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Synthetic Method in Thermal Boundary
Layer Transition

I. INTRODUCTION

1.1 Preliminary Remarks

One of the many long-standing problems in fluid mechanics

today is to provide global analytic solutions to the Navier-

Stokes equations, which is a coupled system of highly nonlinear

partial differential equations, for the motion of viscous fluids.

This problem is as yet unresolved, except in a few cases, owing

to enormous mathematical difficulties encountered. A variety of

assumptions have therefore been made to facilitate analysis of

the motions in particular cases. Stokes, for example, linearized

the equations by neglecting the inertia terms, thus obtaining

the slow motion solution of a viscous fluid past a sphere and a

circular cylinder. Oseen improved the approximation by taking

the inertia terms partially into account. Prandtl proposed, in

his effort to resolve the well-known d'Alembert's paradox, to

split up an entire flow field into subfields; he derived, through

an order-of-magnitude analysis, the boundary layer equations as

approximate forms of the Navier-Stokes equations holding only

within a narrow layer near the boundary. Yet, no exact solution

is known even for a sphere or a cylinder moving through a viscous
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fluid. The Prandtl system of boundary layer equations is still

nonlinear and is further approximated in most solution processes,

leading to results having serious defects of their own. See

reference [1] for a complete discussion.

The Navier-Stokes system is elliptic in character with re-

spect to the coordinates, whereas the Prandtl system has features

of a parabolic equation. The types of problems which are well-

posed for the two models are consequently drastically different.

The truncated boundary layer equations of Prandtl and the invis-

cid fluid equations of Euler are also fundamentally different in

character. Hence, it may not be possible to obtain a single

solution from patching up local solutions, as is often the case

in current literature, which holds at all points near and away

from the boundary. Nevertheless, one of the conventional ways

of obtaining a picture of the flow field of a viscous fluid out-

side the wake goes as follows: the entire flow field is divided

into two separate regions, namely a boundary layer region where

the flow field is obtained from boundary layer equations, and an

outer region where the Euler equations are used to obtain an ex-

ternal flow. As a result, there has been a considerable discus-

sion about where and how to match the two parts of the flow field.

We shall briefly review the Prandtl's boundary layer theory in

Sections 1.4 and 2.2.

The present thesis was motivated by a series of papers by

Seth [1,2,3,4] in which the main thrust is on the need of what he
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terms a synthetic method and its importance as a fresh mathemati-

cal method to solve a large class of nonlinear partial differen-

tial equations often arising out of physical problems. The main

crux of this method, which will be discussed in detail in

Sections 1.5 and 2.3, is that it is possible that, instead of

narrowing down a field, its extension might give exact solutions

of nonlinear problems. In general, the physical problem will be-

come a limiting case, in a certain sense, of the problem investi-

gated because of the extension of field of investigation. The

synthetic method has indeed met with great success in treating

the Navier-Stokes equations in its complete form for several

viscous fluid flow problems, including the motion of a sphere or

a circular cylinder through a viscous fluid; various local solu-

tions were obtained as special cases from an exact solution to

the Navier-Stokes equations.

As we shall see in the next two sections, the boundary layer

formation is an asymptotic phenomenon in the sense that it in-

volves a break-down of uniformity near the boundary. The mathe-

matical structure of the boundary layer phenomena may accordingly

be founded on asymptotic analyses, as will be discussed in

Sections 1.2 and 1.3. The synthetic method is essentially an at-

tempt in this direction. In the present thesis, the problem of

a general incompressible viscous fluid flow past a flat plate

with heat transfer due to forced convection is considered based
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on the synthetic method. In Chapter IV the synthetic method is

applied to the Navier-Stokes equations and the equation of energy,

derived in Chapter III for linear thermoviscous fluids, governing

the flow to obtain the dynamic and thermal boundary layer solu-

tions as asymptotic limits of an extended field.

1.2 Asymptotic Phenomena in Mathematical Physics

It is still rather an overlooked fact that asymptotic de-

scription is not merely a convenient way of obtaining approximate

solutions to physical problems, but it has a more fundamental

significance in the mathematical treatment of nature. One of

the most important classical cases is the asymptotic solution of

the Schrodinger equation. Birkhoff [5] discovered that the

Schrbdinger equation is merely the "principal equation" which has

the usual Hamilton-Jacobi partial differential equation as its

"multiplier equation." In other words, the classical theory of

mechanics results from the leading term in the asymptotic expan-

sion of quantum mechanics. Indeed, if we take the Schradinger

equation in the time-independent form:

72ip X2[E - V(x)]11) = 0 ,

1/57where A - is a large parameter and the function V(x) is

defined over a certain set in which E - V(x) changes sign, and

if we attempt to solve it with the formal asymptotic process:



eiAS cf, v ()0,r1
A

n=o

we obtain

(7S)2 + V(x) E

which is the well-known Hamilton-Jacobi partial differential equa-

tion in the time-independent form.

Friedrichs [6] describes phenomena such as discontinuities,

quick transitions, nonuniformities, or other incongruities re-

sulting from approximate descriptions as asymptotic. Elastic-

plastic deformations, visco-elastic deformations, boundary layers,

gas dynamic shocks, creep, fatigue, relaxation oscillations,

stability, and adiabatic theorem in quantum mechanics are well-

known examples. A great deal of research has been done on these

transition phenomena by such workers as Stokes, Poincare, Horn,

Birkhoff, Noaillon, Tamarkin, Perron, Trijitzinski, Turitten,

Fukuhara, Jeffreys, Langer, Wasow, Levinson, Bellman, Stoker,

Reissner, Lin, Friedrichs [6] and Seth [7,8].

The occurrence of asymptotic phenomena in nature is often

associated with transition processes. Two cases in point are the

boundary layer phenomenon and the Stokes phenomenon. The boun-

dary layer transition, touched very briefly upon in the Introduc-

tion and to be discussed more thoroughly in the next two sections,

is not the only form of break-down of uniformities. Such a break-

down may also happen in the interior of the domain of interest.

The well-known Stokes phenomenon is such an occurrence. The

5
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Stokes phenomenon obtains at a line if the asymptotic expansion

of the analytic continuation of a solution of a differential

equation across this line is not given by the analytic continu-

ation of the terms of the asymptotic expansion. The leading

term of the asymptotic series of the actual solution representing

a physical quantity would therefore suffer a discontinuity upon

crossing the Stokes line. There would then exist the possibility

of describing continuous quantities as discontinuous ones by de-

scribing them asymptotically, namely a discontinuity resulting

from an approximate description. Thus, a large class of discon-

tinuity phenomena in mathematical physics, including, e.g., the

formation of a shadow cast by an obstacle due to an incident

light beam, may be interpreted as Stokes or Boundary layer

phenomena.

Such asymptotic phenomena may be treated by various asympto-

tic analyses. Friedrichs and others successfully employed the

method of coordinate-stretching for a number of cases; especially

effective for problems of boundary layer type. Lighthill's im-

portant extension of Poincare's method, to render approximate

solutions to physical problems uniformly valid, has proven to be

very general in concept, at the same time very effective upon its

application, and yields useful results for a large class of prob-

lems. His method [9,10], based on the ingenious idea of expand-

ing not only the dependent variable but also the independent
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variable, depending on a parameter, is designed to eliminate

possible singularities of a power series expansion in the very

small parameter, and to render the expansion uniformly valid over

the whole domain of interest. Also, in connection with the

Stokes phenomena the turning point theory, originated by Jeffreys

[11] and Birkhoff [5] and rigorously advanced by Langer [12,13,

14], has played an important role in the analysis of the be-

haviors of solutions about turning points, and consequently in

the neighborhoods of Stokes lines. It is also noteworthy in the

context of the present thesis that Meksyn [15], taking advantage

of the fact that there occurs an abrupt change of velocity along

the normal direction inside the boundary layer, demonstrated

the applicability of saddle point method to boundary layer prob-

lems in general.

In the next two sections we shall attempt to characterize

boundary layer formation as an asymptotic phenomenon and shall

also review the conventional (i.e., Prandtl's) treatment of the

boundary layer phenomenon, thus indicating in which way we shall

approach our problem in this thesis.

1.3 Boundary Layer As An Asymptotic Phenomenon

The Prandtl's boundary layer theory, speculative and approxi-

mate as it may be, is essentially valid in the real world because

of the vast applicability of the theory and its close agreement
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with observed phenomena. The boundary layer theory has, how-

ever, not been completely understood on a solid mathematical

basis. One firm step forward in understanding the mathematical

structure of boundary layer effects was taken by Friedrichs [6]

who characterized it as an asymptotic phenomenon. The main

feature of the asymptotic phenomenon he speaks of is manifested

in the drop of the order of the associated differential equation

accompanied by a corresponding sacrifice of the boundary condi-

tions to be satisfied. In order to illustrate the process of

recognizing the boundary layer as an asymptotic phenomenon, we

shall consider, for simplicity, a second order ordinary differen-

tial equation

cuu(z) + a(z)u'(z) + b(z)u(z) = 0 , (1.3.1)

where E is a small parameter, coupled with the boundary condi-

tions at z = 0 and z = 00. We now pose the question how its solu-

tion behaves as e -4- O. To this end, we suppose that the first

order differential equation, as obtained in the limit e -4- 0,

satisfies the boundary condition at infinity. It is then clear

that for small e the solution of the second order differential

equation fairly agrees with the limit solution near infinity.

On the other hand, we cannot expect the uniform convergence of

the solution to the limit solution near the other boundary. If
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the parameter e is small, the solution will run near the limit

solution down to z = 6 « 1. A quick transition then follows

towards the point z = 0. The quick transition must occur since

a boundary condition is about to be lost and this loss in turn

is necessary since the order of the differential equation is

about to drop.

To investigate this transition we resort to the method of

coordinate-stretching. Specifically, we take the ratio

(1.3.2)

as a new independent variable instead of z. Then the original

equation with u as a function of becomes

u" + au' + cbu = 0 . (1.3.3)

This equation remains of the second order when c is put to zero

and therefore both boundary conditions can be satisfied. It is

then not difficult to see that the new limit process is uniform

even near z = 0. Hence, the new limit solution may serve as an

approximate description of the quick change of u in the transi-

tion layer.

This break-down of uniformity is precisely what happens with

a viscous fluid flow past an obstacle as the viscosity approaches
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zero. The Navier-Stokes equations for a two-dimensional viscous

fluid flow is of the fourth order in terms of the stream func-

tion and has four boundary conditions to be satisfied. Prandtl's

boundary layer equations derived from the Navier-Stokes equations

by an order-of-magnitude analysis is of third order. On the

other hand, the inviscid fluid flow equation for the stream

function is of second order. If one considers the orders of the

above governing differential equations, one would notice that in

passing from the Prandtl's equation to the inviscid fluid flow

equation there occurs a drop of order one, while in passing from

the general viscous fluid flow equation to the inviscid fluid

flow equation the drop in order would actually be two. However,

in the former case, the derivations are rather hypothetical

since the pressure term within the boundary layer is replaced

by the external pressure and one of the equations of motion is

dropped altogether. Thus the actual drop in order in passing

from the general viscous flow to the inviscid flow should be two

instead of one. Consequently, as remarked earlier in connection

with Equations (1.3.1) through (1.3.3), there occurs a break-

down of the uniformity of the solution within a narrow layer of

fluid near the boundary known as the boundary layer. It may be

footnoted that problems of boundary layer type have been treated

from the point of view of singular perturbations using matched

asymptotic expansions valid over different subdomains in an



11

infinite domain. But, the present treatment given in this thesis

is a departure from the traditional singular perturbation

methods and is based on transition concepts and synthetic method,

as will be discussed in the following chapters.

1.4 Prandtl's Boundary Layer ConceptDynamic and Thermal

Prandtl's ingenious idea of a thin layer of quick transition

near the solid boundary emerged out of an attempt to resolve the

well-known d'Alembert's paradox of late 19th century. The para-

dox was that for fluids with low viscosity the assumption of

absence of viscosity led to a very satisfactory description of

the flow around the body, although it did not offer an explana-

tion for the resistance experienced by the body. Prandtl, in

1904, advanced the hypothesis that for sufficiently small vis-

cosities the viscous effects are confined to a very thin layer

near the surface of the body, the velocity gradient normal to

which is very large. Based on this hypothesis, he was able to

analyze the fundamental differences in the behavior of inviscid

and viscous fluids and suggested to split the entire flow field

into two separate regions: one a very narrow region near the

surface of the body and the other away from the body. While

the latter flow is quite accurately approximated by the inviscid

fluid theory of Euler, equations governing the flow in the imme-

diate neighborhood of the body were derived by appraising the



12

order of magnitude of the various terms of the Navier-Stokes

equations and rejecting the relatively insignificant terms.

The Navier-Stokes equations governing the motion of an in-

compressible viscous fluid along a flat plate are:

where u and v are the tangential and normal velocity components,

respectively, p the fluid pressure, and v the kinematic viscosity.

In deriving Equations (1.4.1) - (1.4.3) it is assumed that the

plate coincides with y = 0, on the positive side of x; the main

flow is in the direction of x positive. The assessment of the

order of magnitude of the terms in Equations (1.4.1) - (1.4.3)

are based on the following assumptions:

x 1 u 1 ' 3x
11

/

(1.4.4)
y vs ,,

By s

3u 1 3

P 9x
2 u 32u (1.4.1)

3t ' '-(57
= -

By \)(2 3y2i

3v
nDvBt L4 X By

with the equation of continuity

3u By n
Bx By - '

1 2.2
7 By \ )

32y
Tx-2-

4. By
Tyr (1.4.2)

(1.4.3)
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where as « 1 is the thickness of the boundary layer and the

notation tk, stands for " is of the order of magnitude of ".

Since very near the boundary the viscous effects are predominant

and away from the boundary inertia terms are more important,

Prandtl made the further assumption that inside the boundary

layer the viscous and inertia terms are of the same order of

magnitude. This assumption led to the semi-empirical formula

for the thickness of the boundary layer as proportional to

R being the Reynolds number. Substituting the order estimates

(1.4.4) into Equations (1.4.1) - (1.4.3), we can deduce that in

D2u
Equation (1.4.1) the term can be disregarded compared with

D2n
the term .571- . The equations of motion (1.4.1) - (1.4.3) accor-

dingly become

where (1.4.2) altogether drops out in view of the order of mag-

nitude analysis carried out according to Prandtl . Equations

(1.4.5) and (1.4.6) are called Prandtl 's boundary layer equations.

Since in the main flow the action of viscosity can be neglected,

we obtain from the inviscid fluid theory of Euler that

(1.4.7)
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where U is the given streaming speed. Prandtl's boundary layer sys-

tem as given by (1.4.5) and (1.4.6) are two equations in three un-

knowns u, v, and p. Thus, mathematically speaking, an indeterminancy

enters into the problem. There has been as yet no method of theore-

tically deriving the pressure at the outer edge of the boundary

layer. In the case of a flat plate, this difficulty is overcome by

supposing the pressure distribution inside the boundary layer the

sane as at its outer edge, i.e., by using the pressure from Equation

(1.4.7) or by borrowing the pressure from experiments. We shall pre-

sent a critical review of the Prandtl's boundary layer theory in

Section 2.2.

Boussinesq, in 1903, introduced the concept of thermal boundary

layer before Prandtl proposed an analogous idea for the transfer of

momentum. The transfer of heat between a solid body and a fluid flow

is governed by an equation of energy besides the usual Navier-Stokes

equations. The heat transfer may be due to natural or forced con-

vection. Flows in which buoyancy forces brought about by large tem-

perature differences through variations in density are dominant are

called natural convection flows. For natural convections, there

occurs a mutual interaction between the velocity and temperature

fields. On the other hand, when buoyancy forces are negligible,

and when the properties of the fluid may be independent of

temperature, mutual interaction ceases, that is to say, the

velocity field no longer depdnds on the temperature field but
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the converse does not hold. This happens at large Reynolds numbers

and small temperature differences. Such flows are termed forced

convection flows. In the case of small conductivity as for gases

and liquids, there is also a thin temperature boundary layer

where heat exchange takes place between the solid boundary and

the fluid, there is a very steep temperature gradient in the

normal direction to the solid boundary, and the heat flux due

to conduction is of the same order of magnitude as that due to

convection.

The system of equations of motion and energy for an incom-

pressible two-dimensional steady flow with constant properties

where a is the thermal diffusivity, c the specific heat, 8 the

coefficient of expansion, gx and gy the x- and y-components of

the vector of gravitational acceleration,a). the fluid tempera-

ture at infinity, and the function cD, = Xx,y) the viscous dissi-

pation function given by

is given by:

0

3x By
(1.4.8)

9u 9u =
9x

12.2. a2 gxg (1).-U (1.4.9)
ax \ax4

9v 9v
u-- + v =
3x y

i
-

_a_p_ 4. v }24. D2 v2\ 4. g( cP t) (1.4.10)cT By x
(

Y i
2t /B2 ,,,, 924)\ \.)

+
'a- 4) '

(1.4.11)u, + v
dx By

a
OX2 +
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(1.4.12)

The boundary layer equations for heat transfer are derived in

the same way as in the case of a momentum boundary layer. Thus,

similar order considerations can be carried out and the boundary

layer equations of motion and energy become:

(1.4.13)

1121_1.211 _ 1 i.12. 2u
ax p dx gx (1-c1)03)

(1.4.14)

'IV) 4. ,(1) a2(1) v (u 2
= a ----

9y c 31)
(1.4.15)

It is to be noted here that the partial differential equa-

tions for the dynamic and thermal boundary layer, (1.4.14) and

(1.4.15), are very similar in structure. It is assumed in de-

riving Equations (1.4.13) - (1.4.15) that inside the thermal

boundary layer the conduction and convection terms are of the

same order of magnitude. This assumption has led to the semi-

empirical formula for the ratio
St/6s' wheret

is the thickness

of the thermal boundary layer, as proportional to P-2, P be-

ing the Prandtl number.

For forced convection flows with large Reynolds numbers and

small temperature differences, the buoyancy forces will drop out

of Equations (1.4.9) and (1.4.10), thus leading to the indepen-

dence of velocity from temperature while retaining the dependence



of the latter on the former.

1.5 Synthetic Method for Boundary Layer Analysis

The usual mathematical treatment of fluid flow problems is

based on such assumptions that restrict the types of solutions

to rather special cases and consequently limit the scope of

such solutions to an extent where no amount of refinements,

such as higher approximations, can produce a complete solution.

Indeed, the basic assumptions, on which the various reductions

of the Navier-Stokes equations have been carried out, limit the

range of investigation and the associated equations fail to give

satisfactory results when the ranges are extended. For example,

the truncated Prandtl's boundary layer equations and the linear

differential equation of the perfect fluid flow restrict the

range of investigation to certain regions near and away from the

boundary, respectively. The celebrated Blasius solution is de-

fective in that the moth transition into the perfect fluid flow

is not accomplished. We shall give a critical review of the

Prandtl's boundary layer theory in Section 2.2 of Chapter II.

It may be observed that all analytical solutions represent

idealized cases of the actual state of a physical phenomenon.

The ever-growing mathematical modeling is a case in point. Quite

frequently, many phenomena of physical interest can be identified

with the limiting behaviors of the solutions of the underlying

17
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mathematical models. The limiting state can be approached in

many ways. It has been rather a common trend in dealing with

nonlinear differential equations to employ reducing methods such

as linearization and semilinearization. By reducing the field of

investigation to a particular aspect of an event, an overall de-

scription is not obtained and a number of important effects re-

main uncharted. It does, therefore, seem necessary that the

field of investigation should be enlarged rather than restricted

further. In general, the physical problem will become a limiting

case, in a certain sense, of the problem investigated because of

the extension of field of investigation. In particular, in the

case of flow past an obstacle, if we seek a solution holding near

the boundary and merging smoothly into the perfect fluid solution

away from the boundary, we shall have to employ a more correct

form of the governing field equations than currently used in

fluid mechanics.

The synthetic method consists first in an extension of a

field which is achieved by introducing a constraining term or

terms into the field equations of a problem. Plausible solutions

compatible with the requirements of the problem are chosen at the

outset. These solutions should contain a parameter or para-

meters to be controlled in the process of relaxing the con-

straint(s) and then the desired solutions will be obtained over

the required domain from the field equations as limiting cases of

the extended field. In particular, by the asymptotic vanishing
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of the constraint(s) is meant that their dominant terms should be-

come vanishingly small, let alone the other trailing terms. An

abrupt change in the magnitude of a function associated with a

certain physical quantity, such as an apparent discontinuity in

the boundary of the shadow cast by an object due to an incident

light beam and similarly, in the case of flow past an obstacle,

a quick transition of the flow velocity near the boundary, is

manifested in the dominant term of its asymptotic expansion. In

the boundary layer setting, the constraining terms are a force

and an energy. They are concentrated in the immediate neighbor-

hood of the boundary and at other points they are vanishingly

small, thus implying abrupt changes in their magnitudes near the

boundary. Therefore, the asymptotic vanishing of the constraining

force and energy near the boundary indeed corresponds to the

boundary layer formation, which is asymptotic in the sense of

Friedrichs, as described in Sections 1.2 and 1.3. We shall show

in Chapter IV that our solutions correspond to the dynamic and

thermal boundary layer solutions with the desired property of

smooth transition into the main stream flow. A detailed discus-

sion of the synthetic method is given in Section 2.3 of Chapter II.



II. SYNTHETIC METHOD VERSUS PRANDTL'S APPROACH
TO BOUNDARY LAYER PHENOMENA

2.1 Preliminary Remarks

We have already indicated in the last chapter that the

classical boundary layer theory based on Prandtl's order of mag-

nitude analysis is hypothetical in nature and as such leads to

certain serious questions from both mathematical and physical

standpoints. It also has been pointed out there that only when

the boundary layer theory is fitted into the framework of

asymptotic analysis does its mathematical structure and physi-

cal ramifications become transparent. A critical review of

Prandtl's theory will be made subsequently in Section 2.2. Al-

though the Friedrich's approach of characterizing the boundary

layer as an asymptotic phenomenon leads to a definite clarifica-

tion of the state of boundary layer theory, yet it does not

yield a rigorous justification of the theory itself, the main

difficulty being the nonlinearity involved in the analytical

treatment. The synthetic method, devised as an alternative to

the boundary layer treatment due to Prandtl, enables us to obtain

a single flow pattern which not only provides the boundary layer

effects near the solid boundary but also accomplishes smooth mer-

ger of the flow into the main stream. The main features of this

method are succinctly laid down in Section 2.3.

20



2.2 Limitations of Prandtl's Boundary Layer Theory

The order of the Prandtl's boundary layer equations

governing the flow past a flat plate is one less than the order

of the full Navier-Stokes equations and hence one boundary con-

dition has to be relaxed. This boundary condition corresponds

to the one imposed on the velocity in the normal direction to

the plate at infinity. As a consequence of this situation, this

normal velocity component v. = 0.8604UvWxU and thus the smooth

transition into the Eulerian flow away from the boundary is not

accomplished.

The number of the truncated boundary layer equations be-

comes less than the number of the unknowns--the normal and tan-

gential velocity components and the pressure distribution. This

mathematical indeterminacy has been overcome hypothetically by

using the pressure either from the perfect fluid theory or from

experiments.

A key assumption made in Prandtl's boundary layer theory

is that the ratio of the viscous to inertia forces is uniformly

of the order of unity within the boundary layer. This assumption

is not quite reasonable since the viscous effects as compared to

inertia effects are predominant near the boundary but negligibly

small not very far from it. In fact, there exists a sudden drop

from an infinite value on the boundary to a sufficiently small

quantity at the edge of the boundary layer.

21



22

The above-mentioned assumption that viscous and inertia

forces are of the same order in the boundary layer fixes the

order of the boundary layer thickness once and for all as R-1/2

whereas the edge of the boundary layer is an arbitrary line in

the fluid such that the viscous effects dominant near the boun-

dary die out rapidly as we proceed way from it, and that the

vorticity is very large near the boundary and vanishes asympto-

tically away from it. Interestingly enough, Proudman [16] has

taken the order of boundary layer thickness to lie between

R-113 and R-114. Hence, we may say that there is a definite

need to reexamine the concept of boundary layer thickness.

The equation of motion governing the normal velocity com-

ponent in the Navier-Stokes equations is totally dropped, but the

order of the normal velocity v is not prescribed with respect

to the normal length y.

The boundary layer solutions based on Prandtl's theory

fail to show, for example, the formation of Cotes' spirals in a

flow past a flat plate, which is a commonly occurring transition

phenomenon observed in experiments.

Boundary layer equations of Prandtl are valid only from a

region away from the leading edge up to the point of separation of the

boundary layer. No solutions are possible outside this region.

In spite of the reduction of order of the field equations
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and reduced complexity of the boundary layer equations no exact

solution is available for Prandtl's equations. Series solutions

are obtained but their convergence is not proved satisfactorily.

2.3 Advantages of the Synthetic Method for
Boundary Layer Analysis

The field equations of a general viscous flow--the Navier-

Stokes equations and the equation of energy--are retained in full

and they are further extended by introducing some arbitrary ex-

ternal constraining force and energy supply.

Since no exact solutions of the above system are avail-

able and no approximate solutions are sought, plausible flow

patterns are to be constructed and fitted into the field equa-

tions and boundary conditions.

The vanishing of the constraining force and energy sup-

ply everywhere ensures the correctness of the solutions.

The force and energy supply thus introduced vanish

exactly only in the case of inviscid or vortex motion and in the

case of uniform temperature distribution, while for a general

viscous fluid theory they can be made to vanish only asymptoti-

cally. Thus the actual boundary layer solutions can be identified

with asymptotic limiting cases of an extended field. This is in

full agreement with the observation that the boundary layer for-

mation is an asymptotic phenomenon.
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5. The synthetic method not only provides a flow field

capable of smooth transition into the main stream flow in both

velocity and temperature, but also indicates the existence of

a boundary layer analytically rather than hypothetically.



III. NAVIER-STOKES FLUIDS AS A SUBCLASS
OF THERMOVISCOUS FLUIDS

3.1 Preliminary Remarks

The present chapter provides the mechanics, thermodynamics

and constitutive equations of nonpolar (no couple stress or body

couples exist) thermoviscous fluids, of which the Navier-Stokes

fluids form a subclass. The approach is that of continuum theory.

In Section 3.2 we present a quick review of balance laws for mass,

momenta and energy, and axiomatize a principle of entropy. We

then define temperature-rate-independent thermoviscous fluids

and formulate the constitutive relations accordingly in Section

3.3. Finally, in Section 3.4, the linear thermoviscous constitu-

tive theory is formulated and subsequently the celebrated Navier-

Stokes equations and the equation of energy are derived based

on the linear constitutive theory in anticipation of the prob-

lem to be treated in the next chapter.

3.2 Basic Principles of Continuum Thermo-Mechanics

All materials treated as continua are assumed to obey a

certain set of fundamental balance laws. The basic axioms of

thermo-mechanics consist of conservation of mass, balance of

momentum, balance of moment of momentum, conservation of energy

and law of entropy.
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The intergral formulations of the mechanical balance laws

may be written in cartesian tensor notation as [17]:

Conservation of Mass:

ccilt di Odv 0 (3.2.1)
V-5

Balance of Momentum:

pvzJr tudak + fp fzdv (3.2.2)

V-a S-a V-a

Balance of Moment of Momentum:

Peumxemdv =dt ekulxztnmdan

V-a S-a

where p E mass density,

tk = stress tensor,2, -

f 2 body force density,

vk
velocity vector,

x2, position vector, and

= alternating tensor.earn -

26
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The balance laws (3.2.1) - (3.2.3) are formulated over a material

volume V, enclosed by a surface S, which is being swept by a dis-

continuity surface a with a velocity v. In continuum mechanics

it is axiomatized that the balance laws (3.2.1) - (3.2.3) are

valid for every part of the material volume V. Hence, the local

balance laws are thus obtained:

Conservation of Mass:

P (pvid,k = 0 in V - a

P (vk - v ) ] nk = 0 on a

Balance of Momentum:

tkzk + p(f2, - ) 0 in V - a

[tkt pvt (vk - vk) nk =0 on a

Balance of Moment of Momentum:

tkz = tzk
in V -a

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

where
nk

is the exterior unit normal vector to a. The brackets

] indicate the jump across a of the appropriate material

properties as the discontinuity surface is approached from posi-

tive and negative sides of n of a. In the above equations a

superposed dot indicates material differentiation and a subscript



following a comma denotes partial differentiation, e.

Dv2'
- Dt

The jump conditions (3.2.5) and (3.2.7) give the boundary condi-

tions on the surface S of the body when a is taken to coincide

with S. In this case, (3.2.5) becomes an identity and (3.2.7)

gives

tunk = t() S , (3.2.9)

where t(n)z is the surface traction on S.

We shall now state the two fundamental laws of thermodynamics.

The first law of thermodynamics is the law of conservation of

energy. The integral form of this law is expressed as [171:

Conservation of Energy:

1

dtiP (6 + vkvk)dv = ir (tkez qk)dak

V-a

;v

X

+ v v
Dt m

+ p(fkvk h)dv

V-a

where e E total internal energy density,
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qk = total energy flux, and

h E energy supply density.

When Equation (3.2.10) is postulated to be valid for every part

of the body, we obtain the localized form of conservation of

energy:

Conservation of Energy:

tv +
qk,k

+ ph, in V- a

dH
- B -

dt J.
S-a

>0,
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(3.2.11)

1

[ o( + ivkvk)(v -vid-tkoz-qk ] nk=0 on a. (3.2.12)

The heat flux q(n) on the surface S may be prescribed from

(3.2.12) by taking a as S:

9 . n = q(n) on S (3.2.13)

where q( is the normal component of the surface heat vector.

-1
The second law of thermodynamics is stated in the form of

a Clausius-Duhem inequality. It is postulated that the time rate

of change of the total eutropy H is never less than the sum of

entropy influx S through the surface S of the body and the

volume entropy supply B in the body. According to this postu-

late, we get

(3.2.14)



where r so defined is called total entropy production. For a

continuous mass medium this can be expressed as

d r
yridv - dv - jr-q da > 0

--

V-a V-a S-a

where n is the entropy density and 0 > 0 is the absolute tempera-

ture; -e- and -6- are, respectively, the entropy influx and entropy

sources due to heat flux. We mention in passing that it is al-

ways possible to modify these relations by taking into consider-

ation all other effects [17]. Localizing (3.2.15) in the same

way as before, we obtain

PY E - 2!2_e - (-0 ),k o in V -a

qk

-Cqn(vk \)k) 737 nk > 0 on a

where y is the entropy production density. Eliminating the heat

source term h between (3.2.11) and (3.2.16), we get the Clausius-

Duhem inequality for a simple thermodynamical process:

eET 9,,k .ke,k
0 in V-a (3.2.18)

PY gr

[qn(vk- vid nk 2._0 on a (3.2.19)

Introducing the free energy function lp by
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we can write (3.2.18) in terms of the free energy as

1 1

- (P+ ne.) + tkZv k + --2qk8 k 2. 0
e ,

On the surface S of the body, (3.2.19) reduces to

qk
[ T nk ?_ 0 on S.
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(3.2.20)

(3.2.21)

The balance laws, including the Clausius-Duhem inequality,

must be satisfied by all materials regardless of their nature,

i.e., fluids, solids, etc.

3.3 Constitutive Relations of a Temperature-Rate-Independent
Thermoviscous Fluid

In order to describe the nature and response of a material,

we need not only the balance laws discussed in the last section

but also the constitutive make-up of the material. Thus there

arises a need to incorporate material characterization in order

to bring out the various types of responses experienced by differ-

ent types of materials subjected to the same external stimuli.

Such a process necessarily involves the cause and effect rela-

tionships, leading to the constitutive theory for the materials.

In this thesis we consider a constitutive theory of temper-

ature-rate-independent thermoviscous fluids in which constitutive



functionals reduce to ordinary functions of the following arguments

[18]:

p, V , 8, e
k,z 1k

Thus we assume that the constitutive functions for the free energy,

entropy, heat flux vector, and stress tensor are given by

= U (p, Vk,2, , 8, 8,k) (3.3.2)

n n (p, vk,t , e, 8k) (3.3.3)

qk = (P, 6' 6,k)
(3.3.4)

tkkla(p' vk,i , e' ,k) (3.3.5)

These constitutive functions are subject to the axiom of objec-

tivity, namely, they should remain invariant under a change of

spatial frame of the form

x' = Q(t)x b(t) , (3.3.6)

where b(t) is an arbitary time-dependent vector and Q(t) is an arbi-

trary time-dependent orthogonal tensor, i.e., det(Q(t)) .±1. There-

fore, we have as a consequence of the axiom of objectivity:

= (p, dke e, e,k) (3.3.7)
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n = /71(p, dkz, e, 8,k)

qk = 4k(P' qkz' 6' 6,k)

tkz =tkp dkz, e, ,k)

where

1

d = (v +v )kk 2 k,2,
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(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

is the well-known deformation-rate tensor.

A further consequence of the above invariance requirement is

that the constitutive functions must be isotropic functions rela-

tive to the full group of all orthogonal transformations. There-

fore, we require:

71)(p, 0 d QT, e, Q78) = d, 9, 78) (3.3.12)

n(p, Q d QT, e, ve) n(p, d, 9, 78) (3.3.13)

§(p, Q d QT, e, ve) § (p, d, 8,70) (3.3.14)

i(P, Q d QT, e, Ve) = Q (p, d, 0,78) QT (3.3.15)

where gT represents the transpose of the matrix g and V is the

gradient operator.

Assuming that these functions are polynomials, they may be ex-

pressed more explicitly using appropriate representation theorems

[19] as follows:

qk = (1 61c2, 1 1 dick K2 qkmq241)6,2,
(3.3.16)



= a0(Sla + aldkz + a2dkmdrra + ao,k (3,1

÷ a4(E) ,kdmt + 8,Z dmk) 8,m

1+a d 8 (8 d + d )

2 5 mn ,m ,k nt t nk

where K and
ar

are polynomials in the invariants:

E dkk
, 12 E diadik, 13 E d

dmk

I4 E 8,k 8,k ' IS E dia8,k

dL d 8
KZ Zm ,m ,k
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(3.3.17)

(3.3.18)

r
= K(,0; /1,12,...916), r = 0,1,2 (3.3.19)

r

a = a r(p,e; 11,12,...,16), r = 0,1,2,3,4,5 (3.3.20)
r

Similarly, we have

11) = 4 (P,e:I1,I2,...,I6) (3.3.21)

n = n (p,e:Ii,12,...,I6). (3.3.22)

We now make the rather strong assumption that (3.2.18) is to be

postulated for all admissible thermodynamical processes charac-

terized by the constitutive Equations (3.3.7) - (3.3.10). This

requirement places further restrictions on the forms of the
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constitutive functions. In order to enforce this restriction we

proceed as follows:

The local form of the entropy inequality (3.2.20) may be written

in a slightly different form as

qk
- p(i) + ne) + tdkJ + a0 (3.3.23)

Here we have utilized the symmetry property of tu and 8 > 0.

In view of (3.3.7), we may write (3.3.23) explicitly in the form:

-p(.243IL a 4. 24 t- n
9p 9dek 98 e

+ t d + , > 0.
kk kk ,N

(3.3.24)

Through the continuity Equation (3.2.4), the above inequality

(3.3.24) becomes

1311) 4. 1,Z

-p38 nju P394:1".k.2,j,k)

(3.3.25)

+ (t +p221-11-6 )d + qk 8 > 0
3p kk kk 8 ,k

Since the inequality (3.3.25) is linear in the quantities dkz,

0,k , and 6, they can be chosen arbitrarily and independently of

the other terms in the inequality. For (3.3.25) to be maintained

for all such independent variations of the processes involved,

we should have



so as to introduce the dissipative part of the stress tensor

f
d

= Dkk (p, d, 8, ye)

and the thermodynamic pressure

Tr(p,e) = oza112-
ap

the inequality (3.3.29) becomes
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(3.3.31)

(3.3.32)

au
o 0 (3.3.26), 30

z ,k

_
ae ' (3.3.27)

Equations (3.3.26)lead to the conclusion that

= (p,e) . (3.3.28)

(3.3.25) now reduces to

qk
0. (3.3.29)(t p2 d )d

kZ ;p kZ kZ e ,k

Writing

t1(2.
Trp

Dfkk
(3.3.30)



qk

E Dflacik2. ' 6 ',k

for all independent variations of d and 78. In terms of the poly-

nomial constitutive fucntions (3.3.16) and (3.3.17) the dissipa-

tion inequality (3.3.33) places severe restrictions on the co-

efficients Kr and ar

ao Ii + (1212 + a313 +-2- I + K1\ r
3 3 0 sa3

K2N T 1 T 2T 1 1. I+ (a4 + 16 4. as(Ills- 11 15' 2- J2,5

where ao ao + 7

In obtaining (3.3.34) we used the Cayley-Hamilton theorem in three

dimensions. In addition, of = 0 and q 0 when d 9. and 46 = 0.

3.4 Navier-Stokes Equations and Energy Equation

The master Equations (3.3.16) and (3.3.17) can be employed

to derive various approximate constitutive theories. Here we are

only concerned with the linear theory in that Equations (3.3.12) -

(3.3.15) are linear in the deformation-rate tensor and temperature

gradient. In this case, we have

, 1
T3T - 1

214
- 1314) > 0
3
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(3.3.33)

(3.3.34)

(3.4.1)
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= n(p,e) (3.4.2)

qk = K(P.fle,k
(3.4.3)

to, = [-7(p,e) X(P,9)I1Ykt 211(P,e)dia (3.4.4)

Equations (3.4.1) and (3.4.2) already satisfy the requirements of

the entropy inequality (3.3.25). The entropy n is derivable from

(3.4.1) by direct differentiation with respect to B. Equation

(3.4.3) is of the form of Fourier law of heat conduction, where

<(p,e) plays the role of heat conductivity. Equation (3.4.4) has

the form of the generalized Newtonian law of viscosity with

gp,O) and i(p,0) playing the roles of viscosity coefficients.

Tr(p,e) appearing in (3.4.4) and defined earlier in (3.3.32) plays

the role of the thermodynamic pressure. Thus, Dfla can now be

identified, in view of (3.3.30), by

df
= gp,e)I/6 + 2.1(P,e)dkz, (3.4.5)

which plays the role of the viscous stress tensor. The dissipa-

tion inequality (3.3.33) now becomes

= (X+ V2 )/ + 2/1dkj.d2k + B 8,0,k '

(3.4.6)

1

where dkEdkZ - I 16k2, is the deviatoric part of the deformation-



rate tensor dkz.

In order that the entropy production y may be a positive semi-

definite function of Ii Ti'kV and,k' the entropy inequality

requires

3x + 211 > 0 , > 0 , K > 0 . (3.4.7)

The celebrated Navier-Stokes equations may now be obtained by

replacing the term in the equation of motion (3.2.6) involving

the stress tensor tu, by the constitutive relation (3.4.4):

39

X-111) VZ,Qk+ + pfk

+ pvk,ivz = pvk

The equation of energy is obtained by substituting e = + 8n

into (3.2.11) and using (3.3.32), (3.4.1), and (3.4.2):

a2* A 2a 12_111A i

v TO-W4kk '

rA-"kk'2 + Zudiada

+ (K8,k),k + ph = 0 . (3.4.9)

(3.4.8)

For the incompressible fluids we have the internal constraints

that p constant = p, . Hence in (3.3.32) is undefined. The
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thermodynamic pressure 7 is replaced by an unknown pressure

p(x,t), which is to be determined through solutions of the field

equations under a given set of boundary conditions. In this case,

X and p are functions of 0 only. The incompressibility condition

is equivalent to setting I = 0. Incompressible thermoviscous

fluid dynamics, linear in stress constitutive equations, is thus

based on the field equations (3.2.4), (3.4.8), and (3.4.9) for the

five unknowns: p, vk, and 0



IV. THERMAL BOUNDARY LAYER TRANSITION

4.1 Preliminary Remarks

In the present chapter we turn our attention to the problem

of thermal boundary layer transition for a viscous, incompressible,

steady laminar flow past a flat plate with heat transfer due to

forced convection.

Before going any further we find it worthwhile here to high-

light the main influence of Prandtl's discovery of the boundary

layer theory on various aspects of theoretical development of

fluid dynamics and flow measurements. Following Prandtl's de-

velopment of boundary layer theory, both its mathematical and

physical implications have become the subject of intense investi-

gation by many theorists and experimentalists. The reason for

such a sustaining interest is two-foldone lies in its outstand-

ing success in opening out an immense possibility of treating the

still indomitable Navier-Stokes equations for their solution along

with the prospects of encountering many interesting mathematical

challenges and the other lies in harvesting the technological and

experimental outcome of this solution in design work in a variety

of fields including aeronautics, locomotion and other self-

propelled systems.

Prandtl's derivation of the boundary layer equations from

the full Navier-Stokes equations governing a two-dimensional

41
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incompressible steady laminar flow of a viscous fluid past a flat

plate is based on a consideration of relative orders of magnitude

of various terms near and away from the solid boundary. This

procedure resulted not only in the elimination of certain terms

from the Navier-Stokes equations but also in dropping the equation

governing the velocity component normal to the wall altogether.

The resulting number of equations fell short of the number of un-

knowns thus causing a mathematical indeterminacy. This indeter-

minacy led Prandtl to borrow for the unknown pressure inside the

boundary layer the pressure from the perfect fluid theory or from

experiments. It was pointed out by Seth [1] that the reduced

boundary layer equations of Prandtl provide a solution only in

the thin region surrounding the body; however, the smooth transi-

tion into the free stream flow region away from the boundary is

not accomplished. Moreover, the boundary layer solutions obtained

on this basis resulted in serious error in so far as it makes the

velocity component normal to the wall infinite at infinity. As

observed by Seth [1], a careful examination of Prandtl's order of

magnitude analysis reveals that it assumes that the ratio of the

viscous to inertia terms is of order unity inside the boundary

layer while actually this ratio undergoes rather a drastic varia-

tion from infinite value near the boundary to almost zero at the

outer edge of the boundary layer. Also, this order approximation

procedure results in presupposing the order of the thickness of

the boundary layer. When a fluid flows past a solid body the
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nonviscous motion away from the body is irrotational. This means

that all the vorticity is confined within the thin boundary layer

region. Yet the vorticity does not vanish abruptly, it dies out

asymptotically. Hence, the formula for the thickness of the

boundary layer should be dependent on what order of vorticity one

is prepared to regard as negligible at the edge of the boundary

layer. Furthermore, in spite of the reduction and approximation

procedures employed, the classical boundary layer equations are

still nonlinear and are further approximated in most solution pro-

cesses leading to results having serious defects of their own (see

reference [1] for complete discussion).

The above considerations led Seth [2] to trace the source of

the inherent problems with the classical boundary layer theory to

the procedure of narrowing down or reducing the field equations

on one or more assumptions. By reducing the field of investiga-

tion to a particular aspect of an event, a complete description

is not obtained and a number of important effects remain un-

charted. Consequently, he initiated the concept of the synthetic

method which consists in extending the field by means of a few

arbitrary forces introduced into the full Navier-Stokes equations.

It is to be noted that the introduction of such body forces will

make the already complicated Navier-Stokes equations even more

formidable unless the choice of the arbitrary terms added is made

in such a manner that the integration of the equations of motion

is rendered possible. This will then permit plausible solutions
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to be selected and fitted so as to satisfy exactly the boundary

conditions and the equations of motion. The vanishing of the

arbitrary forces at all points ensures the correctness of the

solution. But this is found to vanish exactly only in the case

of nonviscous and vortex motion, while for a general viscous fluid

it can be made to vanish asymptotically. This indicates the

existence of a thin region near the boundary where viscous effects

are predominant and this region is identified as the boundary

layer region. Thus the actual boundary layer solution is obtained

as the limiting case of an extended field. This viewpoint is in

full agreement with the observation made by Friedrichs [6] that

the boundary layer formation is an asymptotic phenomenon. The

synthetic method developed by Seth [1,2,3,4] has indeed met with

great success in treating the Navier-Stokes equations in their

complete form for several fluid flow problems [20,21,22].

In this chapter, we investigate the problem of a general

steady laminar incompressible viscous fluid flow past a flat plate

with heat transfer due to forced convection, our main objective

being the study of the thermal boundary layer formation on the

flat plate. Our approach consists of an extension of the synthetic

method,described earlier, to the problem on hand by introducing in

addition to anexternal constraining force an external constraining

energy supply into the appropriate field equations governing the

flow. We then relax the external constraints thus introduced by

requiring them to vanish asymptotically everywhere in the field



which, as we find in the course of our analysis, leads to the

actual thermal boundary layer solution arising as a limiting case

of an extended field.

4.2 Formulation of the Problem

We consider a two-dimensional steady laminar flow of a vis-

cous incompressible fluid with constant properties past a flat

plate with heat transfer due to forced convection. We choose

the x-axis along the length of the plate with the origin coin-

ciding with the leading edge. The y-axis is chosen normal to the

plate and the undisturbed flow is along the x-direction. At

large Reynolds numbers and small temperature differences, the

buoyancy forces are negligible in comparison with the inertia and

viscous forces, the velocity field no longer depends on the tem-

perature field but the latter does on the former; such flows are

termed forced flows. The governing field equations of motion,

continuity and energy for such flows are,(Landau [23]), respective-

ly, in the absence of body forces and external energy supply:

3u 3u 1

U + V - + v2 u,
Dx p

3V
u v

3v
-1

Le. vv2v,
3x p 9y
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(4.2.3)



u 3-1 + v = Wcp,
3x

where u = u(x,y), v = v(x,y), cp(x,y) are, respectively, the

x- and y-components of the velocity, and the temperature field.

p is the pressure, v = kinematic viscosity coefficient; a K/pc

is the thermometric conductivity of the fluid, K, p and c being,

respectively, the thermal conductivity, the mass density, and

specific heat of the fluid. The function (D = ,1)(x,y) is the vis-

cous dissipation function given by

cD =2
13v

The boundary conditions on the velocity field for our problem

U = 0 = v on y = 0, (4.2.5)

U U, v = 0 at y = co , (4.2.6)

where U is the constant velocity of the undisturbed flow at in-

finity in the x-direction.

The variety of possible sets of boundary conditions is much

greater for the temperature field than for the velocity field.

In the present thesis, we shall treat the so-called adiabatic wall

problem, namely, the heated fluid flows past a thermally insulated

plate. This problem thus corresponds to the boundary condition

3q)
- 0 on y = 0

(%/ 3U\2
3x yi
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(4.2.4)

(4.2.7)
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that is, the condition that there is no heat flux through the

surface of the plate. Finally, we assume the boundary condition

on the temperature field at infinity to be

= (1). (= constant) at y = co. (4.2.8)

As remarked before, we note from Equations (4.2.1) - (4.2.3)

that the velocity field no longer depends on the temperature field

but the latter does on the former. This observation will permit

us to take advantage of the already available Seth's synthetic

method of solution [1] for treating the Navier-Stokes Equations

(4.2.1) - (4.2.3) to obtain the viscous boundary layer solution

for the flat plate case. Our main concern in this thesis is the

investigation of the thermal boundary layer formation on the flat

plate. For this purpose we need to extend the synthetic method

further for treating the energy Equation (4.2.4). Before doing

so, we consider it worthwhile presenting an improved version of

Seth's synthetic method of solution for the viscous boundary layer

for the sake of providing continuity of ideas for the convenience

of our readers.

4.3 Synthetic Method for Viscous Flow Along a Flat Plate

Seth's extended field equations [1] can be obtained by intro-

ducing constraining force components X and Y, respectively, into

(4.2.1) and (4.2.2) to obtain



u 311
= X - + vV2uU 5- + V Ty- pdX

v 3v
u + v 7-1 = Y - ip

+y

vv2v

and (4.2.3) can be satisfied by a stream function 11) = 11)(x,y)

such that

Substituting (4.3.2) into (4.3.1) and eliminating p by cross-

differentiation we obtain

vv4,4) 3(,72*)
3(x,y) - 3y

Choosing the similarity transformations defined by

= , = U (4.3.4)

11.7

where L is some length measured along the plate, we obtain

U = Uf'
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(4.3.1)

(4.3.2)

(4.3.3)

(nf' - (4.3.5)

the primes denoting differentiation with respect to n. Substitu-

ting (4.3.5) into (4.3.3) we obtain



%Ai [fiv4.3e)
'2x""

3x 3-Y (Lx)3/2

4. (4)2 (tn2.1v + 14n3fm + 45n2f" + 15f' - 15f]

+
u2

fie 40(n2ff 3n2flf"

21/ Lx3

+ 3 ff" + 3n-f12 - 3ff')] . (4.3.6)

Equation (4.3.6) can be satisfied if we choose

Y = 0 for all x and n

and

x=

- n(fS)1 + 2fS1
141t: 2 R 3

) 1241-S" + 9n2S1

+ 15nS} 5
(4.3.7)

where

S = S(n) = nfi- f, R =UL/N) = Reynolds number, (4.3.8)

and, as before, the primes in (4.3.7) and (4.3.8) denote differ-

entiation with respect to n.

The force X also vanishes if

" + ff") + 40S" + 2S')
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S = nf' - f = 0, or f = An, (4.3.9)
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which gives the non-viscous solution, where A is an arbitrary

constant of integration.

It can readily be seen that the first bracketed expression

on the right-hand side in (4.3.7) set equal to zero, namely,

-2 fill + ff" = 0,

yields the well-known Blasius equation whose solution is defective

in that the velocity in the direction normal to the plate does not

vanish at infinity. Using (4.3.5) the boundary conditions (4.2.5)

and (4.2.6) can be written as

f(0) = 0 , lim [nf' - f] = 0

n-+-0

= 1 , lim [of' - f] = 0. (4.3.10)

n4.0

For a general viscous solution holding near and away from

the boundary, in view of the boundary condition at infinity,

fl( ) 1, and the retarded-motion consideration near the boundary

we choose the following form for the similarity velocity profile

fl(n):

fl(r) = P(n)e-kil (4.3.11)

where the function F'(n) in (4.3.11) will be determined by the use

of the boundary conditions of the problem as well as the property
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of smooth transition of the flow from the boundary layer region

to that of the free stream; and k is as yet an undetermined para-

meter. On careful examination of (4.3.11), we find that in order

that there may exist a boundary layer on the plate which is

capable of smooth transition into the free stream flow, k is to

be chosen sufficiently large so as to permit such a transition,

i.e., k >> 1.

In order to determine the nature of the conditions to be

satisfied by the function F(n) we integrate (4.3.11) to obtain

n -kTf(n) =n+fe F'(T)dT.
0

Now, the consequences of the boundary conditions (4.3.10) lead

to the following conditions on the functions f and F:

F'(0) = -1, f(0) = 0, limF1(n)e-kn = 0,

T1-40°9

00 -kT ,

f e F (T)dT = O.

0

(4.3.12)

(4.3.13)

For a general viscous solution holding near and away from the

boundary one can satisfy all of the boundary conditions (4.3.13)

by choosing the plausible form for F'(n):

F'(n) = kn - 1 (4.3.14)
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and thus obtain from (4.3.11), the similarity velocity distribu-

tion f'(n) in the form

V(71) = 1 - - kn)e-kn . (4.3.15)

An integration of (4.3.15) and the use of the boundary conditions

(4.3.13) yields the expression obtained by Seth [1]:

f(n) = n(1- e-kn). (4.3.16)

As for requiring the solution (4.3.16) to satisfy the govern-

ing differential equation, it will suffice, equivalently, to con-

sider the satisfaction of Equation (4.3.7) examining the circum-

stances under which X can be made to vanish asymptotically every-

where in the flow regime. We observe from (4.3.15) and (4.3.16)

that since k >> 1, it follows that f(n) n, f(n) - 1, f"(n) - 0,

and -in' (n) - 0, where the notation - stands for " is of the order

of magnitude of ". Therefore the solution (4.3.16) approaches

the irrotational value at all points except near the plate. Also,

it follows from (4.3.7) that when k >> 1, X is small not very far

from the boundary. On the plate n = 0

x U2 f"'(0) U2 3k2 k2

x R x R R

This can also be made small provided we choose

(4.3.17)
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R k2, x > 0. (4.3.18)

Using f(n) given by (4.3.16) and its derivatives in the expres-

sion (4.3.7), we obtain

X 2-1-2e-1(11{[(3-kn)+ 21<n)(1-e-kn)]

(4L)T12[2(6-kn- A-) + illKk2712 -5kn+ 2)

- ---(kn- 2)(2kn - 1)] + ()-n (13 -kn - 25-)},(4.3.19)
kn2k2

The first square-bracketed expression on the right-hand side of

(4.3.19) is the dominant term in X for small n. Since our solu-

tion approaches the perfect fluid solution except in a thin layer

close to the boundary, we only need be concerned with small values

of n for which the behavior of X remains to be examined. Under

the condition (4.3.18) the dominant term in the expression for X

can be readily seen to vanish asymptotically and so does X at all

points near the boundary. Since we already have shown that X

asymptotically vanishes away from the boundary approaching the

perfect fluid solution, it follows that X asymptotically vanishes

at all points of the flow regime.

Next, we evaluate the vorticity from (4.3.4)2 and (4.3.16)

obtaining



VLx VLx

--1T- u 7-2 1) = ke-knE(2-kn)

(A-)n2(3 - kn)]. (4.3.20)

We find that the vorticity 721p is of order k near the boun-

dary (on the boundary as well) and k is large, so that the vorti-

city is large near the boundary but dies out rapidly as we pro-

ceed away from the boundary, thus confirming the existence of a

thin region surrounding the boundary which we define as the boun-

dary layer region. The thickness of this layer will depend on

the order of vorticity allowable outside this region. If ss

represents the edge of the boundary layer, the vorticity outside

this layer must then be vanishingly small. This is possible if

k6s
is large whiles is small. Or, equivalently, we have

S
k-m, 0 < m <1 (4.3.21)

which can be established as follows. Lets ka for some a.

If a > 0, then Ss - 1 or larger, which is impossible. Hence,

a < O. Then we may let a = -a0, with ao > 0. If ao > 1, then put

ao = 1 + B, with B > O. Accordingly, 6s - k-(1+°, i.e., Us

k<< 1, since k » 1. This is impossible also since k(Ss is to

be large. Thus, ao cannot be greater than 1. We must therefore

have 0 < ao < 1, thus establishing (4.3.21).
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It now follows from (4.3.18) and (4.3.21) that the general-

ized formula for the boundary layer thickness is:

S
R-m/(2+X), X >0, 0 < m < 1. (4.3.22)

Hence, the thickness of the boundary layer is not of the order of

R-1/2 customarily used in literature, but is indeed of the order

of R where X > 0 and 0 < m < 1, so that the ratio

1

m/(2+x) < This result confirms the view of Proudman [16] that

the order of thickness of the boundary layer ought to be greater

-1/2
than R112. Thus in this analysis the field equations and the

boundary conditions are all satisfied. A single solution holding

near and away from the boundary is obtained. For a given value

of R, k should be taken from the order of large vorticity present

near the boundary. X is then given by (4.3.18). From the order

of small vorticity allowable outside the layer we obtain m. For

example, let R 105 and let k, which represents the order of

vorticity on the plate be 102. Then X = 1/2. Further if the

vorticity outside the layer be of order 0.01, m is found to be

equal to 1/2 which is obtained by using the order of magnitude of

c* as given by (4.3.20) for large kTI = k65 = kW. Therefore,

the thickness of the boundary layer now becomes of order R-115

from (4.3.22).

The ratio of viscous to inertia forces becomes



v72U 2 1t
Bu Tf71- Li" +C4710 fill +3Tlf")]

u77 +
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(4.3.23)

Near the plate, as n 4 0, V/I ... At the outer edge of the

boundary layer where kn = 165, since kas kl-m and R k2+X, it

follows from (4.3.23) that

V m-l-X
-f k (4.3.24)

Since X > 0 and 0 < m < 1, it follows from (4.3.24) that V/I is

small at the outer edge of the boundary layer. Thus, V/I varies

from a very large value near the plate to a small quantity of
-X

order km-1 at the edge of the boundary layer.

We find that the classical boundary layer relation can be

obtained as an extreme case by setting in (4.3.22) and (4.3.24)

X = 0, m = 1 (4.3.25)

which yields

V/I - 1, (Ss - R-112 (4.3.26)

just as derived on the basis of Prandtl's assumptions. The choice

of the parameters X and m made in (4.3.25), however, does not hold

since X = 0 violates X becoming small throughout the field, and

2 k2(3- kri)-(L/4x)kn(k2n2 - 6k +6)
R

kr(kn- 2)(1 - e-k-n)
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m = 1 makes the vorticity large at the outer edge of the boundary

layer.

4.4 Thermal Boundary Layer Analysis

Since the formation of the thermal boundary layer on the plate

considered in Section 4.2 is an asymptotic phenomenon, as dis-

cussed before, once again it is appropriate to employ the synthe-

tic method in order to solve the equation of energy which governs

the flow of heat due to forced convection. We now extend the

equation of energy by introducing a constraining energy supply

into Equation (4.2.4) obtaining

where E represents the constraining energy supply. As before,

using the similarity variable n and defining certain dimensionless

quantities, we may write (4.4.1) in the form

1PU2, Lx
EVI PRfelpt c---t f")-J l;47-;) 3r14)1

+ 2M2P(TIS' - S)}+ ()2S' +S)21 = - -E (4.4.2)

where

al 2 31/ 2
v211- = E + as72(1) + \-2-{ 2["--) ÷ (-3y)3x 3y 3x

3v IJ2
s

3x 3y
(4.4.1)



= i(x,n) E(x,y), S = S(n) = - f,

P = = Prandtl number.

It may be noted that the equation of energy in the classical

thermal boundary layer theory is obtained by equating to zero the

first square bracket in (4.4.2) and taking -E = 0.

For analytical convenience, we write the temperature field

(PM as

4)(fl-,R,P) = + uf.-0(n;R,P).
c

The function 6 thus defined constitutes the similarity tempera-

ture profile. Equation (4.4.2) can then be put in the form

1[ 24e, +(fR")2 ,.,L,ri 28t1
,4x)t-f-s-Pn 6 " 1'6')

L24"(1151 - S)1 (47) (ilSt S)2} = -
R

where

E = cE/U2PR = cE/U2Pe,
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(4.4.3)

E (4.4.4)

and Pe = PR represents the well-known Peclet number.

We shall now seek the solution of the extended equation of

energy, (4.4.4) for the adiabatic wall problem as mentioned in

Section 4.2 (see Equations (4.2.7) and (4.2.8)), under the boun-

dary conditions

8'(0) = 0 (the adiabatic wall condition) (4.4.5)



E(O;R,P) - - 81/,(R O) fl"))2- n2 G(R'P) 4k2
PR

(4.4.11)
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= 0. (4.4.6)

Clearly, the energy supply E vanishes when 8 = constant and

f(n) =A , the perfect fluid solution, which is the case if the

flow is uniform in both velocity and temperature fields.

In the spirit of the synthetic method, we take for the tem-

perature profile 8 holding near and away from the boundary the

following expression and satisfying the boundary condition (4.4.6):

(n : R ,P) = G(R,P)e-nr1+ H(R,P)ne-nrl, (4.4.7)

where n is, as k, an unknown parameter as yet undetermined. Upon

imposing the adiabatic wall condition (4.4.5) on the first deriva-

tive of e with respect to n, i .e.,

91(n;R,P) = (H - nG)e-nri - nHne-rIrl, (4.4.8)

we obtain

H = nG. (4.4.9)

Using (4.4.9) we find that Equation (4.4.7) reduces to the

fonn

e (T1 ;R,P) = G(R,P)e-nn (1 + nn). (4.4.10)

At the boundary where n = 0, the energy E (n;R,P) becomes
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where f"(0) is evaluated by using (4.3.16). Now E (0;R,P) can

be made vanishingly small through the same order as that of the

k2 1

constraining force, namely, T << 1, x > 0, provided the

first term on the extreme right-hand member of Equation (4.4.11)

becomes

n2G k2P. (4.4.12)

In view of (4.3.18), we can write (4.4.12) as

2

n2G R2+X P . (4.4.13)

We can now rewrite (4.4.13) in a convenient form by factoring P

2 x'
in the form

2+x' 2-7T1 '

for some x' to be determined, so
P = P

as to allow, for example, the inclusion of the experimentally

well established special case (see Eckert and Weise [24]), namely,

G(R,P), which is identically the same as 8(0;R,P), behaves inde-

pendently of R and approximately as P1/2 for moderate P. Thus

the energy E(O;R,P) in (4.4.11) can be made vanishingly small

by writing (4.4.13) in the form

2 2 X

27177' 27.77'n2G -RPP (4.4.14)

where we clearly identify

and

G
Xl/(2+XI), X' > 0,

P

1 1

n R71-77 P2+A' X, X' > 0



61

Now, we can inquire about the behavior of E in the general

case, namely, E (n-,R,P) for general values of n. By substituting

(4.4.10), (4.4.15), and (4.4.16) into (4.4.4), it is readily

verified that the dominant term in the energy expression can be

made to vanish asymptotically at all points except in a very thin

region near the plate as in the case of the constraining force

thus indicating the existence of the thermal boundary layer sur-

rounding the plate.

The thickness of the thermal boundary layer will depend on

the order of the temperature difference, 8, allowable outside this

layer . If nt represents the edge of the thermal boundary

layer, the temperature difference outside this layer must then be

vanishingly small. Then analogous to the determination of the

dynamic boundary layer thickness, we shall require that mst be

large while St is small. Thus, we obtain

, 0 < m' <1. (4.4.17)

Hence, it follows from (4.4.16) and (4.4.17) that

St
R (4.4.18)

The ratio of to
Ss

is therefore given by

m-m' m'

t
R2+x

2+x,
(4.4.19)

where X, X' > 0 and 0 < m, m' < 1.
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We will now give an algorithm for estimating all the para-

meters involved in the generalized formula for the thermal boun-

dary layer thickness, (4.4.18), i.e., the parameters, A, A' and

m' and illustrate it by an example.

For a given R, as mentioned before in the case of viscous

boundary layer thickness, k should be taken from the order of

large vorticity present near the boundary. X is then determined

from (4.3.18). For example, let R 105 and P - 0.7, and G, which

is identical with the temperature 0(0;R,P) is - These

choices for P and G are realistic choices for our example since

they are involved in the experiments of [24]. Let k which repre-

sents the order of vorticity on the plate be 102. Then X =

which follows from (4.3.18) and X' is given by (4.4.15), X' 2.

Next, n is determined from (4.4.12). Since P - 0.7, G - (7)1/2,

and k = 102, we obtain n = 102(0.7)1/4 91.47.

From the order of small temperature difference allowable

outside the thermal boundary layer we get m', by using the formula

(4.4.10). At the outer edge of this layer represented by n = 6t,

for large mst, from (4.4.10), we have

-not
Ge (4.4.20)

Since 6 - n-m' according to (4.4.17), the formula (4.4.20) be-

comes

(1-m )e G exp[-n] . (4.4.21)
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If we now specify the order of the small temperature difference,

- 10-2at the outer edge of the thermal boundary layer, we obtain

for the case G = ir.7' with n as determined above, i.e., n = 91.47,17
m' = 0.7. Thus the values of X = X' = 2, m' = Tu. Hence, we

obtain the new formula for the thermal boundary layer thickness

from (4.4.18), for the example under consideration,

-7/25 -7/40
P .

t
R

4.5 Boundary Layer Functions

Momentum Thickness:

The loss of momentum in the boundary layer as compared to the

potential flow, is given by

P = P Pu(U - u)dy (4.5.1)

0

so that a new boundary layer thickness can be defined by

pU2S = p f u(U - u)dy (4.5.2)
2

0

where 8z is the momentum thickness and is a positive measure.

Equation (4.5.2) can be written as

62 = fc° W(1 - bl)dy (4.5.3)

(4.4.22)

Using the results (4.3.5)1 and (4.3.15) in (4.5.3), we obtain

for



I

- 5117 1/7cR 2÷X62 - 4k -

Equation (4.5.4) should be compared with the formula due to

Blasius:

62 - 17)-(R-1/2 (4.5.5)

Drag:

Since the plate is wetted by the fluid on both sides, the

total drag 2D is given by

L

= 20 = 211 f () dx
0 d y=0

where u is the coefficient of viscosity. Hence, we obtain

1

CD = 2D = 211 f dx = 81(1,1U 8Upll2+X2kU

0 fr.--.)<

The drag coefficient Cv then becomes

8k R(2+X)
pUzl.

R
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(4.5.4)

(4.5.6)

(4.5.7)

(4.5.8)



V. CONCLUSION

5.1 Discussion

Our present analysis has shown that the synthetic method is

indeed more effective in achieving global treatment of problems

of fluid flows past obstacles than the methods based on Prandtl's

order-of-magnitude analysis. The new boundary layer solutions are

obtained from the full Navier-Stokes equations and the complete

equation of energy as limiting cases of an extended field so that

the smooth transition into the Eulerian mass and heat flow away

from the boundary is accomplished. The synthetic method has

played a fundamental role, in the course of our analysis, of

characterizing both dynamic and thermal boundary layer formation

as asymptotic phenomena. One of the main features in our analy-

sis is the introduction of an external constraining energy source

into the field equations in addition to the force and obtaining

solutions of the system by requiring the external constraints to

vanish asymptotically in the boundary layer regions. A key assump-

tion proposed in the Prandtl's boundary layer theory is that the

ratio of the viscous to inertia forces is uniformly of the order

of unity within the dynamic boundary layer. This assumption,

shown earlier in the analysis to be rather fallacious, does fix

the order of dynamic boundary layer thickness as R-112. The fact

65

of the matter is that there exists no hard and fast, well-defined,
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sharp line of demarkation splitting the flow field into subfields.

It turns out from our analysis that Reynolds number of the flow

by itself is insufficient to determine the order of magnitude of

the boundary layer thickness, as is customarily done in current

literature. In addition, it becomes important to consider the

dependence of the boundary layer thickness on the order of vorti-

city to be neglected at the outer edge of the boundary layer.

Thus both the Reynolds number and the vorticity parameter are

essential to characterize the boundary layer thickness. Since

the order of vorticity outside the boundary layer is vanishingly

small, we have used a parameter m representing the order of

vorticity, in addition to the parameter characterizing the

Reynolds number, to define a formula for the dynamic boundary

layer thickness and have consequently obtained it as R-m/(2+X)

where X > 0 and 0 < m < 1. Also, the classical treatment of

Prandtl led to the somewhat speculative conclusion that the ratio

of the dynamic and thermal boundary layer thicknesses is P-1/2

It is, however, found by the synthetic method that the ratio

should be -2+A -
, where X', X > 0 and 0 < m, m' < 1.

These new formulas seem to confirm the view that the order of

the dynamic and thermal boundary layer thicknesses ought to be

greater than their classical counterparts. Furthermore, we have

obtained algorithms for estimating all the parameters involved in

the analysis, thereby making our dynamic and thermal boundary



layer solutions complete.

5.2 Scope of Further Work

In the present study it has been successfully demonstrated

how the synthetic method renders tractable the nonlinearity in-

volved in the coupled system of the Navier-Stokes equations and

the equation of energy, governing the viscous flow past a flat

plate with heat transfer due to forced convection. With several

important fluid flow problems such as a viscous incompressible

flow past a sphere or a cylinder, a nonviscous compressible flow

past a sphere or a cylinder, and a non-Newtonian fluid flow, al-

ready solved, yielding some illuminating results, it then becomes

all the more desirable to extend them to incorporate the corres-

ponding problems of heat transfer by the synthetic method. It

is equally worthy of an effort to apply the synthetic method to

transition phenomena in general where incongruities such as ap-

parent discontinuities, quick transitions, and nonuniformities

are involved. It should be realized and at the same time empha-

sized that such singularities have resulted from the mathematical

methods employed to treat them, while actually Nature would indeed

operate in such a way as to accomplish smooth transitions in phy-

sical phenomena. A prime candidate for such an interesting in-

vestigation would be, for example, the elastic-plastic transition

of the stress distribution in a small neighborhood of the tip of

67
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a sharp crack in an elastic medium. The classical elasticity theory pre-

dicts a stress singularity at the crack tip contrary to the physical

reality. It is well recognized that in a small region surrounding the ad-

vancing crack tip, the elastic material undergoes a transition to the

plastic state while outside this region the material still remains elas-

tic. But this elastic-plastic transition has been treated by splitting

the entire stress field into two subfields: the plastic zone and the

elastic zone. This treatment involves matching two different types of

stress distributions at the common boundary of the subfields. As a con-

sequence the problem of the crack tip stress singularity remains unre-

solved. We believe that the synthetic method and transition approach

will be of greater advantage in dealing with such transition phenomena

than the classical matching techniques.
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