
JERRILL DOUGLAS KERRICK for the DOCTOR OF PHILOSOPHY
Name) (Degree)

November 4, 1971
in MATHEMATICS presented on

(Major) (Date)

TITLE: GROUP AUTOMORPHISMS OF THE N-TORUS: A REPRESEN-

TATION THEOREM AND SOME APPLICATIONS

It is known that for a continuous automorphism of a

compact abelian group G having a point x whose orbit

separates G the dual of G, the adjoint T*:G G is

algebraically isomorphic to the shift transformation re-

stricted to some shift-invariant subgroup of the infinite

torus X = t XK K being the 1-torus or circle group.

id-

This is extended to show that the adjoint T* of any con-

tinuous epimorphism T of a compact abelian group G

having a point x such that orbI-x = {Tnx:n E Z} separ-

ates 8 can be represented via an algebraic isomorphism

as the shift transformation restricted to a subgroup of

Y = ( K . It is shown that each group automorphism
\
/d

of the n-torus, Kn, satisfies these two properties,

and a procedure for finding such points is obtained. For

AN ABSTRACT OF THE THESIS OF

Abstract approved:
J.R. Brown

Redacted for Privacy



type 1 automorphisms of Kn (those automorphisms of Kn

whose associated unimodular matrices have distinct charac-

teristic roots) we obtain a formula for embedding Kn

into R. This information is used to characterize the

maximal ergodic subgroup for a given type 1 automorphism,

and the characterization is then used to produce an example

of an automorphism of K3 not having the E-Z decomposition

property. Finally we obtain a characterization of entropy

classes of ergodic automorphisms of the two and three

torus.



GROUP AUTOMORPHISMS OF THE N-TORUS:
A REPRESENTATION THEOREM AND SOME APPLICATIONS

by

JERRILL DOUGLAS KERRICK

A THESIS

submitted to

Oregon State University

in partial fulfillment of

the requirements for the

degree of

DOCTOR OF PHILOSOPHY

June 1972



APPROVED:

Pro sor of athematics

in charge of major

g Chairman of Mathematics

Dean of Graduate School

November 4, 1971Date thesis is presented

Typed by Linda Knuth for Jerrill Douglas Kerrick

Redacted for Privacy

Redacted for Privacy

Redacted for Privacy



ACKNOWLEDGMENT

I would like to take this opportunity to thank

Professor J.R. Brown for his encouragement, patience

and sound suggestions during the preparation of this

thesis.



TABLE OF CONTENTS

Chapter Page

I. INTRODUCTION

Basic Definitions.andTerminology 1

Summary of the Problems and
Main Results 4

II. ENTROPY AND GROUP AUTOMORPHISMS 8

Entropy 8

Topological Groups 13

Automorphisms of the n-torus 22

Quasiperiodic Spectrum and
Zero Entropy 24

The E-Z Decomposition Problem 29

III. A REPRESENTATION THEOREM FOR GROUP
EPIMORPHISMS 33

A Representation Theorem and
Universal Model for a Class of
Group Automorphisms 33

A Representation Theorem for a
Class of Group Epimorphisms 43

IV. A REPRESENTATION THEOREM FOR AUTOMORPHISMS
OF THE TORUS 46

Type 1 Automorphisms 46

A Representation Theorem for
Automorphisms of the n-torus 72

V. APPLICATIONS 82

An Automorphism of the 3-torus Not
Having the E-Z Decomposition Property 82

A Characterization of Entropy Classes
of Ergodic Automorphisms of the Two
and Three Torus 85

BIBLIOGRAPHY 99

APPENDIX 101



GROUP AUTOMORPHISMS OF THE N-TORUS:
A REPRESENTATION THEOREM AND SOME APPLICATIONS

I. INTRODUCTION

1. Basic Definitions and Terminology

Let (Xi, Ei, pi), where i = 1, 2, be measure

spaces. A mapping (1):X1 4- X2 is called measure-preserving

if for each A e E2' (0-1A e El and p1((0 -1A) = p2(A).

If (1?-1 exists and is also measure-preserving, (0 is said

to be invertible. Two measure spaces (Xi, Ei, pi),

= 1, 2, are said to be isomorphic if there exists an

intvertible measure-preserving transformation 0, mapping

X1
onto X2. We will be almost exclusively interested

in nonatomic.Lebesgue spaces - i.e. measure spaces isomor-

phic to the unit interval [O, 1] with the Lebesgue struc-

ture. Suppose (X, E, 0 is a probability space (E is

a a-algebra, p > 0 and p(X) = 1) and (1):X -4. X is

measure-preserving; then the quadruple I) = (X, I, p,

is often referred to as a dynamical system.

Let (I) =.(X, E p, (0) be a dynamical system.

is said to be ergodic if for A e E, p(AAa-1A) = 0 implies

pA = 0 or ptX - A) = 0 (S1AS2 denotes the symmetric

difference of S1
and S2

). An important consequence of



ergodicity-is the recurrence property [Hal os, p.10];

namely, if A and B are measurable subsets of positive

neasure then there exists an integer k > 0 such that

-k
)1(4) A n B) 0.

In the discussion that follows all relations are

assumed to hold almost everywhere (mod 0). Let yhi and

(P2 be dynamical systems. If there exists a measure-

preserving transformation1 X such that

= (1)211'

we say 4)2
is a factor (metric factor) of 4)1' (I)1

and

(I)2
are called weakly isomorphic if (1)2 is a factor of

(I)1
and

4)1
is a factor of (I)2'

If in (1-1) E is

invertible, then

-1 -1
4)111 = 4)2'

and we say (Di and are isomorphic (metrically iso-

morphic). When there is no possibility of confusion, we

will omit the. reference to a particular dynamical system

but will speak of its mapping 40 or of its underlying

space X. instead. For example, we will say 4)2 is a

factor of 4)1, or X2
is a factor of X1' instead of

saying ,1)2 is a factor of (Di.

Let T1 and be continuous epimorphisms of the
2

locally compact abelian topological groups G1
and G2

respectively. Then T2 is an algebraic factor of 11

2
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if there exists a continuous homomorphism 8 from Gi

onto
G2

such that
OT1

=
128.

If
T1

is also an alge-

braic factor of 12 we say T1 and
12

are weakly alge-

braically isomorphic. Suppose 0:GI G2 is a bicontinuous

isomorphism and 011 = 120 (hence 110-1 =-1T2' ) then

11
and

12
are called algebraically isomorphic. Topolo-

gical factor and weak topological isomorphism are defined

exactly as above except 0 is a continuous map instead of

a continuous homomorphism. Likewise for topological iso-

morphism we replace bicontinuous isomorphism with homeomor-

phism.

Suppose Gi and G2 are compact abelian groups, and

let pi and p2 be the normalized Haar measures defined

on the 3orel subsets of Gi and G2 respectively. It

will be shown: later (Chapter II) that each continuous

homomorphism of Gi onto G2 is measure-preserving (with

respect to pi and p2). In particular, the continuous

automorphisms. of a compact abelian group G are a class

of invertible neasure-preserving transformations. We will

be concerned primarily with dynamical systems of the type

(G, p, T) where G is a compact abelian group, p

is the normalizedHaar measure defined on g the 3ore1

subsets of and T is a continuous epimorphism or

automorphism of G. It follows that for continuous epi-

morphisms of compact abelian groups, algebraic factor
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implies metric factor, and algebraic isomorphism implies

metric isomorphism. In [l] Adler and Palaith have shown

that for automprphisms of the torus algebraic and topolo-

gical isomorphism coincide; so, in this case topological

isomorphism also implies metric isomorphism.

2. Summary of the Problems and Main-Results

T.L. Seethoff [14] has given an algebraic character-

ization of zero entropy automorphisms of ,a compact abelian

metrizable group. In so doing, he proved that for each

automorphism7:- of such group G, there exists a unique

maximal ergodic subgroup - i.e. a closed T-invariant sub-

group E of G on which T is ergodic and the entropy

of TIE is equal to the entropy of T. Seethoff then

raises the question: Is it possibleto decompose into

a direct surr47G, = E 0 H, where E is the maximal ergodic

subgroup and is a closed T-invariant subgroup for which

the entropy of TIH is zero? Since the property of zero

entropy for-automorphisms of compact abelian metrizable

groups can-beregarded as an algebraic property, what can

be said aboutautomorphisms having positive entropy? In

particular:,-; to what extent is entropy-a complete invariant

under weak algebraic isomorphisms of automorphisms of the

n-torus? Adler and Weiss [2] have shown that entropy is

a complete metric invariant for ergodic automorphisms of



the 2-torus.

In [5], J.R. Brown showed that for any ergodic auto-

morphism T of a compact abelian metrizable group G,

the dual is .algebraically isomorphic to some shift-

invariant subgroup of the infinite torus,

X K,
-00

(K is the circle group or 1-torus) with the discrete

topology; in fact, he showed that any group automorphism

for which there exists a point in the group whose orbit

separates the dual has this property. The question arises:

For an arbitrary (not necessarily ergodic) automorphism of

the n-torus, K , does there exist a c Kn whose orbit

separates Zn the dual of Kr? If so, it would follow

that T*, the adjoint of T, can be represented (via

an algebraic isomorphism) as the shift transformation

restricted to someshift-invariant subgroup of the infinite

torus with the discrete topology. If this is possible,

does there exist an explicit formula for such a represen-

tation? What aboutan analagous representation theorem

for group epimorphisms? Finally, it would be interesting

to know if the-above representation could be applied to

solve some ..of the problems mentioned in the preceeding

paragraph.

Chapter II begins with an introduction of entropy.

5
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Then the properties of group epimorphisms as well as

automorphismsof the n-torus that are needed later are

presented herein Zero entropy automorphisms of a compact

abelian metrizable group are then characterized. Finally,

the existence and uniqueness of the maximal ergodic sub-

group is discussed along with the E-Z decomposition prob-

lem.

Chapter III develops a representation theorem for a

class of group automOrphisms; namely, those for which there

exists a point-whose orbit separates the dual. A Universal

model for ergodic automorphisms having this property is

given herein Then the representation theorem is modified

to include a 'class of group epimorphisms.

In Chapter IVit is shown that the representation

theorems for group automorphisms as well as group epimor-

phisms presented in Chapter III can be applied to automor-

phisms of the n-torus. In fact, a specific formula for

finding a point Whose orbit separates the dual is obtained.

For type 1 autoMorphiSMs (those' whose characteristic roots

are distinct)'., we obtain the shift-invariant subgroup of

the infinite torus to which the dual of Kn is algebra-

ically isomorphic. This information is then used to

characterize the maximal ergodic subgroup corresponding

to a given type- 1 automorphism.

Finally, the first sectionof Chapter V is devoted



to an example which shows that the E-Z decomposition

conjecture is false. In the second section, the results

of Chapter IV are used to obtain a characterization of

entropy classes of ergodic automorphisms of the two and

three torus.

7



1=1

and Ai n Ai is empty for i j (all relations hold

modulo null sets). For two partitions and n of X,

we define their refinement or product, written EV 11,

to be the partition consisting of the sets

{A n B:A 6 E, B c n}. The product of a finite number of

partitions

is defined analogously. Now

CHAPTER II

ENTROPY AND GROUP AUTOMORPHISMS

1. Entropy

We will briefly review the notion of entropy. For a

detailed discussion the reader is referred to [4], [8] or

[ll].

Let (X, Z, p, cp) be a dynamical system. By a parti-

tion of X we mean a countable collection E =-{A A .}
1, 2'

of measurable subsets of positive measure such that

= X

8



is defined to be the a-algebra generated by

CO

while denotes the a-algebra generated by E. We say

that E < n if each element of E is a union of elements

from n. It follows that E < n if and only if

E v n = n. Observe that for any partition E of X,

-1
E is also a partition, and if El, En are

partitions then

(2.1)

CO

9

i=1 i=1

For a partition E of X set

(2.2) H(E) = - 11,(A)logp(A).

KEE

By convention 0 log 0 = 0. Next, the entropy of.

with respect to E is computed by

n-

h(q), E) = lim H(:i=o
n n

(2.3)
1

Finally, the entropy of (I) is given by.

(2.4) h(0) = sup F) :E is a partition of X}.

Parry [ll, p. 25] shows that (2.4) is the same regardless



SO

(2.6) -1
H(E) = 1.1(q) E)

- From (2.1), (2.5) and (2.6) it follows that

(V
i=0

10

of whether finite or countable partitions are used (finite

partitions being defined analagously) and that in (2.3)

the limit actually exists.

Suppose -(P2 is a factor of (Pi so that by (1.1)

there is a measure-preserving transformation II:Xi X2

such that Nal = 4)21I. It follows that for k > 1

k k
14)1 = H2

and hence,

(2.5)-k11-1 =
-k (these are set mappings).

1 2

Replacing E by 4)-1E does not change the value of (2.2),

Thus h(2, = h(4)1 11 1E) so that by (2.4) h((1)1) > h(cf)2)

Thus, to each measure-preserving transformation (P of

a probability space we can associate a number h((1)) e [0, +=]

called entropy which is invariant under isomorphisms (as

well as weak isomorphisms).



which We will simply write

If we interpret t log t = 0 at t = 0, then (2.3) can

also be evaluated by

11

Another way to compute (2.4) is described next. Let

f 6 L(X), and let C be a sub-a-algebra of E. Define

a measure v on C by

v (c) Ifdp (for each c 6 C).

Note that v is absolutely continuous with respect to pIC

so by the Radon-Nikodym Theorem there exists an essentially

unique C-measurable function E(f/C) = dv/d(11C) such that

for each c e C

v(c) = IE(f/C)dil.

E(f/C) is called the conditional expectation of f given

C.

Suppose E is a partition of X, and let A e

Consider



(2.7) h(,

(2.8)

(2.7) can be computed more simply:

(1)) f-7 x0gA
AcE

(see 11, p.9 ). Now h(0) is again computed as in (2.4)

If E <n or if

CO

-00

we say E is a generator, and it follows that

h(E, 0) = h(0). The roleof a generator is fundamental

in computing the entropy of a specific example. A necessary

and sufficient condition that h(0) = 0 is that

i=1

(mod 0)

log E

(mod 0),

-i)

i=0 i=0

then h(E, 0) < h(n, 0). It follows that if

CO

then h(E, 0) = h(0). In this case we call E a strong

generator. If is invertible and

Co

12
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for each partition of X.

(1) is said to have completely positive entropy or is

called a K-automorphism (Kolomogorov) if for each nontrivial

partition E of X, h( (I)) > 0. It is easy to show

that (p,
is .a K-automorphism if and only if each nontrivial

factor of (15 has positive entropy.

2. Topological Groups

In this section we will review those properties of

topological groups which will be needed later. For a more

complete discussion the reader is referred to [13].

The unit circle K in the complex plane is a topolo-

gical group under, multiplication which will be called the

circle group. With the exception of the circle group, all

groups will be written additively. The additive group of

integers will be denoted by Z. If G is a topological

group we will adopt the following terminology:

Hom (G) denotes the set of all continuous homomor-

phisms of G into G;

Epi (G) denotes the set of q) Horn (G) such that

(1) is a surjection;

Mon (G) denotes the set of all injective Horn (G);

Aut (G) denotes the set of all q) Epi (G) n Mon (G)

such that q)-1 Hom (G).

It is clear that Aut (G) is a subset of both Epi (G)
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and Mon (G).

With each locally compact abelian group G we can

associate .a nonnegative regular Borel measure p, called

the Haar measure, which is translation invariant and posi-

tive on open sets. Furthermore, p is unique up to a

multiplicative constant (A nonabelian group still admits

unique left-invariant and right-invariant Haar measures,

but the two are not. necessarily the same). When dealing

with compact abelian groups G, we will only be interested

in the normalized Haar measure (pG = 1).

Proposition 2.1: Let G andG2 be compact abelian
1

groups and q) a continuous homomorphism from G1 onto

G2.
Then q) is measure-preserving.

Proof: Clearly (0 is measurable because it is continuous.

-
Set vB =

p1
1 fB1 for each Borel subset B of

G2.

Then v is a Borel measure on G2
which is positive on

open sets (by continuity). Let ni = (!) {0} denote the

-1
kernel of 4. If x e {17} then

1 (1t-1r 1
ty + B} x + 11, + {Bs = x + ) Bs since

-1 -1n + {B} = {B}. Thus v{y + B} = 1.11{x + (I)-1{B}}
(1)

= (1)-1{B} = vB, so v is translation invariant. Since

-1
v(G2) = 111(0 {G2} = 11G1 = 1, it follows that v = 112,

and (0 is measure-preserving.
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In particular each (1) 6 Aut (G) where G is compact

abelian is an example of an invertible measure-preserving

transformation. Henceforth, unless otherwise specified,

all automorphisms and epimorphisms of a topological group

are assumed to be continuous.

Suppose G is a locally compact abelian group. Let

denote the set of all continuous homomorphisms (charac-

ters) from G into K, the circle group. is called

the dual (character) group of G. If y 6 a we will

sometimes write (x, y) instead of y(x). Since K is

written multiplicatively we see that (x y, y)

(x, Y)(17, Y), and by definition (x, (5)= (x, y)(x, 6).

G endowed with the compact-open topology is itself a

locally compact abelian group, and by the Pontryagin

Duality Theorem, the dual of G is G. G is compact

if and only if G is discrete, and if G is compact,

then G is metrizable if and only if G is countable.

The set of characters G of a compact abelian group G

forms a complete orthonormal basis for L2 (G).

The direct sum G =
G1

ED G2
ED ... Gn of a finite

number of locally compact abelian groups is a locally

compact abelian group, and if is the dual of G.

A ^
(1 < < n), then G = G2 G e dn

Let T 6 Horn (G). Then T induces a mapping

T*:a by (T*y)(x) = y(Tx) called the adjoint of T.



It is clear that T*.y is a character. Furthermore, since

the topology of G is the compact-open topology, it follows

that T* is continuous, so T* E Horn (a). If T 6 Epi (G)

then e Mon (6) and T* E Epi (a) implies T 6 Mon (G).

((T*)* = ).
More generally, if (X, El p, is a dynamical

system, induces a unitary operator, T, on
L2(X)4)

by (y)(x) = f(cpx), f e L(X). Recall that (1) is

ergodic means that (1)-1B = B (mod 0) implies pB = 0

or P(X - B) = 0. The following propositions whose

proofs are found in {7, pp.25,531 give alternate criteria

for ergodicity.

Proposition 2.2: Let (X, E, p, (I)) be a dynamical system.

(I) is ergodic if and only if for f s L2 (X),
Tcp

f = f

a.e. implies f is constant a.e.

Proposition 2.3: Let G be a compact abelian group and

T E Aut(G). Then T is ergodic if and only if

has no finite orbits in G - {0}. Equivalently, T is

ergodic if and only if

for some k > 1 implies y = 0.

Let G be a locally compact abelian group and

subgroup of G. The closure of H, is also a subgroup

of G. If E is a closed subgroup of G, then

16
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El = fy 6 G:ker y El

is called the annihilator of E. E/ is a closed subgroup

of aand (EI = E. The following theorem is found

in [14, p.10].

Theorem 2.1: Let G be a compact abelian group,

T e Horn (G) and G be a closed subgroup of G such
1

that TG1 C Gl. Let G2 = G/Gi, T1 = TG and T2 be

1
the homomorphism induced by T in

G2.
Set H = G1,

the annihlator of G1.
Define 0:G2

G by

(y)(x) = y(x + G1), y e a2, x 6 G.

Define 0:8/H -> al by

[e(y + H)](xl) = y(x1), y c a, xl 6 al.

Then

0 is a continuous monomorphism

/rX -
0(G2) = H (i.e. G/Gi H)

0 is a continuous isomorphism (i.e. G/H G1)

(DT* = T*(D
2

OT*
=T*1O

where T* is the homomorphism induced
H

by T* in G/H.

(*-1.' denotes algebraic isomorphism)

Proof: 0 is well-defined because H= G1 =

e a:y1G1 = 01. For the proofs of the first three



assertions see [13, p.35].

For (iv) observe that for y 6 G2, x E G,

(Ty) (x) = iy(x + G1)

= y(T2(x + G1))

= y(Tx + G1)
1

= T*(4)y)(x).

To prove (v), let ye G, xl 6

(OT*(y + H))( ) = (0(T*y + H))(x1)

= T*y(x1)

= y(Tx1)

= Y(Tlx1)

= (10(y + H)) (x1)

Theorem 2.2: Let G andbe compact abelian groups.
1

G2

Let Ti e Epi (G1) and T2 6 Epi (G2). Suppose

":82 61 is a continuous homomorphism such that

0*T* =T0*. Then 0* induces a continuous homomorphism
2 1

0:G1 + G2 such that 0T1 = T20. Moreover, if 0* is

one to one, 0 is onto, and if 0* is onto, 0 is one

to one.

Proof: Define 0:G1 + G2
by

(0x, y) = (x, e*y) , x

18



(Recall. x 6 Additivity follows from the additivity

of 0* and x.

To prove continuity, note that for an arbitrary group

G, the sets

N(C., E) = fx-s G:1(x, Y) 11 < E for all y e Cl,

where Cc G is compact and E > 0 is arbitrary, and their

translates form.abase-for the topology of G [13, p.24].

Choose C C
G2

compact and E > O. 0* continuous

implies 0*(C) c al, is compact. Let x N(0*(C), E).

Then for y e C,

10x, Y) - 1 1 ' 16cre*Y) - 11 < 4,

so Ox e N(C, E) and continuity follows.

Let x e G1. Then for y e 82,

(0 (x), )') = (Ti(x), 0y)

= (x, T*0*y)
1

= (x, 0*TliY)

= (0(x), -qy)

= (T20(x), Y)

Hence, 0T1 = T20.

Suppose 0* is one to one. Write H = 0*(82).

Then, since is discrete, H is a closed subgroup

of a2. Let y e G2 be arbitrary. Define a character

x1 on H by
-

(x', 1) = KY, 0* 1Y), Y 6

19



Then x' is well-defined since 0* is injective. Since

H is closed, x' can be extended to a character x of

61 G2'

(The last equality follows since 0* is injective.)

Therefore, ex = y so 0 is onto.

The proof of the last assertion is straightforward

and will be omitted.

Corollary 2.2a: Let G be a compact abelian group and

T 6 Epi (G). Then T* is one to one if and only if T

is onto and T* is onto if and only if T is one to one.

Proof: The first assertion follows by setting 0* = T*

in Theorem 2.2.

For the second assertion, set H = TG. Then it

follows by compactness and the continuity of T that H

isTa closed subgroup of G. Now proceed as in the

theorem.

Corollary 2.2b: Let G be compact abelian with

T 6 Aut- (G). Suppose T* is algebraically isomorphic

to 6* Aut (X) where X is a compact abelian group.

Then T is algebraically isomorphic to 6 6 Aut (X).

20

[13
p.36]. Note that

(0x, 6; = (x,

= (Y,

= (Y,

x cGl. Next for 6 6

O*6)

0*-10*6)

6)



Corollary 2.2c: Let Ti E Aut (G1) and T2 E Aut (G2)

where G1
and G are compact abelian groups. Suppose

2

T* and T* are algebraically isomorphic to (S* E Aut (X1)1 2 1

and cS* c Aut (X2) respectively, and suppose 0*:X22
Xi

is a continuous one to one homomorphism such that

O*6* = 6*0*. Then 0* induces a continuous one to one
2 1

homomorphism 0*:a2 G1
such that e*T* = T*0*, and it

2 1

follows from Theorem 2.2 that r2 is an algebraic factor

of
T1.

Proof: Let and Ili be algebraic isomorphisms of

a- onto R and a2
onto

R2
respectively. Define

1

0*:o2 into G1 by

e*(Y) = (111-11)*11T(Y), Y 6 a2.

-1Then 0* is continuous since 4)* , and 4)* are
1 2

continuous. 4)* and 4)* are isomorphisms, so 0* one
1 2

to one. implies 0* is one to one. The cpmmutativity of

the. diagram 0*T = Tie* can be shown by a straightforward

calculation and will be omitted here.

We shall need the following theorem in section 4 of

this chapter; for .a proof see [Yuzvinskii S.A.].

Theorem 2.3: Let G be a compact metrizable group,

T 6 Epi (G) and H a closed normal subgroup of G such

that TH = H. Then

21



h(T) = h(TIH) + h(TH)

where
TH

is the epimorphism induced in G/H by T.

The entropy of T, TIH and TH is computed with respect

to the normalized Haar measure of G, H and G/H res-

pectively.

3. Automorphisms of the n-torus.

For a more general discussion of the ideas presented

in this section see [3]. The product of n-copies of the

circle group, Kn, is itself a compact abelian group

and is called the n-torus (K is the 1-torus). A more

useful formulation of Kn is Rn/Zn - i.e. two points

of Rn are identified if their cooriinates differ by

integers (R denotes the real numbers). Addition is the

usual vectorial addition in M.n modulo (1, 1, ..., 1).

For an arbitrary vector (xi, x2, ..., xn) c R, we will

refer to the point (xi, x2, ..., xn) mod(1, 1, 1)

n n
c R /Z as the projection of (xi, x2, ..., xn) onto

the n-torus.

The dual of Kn is Zn, and if (x x2' ..., xn)

R /Z and (k k .

kn)
Zn, then

1, 2' ""

(2.9)
(x1 xn), (k1, kn

22

= exp 27i[(x1, xn)-(ki, kn)}



[13, pp.13,37].

Each continuous epimorphism T of Kn is determined

by a nonsingular linear transformation of Rn into itself

whose matrix A has integer entries. In particular, the

matrix A associated with a continuous automorphism T

Of Kn is unimodular - i.e. 4 has integer entries and

determinent equal to ±1 [3, p.67]. Observe that for

x = (x1, x2' xn)
e Rn /Zn ,

xA mod(1, 1, U.

Note that we have used the left-hand notation and that

is used to denote both an n-tuple and its row matrix.

The following proposition gives a useful criterian for

testing a toral automorphism for ergOdicity. See [6, p.34]

for a proof.

Proposition 2.4: Suppose T 6 Aut (Kn) with A its

n x n unimodular matrix. Then T is ergodic if and only

if A has no characteristic roots which are roots of

unity.

If turns out that the entropy of an automorphism of

the n-torus is also determined by the characteristic roots

of its associated unimodular matrix.

= exp 211-i

23



Proposition 2.5: Let A be the n x n unimodular matrix

associated with an automorphism T of Kn. Suppose

Xi, ..., An are the (not necessarily distinct) eigenvalues

of A. Then

h(T) = loglAil

IA >1

Proof: See [3] and [6].

Let T e Aut (Kn) with A its associated n x n

unimodular matrix. Then T* c Aut (Zn), and a unimodular

matrix At, the transpose of A, can be associated with

T* such that for m = (k k k) Zn,1, 2" n

T*(M) = (m)At

(Again we used m to denote both an n-tuple and its row

matrix.)

4. Quasiperiodic Spectrum and Zero Entropy

Suppose i is an automorphism of a compact abelian

group G. In section 1 of this chapter it was pointed

out that h(T) = 0 if and only if for any partition

of G,

00

C T1.
i=1
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where I denotes the identity transformation (note that

T T- e Horn (G) implies T31 e Horn (G) for k > 1 and

T1
+

T2
e Horn (G)). Inductively define

(2.11)

Finally, set

(2.12)

An+1
k>1

T*k IN-1A
/

n>0

We shall say that T has periodic spectrum if
A1

= a,

T has quasiperiodic spectrum if AT = 6 and T* is

aperiodic if A, = {0}.

Note that y e Ak if and only if there exists a

polynomial in * of the form

25

If, in addition, G is metrizable, Seethoff E14, p.361

has given a purely algebraic characterization of zero

entropy;.namely h(T) = 0 if and only if T has quasi-

periodic spectrum which is determined by the action of

T* on G. The results of this section are found in [14].

Definitions: Let G be a compact abelian group and

T e Epi (G). Define subsets of G as follows:

(2.10)



such that P(T*)y = 0.

If f is a mapping of some set X into itself we

shall say that A c X is f-invariant if f-1(A) = A. Note

-1
that if f is onto, f (A) = A implies f(A) = A.

The following proposition summarizes some important

properties of the Ak.

Proposition 2.6: Let G be a compact abelian group,

T e Epi (G), and for k > 0 define Ak as in (2.10)

and (2.11). Then the
Ak

form an increasing sequence of

subgroups of a such that T*(Ak) = Ak (k > 0).

Proof: We will first show that for k > 0

(2.13) T*Ak c Ak.

Proceeding inductively, (2.13) clearly holds for k = 0.

Assume (2.13) is true for k = Z. Let y c At 1. Then

there exists p > 0 such that T*Py - y E A. Our

inductive hypothesis tells us that

T*(T*Py y) = *P(T*y) - (T*y) C Ak.

Hence T" 61+1'

Suppose y c Ak. There exists a polynomial in

P(T*) = 1
1=1

of the form
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(2.14)

P2 PkP(T 1*) = T* - 1)(T* - I) ... (T* - I)

such that P(T*)y = 0. P(T*)(-y) = -P(T*)y = 0,

SO -Y 6 6k*

Next we must show Ak(k > 0) is closed under addition.

The assertion clearly holds for k = 0. For k = 1

suppose y, 6 e Al. There exists m m2
1 such that

M1M2
T* ly = y and T* 26 = 6. Since T*y = y and

T*M2M1 = 6, we have

MM mm
2

T* (y + 6) = T* (y) T*M1M1 2(6)

= y + 6.

Thus y + 6 c Al. Now suppose that for 0 < k < k,_

Ak
is closed under addition. Let y, 6 EAk4.1. Then

there exists m1, m2
> 1 such that T* 1y - y e Ak and

T*m2 6 - 6 e 6 .

m1m2
T^, (y + 6) - (y + 6) =

i=1

m2

j=1

27

m1
(i-1)

T* (Y)

i=1 i=1

ml m1
(j-1)me,

= XT*3m2(6) -
T* (6),'

j=1

m2
m1

(i-1) ml
T* (T* y _

m2

T*m1i(y) -



If follows from the inductive hypothesis and (2.13) that

(2.14) is an element of At; hence y + 6 At+1.

Finally to show T*'(Ak) = Ak, it remains to show

that T*Lk :1) Ak
for k > 0. Again using induction, the

assertion is clearly true for k = 0. Assume it is true

for k = i. Let y e At1.1. There exists m > 1 such

that T*my - y c At. By hypothesis there exists 6 e

such that T*(S = T*my - y. It follows that

y = T*my - T*6

= T*my + T*(-S)

= T*(T*m-1y - 6).

We have already shown that Ak (k > 0) is closed under

sums and additive inverses. Moreover, m > 1 so (2.13)

m-1
T* I 6 Ak+1'

follows.

Corollary 2.4: Let T E Epi (G) where G is compact

abelian. Define A as in (2.12). Then A is a

subgroup of 6, and T*(LIT) = L,c

Proposition 2.7: Suppose G is a compact abelian group

and T c Aut (G). Then T is ergodic if and only if T*

is aperiodic (i.e. Al = {0}).

implies

28

Since A2+1
D A the assertion



Proof: From Proposition (2.3) we see that T is ergodic

if and only if T*ky = y for some k > 1 implies y = 0.

Note that Ai = {0} implies Ak = {0} for k > 1

and, hence AT = {0}. Thus AT is nontrivial if and

only if Ai .{0}. The following theorem characterizes

those automorphisms of a compact abelian_ metric group which

have zero entropy. For a proof see [14, p.36].

Theorem 2.4: Let G be a metrizable compact abelian

group, and let T 6 Aut (G). Then h(T) = 0 if and

only if T has quasiperiodic spectrum (in other words

h(T) = 0 if and only if AT = a).

5. The E-Z Decomposition Problem

Let G be compact, abelian and metrizable. In

view of Proposition 2.7 and Theorem 2.3 a question natur-

ally arises: What happens if [01 c AT C a (strict

inclusion)? Then T would be a nonergodic automorphism

of G having positive entropy. The following theorem

gives an interesting property of such automorphisms.

Theorem 2.5: Let G be a compact metrizable abelian

group and T e Aut (G). Then there exists a unique

closed subgroup E C G such that

i) TE =

29



ii) TIE is ergodic,

ill) h(TE) = 0 where TE is the epimorphism induced

in G/E by T,

iv) h(T) = h(TIE).

Proof: The assertions clearly hold if either =

or A = {0}; for we simply set E = {0} or E = G

accordingly. Let

(2.15) E = A

the annihilator of AT. Then E is a closed subgroup of

G, and E1 = AT. Let x E E. For each y E AT,

(T-lx, y) x,T*-1y) 1

sinceT(AT) = AT. -Hence, T(E) = E.

(ii) and (iii) follow from the fact that E and

G/E are algebraically isomorphic to a/AT and AT

respectively (Theorem 2.1); so (TIE)* is aperiodic and

TE
has quasiperiodic spectrum.

From Theorem 2.2 we have

h(T) = h(TIE) h(TE);

thus h(TIE) = h(T).

For a proof of uniqueness see [14, p.40].

Thus, according to the above theorem we can separate

off the ergodic part of T leaving a factor automorphism

with zero entropy. Seethoff [14] has considered the

30



31

following group theoretic version of Pinskers conjecture

(every ergodic automorphism of a Lebesgue space factors

into a direct product of a K-automorphism and a zero

entropy automorphism) without the assumption of ergodicity.

Let G be a compact metrizable abelian group and

T 6 Aut (G). Do there exist subgroups Gi = 1, 2)

such that -G = G1 4 G2 where TG. = G. and T1G1 is

ergodic while TIG2 has zero entropy? If so, we say

has the E-Z decomposition property. Is such a decomposi-

tion always possible?

Suppose G is compact abelian and metrizable, and

suppose, T Aut (G) has the E-Z decomposition property.

Now G/Gi is algebraically isomorphic to G2, and since

h(T) = h(TIG1) + h(TG ) (Theorem 2.2), h(T) = h(T1G1).
1

By the uniqueness of E (theorem 2.5), and (2.15) it

1followsthatG1=E=A.Thus, in order to determine

whether a given automorphism of a compact metrizable

abelian group G has the E-Z decomposition property, it

is only necessary to find a subgroup F such that TF F

and G = E ED F. The following theorem is a reformulation

of the E-Z decomposition problem.

Theorem 2.6: Let G be a compact metrizable abelian

group and T 6 Aut (G). Then T has the E-Z decomposi-

tion property if and only if there exists a subgroup



H C such that T*H C H and a H AT.

Proof: See [14, p.42].

In Chapter V we will return to the E-Z decomposition

problem producing an example of an automorphism of the

3-torus which does not have the E-Z decomposition property.

It will first be necessary to characterize the subgroup

E = L, which we will call the maximal er odic subgroup

(the role of T being understood). To do so we will

need the aid of a representation theorem for such auto-

morphisms which will be developed in the following two

chapters.
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CHAPTER III

A REPRESENTATION THEOREM
FOR GROUP EPIMORPHISMS

1. A Representation Theorem and Universal Model

for a Class of Group Automorphisms

In his paper [5], J.R. Brown presented a representa-

tion theorem for a certain class of group automorphisms

from which he develops a universal model for the subclass

consisting of ergodic automorphisms. Section I of this

chapter develops some of these results which will be needed

later, and Section II gives some extensions to include a

class of group epimorphisms.

Define

(3.1)

/00 \
CC =c)( K)

d

that is, X is the product of countably many copies of

the circle group, and R is given the discrete topology.

Let us write X additively. Then if {xk}, {yk1 c,

it follows that

(3.2) fxkl {Yk} {xkYk}*

Thus X is a discrete abelian topological group (the



-1 -1
Tl* = * T2'

If T C Aut(G), then for a e G we

define

(3.4) orb(a) = {Tna:n 6 z}.

A subset A c R is said to be shift-invariant if it has

34

identity element is 6 = fekl where ek = 1 for each k).

A

Define a one to one mapping a* of X onto itself

by

(3.3) a*(ixkl) = iyk where v-k = xk+1'

a* is called the shift transformation on X, the terminol-

Ogy being clear from (3.3). Suppose {xk}, {yk} 6 X.

Then

a*(txk} + {ykl) = 0lc({xkyk})

= {x y 1
k+1 k+1

a*({xk}) + G*({Ykl).

Since a* leaves constant sequences fixed, it maps the

identity onto itself, so a* E Aut(X).

Let X be the dual of R, and let a = 01*)*.

Then X is a compact abelian group and a c Aut(X).

Note that X is not metrizable since R is not coutable.

RecallthatifG1 and G2 are locally compact

abelian groups, then Ti e Aut(Gi) and T2 e Aut(G2)

are algebraically isomorphic if there exists a bicontinuous

isomorphism 0G1 + G2 such that 0.1 = T21p and, hence,



the property a*A =A.

Theorem 3.1: Let G be a compact abelian group and

T eAut(G). Suppose there exists a 6 G such that

orb(a) separates G. Then T* is algebraically iso-

u-
morphic to a*!A where A is some shift-invariant sub-

group of X. Conversely, any shift-invariant subgroup

B of X is the dual of some compact abelian group having

the above property.

Proof: Define a mapping V* from a into X by

(3.5) IP*(y) = {T*ky(a)} = {y(Tka)}.

Since orb(a) separates G, V* is injective. By (3.5),

V*(y - 6) = {(y - 6)(Tka}}

= {y(Tka)[6(Tka)]-11

Hence,

(3.6)

Also,

SO

(3.7)

= {y(Tia)} - {y(Tka)}.

V*(Y - 6) = 1P*(y) - 1P*(6) (y, 6 6 a).

vi,(T*y) = fT*y(Tka)1

{T* 1(a)}

= a*1P*(Y),

Let A =.V*G. Then (3.6) together with the facts

35



36

that 1p* is injective and that a and A are discrete

imply IP* is a bicontinuous isomorphism of G onto A.

From (3.7) it follows that T* is algebraically isomorphic
,A

to a*A. Finally, from (3.7) we obtain a* = 4)*T*Ip*-1

and since ip*, V*-1 and T* are bijections, A is

shift-invariant.

For the converse let B be a shift-invariant subgroup

of X. B is desorete, so its dual B is a compact

abelian group. Let T be the adjoint of a*IB; then

T 6 Aut(B). Define a mapping a:B K by

(3.8) 'a{xk} = xo.

Then (3.2) implies a is a homomorphism, and since

A
is descrete, a is continuous. Therefore a B.

Now suppose {xk} e B is nontrivial. Then there

exists m e Z such that xm 1.

(ix TM(g)) =(a*m{xk }
k ' '

= (fxml, a)
= Xm

(the last equality is from (3.8)). Hence, the orbit of

a (under T) separates B. Finally, it follows from

(3.8) that

(T a, {xk}) = (a, a*rix

= ixki-r/)



= x .

Therefore, (3.5) implies

(3.9) 1P*B = B.

Thus, the adjoints of all automorphisms of compact

abelian groups having a point whose orbit separates the

dual can be represented by a* restricted to some shift-

invariant subgroup of X. It is natural to ask: what

sort of group automorPhisms satisfy this condition? This

question will be taken up later, but first we will identify

the subclass consisting of those automorphisms which are

ergodic.

Let A =
Aa

= X be defined as in (2.12). Then A

is a shift-invariant subgroup of X (Corollary 2.4).

It is clear that A is nontrivial since Al (see (2.11))

contains all constant sequences in X. Hence a is not

ergodic (Proposition 2.7). It will be shown later that

a does not have quasiperiodic spectrum either (i.e.

A X). The following corollary will be needed in the

next chapter.

Corollary 3.1a: Let G, T and A = 11)*G be as in the

above theorem. Define A = Aa c X and A c G as in

(2.12). Then
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or

-

AT = IA n Alo

In other words, y 6 AT if and only if P*y c ZS, for

y c G.

Proof: Prom the above theorem, a*1ii =

Hence on A,

a*m = V*T*1114)*-1 (m > 1) .

Consider the following polynomial in a*:

which proves the corollary.

pi
N /

P
a* J - I

v(T*j4)*-1 404)*-1

) j=1\

(1 vek (T*Pj )11)1,-1

j=1

(N

a* 3 - I (j*y)

j=1 ) j=i

Since orb(a) separates G it follows that the left-hand

side of (3.10) is 0 if and only if

(T*Pi - )1 4)*-1.

(T a)
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Corollary 3.1b: Let T be an ergodic automorphism of

a compact abelian group G in which there exists a point

"a!" whose orbit separates a. Then T* is algebraically

isomorphic to a* restricted to a shift-invariant subgroup

of such that A n A is trivial (A is defined in

the preceeding corollary). Conversely, any shift-invariant

subgroup 13 of R whose. intersection with A is trivial

is the dual of some compact abelian group having the above

property.

Proof: From Proposition 2.7 {0} = A C a, so (2.11)

and (2.12) imply AT = fol. The first part of the

corollary now follows from Theorem 3.1 and Corollary 3.1a.

For the converse, let B and T = (a*113)* c Aut(B)

be as in Theorem 3.1. Since 11)*B = B (3.9) and since

n A = {6}' it follows that AT (hence
A1)

is trivial

(Corollary 3.1a). Therefore T is ergodic (Proposition

2.7).

Proposition 3.1: For each ergodic automorphism T of a

compact abelian metrizable group G, there exists a point

a c G whose orbit separates G.

Proof: Since G is compact metric, there exists a

countable base
{1.1n}

(n > 1) for the topology of G.

Let

= {x e G:orb(X) n Un is empty} (n > 1).

39



First we will show that Fn is closed. Let

fxk1 (k > 1) be a sequence of points in Fn
which

converges to x. Suppose orb(x) n un is nonempty,

say TX 6 Un
for some p c Z. By continuity there

exists a neighborhood V of x such that TP(V) c U.

Choose N E e so that r > N implies xr
c V. This

means that for r > N, TPxr c Un or orb(x ) n Un
is

nonempty, a contradiction.

0
Moreover, Fn is nowhere dense. Suppose Fn,

the

interior of Fn, is nonempty. The Haar measure- p is

0positiveon.opensets,s01-1F->0 and
1.113.n

> 0. Since

is ergodic, Un is recurrent; namely, there exists a

nonnegative k 6 Z with 11(F° n T-kn) > 0. Thus, there

exists xeF0 nT-kUn. But then orb(x)flUn is non-

empty, a contradiction.

By the Baire Category Theorem

00

UFn
n=1

is nonempty, so there exists a 6 G with a dense orbit.

By continuity, it follows that y(Tna) = 1 for all n

implies y = 0, or the orbit of a separates G.

Actually for a given ergodic T e Aut(G), the set

S of all points whose orbit separates G is of the

40



second category since it is as least as large as

CO

G F
n-1

As we shall see later, there are many examples of

automorphisms of compact abelian metrizable groups, so

it follows that X A. We will also give several

examples of nonergodic automorphisms of metrizable compact

abelian groups having a point whose orbit separates the

dual.. In fact, no examples are known to the author which

do not have this property. The following is an example

of a nonergodic automorphism of a nonmetrizable abelian

group with this property.

Example: Let X be the dual of X (3.1) and a = (a*)*

be the adjoint of the shift transformation (3.3). It was

mentioned earlier that X is not metrizable and a is

not ergodic. Define a mapping a of X into K by

= xo.

The same argument used in proving the second part of

Theorem 3.1 applied here shows that a e X. Furthermore,

for r e Z,

(a a, {x k}) =(, *rfxk1)

= {k+r})

41
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It follows that orb(a) separates R.

Let A = Aa aX be defined as in (2.12), and let

E = Al' a X be the annihilator of A. Consider F = R/A.

By Theorem 2.1, E is isomorphic to F. Suppose T is

an ergodic automorphism of a compact abelian group G,

and suppose there exists an a c G whose orbit separates

G. Define a mapping p* of G into F as follows:

P*(Y) = 1P*(Y) +

where 14* is the mapping defined in (3.5). By Corollary

3.1, V(6) n A is trivial so p* is a continuous mono-

morphism. Let p:E G be the induced transformation.

It follows that p is a continuous epimorphism. Further-

more, since iP*T* = alp* (3.7), it follows that p*T* = aAp*

where aA
is the automorphism of X/A induced by a.

By duality, Tp = p(a*1E) so G is an algebraic factor

of a*1E. For a more detailed discussion of the following

theorem_ the reader is referred to E5].

Theorem 3.2: Let- T be an ergodic automorphism of a

compact abelian group G, and suppose there exists an

a c G whose orbit separates G. Then T is an algebraic

factor-of u*IE where a* is the adjoint of the shift

Itransformation on and E = A.
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2. A Representation Theorem for a Class of

Group Epimorphisms

Let G be a compact abelian group and T E Epi(G).

Let a 6 G, and set

orb (a) = {Tna:n > 0}.

Define

that is, Y is the product of countably many copies of

the circle group (indexed by the nonnegative integers),

and Y is given the discrete topology. Writing Y

additively (see (3.2)), it is a discrete abelian topolo-

gical group (the identity element is the constant sequence

8 consisting of ones).

Define a shift transformation a* of Y into itself

as in (3.3). Note that

{xk } = (-1, 1, 1, ...)

is mapped by a* into

fxk+11 = (1, 1, ...) = 8.

Hence ker a* is nontrivial so a* is not injective.

On the other hand, it is clear that a* is onto. The

proof for additivity is the same as in the previous

seciton, and a* leaves cOnstant sequences fixed (hence

a*(6) = 8). Therefore c E Epi(Y). Again we will use
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the terminology shift-invariant to mean: A c Y is shift-

invariant if a*A = A.

Theorem 3.3: Let T be an epimorphism of a compact

abelian group G. Suppose there exists a e G such that

orb. (a) separates G. Then T is algebraically isomor-

phic to restricted to a subgroup A of where

a*1i c A. Conversely, any subgroup of 9' for which

a*3 Cfis, is the dual of some compact abelian group having

the above property.

Proof: Since orb-1-(a) separates 8, the mapping

4)*(y) = {T*ky(a)} = {y(Tka)}

is injective. Setting A = vco the proof that T* is

algebraically isomorphic to a*IA is the same as in

Theorem 3.1. It remains to show 0*il C

To this end note that since IP* is a bijection, T*

is an injection and

a* = Ip*T*11)*-1 on A (see (3.7)),

it follows that a*IA is one to one.

The proof of the converse is also the same as in

Theorem 3.1.

Corollary 3.3: Let G, and A = 4pka be as in the

above theorem.- Define t = Aa c Y and C a as in

(2.12). Then



or

Ip*AT A n A

A = *-11A n A}.

In other words, y e A if and only if 11)*1 e A for

y c G.

Proof: Proceed exactly as in Corollary 3.1a.

Replacing orb(x) with orb+(x) in the proof of Pro-

position 3.1 we obtain:

Proposition 3.2: For each ergodic epimorphism T of a

compact abelian metrizable group G, there exists a e G

such that orb+(a) separates G.

Note that if T C Aut(G) has the property that

orb+a separates for some a c G, then T* can be

A

embedded onto a shift-invariant subgroup of Y (i.e.

A = 1P*(Zn) is shift-invariant).
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CHAPTER IV

A REPRESENTATION THEOREM
FOR AUTOMORPHISMS OF THE TORUS

1. Type 1 Automorphisms

For the number theoretic results needed in this

chapter, see [9] and [12], and for the matrix theory results

used herein, see [9] and [10]. Let Z[A] denote the ring

of polynomials in the indeterminate A with integer coef-

ficients and FDA denote the field of polynomials in the

indeterminate A with rational coefficients, F being

the field of rational numbers. Let P(X) E Z[A] be irre-

ducible over Z. If, in addition, P(X) is monic (has

leading coefficient 1), then P(x) is also irreducible

over F [9, p.120]; moreover, the roots of P(x) are

distinct [12, p.36].

Let be a root. of P(X) 6 z[x] which is monic

and irreducible over Z. Let Q(A) 6 F[A] be the minimal

polynomial of A (i.e. the monic polynomial of lowest

degree with rational coefficients having A0 as a root).

By the division algorithm, there exists S(X), R(X) E FEX1

such that P(A) = Q(A)S(A) + R(A) where
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deg R(X) < deg Q(X) [12, p.25]. P(X0) = Q(X0) = 0

implies R(X0) = 0, and since deg R(X) < deg Q(X), it

follows that R(X) is the zero polynomial (otherwise

1/a R(X) where a is the leading coefficient of R(X)

would be a monic polynomial with rational coefficients

having X0 as a root and deg(l/a R(X)) < deg Q(X))

[12, pp.35-36]. Since p(X) is also irreducible over

F, it follows that P(X) = Q(X). Now let Q(X) Z[X],

and let Q(X0) = 0. Then P(X) is a factor of Q(X)

[12, p.36]; thus, we have proved the following lemma.

Lemma 44la: Let P(X) c Z[X] be irreducible and monic,

and let Q(X) c Z[X]. If P(X) and Q(X) have a common

root X then each root of P(X) is also a root of

Q(A).

Let T e Aut'(Kn), and let A be its associated

n x n unimodular matrix. The characteristic polynomial

of A will be denoted by Ch(A) (Ch(A) = det(A - XI)).

Then Ch(A) e Z[X], and since Ch(A) has leading coef-

ficient (-1)n, it factors into a product

Ch(A) = (-1)nP1(X)P2(X) Pr(X)

whereP ,(X) e z[X] is an irreducible monic polynomial

(1 < j< r); moreover, the P (X) are uniquely determined

except for order [9, pp.117-121] and [12, p.26]. Since
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we have

(4.1)

zA =

n = deg Ch(A) =

Ch(A) =

3=

m = (m1, m2' mn)
E Zn. Then

deg 1A)
3

=1

d.
(-1) 3P.(A)

7

where d. = deg P.(X), 1 < j < r. If these factors are

distinct. (P.(X) P(X)1 i j), we say T (or A) is

of type 1. It follows by Lemma (4.1a) that distinct irre-

ducible monic polynomials in Z[X] can have no common

roots, so T of type 1 means A has distinct character-

istic values.

Let A be an n x n unimodular matrix. Then

can be viewed as a linear transformation of Cn into

itself (C = complex numbers); that is, for

= (z1, z2, zn) c Cn,
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(Again we use z to denote both an n-tuple and its row

matrix.) Therefore, if A is of type 1, its characteristic

vectors span Cn.

Now let x = (x
x2'

x ) c Rn and
1,



m.x = 71111.x.
3 3

j=1

denotes the ordinary scaler (dot) product of m and x.

Suppose y = (y1, y2, 17n) c Rn and y = x

mod(1, 1, ..., 1). Then there exists

k = (kl, k2, kn) cZn such that x = y + k. Hence,

exp(27i(m.x)) = exp(27i(m-(y + k)))

= exp(21-i(m.y))exp(27ri(m.k))

= exp(27i(m.y))

since mk e Z. Therefore, if v is the projection of

x = (xl, x2, ..., xn) c R onto the n-torus, then (2.9)

implies

(4.2) Ky, m) = exp 27i(m-x).

Lemma 4.1b: Let A be an n x n unimodular matrix of

type 1. Suppose P(X) c Z[X] is an irreducible monic

factor of Ch(A). Let X., 1< j < q, be the roots of_
7

P(X) and v, I < j < q, be corresponding nontrivial
7

eigenvectors. If for some m Zn and for some jo

between 1 and q we have m.v, = 0, then m.v, = 0

for 1 < j < q.

Proof: Write A = (a) . Let X 1 < j < n, be
13 nxn 7'

the characteristic roots of A (for 1 < j < q, the X

are the roots of P(A)). Consider the following homo-

geneous system where X is arbitrary:

7
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(Crs (X1
) =

,

[10, p.153].

det C (X)
r,s

implies det
r,s j

50

for A in (4.3) and solves the resulting system.

Substitute. Xi for X in (4.3). Since Xi, X2, ...,

Xn
are distinct, the resulting coefficient matrix will

have rank n-1. Thus, there exists a cofactor Cr,s(X1)

(At X11)r,s)
with nonvanishing determinant

x2

Consider C (A) = (At - XI) . Then
r,s r,s

c ZEAL Since det
Cr,s (X1

) 0, lemma 4.1a

C (X ) 0 for 1 < j < q. Hence, by_
eliminating the rth row from the above system, (4.3), and

replacing A by Xj, the remaining n-1 rows will be

linearly independent for 1 j < q. Solving this system

for j between 1 and q will yield nontrivial eigen-

vector solutions corresponding to the eigenvalues

Xi, X2, ...,Xq respectively. Using Kramer's rule, the

solutions will have the form:

(4.3)

21 '

a
nl

a

a12
a -X . . .

22 an2

aln a2n
. . ann-

Since (A - XI)X = 0 if and only if X(A XI) = 0

(X = 1 x n row matrix), to solve for an eigenvector

associated with A. (1 < j < n), one substitutes X.
3

x1

xn

0

0



1
(4.4) u! - (Q' (X.), Q' (X.), ., Q' (X.))

3 D(X.) 1 3 2 3 n 3

3

where DM, Q(A) E ZEX], 1 < j < q and 1 < i < n.

Using the fact that any scaler multiple of an eigenvector

is an eigenvector, we can clear fractions in (4.4) to

obtain

(4.5) u. = (Q,3(X.), Q,(X.),n(Xj))
4.

where Qi c Z[2], 1 < j < q and 1 < i < q. We will

call (4.5) a polynomial form of an eigenvector u. asso-

ciated with A.. Note that vl, v2, v are scaler
3

multiples of ul, u21 u respectively.

Now suppose

(ml, mn)*(Q1(Ajo), Qn(Ai0)) = 0.

This means that A is a root of the polynomialA.

(4.6) m.Q.(X) c ZEX].

i=1

Since A. is a root of P(A) which is irreducible and

monic, Lemma 4.1a implies X (1 < j < q) must also be

roots of (4,6). Using the fact that v is a scalar

multiple of u. (1 _ 30

forsomejobetweenlandqimpliesrvv.=0 for

all j between 1 and q.

Let Ch(A) be the characteristic equation of a

51



type 1 unimodular matrix A. Then each irreducible monic

factor P(X) of Ch(A) gives rise to a polynomial form

from which eigenvectors corresponding to the roots of

P(X) can be formedby evaluating the coordinate polyno-

mials at the respective roots. It may happen that the

system (4.3) may be solved for X = X (1 < j < q) by_
eliminating some row other than the rth row; so the poly-

nomial form, (4.5), of the corresponding eigenvectors may

not be unique.

Corollary 4.1a: Let A be as in the lemma with P(X)

an irreducible monic factor of Ch(A) having Xj,

1 < j < q, as roots. Let uj = (Q1(X), Q(A)) be

a polynomial form of the eigenvectors corresponding to

1 <j < q. Suppose m 6 Zn Then there exists_ _
jobetweenlancicisuch-thatm.u.EZ if and only

30

if mu, c Z for
3

< j < q.
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Proof: Suppose m = (ml, mn). Then

mu =7m.Q (X ).
,

0
i=1

Hence, mu. =keZ if and only if X isaroot of
JO

A.

m.4.(X) - k E Z[X].

i=1



real part of x E C. Similarly, let (xl, x2, ..., xn) =

(71, 72, xn) where 7 is the complex conjugate of

x c C. Note that

1
Re(x x2, .', xi) = 7 (xa.' '2

+ 7 (xl, x2, ..., xn)

c R.

If m 6 Zn and v c Cn, then Re(mv) = mRe v.

Corollary 4.1b: Let T 6 Aut(Kn) be of type 1 with A

its n x n unimodular matrix. Let P(A) be an irreducible

factorofChWhavingA.(1 < j < q) as roots. Let
3

_

uj = (Q1 (X ), Qn(Aj)) be a polynomial form of the
j

eigenvectors corresponding to Xj, and let vj be the

projection of Re u. onto the n-torus, 1 < j < q.

Suppose m 6 Zn, and suppose for some jo between 1

and q, A is real. Then (m, v, ) = 1 impliesA.
Jo

(m, v,) = 1 for 1 j < q.

Proof: Since A is real, Re u, = u. , so (4.2)A.

30 30

implies

v ) = exp 2Tri(m.0 ).

j0 j0
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The corollary follows from Lemma 4.1a.

For (xl, x2, . xn) E C, let Re(xl, x2, ..., xn)

denote (Re xl, Re x2, Re xn) where Re x is the

xn)



54

and the
30 30

corollary follows from Corollary 4.1a.

Before proceeding with the representation theorem,

we will mention a few facts pertaining to the field of

algebraic numbers - i.e. complex numbers which are roots

of polynomials with rational coefficients (see [9, pp. 173-

175] and [12, pp. 35-46]). Now F[A] is countable, so

the algebraic numbers are countable, and since they are

a field, the complex numbers form an infinite dimensional

vector space over the algebraic numbers; in fact, for any

n > 1 we can find real numbers al, ..., an such that

{1, a1° ..., an}
is linearly independent. Any complex

number which is not a root of a rational polynomial is

called transcendental. It follows that 1, "°' an are

transcendental because 1 is algebraic. Note that since

complex roots of rational polynomials occur in conjugate

pairs, z algebraic implies Re z is algebraic (Re z =

1/2 z + 1/2 F). Similarly, Im z is also algebraic.

Theorem 4.1: Let T e Aut(Kn) be of type 1 with A its

associated n x n unimodular matrix. Let Ch(A) =

(-1)nP1(X)P2(X) Pr(X),
where P(X) e Z[X] is irre-

ducible and monic (1 < j < r). For each j between 1

andr,letXjbearootofP.(X) with

uj = (Q1(Xj), ql(Xj))



a corresponding eigenvector in polynomial form (4.5).

Let 1, al, a2, ..., an be real numbers which are linearly

independent over the algebraic numbers. Set

(4.7) a = a. Re u. mod(1, 1, ..., 1).
3

j=1

Then orb(a) separates (K ) = Zn, and T* is algebrai-

cally isomorphic to a* restricted to some shift-invariant

subgroup A of R via the mapping

(4.8)

hence,

(4.9) 11)*(zn). p 27i

Observe that since A has real entries,

(Re u.)Ak = Re(A.u.).
3 3

Re(A,(m.u.))
J

(
a. Re(X.(m.u.

k 3

\j=1

Re u. A
3,

)

Proof: Let m = (m1'
mn)

c Zn. Then for k E Z,

(T*km, a) = (m, Tka).

Equation (4.2) implies
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:m eZ-nj.

(
(m, T a) = exp 27i



Therefore,

(m, Tka) = exp 2 m.

(4.11)

(4.10) (m, Tka) = exp 2ni

so, since m has real components,

Note that (4.10) implies that for each k 6 Z,

On, Tka) = 1 if and only if

3
. Re (A . (m. u .)) e Z.

3 3

j=1

Re(A.u.
3

Re(X. (m.u.
.

56

The Xj (1 < j < r) are algebraic numbers since they are

roots of a polynomials with integer coefficients. From

(4.5) and the fact that the algebraic numbers form a field,

it follows that wu, is algebraic. Hence X(m-u) is

algebraic implying Re u(A15(m- )) is algebraic, k c Z,j

1 < j < r. Since 1, al, a2, ..., an are real numbers

which are linearly independent over the algebraic numbers,

zero is the only possible integer value of (4.11), and for

each k c Z, this will only occur if Re(Xk u(m. )) = 0j

for each j between 1 and r.

Now, if
m.3u.

= 0 for 1 < j < r, it follows by

Lemma 4.1b that in is orthogonal to a nontrivial eigen-

vector associated with each distinct characteristic value

of A. But, the characteristic values of A are distinct
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(A is of type 1). This means m is orthogonal to a

spanning set of Cn implying m = 0. Hence, if m 0,

there exists jo between 1 and r such that mu. 0.
Jo

Suppose Re(m.u. ) is zero, meaning mu. is pure
30 30

imaginary. But then Re(X. (mu. )) = 0 if and only if
Jo 30

A is real. Since A 0, this would imply
m-ujA.

Jo0

is real (by (4.5)), a contradiction. Therefore,

Re(mu. ) = 0 implies Re(X. (m.u. )) 0.

30 30 30

We have shown m 0 implies there exists k e Z

(k = 0 or k = 1) such that (4.11) Z. From (4.10)

it follows that orb(a) separates Zn (In fact, we have

shown orb (a) separates Zn).

By Theorem 3.1, T* is algebraically isomorphic to

a* restricted to some shift-invariant subgroup A of R.

From (3.5) we have for m e zn, V,(m) is the bisequence

1(m, Tka)1; it follows from (4.10) that

11)*(m) = exp 2i > a, Re (Ak (mu)),
\

so (4.8) and (4.9) follow.

Any polynomial P(A) e ZDA having leading coefficient

±1 and constant term ±1 will be called unimodular. Sup-

pose A is an n x n unimodular matrix associated with

some i 6 Aut(Kn). Let P(X) c Z[X] be a factor of



Ch(A). Since 0 is not a root of P(A) (A is non-

singular), P(A) has constant term ±1. It also follows

that P(A) has leading coefficient _1, so P(A) is

unimodular (hence Ch(A) is unimodular).

Let P(A) be unimodular - i.e.

= amAm +a m-1Am-1 + + a 01

where a- E Z (0 < i < m), a0 = _1, am = ±1. P(X) can

be rewritten as

m-1
P(X) = am(Ara - - - c )

0 '

where c. -a./am
, 0 < i < m - 1. Set

(4.12) P' (X) = (-1)m(Xm -cm_i- - co).

Then P' (A) is itself the characteristic polynomial of an

automorphism of Kn defined by the companion matrix of

Pl(A); namely,

1 0 ... 0

[13:

0 1 ... 0

c
0 2 cm-1

Note that this is not necessarily the only automorphism of

Kn having characteristic polynomial P'(X) (such examples

are found in Chapter V). Hence, we have shown:
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Proposition 4.1: Any unimodular polynomial P(X) is

equal to ±P' (A) where P' (A) is the characteristic.

polynomial of an automorphism of Km where m = degree

P(A).

Corollary 4.1a: Let T C Aut(Kn) with A its associated

n x n unimodular matrix. Then

59

(4.13) Ch(A) = P'(X)P1(X) P' (A)
1 2

where P(A) C Z[X] is the characteristic polynomial of

m.
someautomorphismofK3,m.=deg P!(X), and Fi!(X)

3

is irreducible over Z.

Proof: The corollary follows from (4.1), (4.12) and the

m4
above proposition (Note that P(A) = (-l) P(A) 1<j<r).

Now suppose P(X) is an irreducible (over Z)

unimodular polynomial. We will say P(A) is ergodic if

it has no roots which are roots of unity (see Proposition

2.4). Let A be an n x n unimodular matrix, and let

Ch(A) = Pi(A) P(A)P1(A) P(A) be a factorization

of Ch(A) as in (4.13), where P(A) is ergodic for

1 <j < s, and P 3.(X) is not ergodic for s + 1 < < r._ _

Thus, Ch(A) can be factored into two parts

P(A)... and P's+1 (X) ... 131(X), which we will
1

call the ergodic part and nonergodic part, respectively.
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m4
Observe that since PI(X) = (-1) JP (X) where

= deg P (A) (1 < j < r), it follows from (4.12) and
3

_

Proposition 4.1 that both the ergodic and nonergodic parts

of Ch(A) may be regarded as characteristic polynomials

n1
of some automorphisms of K and K 2 respectively

where

n = 7m.
j=1

and

n2 = m. .

j=s+1

Before proceeding with the next proposition, we must

first consider the relationship of Yc(Zn) (4.9) to

A = Aa R (as defined in (2.12), (3.1) and (3.3)) for a

given T C Aut(Kn) of type 1. By Corollary 3.1a,

MCA cKn if and only if **(m)cA. But, Vk(m)SA

if and only if there exists a polynomial in a* of the

form

P.
R(a*) =

(c* I), p. Z

i=1

such that R(a*)(em) = O.

Let p > 1 and consider ( - I). Then by (4.8),



(G*P - I)11)*(m) exp 27i

(- exp 27i

exp 27i

= exp 27i

= rexp 27i

k+p
Re(A. (rvu.))

3 J

k+p,
. Re(A. 011u

3 3

Re (Ai (mu
=1

)))

exp 2ni a. Re(A(m.u.
=1 3

3

k+p(1.1Re(A.01111.))
3 3 3

j=1
Re(A.Cm.u..

Re((X4-P - Al)(m.u.))
3 3 3 3

Re(Al(Al? 1HrtJ J3
It follows inductively that for pi c e (1 < i < N),

P.
(4.14) (1T(a* - I)-(1)*(m)

i=1

P.
X. 1)(m-u.

3
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Proposition 4.2: Suppose is a nonergodic automorphism

of Kn with A its associated n x n unimodular matrix.

Suppose Ch(A) is irreducible over Z. Then each root

of Ch(A) is a root of unity.

Proof: Since Ch(A) is irreducible, T is of type 1.

Let A be a root of Ch(A). Let a be a nonzero real

trancendental number, and let u be a polynomial form of

a nontrivial eigenvector associated with A. Then

according to Theorem 4.1, the mapping

Ip*(m) = fKm, Tka)}

where a = aRe u is an algebraic isomorphism from Zfl

onto A c X, the roles of T* and a* being understood

(A is given in (4.9)).

Since T is not ergodic, there exists a nonzero

mEA cZ (Proposition 2.7). By Corollary 3.1a there

exists a polynomial

Pi
(a* - I), pi E Z*,

such that

pil Pi
(a - I)**(m) = 6.

i=1
By (4.14) we have for each k 6 Z,

(:

N
P

(4.15) exp27i a Re X H
i

(X - - 1)(m-u = 1.

i=1
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Since a is nonzero real and trancendental, (4.15) holds

if and only if the quantity

(4.16) Re(
i=1

is zero for each k e Z ((4.16) is algebraic).

Since Ch(A) is irreducible, from Lemma 4.1b, it

follows that mu 0 (otherwise m would be orthogonal

to a spanning set of Cn). If A is real, (4.16) is

simply

Re

i=1

Pi
which is zero only if A = 1 for some i between 1

and N. On the other hand if A is complex, then

for k = 0,1 only if

xk \p.(x

i=1

Pi
(A - 1) (mu)

i=1

Pi
implies X - = 1 for some i between 1 and N (see the

proof of Theorem 4.1). Therefore, each root of Ch(A) is

a root of unity.

Let T be as in the above proposition. Choosing

N = 1 and p = ord A, it follows from (4.14) that

(X
p.
- - 1) (mu)

- 1)(m.u) =0

Pi
(A - 1) = 0, which again
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(a*P I)1p*(m) 6

for each m c Zn, so G*IA (A D*(Zn)) has periodic

spectrum. Consequently, Corollary 3.1a and Theorem 2.4

imply h(T) = 0.

Suppose T 6 Aut(Kn) and P(A) is an irreducible

monic factor of Ch(A), where A is the n x n unimod-

ular matrix associated with T. Then Propositions 4.1

and 4.2 imply each root of P(A) is a root of unity.

Lemma 4.2: Let E and F be subgroups of a topological

group G. Then E1 = F1 implies f = T.

Proof: It follows by continuity that E = (E)1 and

Fi = (Ty'. Since f and F are closed subgroups of G,

=

and

as we wished to show.

«FH1 = T.

Therefore,

= ( (F)±)-1-
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For any vector (x1, x2, xn) E Cn, let

Im(x
x2' xn) = (flit x Im x2' ..., La xn) where

Im x denotes the imaginary part of x C. If S is a

subset of Rn, let sp{S} denote the linear span of

in Rn (sp1S1 is a subspace of Rn).

Theorem 4.2: Suppose T E AUt(Kn) is of type 1 with A

its associated n x n unimodular matrix. Let Ch(A) =

(P1(X) P (")(Ps+1(X)
Pr(X)) be a factorization

of Ch(A) as in (4.13) with (P1(X)
... P (X)) the ergodic

part. For each j between 1 and s let Xj be a root

of P(X) with vj an associated nontrivial eigenvector.

Then

(4.17) A {m e :m.v, = 0 for 1 < j < s}.
3 - -

Furthermore, if T is the projection of

sp{Re vl, Im vl, Re v, Im vs onto Kn, then T

is a subgroup of Kn whose closure'1°- is the maximal

ergodic subgroup of Kn (i.e. f = E).

Proof: Let X. he a root of P(X) for s+1 < j < r.

Forl<j<r,letl...1-be a nontrivial eigenvector in

polynomial form associated with A. Note that v) is

a constant (complex) multiple of uj (1 < j < s) .

Let 1, al, a2' " a be real numbers which are"
linearly independent over the algebraic numbers. By

Theorem 4.1 the mapping



11)*(m) = exp 2Tri

)
a.(Re

Lj 3 3

\j=1 3

for each m e Zn is an algebraic isomorphism from Zn

onto A, a shift-invariant subgroup of X (see (4.9)).

By Corollary 3.1a,

A = 4)* 1(A n A).

But, tp*m e A if and only if there exist positive integers

'Dv p2, pN such that

Pih (a* I)1P*(m) =

i=1

and from (4.14) this will occur if and only if

(4.18) exp2Tri
Pi

(A.- - 1)(m-u.)
3

is one for each k c Z. Since

k' Pi
(4.19) Re I\ (X3 - 1)(m.u3)

i=1

is algebraic for each k e Z and 1 < j < r, (4.18) is

one if and only if (4.19) is zero, k e Z, 1 < j < r.
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Rewrite (4.18) as follows:

exp 27i

fS
Yiaj Re

j=1

+j Re

s+1

Pi
H (m°12.)

1=1

k (XPi 1)(m-u.1
31

i=1

3i

Let j be between 1 and s, so is not a root of
3

unity; consequently (4.19) cannot be zero for every k Z

unless mu, = 0 (1 < j < s). on the other hand,
3

choosing N = 1 and pl = least common multiple of

ft "" t 1 ti = order A (s+1 < < r), forces
s+1' r

the sum

Pi

)>1 aj
Re(Xk(A - 1)(m-u),)

j=s+1

to be zero for each k e Z. We have shown that

rN Pi7a Re Ak I\ (A - 1)(m.u.)

j=1 j i=1 j

is neverzeroforeachkeZunlessm.u.=0 (1 < j < s).
3

Therefore, **(m) e A if and only if m.uj = 0 for

1 < j < s, and since vj = 8,juj, 13j a nonzero complex

number, (4.17) follows.

In view of Lemma 4.2, to prove the second assertion

it will suffice to show T1 = A since T is clearly a

subgroup of K. this end, suppose m AT. Then
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thereexistsjobetweenlandssuchthatm-v .

30

Thus, either Re(m-v. ) 0 or Im(m.v. ) O. We may
3'030Jo

assume without loss of generality that Re(m-v4 ) O.

JO

Finda.eRsuch.that.theprojectionofReav.=c,cRe v.
30 30

ontothen-torusisnontrivialande Z.
0

ThenRe(m-otv.)=Re(a(m-v.))=alte(m-v. Z., so by
30 70 30

(4.2), m Therefore, TI A .

On the other hand it is clear that T :=D A , so

1
T = A as we wished to show.

Corollary 4.2: Let T Aut(Kn) be of type 1. Then

h(T) = 0 if and only if all characteristic roots of A

are roots of unity, A being the unimodular matrix asso-

ciated with T.

Proof: If each characteristic root of A is a root of

unity, the ergodic part of Ch(A) is trivial (= +1),

so by Theorem 4.2, AT = Zn meaning h(T) = 0 by Theo-

rem 2.4.

Suppose some characteristic root Ao of A is not

a root of unity. Let Ch(A) = P1(A) Pr(X) be a

factorization of Ch(A) as in (4.13). Then there exists

j between 1 and r such that A0
is a root of P,(A).

Since P(A) is irreducible over Z, Propositions 4.1
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and 4.2 imply no roots of P(A) are roots of unity.

Consequently, by Theorem 4.2, the maximal ergodic subgroup

E is nontrivial.

TIE is ergodic (Theorem 2.5), so E nontrivial implies

(TIE)* is aperiodic (Proposition 2.7). Theorem 2.4 implies

h(E) > 0, so by Theorem 2.5, h(T) > 0.

Let T 6 Aut(Kn) with E its maximal ergodic sub-

group. Then E is a compact abelian group being a closed

subgroup of Kn. Furthermore, since E = Z'1/, E is

metrizable. Now TIE is ergodic, so by Proposition 3.1

and Theorem 3.1 its dual, Zn/AT, is algebraically isomor-

phic to some shift-invariant subgroup of X. The next

proposition shows that E can be embedded into 11)*(Zn) c

via an algebraic isomorphism.

Proposition 4.3: Let T, A and Ch(A) be as in Theo-

rem 4.2. Suppose 1, al, a2, ..., as are real numbers

linearly independent over the algebraic numbers. Let u,

be the polynomial form of a nontrivial eigenvector asso-

ciated with A., a root of P.(X), 1 < j < s. Let

p = least common multiple of it5+1, ts+2, trl where

t, = order A. for s+1 < j < r. Then_

S

aE = a
J.

Re(XP - 1)u. mod(1, 1, ..., 1)

j=1



= exp 27i M

= exp 2i( a. Re(X.(m.u.
J

3=1
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is an element of E whose orbit separates E = Zn/A .

Extend the set{a . a to {a
° s '"' as' s+1'

..., ar so that a 0 < j < r (a = 1), are real
0

and linearly independent over the algebraic numbers. Let

uj be a nontrivial eigenvector in polynomial form asso-

ciated with X., a root of P.(A), s+1 <j < r. Let
3

_ _

a e Ka be as in (4.7), and let ** be the corresponding

map (4.8) which embeds Zn into X (4.9). Similarly,

let be the embedding of E into X corresponding to

aE
(see (3.5)). Then **(E) is a shift-invariant subgroup

of **(Zn) whose intersection with A is trivial.

Proof: Let m + A e E = Zn/A be nonzero. From (4.17)

it follows that there exists jo between 1 and s such

that mu, y 0. Now for k e Z, since TE = E we
JO

have

k
m + AT, TEkaE

= (m, T a /e

and by (4.2)

/ k
(m, TkaE) = exp 27i M'T a



Again if Re(muj ) 0, it follows by the fact that

Re(m.u,) is algebraic (1 < j < s) that this last

expression is nonzero for k = 0. On the other hand,

ifile(111.u.).=OtherIXO implies
30

Re(X.(m.11.)) 0, so that
30 30

>'a. Re(X,(m.u,)) 0
J

j=1

which by the choice of the {a.} (1 < j < s) cannot also

be an integer. Therefore, (M,
TkaE)

0 for some

k e Z which proves the first part.

For the second assertion, note that for m c Zn - AT,

(4.8) implies

(4.20) q(m + AI) = 14(m)

exp 27i CC 1: 1(X) -- 1.) 1(111)
3

\j=1

and

j*( m) = exp2ni
3

a.Re(Aj(npuj)) + a Re(Xk(m.0 )) .

3=1 j=s+1

Since A = Ip*(Zn) is shift-invariant, it follows by (4.14)

that
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k p(a*P-1)11)*(10=exP2Iria.Re(X. (X. - 1) (mu))
3 3 3 3

=1

k p

4->c"Re°"°"-1"r"1")j 3 3

j=s+1

is an element of A. But,

(4.21) (a*P I)(11)*(m)

since X. is a pth root of unity for s+1 < j < r.
3

Comparing (4.20) and (4.21) we conclude that q(E) is

a shift-invariant subgroup of Ip*(Zn).

Since TIE is ergodic, Corollary 3.1b implies

41(E) n A is trivial.

It is interesting to note that in the above proposi-

tion, aE - (Tip - I)a, where a is defined in (4.7), and

that ( P - I)AT =0.

2. A Representation Theorem for Automorphisms of the
n-torus
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In this section we will consider arbitrary automor-

phisms of the n-torus, which in general are not of type 1.

This means that their associated n x n unimodular

exp2Tri
JaiRe(Ak(A13 3

j=1



matrices may have repeated characteristic roots so that

the eigenvectors do not necessarily span Cn, a fact

that was essential in the development of a representation

theorem for type 1 automorphisms. To obtain a generalized

representation theorem, we will make use of the theory of

Jordan canonical forms. For a detailed discussion of

canonical forms see [9] or [10].

Let A be a complex number. Then the matrix

1 0 ... 0

1

0 ... 1

0 0 0 ... A

is called a basic Jordan block belonging to A. A matrix

J is said to be in Jordan fbrm if

J =

where

J. =

Jl
J2

B.
12

J:1
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and where Bil, Bir are basic Jordan blocks

belonging to Xi. Note that the eigenvalues of J

appear on the main diagonal.

Let T e Aut(K ) with A its associated n x n

unimodular matrix. Let
X1

..., X be the distinct

characteristic roots of A. Then A is similar to a

matrix J in Jordan form where Bil, ..., B. are the
lri

basic Jordan blocks belonging to Xi, 1 < < 2, (In fact,

J is unique up to a permutation of the Xi and of the

basic Jordan blocks within the corresponding subblocks

i) [9, p. 258]. Hence there exists a basis of Cn:

{ijk}, 1 < i < Z, 1 j < ri, 1 k < sij (where ri

is the multiplicity of the eigenvalue Xi, and sij is

the size of the basic Jordan block Bij)
such that the

linear transformation defined by A on Cn has matrix

J. Furthermore, if {e} (1 < t < n) denotes the usual

Euclidean basis for Cn, then etP = Eijk where

t=
p=1 q=1

[9, p. 235]. Finally, since the entries of both A and

J are algebraic numbers, we may assume that the entries

of P are algebraic [9, p. 269]. It follows that the

coordinates of each vector E (1 <i< z, 1LjLri,_
1 < k < s..) are algebraic numbers.
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so is an eigenvector associated with Ai. For

1 < i < 2., 1< j
<r.1,

we will call uij = the

generator associated with the basic Jordan block B.

Theorem 4.3: Let T 6 Aut(e) with A its associated

n x n unimodular matrix, and suppose Al, ..., At are

the distinct characteristic values of A. Let J be a

Jordan form of A with u.. a generator associated with
13

the basic Jordan block B. (1 < i < 2., 1 < j < ri).

Let

l' all' (311' alri' '"' akrt'

be real numbers which are linearly independent over the

algebraic numbers. Set

(4.22)

Fix i between 1 and k and j between 1 and

r.. Then

= Xiij1

= A. .. +132 132 133

J = Xi ij(s..-1)
+

13S..
13 13 13
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(aijRe uij + uij) 1).



Then a e K and orb+(a) separates Z Hence, by

Theorem 3.1, T* is algebraically isomorphic to a* re-

stricted to some shift-invariant subgroup of X (moreover,

Theorem 3.3 implies a* is algebraically isomorphic to

a* restricted to some shift-invariant subgroup of Y

(3.11); note that a* has a different meaning here).

Proof: Let m= (m1, inn) be a nonzero element in

Then if {Eijk) (1 < i < k, 1 j< ri, 1LkLsij)
is a basis of C for which the linear transformation

defined by A on Cn has matrix J (recall that the

coordinates of Eijk are algebraic and uij = Eiji,

1 <i < k, 1 < j <
ri

), then

76

(4.23)

and

m.E. .

1030k0

for someij and k where 1 <i<k' 1 <j< r
o' 0 0 i

0

and 1< k < s.
.

We may assume, without loss of
lojo

generality, that Ito is the first integer between 1 and

s. . for which (4.23) holds.
1030

Now,

U. . J = C J=A. C. . E. .

1030 i0jOij 10 10301 0 30
2



It follows inductively that for 1 < p < S4
-L0j0

(4.24) u. . JP = X?
1030

p(p - 1) xp-2 p(p - 1)(p - 2) xp-3

2! 100j03 3!
10 10304

0 0(p+1)

Therefore,

k-1 k -1o
0= X. k01-2E. . + (k .

3 0 0
1)A

i 2
0 0

1 10301 10 030

SO (111' U.iojo

k0-1
ro(a J ) =

i=1 j=1

pxp-1 c

0j01 10 i0j02

From (4.22) and (4.24) it follows that

ri 1/
k -1
0a.. Re(m.(u.. J ))\\13 13
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k -1 \\

+ Im(m J +(m. . . )1030,,.0

//
100

1111(m- E )i j1030 0 0k 0

From the choice of aij, f3ii (1 <i< Z, 1LjLr1)
k0-1

m (uand the fact that
0-ii J ) is algebraic, we conclude



k -1
m-(a J0 ) / Z.

Hence, (4.2) implies

k -1
(M, T 0(a0 1,

so orb (a) separates Zn as we wished to show.

Corollary 4.3: Let T e Aut(Kn) with A its associated

n x n unimodular matrix, and let Ch(A) = (PIM ...

Ps(X))(Ps+1(X) Pr(X))
be a factorization of Ch(A)

as in (4.13) with (Pi(X) Ps(X)) the ergodic part.

Suppose Xi, ..., Xh are the distinct roots of the ergodic

part, while Xh+i, Xk are the distinct roots of the

nonergodic part. Let J be a Jordan form of A with

{Bijk1' 1 <j < r the basic Jordan blocks associated

with Xi (1 < i < k). If fijkl (1 < i < k, 1 j ri,_
1 <k < s ) is a basis of Cn each member of which hasij
algebraic coordinates and for which the linear transforma-

tion defined by A on Cn has matrix J, then

A D {rn E Zn: for 1 < i < h, 1 < j < r.,

< k < s..}.1J
Proof: By Theorem 4.3, orb+(a) separates Zn where

a e Kn is given by (4.22), so Theorem 3.3 implies the map

4)*(m) = {(T*P(m) a)}

= 1(m, TP )1,
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p > 0, is an algebraic isomorphism of onto a shift-

invariant subgroup A of Y. Now, (4.2) implies

1P*(m) = {exp 27i(m-aJP)},

so (4.22) implies

or

(4.25)

r.
1

1

06.,Re(111'(Iiiig))
I 1J

i= j=1

aij Re(uij JP)

+ 5.. Im(m.(u.. J')))
ij

Choose m e zn so that m.Cijk. = 0 for 1 < i < h,

1 < r < r., 1 < k < s... From (4.24) we have for
1 1]

1 < p <

u.. JP = P + p A1?-1
P(P - 1) Ap-2 r.,

13 j- 131 1ij2 2! i 133

+ + Cij(p+1)'

Since is an eigenvector associated with A.,
ij

it follows that for an arbitrary p > s..

u.. JP = X? + Q (p)A1?-1 E +
3.3 ijl 1 ij2

P-(s..-1)13

-I- Qs -1(P) Ai
ij

Eijs
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where Qt( c) c F[x] (1 < t < 1). Hence,

m.(u.. JP) = 0 for p > 0 and 1 < i < h. Then (4.25)
13 _

becomes

(4.26) 41*(m) = exp

2ffi(

q=

+ 6.. Im(m.(u.. JP))
LJ 13

It follows from Corollary lb and Proposition 4.2 that

h + 1 < i < R., is a root of unity. Let

k.c.m.ford A : h + 1 < i < kl. Observe that

_ JP = Ay(

(Q1(P ci)Arci (21(P)XP) ij2

+ + Q5 (p)A
13

..-1
\ 13

P-(sij-1)\
- Q 1

(P)X.s..-
13

j ijsi j

where Qw(p) = 0 if p < w. Since (Ac.1 - 1) = 0,

(11.. JP-Fq - u.. JP)(Jci - I)
13 13

p+q
xPcxy 1)(Q1(10 ci)xi Qi(p)0)Eij2

Q(X)Ei33 Q;..-1(X)13s..
13 13

where. Q( x) e F[x]. It follows inductively that for

r

a.. Re(m.(u.. JP))
13 13

h-4-1 3=1
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h + 1 < i < 9, and 1< j

(4.27)

1

(q*cl - IW(m)

exp 27i

+ 8..m mu.
13 lj

r.

a. Re mu.ij ij

fi\ (JP -3.

1

< r 1

where M =max{s..: h + 1 < i < 9 1 < j < r.}.
13 1

Therefore by (4.26) and (4.27),

=6
(the identity of Corollary 3.3 implies m 6 AT

which completes the proof.

In the appendix it is shown AT is in fact equal to

{mce:111.E.i3k =0 for 1 i < h, 1 < j < r.,

1 <k<sij'1 andacharacterization of the maximal

ergodic subgroup is then obtained.
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A=

CHAPTER V

APPLICATIONS

1. An Automorphism of the 3-torus Not Having
the E-Z Decomposition Property

Before proceeding with the example, let T E Aut(Kn)

be of type 1 with E its maximal ergodic subgroup. By

Proposition 4.3, E can be embedded via an algebraic

isomorphism onto a subgroup of A = tp*(Zn) (namely

(a*P-I)Awherep=9..c.m.fordA.:s + 1 < i < rl, A.

characteristic root of A) whose intersection with A

is trivial. In view of Theorem 2.6 the question arises:

Does there exist a shift-invariant subgroup H c X such

that Vc(Zn) = H e 4*(zn) n fl? If so, then T would

be algebraically isomorphic to

aIWZn)

which would, by Theorem 2.6, have the E-Z decomposition

property. As we shall see in the following example, the

answer is negative.

Example: Let
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be an automorphism of the three torus. The characteristic

equation of A is Ch(A) = -(A - 1)(X2 - 4X + 1) whose

roots are 1, 2 + VT and 2 - /7. Note that - (A - 1)

is the nonergodic part, whereas A2 - 4A + 1 is the

ergodic part, and both are irreducible over zEX].

Solving for eigenvectors in polynomial form we obtain

(1, 1, 1), (1, 2 + VT, 7 + 4/T), (1, 2 - i7, 7 - 41/T)

associated with 1, 2 + VT, 2 - VT respectively.

Since A2 - 4A + 1 is irreducible over Z having

real roots only, it follows by Theorem 4.2 that the maximal

ergodic subgroup E is the closure of the projection of

the subspace {a(1, 2 + /T, 7 + 4/5): a c 12} onto the

3-torus. Its annihilator, AT, is the subgroup of Z3

generated by (1, -4, 1). On the other hand, the annihi-

lator of the closed subgroup H formed by the projection

of {a(1, 1, 1): a E R} onto K3 is the subgroup of Z3

generated by {(1, -1, 0), (0, 1, -1)1.

In other words, defining gp(S) to be the group

generated by S where S is a subset of Zn, we have

E = Egp{(1, -4, 1)}7i,

and

H = Egp{(1, -1, 0), (0, 1, -1)171;

but, E n H {0} because ((1, -4, 1), (½, 1/2, 1/2))

= exp 2Ri(1/2 - 2 + 1/2) = 1, so (1/2, 1/2, 1/2) E E. Note that

this is the only nonzero point common to both.



Suppose R is a subgroup of K3 such that TIC = R,

E n T = {0} and E + 7 = K3. Clearly ( - I)E c E

and (T - I)R c T. Set vl = (1 2 + VT, 7 + 41/7).

V2 = (1, 2 - VT, 7 - 41/7) and h = (1, 1, 1). Since

v1, v2' h are a basis for R3, each element x e K3

can be written avi + 8v2 + yh, a, 8, r R (All relations

hold mod (1, 1, 1) so that this representation is not

necessarily unique).

Now (T - I)x = a(Al - 1)v1 + 8(X2 - 1)v2 + 0. Thus,

(T - I)x e E, or ( - I)K3 c E. This implies

(T - I)R = {0}. Again let x =+ 8v2 + yh c K3. Thenavi

(T - I)x = a(X1 - 1)171 + 8(A2 - 1)v2 + 0

= a(1 + VT, 5 + 31/7, 19 + 111/)

+ 13(1 - VT, 5 - 31/T, 19 - 11/7).

If (T - I)x = 0, it follows that

(5.1) (a + + 1/T(a - E Z,

and

(5.2) 5(a + 8) + 3/T(a - 13)E Z.

Multiplying (5.1) by -3 and adding the result to (5.2)

yields

(5.3) 2(a + 8) E Z.

84



85

Similarly,

(5.4) 2/7(a -) e Z.

Now consider 14(1, 1, 1) = e + k, e =
av1

+ 13v + rh c E

and k = aiv + a'v2 + y'h e R. First note that y = 0
1

or 1/2 because -a vl -v2 = yh c E. Secondly

( - r)e = - I)k = 0, so a, a' and a, a' each

satisfy (5.3) and (5.4).

2av1 + 213v2 = 2a(1, 2 +VT, 7 + 41/T) + 23(1, 2 -1/T, 7 - 41/Y)

= (2(a + a), 4(a + a) + 2iT(a - a),

14(a +-a) + 4V7(a -

= 0 mod (1, 1, 1).

Similarly 2a'v1 + 213'v = 0 mod (1, 1, 1). Thus,

214(1, 1, 1) = 1/2(1, 1, 1)

= 2(e + k)

= 2yh + 2y'h

= 0 + 2y'h

2k

e R n E,

a contradiction. Therefore A does not have the E-Z

decomposition property.

2. A Characterization of Entropy Classes of Ergodic

Automorphisms of the Two and Three Torus

In [2] Adler and Weiss give the following examples

Of two algebraically nonisomorphic ergodic automorphisms



of the 2-torus with the same entropy:
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A and B are weakly algebraically isomorphic. Since

any pair of weakly algebraically isomorphic automorphisms

have the same entropy, the question arises: To what extent

is entropy a complete invariant under weak algebraic iso-

morphisms of the n-torus?

In this section we will attempt to answer this ques-

tion in stages. We will consider the question first for

ergodic automorphisms of the 2-torus, then the three torus

and then for higher dimensions. To do so, the following

lemmas are needed. We will continue to use the notion of

an automorphism of the n-torus and its associated n x n

unimodular matrix interchangeably.

Lemma 5.1a: If A is an ergodic automorphism of Kn,

then A has no rational characteristic values.

Proof: The characteristic polynomial of A is of the form

Ch(A) = (...1)nAn
+ bn-1X

n-1
+ + b1 X + det A

A =
5 2

2 1

and B =
5

1

4

1

However, there exist epimorphisms of K2

"Th

01

4 2

1 0

and 02 =
0

2

such that 01A Bel and A02 = 82B. This means that



where bi Z, i <n - 1. If Ch(A) has a rational

root say p/q in lowest_terms (p, q Z), then since

det A = ±1, both p and q must divide 1. Hence

= contradicting the ergodicity of A.

Lemma 5.1b; Let A be an ergodic automorphism of the

2-torus. Then A has no complex characteristic values

Proof: Write A = (a..)22 . The characteristic poly-
13 x

nomial of A is

(5.5) Ch(A) = X2 - tr AX + det A

whose roots are

(5.6)

(tr A = trace of A). Observe that (5.6) is complex if

and only if. tr A < 2 and det A = ±1.

If tr A = 0, (5.5) would then be X2 + 1 = 0, or

X2 = ±i. On the other hand if tr A = ±1, then (5.6)

would yield (-1 + 3i)/2 or (1 - 3i)/2 which are roots

of unity. The lemma follows from Proposition 2.4.

Theorem 5.1: Let T bean ergodic automorphism of the

2-torus. Then the weak algebraic isomorphism class of

automorphism of K2 generated by {T, -T} consists of

all ergodic automorphiSms of the 2-torus with entropy

h(T).

tr A ±. /1(tr A)2 - 4 det A
2
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Proof: Let A = (aij)2x2 be the unimodular matrix

associated with T. Let B = (bij)2x2 be an ergodic

automorphism of K2 having the same entropy as T. By

Lemma 5.1b, Ch(A) and Ch(B) have only real character-

istic values. Since the only possible rational roots of

Ch(A) and Ch(B) are ±1 (Lemma 5.1a), both Ch(A)

and Ch(B) are irreducible over Z meaning A and B

are of type 1.

Let al' a2 be the roots of Ch(A) and b b he1' 2 -

the roots of Ch(B). Then al, a2, bl, b2 E R and

1a1a2I = I,b1b21 = 1. We may assume without loss of

generality that Iall > 1 and 11011 > 1 (Hence Ia21 < 1

and 1b21 < 1). From Proposition 2.5,

logIall = h(A) = h(B) = logIbil

This means that la11 = 1b11 and, hence, 1a21 = 1b 1.

We have two possibilities:

Case 1: a1 = b1 or a2 = b2'

Case 2: a1 = -b1 and a2 = -b2'

If, as in case 1, al = b1
we proceed as follows.

Let a be a nonnegative real transcendental number. Set

a1 = b1 = A. Then a polynomial form of an eigenvector

associated with A will be

88

(5.7) uA = (-a12' all - A),



(5.9)

and

(5.10)

*1(M) = lexp 2Tri(aX (M.11A ))1

41(M) = exp 2Tri

from Z2 into X. By Theorem 4.1 and (4.8), i and

** are algebraic Isomorphisms (with respect to A and

B) from Z2 onto shift-invariant subgroups of X.

Evaluate
M.11A

and M.0B
in (5.9) and (5.10) respectively

to obtain

(5.11) 111(M) = iexp 2ffi(aAk(-mal2 nall nX))"

ak
(14-uB

b12

/ k/ -
(5.12) VA (M) = exp 211-i aX -m + n

11 )

xp 274-a-
b12 "a12m (

b12

Consider the map 01:(Z2) *11(Z2) defined by:

(5.13) 01{exp 2ffi(aX (m, n).11A))1 =

11
- b )n, b n)uB))) .

89

and

(5.8) uB = (-b12' b11 -
A)

corresponding to A and B respectively. Notice that

b12
0 because b12 = 0 would mean det(B - Al) =

(b11 - A)(b22 - A) which contradicts Lemma 5.1a since

both b11
and b2

would be integer characteristic

values of B.

For M = (m, n) c Z2, define mappings



which when simplified becomes

(5.14) (exp 2ffi(aAk(-ma12 nall riX)

From (5.13) it is clear that 01 is additive. Since a

is transcendental and since A cannot be a root of

(-ma12 + na11
) - nA (Ch(A) is irreducible over Z[X],

and deg Ch(A) = 2), (5.14) implies 01 is injective.

Compare (5.11) with (5.14). We see that 11/(Zn) is

a subgroup of qr( and
01

is just the identity. It

follows that 0*a* = a*0 where a*A ' G*14)*(Z11) and
1 A B A

a* = a*I4)*(Zn). Since
01

is one to one, we can apply

Corollary 2.2b to conclude A is an algebraic factor of

B.

In (5.9) replace a by a/a12, and in (5.10) replace

a/b12 by a. Then the above argument can be reversed to

show that B is an algebraic factor of A. Therefore,

A and B are weakly algebraically isomorphic.

If case 2 holds, then -A has characteristic roots

-a1 and -a2'
and we can proceed as in case 1.

Theorem 5.2: Let T be an ergodic automorphism of teh

3-torus. Then the weak algebraic isomorphism class in

eexp 27i aX-(a12m -
bll A)I}

a11 - b11)n) + b12n
b12

90

From (5.12) the right-hand side of (5.13) is the bisequence



generated by {T, -T, T-1 -T-1} consists of all

ergodic automorphisms of the 3-torus with entropy h(T).

Proof: Let A = (a ) be the unimodular matrix
ij 3x3

associated with T. Let B = (b ) be the matrix of
ij 3x3,

an ergodic automorphism of K3 having entropy h(T).

Since deg Ch(A) = 3, any factorization of Ch(A) over

Z must include a linear factor which, by Lemma 5.1a,

is impossible. Hence, Ch(A) and Ch(B) are irreducible

over Z, so A and B are of type 1.

Ch(A), Ch(B) E Z[X], so complex roots must occur in

conjugate pairs. It follows that both Ch(A) and Ch(B)

have at least one real root. Let al' a2' a3
be the roots

of Ch(A) and b b2' b3
be the roots of Ch(B). From

the relation la1a2a31 = 1 and by rearranging al, a2, a3

if necessary we have two possibilities; namely,

< 1 while la21 > 1 and la31 > 1,

or

'ail
> 1 while la21 1 and la31

A similar situation exists for bl. Set a1 = XA and

b = XB. Then X and XB
are real. From the relation

1 A

(Proposition 2.5)

h(T) = y log = X logIbil

a.i>1 Ibil
1

1<i<3 1<i<3
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we obtain four cases:

Case 1:
XA = XB'

Case 2: XA = -XB'

Case 3: XA = 1/AB'

Case 4:
XA -1/X1r

Suppose case 1 holds; i.e. XA = XB. Consider the

system (4.3) with X =
XA

and n = 3. The coefficient

matrix has rank 2 (XA is a simple root), and XA cannot

be a root of any polynomial of degree less than 3. This

means that the last row may be eliminated in order to solve

for a nontrivial eigenvector associated with XA. The

polynomial form of this eigenvector is

uA = (a13X+detA31, a23X-detA32, X2-( an+a22) X+detA 33)

where .A.is the cofactor associated with a
ij ij

(1 < i, j < 3). Likewise,

uB = (b13X+detB31' b23 X-detB32° X2-(b11+b22)X+detB33)

is the polynomial form of an eigenvector associated with

XB = X.

Notice that b13
and b23

cannot both be zero

because b13 = b23 = 0 would mean det(B - XI) =

(b33 - X)detB33
implying X =

b33
E Z is a root of

Ch(B), and this would contradict Lemma 5.1a. Let a be

a nonzero real transcendental number. By Theorem 4.1,
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orb(b) where

b = aRe uB
mod(1, 1, 1)

separates Z. From (4.8) it follows that for

um, n, k) (0, 0, 0) 6 Z3

Re Ak((m, n, WuB) 0

for some k E Z implying (m, n, k).uB 0. In parti-

cular,

(5.15) (b23, - b13' O)u = b detB31 + b13detB32
0.

Note that for (m, n, t) 6 Z3,

(m, n, )u m(a13A + detA31) + n(a23A +)detA32

2

- (all a22) + detA33).

Consider the following systems of equations in the unknowns

x/, x2, y, '21Z11 Z2.

b x + b x =
13 2 2

al3

detB3 x - detB = detA31

b13y1 + b23y2 = a23

detB31y1 - detB32y2 = detA32

and

b + a22) + b + b22)
13 2 = - 11 11 22

detB31 z1 - detB32 2
= detA33 - detB33.

Since their coefficient matrices are the same, the above
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and B* respectively (Theorem 3.1 and Theorem 4.1).

Define a map 0:11/(Z3) 11/(Z3) by

(5.16) 0*4104) = fexp 2ffi(aRe(0*(M)-uB)))-

where e*(m) = 6*(m,n,k) = p(x1m+y1n+z1k,x2m+y2n+z

Considering the above three systems we have

1/0*(M)uB = (b13x1 + b23x2)m + (detB31 - detB32x2)m

+ (b13y1 + b23y2)n + (detB31y1 - detB32y2)n

+ (buzi + b23z2)k + (detB31z1 - detB32z2)k

(A2 - (bll b2 + detB33),Q,

= (a13 + detA31)m + (a23 - detA32)n
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three systems will have

det

is nonzero by (5.15).

unique rational

b13 b23

detB31 -detBI

solutions because

Choose p e Z- {0} so that px , px2, pyl, py2,

pzi and pz2 are integers. Let

a = pc Ite-u mod (1, 1, 1).

By Theorem 4.1, the orbit of a under T separates Z3

Let q and 41 be the embeddings (4.9) of Z3 into X

corresponding to A, a and B, b respectively. Then

3 lcr*Z3) are algebraically isomorphic toa 1111(Z)aricia (tP13
A*



(a11 + a22)7 + detA33)2,

= MUA

Therefore,

(5.17) 0*(M).uB = pM.11A.

Since by (4.9)

(5.18) q(Z3) = itexp 27i(paReXk(M.uA)): M E Z3}}

and

(5.19) ti)*(Z3) = {{exp 2Tri(6ReA (MuB)): M 6
3,1

it follows that 0* is a one to one continuous homomorphism

of i(Z3) into 4(Z3). In fact (5.16), (5.17), (5.18)

and (5.19) imply q(Z3) is a subgroup of i(Z3) and

0* is just theidentity, so e*cli = ate*.

Now apply Corollary 2.2b to obtain A is an algebraic

factor of B. The above argument can be reversed to show

B is also an algebraic factor of A, or A and B are

weakly algebraically isomorphic.

Case 2 is treated by replacing B with -B and

proceeding as in case 1. For case 3 replace B by B-1

-1
and proceed as in case 1. Replacing B by -B reduces

case 5 to case 1.

We have shown that if A, B 6 Aut(K3) are ergodic
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and have the same entropy, then A is weakly algebraically

isomorphic to one of the following {B, -B, B-1, -B-1},



96

and the theorem follows.

It is very likely that Theorems 5.1 and 5.2 can be

proved using techniques from matrix theory. In this case,

it is necessary to obtain a similarity relation say

GA = B0 where 0 is a nonsingular 2 x 2 or 3 x 3

matrix (depending upon whether A, B are ergodic auto-

morphisms of K2 or K3) having integer entries only.

In fact since each continuous epimorphism of K is

associated with a nonsingular n x n matrix with integer

entries, it follows that A, B E Aut(Kn) are weakly

algebraically isomorphic only if A and B have the

same characteristic equations.

The following examples show that the conclusion of

Theorem 3 cannot be extended to ergodic automorphisms of

Kn where n > 4.

Example : Let A e Aut(K3) be defined by

0 1 0

A= 0 0 1

-1 -3 0

It can be shown that A has only one real characteristic

root which lies between -1 and 0. Hence, A is

ergodic.

Consider



B=
A 0

B=[

A.-1
_-#

-
Ch(B) = Ch(A).Ch(A1 ) and Ch(C) = Ch(A)2, so B and

C are ergodic automorphisms of the six torus. Moreover,

Proposition 2.5 implies

h(B) = h(C) = 2h(A).

Observe that since Ch(B ) = Ch(B), C cannot be

weakly algebraically isomorphic to either B or B-1

(their characteristic roots do not coincide). Similarly,

C cannot be weakly algebraically isomorphic to -B or

--B'.

Note that Proposition 2.5 also implies h(A2) = 2h(A)

which gives an example of an ergodic automorphism of the

3-torus having the same entropy as B, an ergodic auto-

morphism_of the 6-torus.

Example- : Let

2

and C=
A 0

0

which is the example given at the beginning of this

section. A is an ergodic automorphism of K2. It

follows that
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A

and C =

0

2 1
..41.110



are ergodic automorphisms of the 4-torus having the same

entropy. Using an argument similar to that used in the

previous example, it can be shown that B and C also

do not satisfy the conclusion of Theorem 5.1.
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APPENDIX



SOME EXTENSIONS

Let T 6 Aut(Kn) with associated unimodular matrix

A, and let Ch(A) = (131(X)Ps(X))(Ps+1(X)Pr(X))

be a factorization of Ch(A) as in (4.13) with

(Pl(A)...Ps(X)) the ergodic part. Suppose X1, ...,

are the distinct roots of the ergodic part, while

X
11-1-1° "" XL

are the distinct roots of the nonergodic

part. In Corollary 4.3 it was shown that

A {m 6 Zn: m.E = D, 1 < < h, 1 < j < r.,

1 < k < s. .}
13

where {Ciik} (1 <i<i 1LjLri, 1LkLsii) is

basis of Cn for which the linear transformation defined

by A on Cn has matrix J (a Jordan form of A). Here

we will show that we actually have equality and will use

this information to characterize the maximal ergodic sub-

group. To do so, a slightly different version of Theorem

4.3 is needed.

Theorem A: Let T 6 Aut(Kn) with A its associated

unimodular matrix. Let J be a Jordan form of A with

{E }
ijk

a basis of Cn as defined in Corollary 4,3, and

suppose Cl, {al} are real numbers linearly independent

over the algebraic numbers (1 < i < 2,, 1 < j < ri,

1 < k < s..). Set

101



a= ijk
Re jt,.jk mod (1, 1, ..., 1).

a
i=1 j=1 k=1

Then orb+(a) separates Zn, so the map

4)*(m) = exp 2Tri

= exp 27i

S.

j=1 k=1

is an algebraic isomorphism of Zn onto a shift-invariant

subgroup of Y (Theorem 3.3).

Proof: Let m E Zn. By (4.2),

/
1j

r. S.

(TPa, m) = exp 27i >
, ijka.. (111-(Re( . JP)))

ijk
\i=l j=1 k=1

r.1
ki

>>
j=1 k=1

Re(m-(C,. JL-n ))
aijk 13k

aijk Re (m-(Ciik JP))

102

Since Re(m.
x..,

JP) is algebraic (the coordinates of

ijk

13

are algebraic), it follows from the choice of

{Eijk} that (TPa m) = 1 for p 0 if and only if

Re(ma( iik JP)) = 0, 1 < i < 2,, 1 < j < ri, 1 < k <

If m o there exist 1.0, jo, ko where 1 < io

1 < jo rio, 1 <ko < si00, such that iojoko 0.

If ko S. . we may assume without loss of generality
1030



that m.E = 0 for ko < k < s. . . Consider
i0j0k

1030

Re(1., JP)).
103e0

First set p = 0. If Re(m-E. . ) 0 we are finished.
100X0

If not, set p = 1. If k = s. . (i.e. is0

030
i 0j 0k0

ameigenvectorassociatedwithX.), then
10

Re(m- (E. 3")) = Re X. (m.
1030k0 10 1030k0

which cannot be zero if Re(m.E. . ) is zero. On thelook()

other hand for k < s. . we have
0

1030

Re (m- (E . J) = Re(m. (X. E + E .
k i3(k41)

1030k0
1 i 0j 0 0 0 0 0

= Re(A. (m-E. . ))+Re(m-E. .

10030k0 1030(k

= Re(Xio(m.Eiook0))

which cannot be zero if Re(m. 0. Therefore,103e0

m 0 implies that either (a, m) 1 or (Ta, m) 1

as we wished to show.

Theorem B: Let T Aut(Kn) with A its associated

unimodular matrix, and let Ch(A) = (131(X)...Ps(x))(Ps+1(x)

...Pr(X))
be a factorization of Ch(A) as in (4.13) with

(Pl(A)...Ps(A)) the ergodic part. Suppose X1, ...,

are the distinct roots of the ergodic part, while
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xh+1' '"' AZ are the distinct roots of the nonergodic

part. If {ijkl is a basis of Cn as defined in Corol-

lary 4.3, then

AT = Z1: m.Eijk = 0, 1 < i <h, 1 < j < r.,_

1 <k < s..}.

Furthermore, if T is the projection of sp{Re Eijk,

Imijk:1 < ' h, 1 < j < ri, 1 < k < sii} onto the

n-torus, then T is a subgroup of Kn whose closure

is the maximal ergodic subgroup (i.e. T = E).

Proof: If {ijkl (1 < i < Z, 1 < j < r., 1 < k < 1]

and a s Kn are defined as in Theorem A, then orb+(a)

separates Zn, and the map

(m) = exp 27i

r. S.
1 13

a.Re(m.(Eijk JP))ijk

104

is an algebraic isomorphism of Zn onto a shift-invariant

subgroup of (J being the corresponding Jordan form

of A).

For t = 1, 2, ..., N let pt be a positive integer.

The proof of Corollary 4.3 can be modified to show that



(1)

'fl(a*t _ i)-4)*(m)

t=1

Since the coordinates ofijk as well as the entries of

J are algebraic, it follows by the choice of {El that

11
(a* t - I)11)*(m) = 8

t=1

if and only if for each p > 0

(1 < i < k, 1 < j < r., 1 < k < s..).

Suppose m-. .0 where 1 < io < h, 1 < jo < r.
1030xo 10

1 < k < s. . . If k < s. . we may assume without
0

103 0

o
1030

loss of generality that m-Eiojok = 0 for ko < k < siojo.

If k0 < s. . , evaluate (1) for i = io, j = jo, k = ko
030

to obtain

S. .

N 100
Re m° AP ]--(APt - 1

1).

03
.

0k01
+ 4 (A. )E.k 1 1

0 0 0 0
y=1

13k
jp /---(jPt 1)

t=1

k=k0+1
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= R

where Qk(X) 6 z[X] for ko < k < s. . . Since
1030

rtlE..=0 for k < k < s. . , we have
1030k

0
1030(Nvojoko JP (3-Il \ Pt - I)

t=1

Re m-

= Re

S.
0j0

ra
(APt

- 1)
(-joioko)

+ Qoxi )

0:0
t=1 k=ko+1

(

(P.t_ . _ )

io ( 1030k0
t=1

which cannot be zero for both p = 0 and 1 since X

0

is not a root of unity. The same argument applies to the

case where k = s . . Therefore, m.E. . 0 foro
iO30 i00k0

1 < i h, 1 < jo < rio, 1 < ko < siojo implies

Ip*(m) g A; hence, it follows from Corollary 3.3 that

m g AT, which together with Corollary 4.3 proves the

first assertion.

The second assertion is proved as in Theorem 4.2

using Lemma 4.2.

Corollary: Let T e Aut(Kn). Then h(T) = 0 if and

only if all characteristic roots of A are roots of unity,

A being the unimodular matrix associated with T.

Proof: See the proof of Corollary 4.2.
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