Williams, S. R. (1989). Understanding of the limit concept in
college calculus students. (Doctoral dissertation, University of
Wisconsin at Madison, 1989). Dissertation Abstracts
International, 50, 3174A.

Williams, S. R. (1991). Models of limit held by college calculus
students. Journal for Research in Mathematics Education, 22,
219-236.



Appendices



Comments.

Appendix A: Interviewer Notes Form

Task 1: Limit.

Representation used:

Calculator usage:

Student comments:

Task 2: Limit.

Representation(s) used:

Student investigated right-hand limit? yes no

Answer given:

Student investigated left-hand limit? yes no

Answer given:
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Task 3: Limit.

( a) Function entered correctly? yes no

( b ) Investigate the limit.

Approach #1.

Representation used:

Calculator usage:

Answer given:

Approach #2.

Representation used:

Calculator usage:

Answer given:

Approach #3.

Representation used:

Calculator usage:

Answer given:

Conflicts:

Conflicts recognized without prompting by interviewer? yes no

Resolved? yes no

If yes, how? (student explanation-transcribe later)

Conflicts recognized with prompting by interviewer? yes no

Resolved? yes no

If yes, how? (student explanation-transcribe later)

Notes from use of graphical representation if prompted by interviewer.

Student comments. (transcribe later)

Notes from use of tabular representation if prompted by interviewer.

Student comments. (transcribe later)
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Task 4: Derivative.

Done by hand? yes no

Calculator usage:

Task 5: Derivative.

Representations used (in order), noting calculator usage:

Conflict noticed without prompting by interviewer? Yes Nb

Resolved? YES NO

If yes, how? (Student explanation-transcribe later)

Conflict noticed after prompting by interviewer? Yes Nb

Resolved? Yes Nb

If yes, how? (Student explanation-transcribe later)

Calculator usage, other than mentioned above:
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Task 6: Continuity.

(a) type of discontinuity: jump asymptote hole

at x =

calculator usage:

( b) type of discontinuity: jump asymptote hole

at x =

calculator usage:
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Done by hand? yes no

Calculator usage:

Student comments:

Calculator usage:

Interviewer comments:

Student comments:

Interviewer comments:

Task 7: Integral.

Task 8: Integral.

Task 9: Integral.
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Appendix B: Transcripts and Student Work

For each of the transcripts, short pauses are not noted. Also,
when a student or interviewer response was "yeah", it was
transcribed as "yes". Each student's work follows the student's
transcript. Occasional investigator comments are shown in boxes
on student's work.

303

Name: Andy
Class: Differential Calculus (Experimental Class)
Gender: Male
Grade:
Calculator: HP 48SX

1 . Investigate: I i mx42 x3 + 2x + 5.

S: I want to just find out what it is?

I: Yes. Find out what it is. I used the word investigate. Sometimes you can't find
exactly what it is.

Tell me what you did.

S: I just plugged 2 into the equation and got 17. I don't see how anything
could be a break there.

I: That's right. Why were you able to do that do you think? Why were you able just to
put the 2 in this problem--maybe in others you couldn't do that?

S: There's no denominator to make 0 and create an undefined problem.
So it wouldn't create a break like that and give me a limit that might
be different depending on which direction I'm coming from.

12. Investigate: I imx40
1 + 2

1 / x

I: Let's look at the next one then and see how you can approach that one.

S: I can use my calculator on this one?

I: Yes, if you want to.

What are you putting in the calculator?
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S: I'm plugging the equation into the calculator and then I will graph it
so I can tell what's going on there. Because if I plug in 0, it will be
undefined.

I: What's the graph look like?

S: I need to write out there's a break right there.

As the limit approaches from the left--as x approaches 0 from the
left it--equals 1. As I approach it from the right, it does go to 0, the
denominator would increase.

I: What were you checking in your head? Were you double-checking something?

S: I was seeing what x was doing to the equation in my head. The closer x
gets to 0, the bigger the number here. For numbers less than 1, it
would create an exponent that would be increasing in size. That would
make the denominator larger which would make it get closer and
closer to 0.

I: That sounds very good.

3 . Let f : x (1 - .5x)1 I x

(a) Find f (2).
( b ) Investigate: 119( o f (x )

I: The first thing I want you to do is find the function evaluated at 2. Then take a look
at the limit.

(Entered f into SOLVR to evaluate at x= 2.)

Now, take a look at the limit.

You are flashing the graph on?

S: Yes. This would be kind of difficult without the calculator.

I: As x approaches 0, what does it kind of look like? Just give me an estimate.

S: It looks like it would be about 1/2.

I: You have some concern over that? (Distracted by part (a) where f(2) = 0.)

S: Yes. Never mind.

I: I should have picked a different number. Several people seem to be drawn back to
that 2.
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S: Yes. I'd say it's going down to 0 at 2. It appears to be--yes, that

would be undefined. It would be a hole there (referring to x = 0).

I: I'm going to quiz you now to see if you can think of any other ways to do this problem
besides using the graph.

S: The first one I would have checked--as it approaches 0. I guess I

would have just plugged in some value, something like .001, found a
value for that and then a -.001.

I: Why don't we do that on the calculator? Since you've got it stored in there, you can
use SOLVR to check that out.

S: I got .6.

I: Is that exact or are we just getting an approximation here?

S: It looks like it's a never ending decimal.

I: Put in a decimal with ten O's and a 1.

S: A very similar value.

I: Now try point eleven O's and a 1.

S: 1.

Now we have .6 from looking at some numbers close to 0. We have approximately .6
from the graph. Now we have 1 plugging this number in.

I: Do you have any sort of opinion about that?

S: The exponent would finally get so large that the function would start
to increase. Oh! Wait a minute. I see. This would start going
towards 0 (.5x) and leave just 1 and 1 raised to any exponent is 1.

I: What answer do you think is right? Do you think it's 1 or do you think it's .6 that
you saw on the graph?

S: 1.

I: That's all I wanted to know.

4. Find f '(x ) if f: x 1.4 3x4 - 5x3 - 9x2 + x - 1.

I: Next, just find the derivative.

(Done by hand.)
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I: I forgot while I was back here pumping you for ways of working that problem--you
did graphs and you did plugging some numbers in. Does anything else come to mind
about how you might approach solving that? You did a little mental work there at
the end.

S: I usually can just imagine what will happen as the numbers change.

5. Let f : x I.* x3(x - 1)4 and

f 1: x x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

I: In this next one, I have a function and its derivative. The first thing I want you to do
is find the critical points. Then we'll decide whether they produce local max's or
min's or neither.

S: Is it still okay to use the calculator?

I: Use the calculator whenever you want and I'll be asking you when you do what you
are doing.

S: I'm entering the derivative.

(Pause.)

I'm sure it would be easier just to figure it out here. There'd be
critical points at x 0, 1, and 7/3 or wait a minute--3/7. (Using the
symbolic form.)

I: You decided not to use the calculator at that point. What were you going to do with
the calculator?

S: I was going to plot the derivative and then use the root function to see
where it was equal to 0.

I: Now you have these critical points. Let's decide what each one is--if it produces a
max, a min, or maybe it doesn't do anything.

S: That was one of the reasons I went ahead and figured it out. I didn't
know if I'd have the ranges on the calculator right to see them. I'll go
ahead and do it because they will work out.

I: What are you looking for now that you are looking at the graph of the derivative?

S: The graph is kind of confusing. It looks like its 0 from x = 0 clear to
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I: Go ahead and do what you need to do here.

What sort of scaling did you alter there?

S: I changed the x axis from 0 to 1.

I: You just moved the axes over there was all. You didn't do any other alteration of the
scale?

S: I changed it from -6 1/2 to 6 1/2 to 0 to 1.

I: You sort of stretched it out a little bit.

S: Yes. I'll try the same thing again.

I: What else could you do to change the scaling to get a better idea about that? We're
getting all the pieces on the left and the right.

S: I could change the y range. I'll go conservative first.

I: Something different is happening.

S: Yes. It's starting to show it better. Its slightly above. I must have
gone the wrong way.

I: I think you are back to where you started almost.

S: I need to tell you what the graph is doing.

I: Yes. What the graph is doingwhether each of these is a local max, min, or
(neither)?

S: It would appear that 0 would be neither. I might zoom in one more
time to make sure. I can't remember what my scale was. I'm using
the coordinate function here to see. At 0, it appears to be neither a
maximum or a minimum. At 3/7, it appears to be a maximum. At 1,
it appears to be a minimum.

I: Not on all three of them but tell me why say 0 is neither--what you are looking at
to determine that?

S: The values for the derivative on either side of 0 are positive. The
slope will remain positive on it the whole time. It was just like no
slope here or 0 slope there. Then it went ahead and stayed positive.
So it's not a maximum or a minimum.

I: You found this graphically. Is there a way to figure that out any other way, besides
drawing the graph of the derivative? Could you could have figured out that same
information?

S: Yes. I would have had to have figured them out using values close to
each one.



I: Kind of talk through how you would do this for say 1. Talk through what you would
do.

S: For 1. For something slightly less than 1, the value would be
negative as I plugged it in here because the part right here (x - 1) for
values of less than 1, I would be given just from that little piece a
negative result. To the left of 1, slope is negative for f(x) and then
to the right something greater than 1 minus 1 would be positive.

I: For this part? Is that the part you are looking at?

S: Yes.

I: What happens if you put in something between 1 and 3/7 like 2/7?

S: For 217, this section would be (2 - 3) which would give a negative
here. 2/7 would also give a negative. That's a negative cubed so it
would stay negative. This part is--it should be positive. Yes.
Negative times a negative is a positive.

I: Between 3/7 and 1, what did we decide it was doing?

S: We put in 2/7, which is less than 3/7.

I: I'm sorry. I think you are okay here. The reason I asked you to do it again was
because it looked to me like when you put in a number less than 1, you only worried
about this one. It didn't seem like you worried about these other factors on each
side.

S: Yes. Of course with a squared it would be always positive here and I
just have to worry about whether this one was negative as well.
Whatever I get out of this will stay negative or positive because of the
cube. Then I have to worry about that one.

I: Okay. You did a great job on that.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4
( a ) f : x sin(x )

x -1(b) f:x14 3
23x - 5x 6

I: The last problem --I have two functions here. I want us to decide first of all
whether or not they are continuous and if they aren't continuous, I would like you to
classify each discontinuity as to whether it's a hole, a jump, or a vertical
asymptote.
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S: Can I use the graph?

: You may use whatever you like. That's why you are hereto do it your way.

S: I'm going to plug it in so I can get an idea about what I'm doing.

(Pause. Graphing.)

I can't quite see what it is doing there. It looks like it's going to
curve back in and just be a hole instead of a (vertical asymptote).

: What lead you to look in that particular spot?

S: If I plug in 0 for x--if x is in the denominator, I get undefined.

: So you are looking there to see what it is.

(Altering the scale.)

S: It appears to be just a hole.

: That's by observation of the graph then')

S: Yes.

: We'll look at the next one then.

(Entering the function for part (b) in the calculator.)

S: This one is a little more confusing.

: Now you're going to graph it?

S: Yes.

: Something looked strange there?

S: It's a jump, I guess.

: What's the difference between a jump and a vertical asymptote? How do you know
that that's a jump rather than a vertical asymptote?

S: It never touches an asymptote. On the top of this one it was touching
the vertical line that's been drawn here.

: How can you find that point where that gap is occurring?

S: I can try this and see. I'm not sure if I will be able to do this because
it should be undefined there. I can get an approximation.

: What's your approximation?

S: It's a roximatel 2.12.
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I: That looks right--pretty close to where the discontinuity is. What are you looking
at in this function to try to decide where it is discontinuous?

S: I'm trying to figure out where the x value makes the denominator 0.

It's kind of confusing. 3x3 - 5x2 has to equal 6.

I: How could you figure out without factoring--this one can't be factored--where this
is 0?

Can you think of a way to get a little bit better estimate than just cursoring on the
graph?

S: I'm trying to think of the function, the one that's just for quadratics.

I: Yes. That won't work. I'm just kind of pumping your brain here.

S: Yes. It's the end of the day. My batteries are running low.



Name And

1 . Investigate: I i mx4 2 x3 + 2x + 5.

t

12. Investigate: I i mx> 0 11
1 + 2x

)<=;, ct =

A.

3 Let f: x (1 - .5x)1
/x

( a ) Find f (2).
( b ) Investigate: I i n3f 0 f (x ).

4. Find f '(x ) if f: x 3x4 - 5x 3 - 9x 2 + x - 1.

/ 2 x3-15x IS x+1_
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Let f: x 19 x3(x - 1)4 and

x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

2 - 3

Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )(a) f : x
x -1( b) f: x 3

23x - 5x - 6
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Name:
Class:
Sex:
Grade:
Calculator:

Bob
Differential Calculus (Experimental Class)
Male
A -
HP 48SX

1 . Investigate:

I: You are putting in numbers to the right and the left.

S: Yes.

I: What do you think?

S: As it approaches 2, the limit is 17.

I: You just plugged in numbers near 2 on both sides?

S: Yes.

2. Investigate:

I i m
3x4 2 x + Lx + 5.

1
I mx4 0 1 +2 1 / x

I: Another one.

What's happening here?

S: I graphed the function. It appears to blow up at 0. So if I remember
correctly, that means the limit does not exist at 0.

I: Is that what you very first did was graph it?

S: Right.

(I did not check that this was entered in the calculator correctly.)

1/x
3 . Let f : x hit (1 - .5x) .

( a ) Find f (2).
( b ) Investigate: ,,n3(-+ 0 f (x )

I: This one I'll have you do some other things with.
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First, evaluate the function at 2 and then again take a look at the limit.

(I see that you wrote) 0. Did you use the SOLVR to get that?

S: Yes.

I: Now, let's take a look at that limit.

You are putting in values? That's one way of doing it. Is that exact or is that...?

S: No. That's an approximation. There's a little difference as the
number extends out.

I: How else could you get an idea about that one?

S: I could graph it.

I: Let's go ahead and do that.

What are your little marks on the y-axis each worth?

S: I don't know. I'm using the autoscale.

So, I'll move the cursor up. It's about .6.

That seems to verify what you have there.

I want you to go back to SOLVR and I'm going to give you a couple of values to put in.
Put in a decimal point with ten O's and a 1.

You got..

S: .60653 etc.

I: Let's try it with eleven O's and a 1.

S: Ah. I get a 1.

I: Now what. You've got this approximation--this trend of .6 and the graph appeared
to show .6, but now we're getting 1.

S: Ah. We have a fraction here in this exponent so that whenlet me
see if this is right. As this gets smaller and smaller, the exponent
effectively drops out so that you are really evaluating (1 - .5x).
That would be (1 - 0) and which would be 1.

I: That explains maybe why that was happening. However, the graph looked pretty
good, though, didn't it?

S: Yes. That's the best explanation I can give you for it.
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. Find f '(x ) if f: x 1.4 3x - 5x 9x + x - 1.

Just find that derivative.

(Calculated by hand.)

. Let f : x x3(x - 1)4 and

f x x (x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

: The next one is--I've given you a function and its derivative. I would like you to
find the critical points. After we've found those, we'll talk about whether they
produce local max's or min's or nothing.

(Finding critical points--by hand from symbolic form.)

S: I think those are the critical points.

: Next task is decide whether they produce local max, local min, or neither.

(Evaluating f at each critical point using SOLVR.)

You have the original function in SOLVR right now and you put in 3/7?

S: Oh. What am I doing?

I'm trying to remember what I'm doing because this is what we're
working on this week.

: You know? f(1) is .5? I wonder if you have this in right. Check back your SOLVR.

S: Oh. I've got..

: The one from before in there.

0 didn't look bad but the others looked a little off maybe. You probably cleared your
stack. Otherwise too, it would probably still be on there.

S: I think so.

I have this feeling that I'm leaving something out here and I'm trying
to remember what it is.

This would be a local maximum (x = 3/7). These two would probably
be neither since they are the same value (x = 0,1). No. I need to get
the sign change in here somewhere, don't I?



: What are you putting in there now.

S: I'm putting the derivative back in.

(Using SOLVR to check for sign changes.)

The sign changes--so that would be a local maximum there.

: For...

S: 3/7 because it changes from a plus to a minus.

: What does the plus and minus mean?

S: That means it's changing from a positive slope to a negative slope.

: Then the other two you think are neither?

S: Let's see. There's no sign change around the 0. Aha. There's a sign
change at 1. That's negative to positive. 1 would be the local
minimum.

: You've done this work. How can we sort of check--how can we verify that what you
have is right?

S: Graph it and see if those points actually fall on the (curve).

: Let's try that.

What did you do--autoscale it again?

S: Yes.

Do you do that most of the time, to start with?

S: I guess so, yes. Although, sometimes it gives me something like this
and it's not very helpful.

Let's reset it and see what it does on its own. This is the default
scale. Let's zoom in on it and see if that will help.

: I don't know what you did but it's flying off the screen there.

S: These are wonderful machines but sometimes they don't always do
what you think they are going to.

: What are you going to try here?

S: Restrict the range between -1 and 1.

(Checking to make sure right equation is stored.)

: What are you doing?
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S: I moved the right side out so I can make sure I get f(1).

This is interesting.

It seems like I should be getting a little peak here at almost 1/2 if
I've done this correctly.

I: Put 3/7 back in and see if you get a .39.

S: Ah. e to -3. There we are..

I: That makes it ...

S: .008.

I: Very tiny.

S: Center it on that and we can zoom in.

I: What's the center?

S: (.4769, 8.12 x 10- 3). Well, gosh.

I: How about just taking .001 times the height? You can make your x range whatever
you want.

S: .001 times the height. You are saying to scale the y-axis by .001.

I: Because you think it's that low. It's .008.

S: Right.

I: Maybe not .001. That will throw it off the screen. Let's see--.1 maybe. .003 will
probably do it.

S: There we go!

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4
( a ) f: x sin(x )

x -1(b) f:x 3
23x - 5x 6

I Let's move on. For these two problems, I'd like you check to see where they are
discontinuous and then classify each as to whether it's a jump, a vertical asymptote,
or a hole if it is actually discontinuous somewhere.

(Wrote vert. asym. = 0.)
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You get that by....

S: x can't equal 0 in the equation.

I: How do you know it's a vertical asymptote?

S: I don't think I can explain the reason. That's just one of the rules
that I learned. If the orders or the powers are the same, then for
whatever is outside the domain of x there'd be a vertical asymptote
there.

I: Does this occur any time the denominator is 0 or is it just specific to certain
(problems)?

S: Yes. It would occur any time the expression in the denominator would
equal to 0.

I: What about the next one?

S: To save time I could graph it and find out where the....

I: You are going to try to do what?

S: Try to find the point where the denominator would equal 0.

(Algebraically found x = .\/1 1 / 3 . )

I: What did you put in your SOLVR?

S: This equation.

I: The whole thing?

S: No not the whole thing--the denominator--trying to see if I had
worked these values out correctly. And I didn't.

(Evaluating the denominator at x = I 11/3.)

I: I don't think this one can be factored.

S: I don't think so either.

I: Do you have anything to fall back on if that can't be factored and you are trying to
figure out where that thing is 0?

S: I could try graphing the function to see what that shows me.

The scale is rather small but it looks like there is a vertical
asymptote around 2 or 2.2. Let's autoscale that and see if we can get
better resolution.

There's a vertical asymptote around 2.2.
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1 . Investigate: Ii mx+ 2 x3 + 2x + 5.

(f,14451 956
= (01'1

15-7'7.- /8r
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2. Investigate: Ii mx_* 0
1 + 12

1 Ix

bxit-

3. Let f: x 1-0 (1 - .5x)1 x.

( a ) Find f (2).
( b ) Investigate: lin3r4 f (x )

E.0,006 0404
Ft 0, e."0 r 0.606

4. Find f '(x ) if I: x 3x4 - 5x3 - 9x2 + x - 1.



5 . Let f: x F-* x3(x - 1)4 and

f': x t+ x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

'76F-03(7r- 3) --- 0

4
- e(3.3-

Fe-(:),_ 0

"t2tir (C2CI) =

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

( a ) f : x 1-4 4 sin(x )

( b ) f : x x -1
23x3 - 5x 6

-23 6
-dr
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Name: Chris
Class: Differential Calculus (Experimental Class)
Sex: Male
Grade: C-
Calculator: HP 48SX

(Note: This student made several comments about his inability to do calculus well.
Those comments are not always included.)

Investigate: I mx--* 2 x3 + 2x + 5.

(Substituting values from the right and the left of 2 using the calculator.)

I: (You wrote) 2 from the right is 17 and 2 from the left is 17 also. That means the
limit is what?

S: 17.

1
Investigate: I m

1 + 21/x

(Same procedure as in #1.)

S: I am probably the worst calculus student you will ever encounter.

(Investigating the right-hand limit.)

I: What does that mean?

S: It goes to 0.

(Investigating the left-hand limit.)

(Recorded answer on sheet.)

I: Okay, good.

What does that mean about the limit in general?

S: It's not a continuous function. There is a jump there.

I: Let's go back to this one. (#1) You put numbers near 2 in. Are you allowed to put 2
in?

S: You can. Nothing says you can't. The question asks what's the limit as
x approaches 2 from the left and the right and I just popped 2 in to
see if it came up in between there to see if it would be a continuous
function.
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I: Was it?

S: Yes. At x = 2, it's 17 and as x approaches 2 from both sides, the
limit is going to 17. If it had come up something different, I know
that the graph would have a hole there.

3. Let f: x 19 (1 -

(a ) Find f (2).
( b ) Investigate: 1, n3( 0 f (x )

I: Let's evaluate this function at 2 and we'll look at its limit, too. I'm going to ask you
some more things about this one.

(Entering the function in the calculator. Substituting 2 in for x.)

I think we better check how you have it in there. I don't thing that's quite right.
Pull it back up. Did you put parentheses around the 1/x?

S: I forgot to put in the x (in the parentheses). Now, I've got it in there
right.

(Substituting 2 in for x again.)

I: That's right.

(Investigating from the right and the left--substituting numbers in as in the two
previous problems--using the calculator.)

Is that exact or is that just an approximation, do you think?

S: That's -.1, that's -.01, that's -.001. This keeps dropping down
smaller and smaller.

I: And then with O's following it?

S: I'd say it approaches .60. That's the lowest as I hit -.0000001.

I: You've been doing these all the same way. Can you think of any other way to kind of
get an idea about what the limit might be?

S: Graph it.

I: Let's do that and see what we've got here.

Does it seem support what we've got here?



323

S: Yes and then you can zoom in on that, blow it up, and use the
coordinates, move the little tick mark right there and hit coordinates
and it will tell you.

1: Back to SOLVR again. 1 want you to put in point ten O's and a 1 and evaluate the
function there.

S: Positive or negative?

I: It doesn't matter--whatever your choice is.

Now put in eleven O's.

Got any opinions or comments?

S: Calculus gods! A miracle occurred.

(Pause.)

Yes. As x gets infinitely smaller, this drops out and 1 over an
infinitely small number is 1 divided by an infinitely small number
which is going to be 1 and 1 to the 1 is 1.

I: Do you think the limit is 1 now?

S: Yes.

(Unfortunately I did not pursue this further.)

Find f '(x ) if f: x14

1: Find the derivative.

(Calculated by hand.)

Let f: x 1-3 x3(x - 1)4 and

f x 1-Ar x2( x -1)3(7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

I: Since you like maximums, let's do one. We have a function and this is its derivative.
I want you to find the critical points and then tell me whether they produce max,
mins, or neither one.

S: Any method I want?

3x4 - 5x 3
9x2 +x 1.
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I: Any way you want. You choose.
(Finding critical points by hand.)

You've got the critical points. What did you do? Pump it in the (calculator)?

S: Yes.

I: The function or its derivative?

S: The derivative.

I: Now we have a graph of the derivative.

S: It's disappeared on me.

I: Oh no, there it comes again. Did it come back up the side?

(Regraphing.)

It's gone from fat to thin.

What are you trying to get the derivative to do? Anything special?

S: On the graph, it just came down and was flat and then it went back up
and I checked the scale and it went from 1000 to -1000. So I was
trying to zoom in by setting the parameters of the y axis to 10 and
10 to see if it had any loops in it. Nope not in radian mode. That
throws me off more than anything else.

(Over the course of doing this problem, he changed parameters several times.)

I: Being in radian mode or not being in radian mode?

S: Being in radian mode when I'm not supposed to be. Because then the
graphs don't look right.

That's what I wanted to see. I haven't quite learned how to zoom out
and zoom in like everybody else in the class.

I: Actually, you are doing quite well. Tell me what you are looking for here.

S: I'm going to blow this up a little bit more so that I can see the points
where it crosses the axis.

I: (You say) 3/7 is a local max because of what?

S: The way the graph goes.

I: On the graph, you found that this was a local min (x = 0). Where is 3/7 on here?
That was a max.

S: No. I screwed up.
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I: What in the world is this? It did not seem to come up in your critical points there.

Let's think about--what graph is in here?

S: The derivative.

I: What does the derivative tell us?

S: The slope at any given point of the function. The function would have
O's at x = 0 and x = 1.

That's at neither one. That's at x equals roughly 1/2.

I: The zeroes?

S: No, the minimum here.

I: Now we're looking at the derivative...

S: Which the derivative tells us the slope of the tangent line at any given
point on the graph of the function.

I: The critical points are places--where did you get these from?

S: From the derivative. It's where it changes. Something happens.

I: You found them, though, by setting this equal to what?

S: 0.

I: So you set the derivative equal to 0. You found these critical points. What do those
critical points have to do with this graph of the derivative?

S: Critical points tell us where the function is either greater than or
less than 0 or does not exist.

I: To find max and mins--do those max and mins show up on the derivative?

S: Yes.

I: When you are looking for a max or a min, are you looking for a max or a min on the
derivative? Are you looking for where the derivative is at a max or a min?

S: Yes. You look for the max or min on the derivative. At this max, the
derivative is increasing on this side and decreasing on this side.
(referring to the point on the graph corresponding to So right
there at that point, you know the slopes go from positive to negative
which means that in the function it's changing from positive to
negative.

I: Where on this graph are 0, 1 and 3/7? Show me on the graph where those were.
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(Pointing at x = 0, x x Below is a graph of P similar to the one Chris had
on his screen. Coordinates did not appear on the screen.)

S: That was 0. That was the 3/7. And at x 1, there is neither. It's
just a flat spot. The slope goes to 0.

I: I think we've probably beat this one to death.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )
( a )

x -1
( b ) f:x14 3 23x - 5 x 6

I: I have two last (problems). What I want you to do is decide if they are continuous or
not and then also decide if it isn't continuous--is it a hole in the graph, an
asymptote, or a jump?

(Graphing (a) with the calculator.)

It appears you are drawing a graph here. I suppose you are in degree mode, since
you protest radian mode. I think we should be in radian mode.

S: I was just switching to it. Now it's looking better.

This one--there's no discontinuity. Wait a minute. This one doesn't
have any discontinuities. It won't have a vertical asymptote because
there's no point where it's just going to shoot up to infinity.

This one down here. I know it's got loads of them. Just looking at it I

can tell.

(Graphing (b) with the calculator.)

It better have a discontinuity at x= 1.
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(Changing the parameters several times.)

I: Where are you zooming in near?

S: Right around 1.

I: What made you say 1 earlier?

S: There.

I: Oh, the numerator.

What did you do now?

S: I'm drawing it over again.

I: Did you reset the parameters?

S: I'm just drawing the whole thing because it suddenly dawned on me
that that won't be undefined there. It's that the whole equation is 0 if
the top is 0--the whole thing is 0. Whereas if the bottom is 0--so,
I'm going to look at a different part of it now.

I: Are you changing your parameters again?

S: Yes. I'm spreading out the y-axis. I'm still not spreading it out
enough to show me. There's a vertical asymptote there.

I: How do you know that's a vertical asymptote?

S: I'm assuming it right now.

I: Because of the way it goes?

S: Yes.

I will spread it out even more.

I: How are you going to narrow it down?

S: You got me!

I: You have decided there is a vertical asymptote somewhere.

(Algebraically, trying to solve denom. = 0.)

Why are you playing around with the denominator there?

S: i'm trying to find the O's of the denominator which might help me.

I'm lost on this one.
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I: You've got this handy dandy calculator and you're trying to find the O's of that
denominator--do we have a (way to do that)?

(Having some difficulty with the calculator in trying to find a root of the
denominator using SOLVR. At my suggestion drew the graph of the denominator.)

Go ahead and graph the function and we'll see how that can help us.

Does the graph tell you anything about the O's of the denominator?

S: Yes.

(Using the root-finder.)

I: Where did you cursor over to?

You cursored over there you said. There you are right there and you hit ROOT.
There it is riqht there: 2.11. That was an asymptote there you decided.
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Name: Dan
Class: Differential Calculus (Experimental Class)
Sex: Male
Grade: B -
Calculator: HP 48SX

1 . Investigate: I m0 2 x3 + 2x +x -

I: It looks like you plugged 2 in.

Do you have a reason for why you can do that?

S: Because this is what the value at f(x) would equal at 2. As you
approach 2, the value should be--I'm not doing this right.

I: You're not?

S: I don't know why. I feel like I should know this. It should be very
simple. For some reason, it's just a total blank right now.

I: Are you going to change your mind?

S: No. This is the way I've done it before. It always turned out right.
For some reason, I'm just kind of unsure of myself.

Probably, because I'm looking over your shoulder.

2. Investigate: I i mx_), 0 1+ 121 /x

I: I'll tell you what. Let's do the next one which is another limit problem and then if
you want to for some reason come back and change what you've done there, (you
can).

S: I hadn't even thought of using the calculator for any of these problems
except for maybe graphing it. Just graph it and look at it and see
what it looks like.

I: It's up to you. Do what ever you want. I just kind of want to see what you are going
to do.

S: I'm just going to graph this and see what it looks like.

(Graphing.)

Appears to be a vertical asymptote at 0 which would be right because
at 0 the whole thing becomes undefined. It appears as x approaches 0
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from the left side, it equals positive 0. and as x approaches 0 from
the right side, I think it goes to negative

3. Let f: x 14 (1 - .5x)1/x.
(a) Find f (2).
( b) Investigate: I i rr3( 0 f (x ).

I: Lets look at the next one. I want to spend a little more time on it. The first thing I

want you to do is just evaluate the function at 2. Then well take a look at its limit
around 0 also.

(Calculating 1(2) by hand.)

S: if you just plug the value in, you end up with 0 to the 1/2.

I: What's that equal to?

S: It's equal to 0.

Investigate the limit of f(x) as it approaches 0?

I: Yes.

S: ...a better form to put this in to make it easier to evaluate.

(Pause.)

It seems like it's going to equal--

(Writing down 1 as his answer.)

I: Tell me sort of your reasoning.

S: Why this is equal to 1?

I: So I can know how you decided that.

S: As x becomes infinitely small or close to 0, this number becomes
insignificant and it makes this 1. 1 raised to any power is always 1.
It looks like it approaches 1.

I: Is there a way that we can back that up?

S: By graphing it.

I: Why don't you go ahead and graph it and see what you get?

(Graphing on calculator.)
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What are we getting here?

S: I'm not sure my graph came out quite right.

I: What are each of those marks along the y-axis equal to?

(Pause.)

According to the graph you have right there, what do you think it looks like? As x
approaches 0, what does the graph information tell us that the limit looks like it

might be?

S: It looks like it's about .6.

I: That's a little bit different than what you got from doing it in your head.

The graph is right. You've entered it correctly. So the graph is correct.

So, we're stuck here. We've got this and we've also got around the .6 that you just
said. Is there any other way that we could try to decide whether either one of those
was right?

S: Put it in the SOLVR.

I: What would you do when you put it in SOLVR? Go ahead and put it in and then you
can tell me what you might want to do with it.

Is it not in there still?

S: It should be.

(Looking through VAR library for the function.)

I: If you are going to put it in SOLVR, what are you going to do with it?

S: I can put small values in there close to 0 to see what it looks like. I

can just put in like .001 for x which gives me .6 which is very close
to what the graph was saying. Let's see what happens when we put a
negative. It comes out about the same.

I: Now, I want you to put in point eleven O's and a 1 and see what we get. Try that and
see what happens.

S: It equals 1.

My official analysis was correct. Unless, I didn't look at the x range
to see. That might have been spread out. I had it on auto range. I

didn't look at the x range to see what the scale was. It might have
been a very very small portion and then had it exploded so far out.
Let's see. If I went back to the graph... I guess it is quite a ways over
there.

I: What are_you looking at there on the graph?
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S: I'm looking at the coordinates where the graph is.

I: What are you going to stake your life on here--the 1 or the .6?

S: Of course, I can't see all of my graph either. This is probably 1 on
top up here. The only thing I can think of is right very very near
there, there is a point that is way up there at 1.

I: If that were the case, would that point be on the axes?

S: Probably.

I: Then if that were the case, what would be the x-coordinate of that point?

S: It would be 0.

I: If that's happening, we should be able to determine that.

S: Blow it up and actually see. This is something we've had problems
with in class. If you blow it up to big, it doesn't show up.

I: What are we looking for? We are looking for a point up there somewhere.

S: Actually, I probably blew up the wrong area.

I: If when x is 0, the function is actually 1, then it seems like there would be other
ways to figure that out.

S: We could try to find an intersection up there. I'll put my cursor up
there. Here it is--OFFSCREEN--intersection at (2,0).

I: That's the x-intercept. Right?

S: Oh, yes, that's right. It would be.

I: Let me ask you one more question. If there was a point up there, what would the
limit be? Would it be that .6 or would it be that 1 that's up there off the screen?

S: I would say it should be .6. Because the limit is what the graph
appears to go toward from the right and left-hand side. If we have a
removable point, that wouldn't show up in the limit.

(I explained at this point the discrepancy.)

4. Find f '(x ) if f: x 3x4 - 5x3 - 9x2 + x - 1.

I: Next, find the derivative of this function that I have here.

S: You want me to do it the easy way or the hard way?
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I: By easy way, which is easy?

S: The calculator is kind of messy but I'll give it a shot on the
calculator.

(Entering in the calculator--syntax error (forgot mult. symbol). Did not purge
x.)

(Repeats calculator answer.)

That's right.

I: You checked it by hand?

When you typically do problems like this, do you usually punch them in the
calculator to take the derivative or do you usually do them by hand if they are sort of
like that?

S: Like this, I usually do them by hand. Yes, I could have done that.
Usually when it's a complex one. Right now I prefer to do them by
hand so I know how to do them just to get the practice and then I'll use
the calculator to back myself up.

5. Let f: x 144 x3(x - 1)4 and

x2( x - 1 )3( 7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

I: For the next derivative problem, I've given you a function and its derivative. I want
you to find the critical points and once we've done that well check each one out and
see if they produce a maximum, minimum or nothing.

(Pause--thinking.)

S: This is supposed to be the derivative?

I: That is 1', yes. It didn't show up very well on the computer (printout), I guess.

S: It just didn't look like the derivative. I guess it is.

I: I assure you that it is. You can check it if you like. But I assure you that it's the
right derivative.

S: A rearrangement.

I: Sort of. Except, I had to factor it all out. The HP doesn't do that for you.
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S: What, factor it out?

I: It won't factor it nicely like that. It won't give you the derivative in that nice of
form.

S: It would be nice. It takes up a lot of memory to do what you want it to
do.

I wonder if I should just go ahead and put this in the SOLVR and try
and solve it. For some reason, I'm not--

(Solving for critical points by hand.)

Make x = 0. What do we get? There's a critical point at 0. We've got
x = 1 here. That's going to be 0 also. It looks like we've got 317.

I: Now we've got them. Let's try to decide if they are going to be a max or a min or if
nothing happens.

S: I guess we need to take a value on either side of these to determine the
slope. Just plug a value in here and that will give us our slope on
either side so we can determine whether it's increasing or decreasing.
We just learned how to do this in the last couple of days.

At 0, I suppose we could probably put .1 in there. So we just go
ahead and plug the equation into SOLVR.

(Entering f into the calculator.)

I: Why don't you keep track of what's going on here so that we can take a look at it?

S: I probably should make a little chart like he showed us in class.

That doesn't appear to be a critical point. It has the same slope on
both sides--a positive slope on both sides. (Referring to the critical point
x = 0.)

I: You put .1 in and -.1.

S: The slope is increasing to decreasing. That appears to be a max.

I: Which one?

S: At 1. Because it increases, then it decreases.

I: Can you sketch out what you're telling me? It's going up--

S: and coming down--something like that.

I: And this is happening where?

S: At x = 1.
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I: What did you put in on either side of 1 to decide that?

S: I've got .9 over here and 1.1 on this side.

I: You put in .9 and you got a--

S: Negative. Oh, at .9 it should be going like this. That should be a
minimum at 1.

I: What about 3/7? Is there anything happening there?

S: Can't think of any good numbers.

I: What did you put in?

S: I put in 2/7. I get a positive number. Then I get a negative number
at 4/7.

I: What does that sort of look like?

S: It looks like it's going to be a maximum at 3/7.

I: Can we verify this information?

S: We can graph.

I: Let's take a look at the graph and see what happens.

Before you get too far, which one are you going to graph? Are you going the graph
the derivative or are you going to graph the function?

S: You got me.

I: You want to verify this information.

S: We want to graph the original equation. We can graph the derivative
then also if we want to.

I could almost do these easier in my head.

I: You are mixing up the two here. You can back up and fix that pretty easy.

(Entering the function in the calculator.)

S: I think we've only got part of the graph here. What I'm seeing here is
what we have at 0 where there's no minimum or maximum. I bet what
has happened here is that they are too small to see.

I: How can you fix that on the graph?

S: Zoom. Z-box. The area we want to look at is 1 and 3/7. I'll try that.
Our instructor showed us some problems where it looked like it was
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just this flat line and we zoomed it up and there was this great big
(hump).

I: That's part of learning how to use the calculator, I guess.

I'm convinced that you know what you are doing here and I think if we zoom in
enough you are going to get the little hump like you suspect.

S: You know that?

I: Yes. I was wondering how you were going to handle the fact that you had a hump and
it didn't.

S: I wouldn't have known that had I not been familiar with the calculator
and some of the problems we've done before this. That's the reason I

used to lead me to believe it. The only other way I would have known
that would be to sit down and plug in values. These are really really
tiny values so I'm not going to see them.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

( a ) f : x 14 4 sin(x
)x

x -1
( b ) f : x 1---) 3

23x - 5x 6

I: I've got two more here. Take a look at these two functions, one at a time and tell me
whether they are discontinuous and if they are, where and what type of discontinuity
whether it's just a little hole, a jump or an asymptote.

S: I'd say we have a hole at zero.

I: Tell me how you figured out that it was a hole.

S: Rather than a jump?

I: Yes, rather than some other sort of behavior.

S: Just because it's undefined at 0 in the denominator.

I: Whenever it's undefined at 0 in the denominator, it's got to be a hole?

What about the second one there?

S: It looks like there will be a hole at zero there also. No. It's going to
be 1/6. We have to make this whole thing equal to 0 to find out where
the holes are. That looks like it's factorable. Let's see what we can
come up with. That 5 in the middle makes it really difficult.

(Factorinc the denominator of (b).)
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Does that look pretty close?

I: How are you going to try it out?

S: To see if this is right? I can just multiply it all out. It doesn't
work.

I: I don't think it's factorable.

S: Most of the problems we had we were using division--either
synthetic division or regular division. Just divide the denominator
into the top.

I: If it's not factorable, what could you do to try to figure it out?

S: To see what the values were where it was equal to 0? Just put it into
SOLVR, I guess.

I: Try that and see what happens.

(Entering the denom = 0 into the calculator.)

S: I got 714.835.

Call it back out again and see if we have it in right. What did you tell it to do?

S: I just said EXPR= and then on the right side it said 0 and on the left
side it said 714.835.

I: Is that how you solve for 0? Is that what you do with the calculator?

S: That's the way I did it. Can you think of a better way?

I: I think EXPRdoesn't that just give you the value of this expression if x is equal
to something and it takes whatever is stored in x and evaluates. The right side was 0
and the left side was 714. I don't think you solved for 0 there.

S: You mean this total whole thing. I see what you mean.

I: I don't think you actually solved for x when you did that.

S: It's just telling me this side equals 0 and this side equals some
number because x wasn't really a variable. It was a constant.

I: Whatever was in there the last time.

S: I need to erase x. Is that what you are saying?

I: I'm not sure when you want to solve that for something--

S: if that's the right way to do it?
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I: I thought there was a way that you just told it to solve and it just did it. What kind

of choices do we have?

S: Here's ROOT.

I: Maybe that will do it.

(More discussion about how to tell the calculator to solve the equation.)

I know you can get it from the graph. Let's draw the graph.

(Drawing the graph with the calculator.)

Under functionlook for ROOT or ISECT.

(Gave an extremum first - then finally gave correct root.)
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Name:
Class:
Sex:
Grade:
Calculator:

Elise
Differential Calculus (Experimental Class)
Female
C -
HP 48SX

1 . Investigate: I i m4 2
x3 + 2x + 5.

S: I'm trying to remember the general setup for limits. I'm drawing a
blank--the delta x over--x minus delta x over delta x.

I: Are you thinking of derivative or are you thinking of limit?

S: I'm thinking of limit. Do you do the derivative first? I don't know I

forgot.

I: I have three limit problems so if you want to think for a few more minutes.

S: I can graph it and look at it and tell you what the limit is. Is that
legal?

I: Sure. Anything is legal.

S: I can do that. I know what a limit is and everything. I'm just drawing
a blank, a complete blank, on how to figure it out.

I: Graphing is very legal. Don't worry about that.

(Graphing.)

I: Did you change the parameters to see the graph or is it coming up?

S: I had it set at 10 and -10.

I: For the height or for the width?

S: For both--for the last graph I did and I just left it at that.

I: What's happening?

(Graph exited top of screen near x = 2 due to scaling.)

S: I think I'm remembering how to do it. I hate drawing a blank like
this. It makes me feel like a complete idiot. As x approaches 2 in the
negative and if you look at the graph it seems to me that the limit is
going to be (pause). That makes sense. The limit as x approaches 2
from the negative side--it blows out of proportion. It's co, which
you know of course is not a real number. It blows up and it tells you
what it does. It doesn't exist on the other side. So the limit as x
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approaches 2 from the right side does not exist--because there isn't
any function on that side.

I: You cursored over to--is this 2 right here?

S: I'm getting there. Am I going the wrong way?

I: Are each of these worth 1 now or a half?

S: Now it's not showing me anything. It's 10 so that can't be right
either.

I: If this is 10, then each of these guys is worth 2, is that right?

S: Yes.

I: Where are you now, cursor-wise?

S: I don't know.

I: If this is 10, then there is no way this can be either one of those.

(Coordinates appearing in polar form and causing confusion. I helped her change
back to rectangular mode.)

S: Basically, that tells me if I solve for x, then that's going to be my
limit on both sides.

(Wrote correct answer to both one-sided limits and the two-sided limit on her
paper.)

I: Go ahead and do that then I'll question you about that.

What triggered the fact that you thought that that was right?

S: When you graph it, you can see that at 2, there's a value for 2 as it
comes from the right so the limit would be what f(x) is equal to and
then from the left it comes and that's the limit as well when you are
graphing it on both sides. The limit as it approaches 2 from both
sides is going to be that value.

1
2. Investigate: Ii mx-÷ 0

1 + 21
/ x '

S: I used the EquationWriter.

I: What did you stick in there?

S: I put in this equation with .0001 in there because at 0 it's undefined.
So I put in a small value to check it as it approaches on the right.
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I: Now you are going to check to see what happens?

S: Yes. It tells me it's 0. (Seemed surprised and unsure.) I guess I could
always graph it. As x approaches from the right, it's 0 and from the
left it's probably the same but then it can't be 0.

(Graphing.)

S: I'm going to graph it.

I: Does the graph seem to support what you got there?

S: On the right, yes. My assumption of what it's going to be approaching
from the left was way off.

I: What did you think it was going to be?

S: I figured it would be the same because it is undefined at x. I'm always
getting fooled by things like that. I guess the thing to do would be to
solve this for a -.001 and see what it comes up to be.

S:

S:

S:

S:

You already have that in the SOLVR, right?

No, I didn't put it in the SOLVR.

It's nowhere, now?

I didn't put it in there. I should have but I didn't.

You had to graph it. It had to be stored somewhere.

You are right.

You can just use SOLVR and you won't have to type it in again.

I'm not sure how to use SOLVR but I think I know how.

(I assisted her in how to use SOLVR. Entering -.0001 for x.)

The limit as x approaches is 1.

I: What's that mean about the general limit as x approaches 0?

S: The general limit does not exist.

I: I see. You wrote that down.

S: I'm remembering the rules now. I need to practice.

3. Let f: x 1-1. (1 -
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(a ) Find f (2).
( b ) Investigate: lin3c-9 0 "x )

(Evaluating 1(2) using SOLVR.)

S: Now that I know how to use that handy dandy SOLVR. Boy I'm so
excited.

I: You guys must not have had to use that much yet this term.

S: A lot of the people do it but I've been doing it out long hand.

I: Did you use SOLVR to do that (part (a))?

S: I stored the equation and then I used SOLVR.

I was going to graph it to look at my limit. Actually, I can do this too.

I: What did you stick in there?

S: The limit of f(x) as x approaches 0 is or it blows up and then you
graph it, you can look at it and see exactly what it is more or less.
Oh! As it approaches 0, it's undefined.

I: Pull that back out. That doesn't quite look like the function. This needs to be raised
with parentheses around it. Do you know how to edit it?

S: I know how to edit equations. I've been having a real tough time this
term with my math.

Now, I'll try it again. Oh, I know why it's doing that.

I: Why it's doing what?

S: It's giving me an infinite result because it's undefined at x = 0
because of this fraction here. The limit as x approaches 0--the
general limit is undefined--does not exist. Should I do from the right
and the left, too?

I: Sure. Since you've got everything in the calculator, it's easy to check.

Are you putting numbers in? Is that how you are doing it?

S: Yes. I was putting in .0001 from the right. From the right, it would
equal about .6 but that's just an approximation. From left, it's
turning out the same.

I: From the left and the right, it's .6 approximately. The general limit?

S: It does not exist because this is a fraction right here.
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I: You did it by plugging numbers in and the graph--did it seem to verify what you
were saying there with the .6 because you had graphed it earlier?

S: Yes.

I: The next thing I want you to put in since you have SOLVR there is--put in point ten
O's and a 1 and let's see what we get.

S: .6

I: Let's try a point with eleven O's and a 1.

S: That says it's equal to 1.

As it's approaching 0, it actually equals 1 as you get closer and
closer.

I: Do you think that's probably right or do you think the .6 is right?

S: That would leave me to believe 1 is the answer because you are doing
an infinitely small number. But if you do like point more O's 1, you
get 1.

I: Did the graph look like it could be 1?

S: The graph did not look like it could be 1. If you go by your graph and
by this, then you'd have to say it would have to be .6.

Yes. Those two sort of go together. This other seems like it doesn't
match up with those other two and with what the graph is saying.

Find f '(x ) if f: x 1> 3x4 - 5x3 - 9x2 + x - 1.

I: Next page. Take a derivative.

S: Oh. Okay. I can do that.

(Done by hand.)

Let f: x x3(x - 1)4 and

f x 14 x2( x -1 )3(7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.
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I: I have given you f and this is f . First, let's find the critical points and then well
decide if they're max's or min's or neither.

S: Boy, that's a hard one.

(Thinking.)

Oh. Okay.

The critical point is 3.

I: How did you get that?

S: By solving for x to make it equal to 0. I just plugged in 0. That gave
me 3. No, that won't be right. That will be your y value. I did that
wrong. To make it equal to 0.

(Finding them by hand using the factored symbolic form.)

The critical point is going to be x = 1. That would have to be 1
because that would make the whole thing 0. Then this would be 3/7.
Boy, I almost blew that one right out of the water. And x = 0.

Make sure they are in the domain.

(Rereading the instructions.)

I think 1 would produce neither.

I: How did you figure that out?

S: I'm not sure. I've only done a couple of these problems so far. I

think when you plug this back in here. When you plug 1 back in there
it's 0 and a slope of 0 is 0. There's no--but I don't know. That
might be just where my point's going to end up. I'm not sure how to
figure that out unless I actually graph it.

I: Go ahead and do that and then see what happens.

What are you going to graph--the derivative or the function?

S: I'm going to graph the function and find out what the values are at
these points. We're supposed to not have to use the graph. We're
supposed to be able to do it. What I was doing when you got here was
practicing so I could do it without using the graph.

(Graphing.)

For x = 0.... I wish I knew how to do this without the graph. I'm just
zooming in to see better what the graph did. There's no local
maximum or minimum because the slope of this tangent line right
hereon the opposite side of it there's not a negative slope or a

_positive slope. It's not opposite slopes, according to this graph. I
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could zoom in again and it might tell me something different. I've
zoomed in pretty far.

I: You are changing both x and y axes, or just one?

S: I'm just going to zoom in on the x-axis again between 0 and 1. Oh,
look at that. That's weird because it's .006. One would assume
there's a local minimum (wrote local maximum on her paper) at x = 3/7.
There's going to be since it comes down and goes back up on the graph,
at 1 a local minimum.

I: At 0 what does it do?

S: I keep wanting to jump to conclusions.

I: What's your conclusion? Is it going to be a maximum or a minimum or is it going to
be neither?

S: It's going to be neither. I need to write that down, huh.

I: You were saying something earlier about the slopes. You said that the slopes have to
go a certain way for this to be a max. You were using your hands to show directions
up and down the way the slopes had to go for there to be a local max here. Originally
you said there wasn't one until you zoomed in a little closer.

The last question I have about this is--you said the slopes had to go up or the slopes
had to be going down--that's the way you kind of described it with your hands. How
could you use this equation for f' to sort of figure out if the slopes were going up and
down?

S: You just plug in this value into here and that will give you the slope
of--I'm not sure what you are getting at is when you put it in the
Taylor form? I think if you plug this in here, that will give you the
slope of your tangent line.

I: If you put 3/7 in there what do you get?

S: Good question. (Putting 3/7 into f '). You get 0. I get it. I

understand. Because when you put 1 in here, your slope is 0. When
the slope is 0 of your tangent line, then you have a local maximum or
minimum. You tell that it's a maximum or minimum--I'm not sure
how you do it. When you are approaching your 0 on the slope of the
tangent line, you would take a number to the left or to the right. I

remember him doing this on the board yesterday or the day before. If
you put in a smaller number than this in there then it's going to be....

I: Predict not necessarily the number that will come out here but what information
that number will tell you about what we just talked about. If you put a number to
the left in, it's going to say something. What will it say?

S: It will say whether you slope is positive or negative.

I: For our problem, what should it be around 3/7, if you put a left number in?



S: If you put in a left number and its a maximum--it's got to be a
positive slope and if you put in one on the right then it has to be
negative.

Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )
( a ) f : x

x -1
( b ) 3

23x - 5x 6

: On these functions, I just want you to tell me if they are discontinuous and where if
they are and then what kind of discontinuity. You've had several things happen--
whether it's an asymptote or just a hole or a jump. It's probably best to do one at a
time. You can decide which one you want to do first.

S: This one is going to be discontinuous at x because it's undefined at x.

: At x.

S: I mean at 0. At x = 0, there's not going to be anything there.

Now, you just have to tell me what's going on.

S: I'm going to graph it.

(Graphing.)

This one is going to be a hole because x can't equal 0 and the rest of
the graph is continuous.

: How can you tell it's a hole vs. say a vertical asymptote?

S: If it had an asymptote right here, then it would be approaching this
and keep going and going.

: How do you know it doesn't keep going and going?

S: Gee, I don't know. Just a wild guess. The sine wave is like this.

: But it's been divided by something.

S: Maybe, it does keep going and going. Maybe it is an asymptote.

I: I don't know. I'm just asking you to see if you could see if it had an end.

S: I don't know if it has an end or not.

(Reqraphing.)

350
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It's starting to look like it doesn't almost. I know a lot quicker way to
do this. See that. It does end.

: That classifies it--

S: as a hole. My first assumption would be that because this is a sine
wave and since the sine wave is continuous except for at x = 0, that
there would be a hole. That was like my first intuition.

(Graphing part (b).)

: Did you put the whole thing in?

S: Yes. I've got my range squashed down from that last one.

At x = 1, it's going to be discontinuous, I think.

: What happened at x = 1? Was it discontinuous?

S: No. It's just equal to 0 at x = 1. I forgot how to do all these, too. If
we set this equal to 0 in the bottom, it's going to be a discontinuity.

(Algebraically, trying to solve denom = 0.)

: Are you getting anywhere?

S: No, I'm not getting anywhere.

(Going back to the graph.)

: You went back to your graph?

S: Yes. I went back to my graph.

: What did you just do with your calculator?

(Evaluating 1(2).)

S: I was looking at my graph and it looked like there was a discontinuity
at 2 and I was checking it but it's not 2. It's got to be something else.

I know that if this equals 0, that it's discontinuous. So you need to
solve it for 0. But my algebra is being very rusty.

: Suppose you can't solve it algebra wise. How else could you try to figure out where
that was 0? Is there any other way?

S: You could put it in the SOLVR. Would that work?

: It might, if you decide how to use it once you get it into SOLVR. You think there's
something around 2, anyway?
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S: Yes. It's got to be around 2 where it's discontinuous but it's not 2
because there is a value there.

I: You already have the other function in there. Are you just going to edit the one you
have in there? I'm just trying to save you a little time.

S: I don't know how to do this.

I: You've got it in the SOLVR. You are basically just looking for where the denominator
is 0. Once you find that spot, what did you think it was going to be? Was it going to
be a jump, an asymptote, or a hole?

S: I think it's going to be a jump.

I: Let me tell you that it's about 2.11. How could you verify that it was a jump?

S: To take the limit from both sides.

I: Try that. Get the function back out and edit it and put the (x - 1) back in there and
see if it's a jump or what it is by doing the limit.

What are you putting in to test this?

S: In front of and behind 2.11.

I: What numbers did you try?

S: I tried 2 and 2.3.

I: What did each of those (say)?

S: With the values that they're coming up with it would tell me that it's
not an asymptote because it's not--I guess that doesn't matter does it.

I: What numbers are you putting in?

S: I put in 2.19 and this was 2 point something or other. I'm getting
numbers that are kind of small still.

I: Try like 2,12. and 2.10 and see what happens.

S: Then I get a negative.

I: We just may not be close ienou h. I think we've beat it to death. Out of time.



Name Eb s

1 . Investigate: I i mx--), 2

2. Investigate:

3. Let f: x I-4 (1 - .5x)1
I x

( a ) Find f (2 ).

( b ) Investigate:

ea / .

x3 + 2x + 5.

-.,;2 71-

1

- t 5 )("2- k8)4 jr.

COE_

4. Find f '(x ) if f : x 3x4 - 5x3 - 9x2 + x - 1.

( 2-) ------
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5. Let f: x x3(x - 1)4 and

f x 1-> x2(x -1 )3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

0

4 sin(x)(a) f : x I--) x
x -1( b) f : x I) 3

23x - 5x

0
7 -- 3

34.4_

LocASL,-

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

---

6

<---- Work. era se.d_.
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Name:
Class:
Sex:
Grade:
Calculator:

. Investigate:

. Investigate:

: Let's look at #2 then.

(By hand.)

S: Can I use my calculator?

: Sure. Anytime you want to.

(Replaced 1/0 with ..)

Fred
Differential Calculus (Experimental Class)
Male
A -
HP 48SX

I i m x+ 2x + 5.x

: Try to find that limit.

S: Find the limit using the calculator?

I: However, you feel most comfortable doing it.

S: By hand.

I: Then do it by hand.

S: I'm using the derivative.

: So you took the derivative and then what did you do with the 2?

S: After I took the first derivative, I put the x 2 into the function to
get 14.

: Why are you allowed to do that?

S: I know it's the easiest way for me.

1
I i m v 1 +2 1 / x

. Let f: x (1 -

( a ) Find f (2

355



( b ) Investigate:

356

I: Take a look at the next one. First, evaluate that function at 2.

(Evaluating (a) by hand.)

S: I got 0.

I: Take a look at that limit.

(Evaluating (b) by hand.)

S: .0. Let me check it in the calculator. (I think he means 1.)

I: You are graphing it?

What does it look like from the graph? Can you give me an estimate of what the
limit might be there?

S: You have a hole here.

I: So there's a hole where you are pointing at x = 0.

S: Yes.

Infinite result. Different answer than 1.

I: You put 0 in?

S: I put 0 in and got the answer 1 (by hand). But here I have an error or
something --infinite result. But the answer is 1. I think we have a
hole at the coordinate (0,1).

(Cursored up to (0, 1).)

I: Let's take a look at the graph. If each of these is worth 1, though, right--that little
cursor just lands on the little dots, it does not necessarily land on the curve. It will
give a point wherever it's located. Its at (0,1) even though it's not on the graph.
From the graph could you tell what you thought the limit might be?

S: This point, .6.

I: You reasoned this out by hand and you looked at the graph. Are there any other ways
that you can think of to just kind of get an idea about what the limit might be?

Are there ways of plugging numbers in besides 0? We know when we put 0 in we
get an infinite result.

S: I put .2, -.2, 100. This looks like a complex number.

I: Awhile ago when you put in .2, why did you choose .2?



S: I just try to get a point near 0.

I: Why did you put in 100?

S: 100 is very far from 0. I tried .0009 and get .6. I put -.0009 and
get the same answer.

I: Are you feeling like there might be a limit or not at this spot?

S: The limit for this is undefined.

I: Tell me why it's undefined.

S: Because there is a hole.

I: When x is O.

Find f '(x ) if f : x 3x4 - 5x3 - 9x2 + x 1.

I: Let's look at the next one. Find the derivative of that.

(Calculated by hand.)

3 4
Let f : x x (x - 1) and

x2( x - 1 )3( 7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

I: The next one--I've given you the function and its derivative and I would like you to
first of all just find the critical points and then well decide whether we have a max
or min or neither on each one of those.

S: To find critical points, f '(x) = 0.

(By hand.)

I got these 3 points.

(Also, set f = and found no real solution.)

The critical points are x = 0, x = 1, x = 3/7. I know there are 2
ways. Find the second derivative and the other way is just to make a
table. In this case no interval, right?

-)
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(Making a sign table. Left out the critical point 1.)

For this interval, I choose -1. (Talking through the process.)

(Entering derivative in calculator.)

(Evaluated f '(.1) using the calculator.)

I: What did you do?

S: I'm supposed to graph f(x). I graphed the derivative.

(Graphing f. Information from first table supported the graph to him.)

I: Before you go any further, let's back up. Do you have all your critical points here?
Where's 1 (on the chart)?

(Reworking sign table.)

S: I'm not very familiar with this way. I'm familiar with the second
derivative. (Tape unclear. I think he asked to do the second derivative.)

I: Sure, if you want to take the second derivative.

First, from what you have here--this is good information. Tell me what it tells us.

S: Between -00 and 0, the graph is increasing. Between 0 and 3/7 also
increasing. Between 3/7 and 1, its decreasing and 1 to
increasing.

I: Tell me based on this information whether these would be local min's or max's or
neither.

S: The increasing one is a local maximum. The decreasing one is a local
minimum.

I: Does that information show up on the graph?

(Altering parameters to try to see the graph better.)

What are you trying to do?

S: I want to see what's in this point on the graph.

I: Around there?

S: Around there.

I: I'll give you a little trick that I told some other people. Reset the parameters first.
I was going to show you a way to get that area to show up better--

(Interviewer explained how to get a better graph. Multiplied height by .01)
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S: I think at 3/7 is the local maximum. At this point is the local
minimum. This is x 1.

I'm going to try the second derivative.

(By hand.)

I: I didn't realize you were so fast at it.

S: Because I have calculus in my high school. I just feel confused using
my hand or using the calculator. Because in high school, I never used
the calculator.

(Evaluated f "(each critical point): f "(0) = f "(1) = 0.)

(Decided 0 and 1 were neither.)

(Used calculator to find sign of f "(3/7).)

This one is local maximum.

I: When you were putting in numbers in these intervals, what were you trying to
decide?

S: I just want to decide ilf this one is positive or negative.

I: What does positive or negative stand for?

S: I just want to know between this interval is increasing or decreasing.

I: Positive means it's doing what?

S: Increasing.

But I'm not sure with this answer.

I: With what you have here?

S: It's correct.

I: You have a maximum where?

S: This is a maximum.

(Reviewing the f' sign chart.)

I: Do we have any local mins?

S: We just have a local maximum.

6. Determine all discontinuities for each function below and classify
each as a 'um. a hole or a vertical as m *tote.



4 sin(x )
( a ) f : x

x -1
( b ) f : x 3

23x - 5x - 6

: d like you to tell me if these functions are discontinuous--where they are
discontinuous and if so, is it a hole in the graph or is it an asymptote or a jump?

S: x = 0. (From the symbolic form.)

I: How did you decide that?

S: x = 0, y is co is a requirement for a vertical asymptote.

I Anytime the denominator is 0, do we get a vertical asymptote?

S: Yes.

: Take a look at the second one then.

(Set denom. = 0.)

S: I'm going to graph this.

: You are graphing the denominator?

S: Yes, because I want to find the failure of x.

(Zoomed in twice.)

This is supposed to have three failures of x but I think the others are
complex numbers.

(Used ISECT.)

(Conversation about what ISECT gives.)

: Now you've found a place where the denominator is 0. Is that an asymptote, or a
hole, or is it a jump?

S: Actually, I have to put all the failure in there and solve it on the
equation.

(Evaluating denom. at 2.11413 )

I don't know how to do by hand. That point is very difficult to find.
This one at this point is the vertical asymptote because it gives the
answer for 0 here. 0 for something is a vertical asymptote.
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Name Fred

1 . Investigate: Ii m4, 2
3x + 2x + 5.x

JAr 3)(1- + 2.
X )

2. Investigate: I i mx 0
1 + 121 /x

("-
)(--> o c?--es X --> 0

3. Let f: x (1 - .5x)1 / X

( a ) Find f (2).
( b ) Investigate: I i n3( f (x )

-

a I(I) (I - 1) =
J.

6 CI ,s-)e)'

4. Find f '(x ) if f : x 3x4 - 5x3 - 9x2 + x -

,j(c)c) 12.. )c
1 -(5)(1- -lax +
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5. Let f : x x3(x - 1)4 and

x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

D - CN

;7:75) (XI=
o so Cr --- 0 / ( - ; I

3 ,t

j-1 x )1'.( -1)1 (7>c-3J

X = No ge

"Mkec-,Z it>6-",4.s at,,,e.c. X = 0

6. Determine all discontinuities for each function
each as a jump, a hole, or a vertical asymptot,

4 sin(x )(a) f : x
x -1

( b) f : x
3 2- 5x3x -6

>

below and classify
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Name:
Class:
Sex:
Grade:
Calculator:

Investigate:

Investigate:

Gretchen
Differential Calculus (Traditional Class)
Female
A
none

Note: This student was continually concerned about whether she was right or wrong.
After each question, I assured her that I would go over the problems when we were
finished. Those comments are omitted.

I i m 2 x3+ 2x + 5.

I: Okay. Kind of explain what you did?

S: I just put the 2 in here.

I: That's right. Do you know why that worked--why you can do that?

S: I think I can get something because it's not a special case where I'd
have to cancel it or fix it. It doesn't look like this or this (./. and
0/0).

I i mx-Ok 0
1 +

211x

lin3r-->0 f(x )
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I: Let's take a look at the next one and see what you think about that one.

(Working.)

S: This would be 0.

I: That's seems okay. So tell me a little bit about why you did that?

S: 1 divided by 0 as x approaches 0 is an infinite number and 2 to a very
big number is equal to very big and 1 divided by a very big number is
0. It's hard to explain in English.

I: That looks good.

Let f(x) (1 - .5x)1/x.
(a ) Find f (2).
( b ) Investigate:
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(At some point during the interview, traditional students were shown
the following graph of f.)

I: The next thing I want you to do is to evaluate this function at x = 2.

S: Is this .5?

I: Yes, that's .5.

(Evaluating f(2) by hand.)

S: 0.

I: Okay. Good. Now, another limit problem.

(Replaced x by 0.)

S: 1.

1: I want to ask you some other questions about this one--kind of about all of them?
You've been sort of doing them all the same. Is there any other way that you can
think of to do them?

S: From this question?

1: Yes.

S: Is this wrong?

I: I'm just trying to see if you know of other ways to do some of these problems. That
does not mean your way is wrong. I just was wondering if you have other ways that
you have to do it.

S: I don't think I know.

I: I'm going to give you the graph of that function. From the graph, can you see maybe
what the limit might be about--get an idea about the limit?

S: From this graph?

I: Yes.

(Observing the graph for quite awhile.)



4 . Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

I: The next one is to take the derivative of that function.

(Calculating the derivative.)

365

S: This is 1? (Pointing at the tick marks on the graph.)

I: Yes.

S: What is this? (Pointing at the hole in the graph.)

I: The hole is about .6.

(Pause.)

S: I don't know.

I: I'm going to ask you another question about another way to do limits. That is, could
you think of a way where you could just plug some numbers in the calculator to get
an idea about the limit?

S: No.

I: I'm just wondering if that seems like a way to get an idea.

S: To do the limit?

I: Yes.

S: Plugging in numbers?

I: Yes--by plugging some numbers into the calculator. Would you be able to do that to
get an idea about--maybe not the exact value--but to get an idea about the limit?

S: Yes, in special cases you can but not in all of them.

I: What special cases would you be able to do that in?

S: Some special cases that you cannot do it--if it can be factored or a
number like this.

I: Oh. I see. If it were 00/. or 0/0 you would not be able to use the calculator to put
any numbers in.

S: So we have to fix it--fix the limit--fix the function.

I: That's good.



5 . Let f(x) = x3(x - 1)4 and

f '(x) = x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and V.)

y .f(x) y = f(x)

366

1: On that same page down there on number 5, I have given you a function and I've
given you the derivative of that function. First, I'd like you just to find the critical
points.

S: The critical points?

I Yes.

(Finding the critical points.)

S: These are the critical points.

I: Let's see if we can figure out whether they yield a local maximum or a minimum or
neither.

(Making a sign chart.)

S: Local maximum is at x = 3/7. Local minimum at x = 1. Then 0 is
neither.

I: I saw what you were doing. What do these pluses and minuses mean on your table?

S: Plus means increasing and minus is decreasing.

1: How did you get that?

S: I just plug any number between infinity and 0, then between 3/7 and
1, and 1 and infinity to find the sign.

1: What did you plug those into? What function did you plug them into? You plugged
these numbers in between into where? What did you do down here?



S: No. This is wrong. I have to plug in here. Right?

: Let's think about it.

S: No, this is wrong.

: What does the derivative tell you?

S: It tells us about the critical points. I need critical points to find the
maximum.

It looked like you put some numbers into the derivative to test.

S: That is wrong.

: Why do you think it's wrong?

S: I have to plug them into the original function.

(Redoing sign chart--testing numbers into f.)

: Local min at x = 0 and no local max. (Repeating what she had written.) I have a
graph that the calculator made of that function right here. Does that seem to look
like your function?

S: Yes. A little bit.

: Is there anything that looks wrong about my graph? Does it seem okay?

What are you looking at?

S: I am looking at the derivative. It seems right.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )
( a ) f(x) =

x -1
(b) f(x) = 3

3x - 5x2 - 6

: Let's go on to this one. I would like you to tell me where these functions might be
discontinuous and if they are whether its just a little hole in the graph or if it

might be an asymptote or just a jump in the graph.

(Drew a graph similar to y 4 sin(x)/x.)

: You have the limit as x goes to 0 equals 4.

367



(Working on the next one.)

I: Is (a) continuous or does it have a place where it is not defined? Does it have a
discontinuity or are you just going to go on to the next one and think about it?

S: I think it is continuous.

(Working on (b).)

I: What are you trying to do? I see that you have vertical asymptote and then 3x3 -

5x2- 6 = 0.

This one can't be factored. If you weren't able to factor it, could you think of another
way to figure out where it was 0? You were going to use a little procedure there
which I don't think will work.

S: Yes. It won't work. Maybe with long division.

I: If it won't factor, will long division work?

S: No.

I: Show me an example of a problem that would work. Just make up one so I can see
what you are trying to say. Just factor one. Show me one that would work.

(Created a denominator: (x - 2)(x - 3).)

So that would be one that would work. Where would the vertical asymptotes be?

S: x = 2 and x = 3.

I: What if the top part of the fraction was (x - 2)?

S: It would cancel.

I: Would 2 be a vertical asymptote? Is the function continuous at x = 2 when you are
able to cancel?

S: Yes.

I: You just kind of cancelled it away?

I have one more question about this one (a). Why did you take the limit as x
approaches 0 and not x approached 5 or something? Why did you choose 0?

S: Because it will work as x equal 0.

I: That's the one that you've memorized from the term?

S: Yes.
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1 . Investigate: Ii mx...> 2 x3 + 2x + 5.
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0 o

0

4. Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

4lx3- tc--)e - tg X -4- If'tx)
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1
Investigate: I mx 0 /x1+ 2
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Let f(x) = (1 -

( a ) Find f (2).
( b ) Investigate: 0,71( -40 f(X )
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4 sin(x )
( a ) f(x) = x

x -1
(b) f(x) = 3

23x - 5x 6

(i)

(7- I )3 (4 =

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

3

a) Jr.() r- 4 S.iri(x)

C.
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f '(x) = x2(x -1)3(7x - 3).

Find all critical points of I. Classify each as producing a local
maximum value, local minimum value, or neither.
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Name:
Class:
Sex:
Grade:
Calculator:

Heather
Differential Calculus (Traditional Class)
Female

non- ra hing

1

. Investigate: I i mx-0.0
1 + 21/x

Kind of explain how you decided that the answer was 1.

S: This comes to 0.

: Why does 2 turn to 0?

S: Because this is 1 over 0. That's undefined and 2 to the undefined--I
don't know what it is so I decided to forget about it. I'm not sure
really what it's doing there.

371

. Investigate: H 2 x+ 2x + 5.

: That's right. Kind of explain what you did so I have a record of that.

S: I wanted to factor but it had a cube in it so I decided 1 wouldn't try.
So I just plugged 2 in as x and then got 17.

: That does work. Do you know why that works in this case and maybe not in other
cases it wouldn't work?

S: Sometimes when you plug it in you get an undefined and you're
supposed to try to factor and cancel those zeroes out and I couldn't
factor so I figured I'd just try this. I got a real number. I'm not
sure exactly what I would do if it had not worked, though.

: You will get the opportunity to try that next.

3. Let f(x) = (1 -

( a ) Find f (2).
( b) Investigate: " '13( o f(x )

(At some point during the interview, traditional students were shown
the following graph of f.)
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1

I: The next one is another limit. I'm going to have you first just evaluate the function
at 2 and then I'll ask you some questions about it.

(Finding 1(2) by hand.)

Try to work on that limit also.

S: I don't know. I think it might go to 1 because if you have a really
small number. Then it's a really large number and it doesn't matter
because as x goes to really really small, then .5 would get really
really small. So it would just be 1 to a very large number. So it
might go to 1 also.

I: Now I'm going to ask you some more questions about that one and limits in general.
You kind of been cranking them out by hand and also doing some reasoning. Can you
think of any other ways that you'd be able to get an idea of what the limit might be?

S: I don't know. You could solve for x. Would that say anything?

I: It might.

S: Okay, I'll check.

1: By solving for x, I'm not sure what you might mean. That's why I said it might
work.

S: Solve for x here, set it equal to 0. I don't know. I'm just pulling
straws.

I: I'll let you think for just a second longer and then I'll give you some suggestions and
see if they'll work.

(Pause.)

I'm going to give you a graph of the function and ask you if you think that from the
graph you will be able to tell anything even if its not an exact answerwould you
be able to tell a little bit about it?

S: It's undefined at 1 er (0 - x) 0. If you took the two-sided limit, i

would go to 1 and this would go to 1.

I: Here's 1 up here.

S: Then it's 1/2.
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I: You said you were not able to think of any other ways. Would there be a way that you
could plug in some numbers to kind of get an idea about what the limit might be?

S: Yes. Numbers close to 1/2.

1: Why don't you on your calculator do a couple of those and tell me what you are
putting in?

What are you getting?

S: .745.

I: Why did you choose those 2 numbers --the .51 and the .49?

S: Because they were on either side of--I should have maybe picked the
ones closer to x. That was wrong. I should have maybe picked values
close to 0. That was wrong. I thought it backwards.

I: Tell me a couple of numbers that you might use. Well punch one of them and see
what we get.

S: .001.

I: Go ahead and try that one. Then just tell me what other ones you might pick.

S: That doesn't look right.

I: I'm not sure that you got that in right. Try again. That's .5 times .001.

So if you were to put another number in, give me some examples of some other
numbers that you might put in?

S: -.001.

I: Do the graph and the number seem to match up okay? It's hard to tell from the
graph but does it seem--?

S: Yes, because as I get closer to x 0, I get things closer to about half
way in between 1 and 0.

I: What was your first answer that you did by hand?

S: 0.

I: You've got three different things here. What seems to be the one you might trust?
Actually, you've got just two different answers.

S: I don't know because it was undefined at 0 and I didn't even pick that
up.

I: Where did you pick that up from?



S: The graph. I don't know what to trust. I don't think this 1 has any
bearing.

: That's the one that you reasoned.

S: So, I'm not sure.

4. Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

: Let's get on to some derivatives. Just find the derivative.

(Calculating the derivative.)

. Let f(x) = x3( x - 1)4 and

f '(x) = x2( x - 1 )3( 7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and C.)

In the next one I would like you to find the critical points of f. I've given you the
derivative of f and also f'. Once we find them then we will worry about classifying
them.

(Finding the critical points.)

Let's see what they are. See if you can figure out whether they produce local max's
or local min's or neither.

I'm going to back you up so that we don't get too far down the line. Is it -1?

(Corrected from x = -1 to x = 1.)

Substitutin each crit. )t. into f )

y f' (x)

374
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S: Wait. I'm doing it wrong. I should plug it into the f(x). If I plug it
into the derivative, I'm going to get 0.

(Substituting each crit. pt. into f.)

I: The max is 0 and the min is this number.

The min is 8.39 x 10-3 and the max is 0. You got those by plugging 0, -1 and 3/7

into what?

S: f.

I: I'm going to show you a graph of f and f'. Tell me if the graph seems to match your
information and if not what's wrong with my graph or what's wrong with your
information, either one?

(She noticed error again in using -1 instead of 1 as a crit. pt.--corrected.)

S: Are these asymptotes at all?

I: No, they'll go on forever.

S: Yes, I think that's right. It should be close to 0.

I: This little number here?

S: Yes.

I: This is the graph that the calculator gave us so it's not a graph that I drew by hand.

The other pieces--at (0,0) and (1, 0)--do those seem to be what you think they
should be?

S: Yes.

I: I have a couple of other questions about that particular one. What does the
derivative actually tell us? What kind of things does it tell us?

S: The slope of the tangent line to the point and it tells us like the rate
of change. I'm like quoting these from the book. We can also use it to
check for critical points.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

( a ) f(x) = 4 sin(x )



x -1
(b) f(x) =

3x3- 5x2 - 6

: I just have a couple more on the next page. Determine if either one of those
functions is discontinuous. If it is--where? Classify whether it's a vertical
asymptote or just a hole in the graph or a jump.

(Rewrote (a) as 4 sin(x)(x)-1 )

S: I'll start with this one (part (b)).

(Calculating the derivative.)

: You are taking the derivative?

S: Yes. This is really ugly looking.

: If it gets too bad, I might just ask you to tell me in words what you were going to do
instead of us maybe doing it.

S: I was going to take the derivative because our teacher said when in
doubt take a derivative. Actually, we had these problems at the
beginning but we'd always have like--we had a thing that went like
the limit as h goes to 0, f of h plus 1 or something like that. Then
you'd plug it in. You take it from one side and then the other side.
Then if you got like 1 on both then--no that's for differentiability. I

don't know how to do these.

376



ect-i+ eName
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4 . Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x 1.
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1

/).
3. Let f(x) = (1 - .5x)11x.

( a ) Find f (2).
( b ) Investigate: "n3( 4 f (x )
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5 Let f(x) = x3( x - 1)4 and

f '(x) = x2( x - 1 )3( 7 x 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

'00 O
7>-3

x 0 +1, _7
7c Co) )

fr t) o

( a ) f(x) =

(b) f(x) =

4 sin(x )

x -1
3 2

- 5 x3 x - 6

(3Y-3- s-cy.
? - 5

,07( .-7.j)4/
7

6. Determine all discontinuities for each function below and
each as a jump, a hole, or a vertical asymptote.

I (L._ C(1-1

i1/4) Cc cY\) 9(x)

classify
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Name:
Class:
Sex:
Grade:
Calculator:

Jon
Differential Calculus (Traditional Class)
Male

Casio--graphing

379

(Substituting x = 2 into the expression.)

: What are you checking out on your calculator?

S: I guess I'm just testing, checking out, to see what the graph looks like
of that. I'm not sure if that will help me or not.

: What did you do to get the 17?

S: I just plugged 2 in.

: Why are you able to do that?

S: I thought that if there wasn't anything in the denominator and you
didn't need to simplify this any more you could just plug in what it's
approaching. I don't know if that's right or not.

: If you were able to graph it, what would you be looking for? Would you know
whether that might be the right answer or not?

S: You just look where the graph is approaching 2 from both sides and
then see what that value is.

1
. Investigate: I imx-->0

1 + 21/x

Let's move on to the next one. It's another limit. Do you have a Casio? I'm keeping
track of the calculators.

I i mx.+2

S: I'm trying to think how to do this.

(Interviewer noticing uneasiness in the student.)

: These are problems that you've not seen before. Just kind of approach them how you
think might work.

(Pause.)

S: I should be able to do these.

. Investigate: x3+ 2x + 5.



: I have a third one on which I'll give you hints which is similar to that. So work on
that until you feel like you've done what you can and then on the next one I'll--I
don't want to give you hints on this one because I want to give them on the next one.

(Pause.)

S: I think I'll just move on to the next one.

I: Tell me what you were trying to do at least.

S: Oh, I think I was trying to use some kind of conjugate thing with the
bottom. Multiply both top and bottom by this.

: That's feasible with what you're trying to do. I'm not sure you'll get anywhere. That
is a plan of attack--a good plan of attack.

380

: Let's take a look at the third one. Its another limit. The first thing I just want you
to do is find the value of the function at 2.

(Finding 1(2).)

S: That should be the square root of 0. That should be 0.

: Now we're going to take a look at the limit. I'll let you work on it for just a second
and I'll ask you some questions.

What are you trying to do?

S: I was trying to bring this x and take the xth root of this but...

: You are trying to--Are you trying to do this one similar to maybe something you've
done in class--like you tried the conjugate here? Are there any rules that you can
recall that--?

. Let f(x) = (1 - .5x)1lx.
( a ) Find f (2).
( b) Investigate: "n3( o f (x )-

(At some point during the interview, traditional students were shown
the following graph of f.)
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S: I'm trying to think of a rule for these exponents.

I: The 1 over x is bothering you?

S: Yes.

I: If you didn't have a rule, is there any other way that you could possibly get an idea
about what the limit might be?

S: I guess I can try to punch it in here.

1: When you are done punching, tell me what you've punched and if you thought that it
helped you.

(Graphing.)

What are you doing?

S: I graphed this right here.

1: Does it help you?

S: Let's see. It's going to only work for positive values. The limit
equals--it approaches--

I: You might not be able to tell exactly but can you take a guess?

S: It approaches 1.

1: What are each of those little marks on the axes equal to?

S: I think 1. I'm not sure.

I: For some reason, why does--that one looks so far down. These ones are spread
apart. When you said you thought that it looked like the limit was around 1, point to
on the graph where you got that information so I can see what you are looking at.

(Pointing to the point (2, 0). Each mark on the x-axis was worth 2.)

S: It hits 0 right there where it comes down.

1: Right here? From the graph it looks like it might be 1 because of that. That's
another way to try to look at the limit. Can you think of any other ways that you
might be able to get an idea about what the limit would be? Would you be able to
calculate the limit?

S: You mean by hand with a rule.

I: I'll let you in on a secret. You will be able to if you take 253. That's a topic that's
covered in 253. At this point, that rule doesn't exist in your mind.
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Without a rule. You did have a graph which gave us an idea. I'm just pumping to see
if you can come up with any other ways.

S: I don't think so.

: What about plugging in some numbers? Would that be a feasible way to try to get an
idea?

S: Yes.

If so, what sort of numbers would you want to try to put in.

S: Like negative numbers. Go like negative 2 to positive--

I: Does that take a long time with that calculator to do that?

S: Yes.

: Let's just do it for a couple. Then tell me what few numbers you've chosen to put in.

What did you do here?

S: I don't know.

I: You still have the graph on there.

S: I don't think I need the graph.

I: What did you put in? Just estimate what you got back out.

S: I got .71 back out.

I: When you put in what?

S: -2.

: Put in something else.

S: I'll try that one. (Pointing.)

: -1.

S. Yes.

(Pause.)

. 6 6 .

: Let's not put in any more. Just tell me what sort of ones you would might want to
put in if you were testing. Give me a couple more that you might want to put in.

S: Put in like .01, .001.



.00001.

Now I kind of remember doing these from before.

: I think probably we've wiped that one out for now.

4. Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

: Let's go on to the next one which is just to take a derivative.

(Calcuating the derivative.)

. Let f(x) = x3(x - 1)4 and

f '(x) = x2( x -11)3(7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and f `.)

IY

X
0 1

y = f(x) y = f(x)
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: Okay, and another one. I've given you land 1' and am asking you to find the critical
points and decide which ones will produce a local max, local min, or neither.

S: This is the prime of that?

(Finding the critical points.)

: What critical points do you have?

S: 1 and 3/7.

: Are you testing those out in what?



S: I'm taking these and plugging numbers less than 3/7 in between here
and here.

(Working.)

: What did you use your calculator to do?

S: I just did (.35 - 3).

(Pause.)

I don't know if I did this right.

: Based on the information that you have--

S: There wouldn't be a max or min but there probably is.

: Let's see. Let me show you a graph that the calculator drew of f. My HP drew the
graph of f to be this.

S: That's increasing.

There's no local max or min.

: My graph show's this is flat completely between here and here. Does that seem to be

the same as what your information shows?

S: Mine (referring to his critical point information) doesn't show that it's flat.
It just shows that it is increasing.

: If it were showing that it were flat, how would your chart say that?

S: I don't know how to show on here that it would be flat.

: Okay. That's probably it on that one. I think you've probably done all that's
necessary.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

( a ) f(x) =

(b) f(x) =

4 sin(x )

x -1
3 23x - 5 x - 6
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: One last one and that's to determine possible discontinuities for each of the functions
that I have. Do them one at a time. Its either going to be a jump, or a hole, or a
vertical asymptote if there is one.
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(Graphing (a).)

What are you doing?

S: I'm just trying to graph this. I don't know if I have the right graph
but that looks pretty continuous.

I: I think that's the right graph.

A jump, a hole, or a vertical asymptote--if it has a discontinuity?

S: By this, it wouldn't have a discontinuity.

I: Is that the way you tell on most of them? What if you didn't have a graph? People
that don't have graphing calculators must have some kind of way to figure out
whether a function is discontinuous or not.

S: I suppose you could plug in values like taking n/2.

Those are the only ones I can recall off hand.

I: Let's look at the next one.

Decide if it has a discontinuity or not.

(Graphing (b).)

S: It looks like there's a little hole right here.

I: At x = 0 or is it before that?

S: It's after 0. It looks like there's a hole after 0.

I: And anything else?

S: Vertical asymptotes here and here because the graph doesn't continue
on.

I: It looks like it's discontinuous in lots of places. Can you find any one of those or how
would you find that?

S: I don't think that I'll be able to find the exact values. I probably can.
I just don't know how to do it.
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5 . Let f(x) = x3(x- 1)4 and

f '(x) = x2(x- ) ( - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

c9= \, 3/7

Y. -.: 0

,y______ XI
t- - 4-

, (2(- 1)
_

,....3 .0 G \ -- I +-
-------37- Q)--- ) -)--

0,_

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

( a ) f(x)

(b) f(x) =

4 sin(x )

x -1
2

3x3 - 5 x 6

Name 16 a
387
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Name:
Class:
Sex:
Grade:
Calculator:

Kevin
Differential Calculus (Traditional Class)
Male

non-graphing

2. Investigate:

I: Let's look at the next one then, which is a little different than that. Let's see what
happens with it.

(Replaced x by 10000.)

So what did you put in the calculator to kind of get that idea?

S: For a problem like this, I kind of know how to do it but it's kind of
tricky. Sometimes says it goes to 0--I'll take a number say
just like--I'm not done quite yet with this--like .00001, you know
as close as I can get to 0. But you also have to try the positive and
negative also. At least as you are approaching 0 from the positive
side because 1 divided by an infinitely small, a small number is
infinitely large so you get 1 plus--actually it would be--the bottom

1 . Investigate: I i mx_6),2 x3 + 2x + 5.

I: It looks like you just--what did you do?

S: For this one I (was) just seeing if it would work just by plugging the
number in first into the x spot and then I just multiplied it out just
by using algebra.

I: Do you know why in this case you are allowed to do that and you came out with the
answer?

S: A lot of times when you just have a straight equation like this, I

mean, if you have like a numerator and denominator that's when it
gets more tricky, then you have to factor it out and cancel but usually
these like I don't know the terms or anything for the equations but
when you have just I think linear I mean you can just plug and grind
on something like this and if you get an answer that doesn't look
totally right at all then you can kinda tell. A lot of times if you get 0,
if you have numerator and denominator if you plug the limit into it--
a lot of times you will get a number and you know it's not right. So
then you have to start factoring and stuff like that so usually if you
can factor, try to. If you can't factor you can just try to plug a
number in.
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part would go to and the top part will be 1 over a large number
becomes decreasing small. Let's see how that would work. I don't know
how you'd express your answer. It's going to 1 over is what it
would look like which would be -

: Think about what 1 divided by a very big number is.

S: Very small. It would be a negative number close to 0. This is a
trickier problem, but then if you plug in some negative number for
this one it will be 1 over infinitely large like 1 plus 2 to the -1000
or something like that. And that will be the same as 1 over a huge
number say like that. This one does not really have a limit because of
the way it works.

: So can you be a little more specific why you don't think it has a limit?

S: Because when you come from the negative side, it becomes infinitely
large and as you come from the positive side it becomes infinitely
small.

: That's good.

S: Is that the way you say that?

: Yes. Carry on to the next one. I'm trying to keep track of some calculator usage and
when you used your calculator you put in some number, small positive number for
right there?

S: Sometimes it's easier than playing around with the equation. You
know? Just to plug in a number that's very close to 0 but is not quite
0

: Right. That was good.

. Let f(x) = (1 - .5x)1 Ix.

(a) Find f (2).
( b ) Investigate: lin3c...). f (x ).

(At some point during the interview, traditional students were shown
the following graph of f.)



: Now work on that one.

S: f(2). (Thinking out loud.) The square root of 0. As x goes to 0, let's see.
(Pause.) This is the same type problem as x goes 0 because anything
multiplied by 0 is going to be 0. You have actually 1 to the power of
1 over--as x goes to 0 so what that would be for a negative number.
It will be like say--how would that work? There would be no limit
on this one because there is a different limit coming from the positive
side and a different limit coming from the negative side.

: Can you tell sort of what the limit is from each of those or not?

S: The limit say--actually it would be the same--1 to any power--1 to
the negative power, that would just be 1. As x goes to 0 from positive
side, that would be 1. As x goes to 0 from the negative side, that will
be 1 to the--it would just be -1. Well, it would be 1. So it would be
1 either way. So the limit is 1.

: I'm going to ask you some more questions about this one. Back on this one, when you
put a number in, you put in something here--did you do the whole thing out and get
o u t - - ?

S: No, I just--this is like 1 divided by .0001, 1 + 2 to the like that. So
it would be a very small number overall.

: Can you think of any other possible ways that you could do this problem to get an
idea about what the limit would be? I'm just sort of pumping you to see if you can
think of any other ways.

S: There probably are but--I try to stick with the easiest way. This one
you don't have to use your calculator for, you can just plug 0 in for
here. 0 doesn't really work because you've got 1 divided by 0.
There's no such number. When you divide by 0, it's undefined. And 5
times 0 is 0 and 1 to the 0 power is 1. You'd have to factor it, get rid
of something or you could just plug in a number very close to 0 on
both sides in this case.

: Now I'm going to show you the graph of that function and see from the graph if you
would be able to get an idea about what the limit would be.

S: Will this graph continue?

I: Yes, it will continue on down.

S: This graph is saying that it actually never touches the point 0, this
point right here, and that it's an open circle on the point. It's
continuous at every point except for this one point so.

: What about the limit as x approaches 0? Does that graph help you figure out what
the limit might be as x approaches 0?

S: It will be--is this supposed to be on the point 1?

390
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I: This is 1 here.

S: It doesn't really help me a lot. Where it crosses the y-axis, it jumps
from positive to negative values. It skips on 0. There is no value but
for numbers on each side of it, it has values. One way it's negative,
the other side it's positive.

I: If you had only this graph and I asked you to find the limit, would you be able to give
me an idea what it would be? Just a rough estimate? Just looking at this graph.

S: Just looking at the graph. I'd say + or just because...

I: As x approaches 0?

S: Oh, as x approaches 0. The limit's 1 because--I say the limit is 1

just by looking at it.

I: That's all I wanted to know.

Find f '(x ) if f(x) = 3x4 - 5x3 - 9x 2 + x - 1.

I: The next one-- I just want you to take the derivative.

S: This one right here?

(Calculating the derivative.)

Let f(x) = x3(x - 1)4 and

2f '(x) = x (x -1 )3(7 x 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and f `.)

Po- X ) 11111 X
0 1

y (x)
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I: I've given you land f'.

S: The first thing you do is--the first thing you do is find the critical
points. You find where this is equal to 0. The critical points--there
will be one at 0, then x = 1, so another critical point will be 1. And
then another critical point will be 7x = 3 and x = 3/7. So... that's
right. I make a little thing like this and then I plot them from
decreasing and increasing. That's not right. And then you take like

. .
x2 it's going positive or negative. So for values less than 0, such
as -1. (Talked through the procedure.) (Making a sign table.) It's increasing
as it goes to 0 and then stayed--then it decreases on 3/7 and
decreases and then it increases. This would be a local maximum
because it's going up and down. It would sort of look like this on the
curve. And any place where it's decreasing and goes to increasing that
would be a local minimum. This would be neither.

I: So I have a calculator-produced graph of land f' here. So let's see if all things
match up. And if it doesn't, tell me what you think is wrong with either one. Does
the information you have match the information provided from this graph?

S: At this point 3/7--I could have made a mistake pretty easily. At 0 it
should be increasing. 3/7 would be somewhere here. That's what my
point 0 looks like.

I: So where doesn't it seem to fit?

S: At this point right here.

I: At the 3/7? What should it look like?

S: I say it would have to go--

I: Draw a better version of what you think it should look like down there. (Pause)
So we're increasing up to 0. What do we do between 0 and 3/7?

S: There's no change in slope so actually this would have the same. This
whole point would be a local maximum then. The way I drew it.
Because it doesn't change. I could have done something wrong.

I: I think what you've done is fine. Your work is fine. So between 0 and 3/7, the slope
stays the same. It's neither increasing or decreasing. It looks to me like you've
drawn a slope of 0 in there.

S: This whole thing would be like a local maximum.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.
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f(x) =

f(x) =

4 sin(x )

x -1
23x - 5 x - 6

I: One last one. I have two functions here. First of all, if the functions are
discontinuous, I want you to tell me whether it's a hole, or an asymptote, or maybe
just a gap or a jump in the function. If it's not discontinuous--if it's continuous
everywhere, then you can tell me that, too.

S: Nice problem, huh? (Working on problem( b).) Let's see. To find the
critical points, I can take the derivative of the numerator and the
denominator. The derivative of the numerator would be 1. So there
would be no critical point at that point. This will factor. (Pause.) That
won't work. Do you know if this thing's factorable?

I: It might not be. Tell me what you would do if it's not factorable.

S: I haven't done any of the practice problems for asymptotes but what I

do is I just say something like this and start taking points and like
f(x). Just to see what the general graph looked like. I just try
values such as 0. Then I just plug 0 in for here--and I get 1/6. At
point 1, I just plug that in so I get--0--at -1--I don't know how far
you want me to go.

I: So I kind of have the drift of how you're going to decide that.

S: You can't do it the way I'm doing here. You can't find critical points.
You can't find local minimums and maximums. (Discussion about critical
points.) It's not an easy process without a calculator such as an H.P.
It takes a long time.

I: What about problem (a), is that any easier? You kind of worked on (b).

S: Okay, I can try (a). It's smaller anyway.

I: Yes, I don't know if it's any easier but there's less computation.

S: Okay, so here we'll take the derivative of that and find the critical
points. I just use the quotient rule to find the derivative of this one,
don't I? See, I can take the derivative of that which would be--how
can I say this? The derivative of sin(x) is - cos(x), so it would be 4
cos(x) times the derivative of x is 1 minus the first one times the
derivative of the second, all over x2. This isn't very easy either, is
it?

I: Doesn't look like it. I think I sort of know your procedure. At this point, what are
you looking for from the derivative?

S: From the derivative I would be looking for the critical points. I find
it much harder working with sin(x)--you could also just plug in 1...
(Just rambling...)
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Name Keuto

1 . Investigate: I i mx,+ 2 x3 + 2x + 5.

2
X .4

2
I,

3
1-

2-2 45

+.
2 a S = V7

2. Investigate: I i mx.+0 1+ 121 /x

3. Let f(x) = (1 - .5x)11x.

( a ) Find (2).
( b ) Investigate: 1413( f (x ).
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5. Let f(x) = x3(x- 1)4 and

f '(x) = x2(x -1)3(7x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

4-

CI-I cos k) )

4 sin(x )
(a ) f(x) = x

x -1
(b) f(x) = 3 23x - 5 x 6

F t)

(P
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6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.
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Name:
Class:
Sex:
Grade:
Calculator:

Larry
Differential Calculus (Traditional Class)
Male
A
non-graphing

1 . Investigate: I i m
2

x3 + 2x + 5.x

For the first one tell me what you did.

S: I noticed that this was just a polynomial. So for polynomials all you
have to do is plug in the numbers and that's what I did.

I: Do you know why? I mean it is a polynomial and you can just put 2 in. What makes
it special that you can just put the 2 in?

S: It's continuous so you can just evaluate it at 2.

I: Good job.

1Investigate: I i mx_o 0
1 + 2 1 / x

I: All right, next one.

(Student reading and working.)

I: Sort of tell me how you reasoned what you did there.

S: You can plug in like numbers close to 0. It would be 2 to some very
large power. That's going to be oo plus 1 divided by 1. That would be
kind of weird so I thought I might separate it and see what happens.
Then I just used the addition rule. I think that's how you'd do it.

I: Now you have 1 divided by a very large power which makes more sense to you.

S: That's kind of weird.

Let f(x) = (1 - .5x)11x.

(a) Find (2).
( b) Investigate: lin3c+0 1(x ).
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(At some point during the interview, traditional students were shown
the following graph of f.)

I: I have another weird one for you here. For this one I just want you to find the value
of the function at 2 first. Then well take a look at that limit.

(Finding f(2) and working limit.)

Sort of tell me how you reasoned that one out. Then I'll ask you some more questions
about it.

S: I thought I could use substitution and substitute the limit in for that
quantity. That one (.5x) goes to 0 and that one goes to 1. So it'd be 1
to the 1/x. If I took the limit again it looks like it's going to
approach 1.

I: Oh, I see.

S: I don't know if that's legal to do.

I: You've sort of reasoned through this problem. Can you think of any other ways to do
a limit problem?

S: I guess you'd try to use all the rules you can. Try a value in it. I

guess I could like get a calculator, graph it, and then see what
happens as it goes to 0.

I: I have a graph of that and I'll let you take a look at it to see what you're
interpretation of that is.

You need to give me a rough estimate if you want.

S: .6 or something.

I: A graph is a good way. Can you think of another way that we could get at least an
estimate of what the limit might be?

S: I guess you could use a calculator and just punch values real close to

I: Why don't you do that and tell me what you get? We'll do just a few since it will be
time consuming to do that.

(Evaluating f(.0001).)
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Tell me what number you put in for x.

S: I put in .0001 and I got out .6.

I: If you were doing this with a calculator, are there any other numbers that you might
think to try or would you just usually use one and see what happens?

S: Yes. I'd probably try a few more and stuff--smaller numbers.

I: Smaller than .0001?

S: Just add a few zeroes in there. Maybe try a negative one.

I: Try a negative one so we have one of each at least here.

(Pause.)

S: I got the same number.

I: About .6?

The graph gave us that sort of information and the table of values gave us that sort of-
information. However, when you reasoned through this you got 1. If you had to sort
of state an answer right now, what would you say would be a good answer?

S: Probably .6.

Why would you back off from your 1 that you did by hand?

S: Because I wasn't too sure about these. I've never done a power before.
I'd probably trust the calculator.

That's fine. We've sort of done this in three ways. Are there any other ways that
come to mind as far as how to do this?

S: Not really.

Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

I: Next, I want you just to take this derivative on #4 and then we'll take a look at # 5.

(Calculating the derivative.)

Let f(x) = x3(x- 1)4 and

f '(x) = x2(x -1 )3( 7 x - 3).



Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and f`.)

II. X

y = f' (x)
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: On #5, I've given you the function and its derivative. What I'd like you to do is just
first find the critical points and then we'll decide whether they produce a local max,
min, or neither.

(Finding critical points from symbolic form.)

Now you've got three of them there. Let's decide whether they produce a local max,
min, or neither.

(Completing a sign chart for f'.)

Now what do we have here? Max at 3/7. (Repeating what he wrote.)

This information--these little pluses and minuses that you have here--the end
result--what does a plus mean?

S: It means that the slope is positive so the graph is going upward.

I: Negative means then--

S: The slope is negative. So it's falling.

: I have a picture of a graph that came out of the calculator of f and f'. Tell me if your
information and this graph seem to match up. If not, tell me what seems to be the
problem.

S: I screwed up in my math probably.

: Tell me what seems to be wrong, if something's wrong or redraw it on your paper as
to what you think it should look like according to your information.

S: Unless the graph is so small right there that it actually... (tape
unclear.)
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: Remember that this is just a calculator produced graph and I don't know how much
you know about calculators as far as their graphs go. How could you figure out
whether that value is so tiny that maybe that was what was happening?

S: Unless I did some arithmetic and then this would be--but otherwise if
this is right--

: If that's right then--

S: The graph would be so small right there that you can't really tell if it
goes up and down.

(Pause.)

: If my graph we're right, how many critical points would it have?

S: Probably only one. It's horizontal right there.

: What's the definition of critical points? They are places where--

S: The derivative is 0 or undefined.

I: In my graph only one place is that true, 0?

S: Yes.

: I'll let you off the hook. You are right.

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )
( a ) f(x) = x

x -1
(b) f(x) = 3

23x - 5 x - 6

: Two more little short ones here. Decide whether or not these functions are
continuous and if they aren't, I want to know where they are not continuous and then
what type of discontinuity it is--a little hole in the graph, or an asymptote, or
maybe a jump in the graph.

(Writing x = 0.)

How did you decide that x = 0 was a possibility?

S: 0 in the denominator.

: Then you took the limit as x approaches 0 and got 4. How do you know that's 4?
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S: I remembered the limit as x approaches 0 of sin(x)/x is 1. It will
just be 4 times 1 is 4.

I: That tells you that you feel it's a hole.

S: Yes.

I: What would you have expected to happen if it had been a vertical asymptote?

S: It would have approached

I: What about if it had been a jump? How do you tell those sort of things?

S: I guess you can take the limit as x approaches 0 from both sides
they approach different numbers.

I: Would they approach 00 or would they approach some number, if it were a jump?

S: It would probably approach some number.

I: Let's take a look at the second one and see what you think about that one.

(Making a table to use the rational root theorem.)

What are you trying to do here?

S: Find where the denominator is 0. It's going to be a long process.

I don't think it's an integer value. Are you trying to do synthetic division?

S: Yes, p/q.

Because it's not factorable, I don't think that's going to work.

S: The only way to do this is to graph this thing (denominator) and find out
where it crosses the x-axis.

How would you decide when you were done whether it was an asymptote, a hole, or a
jump?

S: If the number is not zero and the denominator is any value, then it
would be a vertical asymptote right there.

What if you had an (x - 1) factor in the bottom and an (x - 1) factor in the top,
what would that correspond to?

S: Then you would just cross them out.

(Thinking.)

I think you probably still just cancel them out. Probably would just
be a hole where x 1.
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Name Lan
1 . Investigate: limx.+2 x3+ 2x + 5.

Q
(1 4- c 7- t7

2. Investigate: I m-7
1x0

1 + 21/x

3. Let f(x) = (1 -

Find f (2).
Investigate: ""3(--)0 f(x)-

0 1

4. Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

(r) 1: 1 2. - i5 - 18



Name

5. Let f(x) = x3(x - 1)4 and

f *(x) = x2(x -1)3 (7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

x(x)3 (7K -3) ":

1>( 7 0 '/7 4-4

- 1)3

-
4 4

0

lz X 7/7

rn ; X t 1

f(x) =

f(x) =

3

1

- 6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x ) ) 7: Li x

x -1
3 23x- 5x 6
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Name: Monty
Class: Differential Calculus (Traditional Class)
Sex: Male
Grade:
Calculator: non-graphing

1 . Investigate: Ii mx_.> 2 x3 + 2x + 5.

I: Want to just explain what you did?

S: I just plug in the number that x is going toward and I just plugged it
into that equation and it came out to 17.

I: Do you know why that's okay to do?

S: I just learned that.

I: That's fine. That's right. I just wondered if you knew why.

Investigate:

Let f(x) (1 - .5x)11x.

( a ) Find 1(2).
( b ) Investigate:

1

1 + 21
/ x

I: Now investigate this limit.

(Pause.)

I: Sort of explain why you thought it might be 1.

S: When I plugged in 0 into the x, it's undefined. I just took out the 2.

I: Oh, and then just decided it was 1. Okay, that's great.

404

(At some point during the interview, traditional students were shown
the following graph of f.)



(Calculating (a) by hand.)

What did you use the calculator for just then?

S: Just to check the square root of 0.

(Pause.)

Does not exist.

I: You want to kind of explain why you think it might not exist.

S: This is undefined right here (1/x) so the whole thing

I: Can you think of any other way to do these limit problems?

S: Two one sided limits--from the positive side and the

I: First evaluate the function at 2 and then let's take a look at that limit also and I'll
ask you some other questions about it.

is undefined.

negative side.

I: Do you do that the same way that you just did this one or do you have a way to do that
that's different?

S: I don't plug in 0. I just plug in positive or negative values and see
what comes up?

I: Why don't we try that on the calculator or in your head or however you want to do it
and see what we get by doing it that way. Tell me what you are plugging in.

(Pause.)

What number did you plug in?

S: I just tried +1 and -1.

I: The first time you got .5 and the second time you got .7. That's your approach to
doing the left and the right usually. Do you usually try any more numbers or do you
usually just try out one number and see what happens?

S: I might try getting a number which is close to 0 like .1.

I: Can you think of any other ways?

405
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S: Not right now. I've forgotten.

It's been awhile.

I: I have a graph of that function right here. Can you tell me by looking at the graph a
little bit about the limit--what it might be or an estimate of it?

S: I don't really get the question.

I: Does the graph help you find the limit in any way? If you had a graph in front of
you, would you be able to....?

S: I guess it would be easier to (can't hear) the answer out since you could
see that it's going to 0. on both sides.

I: As x gets close to 0, the function is going to o on both sides?

S: It's going to 0 from the left side--it's getting smaller and from the
right side it's getting larger.

I: Is it approaching some number? Can you tell if its getting close to anything?

S: To .5.

I: That's all I wanted to know.

Find f '(x ) if f(x) = 3x4 - 5x3 - 9x 2 + x 1.

I: Just find the derivative of that first one.

(Calculating the derivative.)

Let f(x) = x3(x- 1)4 and

f '(x) = x2(x -1 )3(7 x - 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

(At some point during the interview, traditional students were shown
the following graphs of f and I'.)



X
1 0 1

y = f(x) y f' (x)

I: The next one I would like you to find the critical points. I've given you land f
Then we'll classify them whether they are max's or min's or neither.

(Finding critical points.)

S: This is the max (pointing at x = 3/7) and this is the min (pointing at x =
0

I: So your two critical points are 0 and 3/7. How did you decide which was a max and
which was a min?

S: The larger number of the two critical points is a local max. To get
critical points, I just made anything that is equal to 0.

I: From the equation there? Do you know why you set them equal to 0?

S: To make them differentiable. It's just a process.

I: I have a graph that the calculator did of the function and its derivative. Do you think
what you just said--that that information and the graphical information are the
same?

(Pause.)

1: Would you be able to draw a picture for what you have there for your information of
what the graph might look like?

S: There would be a point where this would be something like that.

What's the graph going to do on the other side of 0?

S: It will be decreasing.

I: Draw what that means on the other side of 0.

(Began at x = 0 and drew downward to the left.)

S: I think I need to find the inflection points, too.

I: Right, to get the exact way it would look. Just kind of give me an idea.

S: Something like that.
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I: What would it kind of look like on the other side of 3/7?

S: It would be--I guess it would be going up.

I: So what does the derivative tell us about the original function--just in words what
does it tell us?

S: It tells us where there's a high point and a low point in a certain area
of the graph. There's also absolute max and min's.

I: Can you think of anything else? I'm just pumping for what all you have to say about
it.

S: From just the first derivative--that's all that we learned to get from
the first derivative is the max and min's. Also for example,
something like certain word problems they would have the first
derivative would give you the velocity.

I: You drew this like this and then drew that part like that. How did you decide that you
were going to draw it like that? Was that from some other work that you'd done
here?

S: I just drew it.

I: I just wondered if you decided how to do that in some other way that I didn't know
about.

408

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

4 sin(x )
( a ) f(x) =

x -1
(b) f(x) =

3x3- 5x2 - 6

I: The last one I have is I want you to decide if these functions have a discontinuity and
if they do tell me whether its just a hole or an asymptote or a jump in the graph.
You can do each one separately.

( Completing a table of values. In degree mode.)

You are making a table for letter (a)?

It looks like you got close to the same values for all of them.

Why did you pick those values: -2, -1, 0, 1, 2?

S: Just to get an over all look of what the graph is like.
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I: Is this function continuous or is it discontinuous somewhere?

S: I think this one is continuous.

(Working on (b).)

I: What are you doing? I think you are doing something.

S: I'm trying to get a vertical asymptote from the bottom.

I: I see. By doing what?

S: By trying to get an x value from making it equal to 0 by trying to
factor.

I: I don't think that one can be factored.

S: I don't think so either.

I: You kind of did it in your head?

I: Can you think of another way to do it if you can't factor it?

S: I don't really know.

I: I just wondered if you could think of a way. Getting back to the factors, can you give
me an example of one that is factored that would have vertical asymptotes that you
were talking about. I mean--just make one up.

S: Just get something like you could factor it into something like this.

I: Give me an example of what might be on top then.

S: It could be anything.

(His example. ( x - 1 )( x + 5)

I: In your problem that you've made up, where are the vertical asymptotes?

S: It would be on 1 and -5.

I: What if the top were (x - 1) like this top is (x - 1)? Then would you still have a
vertical asymptote at 1 and -5.

S: I think there still would be one.

I: I just wanted to back up to this one again. You decided that this was continuous by
looking at these points--an over all view from the values you got? Is that right?

S: Yes.

I: I just wanted to double-check that.
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(Back to #2.)

There's one I had another question about. Oh! This one when you said you just
dropped this out. I can't remember if I asked you to explain why you dropped out the
2 to the 1/x.

S: It was undefined.

I: So if it's undefined then you can just look at the 1 and the 1?

S: I guess this would be undefined, too.

I: The limit, you mean?

S: Yes, the limit would be, too.



2. Investigate:

1. Investigate: limx_2 x3 + 2x + 5.

c() ".c ())14
(0 ) 0

3 -1- 4 4- 544f n

1Iim0 1 / x
1 + 2

= 1

0

Let f(x) = (1 - .5x)11x.

(a) Find f (2).
( b) Investigate: 119(40 f )

-DNIE

Find f '(x ) if f(x) = 3x4 - 5x3 - 9x2 + x - 1.

0, 7
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5 . Let f(x) = x3(x - 1)4 and

f '(x) = x2( x -1 )3(7 x 3).

Find all critical points of f. Classify each as producing a local
maximum value, local minimum value, or neither.

( a ) f(x)

(b) f(x)

4 sin(x )

x -1

6. Determine all discontinuities for each function below and classify
each as a jump, a hole, or a vertical asymptote.

3 2
- 5 x3x -6

C.)

412
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Name: Ned
Class: Integral Calculus (Experimental Class)
Sex: Male
Grade:
Calculator: HP 28S

2

Evaluate: j x dx .

-1

S: I'll graph it just for fun.

x2
(Graphing y= using the calculator.)

I: What are you doing now?

S: I'm going to actually have the calculator integrate it. It says the
answer is 1.5.

Using The Fundamental Theorem of Calculus we get the following
result:

311./ 4

Isec2(x) dx
,37r/ 4

= [tan(x)jo

= tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

I: Go on to the next one. Make sure you understand the question.

S: Which one, I or II? (Referring to the Fundamental Theorem of Calc.)

I: Do you understand the question?

S: I think I've got it.

I: What are you doing now?

S: I'm just putting in tan(x). Then I'm going to use SOLVR. I can't
remember what tan(0) is. So I'm just putting 0 in for x, which is 0.
I just wanted to make sure. The only thing I'm not really sure about

is when you integrate seclx) if you end up with tan(x).



4 1 4

I: You do. I can tell you that.

(Pause.)

Do you think that you could use a graph or anything to determine if the answer is
correct?

S: Actually, I can just plug it in and it will tell me the answer.

I: I suppose that would be one way to justify the answer or determine whether it was
correct.

S: I'm going to do the integral.

(Finding out what 3rr.14 is numerically.)

(Talking through the calculator steps.)

The main disadvantage of the 28 over the 48 is that it won't do
integration symbolically. Also for some reason the 28 only runs at
half speed whereas the 48 runs at full speed all the time. Is it all
right if I start looking on the next one while this is working?

I: Sure.

S: My low battery is flashing. I have some friends on my floor who are
sort of experts. They said it would go for a month or so as long as 1
don't export to try and print.

(Reading problem 3.)

I am assuming C is 0 here. (Referring to Task 9.) I probably shouldn't
have put in quite so many decimal points. (Referring to Task 8.)

I: It's still going?

S: Yes. I've never had it take that long before.

I: You said you could check this one with a graph? How could you use a graph to check
this answer?

S: It gives me what the antiderivative is. You just plug that in, graph it
and look from 0 to 2.35. Then just Riemann sum it. There's another
way I could actually do it. I could actually do it with a Riemann sum
type thing. That is I put the equation in, which would be tan(x), and
then go into SOLVR which is where you set x to different values and it
will tell you what the y value is or the f(x) value is and I can pick
how many increments I want and I'd start at 0 and maybe go by .5 and
I'd find all the values given the right-hand corner or whatever with
the Riemann sum. It will hold those in my stack. Then I just add
them all together and multiply by whatever my width unit is, which
might be .5. That would give me the answer also.



: Do you think that's a feasible way to determine whether the answer is correct?

S: I'm really surprised this is taking so long.

(Pause.)

One of the downfalls of the Riemann sum is that it won't be exactly
accurate. I'm going to have to pick 2.35. The other thing is it really
helps to use even units. I think I am going to go by .5 to 2 and then go
from 2 to 2.35 and then add those together. I'm going to use the right
endpoint.

: You're doing the Riemann sum with what function?

S: The tan(x). What it's telling me is just the height of the graph at
that one (endpoint).

(Talking through the procedure.)

The answer I came up with is totally different. I came up with 6.65.

: Which answer do you think is correct?

S: The -1 seems more feasible. I know that sometimes the calculator
does have flaws that seem sort of minor but they can be compounded.

: What are you doing?

S: I just graphed tan(x). It's asymptotic. I'm not sure where it's
asymptotic at, exactly.

I'd say that it's probably asymptotic at 7c/2. It's probably
asymptotic at 7C.

Right now, I'd vote for the -1.

There isn't a negative value for 0 to 37c/4 according to this graph. I

don't know what to do now.

I'm going with the 6.65 now because it seems more reasonable now. I

know that there are some quirks with tan(x) and stuff like that as far
as the asymptotes. I don't know enough about it.

Should I go on to 3 (Task 9)?

: Sure, go on to the next one.

Before you go on let me ask you one more question just to clarify. Why would you
say the Fundamental Theorem of Calculus is not working in this second problem?

S: The reason? All this information is correct?

415



4 1 6

I: Those steps are correct. The antiderivative of sec2(x) is tan(x).

S: I don't know. That's what's bothering me. I almost think you might
plug these numbers into secix). I'm pretty confused. I don't know.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

(2,-2)

(5,3)

1: Let's move on to the next one.

What did you do?

S: All that I need to do to sketch the antiderivative is to--I was putting
the slope down on here whereas I need to graph the total distance
travelled or whatever or the area basically. The area right here is 0
because we're going to assume C = 0.

(Sketching an area function.)

I'm just eyeballing this.

I: What information are you using?

S: The antiderivative is going to be the total area covered here. (Talking
through this.) At 1 it's dropping off because the speed is dropped off.
And it's 0 here and it's going to start going down from 1.

(Pause. Finishing the sketch.)

This represents the slope. Here the slope is 0 and here the slope is
-2. Actually, I should have drawn a slope field.

(Verifying his previous drawing.)

(7,3) 111111MINIONIII
1111111111111111111111111

ummus
1111111111111111111

11111111M111111111
11111111111101111
111111111111111111111111111

111111111111111111111
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I: This then is the antiderivative of this function. Is this the only antiderivative? Any
reason why you started at the point that you started at?

S: Yes. Either I would have had to draw it this way and assume that C
was 0 or I would have drawn a slope field which represents what the
slope would have to be at 0 at 1 at 2 at 3 at 4.

I: How many different antiderivatives are there?

S: An infinite number depending on what C is. C can be anything. The
graph will look like this. The C value will move it up or down on the
axes.



Name f\IecL

2

7. Evaluate: fx dx .

-1

8. Using The Fundamental Theorem of Calculus we get the following
result:

o
3 7E / 4

f2 3 7r/ 4
sec (x) d x = [tan(x)13

= tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

ealkt_ Lri
ITAksLer,61t_

8-1-6A,
0- 6 rtJ1

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(5,3)
(0,3)

(1,0)

(2,-2)

s

(7,3)

418
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Name: Opal
Class: Integral Calculus (Experimental Class)
Sex: Female
Grade: A -
Calculator: HP 28S

2

Evaluate: Jx dx .

-1

(Evaluated by hand.)

Using The Fundamental Theorem of Calculus we get the following
result:

3 7C / 4
2 3704f sec (x) dx = [tan(x)I,

= tan(37t14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

I: I want you to determine if this is the correct answer for this integral and to justify
your answer.

S: This is correct and all you do basically is say yes that works in there.

(Graphing cos(x) by hand.)

I: Cos(x) doesn't go like that. It starts at one.

S: I'm really lost on that one. Can I use my calculator?

I: You sure can. Certainly, any time you want.

S: Oh yes. This is not the graph I was expecting. But now I'm
remembering a little bit more. This doesn't seem very reasonable
because it's going to extend on to infinity and you aren't going be able
to get the area underneath that curve. That would be my response. Do

I need to write that?

I: Yes. Please write that.

Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].
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(2,-2)

I: The last one. This is the function little f and I want you to sketch the graph of its
antiderivative.

S: I'm used to sketching the derivative. Now this is the slope. From 0 to
1, the slope is positive means it's going up this direction. From 1 to
2 it's negative, so decreasing. (Pause.) From 3 to 5, it's positive. Do

I need to worry about on that y-axis the slope is at (0, 3)?

I: What is 3?

S: The 3 is telling me why--It's telling me--I'm not sure what it's
telling me now.

I: The value of the derivative tells you what?

S: Oh. The slope. So the slope is 3. So I'm way out in left field.

I: No, you are not.

S: I've got the general curve I think. (Thinking out loud.) f(0) is 3.

The slope at 0 is 3 which is positive. It should go through about that
point. This point is a linear increase. That means this is a smooth
curve in here. If it's a straight line then the derivative would be flat
like that. The slope here should be 3. At 1, it should be 0. That's
right. The slope should be -2. I have a positive slope for that one

there. The derivative of x2 is a linear function all I need to do is

draw an x2 function in here.

Could you make F(2) = -1 be a point on the graph?

S: All this is telling me is that it's changing from increasing to
decreasing.

I: You don't need to do it. Just tell me how.
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S: I can just move this down however I need to.

I: For this curve, is there a unique antiderivative that you can sketch?

S: No. You could do several. With those numbers there is a unique one.

I: For this curve, how many different antiderivatives are there?

S: An infinite number.



Name °_19a-1

2

7. Evaluate: jx dx1

8. Using The Fundamental Theorem of Calculus we get the following
result:

3 it/ 4

sec2(x) d x = [tan(x)13311/4

0

tan(87E14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.
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9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].



Name: Paul
Class: Integral Calculus (Experimental Class)
Sex: Male
Grade:
Calculator: HP 48SX

2

7. Evaluate: $x dx
-1

(Evaluated by hand.)

. Using The Fundamental Theorem of Calculus we get the following
result:

3 7E / 4
2 37c/4

sec (x) d x = [tan(x)t

= tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

: Let's go on to the next one then.

S: We can use the calculator, right.

: You understand what the question is asking?

S: Yes. I just wanted to make sure I got the antiderivative right.

: Are you just evaluating the integral in the calculator?

S: As opposed to working it all out by hand.

(Inputting. Made several errors.)

: Getting an answer?

How did you input? Did you do numerical?

S: Yes.

l Is there any other way that you could check?

S: I could go through and probably do it by hand, too.

423
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I don't know right off the top of my head the antiderivative of

secix). I assume it probably is tan(x).

I: Anything else you can do? Another way you can check this definite integral is equal
to -1?

How about using a graph? Could you use a graph to check?

S: I would prefer not to use a graph because I don't work well with
graphs.

I: Is there anyway that you could check this answer using a graph?

S: Probably, graph the function and using the limits and see where it
intersects. I'm not real positive on that.

I've never actually done these with a graph before.

I: Did you get an answer on your calculator?

S: No, I must have done something wrong.

I: What are you doing now?

S: Figuring this out. I'm getting something like 3.7 for the answer.

: What are you doing?

S: I'm just trying to get the tangents of each one of these.

(Interviewer thought he evaluated tan(75°) - tan(0°).)

I: Suppose I tell you these steps are all correct--is there any way you know at all to
check that to see if that would be right or wrong? Or do you have any reason to
suspect that there could be anything wrong?

S: Like I said in the beginning everything looked right. I just had to go
through with my own observation to see if everything was in the right
spot.

I: But you said yet when you input it into your calculator, you didn't get an answer.

S: I got 3.7.

I: Which answer do you think is correct?

S: I'd probably have to go with this one. Another problem I could have is
where I misinput it in the EquationWriter. Then I pressed enter and
didn't double check it. I could have put an error in too. I don't know.

I: I'll ask you one more time, you don't think that you can use a graph at all?
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S: I'm sure you could but I wouldn't want to.

I: Do you want to decide whether or not the answer is correct before we go on to the
next one?

S: I'm going to stick with my 3.7 because I keep on getting the same
thing.

I: Write down your answer to the question.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

I: Let's go on to the next one. Do you understand what the question is? Tell me what
you think it's asking you to do.

If you sketch a function here, what relation does that function that you are given
have to it?

S: This is the derivative.

I: So you understand the question.

S: Yes.

I: I'll give you a minute or two to think about it.

(Pause.)

Are you having trouble getting started?

S: Yes.

The way we did this we had an equation and had slope field lines and
worked through it.

(5,3)

(7,3)
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I: You don't have the equation for the derivative but you have some information. You
have some points. You have that point (0, 3). If you know that (0, 3) is a point on
the graph of that function, what does that tell you about the function you are trying
to draw? Does it give you some information?

S: These two would give me the slope of this line. (Referring to two points.)

1: If the point (0, 3) is a point on the derivative what does that tell you? It tells you
when x is 0...

S: y is 3.

1: What is y?

You tell me that this function here is the derivative of the function you are looking
for and (0, 3) is a point on it. x is 0, y is 3. What is y representing?

S: Good question. y is just a point.

I: The y coordinate gives you the functional value, right? At x = 0, the value of the
function which is the derivative is 3. If (0, 3) is on the graph of the derivative, at
x = 0 the derivative is equal to 3. Does that help you to draw the graph of the
function if you know what the derivative is at 0?

S: The derivative at 0 is 3 and 3 is up here.

I must not be catching on. If I use that each time, I'm going to get the
same type of graph.

I: If you know that the derivative is 3, what does that tell you about the function? Can
you make a connection with knowing what the derivative is and knowing something
about what the function looks like itself?

What does a function look like if it has a derivative equal to 3?

S: The function plus 3.

I: What does the picture look like?

If you know that the derivative is equal to 3 at 0, you know the slope is equal to 3
because derivatives give you a slope. (0, 3) being a point on the derivative means
that on the graph here at 0 the slope is 3.

Does that help?

S: You want me to try to graph that?

(Graphing.)

I: You started up here at this point. Any particular reason?

(Not clear on the tape.)
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This is the antiderivative of this function over here. Is this the only one or are
there more?

S: There's probably numerous ones. There might be another one because
this has more than one derivative.

Could you draw another one? Could you draw one through a particular point, say the
point (2, -1)?

S: Sure. Just have the same slopes. Just start from here.

I: That's great.



2

7. Evaluate: fx dx
1

3 / 4

fsec 2( x ) d x

0

5-`

8. Using The Fundamental Theorem of Calculus we get the following
result:

3704
= [tan(x)13

= tan(3n/4) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.
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9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

(2,-2)

(7,3)

.0%
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Name: Rex
Class: Integral Calculus (Experimental Class)
Sex: Male
Grade: A
Calculator: HP 48SX

2

Evaluate: Jx dx.
-1

(Evaluated by hand.)

Using The Fundamental Theorem of Calculus we get the following
result:

3 7c/ 4

fsec2(x)
d x

0

= rtan(x)133704

429

= tan(37r14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

: Go on to the next one. Read it over and make sure you know what the question is
asking.

Do you want to tell me what you are doing?

S: I'm first going to check out that the tan(37c14) is -1 and the tan(0)
is 0. I found out that that was true (using the calculator). And put the
integral into the calculator and see what happens.

: You just entered the integral?

S: Yes.

: Waiting for an answer?

While you are waiting, is there any other way you could think of that you might be
able to check and see if this is right?

S: I could take the derivative of thatjust to make sure they did the
Fundamental Theorem right or I could graph that.

:

2
Graph sec(X) ?
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S: And approximate using Riemann sums.

I need to make it less accurate. (Changing the accuracy to 3 decimal places.)

The other way I might do it is plot that out and on my plot function
there's a function you can just start at 0 and go up to 37/4 hit AREA
and it will do it that way.

I: Still no answer?

S: How about pursuing one of these other ideas that you had?

I: Explain what you are doing.

S: I'm going to the plot function with 1/ cos2( x) .

I: Does the graph give you any clues as to whether this is right or not?

S: It doesn't seem like it's right.

I: Why not?

S: There's asymptotes at 7/2 that go to infinity. The area would be
much larger than -1.

I: Where did you say the asymptote was?

S: It seems to be at 7c/2.

I: Which do you think is correct then?

S: Sometimes the calculator does weird plots and...if that's the real
derivative then I trust the normal way. (Relating an example from class
concerning the square root function.)

I: The antiderivative of secix) is tan(x). Why are you not getting the answer -1

when you ask the calculator to do the integral?

S: It's having problems at the asymptote. The area wouldn't be -1.

I: Why not?

S: It's all above the x-axis.

It might be it's having problems because I have to use 1 over cos(x)
and that's on the bottom instead of just sec(x).

I: But sec(x) is equal to 1/cos(x).

What's your answer to #2 ,(Task 8)?
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S: I think I'll go with this answer.

I: Do you want to write down your answer on your paper then? Give me a reason for
why you think it's a right answer.

(Pause.)

Let me just ask you then what information does the graph of secix) give you as far

as this definite integral is concerned.

S: It didn't really come out right so it didn't give me too much. I'm sure
there's information that I'm not getting.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

(7,3)
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I: Move on to the next one. Do you understand the question?

S: I'm going to get the area underneath of the curve from here to here
and then plot it.

(Pause.)

I: Do you have a problem?

S: I sort of forgot if I should use the right endpoint for finding the area.
If I do it has to be 0. If I use 1/2 base times height, the height here
is 0. I'm not sure if I should do that or...(tape unclear.)

(Pause.)

I: What you are doing is approximating the area under the derivative curve at each
point and plotting the points?

S: Right.
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I: This is the antiderivative of this function here. Is this the only antiderivative of
this function or are there others?

S: That's just the basic shape. It could be up and down.

I: Why did you start where you started? Any reason?

S: Just as a starting point.

(Pause.)

I'm not sure if I did that right. If we were given the actual function
and we put it in the calculator and get a slope field, then you could
sketch the slope field and I think that's what I should have done.

(Pause.)

I was supposed to plot the antiderivative. Then when you take the
derivative of--that is the slope at any given point. That should give
the plot on this. Can I do this over again?

1: Yes. If you see another way that you'd prefer to do, that's fine. Do it off to the side
or something.

S: I'll just use the same numbers that I got. If I take these numbers, I

think it's the arctangent. Then you can find the angle at which the
slope is.

(Pause.)

I: What are you using your calculator to do?

S: Since the derivative of the antiderivative is--when you get your
antiderivative and if you take the slope of it, y/x, that's the tangent
of q of the angle from the x-axis. So if I have that number from the
derivative then. I know what I'm doing wrong. I'm supposed to take
the actual number from the plot instead of the area under it.

I'm going to put all of these into the calculator

I: Each of the y values from the derivative?

S: And take the arctangent of it. That's the angle it makes with the--and
I can just draw that angle there. At 0, it's about 700.

(Calculating arctan(each slope) and constructing a slope field and then an

antiderivative.)

That seems to be about the basic shape of as the first one I got. That
can be anywhere up and down the axes.
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7. Evaluate: Jx dx
X9-

Using The Fundamental Theorem of Calculus we get the following
result:

3 TC / 4
3 7r I 4

f sec2(x) d x = [tan(x)t

= tan(3n14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.
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Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(1,0)
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Name: Sam
Class: Integral Calculus (Experimental Class)
Sex: Male
Grade:
Calculator: HP 28S

434

Evaluate: .1. x dx .

-

(Evaluated by hand.)

Using The Fundamental Theorem of Calculus we get the following
result:

3t/4
sec2(x) dx = [tan(x)Pni 4

0
= tan(3704) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

: Let's move on to the next one then. I'll give you a minute or two just to read it over
and then if you have questions on what it's asking we can talk about it.

S: Can I use a calculator to figure it out?

: You can use the calculator at any time.

S: Justify it?

: Yes, how would you justify it?

You are claiming that the answer is correct? Is there any other way that you could
check it?

What are you doing?

S: I'm just going to integrate on this.

: On the calculator?

S: Yes. Secix) is 1 over...

: Cos2( x ) .

You have a result?
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S: No. I think it will pop it out eventually. This is the longest I've ever
seen it go.

: While it's going, see if you can think of anything else you could do to verify or check
this.

Any other way you know of to check an antiderivative?

S: Yes, going backwards.

: Here we are looking at a definite integral.

S: I'm drawing a blank.

Still no answer? Could you use a graph?

Graph it out and check to see if the actual area between these two is -1.

S: Is it 1/cos2(x) ?

: Right. Secix) would be 1/cos2(x) .

What do you see from the graph?

S: Between 0 and 33T/4, it doesn't look like it's -1 because this area
should be positive.

: Before you thought this answer was correct. Do you still think it's correct?

Which do you believe? You see one thing on the calculator and another thing on the
paper. Which one do you thing is right and why?

What are you checking?

S: I'm integrating again.

: What did you get this time?

S: 124.

I: What's going on?

S: I don't know. I'm confused.

: You didn't see anything on the graph that might give you a clue as to why something
strange is going on?

S: It goes off to infinity.

: What are you doing now?
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S: I'm just going to graph it again.

Doing it this way, this would be correct but graphing it, it doesn't
look like that's right.

I: Which answer to you want to go with?

S: I suppose I'll stay with this answer (-1).

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

I: Let's move on to the next one and I'll give you a minute to look at that and see if you
understand what we are asking.

Rephrase the question. Tell me what you think you are being asked.

S: This is just a function. Sketch the antiderivative function of that
function.

I: If you sketch the antiderivative here, what relation is this to that function.

S: It would be the derivative of this function.

I: Right.

S: So it's decreasing. No, it's the antiderivative. This would be the
derivative.

(Pause.)

I: Look at one of the points here. Let me see if I can give you a hint here. Say this
point (0, 3)--does that give you some information? If you know (0, 3) is a point
on the derivative, does that give you some information?

S: It's positive.

(7,3)

olownwwwww=111111-
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: What's positive?

S: The point on the graph is positive. On the derivative graph, the
function is increasing at positive points.

: You can't talk about positive points because you have two coordinates.

Focus in on this one point, (0, 3). What does that mean? How can you interpret the
point (0, 3)?

S: As this just being a graph?

: Yes.

S: It lies on the y-axis up 3 points from the x-axis.

I: Let me interpret it for you then. When x is 0, the function has value...

S: 3.

: That's one way of saying it. But what function is this?

You told me before what function we were looking at here. This is the derivative of
this one, right? This function here represents the derivative. If we know that on
the derivative graph when x is 0 the function has value 3, what is that telling us?

S: That's where it's--I don't know. I can't remember.

: The point (0, 3) being on the graph of the derivative tells us that when x is 0 the
derivative has value 3. Derivative is synonymous with slope. At 0, the slope of the
function is 3. Knowing the slope at that point, does that help you draw the graph?

S: It would have slope 3 at 0.

This is a starting point.

: Why that point?

S: It doesn't give me a starting point. Can't determine it from this
graph.

: I just was curious why you were starting there. That's fine. Go ahead and start.

(Drawing a partial slope field and an antiderivative. )

S: Every slope is the same here. All the way up and down.

: How many antiderivatives does this function have?

You've drawn one.
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Could you draw another one say through a particular point, through the point
( 2 , 1 ) ?

S: It would just be the same. The slope is the same at every point.

I: Any guesses as to how many antiderivatives there might be?

S: An infinite number up or down.



5a rn
N a me

2

7. Evaluate: j x dx
-1

Using The Fundamental Theorem of Calculus we get the following
result:

3 Is/ 4

2( 37"x) dx = D 13an(x)sec
0

= tan(37c14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(5,3)
(0,3)

(1,0)

(2,-2)

(7,3)
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Name: Tim
Class: Integral Calculus (Experimental Class)
Sex: Male
Grade:
Calculator: HP 48SX

Evaluate: f x dx .

-1

(Evaluated using calculator.)

Using The Fundamental Theorem of Calculus we get the following
result:

3 It 4f 2 3704
sec (x) d x = [tan(x)13

0

= tan(37c/4) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.

: Go on to the next one. Read the question over and make sure you understand it.

S: I understand that the Fundamental Theorem of Calculus takes that and
expresses it as an antiderivative and expresses that as the difference
between those two. That gives me that. The only way I know how to
check it is to put it in the calculator. If I was familiar with some of
the other substitution--that's my weak point. If I was familiar with
some of the other stuff, I might be able to do it by hand faster. I know
how to put it in there so I do that. It usually works. Sometimes, it
balks at some of these things.

(Pause.)

I used 1/cos(x) as the sec(x).

: Is there any way you could use a graph to check it to determine whether or not the
answer is correct?

S: I can graph it from 0 to 32t14.

: What would you graph?

440
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You said you could graph sec2( x) ?

How would that help you determine whether the integral is correct or not? How
does the graph help?

S: With this I can mark the ends of the curve and I can ask it what's
underneath the curve with the 48. It will give me the area under the
curve. It will give me a close figure which would verify that in
the ball park with this one.

I can help myself by setting the ranges, my x range from 0 to
( 3 n I 4 ).

(Pause. Trying to alter x range. Chatting about the calculator.)

An asymptote which I anticipated.

(Using AREA function.)

That doesn't look right at all. That isn't going to get me anything
because of the asymptote there. The tangent is another one of the
same type of functions.

I: You say it's not going to give you anything? Which do you think is right? Is the
calculator giving you the right information or the Fundamental Theorem? What's
going on?

S: I see the asymptote as being the problem. I have to stop and think
back. I do remember you have to talk about your limits and your
ranges when you are using that. It only works if you specify a range
and it's continuous over that range.

I: Do you have an answer to the question, though?

S: What is the question?

(Reread question and answered it on paper.)

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].



(2,-2)
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: Move on to the next one.

Do you understand the question, okay?

S: No.

I remember doing this at the first of the term but I'm going blank on
that.

: Draw a function here that's the antiderivative of this one. If you draw the function
here, what relation does this function have?

S: My thoughts tell me it should be a matter of slopes.

I: This function will be the derivative of the function you are trying to draw.

S: This is the function of slopes here. At this point the slope of this line
will be 1 and that should be....

: Look at the point (0, 3). (0, 3) is a point on the derivative of the function. What
does that tell you? What does it mean (0, 3) is a point on the derivative?

S: I know that at the point x = 0, is 3.

: The function has value 3. At x = 0, this function has value 3. What does that tell
you? What does this function represent?

What this point is telling you then is at x = 0, the derivative is equal to 3.

S: At x = 0, the derivative is 3. If the derivative is 3, it should be a
slope like that.

: At 0, the slope is 3. Right. You made the connection. The derivative gives you the

slope.

S: At 1, it's 0. At 1, the slope is 0.

(Drawing a slope field and ,an antiderivative.)
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What we have here is that this goes off into the distance with a slope
of 3. It's going to look something like that. This could be offset by
any amount C up or down the graph.

I: So you are saying that this isn't the only antiderivative?

S: The antiderivative has always got a constant attached to it which can
be drawn at any point on the vertical.

I can put it in the calculator and draw a slope field for you and
explain it to you. You can't do that with this one because it's a made
up function.



Name riorl

7. Evaluate:

8. Using The Fundamental Theorem of Calculus we get the following
result:

3 z/ 4

isec2(x) d x = [tan(x)1137"
0

= tan(37c14) - tan(0) = -1 - 0 = -1.

Determine whether or not this answer is correct. Justify your
answer.
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9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

x dx .

(2,-2)

(7,3)
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Name:
Class:
Sex:
Grade:
Calculator:

Ursula
Integral Calculus (Traditional Class)
Female

non-graphing

Evaluate:

The first one is just to evaluate that integral. Write it out. There are a couple of
questions as we move down the line that I'll ask you about.

(Evaluating.)

That was kind of a warm up to get going.

Now try to evaluate this one.

(Evaluating.)

S: Did you want it evaluated?

445

3n/4
I I

I I 5
-7C/ 2 37C/4

-5-

y = sec2(x) y= tan(x)

3 IC I 4

Evaluate: f sec2(x) d x

0

(At some point during the interview, the traditional students were
shown the following graphs.)
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I: Yes. Go ahead and evaluate it.

Are you in radians or degrees?

S: I'm in degrees.

I: That might help.

Did you evaluate the tan(0)?

S: Yes. It was 0.

I: I have a graph of that function of secix) and of tan(x). Given your answer that you

got there, when you look at the graph, does that help you see if the answer is right?

S: It doesn't help me because I have a really hard time looking at graphs
and applying them to formulas.

I: What is the relationship between secx) and this definite integral from 0 and

3ir./4? Is there any relationship between this number that you get out and the

graph? I'm still pumping for the same question. I'm just trying to reword it a
little bit.

S: I don't understand what you mean.

1: When you first started doing integration, did he relate it to anything geometrically?

I'm probably not asking the right question here.

S: The derivative is the line that is tangent to the curve at that
particular point. The integral is the reverse of the derivative. I

understand that concept but graphs--when he uses graphs especially
with trig graphs--If he explains it, I can usually follow along but I

can't comprehend anything on my own, usually.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].



(0,3)
(5,3)/ if (7,3)

IIIft x

(1,0) t (3,0)

(2,-2)
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: The last one is--this is a function. I'm asking you to sketch over here an
antiderivative. I'll let you think about it for a second and make sure you know what
I'm asking and then if you want some hints, I'll give you some hints.

S: I can tell you right now, I'll probably need hints.

: Do you know what I'm asking?

Tell me in different words what I'm asking you to do.

S: You want me to basically take this function and integrate it and draw
the function oi integration over here.

: Right. What would be the relationship in terms of the word derivative between

these two?

S: This one would be the derivative of this one.

: Okay. That's what I wanted to know.

S: I just don't know what to do to begin.

: First hint. If (0, 3) is on the graph of the derivative, does that tell us anything
about the original function--just thinking about (0, 3) and that information?

S: That will be a critical point.

: Why are you saying that?

S: Any point where the derivative of the function is equal to 0 is a
critical point.

: Remember this is the derivative.

S: Right. I hope we don't get a question like this on the exam?

: Write down on your paper here, F' (0) = 3. Does that tell us anything about the
ra h of F which is what we are trying to draw?
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S: F(3) = 0?

I: Possibly. That's not a right or a wrong. It could be.

What if I ask you what the slope of F is at x = 0?

S: 3.

I: If the slope at 0 is 3, what does a slope of 3 look like?

S: It's a line going up in this direction where it's 3 over 1.

I: Let's not use the grid. Let's draw an axes and let's try to take a guess. When x is 0,
you said the slope is 3. Let's move on and look at the next point that I've got marked
on the curve. (1,0)--what does that say?--and see if we can make a graph here.

Connect the curve 1ogether somehow.

(Drawing an antiderivative.)

That looks good. How many antiderivatives does a function have?

S: It has an antiderivative at every point.

I: If I asked you to draw another antiderivative where the point (2, -1) was on the
graph, how could you take this and possibly do that?

S: How many anticlerivatives does a function have?

I: Yes. You just told me there were an infinite number of antiderivatives.

S: Everyone varies with a constant. I guess that can be infinite.

I: If that's the case, we should be able to draw another one. This time I want to make
sure that on the graph it has the point (2, -1).

S: You want the point (2, -1) to be on the graph?

I: Yes. See it's not on this graph. I want it to be on the graph of some antiderivative.

S: Of the same f(x)?

I: Yes. Same function. We have this one antiderivative where you started at (0, 0).

S: Lower the whole graph by -2.



Name lA rt,c1

2

7. Evaluate: .1 A dx .
-1

3 7/ 4
2

8. Evaluate: I sec (x) d x

0

L-lan
xT4Fir

0

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(5,3)

rlII
8.- x

(1,0)
(3,0)

(2,-2)

-(924)

(0,3) (7,3)
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Name:
Class:
Sex:
Grade:
Calculator:

Vincent
Integral Calculus (Traditional Class)
Male

no ii

3 n 4
2

Evaluate:
Jsec

(x) d x .

0

(At some point during the interview, the traditional students were
shown the following graphs.)

IT-1-1-15x
_702 3704

- 5 -
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2

Evaluate: f X dx
-1

(Evaluating.)

y = sec2(x) y= tan(x)

I: Move on down to the next one. There's another definite integral that I want you to
evaluate.

S: I'm not sure this one is correct. The derivative of sec(x) is tangent -
secant x.

I: Right.

Whose derivative is sec2(x) ?

S: Tangent?



I: Yes. Will that help get you going?

(Evaluating.)

What did you just use it (the calculator) for?

S: Finding the tangent of 135°.

I: Some more with this one before we take a look at that one. You got -1. I'm going to

show you a graph et secix) and the graph of tan(x) both. Does that answer seem to

make sense?

S: Area under sec2x) between 0 and 37c14. -1 does not seem right.

I: What seems to be wrong with it?

S: It's above the x-axis so it would be positive.

I: If I tell you that all your work is right from here to here to here and -1 is what you
get going this way, why would it not seem to work here but yet this one up here is
perfectly fine--the first one that you did?

S: Everything that I did was correct?

I: Is there a reason why something went haywire with this one but the other one is

okay?

S: I don't know.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

(2,-2)

11111111.111M.
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I: Let's take a look at the last one. This is the graph of some function. What I would

like you to do is to sketch an antiderivative of this function.

451
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S: So the derivative of this will be this.

The slope to begin with would be 3 at 0.

I: If you don't like the grid you don't have to use it. You can make your own axes.
Sometimes it's helpful and sometimes it's not.

S: I guess I should start with the inflection points where the derivative
equals 0. At 1, it's going to have a 0 slope and at 3.

I: Remember this is just a rough sketch. It doesn't have to be perfect.

S: Oh. Okay. The slope between here and here is positive. It's going up.
Between here and here it's negative so it's going down. It's positive
from here on out. Slope is decreasing. I know what the slopes are but
I'm having trouble figuring out exactly the magnitude--how high--
where it starts.

I: Be sort of arbitrary.

S: It can be off by a constant, right?

I: Yes. You do it and we'll decide if it's just an arbitrary constant.

S: It would be decreasing until it got to this point and then coming back
up. After it 901 to 5, the slope is constant at 5. We know the slope is
5. And that would be a straight line, right?

I: At 0, the slope was about what?

S: 3.

I: At 1, the slope was?

S: 0.

I: At 3, the slope again was?

S: 0.

I: Then at 4, the slope was what?

S: 5. And it stayed that all the way to 7.

I: At 5,6 and 7, the slope is 5.

You asked if it was going to be off by a constant. What made you say that when I

asked you to draw an antiderivative?

S: If you take the antiderivative of something, if it's a definite integral
then you have numbers. If it's indefinite, you have to add a constant
because you don't know what it's going to be.
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I: On this graph what Would versions of other antiderivatives look like?

S: It would be this curve lower down or higher up.

I: I've asked you to draw one through the point (2, -1). Can you adjust yours? I

purposely didn't say anything earlier because that's a little distracting at first to be
focused on that one point (2, -1).

S: I just transfer all my points down.

I: One more thing. I want to go back and just double check how you found the slope of
this line when you said it was 5.

S: This value right here would be the slope of the tangent is what the
value for this is. The ma nitude here is the same as the slo e here.
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Evaluate: Jx dx .

-1
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2

Evaluate: sec (x) d x
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9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

I.

(2,-2)
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Name:
Class:
Sex:
Grade:
Calculator:

Co)

Wayne
Integral Calculus (Traditional Class)
Male

non-graphing

3 7/ 4
2

Evaluate: sec (x) d x

0

(At some point during the interview, the traditional students were
shown the following graphs.)

'
_

x

_702 3704

- 5 -
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2

Evaluate: f x dx .

-1

(Evaluating.)

y = sec2(x) y= tan(x)

Then the next one.

(Evaluating. Evaluated tan(37c14) using calculator.)

I want to give you a graph of the secix) and the tan(x) and see if you have an

opinion about whether this answer seems to make sense according to the graph.

S: I never looked at the graphs.

I: I just was wondering if you had an opinion. If you don't really have an opinion,
that's okay too.



9 . Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

I: The last one isI've given you this function over here
would like you to try to sketch an antiderivative.

S: I'm clueless.

NOMINEE=
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111111111101111111111111111MMI=
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and from that function I
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I: Let me see if I can help you along here. First of all, do you realize what I was asking
you to do is sketch F where this was F'?

S: Yes.

I was thinking to find F

I: You mean?

S: Get the function.

I: An equation?

S: Get an equation for the function.

I: I think that's possible probably. Let's see if we can do it by looking at information
that the graph provides. If the point (0, 3) is on the graph of the derivative, does
that tell you anything about the graph of the original function?

S: xis 1. (Talking to himself. Mentioning tangent and secant squared, sine and
cosine. Sketching the graphs.)

I: Write down on your paper F '(0) = 3. What does all of that say in words to you
about the original function F? Does it say anything?

S: Take the antiderivative of 3 that's 3x.
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That would be just at 0, though.

S: When x = 0, the function equals 3.

I: Let me ask the question in a different way. What's the slope of the function when x
is 0?

S: 3.

I: Are you able to visualize...?

S: It would be going up about like that.

I: See if you can carry on a little bit with the other information.

S: At 1, it's 0. So when you're at 1, you're going like that. It's
increasing. So that's a maximum, right there. x = 1 there's a
maximum there somewhere. At 2, the slope is -2. It looks like that.
And at 3 there's another change--is a min. At 5, it's increasing. It's
going back up at 5. It just continues up.

I: Nice job. You drew a graph of one antiderivative. Does this function have other
antiderivatives?

S: Yes. It can be above it or below it.
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2

7. Evaluate: fx dx .

-1

3 it I 4
2

8. Evaluate: f sec (x) d x .

0
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9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

Mo.
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Name:
Class:
Sex:
Grade:
Calculator:

Xavier
Integral Calculus (Traditional Class)
Male
A
none

2

Evaluate: fx dx .

-1

(Evaluating.)

I I I I0(II 5
_Tc/2 3n/4

-5-

2
y = sec (x)

I: Another one to evaluate.

(Evaluating.)

Are you thinking of it in terms of degrees?

S: 270°.

I: No, I think it's 135°.

S: Oh, yes. It would be -1.

y = tan(x)

37i:14

Evaluate: sec2(x) dx .
0

(At some point during the interview, the traditional students were
shown the following graphs.)
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I: Did you evaluate the 0?

S: We can evaluate it but it is 0.

I: That's what I wanted to know. I didn't know if you had just ignored it or if you had
evaluated it.

Before we go on, I want to ask you another question. Here's the graph of secix) and

here's about 3n/4 and the graph of the tan(x). Given the answer that you got of -1,
do you have an opinion about whether that answer seems to fit with the way the
graph is drawn?

S: You mean about the answer?

I: Yes. Does it seem logical or seem okay? I'm not saying that it's not okay. I'm just
asking you if you think it seems okay.

S: I think it's okay.

I: Were you just reevaluating in your head, 37z/4?

S: Yes.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(0,3)

(1,0)

(2,-2)

I: Let'sLet's move on down to the last one. What I would like you to do is given this function
draw an antiderivative. You do not have to draw it on the grid. You can draw another
axes if you like.

(Finding a symbolic representation for the graph of f over [1, 3] and then

antidifferentiating.)

What are you trying to do? Tell me out loud what you are (trying to do).

(5,3)

(7,3)
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S: This is the graph of a parabola. The x intercepts are (1, 0) and

(3, 0). I got the equation for the parabola should be x2 - 4x + 3.

Then I can integrate it and this part from 3 to 5 is just a linear
function and this one is a constant function. Let me integrate this
first (the parabolic expression).

I: Before you go any further, what if I don't let you find an equation first? See if we
could graph an antiderivative from the information given in that function there just
from the looks of it and any other information that you can get from it.

S: By looking at the graph, I know from this part when I integrate it, it
would still be just a line. Then we can draw it like this. This part
should be linear. Integrate a linear function will get a polynomial
function. Can I find the equation first?

I: No. I'm sure you can but I don't want you to.

Let me ask you another question to kind of get you going. This point say (0, 3) that's
on the graph of some derivative--does that at that particular point tell you anything
about the graph of the original function--about its behavior or shape or anything?

S: That is the y-intercept.

I: If I said (2, -2)--would that mean anything? That point is on the derivative and
you are trying to sketch the original function.

S: This is the first derivative. I mean this is the critical point and the
value of that is 2. If the point (2, -2) is a critical point....

I: Write down on your paper F '(0) = 3. Does that tell us anything about the graph of
the original function at x = 0?

S: Yes. It's a linear function, 3x.

I: What does it tell us about the slope?

S: The slope is 3.

I: If you know the slope is 3 at x = 0, would you be able to sort of construct that
maybe?

(Sketching an antiderivative.)

What have we got so far here?

S: The slope at point 1 is just x. It's y = x + c. The point (3, 0) would
be 3x + c. The point 2 is -2....

(Thinking out loud, very quietly.)

I: I sort of heard what you were saying. Tell me from the beginning where all these
pieces come from.
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S: F ' at (1, 0) equals 1. I'm a little bit confused here. Just now you
said F '(3) = 3.

I: No. I said write down on your paper F ' (0) = 3.

S: F '(0) = 3. Where did you get that?

I: From the point (0, 3).

S: And then for this point, F '(1) = 0?

I: Right.

S: Then the graph is wrong.

(Thinking and redrawing.)

Is it going this way?

I: Right. It eventually just stops.

You've drawn this with nice sharp little corners here. When you take the derivative--
of a function with sharp corners, what's the derivative at that point?

S: At a sharp point?

I: Yes.

S: I think we cannot differentiate it.

I: If you can't differentiate this sharp point at 1, on this graph at 1 the value is 0.

S: That would be the tangent line.

I: Is the tangent line 0 at 1?

S: Yes. I think it should be a little bit like this.

I: Maybe a little smoother?

S: Yes.

I: I think I might agree with you there.

The next question is--you've drawn one antiderivative of that function. Does it have
others?

S: Yes. Definitely.

I: How could you come up with another one?
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S: Given a value at a certain point, I can get the constant from the
antiderivative of this. And then I can get--say the constant is 2, then
I. (Tape unclear.)

: If I ask you to draw an antiderivative through the point (2, -1)....

S: It should be. (Indicating that he would move the graph down.)

I: Great. That's all I wanted to know.
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3 lc / 4f2secEvaluate: (x) d x .

Eta" y_3*

Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

(5,3)

(7,3)
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(1,0)
(3,0)

-I.
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Class:
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Calculator:

Yvonne
Integral Calculus (Traditional Class)
Female

non-graphing

-5-

I I XII 5
_ic/ 2 3704

2
y = sec (x) y tan(x)

: Another one here.

(Evaluating.)

S: I don't know what this equals.

: Will the calculator give you the value for tan(37E/4)?

The final answer is -1 then?

S: Yes.

465

7. Evaluate: x dx .

(Evaluating.)

37c/ 4

8 Evaluate:
fsec2(x)

dx

0

(At some point during the interview, the traditional students were
shown the following graphs.)
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I: I have a graph of secix) and also the graph of tan(x). Given the answer that you

got here does it seem to make sense according to the graph?

S: I really don't know.

I: When you do a definite integral, what does it have to do with a graph if anything?
Does it have anything to do with a graph?

S: I know I should know but I don't remember.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 71.

(0,3)

(1,0)

(2,-2)

I: ThisThis is the graph of a function and I would like you to try to sketch an antiderivative
of this function using the information from the graph. Do you know what I'm
asking?

S: I know what you are asking but I don't remember how to do this.

I: What am I asking in terms of Fand F'? If I were to give you two functions F and F',
what am I asking you to do?

S: To graph F.

1: Right. So this is what?

S: F'(x).

I: What I'll do is let you think about it for just a minute and I'll start feeding you hints
if you are not able to get started. You don't have to do it on this grid. You can do it
over here somewhere. The grid is a little distracting.

S: I know all these things mean something but I don't know what.

I: If (0, 3) is a point on the graph of this function, would the point (0, 3) tell us
anything about the graph of this function we are trying to draw when x is 0?

(5,3)

(7,3)
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S: I'm not sure I understand. I know that it has to mean something
because it's either an inflection point or....

I: Write down on your paper F(0) = 3. When x is 0 for our graph that we are trying
to draw, does the 3 mean anything?

S: I don't know.

I: A couple more hints here. (0, 3) tells us when x is 0 the slope of the graph is 3. If

I told you that when x was 0 the slope of the graph was 3, would you be able to draw
at least that portion of the graph knowing that? In other words, I'm asking you to
tell me if you know what a slope of 3 might look like, roughly?

S: I'm not sure.

I: Do you want to think about it any more?

S: It's frustrating....
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Evaluate: Jx dx
-1

3 is / 4i2secEvaluate: (x) dx

(0,3)

(1,0)

0

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

9-
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Class: Integral Calculus (Traditional Class)
Sex: Male
Grade: A

Calculator: none
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II ' x

_702 3704 5

-5

y = sec2(x)

I: Try this one.

(Evaluating.)

What's the tan(0)?

S: 0.

y= tan(x)

Evaluate: x dx .

(Evaluating.)

37c/ 4

Evaluate:
fsec2(x)

dx

0

(At some point during the interview, the traditional students were
shown the following graphs.)



I just wanted to check to make sure you evaluated that?

Now I'm going to show you a graph of secix) and tan(x) over the interval 0 to

3n/4. What I'm wondering is if this answer makes sense according to what the
graph looks like--if everything seems okay here?

S: It seems like it would be.

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].

(2,-2)

: Let's go on to the last one. This is a function and I want us to try to graph an
antiderivative of that function. We don't have to do it on the grid. We can do it on

any axes.

S: I could probably figure this one out if I had a while.

: You have a half an hour. How's that?

What are you doodling over there?

S: I know it's the slope and all that. So I just drew a little picture of

1/2 x2 and the derivative is x, a sample kind of that I already knew.

I'll write it bigger so I can remember it.

: Yes. You don't have to scratch it out.

S: That's tough.

: Which one is the derivative of which one?

S: This is the derivative.

: I just wanted to make sure we were both on the same wavelength here.

(5,3)

(7,3)

470
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S: The slope is

I: What did you do here? You drew something. Tell me what you drew.

S: The slope is decreasing to here. I just kind of wrote like a decreasing
slope. And then it's increasing to here so I drew it kind of increasing
a little bit. Here's where it confused me. It's increasing constant. I

don't think that's right.

I: Leave that there for a second and I'm going to ask you a question. If (0, 3) is on the
graph of the derivative, does that tell us anything about the graph of the original
function at the point where x is 0?

S: Yes, probably.

F '(0) = 3. That must mean that--Yes. It tells me something but I

don't know what. It's telling me that at regular F(0)--it could be
anything actually. I'm writing another sample here. I drew a little
sample here where the derivative at 0 would be 3. But this could be
anything. It could be a thousand.

I: Does it tell us anything about the shape of the graph or anything about the behavior
of the graph?

S: It could be a parabola. It could be a straight line, I guess.

I: Does it tell us anything about the value of the slope at x = 0?

S: At x 0, the slope is 3.

Can you imagine what that would look like?

S: It would be up 3, over 1.

I: Draw me another graph.

Does that help get you started?

S: That's just at 0. At (1, 0)--Okay. I think I might be able to do
something here. At 0 the slope is 3. At 1 the slope is 0. That's an
inflection point. At 3, it's 0. The slope is negative there. You got me
there. I was never good at these. We had to do these all the time in
physics and I could never figure them out.

I: I'll let you proceed until you are ready to stop.

S: I'm going to try one more thing here real quick.

I: When you were drawing this right here, tell me why you drew what you drew.

S: The slope is decreasing, so i drew something decreasing. At 1 the
slope is 0. There's got to be something at 1 like an inflection point or
something or a maximum or a minimum. Oh. What am I thinking? I
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think I just figured it out. Maybe. It's a maximum at 1 because the
slope is negative until I get to 2 and then the slope increases until 3.

I: How are you deciding that the slope increases?

S: It's negative still so it's got to be facing this way. Until it gets to 3,
then it goes positive again where there's a minimum, I guess. Yes, a
minimum.

I: That looks pretty good.

Now, I have another question. How many antiderivatives does this particular
function have?

S: As many as it wants to have.

I: If I ask you to draw another one where the point (2, -1) was on that curve, how

could you do that?

S: (2, -1) was on the antiderivative? You could plug it in and find C, I
guess.

(Pause.)

I: What are we doing here? Another sample with plus C? Don't scratch it out.

S: It's stupid. I don't even know why I wrote it down.

I: I don't know about that.

(Pause.)

S: I'm finished, I guess.



ckA

Name Ze-k

2
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8. Evaluate: f sec ( x ) d x .

9. Shown below is the graph of a function f. On the grid to the right,
sketch an antiderivative F of f over the interval [0, 7].
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