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A computationally efficient algorithm has been developed for

determining exact or approximate solutions for large scale gener-

alized fixed charge problems. This algorithm is based on a relaxa-

tion of the Benders decomposition procedure, combined with a linear

mixed integer programming (MIP) algorithm specifically designed to

solve the problem associated with Benders decomposition and a com-

putationally improved generalized upper bounding (GUB) algorithm

which solves a convex separable programming problem by generalized

linear programming. A dynamic partitioning technique is defined

and used to improve computational efficiency. All component algor-

ithms have been theoretically and computationally integrated with

the relaxed Benders algorithm for maximum efficiency for the gener-

alized fixed charge problem.

The research was directed toward the approximate solution of a

particular class of large scale generalized fixed charge problems,
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and extensive computational results for problems of this type are

given. As the size of the problem diminishes, the relaxations can

be enforced, resulting in a classical Benders decomposition, but

with special purpose sub-algorithms and improved convergence pro-

perties.

Many of the results obtained apply to the sub-algorithms inde-

pendently of the context in which they were developed. The proce-

dure for solving the associated MIP is applicable to any linear 0/1

problem of Benders form, and the techniques developed for the linear

program are applicable to any large scale generalized GUB implemen-

tation.
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COMPUTATIONAL IMPROVEMENTS TO BENDER'S DECOMPOSITION

FOR GENERALIZED FIXED CHARGE PROBLEMS

I. INTRODUCTION

This research was motivated by a particular class of resource

allocation problems, further described in Appendix IV. The first

result obtained was a. mathematical programming model which described -

the class of allocation problems. This model is one of the class of

problems known as fixed charge problems (Cooper and Drebes (1967),

Steinberg (1970), Jones and Soland (1969), Murty (1968), Balinski

and Spielberg (1969), and Hirsh and Dantzig (1968).)

Simplification of the Model yields the fixed charge transpor-

tation or location problems of the general.variety discussed in

(1969), Gavett and Plyter (1966), Toregas, Swain, Revelle, and

Bergmen (1971), Stroup (1967); and Kuhn and BauMol (1962), although

these formulations are pure integer programs.

Specifically, the mathematical programming problem of interest

is a 0/1 mixed integer programming problem of the following form.

-
maximize f(x)

subject to the constraints

_ -
Ax +By b (1)

x 0

y.=0,1

where f(x) is a concave separable function.



A special case of (1) is a linear 0/1 mixed integer program

of the form

maximize c

subject to the constraints

-
Ax +By 5 b (2)

x, 0 .

y. 0,1

Problem (1) is a fixed charge problem which directly general-

izes the problem described by Miercort and:Soland (1971). Problem

(2) generalized the fixed-charge transportation/location problems

discussed by Balinski (1961), Hadley (1964), Spielberg (1964),

Efroymson and Ray (1966), Gray (1967 and 1971), and Khumawala (1972).

(In, this work, Problem (2) will also be used as a part of the algor-

ithm for solving (1)..)

The dimensionality of the problems of interest classify (1)

as a large-scale 0/1 mixed integer program. (100-200 0/1 vari-

ables, 700-1000 constraint rows, and several hundred thousand con-

tinuous variables (related in a special way).)

When this research was initiated, it was not clear that (1)

could be solved in the desired time (30,-60 minutes, CDC 6400 cpu

time). Even though the algorithm was to be developed using the

CDC 6400, the procedure must not use machine-dependent features (as

in the OPHELIE-II(1970) System, for example)- in an essential way

to achieve computational efficiency. Furthermore, published compu-

tational results for mixed integer algorithms were not encouraging:



most of the problems considered were smaller than (1),

solution times were dependent on problem structure,

c, solution times Were dependent on the problem data within

a given structure,

solution times were dependent on the computer, compiler,

and code used to implement the algorithm.

Nearly all references in the bibliography contain data on one

or more of these items. However, summary results citing computation

times can be found in Trauth and Woolsey (1969), Mears and Dawkins

(1968), Geoffrion and Marsten (1972), Garfinkel and Nemhauser (1972),

and Spielberg (1972). The importance of problem structure is empha-

sized in Balinski (1965), Balinski and Spielberg (1969), and

Geoffrion and Marsten (1972). (These three papers, along with the

work of Garfinkel and Nemhauser (1972) give a survey of the state

of the art of mixed integer and integer programming.) The effects

of algorithm implementation on its efficiency are discussed in Mears

and Dawkins (1968) and Klingman, Glover, Karney, and Napier (1971).

Because of initial uncertainties involved with the large scale

(1), the following additional computational objectives were estab-

lished;

To solve the problem by generating a sequence of "good"

feasible solutions.

To be able to bound the deviation of the current solution

from the theoretical optimum.

If possible, to provide an algorithm which would, ulti-

mately, achieve the theoretically optimum solution.



In order to study (1), two test problems were generated. The

first of these is given in Appendix V, and the second was generated

by perturbing the first. The resulting problems have 63 continuous

variables, 6 0/1 variables, and 30 constraints. These small prob-

lems were solved using the mixed-integer code BBMIP (Shareshian

(1967)) which uses a basic Land-Doig (1960) branch and bound algor-

ithm modified to include a Driebeeck (1966) branching criteria and

a dual simplex single precision linear program. The results of

these test problems, using BBMIP on the CDC 6400 in a multipro-

gramming environment, are summarized in Table 1.1. An initial upper

bound of -800 was used, which because of the dual simplex LP

resulted in a faster solution time (about 2 cpu seconds).

The following observations were made:

The algorithm as implemented suffered from numerical

accuracy problems. This was attributed partly to the problem struc-

ture, partly to an upper-bounding procedure used to enfore the Land-

Doigrequirementthatc.always remain non-negative, and partly

to the selection of
e0 '

the number such that if at any time

la
I < e , then a. -) 0 , where aj is the current element ofij 0 iji

the A matrix at any iteration. The effect of the numerical

accuracy problem was primarily to incorrectly cause the premature

termination of certain branches by obtaining tableaus which were

thought to be infeasible when in fact they were not if numerical

tolerances were considered.

A large number of pivots was required.



TABLE I. 1 SUMMARY OF INITIAL RESULTS

Test Problem 1 Test Problem 2

Continuous Solution: -1236.006 -1236.007

Mixed-Integer Solution: -953 -994

y at solution: (111010) (101011)

Solution Time: 28.2 cpu secs 23.4 cup secs

Number of LP pivots: 852 707

Number of pivots to
continuous solution: 122 113

Number of pivots to
establish optimality: 172 16

Number of feasible sub-optimal
solutions computed: 3

Sub-optimal solutions: -821/010111/210 -824/111001/184
(value/ y / #Pivots) -883/011101/313 -879/111011/247

-910/110101/477 -991/011011/473
-953/111010/680 -993/101011/691



The Land-Doig procedure as implemented in BBMIP requires

that the final tableaus at all currently active branch points be

saved and be rapidly accessible.

The dual simplex linear program required that the entire

tableau (except slacks) be available in core.

While these problems were not significant for the test prob-

lems, any one of them was prohibitive for the size problem envi-

sioned. The last two points were especially troublesome, since the

tableaus would need to be saved on a disk file, and the access time,

combined with the number of times retrieval was required, was esti-

mated to cause a significant increase in solution time. Furthermore,

it was known that the use of generalized linear programming, or

column generation" procedures, combined with a revised simplex

method, were effective in reducing the number of columns in the

problem which results when B and some rows of A are eliminated

in (1). (See Lasdon (1970), Brooks and Geoffrion (1966), Dantzig

(1963), and Bozovich, Groover, and Ryan (1972).) This same result

did not hold for a dual simplex approach. Consequently, if any

dual-based method was to be adopted, additional research in this

area was necessary.

It had been suggested by Balinski and Spielberg (1969) and

Spielberg (1969) that multi-origin search procedures may be more

effective than the single origin basic Land-Doig procedure. This

idea was combined with new penalty results obtained by Davis,

Kendrick, and Weitzmann (1971) and Tomlin (1971), and a new proce-

dure was investigated. This did provide "good" solutions to the
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test problems. However, a termination criteria was needed, and the

procedure suffered from the same difficulties previously discussed.

A new approach was attempted based on a combination of the

ideas of Everett (1963), Brooks and Geoffrion (1966), Balas (1967),

and Gray (1967). This consisted of replacing the objective function

of (1) with the function

f(x) + d'y

and assuming 0 5 yi 1 . The di were to be selected iteratively

so that ultimately a vector a was obtained which resulted in all

yi = 0,1 and the optimal solution to (1). (That such a d must

exist is obvious by considering that if the optimal -3-7 = 0,1 is

known, letting d. = (-1)1-yM, for M sufficiently large, produces

the desired result.) This procedure showed promise; however, it was

found difficult to determine a procedure for changing di , and the

iterative solutions obtained generally had non-integer y and hence

violated the computational objectives.

A number of other procedures were briefly considered (Kaplan

(1J66), Shapiro (1971), Lawler and Bell (1966), Lemke and Spielberg

(1967), Beale (1968), Geoffrion (i969), Cabot and Hurter (1968),

Dalton and Llewellyn (1966), Rutledge (1967), and Balas (1967 and

1971)), but were determined to be inappropriate for the same reasons

discussed above.

Finally a decomposition procedure due to Benders (1962) was

investigated. This decouples (1) into two problems: a generalized

linear program (LP), and an associated 0/1 mixed integer program
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(MIP), which are solved iteratively. Bounding information is

available at each iteration. The Benders procedure was tried on

test problem 1. The 0/1 problem MIP was solved using the program

BBMIP, .previously discussed. The primal problem LP was solved using

a revised simplex code. The algorithm converged, but required 47

iterations (about 3 minutes cpu time). Thus the efficiency of the

procedure was only about 75%. (Efficiency is defined here to be

the ratio of the number of algorithmic iterations required for solu-

tion to the number of possible iterations, 2n, where n is the

number of 0/1 variables). Computationally, this required the

solution of 47 full size LP problems, and 47 0/1 problems. This

was clearly unsatisfactory for large size problems. Analysis of

the results of the Benders procedure, however, revealed a property

of (1) which formed the basis for what was termed an Accelerated

Benders Algorithm. This algorithm consisted of augmenting the con-

straint set for M1P with a number of additional constraints which

could be shown to be valid based on the problem structure of (1).

These constraints were generated algebraically. This Accelerated

Benders Algorithm solved test problem 1 in 5 iterations (about 30

seconds). However, the use of the Accelerated Benders Algorithm

was inherently limited to small problems.

During all of these attempts to solve (1), much insight was

gained into the problem structure. (The importance of this in

successfully solving mixed or pure integer programs is alluded to

in Woolsey (1972).) The Benders procedure in general seemed to

hold the best hope of satisfying the computational objectives.



Consequently, it was natural to consider merging these two ideas

into an integrated Benders decomposition procedure which was appli-

cable to large scale problems and used the problem structure in an

essential way if necessary. The potential of the Benders procedure

has been recognized in the literature (Balinski and Spielberg (1969),

and Geoffrion and Marsten (1972)), and the latter reference consi-

ders that perhaps the failure of Benders decomposition to be suc-

cessful on large problems was due to the fact that general purpose

linear programming codes and linear mixed-integer programming codes

were used to solve the two associated problems. (Spielberg (1964)

used the problem structure in an essential way to solve a special

case of (2) by Benders decomposition.)

This work presents an algorithm for providing exact or approxi-

mate solutions to (1) which uses the problem structure in a special

way to achieve computational efficiency. (In view of the wide-

spread applications of the problem class, this is no severe limita-

tion.) The general framework of the algorithm is based on a

relaxation of the Benders decomposition procedure. The relaxed

Benders algorithm includes a computationally revised and expanded

large scale linear programming algorithm and a new linear integer

algorithm specifically designed to solve the problem associated

with Benders decomposition. The generalized linear programming

techniques used to address problem (1) are imbedded in the procedure.

Throughout this research, the emphasis has been on achieving

maximum computational efficiency. This has been obtained in part
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by a sequence of reductions of the original problem to equivalent

problems by the use of generalized linear programming, problem

transformations, and a dynamic partitioning procedure. The final

equivalent problem is significantly smaller than the original

problem, and itself has special structure. (In fact, the problem

formulated in Chapter II is a somewhat restructured version of the

original (1) to take advantage of an idea similar to that suggested

by Berman (1972).) In addition, significant computational improve-

ments have been achieved in the algorithm Used to solve the two

problems associated with Benders decomposition.

This paper discusses separately each of the components leading

to the final algorithm. Separate chapters are thus included for

problem definition, problem reduction, dynamic partitioning, relaxa-

tion procedures, the generalized linear program, the special purpose

"bootstrap" mixed integer program, and finally, the overall algor-

ithm itself and some computational results for the specific kinds

of problems (1) which motivated this research. Also included as

appendices are synopses of the classical algorithms which formed

the basis for the results of this research: the Balas additive

algorithm, the Bantzig-Van Slyke generalized upper bounding algor-

ithm, and the Benders decomposition technique. This research was

motivated by a specific kind of weapon allocation problem, which

is described in an appendix, as is the specific problem which was

used to test the various computational procedures. Chapter X con-

tains a summary of what are considered to be the principal contri-

butions of this work, as well as directions for future research.



II. PROBLEM FORMULATION

This research is concerned with a generalized resource alloca-

tion programming problem of the following form:

_
maximize (f(n),x) (problem P)
n,x,y

subject to the constraints

2

skYk
+ 2J (di(k),xl, 44) 5 sk (k = 1, . L1) PI (a)

1i

J J
5 r. (i = 1, . M 1) P1 (b)

j =1

-k -
y + e ,x
k k

-k -
(e +k) 5 tk

1

= 1, .

-1
0 5 nk. = N.j (j Ex)j i

* -20 5 jkn 5N1. . (j E )
j

njk
i

integer

-
and x 0 , y = 0,1 .

where

- 1- , -1.-2 ,,

x
1 2 L L +I L)/ (x x ) where= x I x

1 1 -1

PI (e)



-1 . -2 -M-1
x.- = (x. x. x )i

J ' J'

x.- =a pxl column vector with components

0 5 p 5 N. .
ij

= a column vector, with integer components
njk '

of dimension

equal to that of Xj .

-k
e = a column vector, of dimension equal to that of

xk'
with each

component equal to unity.

r = an M-1 X 1 column vector of non-negative real numbers.

sk = a non-negative real number in the interval

L2

0 Sk(;,i) skS 01(k),X .)
L1+3.

- -

(Sk(r,y)
will be discussed later.)

d- (k) = a column vector whose elements are all zeros or ones. The

-
vector d(k) is assumed to be partitioned similar to the

-
vector x .

tk = positive real numbers, which will be considered unity without

loss of generality. The necessary generalization will be made

in Chapter VI.

xi
k

wherej'

12



(T(n),X) 2]
fj(njk)xjk

i j k

where f1(n) is a non-negative concave function of n

defined on the interval 0 s
nj

s Nij

Nere all vectors are column vectors unless indicated otherwise.

-
The transpose of a vector x is denoted by X° . x 0 indicates

-
that all components of x are non-negative, and y = 0,1 indicates

that all components of y are restricted to the integer values 0

or 1 . (° , °) denotes the Euclidean inner product. A column

vector x which is partitioned into N sub-vectors x. will be

-
written as

(x1 Ix2
1

...xN)'
.

-
The 2L1 +L2 +M- 1 X1 dual vector will be denoted by u, where

-u = (u tu iu lu ) and u is
Ll

X 1 ,
uR

is M- 1 x 1,

-up is L x 1 , and
uA

is L2 X 1 . The vector b denotes the
1

entire right-hand side constraint vector of P . The matrix B

denotes the coefficients of Y, and the matrix A will denote

-
those of x . The vector c denotes the coefficients of x in

the objective function, and the set C denotes the constraint set

dual tO the continuous variables x of P, that is,

= {u I
cl

The symbol A denotes the j-th column of a matrix A The

J-t11.1""iscle"tedIVA..ilsingloelemontiskor

13

An arbitrary column j contained in A will be denoted by E A .
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The interpretation of P1 as a generalized resource alloca-

tion problem is done by establishing the following correspondence.

M-1 . the number of resource types

L1
= the number of policy variables

L2
, the number of activity types

= the number of available resource units of type

tk
= the number of distinct activities of type k .

n. . possible assignments, in quantities
njk'

of

resources of type i to activity

L1+j
= allocation decision vectors for assigning resource

i to activity j .

Ll+j(n)=
payoff function, giving the return for allocating

n units of resource i to activity j

(j
1,...L2)

= policy variables

= the policy vector, or, equivalently, the "policy",

since it is the simultaneous specification of the

policy variables yi .

= allocation decision vectors for assigning resource

to enforce policy j .



where

-1f(n) = 0 (j E x )

dl(k) = an incidence mapping of the policy specification

variable yk into the activity decision vectors

xL isj
. The interpretation is that d(k) = 1L1 +j

that x1 unless

sk = artificial numbers used to enforce policy

Such an interpretation of P is further clarified in Figure II. 1

sub-vectors.)

The structure and interpretation of P can be further clari-

fied by considering the component blocks. The programming problem

which results from considering only blocks 4 and 7, and assuming

f(n) linear, is a standard continuous allocation problem. If f(n)

is not linear, a concave separable problem with linear constraints

results. Adding block 2, which is unimodular, allows only certain

columns to be in the basis (those for which the entries in block 2

are all zero), without violating the block 2 constraints. Blocks

1, 3, 5, 6 work together to allow selected columns to become eli-

gible to enter the solution, if some "fixed charge" (specified by

block 3) is paid. Block 1 causes one of the constraints
1,...L1

to be relaxed, for each yi = 0, (i = 1, .. .L1) . Blocks 5 and 6

linkthe"Policyvariablee yi.to the fixed charge block 3 to

15

-1 1-2 -2(x ix ) . (x has
L1

sub-vectors, and x has
L2
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Policy 2
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insure that an appropriate utilization of resources occurs whenever

a policy control constraint (block 2) is relaxed. If block 2 is an

identity matrix, and if f is linear, this reduces directly to a

standard mixed-integer formulation of a fixed charge transportation

problem (see for example Spielberg (1964)), but with the definition

of yi reversed. The original formulation of P considered the

reversed form of yi , but the current formulation is computationally

more efficient for the solution technique developed in this work.

The formulation of this generalized resource allocation prob-

lem in the structure given in P is one of the results of this

research. The computational advantages which result from this for-

mulation will be discussed in succeeding chapters.

The specific application which motivated this research is the

weapons allocation problem discussed further in Appendix IV. Appli-

cations in other areas can be obtained by obvious generalizations

of fixed charge problems found in the literature (for example,

Spielberg (1964), Gray (1967), and Balinski and Spielberg (1969)).

-
Specifying y transforms P into a form equivalent to the

master program of a Wolfe Generalized Linear Program (Dantzig,

1969). This form is also equivalent to the restricted master pro-

gram of a special programming problem which can be solved by

Dantzig-Wolfe Decomposition. (Dantzig (1963), Lasdon (1970).)

These equivalences are the motivation behind the lack of specifica-

tion of the dimensionality of the vectors
xj

, and the solution

procedure developed does not require a priori knowledge of this



dimensionality. In the literature (for example Lasdon (1970) the

general procedure for solving this kind of a generalized linear

program is termed "column generation", and this term will be used

interchangeably here.

For many problems, a computationally efficient, procedure is

required for obtaining approximate and/or exact solutions to P

in the case of hundreds of activities and policy variables, and a

wide range of upper resource limits
Nij

. The importance of com-

putational considerations has been previously discussed in Chapter

I.

For the problem formulated in this research, the restriction

of to integer values reduces the invocation of the generalizedn3

linear program to a matter of computational convenience (and an

extremely necessary convenience if several hundred thousand columns

are to be considered). If the full power of generalized linear

programming were used, the class of problems which could be addressed

efficiently may be expanded considerably. However this is not obvious,

and would require additional research, particularly in the area of

dual variable generation and the statement of the relaxed Benders

algorithm (Chapter V). Additionally, a re-examination of algorithm

CGEN (Chapter VI) would be required, because in all column-generation

based large-scale algorithms, an essential ingredient is the time

required to generate a column (a sub-optimization problem in itself).

For problem P, a rapid procedure has been developed to perform this

operation if f(ff) has a particular form. This is an extension of

the results of Bozovich, Groover, and Ryan (1972) and is especially

18
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designed for both large scale problem and the relaxed Benders

algorithm itself. Other procedures successfully used in the lit-

erature for column generation include dynamic programming (Lasdon

and Terjung (1971)), network flow (Rao and Zionts (1968)), and linear

programming (Nemhauser and Widhelm (1971)). It seems likely that

some additional techniques to achieve computational efficiency would

be required if one of these methods were adapted as a part of an

expanded generalized linear programming formulation.



III. PROBLEM SOLUTION AND REDUCTION

Problem P has the general form of a non-linear mixed

integer program. The non-linearity results from the requirement

--to determine n . For any fixed n, however, P(n) is a linear

mixed integer program (MIP). Furthermore, for any fixed 11(y)

is a convex-separable programming problem with linear constraints,

and P(n,y) , the program obtained when n and y are fixed, is

a linear program (LP). The following theorem follows directly

-
from the finite range of n and y .

Theorem III. 1

Let P(zi
;c12)

denote the problem maximize P(q ) .

Then P(n;y) a P(y,n) a P .

Consider now the solution of P by a Benders decomposition

(Appendix I). This procedure, in view of Theorem III. 1, can be

applied directly to P(y;n) ; it is inherently consonant with the

computational goals because it is a primal method, it provides

bounding information, and it is problem structure-preserving if a

primal algorithm is used for the sub-problem. For any fixed y,

P(y) can be solved by generalized linear programming. Assume for

the moment that P(y) is feasible for all 3, . Straightforward

application of Benders decomposition aud generalized linear pro-

gramming to P results in the following algorithms:

zi2

20



Algorithm A-1

Step 2: If Z. = Z , STOP,1 u

Step 3: Set E and i +1
1

Step 4: Solve the mixed integer program

maximize Z
a

subjeet to Z s (b-By7)-u-, (j = 0,1,...i

y = 0,1

giving Yi and
Zu

. Go to step 1.

Algorithm A-2

21

(MIP)

Step 0: Assume a fixed tableau size of m rows and n* columns.

Select n* columns with non-zero values of njk ' and

for each compute f (n. ) . Call these e.j jk 1

Step 0: Select an arbitrary star' g (feasible) = yo

Let E , . U , and Z +co.

_Step!: Solve P- 1 (y ;n) by Algorithm A-2, giving Z. and

u. where u. is the dual vector.1



Step 1: &aye the linear program

maximize Z (LP)

_
subject to Ax 5 b By

-
x 0

where A is an mXn matrix of sub-columns of P and

-
B is the coefficient matrix of defined in P . This

gives a solution Z, a set of m basic vectors B and

-
a set of dual variables u .

Step 2: Find the values of
njk '

and the corresponding indices

i and j , which give the n -m maximum positive

values of

H(nk. ) = f.(n. )- n. u - k(j)
j j jk jk R

where i 1,...m- 1 , j 1,...L1 -1-L2 , u(i) denotes

the i-th component of the sub-vector uR, and

A.(j) = ui if j 5 Li

= u if j > Li .

,e

Let A be the matrix of n -m column vectors thus

obtained. If H 0 for all ni go to step 4.
jk

* , * - 1 * -
Step 3: Set A -) (B IA ) and c (cB lc ) where

cB
corres-

ponds to the vectors in B and c corresponds to the

vectors in A . Go to step 1.
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Step 4: The current solution Z and the corresponding basis B

is optimal. STOP.

The new algorithm developed to solve P is based on the gen-

eral framework of A-1, but includes substantial modifications and

significant computational improvements. The first of these is in

the area of problem size reduction. Before discussing this,

canonical form of problem P will be defined. This canonical

problem CP will be used interchangeably with problem P for the

remainder of the paper. Such use is justified by Theorem III. 1

and the solution procedure inherent in A-1 and A-2.

In the canonical form, the procedure outlined in A-2 applies,

and the revised-simplex procedure is used to solve LP. The canon-

ical problem is:

matrix A =

subject to the constraints indicated in Figure III. 1, where the

maximize Z
0

-1 -2 ,
, x = [x lx , and

ci , =f i i
n .)

L1+3 L1+j L1 +j

(Problem CP)

I . a matrix of zeros and ones.

= a vector or matrix of zero elements.

5; = 15; 1Xp 15. 1) as in Figure III. 1, where,
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following the terminology used in Chapter II, (Figure II. 1)

corresponds to the Incidence rows,

corresponds to the Resource rows/

-
X corresponds to the Policy rows

-

XA
corresponds to the Activity rows,

Frequently in the development of the algorithm it will be

necessary to refer separately to these constraint components.

Hence the following definition.

Definition III. 1: The symbOls R(I) , R(R) , R(P) , and R(A)

will denote the set of row indices for the incidence rows, resource

rows, policy rows, and Activity rows, respectively, of problems

and CP. The symbol R(-) will denote the j-th row of the

appropriate set.

The matrix
A1

plays a special role in the problem reduction.

Following the interpretation of Al discussed An Chapter II, Al

is referenced as follows:

Definition III. 2: The j-th set of M-1 columns in Al will be

called the policy enforcement columns for
yj

.

A1
is called the

the policy enforcement columns matrix, and Al(j) will denote the

appropriate policy enforcement columns.

It will be necessary to indicate that a specific y is meant.

Hence

24
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Pefinition III. 3: A sp.-)cjiacation y cf y is defined to be a

selection of yi 0 or 1 for all i

Definition III. 4: Given a specification 37, let

Y(i) = =

CP may be infeasible, even though P is not. To deal with

this situation, some definitions are required.

Definition III. 5: Problem P is called globally infeasible if

P(y) is feasible for all y.

Definition III. 6: Problem P is called locally infeasible at

-
if P(y) is infeasible. P is feasible whenever P(y) is feas-

ible for some ;7. The following theorem follows immediately from

the non-negativity of ; and t.

Theorem III. 2: Problem P with the equality constraint removed

is globally feasible.

Theorem III. 2 will be exploited to further simplify CP. But

first the coefficients s stated in P1(a) must be specified in

greater detail.

Definition III. 7: The non-negative real number sk defined in

P will be termed the coupling coefficient for yk sk is

defined on the interval
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L2

0 5 Sk(r,i) 5 sk 5 E(d.(k),x.) = S(d)
=1

* -
where S(d) is the maximum coupling coefficient, and k'i)

is the minimum coupling coefficient.

* _ _
Sk(d)

and
Sk(r,y)

can be computed for CP by the following

Lemma, which follows from the stated purpose of sk .

Lemma III. 1: For problem CP,

1.

2. Solve P(y) with sk = S: for all k, obtaining

solution vector X = -1 p-2
px 1 . Then

S (r' y) = 0
k

S (r,y) = x2Ij
k .k

k y(1)

k y(0)

28

All of the initial straightforward attempts to solve CP pre-

viously described in Chapter I, required, for an arbitrary speci-

fication y, all of the rows and columns of CP to be specified

explicitly only to satisfy the algorithmic format, and not to con-

tribute any information to the solution. (For example, if yi = 1

then it is known that no column Aj E Al(i) can be in the final

basis except perhaps ifxj = 0 .) Such requirements are a waste
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of time and storage, if a rapid method exists for overcoming the

difficulty. For CP, this can be done by introducing the concept

of primal equivalence, and defining a modified program MCP which

is primal equivalent to CP. Primal equivalence roughly means that

the two programs produce the same primal Solution except for basic

variables which cannot affect the objective function. As in inter-

-
mediate step to MCP(y) , the problem of local infeasibility will

also be treated.

Definition III. 8: Let P and P be two linear programming

problems of the following form

P: maximize Z =

subject to Ax 5 b

x 0

where A is an mxn

matrix

Then P will be said to be primal equivalent to P if the

following conditions hold:

1. A can be written, by reordering rows and columns, in

the form

A= A11

A 1 A
2 I 3

and with the same ordering,

c= C

Cl

* *
: maximize Z = cP

1

subject to

* *
where A is an m X n

matrix
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If P and P are solved, then Z =

Let B and B* be the optimal bases for P and P

and let x, , x. , c and c, correspond to basis

column
Bi

and B. . Then

If C(B) and C(B ) are the set of basis vectors

for which and x. > 0 , and c. > 0 , then

C(B ) c C(B) .

b. If B E C(B ) , then x= x*i

Program P(y) may be locally infeasible. In a general

linear mixed integer program, if a form of Benders decomposition

is used which is based on solving a dual problem (see Benders

(1962), Lasdon (1970) or Hu (1969)), local infeasibility of the

-
dual to P(y) cannot occur unless P is globally infeasible.

However, it was shown in Chapter I that because generalized linear

programming here is being used to determine ill by the column gen-

eration procedure given in A-2, a primal method is preferred.

(This also leads to other computational advantages because of the

problem structure.) The motivation behind the primal method,

suggested by Benders (1962) is to bound the dual constraint set

artificially in order to avoid primal infeasibility. This is

equivalent to introducing artificial variables in the constraint

equations and using either a two-phase or BIG-M method to obtain

a starting feasible basis for P(y) (see Ficken (1961), Lasdon
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(1970), Benders (1962) and Spielberg (1964)). For reasons to

become apparent later, the BIG-M method will be used. For Problem

P, each component of x is restricted to a finite range and f

is bounded; hence a sufficiently large M exists.

By Theorem III. 2, only those dual variables associated with

constraints j E R(P) need be bounded. Let ACP denote Problem

CP with appropriate artificial variables introduced.

Assume now that a specification y has been made, and that

problem ACP(i) has been formed. Program MCP(y) is now defined

to be that which results from applying the following modifications

to the constraint tableau of ACP(Y) .

For all i E y(1) , delete all columns with entries in

policy row i , add a slack column, and set

bi = 1

For all E Y(0) , eliminate, by elementary row opera-

tions, the +M in the payoff row of the artificial

variables.

Introduce slack variables and replace all inequalities by

equalities.

-
Problem MCP(y) has the following form

maximize Z
0

subject to constraints

* I *,-* r*
le1 :A1 :

. A3 ix = b

- *
x 0

(Problem MCP6-7))



-2-c*

-*1 -*2 1 -*31where 2-c= Fx x x , A2 and
Z0

are defined in Problem

CP , and

A a matrix with zeros in the payoff row and an identity
3

valent.

matrix in the remaining rows

A . f
1 1(j)

and E Y(0)1 where

(in addition) the payoff row entries for all Ak E A;

have been replaced by -M .

-

e1 a vector with unity in the payoff row and zeros else-

where.

-*
b =i-J-13Y)Imithb'!'.1 for i E R(P) n 37(1) .

Problem MCP(y) is primal equivalent to CP(y) . TO show

this, the following lemma is stated.

-
Lemma III. 2: Let CP(y) be solved. Let Aj E

A2
be any column

for which
Ik

1 for some k E y(1) , and let x. be the

corresponding solution variable. Then x 0 .

The proof follows from direct examination of the constraint rows

k E R(I) and k E R(P) for k E y(1) , and the definition of sk.

This lemma leads to

-
Theorem III. 3: Problems MCP(y) and ACP(y) are primal equi-

32
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Proof: Let MCP(i) and ACP(y) be solved. In the solution to

ACPW,byLemmaIII.2,theonlynon-zerox.can be those for

which either

(a)k = 0 for all k E y(1)

or

1(k)
and k E y(0)

or

Ai is a slack or artificial variable.

By construction of MCP(y) , the only non-zero x can be those

columns listed in (a), (b), or (c) above, and the slack column for

k E R(P) n y(1) .

Theorem III. 3 shows that the simpler MCP(y) can be solved

instead of ACP(y) if only primal solutions to CP(i) are desired.

Consequently, MCP(Y) can replace LP in step 3 of A-2. However,

in order to Use the decomposition procedure, dual variable infor-

mation is required. This question will be deferred until Chapter

V, where the relaxed Benders algorithm is discussed.

Even though MCP(Y) is somewhat simpler than ACP(y), it is

still computationally infeasible for large problems. Consider a

200 policy variable problem with 25 resources and 500 activities.

Straightforward application of revised simplex requires an inverse

with 926 paws, which is unattractive because of data storage, com-

putation time to invert, and numerical accuracy considerations.

Chapter IV discusses direct elimination of the rows j E R(I) of
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MCP(y) by a dynamic partitioning procedure. Implicit elimination

of the rows j E R(A) of MCP(i) will be discussed in Chapter VI.



IV. DYNAMIC PARTITIONING

This chapter discusses a procedure termed dynamic partitioning

-
developed to simplify significantly the solution of problem MCP(y).

Its use reduces the data storage requirements, computation time,

and numerical accuracy problems associated with a large scale

MCP(i) .

The following additional definitions are required to discuss

dynamic partitioning.

Definition IV. 1: The strategy set S is the set of all possible

columns Aj E
A2

of P . (Thus for any canonical problem CP,

the corresponding A2(CP) contains columns which are proper sub-

sets of S .)

Definition IV. 2: A partition P (S) is a one-to-one identity

mapping of S onto two sets S1 and
S0

such that each Aj E S

is contained in one and only one of the sets SI and S .

0

-
Theorem IV. 1: Any specification y defines a partition.

Proof: Consider the set of Ai E
A2

for which X. = 0 is an

-
optimal solution of P(y) for any resource vector r . By Lemma

III. 2, if Ik = 1 for any k E Y(1) , xj = 0 . Recall from

_
Definition III. 4 that defining a specification y is equivalent

to determining the sets y(1) and y(0) , and let
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Since S = S U
0

, a partition is defined.

The elements of and S are a function of y(1) . Hence

the following definition:

Definition IV. 3: A dynamic partition DP(i) is defined to be

the two sets S1(y) and S (y) determined by the specification y .

To clarify further the concept of a dynamic partition, con-

sider the matrix A2 of MCP . By construction, for any specifi-

cation y, only certain of the columns Aj E A2 can be in any

feasible solution of MCP(i) . These are the columns denoted by

-
S1(y) . The remaining columns of

A2
must be non-basic, indepen-

dent of the resource vector r These are denoted by
S0

(y) .

Consequently, given a specification
2

is naturally parti-

tioned. Since this partition is a function of the specification

-
y, and since y changes with each iteration of Benders decom-

position, the partition varies, and hence is termed a dynamic par-

tition DP(Y) . The remainder of this chapter discusses how this

characterization of the solution to MCP (Y) can be used to compu-

tational advantage. The first step is to further reduce MCP(Y)

to a problem which is primal equivalent.

36

S0 . IAJ E
A2

1 for some k E y(1)}

IA E A2 I 0 for all k E y(1)}



defined.

maximizeo

subject to constraints

A A A

le A !A IA
1

Using the above results, the following reduced problem is

o

A A A
where

Al ' A3 ' ZO ' and
b are the same as A A

1 3

-*
in Problem MCP(i) , but with the constraints j E R(I)

deleted, and

A2 = {Ai I Ai E A2 n and the constraints J E R(1)

have been deleted.

Theorem IV. 2: Problem RP(Y) is primal equivalent to MCP(Y)

-
and hence to CP(y) .

(Problem HP(Y))

and

The proof follows directly from the definition of
-

(y) .

this technique i8 a function of the particular computer. Conse-

quently to make this discussion computer independent, the concept

37

RP(y) has fewer constraints than MCP(y) ; however its

computational advantage is a direct function of the capability to

rapidly determine R2 . This capability arises as a natural corol-

lary of the dynamic partitioning approach, since, given DP(y) , a

compact and rapid data storage and retrieval technique exists for

-
characterizing S1(y) , and hence . The implementation of



of a level will be used.

Definition IV. 4: The level of a string of zeros and ones is

defined to be the number of computer words necessary to represent

the string by the single precision integer operations of multipli-

cation and division.

The source of the 0/1 string Will be further used to specify

a level. However, first a characterization of the permissible

operations is needed.

Definition IV. 5: Given a particular computer, let MB be the

largest n for which the single precision integer operation 2n

is defined. (For CDC 6000 series computers, MB = 47 ; for IBM

360 computers, MB . 29 .)

The level of the 0/1 string determined by the policy van-

ables
yi

can now be stated.

Definition IV. : The policy level Lv of a given problem P is

defined to be Lv . [(Li- 1)/MB] + 1 where-Li is the number of

0/1 variables and [ ] denotes the integer part.

Definition IV. : The bit au representation 8 of a given

-
specification y is defined to be Lv computer words containing

the 0/1 string determined by y , where the i-th word B (i)

contains

38
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1-y
i-1)KBA-j

= 1,2,. MB) in bit position

Definition IV. 8: The bit map representation B of a column
A

Aj E
A2

is defined to beLv computer words cOntaining the 0/1

string determined by the constraint elements Ai! for k E- R(1)

(That is, the elements Ij , (k = 1,2, Li) , where the

word B(i) contains
A

i -1)mB k
= 1,2,...MB)

in bit position k .)

-
The dynamic partition DP(y) is determined by elementary

(Boolean) operations on the bit map representations B and BiA .

Let " A" , "V" , " and " =" denote respectively the Boolean

operations "AND", "OR" (inclusive), "NOT", and "EQUAL", and let

NP. denote a computer word containing a 1 in bit position i

and zeros elsewhere. (That is, in integer representation,

NP. = 2i-1 .) Furthermore, let the symbol stand for "TRUE"

and 0 stand for "FALSE". Then the following theorem holds.

Theorem IV. : Let DP(i) be a dynamic partition. Then

Ai E s (y) if and only if

B (i) v =.B for (i 1,...Lv) .

y A

The proof follows from Theorem IV. 1 and a truth table analysis of

the Boolean operations.



The results of Theorem IV. 2 characterize S1(y) for any

specification y . However, S (i) can be defined even more

compactly.

Definition IV. 9: Let Ai E
A2

. Let Ai denote the non-zero

element Ak, k E R(R) , and Ai denote the non-zero element Ai
a k

40

k E R(A) . Then the assignment ar,a is called admissible if

A3 E S1(y) . The set of admissible columns is denoted by a(Y)

Recall that any column in P specifies some number

nkl
of resource to be assigned to activity k, and that the

elements
Im

(m E R(I) ) are identical for all 1 . (That is,

-
y determines a partition of the possible assignments of resources

to activities which is independent of the entry Air defined above.)

Consequently an alternate definition of A2 in RP(y) is:

. IA E A2 I Ai E a and 0 5 Ai 5 N* } .

r ra

But this is simply a restriction of Step 2 of A-2 to a Lagrangian

minimization over those possible columns Ai for which
ara

E a(y).

Consequently if a computationally efficient procedure is available

for determining those
ara E a(y) , Problem RP can be solved by a

simple modification of A-2, in a significantly decreased time and

computer space, due to the reduced dimensions of RP .



41

A procedure can be developed similar to that used to charac-

terize S1(y) . First the number of Computer words necessary to

characterize the rows specified by R(R) is required.

Definition IV. 10: The resource level
LR

of Problem P is

defined to be

= [ (M - 2)/MB] +

where M- 1 is the number of resource types.

Definition IV. 11: The bit-map representation of the set a(Y)

is an array of computer words Ba , of dimensions LR
L2

(where

L2
is the number of activities). Bit i of word

Ba(J,k)
is

if
a(J-1)+1,k

is admissible, and 0 elsewise.

Ba
(j,k) can easily be determined for any specification y,

using the results of Theorem IV. 3. The admissibility of any

assignment ar,a can then be determined as follows. Let

j = [(r- 1)/MR1+ 1 , and k = r- - 1)1VIR . Then
ar,a

is

admissible if

B (j,a) A NP =a k

A simple extension of the above procedure can also be used to

limit the admissible columns of
A1

(This is the case where not

all resources can be utilized for policy enforcement.)
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Definition IV. 12: The bit-map representation of the set ap of

admissible resource-policy enforcement assignments, rr,k , is

defined to be an array of computer words Bp, of dimensions

LR XL1
Bit i of word B (j,k) is if 17

j-1)MB+1,k

admissible, and 0 elsew se.

The use of B is identical to the use of
Ba

in step 2 of

A-2. Inherent in the formulation of P is the implied invariance

of B over all specifications

The computational advantages o using the above procedures

are significant, both in terms of execution time and data storage

requirements. The array B can be computed once at the start

the problem,
BA

can be stored on a disk file, and B and
Ba

can be updated once for each iteration of A-1. The use of bit map

representations to increase algorithmic efficiency in a different

context will be found in Pierce (1968), Pierce and Lasky (1973),

and Lawler and Bell (1966).



V. RELAXED BENDERS DECOMPOSITION PROCEDURES .

The theoretical and computational modifications to the clas-

sical Benders procedure (Appendix I) were required to produce a

computationally feasible algorithm for solving a large-scale prob-

lem P . The potential power of the Benders procedure, and the

need for computational modifications, has been recognized in the

literature for several years (Balinski and Spielberg (1969),

Spielberg (1964), Lemke and Spielberg (1967), Balas (1967),

Efroymson and Ray (1966), Geoffrion and Marsten (1972), and Gorry,

Shapiro, and Welsey (1972)). Many of the suggested modifications

have been directed toward providing more efficient ways to solve

the two sub-problems, although Spielberg (1964) used approximations

to the dual variables as well as a special purpose network flow

model to solve his equivalent of P(y) . The requirement for com-

putational modifications to the Benders solution of P became

evident from the results of applying the straightforward algorithm

to the test problem (Appendix V) using a revised simplex procedure

to solve P(y) and a Land-Doig algorithm (Shareshian (1967)) to

solve problem MIP . The problem reduction obtained by the use of

DP(Y) and the corresponding computational efficiency, described

in previous chapters, is the first step in making P computation-

ally tractable by a Benders approach. This chapter discusses modi-

fications to the overall algorithm; chapter VI will discuss modi-

fications applicable to the solution of RP(y); and chapter VII

gives a new algorithm specifically designed to solve MIP in the
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context of the relaxed Bender algorithm.

MOTIVATION

Motivation for the form of the modifications to the classical

Benders procedure came from an analysis of results obtained while

applying the procedure to a test problem, using a branch and bound

algorithm for problem MIP. The following observations were made.

Determining the i-th optimal solution to problem MIP,

-
(Z. ,y.) by a branch and bound procedure normally resulted in a

number of feasible solutions which were sub-optimal for the i-th

constraint set, but nevertheless were "very good" solutions

Normally as the MIP constraint set grew, the sub-optimal solu-

tions
yi

became the optimal solutions for iteration k > i.

Intuitively, this should be expected to occur by the nature of the

Benders procedure and branch and bound algorithms.

Consider P(y) for some iteration i

Definition V. 1:

k
V. max f .(N* .)

j kj

a( .)for all k D
ak E,J

Yl

.Definition V. 2: Let denote the solution to P(y )

(j 1,2,...J) then Z max Z

44
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-

By definition, V. Z. for any P(y) However, frequently, in

Addition, thedetermined as the solution to MIP resultedthey. determined

in V.Z
1+1 L

Consequently, significant computation time could be saved if

P(y ) could be bypassed, or, at least terminated early, if Z

could not improve Z . Furthermore, stopping MIP short of

optimal during the early iterations appeared to be able to provide

good solutions to P(y) quickly', and thus was consistent with the

stated computational goals. (This idea, in fact, was suggested,

but not exploited, by Balinski and Spielberg (1969).) The next

section formalizes these results.

RELAXATION OF THE BENDERS PROCEDURE

The following definitions are taken from Benders (1962).

Definition V. 3:

Problem P-1: max{
x0 x0 - c'x- f(y) 5 0 , Ax+F(y) s b, (a)

x 0, Y E

Problem P-2: max{ c x I Ax b F(y) , x 0 }

Problem P-2d: min { b - F(y)) iu U E

C = {(uo,u) I Aiu- cuo 0, u 0, uo 0

C0 = {u I A iu O,



G

(u0' u) EC

Y E s}

Problem P-3: max{ x0 I (x0, E (h)

Q = any non-empty subset of C

G(Q) n {(x0,Y) I

0,u) EQ

Y ES}

) 1

u0 x0
+u F(y)-uof(y) 5.u/b

u0 x0
+u F(y) - u0 f(y) s ufb

(g)

(j)
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P 0} (f)

Problem P-4: max{
x0

I (x 0,y) E G(Q) 1 (k)

The following results are also due to Benders (1962).

_
Lemma V.1: If

(x0
,y) is an optimum solution of P-3, then P-2 is

feasible and the optimum value of the objective function in P-2 is

_
x- f(y) . If x is an optimum solution of P-2, then (x,y) is
0

an optimum Solution of P-1 With optimum value 310 for the Objec-

tive function.

_ -
Lemma V. 2: If

(x0'
y) is an optimum solution of P-4, it is an

optimum solution of P-3 if and only if

min{ (b- F(y))fu 1 u E P} -2-c0 - f(--y)

_
Lemma V. 3: An optimum solution (x ,y) of P-4 is an optimum

0

_ -
solution of P-3 if and only if (xo,y) E G .



Assume P-1 is feasible. Then the essential steps of the

Benders procedure are:

Step 1: Set i = 0 Select an arbitrary Q0 .

Step 2: Solve P-4, obtaining (X0( )07.1)

Step 3: Solve P72 or P-2d, obtaining u and- F(y1 /)) a. .

- -

Step 4: If wi = x0(1)-f(yi) > -co, STOP.

Step 5: If w. < X0 (1)- fG.) , set Q1+1 = Qi U 1(1,-1-1.) set
1 1 1

1 = i + 1 and go to step 2.

Step 6: If w. -Op along halfline U. =G. +tu*thOn if
1 1 1 '

(b-F(y))/i1,3. >x0- (i)-F(y.- ), set Q
1

..A+1
=Qi

Otherwise, Set
Qi+1 Qi f,0,114:

Set i =I + 1 and go to step 2.

The required modifications to steps 2-5 will now be discussed.

-
Let Z. = 'x.-and w.- = (b- F(y.)) iu. denote optimal solutions

1 1 1 1 1

_
to P-2 and P-2d respectively.

x0
(1) denotes an optimal solution

to P-4. An upper bound on
x0 0

(i) is denoted as x (i) .L is

the same as in Definition V. 2. Z. is an upper bound on Z. .
1 1

Definition V. 4.: A partial solution- Z. is defined to be any

Zi = which is feasible for P-2, and obeys the relations

(a) Z. s. Z. < Z for some Z.1 1 L 1
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(b)u. 0,whereu.is the dual vector of P-2d

corresponding to the solution. c/x Of P 2.

Definition V. 5: A partial solution x0(i) is defined to be any

triple (x0(1) , X0(i) f ) Which is feasible for G(Q1) and for

which

(1,T.Ii) Qi , or

<(i (i)
0 0 0

(0 < t < T*)

_
(i),y.) is the optimal solution.
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and

x0
x (i) =

0
(t T*)

The symbols 13-.2 and P-4 will denote that a partial solution

is to be obtained for P-2 and P-4 respectively. P* -2 denotes

either P-2 or P-2, whichever applies that is, Z. = Z. > ZL

Postulate V. 1: Qo 0, and the preceding algorithm begins with

setp 2 for some yo .

Theorem V. 1: Let P-4 replace P-4 in step 2. Then the optimality

test in step 4 holds if x0(i) is replaced by Slo(i) .

-
Proof: By definition, xo(i) x0

(i) . Hence, if w,

,x0

(i) - f(y.) strict equality holds.

Theorem V. 2: Let P-4 replace P-4 in step 2, and let

be a finite optimum solution to P-2. Then either the point



Z. > ZL
'

either i X (i)
1 0

Definition V.

-
(b - F(yi)) tui < xo(i) - f -. Y)i

f(ii) , in which case

: A feasible correction u. to a solution
1

ID_2isciefinecitobeavectorli=114.6aLfor which
1

(b- F(ii)) . 21 and u E P

Theorem V. 3: Let P-2 replace P-2 in step 3; let P-2 have a

finite optimum solution; then the tests of steps 4 and 5 hold if

u, is substituted for U.
1

Proof. By construction, u E P, and by definition, Z Z
L

-

:x0
-JE(y.) . Thus the test at step 4 always fails and by the

1

definition of G, the point (1,u.) t1

Theorem V. 4: Let P -2 replace P-2 in step 3, and let P-4

replace P-4 in step 2. Then if P -2 has a finite optimum solu-

tion and Z. A
ZL' steps 4 and 5 apply with (u.,x0 (i)) replaced

1

by (ui,x0(i)) .

If < ZL' then since ZL 5 0(i) , the inequality holds. If
1

(0(1),Y1) is

-
optimal by Theorem V. 1, or Z replaces ZL . By the definition

of ZL , the duality theorem of linear programming, and Postulate

V. 1, Qi .
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By the definition of G, the point (1,u if
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The proof directly follows from a combination of the proofs

of Theorems V. 2 and V. 3. The following theorem, which follows

fromthedefinitionsofP*-4,- x0(1) , and Xo(i) , gives a

recursive procedure for computing x ( ) .

0

Theorem V. 5: Let x0(i)
x0

(i) be defined, and let P -2 be

solved,givingu(either.u.oru.). Then
1 1

x (1+1) min (i),x. )
0 1+1

where

bx + max (f(y) F(y)u )
1+1

Y ES

Theorem V. 6: Let p* -2 replace P-2 and P-4 replace P-4. Let

ZL
be updated at the completion of step 5, and assume that

-
Z. A

ZL
for any i . Then the procedure terminates in a finite

number of steps.

Proof: The procedure is to show that if a constraint violated by

-
u. (u. or u.) is added to Q1+1, that yi+k

A
yi

for any k.

Let Z. . Z. or Z denote the solution to f)-2 at iteration i
1 1

Z.

-
with corresponding ui = u. or u. Assume first that P-2(y)

is feasible.

Case 1: Z. <Z
L

By the definition of G,
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(b- F(y ))/u. < Z 5 x0(1)- f(y.)

BY the definition of Q and P-4,

(37 F(yi+k))/ui X0(1 + f(y. )
k

xo(i+k) - f(yi+k) ZL1+

Combining the inequalities gives

-
(b F(yi+k)) tui > (b - F(yi)) iui

and thus ii+k

Case 2: Z. > ZE,
1

-
In this case, Z < (b-F(Y)) iu . However, prior to the

dolution to P-4 at iteration 1+1, ZL (b-F(y)) which com-

bined with the definition of P-4 results in the same results as

in case 1.

If 11-2(y) is not feasible, then the simplex procedure leads

-to a point (007.) for which (b-F(y)) 'v. < 0, in which case

- -
the constraint is added to Q Hence for

1

any k

_
(b - F(y)) vi < 0 and (b- F(y.1+k )) v. 0

1

-
and thus yi

'i+k

Since the total number of possible specifications Yi is

finite, the procedure terminates in a finite number of steps.
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It should be noted that if,- after solving P -2 , Z. Z
1 L'

then P-4 should be immediately resolved with t replaced by

-

x0 (i)/ZL
. This leads either to a specification

y.1+1
for which

-
Z Z or an optimal solution

xo
, in which case step 4

1.4.1 L

applies as in Theorem V. 2 and the algorithm can be continued.

The use of the relaxation procedures naturally leads to the

concept of terminating the algorithm when a "sufficiently close"

solution has been obtained. Hence the following definition.

Definition V. 7: A solution y-ZL of P is e - optimal if

,

- 510(1) + f(yi) I < e

In this case the algorithm is said to have obtained e- convergence.

at iteration i .

Dual Variable Computations

Central to the relaxed Benders algorithm is the computation

ofvectorsu.EP corresponding to the solution of any feasible
1

P(y.) , and vectors u. = u. +tu. e C corresponding to the solu-

tion of any infeasible P(ii) . If a dual simplex procedure were

being used to solve P(y ) , and if all constraints were directly

included,therequiredu.would be directly available from the

LP solution. However, as previously discussed, problem P(y1)

has been replaced by RP(yi) , in which many constraints are



*i
(b) Xi = X -M

P P

(c) Xi -min nj X*j
R(R)

R

E R(P) n y(0)

E R(P) n y(1)
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implicit, some of the primal columns and constraint rows have

been modified, and the BIG-M method is used to insure primal

feasibility. This section discusses the procedures Used to gener-

ate the required ui from the solution to RP(yi) .

Consider first the case in which P(i) is locally feasible.

Then the following holds:

-*
Theorem V. 7: Let X denote the dual variables obtained directly

from RP(y) , and M denote the BIG-M used to obtain a starting

feasible basis for RP(y) . Then a dual feasible vector X e P

-*
can be generated from X as follows:

i *i i *i
(a) X = X =

R R'AA

Xi = E R(I) n y(o)

XI'
(i E R(I) n Y(1)) , satisfy

* *
I, X max (c(n) - nXR - XA )
i I

ER(I) fly(l)

for all Aj E
So '

where the minimization refers to that

k E R(R) and 1 E R(A) associated with Aj , and c(n)

corresponds to 4(n) .



Proof: For problem P(y) , the following conditions hold for

an arbitrary column Ai E A .

k
n 0

P k R

L2
1 i 1 1 ,k i i

X + n X + ) IA- n ) 0A 1 R ..../ k I 1

k =1

where i E R(R) , k E R(P) and 1 E R(A) . The theorem follows

directly from these and the definition of sk .

If P(Y) is locally infeasible, then the dual problem is

unbounded, that is, there exists a sequence of dual feasible

vectors

0)

for which lim D(T14Y) -co
on -> co

- -
where D(u;y) is the dual objective function for RP(i) .

Benders (1962 discusses a procedure for computing u and u

from the results of the application Of the simplex method to

RP(y) Spielberg (1964) considers a computationally simpler pro-

cedure which constructs, by analysis of the dual constraint set,

a U which has the required properties. (The motivation behind

such a construction was the network flow algorithm used to solve

-the primal problem.) For problem RP(y) , the construction method

not only is computationally more attractive, but also requires

only a slight modification to the results of Theorem V. 7.
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Theorem V. 8: Let X denote the dual variables obtained

-
directly from RP(i) , and let P(y) be locally infeasible. Then

dual feasible vectors of the form u = u+tnu for which

-
lim D(u;y) -co

tn -*co

can be constructed in the following manner.

G=o

= a

_
where

XI ' '

X X and are computed as in Theorem IV.
R ' A

Proof: Direct analysis of the dual constraint set shows dual

feasibility. After simplification,

If P(y) is locally infeasible, then at least one artificial

column is basic in the solution for RP(y) . By Theorem V. 7, for

all such columns j

D(u,y) = tn((r,XR) +
kX).

k Ey(0)

o and hence X = -P
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X.A)
+

. Both (r,XR)

And (T,XA) are bounded; hence for M sufficiently large (which

is always possible since this is the BIG-M used to insure local

feasibility),

lim

tn.+0,0



Determination of

The Benders procedure requires an initial Q0 . Procedures

0
for deterimining Q have apparently not been given much attention

in the literature. Hu (1969), Benders (1962), Balinski and

Spielberg (1969), and Garfinkel and Nemhauser (1972) suggest start

t
0 c- , -ing with an arbitrary Q = {U} where u

0 0

56

. Lasdon (1970)

suggests starting with an arbitrary
y0

Which is known to be

-feasible. (For problem P , y0 = 1 is always feasible.) However,

it can be intuitively argued that the convergence properties of the

algorithm for any given problem are a function of Q0

Initial work on the solution procedure for problem P concen-

trated on the generation of Q° . In fact, it can easily be shown

that a large number of u E P can be constructed for problem P

without solving any P(y) . This procedure was tried, and found

to work well for small problems. However as the problem increased,

two difficulties arose:

The dimensionality of Q° increased to the point where

the data storage and execution time required to solve MIP

was prohibitive.

It was known that no
Ti

E Qo was optimal (that is,

corresponded to the optimal y ). Thus the original com-

putational objective of the generation of a sequence of

good primal feasible solutions was not being met.



Consequently, a procedure has been developed which is known to

generate a yo which is both feasible and "good" in the sense that

it is known to be "close" to optimal. (Over a large range of

problems P of a particular form, this procedure produced results

which were within 10-20 percent of optimal. On at least one prob-

lem, it gave the optimal solution.)

The procedure used in the relaxed Benders algorithm to gener-

ate y for problem P will now be discussed. Consider problem
0

-
P . For some r = R, whose components are sufficiently large, it

is clear that an optimal solution to P is given by y 0 .

Likewise for ro sufficiently small, the optimal solution to

. . -
is y = 1 . Furthermore, for

tains all columns of
A2 '

and for r =
' 0sI r ) s (y 1)

contains at most some minimal set of columns of
A2

. Consequently

any vectors r can be considered as specifying points in the

"intervals"

-
S1(r0) 5 S (r) 5 S1(R)

r = R ,

-

ZL(r0) 5L(r) 5 ( )

where
ZL

is the value of the objective function. Thus problem

can roughly be interpreted as finding the "points" S1(r) ,

57

(R) = S(y . 0) con-



-
and ZL(0 which correspond to r .

Now let P denote a problem identical to P but with

A1 = 0 . By direct analysis of the resulting constraints, the

following theorem obtains;

Theorem V. 9: y = 0 is an optimal solution to

A
Let P be solved, giving a basis B and solution

is the "preferred" solution in the sense that it is the solution

-
for P with r replaced by R and SI(r) replaced by Si(R) .

Furthermore, introducing non-zero columns

A
cause the preferred basis B to be maintained only if

A

r- Pr R, and B c
SI

, where Ar represents the minimum

constraint changes required to enforce the specification y = 0 .

Since in problem P direct correspondence exists between columns

Ai(i) E
A1

0 and elements y . 0, IA seemed intuitive to

choose y0(0) in such a way as to minimize in some sense the

deviation of the basis B resulting from a solution to P(yo)

from the preferred basis fi or, equivalently, to pick y0(0) so

that the "differences" Pr, ZL(R) - ZL(;) , and S(y) were

A
minimal. Consider now each of these differences.

B-SI (y0
) is

minimal if fi n Si(yo) is maximal. ZL(R)- Z1, is minimal if

A
those Aj EBnS0(y0 ) haveaminimal contribution to Z(R)
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i =1

Step 4: The components

y = 0 if 6 * 0 and

-

yo are then specified by setting

59-
and Ar is minimal if Z -Ar) is maximal.

Determination of a yo which roughly meets these objectives

can be accomplished by the following procedure. (In the discussion
A

which follows, x indicates the solution vector corresponding to

B .) The overall concept is to find those yk which are least

adversely related to the preferred basis in the sense of causing

_
^the minimal change in ZL(r-Ar) , over the columns A E B,

obtained by setting yk 0 .

^Step 1: For each Aj E B , compute

.Ac -Aand j x.
J 1

P.

Step 2: For each k (k 1,... L) , compute

Ank
= min (m

R
E R(R)

6k - Ac. - Anj k

Step 3: Rearrange the list 61,62, in decreasing order. Let

6 denote the rearranged list.



)

M- 1

z
1=1

where 0 < e < 1 , and y = 1 elsewise.

(Theoretically e =0 gives a valid solution. However since its

purpose is to restrict the magnitude of Ai., it should be posi-

tive.)

Alternate Constraint Computations

The procedure previously given for deterining X allows the

computation of constraints for problem MIP based on the solution

f RP(y) . However, the use of this procedure can be computa-

tionally expensive at each iteration, since it requires processing

the bit map BA , which presumably is stored in a disk file, and

it requires a number of Lagrangian maximizations. Furthermore,

-
since the constants

sk
must be chosen to be independent of y,

- _
the quantity Max (b-By)X is unnecessarily large. Hence the

Yi

upper bound of the relaxed Benders algorithm can be bigger than

required, resulting in more iterations for a given e- convergence.

This section describes procedures which remove in part these

difficulties. The following result, due to Everett (1966), is

required.
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Lemma V. 4: (Everett's Lambda Theorem)

Consider the mathematical programming problem

max H(x)
x E S

subject to ck(x) 5 c Let 51,-).2 be two sets of X' s that

produce solutions, (via Everett's Main Theorem), x* and x*
1 2

*
respectively. Let C1 (x) Ck*) for k A j

2

C(x) > Ci(x*) . Then
1 2

2
Xi (H(x1) - x2))/(C*) - cj(x*)) Xj

1 2 1

Theorem V. 10: Let (k) (j E Y(1)) be determined from the

solution to RP(y ) . Then the relaxed Benders algorithm is valid

if in the k-th constraint of P-4, Xi(k) is replaced by

X J(k). X(k) .

-*
Proof: X (k) = (1(k) with Xj replaced by X*j ) is dual

_* _ -* -
feasible. Hence X E P Since w(X,Y ) = w(X a ) =

Theorem V. 6 still applies and cycling cannot occur. Furthermore,

max (b- F(-57))1.5. max (b - F(37)) 1.

and let

61

and hence the upper bound remains valid. This completes the proof.
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*Theorem V._11: Let V . UN. .) = c(N. ) . Then for any column
j IJ ij

Ak E A

H = max (c(n) - nXR - XA) j -
XA

Proof: Since fi is a concave function on a bounded interval, it

*
assumes its Maximum at f,(N..) . Hence the inequality follows.

J IJ

The following corollary follows immediately.

*jjjCorollary V. 11: If H = V - X. XA > 0, then H 5 H

If H 0, then n = 0 maximizes H .

The following lemma is a direct result of Theorems V. 10 and

V. 11.

Lemma V. : The result of Theorem V. 7 (e) can be replaced by

k k kE raax(V -R - XA ' 0)

ER(I) fly(l)

where k corresponds to column Ai E S0

Definition V. 8: The marginal strategy set 6S1, defined for all

-
E Y(1) , is the set SI(Y* ) S (y) where y. y. for j A i

J J

5r
= 0

J

Theorem V. 12: Let (j oS, So(y) hold. Then the result of

EY(1)

Theorem V. 7 (e) can be replaced by



.0)max CVk AR

Ai E oSi

where k corresponds to column Ai

....____Proof: Since U. oSil = So(i) , no column
i EY(1)

.tharioneentryik.,i E R(I) , for which both I.i i

1 E Y(1) Hence the result follows directly from Lemma V. 5.

If the condition of Theorem V. 12 applies, a particularly

fastmethodexistsforcomputingX,1 E Y(1)

Theorem V. 13: Let j = [(i- 1)/MB] ± 1 , k = (j- i)MB, and

NPk be defined as in Theorem IV. 3. Let " + " denote the

algebraic operation of addition. Then column A1

in oSi if

* - --
B (j ) V B(j') = NP,

AuB

S0
is also

for j* = (j A j) , and (B (j) +NPk) V EA
(j)

=id13,

The proof follows from Theorem IV. 3 and the definitions of So

and SI

The next result follows directly from Theorem V. 12.

Theorem V. 14: In the application of Theorem V. 13, it is suffi-

cient to consider only the first column Ai for which Ai E 6SI
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has more

0 and



and
Ak

A 0 .

This not only reduces computation time, but also allows a

compact representation of the sets
6SI

. A computer representa-

tion similar to that used in connection with dynamic partitioning

is required.

Definition V. 9: The activity level LA of P is defined to be

Definition V. 10: The bit map representation Ai of the set

6S is defined to be
LA

computer words for which bit j in

word k is 1 if and only if ZAi E So for which Ai E6s11

and A3 0 for E R(A) where

j = [(k* - 1)/MB] 1 and k = k*- (j - 1)MB .

Using Ai and the results of the previous theorems, it is

now possible to define an extremely efficient procedure for com-

puting X1 (i E y(1)) .

PROCEDURE 1

Step 1: Prior to solving P-2(y) , compute Ai ' E y(1)) , by

Theorem V. 13, simultaneously with the computation of Be .
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k k
Step 2: After solving P-2 , compute ask =

k 1, L2 . Set X1 = 0 E Y(1)). (Xk = min Xj )

Step 3: For each i E Y(1) , set Xi = max ok , where K is

k s K

the set of indices for which

A.(j) A NP 1

and I (k - 1)/%1 +1

= k - (j - 1)MB

The direct applicability of procedure 1 is dependent on the

condition U o =
so

being satisfied. If the incidence

EY(1)

matrix is not too dense, or if0 is close to optimal and

does not deviate too far from y' this condition is frequently
0

met in practice. ( A procedure for restricting the deviation of

y will be discussed in the next section.) However, if the con-

dition is not satisfied, a slight modification to Procedure

produces a computationally efficient technique for computing XI ,

E Y(1) . The modification consists of adding an additional

-
step to treat those columns A Es0 =s0 -

E

U as
.Y(L)

.

PROCEDURE lA

Step 1: Same as in Procedure 1. In addition, for each column
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A E so
'

store
BA

and k , where Ak A 0 and k E R(A) .

Steps 2-3: Same as in Procedure

Step 4: For each column

define

Then

Procedure 1 if S
0

E S (processed sequentially),
0

{TT. and IE R(1) (I y(1)}

i 1 k

XI
.4

XI
max (0,T. (Vk - XkR-

k I*1"
ET

Procedure lA insures the required dual feasibility of

In addition, it is relatively efficient, and produces a XI , whose

components are near the minimal required for dual feasibility.

The set
So

is determined as a byproduct of the computations of

ga
and 6S

'

and thus requires no additional search procedures

to implement step . Procedure lA automatically reverts to

is empty.

66

The discussions in this section thus far have been concerned

with the computation of Xi iE y(l) However, analysis of the

form of (b - By) I); for problem P shows that these components

are not important per se; rather it is the product
si.Xi

which
I



appears. It will now be shown how this information can be

exploited.

* -
Definition V. 11: The marginal programming problem Pi(y) is

defined to be problemPW with the element = 4-s*

E Y(I) .

-
Hence P*.(y) is the result of relaxing completely the i-th

constraint (i E y(1) n 11(I)) of P(Y) . The following result

follows immediately from Lemma V. 4.

Theorem V. 15: For all I Ey(1)

*
Si X (y) P(Y)

Hence the term s. X is an upper bound on the change in w
i I

which results from relaxing constraint i . By the duality theorem

of linear programming,
si

Xi is also an upper bound on the change
I

In the primal objective function.

Theorem V. 16: If S 0, then for all i E y(1)

* -
H. Zd max (V3 - Xi - min (Xk ) P. (y) - P(y)

A R
k ER(R)

EA*.

where A* 1 1 aAk E (i) fl 5S }.

Proof: Since P is separable, consider the application of

Lemma V. 4 to each of the subproblems determined by A2(j) , 13i
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0=1,...y.LetZ.,andZ.denote the solutions to P.

and P. where P. corresponds to P. with right hand side

ofcoristraintiERM=0.andP.the same problem with the

constraint relaxed to 1. For each such problem, by Theorem V. 12,

and Lemma V. 4,

V ' ) j mm n (Xi 0) P - P
A RE'(') J J

if Ak E
A2

(j) 1-1 6Si . If no such Ali. exists, then the sub-

problem corresponding to A2(j) has an optimal solution with

respect to the constraint i E R(I) , and P - P = 0 since P

is separable,

=IX

L2
* -

P(y) - P(y) P,-P
J j

j =1

Hence the result follows.

In view of theorems V.15 and V. 16, it seems that perhaps

H. is somehow related to
siXI

. A strong relationship has not

yet been found. (Whether any exists is questionable in view of

the independence of si with respect to 3-7, and a corresponding

-
Strong dependence of

Hi
on y .) However, a relationship which

allewstheutilizationofH.does exist.

Consider the following theorems.

68



Theorem V. 17: V = Vi is an upper bound on the optimal

1=1

solution to P, where V is defined as in Theorem V. 11. The

proof follows directly from the constraints of P .

Hence a solution to P-4 for which
x0

> V can be improved

simply by replacing by min (X0,V) (or, equivalently,

letting X0(0) . V in Theorem V. 5). This leads to the concept

of augmenting Q with additional constraints which are known to

apply.

-
Theorem V. 18: Let = 0 for some specification y . Then an

upper bound on the global solution Z to P is given by

;10 = (7.'3"11) + ' XA)

k E y(0)

(Xkp+Hk)

k Ey(1)

where all X components are defined as in Theorem V. 7, and Hk

is defined in V. 16.

Proof: If
S0

, then P is separable with respect to the

* -
marginal programming problems Pk(y) , k E y(1) , and the

sub-problems A-(j) An argument based on Lemma 4, similar to

that of V. 16, results in

69



*
(Xp Hk Z - P(y)

k Ey(1)

But P(y) + (t,XR) + A.

k Ey(0)

Hence the theorem follows.

One further result is required before an alternate to proce-

dures 1/1A can be stated.

Theorem V. 19: Let A replace the term s.X' for all
i I

E Y(1) , in a constraint ( ,-2T) E Q Then the relaxed Benders

algorithm holds if

70

where is the solution to P-4, and X (A) is the solution
0 0

to P-4 with

A. -) s. X .

I

Proof: In any solution in which yi = 1 , Ai is not involved.

If
yi

only the constant term bX is affected, and since

y = 0 , the change in 1-3X can only change X . Consequently
0

A
if xo(A) > x the bound remains valid. Since (b-By--)/(A) =0

() -BY) X, where y is the specification which generated

Theorem V. 6 applies and cycling will not occur.

Consider now the implications of the previous theorems.



Theorem V. 19 states that
skXI '

k E y(1) can be replaced by

quantities A. having certain properties. Theorem V. 18 states

that the quantities Hk have the required properties, and Theorem

V. 16 gives a technique for computing Ilk . Comparing Theorem

V. 16 with Theorem V. 12, shows that the quantities Hk
are sim-

ply sums of the same quantities over which a maximum is taken in

Procedure I. Hence only a slight modification to Procedure 1 is

required to produce the following technique.

PROCEDURE 2

Step 1: Same as in Procedure 1.

k
Step 2: After solving P-2, compute 6k = Vk -XA min Xi for

iER(R)
k = 1,...L2 .

Step 3: Same as in Procedure 1, with the modification

Iiik
k EK

H. then directly replaces the term s.X.i for all i E y(1)
i I

in the corresponding constraint in P-4 .

Procedure 2, as Procedure 1, requires that S 0 . If

this is not the case, a modification similar to that of Procedure

lA holds.
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PROCEDURE 2A

Step 1: Same as Procedure 1A.

Steps 2-3: Same as Procedure 2.

Step 4: For each column

dure 1A. Then

72

E So,
define T. ,P. as in Proce-

J J

1k 1
H. - I) H. + min (0 (kV -XA- min

XR))p
1 E R(R)

The use of Procedure 2A not only is computationally faster

than 1A, but improves convergence by decreasing the upper bound.

The procedures developed in this section have assumed local

feasibility of P(y) . If this is not the case, their applicabil-

ity still follows from Theorem V. B.

Stability Considerations

The classical Benders procedure is generally erratic in the

-
sense that frequently specifications y are generated which

deviate drastically from known regions of optimality. Consider

the first iteration, assuming a primal starting procedure. Q1

contains a single constraint, and an optimal solution to P-4 is

to completely interchange the sets y(0) and y(1) . Consequently

-
if

y0
is the optimal solution, y, will be guaranteed to be a

poor solution.
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In the actual application of the Benders procedure to

test problems, this phenomenon resulted in many Y, which pro-

duced very poor solutions. Since this was not consonant with the

computational objectives, a way to prevent this from happening

was sought. Two techniques were developed.

The first of these stems from an interpretation of Theorems

V. 15 and V. 16. For any i E y(1) , the coefficient of yi in

a given constraint of Q has the form s.Xi +Xi . This quantity
i I P

can be viewed as the net change in the solution to P(y) if

y-40 , where s.Xi is an estimate of the increase caused byi I
relaxing constraint i E R(I) , and X is a decrease caused by

the use of resources Ar for some j E R(R) o enforce such a

relaxation. Consequently, in a given constraint, if any terms

,1
SiAI + AP (l E Y(1)) are positive, then this indicates that if

-k
the current specification y were changed by setting =y y

j A i , and
yk+1

, then Zk+1 >k . Hence it would appear

that if the next specification was the same as the last one, but

with yi = 0 for all i E Y(1) for which s.X1 +
i I P

> 0 that

4 maximal improvement should be expected. This in fact is not

the case, since the 5; on which these estimates were founded

assumes the previous basis. However, the following variation of

this idea is useful. This stability technique is a modification



to P-4 . Such a modification is in force only during the

first few iterations of the Relaxed Benders Algorithm. Assume

that 1374 is to be solved at iteration

Stability Modification 1

i i-1
Step 1: If ZL < Z' go to step 3.

Step 2: Arrange in a descending list the terms s Xk -I- Xk
k I P

where k E y.1(l) . Let L(j) = k denote that k E y1_1(1)

corresponds to the j-th entry in the list. If L(1) = 0, go

to step 3. Otherwise set

3i_1(0) U {j I L(1) = j and 1 Ns} where Ns << Li .

Place all other indices in y(1) . Set x (i) = min
0

max (b - By-) 7Ai-1) Exit with solution
31o(i) and -.Yl

A

Step 3: Revert to P-4 for all succeeding iterations.

It follows from Theorems V. 16, V. 18, and V. 19 that the

stability modification is applicable ifreplaces s Xk forHk
k I

k E yi_1(0) . The previous modification uses the single ith

constraint as a predictor until it is evident that it is no longer

a good predictor, at which time the modification is abandoned. It

is obvious that for this modification to work most effectively,

y0
must be "go

*-
sense of having

y0 (0) n Y (0) be

Yi(0)
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maximal, where derotes the optimal v however, if - is



optimal, then stability modification 1 is abandoned at the

first iteration, and the erratic behavior can return.. But deter-

mining
y0

as close to optimal as possible is desirable to meet

the computational objectives. Consequently a second stability

modification has been developed to resolve this difficulty. The

motivation is the observation that if
y0

(0) n y (0) is maximal,

then the deviations of Yl from Yo should be minimal.

Definition V. 11: Let C(A) denote the cardinality of a set A,

and let C. = C(Y .(i)) . Let 1 5 NL << L . Then the deviation
1 j 1

A. of y. fromy1 will be called N -minimal if
1 1 i-

i
(a) C 5 Ci-1 + N

0 0 L

i-1
(b) c(y.(o) n Y.1 (0)) Co

-N
1 1-

Theorem V. 20: A will be N - minimal if Qi is augmented,

for iteration i , with the constraints

y. -N
1 0

(2)
y.3 NL

.

EYi7).(0)

The proof follows directly from conditions (a) and (b).
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The second stability technique is also a modification to

P-4 . Assume that P-4 is to be solved at iteration i .

Stability Modification 2

Step 1: Solve 13-4 (Qi u {(1),(2)1) , where (1) and (2) are

defined in Theorem V. 20. If no feasible solution exists, go to

step 3.

Step 2: If Ixo(i)-ZL < e, exit.

Step 3: Set xo(i) +00, resolve P-4 (QI) , and abandon stabil-

ity modification 2 for all succeeding iterations.

In practice, stability modifications 1 and 2 can be used

simultaneously.
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VI. INTEGRATED LARGE SCALE GENERALIZED LINEAR PROGRAMMING

This chapter discusses the procedure used in the relaxed

Benders algorithm to solve P(y) . The basic framework is the

Generalized Upper Bounding (GUI)) algorithm of Dantzig and Van

Slyke (1967). However several modifications have been made to

improve the computational efficiency of GUB, to incorporate the

necessary column generation procedures, and to integrate the

results into the relaxed Benders algorithm as it is applied to

problem P . Consequently a computationally revised GUB proce-

dure (Algorithm -CGUB) is first presented, after which the inte-

gration of this algorithm with generalized linear programming

and dynamic partitioning requirements for Problem P is discussed.

The overall algorithm is then modified in accordance with the

relaxed Benders procedure. Finally, a starting basis algorithm

and a computationally efficient procedure for column scaling are

given.

GUB Computational Efficiency

Discussions of GUB available in the literature (Dantzig and

Van Slyke (1971), Lasdon (1970), and Beale (1969)) are concerned

with a statement of the algorithm, and a mathematical definition

of all required elements, but not with the computational implemen-

tation of GUB. Orchard-Hays (1968) considered this problem, but

only within the context of a general linear programming system.
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Computational results with a straightforward implementation of

GUB on test problems (see chapter IX) showed that if the compu-

tational goals of this research were to be achieved, the GUB

implementation must be improved considerably. (The "classical

GUB" implementation was based on the original Dantzig and Van

Slyke paper.) This section discusses a number of modifications

to a Standard GUB implementation which significantly improve

computational efficiency.

The basic method used is to re-structure the operations of

the GUB algorithm in a list-processing format. This requires

the definition of a number of special sets, lists and pointers.

These are all used to minimize data-handling time and virtually

eliminate lengthy search procedures and unnecessary operations.

Some 'additional high-speed storage is required, but this disad-

vantage is more than overcome by the reduction in execution time.

The final list-processing definitions and technique developed

here are the results of extensive experimentation and execution

time analysis of the various components of GUB. All techniques

and operations should be performed exactly in the order defined,

or unnecessary computation will result.

The revised GUB assumes a full working basis inverse. An

alternate formulation would use the product form of the inverse.

Since the relative efficiency of these two methods depends on

the number of non-zero elements (see Lasdon (1970)), and no data

on this density, for the problem of interest, was available, the
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full inverse method was chosen. (It was known that sufficient

high-speed storage was available to make this a feasible option

for the problem dimensions.) Data is currently being gathered

on this density question in preparation for a possible significant

expansion in the dimensionality of B-1 . In the same vein, no

basis inversion techniques to restore numerical accuracy are

explicitly mentioned. Although such techniques are included in

the implementation of the revised algorithm, problems solved to

date have not required them, and the current inversion procedures

are net satisfactory for large problems. Research in this area

is currently underway.

As in Appendix II, the general linear programming problem of

interest is

subject to

Ax = b

where A is GUB-structured, and of dimension M- 1 + LxN,

with L GUB rows and NI-1 non-GUB rows.
Sk

denotes the

columns in the k-th GUB set, B is the MxM working basis,

-
and (r ,p) are the dual variables corresponding to the non-GUB

and GUB rows. ML M+L is the dimension of the basis.

In order to define the required list operations, further

characterizations of the GUB algorithm are necessary.



Definition V.I. 1:

S Iso,s1,...sLI

= {columns A of Al (b)

* 1 2 M+LiB = {basic coluMns B ,B ,...B (c)

-*
B -B

Kc = AA is
I

key}

K =fj Aj E Kc

E1 = Sk
is essential}

E0 S -E
1

E =E1 U
E0

Ai = {Ai I Ai A o}

Ai = {Aj , Aj }
1 2 ' m+L

S(A1) I Ai E s1} (1)

The fundamental quantities to be used in the revised GUB

algorithm are the list, the ordered list, and the pointer.

Definition VI. 2:

Let P = {p11p2,...pn} and Q be two sets. Then a list

(k)

-y is defined to be a vector y whose components are the elements
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Definition VI. 3:

Let V be an n x 1 vector. Then an ordered list Z is

defined as a vector Z whose components are the elements of the

set

x(V) = 1 V. > V.1 = 1, n - 11 .1+

Definition VI. 4:

Let A = la1'a2'...an1 and B = L)B ( n B. = 0 ) be two

sets. Then a pointer y is defined to be a vector y whose

components define a 1- 1 mapping P_(A,B) from A into B

that is,

P (A,B) =, {(i,Y . =: j) 1 a. .4B. , i = 1,2,...n} .

i j

Definition VI. 5:

The notation y = where is a list, ordered list,

or pointer, will denote that 3-7 is the vector associated with X .

If 37- = (V1'V2'...Vn) , then

C(y) = n

y. = V.

S_(/),(4) = P E
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(3) y-1(i) = that

(4) 1 E ,y V. = i for some j

To clarify further these definitions, consider the following

example.

Let A = {1,2,3,4,5,6}

B = {2,8} u 14,91 u 161 = 2,8,4,9,61

D = {2,4,6}

-AT = [14,32,8,47]/

Then C(A) = 6, C(B) = 5, and C(D) = 3 . Furthermore,

x = [1,3,5]/ is a list.

y = P (D,B) = [ ,2,3]/ is a pointer.

Z = X(TO = [4,2,1,31/ is an ordered list.

-1C(x) = 3, C(y) = 3 , and C(Z) = 4 . Also x1(3) = 2 , and

3 E Y, whereas 4 y .

Using this notation and the fundamental sets of Definition

VI. 1, the following list-processing structure is defined.

Definition VI. 6:

= P(B ,Ac)

-*
= C(Ac,B )

for whichY . ij
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G
P(Ac,S)

= P(S,K)

S P(S,E)

Ni = .C(Ai , A3)
e

RR = [Nrli I N121 I ... N:

Ai =[Ai 'Aiu (1 E NR)
i

11 i2

Au
= IA' IA2 I... ANu u u

11 = P(B,Ac)

v* = P(11,G) (k)

* K
= P(v ,S )

V. = current value of x. , j E (m)

Because of the GUB structure, and the number of operations

required, a pivot can be classified according to the speed of

execution.

(fast): Replace a column in a non-essential set.

(slower): Replace a non-key column in an essential set.

(slowest): Replace a key column in an essential set.

When computing the current values of the basic variables, the

same kind of consideration occurs. To allow rapid characteriza-
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tion of columns in the basis when performing these operations,

a special vector has been defined.

Definition VI. 7:

The basis map M is defined to be an M + L X1 vector for

which

M. = 0 if E K and G,
Pi

= j if = for some j

= -(pki +ki) if
1 2

E v, where

-1 i-1(i .= min v(i) and k2 = max )

In this case, define Mi(j) = ktm (j = 1,2

The use of the quantities given in the previous definitions

allow the GUB algorithm to be executed much more rapidly than a

straightforward implementation. The statement of the computation-

ally improved GUB algorithm (CGUB) is the following:

ALGORITHM CGUB

-1 - - -Step 0: Enter with B , 11, d, 0, 0, G, SK ,
N

,

Step 1: Compute current values of Basic Variables.

-S -1
D = B . 1,7 = 1 0 .

(a) +1 . If i > ML go to Step 2.

.-

1 \),M



(c) P.

Go to (a).

Step 3: Compute entering column. For each

and G. 0, A. =
G.

p Otherwisei

Otherwise V. =

(c) V 4 Vi

Go to (a).

Step 2: Compute multipliers for GUB rows. 1-1 = 0 . i = 0 .

i i +1 , j =
Si

. If I > L , go to Step 3.

If C(Ni) =1, go to (c). If G A 0, go to (a).

A. = p +
Bk-1Ai

(k1
-1

= (N) 1(k))
G . uki

k EN1

For Dm = min A. = A set Ky = Gi, , Ne . 1/, and L

If D > -e
e,

go to Step 6.

Step 4: Compute leaving column.

(a) If

GNc
= 0, go to (c). Otherwise let kc = SK

Ky'

D = 0 If C(N c) = 1, go to (b). Otherwise-s

Go to (a).

(vi E [mi(l),m1(2)] n v $i))

k

-1 1 j -1
B A . (Vk E N, k

(NR)
(k)) .

uki

i E 5, if C
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(b) If M = o to (a). If Mi , go to (c).



N
c -1D. = Ac =

NR
) (1)) for all i E

NRe
.

u.

If C(NRc) = 1 , go to (d). Otherwise,

kcs c c -
D. D. -A (j =

(NR
(1)) for all i E N . Go to (d).

1 u.

Set Bs = 0 , . 0 , Ds 1 , where c)- (1) .

T =B115, 1=0 .

i --) 1+1 . If i > ML, go to Step 5. Otherwise, if

=k , go to (h).
1 c

M-IfIC,----0,goto(0.1f1C>0 , set e = TM and
1 1

1

go to (h). Otherwise let e = 0 .

M..(2)
1

Set e e - E T.6.J 1,\).
j (1)

where(5jk 1 if j k and 0 otherwise. Go to

Set e = 1 . If M < 0 , go to (g).

If Vi/e > Tm, go to (e). Otherwise, set T = V./e,
m

= i Go to (e).
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Step 5: Update. Set

LcbL, 913L Nc 'L = Lc If



E NRc)

for all

Step 2: Set n' =

Mb < 0, go to (a). If
Mb

0, go to (b). Otherwise,
L

L Lc
if

C(NRc) , d.
di
+Ac = (NR)(i) for all

u.

N
If

C(NRc)
A , d.-A 0 =

(NR
c) (i)

i u.

(Vk E v-1(Lc)) , kc =

1 E Nitc) Set S = N Go to Step 1.

GLc

-1(

, M = M , M = v
n)

= n
b

bLp
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Invoke PROCEDURE KEY ,GL)

Invoke PROCEDURE PIVOT (% ,1)
b

Go to Step 1.

Invoke PROCEDURE PIVOT (M ,0)b

Go to Step 1.

Step 6: Current solution is OPTIMAL.

PROCEDURE KEY (i,j)

Step 1: Set n = , = Lc, Si = n If
C(NRe) A 1

L L
d -) d_ +A

c

k k u (lc' = (NRc)-1(k) for all k E NRLc ) . If
k'

C(N n) A 1 , dk -)
-Auk1

(Nn, (k1 = n)-1(k) for all k E Nini, .R



B' -
Step 3: B

TLKenB where
TL ,n

wise,

-1Step 2: Set n = v. , v. = SG , k =
$1()

vi

Nc

(a) If Mk, =

iand go to (b). Otherwise, Mk, = -(pk + k2 )

If n = 0, go to (d). Otherwise, (n) . If

Mn,(1)
A Mn,(2) , go to (c) . Otherwise,

Mn
= 0 SK = 0,

Gn

and go to (d).

Mn, = -(pk131. + kr21)

is the transformation

matrix which replaces key column
Lc

with column n . (See

Dantzig and Van Slyke (1967).)

PROCEDURE PIVOT (1,j)

SteP1:IfGgo to Step 3. If G
Lc

=

GNc, N
> 0 go to Step 2.

c

Otherwise,

(a) j = ,n=v,v.=0, Ice = 1 If n = , go to

-1Step 3. Otherwise, let n/ = (n) . If M,(1) A Mn,(2) , go

to Step 3. Otherwise,
SGn

= 0 Go to Step 3.

(b) If i A Mn,(1) and i A Mn,(2) , go to Step 3. Other-

, = -(pkn + kn) . Go to Step 3.
1 2

, set M -(pi +1) , set SN = 1,
ki

GN
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'IC(0 Set k and =1 .
C 1

Step 3: 11
Nc

. If j A 1, go to Step 4. Otherwise,

Bs = 0 . If C(NNc) . 1
andSGN

A , go to (b).

Ns
Otherwise, D. . Ac (j = (N c)1- (i)) for all I E

u.

If C(N c) . 1 or
SGk

= 0 , go to (c). Otherwise,

kcs s
D. D. - A (j = (NRkc )-1 (I)) for all i ENRkc ) .

u.

T =

Step 4:
Tk -Tk

/T. (k A i , amd .4 1./T .

B P.B-1 , where Is an elementary matrix with T as

the pivot column.

GENERALIZED LINEAR PROGRAMMING AND DYNAMIC PARTITIONING

Algorithm CGUB assumes a fixed tableau. The relaxed Benders

algorithm for Problem P requires a generalized linear program-

ming algorithm plus the use of the dynamic partition results

developed in Chapter IV. The basic generalized linear program-

ming requirements are those given in algorithm A-2, and procedures

for including dynamic partitioning in this algorithm have already

been discussed in Chapter IV. Consequently, the straightforward



extension of CGUB would simply involve the use of CGUB in

Step 1 of the modified A-2 to solve problem RP(y)

This extension, while theoretically valid, is computationally

prohibitive, since it involves maximizing the Lagranglan function

for each resource-activity/policy combination on each pivot

(assuming an inital slack basis). Furthermore, since f(n) is

generally concave, a single maximization is relatively expensive

computationally, since it likely involves the computation of

logarithms and exponential functions. In the types of problems

which motivated this research, in many cases, the Lagrangian max-

imization could not be achieved in closed form. Thus an algorithm

CGEN was developed which is generally valid, and on at least a

large class of problems, has proven computationally successful.

The motivation behind the algorithm is the observation that in

the early stages of solution to Problem P(y) , exact Lagrangian

maximization over all admissible assignments is not necessary to

improve the solution. This leads to the idea of a pointer table

-
T, whose function is to direct the Lagrangian maximization pro-

cess in a computationally efficient manner. Central to the devel-

opment of T are the results of Theorem V. II.

To develop algorithm CGEN, it is assumed that CGUB is used

in Step 1 of A-2, that problem RP(y) is to be solved, and that

B and Ba are computed as in Chapter IV. For any admissible

resource i/activity j combination, the corresponding Lagrangian

function is given by
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for that i

njk = N. is the solution.
ij

*If I is not empty, then a special problem occurs, since

there is no procedure to direct the selection of an entering

assignment to activity j other than complete enumeration of the

i
quantities f.(N*. ) . But f(n) is an expensive computation,

J

due to the polynomial or perhaps exponential character of f,

and consequently the computation time increases. However, an

approximation which does not increase the computation time follows

from the observation that in typical applications N. has a
ij

commondefinitionfort
i

s determined by
j

i
N. = (f )-1 (p) for some p, where f-1 denotes theij

inverse function. If integer effects are neglected, then under

solving

Ii
hi H ) = f.(n. ) -

i

ij
flik

j jk njk R

where X(j) is either .0 or Xi .

A

Furthermore, instead of maximizing H, sometimes it will be more

convenient to minimize -H .

The following result is a direct consequence of the defini-

tion of the Lagrangian.

Theorem VI. 1: For any activity i, let I* = I a. is

admissible and
XR

= . Then the Lagrangian H is maximized

*
for which f (N ) is a maximum and
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this definition of the following corollary to Theorem

VI. 1 holds.

Corollary VI. 1: H is a maximum for any i E I.

If integer effects are important, then Theorem VI. I itself

must be used, instead of the computationally simpler corollary.

It will be convenient in the following discussion to restrict

the general form of f(n) to that which normally occurs. (This

restriction is also essential for the starting basis algorithm

given in the next section.)

Postulate VI. 1: The functions fi either are originally given,

or can be normalized, to the form

f(n) . W.f. .(n)

where f. .(n) 5 1 for all 0 n 5N. Nij will denote

[W W ..11 Furthermore, N is defined so that f. .

ij ij ij

p. for all i

The entire column generation procedure basically generates

trialassignmentsce.which iteratively result in the optimal

basis. However it is possible to approximately order the assign-

ments for any resource i . This establishes a heuristic "pre-

ference" for likely assignments in the final solution. It has

been found that using such a preference in the column generation

procedure reduces the total number of iterations required. Such



a preference is also essential to the success of the starting

basis algorithm. Hence the ordered list LR is defined.

Definition VI. :

Let P. E W. for all j D a. is admissible. Then
j 1,J

-*
L .C(P ) .

Because of Corollary VI. 1, I must be characterized. An

efficient procedure for this is to modify LR .

Definition VI. 8:

i 0
Let = ti XR = 01 . Then LR is defined to be a

vector in which the first Nz = C(I ) elements are given by those

E 1 n Z(P ) , in the order in which they appear in C(P ) , and

0
the remaining elements of L are given by the ordered remaining

elements of c(P*) .

The following algorithm replaces Step 2 of A-2.

ALGORITHM CGEN

-
Step 0: Enter with a solution to CGUB to P(y) for some initial

tableau A, with
LR

and with all quantities associated with

CGUB, defined at the solution.

Step : Compute Nz, L, = min Set i =0
, 1=
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k = 0 .

Step 2: +1 . If 1 = L1+ L2 go to Step 3.

If 1 > go to (b). If y. = 1, go to Step 2.

Otherwise, set Vo = -NI and go to (d).

If Ba (j,k- L ) = 0 for all go to Step 2. Other-

wise,
V0 = -Wj-L1 Pi-L

S.

If
C(NR1)

A 1, go to (d). Otherwise T. = Vo + Xm

Go to (e).

T. = V +P.
3. 0

If T. > -e' go to Step 2. Otherwise, 1 1+1
A

= I , and go to Step 2.

Step : If 1 = 0 , go to Step 8. Otherwise, Dm = min T.

ELT j

and Na = . If
Dm

0 , go to Step 8.

Step 4: n = 0, Dm = 0 If Na < Li, Vo = +M . Otherwise,

= . = 0 .vo
Na

0
Step : 1-) + . If i >M-1 , go to Step 6. Otherwise j = L.

R.

(a) If Na > Li , go to (b). If a. is not admissible

(see definition IV. 11), go to Step 5. Otherwise

H = -V0 + 7j+1 NaNaN + and n = N
jNT

. Go to (e).i
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= 2 If DM < -e , go to Step 9.
S

Step 8: Current solution is optimal. STOP.

Step 9: Let j = . If ks

j
(a) Set Au = [a* ,n* ,1]

EXIT to CGUB.

(b) Set Aj = [1]

Otherwise, set G. = 0 . EXIT to COUB.

, go to (b).

= [1,Nr+1,Na +1] , G. =

a
Ics set N -1 .

95

If'. Na
is not admissible (see Definition IV. 10),

,

go to Step 5. If i > Nz' go to (c). Otherwise, set n = N
ajN

and go to (d).

Solve n = min -H . If n 0, go to Step 5.
n jN

a = -fia(n) H =a+ 71n+ p
j+

Na

If -H > Dm, go to Step 5. Otherwise pm = H . If

D >
-eF

go to Step 5. Otherwise, a =a, Nr=n, n = +n .

'

If i <
NZ '

go to Step 6. Otherwise, go to Step 5.

Step 6: If D < -e
F

go to Step 7. Otherwise, TN = +M* ,

where M >> BIGM . Go to Step 3.

Step 7: For i = 1, ...L , if p, < D set DM = p. , Na = i +1
M

and
ks

1 . For i = if r. < DM , set DM =

Na = and k



Theorem VI. 2: The use of CGEN in Step 2 of Algorithm A-2 will

produce the optimal solution of P(y) .

Proof: CGEN basically differs from a classical approach in that

it is not the maximum Lagrangian which determines new columns to

enter CGUB; rather it is only a Lagrangian which is known to be

positive and which is estimated to be the maximum. Since the

Lagrangian for the new column is positive, the solution cannot

decrease. The optimality test (Step 3) can only occur after a

procedure which is directly equivalent to exhaustive Lagrangian

maximization shows that none of the possible (finite) set of

columns could improve the current solution. Hence the solution

is optimal.

The preceding formulation of CGEN is the result of extensive

experimentation with a number of alternative formulations over

the class of problems which motivated this research. Further

discussion of column generation procedures will be found in

Lasdon (1970), Dantzig and Vah Slyke (1971), Whittle (1971),

Brooks and Geoffrion (1966), Nemhauser and Widhelm (1971), Rao

and Zionts (1968), and Lasdon and Terjung (1971). The latter

reference discusses the incorporation of column generation into a

general GUB algorithm, although the sub-optimization problem is

of a different nature than the case considered here.
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RELAXED BENDERS ALGORITHM INTEGRATION

The incorporation of algorithm CGUB and CGEN into A-2 pro-

vide a means for solving P(y) . However since A-2 is only a

sub-algorithm in the solution of P, additional computational

efficiency can be achieved by integrating the relaxed Benders

algorithm requirements into CGEN. From the results of Chapter V,

if Z is the current best feasible solution to problem P, and

if in the current execution of CGUB/CGEN, it can be shown that

Z.
ZB < ZL' (where Z. is the solution at the current itera-i

tion and is an upper bound on the optimal solution), then the

current execution of CGUB/CGEN can be terminated. The capability

to make this determination rapidly is directly compatible with the

procedure used in CGEN.

Theorem VI. 3: Let P(Y) be solved by CGUB/CGEN, and let "i be

defined as in CGEN. Then at any iteration,

TS = min (TO)

is an upper bound on the optimal solution to P(y) .

Proof: By Postulate VI. 1 and a proof similar to that of Theorem

V. 16 (see Lasdon (1970), page 220),
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is an upper bound on the increase in the ev..rrent objective

function, where the summation is over all admissible

But by Theorem V. 11 and the definition of T, T 5 min.H.

Hence the result follows.

Theorem VI. 3 shows that the pointer table T can be used

in conjunction with the relaxed Benders algorithm, in the case

when Ts = Zs < ZL . However, even if this is not the case, T

is computationally useful to terminate CGUB/CGEN when

1Zi-
T1 <

eG
. When using T, it must be remembered that arti-

ficial variables and the associated M values have been used to

insure primal feasibility of P(y) .

The following definition is required to specify the quanti-

ties used to integrate the relaxed Benders algorithm into

CGUB/CGEN.

Definition VI. 9:

Let

-
Z.

=
The current solution to P(y) at iteration i of CGEN.

Z* = The optimal solution to P(y) .

TB = An upper bound on Z

SB = An upper bound on Z -Z. .

Z = MC(y(0)) , where M is the value used to insure primal

feasibility.
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Assume that in CGUB, T,. has been initially set to +co

Then the required modifications to CGEN are the following.

Step 0: Add: If TB - y
> ZL' or Zi - Zy < 0 , go to Step 1.

Otherwise, set Z.
TB -Zi

and go to step 8.

Step 2: Add: SB = 0 .

Step 2e: Add at the beginning: SB 4 SB-Ti . If pi < 0

SB 4 SB

Step 3: Add at the beginning: If SB/(Zi- Z < eG , go to

Step 8.

Step 9: Add at the beginning: TB 4 min (T , ) .

B

In practice TB is a fairly loose bound, which is directly

afunctionoftheestimatesusedtocomputeT..Many procedures

have been tried in an attempt to give tighter bounds for each T.

without spending a significant amount of computation time search-

ing lists or computing logarithms or exponential functions. One

such procedure which has worked in practice when S is essential

(S. A 0) . In this case, an additional Step 2(f) is added, which

is reached from a transfer at the beginning of Step 2(c) in the

event that SA 0
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Step 2(f): If XIII = 0 , or C(NR ) = 1
/ K
= S) go to (d).i

100

./

Otherwise,
i
= min (Al + P. e ) and go to (e).

It has also been empirically determined that TB is such a

loose bound that using

Z1 = T -Zi) (e p 1)

gives results which do not violate problem constraints. (AZ. is

A

used in the generation of the constraint for Problem P-2.) A

value of p = .5 has been found to work well in practice. This

result is estimated to hold only if
Zi

is "close" to the optimal

solution. This is achieved by the use of the starting basis algor-

ithm to be described in the next section.

A STARTING BASIS ALGORITHM

The use of CGI.T.B/CGEN in A-2 to solve RP(i) is relatively

efficient. However, even greater efficiency can be obtained by

-
the use of a non-slack starting basis. Consider RP(y) with an

initial slack basis. Because of the constraints R(P), the first

C(y(0)) iterations of CGEN will replace the slack basic columns

Bj E
Al corresponding to the sets (k E y(0)) with non-

slack columns. At this point for a general RP(y) , and certainly

- i
for the optimal y , XR =0 for many i . Consequently CGEN

*
will normally generate columns based on the quantities N.

'
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instead of the Lagrangian minimization. The motivation behind

the starting basis algorithm is to replace an initial set of

computationally expensive iterations of CGEN with a more efficient

procedure.

This algorithm is conducted in two phases. Phase I is a

variation of two Dantzig algorithms for generating initial feas-

ible solutions to transportation problems (Dantzig (1963)), which

is similar to the procedure used by Lagemann (1967). It achieves

speed by considering only equivalent pivots which do not change

B-1 , which is assumed initially to be an identity matrix. Phase

II solves an optimization problem which approximates P(y) , and

uses the result to modify the Phase I procedure.

The statement of the starting basis algorithm requires some

preliminary development.

Postulate VI. : The normalized functions F.. (n) , specified byi

postulate VI. 1, can be further written in the form

cation o

f..(1) =IJ

for some k E Kv K* will denote C(Kv)

This postulate is no restriction, since by increasing the

dimensionality of Kv, the condition f1(n) = F3(n1) is

achieved, in which case. a Fkj . However, just as the normall-,
=

ized form off is most likely to occur in practice, a specifi-j

*
K << L2 is generally possible and in fact is extremely
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desirable to minimize data storage requirements. Hence the

starting basis algorithm will be developed using the functions

Fk
(n.) , k E Kv . A further condition, which again is not a real

restriction on the procedure, which normally occurs in practice,

and which reduces data storage requirements, is the following.

Postulate VI. 3:
Fk(ni)

can be written in the form
Fk (n.) =i

k k, It k k
F0 where

--7-tP.MI P-(2),..(1)1 and F is of con-i i 1

-stant form for all k E Kv .

An additional list and a pointer, and the concept of

d- optimality, are necessary to specify the starting basis

algorithm.

Definition VI. 11:

V
C = P(SK) (a)

LV I(i) (b)

M- 1

R = (c)

= 1

Definition VI. 12: Under the assumptions of postulates VI. 1 -

i
VI. 3, the canonical form of the function f (n) is assumed to be

V
f.(n) W.F(p

i
.,n ) where k = C.

j



Postulate VI. : The assumption of Corollary VI. 1 applies to

i * k *

F(pk n.) for each k E , that is, f (N..) = W F(p. N. )
Wj.dIJ j ij k

(i = 1,...M- 1) .

Definition VI. 131 Let (13,i1) define a feasible solution to

P(y) Then ($,V) is a-optimal if for all

following conditions are satisfied:

=

-Ak
'

W d where k = $i , k' =
Gk

and k° = CV
ki ki

u1

A a- optimal solution is optimal if postulate VI. 4 is sat-

isfied. In actual large scale fixed charge problems, a-optimality

is normally acceptably close to optimality. If this is not the

case, Phase I should be by-passed and the starting basis algorithm

should begin directly with Phase II.

Phase I of the starting basis algorithm consists of the

following:

ALGORITHM SBA-I

Step 0: Enter with Lv ,B B
B a

SN 0 , =
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j G > 0 , the
f3j

. Set 1 = 0 , N = 1 ,

Step 1: i I + 1 . If i > L , go to Step 4.

(a) If B (j,i) = 0 for all j , go to Step 2, where S = P

if - Ll
'

and S = a otherwise.



(b) Solve

max A rj

j

* * V
whore Ar. = ri -Njk, k = C. , and j = Li1 aj,i is admissible}.

Let denotethesellition 0 , go to Step 5. Other-

wise, set Ar N.,k and go to Step 3.
j

.SteP:SetS.=Nt =
+N

N,
VM+N

= 1 , N-oN+ 1 , NN 1
-m Ri

AN = 1 , = i . Go to Step 1.
u1

*
Step 3: r*., -o r., - Ar Set fiN N, VN . 1, GN

NN = 1,j1 +1 i
N

, Au Ar) , Ar, 11 . Go to Step 1.

Step 4: For i = 2,...M, set GN+i = 0 , $. = i , V. = r.

V1
= - Ai . The current solution is -optimal. EXIT.

U1
1=1

Step 5: Initiate phase II.

The following theorem follows directly from Postulate VI. 4,

Theorem VI. 4: Let Postulate VI. 4 be satisfied. Then a solution

determined by SBA-1 is a-optimal.

Although in general there is no reason to expect CI-optimality,

it will normally occur whenever R is very large, or when the set

of admissible columns a(i) is small. This latter condition
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frequently is encountered during several iterations of the

relaxed Benders algorithm, particularly if the density of the

indidence matrix is high.

If Phase I fails to produce a d- optimal solution, then

Phase II is required to explicitly consider the variance of the

functions F(p.,Ni ) . The basic method of Phase II is to reduce

RP(i) to an integer knapsack problem with a single constraint.

Some definitions are required in order to effect this constraint.

Definition VI. 14: The reduced payoff functions re and F

are defined as follows

Fk
(-

'

Pk n)
k

where

M-1

L./

-k =1
P -

*-
= Wk

where

* j =1
Wk

Jk

for j EK1 and U ,j admissible for some i .
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Definition VI. 15: Let K = 1k I k E Kv and (CV )-1 (k) 5
L1}

and let K = C(5) . Let
Nk Fk-1(dk ) k E 5) . Then

KP

C(y(0)) Nk

k = 1

Kp

-

Fk
and F* are used to define a programming problem, the

solution to which is used in the Phase II procedure. The functions

-

Fk
can be computed prior to the iterative portion of the relaxed

Benders algorithm. Given a specification y, F can then be

computed rapidly using Ba and the admissibility criteria devel-

oped in Chapter V. The programming problem of interest is the

following:

maximize / W F(pk , )-d k

subject to 5 R and
ii

where k E icy% and Rp = R-Np .

The solution algorithm for problem SR follows from the obser-

vation that, since
Fk

is concave, "i is concave, and hence the

solution to SR, since n must be integer, can be obtained by

-b -I -R -T -K
table-sorting technique. First define n , D , D , and D ,D

(SR)
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as column vectors of appropriate length.

ALGORITHM SR

Step 0: Enter with y(0) , a k
Compute

J.k Wk
. I = 0

-b/
(i 1,... K;)n =0, set n. = 0

Step : i -> i + 1 . If i > Kv - K, go to Step 2. Otherwise,

= 0 , Vo =

j -> j +1 . If j > F.)-1 , go to Step 1. Other-

wise, ni -> xi/ +1 .

*
Compute v. . ,i) and di = v.-v. .

j 3-1

-K -R -T
GO to (a).

-I -RStep 2: Compute the ordered list D =

Step 3: i -> +1 . If n/, go to Step 4.

-K -Tj . D. , k D. , 1= D. .

R -> R +n-b- 1 . If R 0, go to Step 4. OtherwiseP P k

go to Step 3.

Step 4: For k = 1,... K , nk -> max
' )

Computation of the ordered list ' in Step 2 can be done

by any computationally efficient sorting algorithm (see Donovan

(1972)). The one used to date has been the Shell Sort (Shell
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(1959)). Also, the direct applicability of SR as stated assumes

the availability of at least

4 E F-1( d )
k k* *

k E Kv - Kp

words of computer storage. If this is not the case, SR can be

simply modified to require less storage by setting j .4j +Aj

and d (v.- v1 )/Aj is Step 1. The magnitude of Aj is a

function of the maximum n/ consistent with available storage.

It should be noted that for the class of problems which

* *
motivated this research, for the special case K.-Kp = 1 , an

alternate technique for solving problem SR is given in Schwartz

and Dym (1971).

To initiate Phase II of the starting basis algorithm, it is

assumed that Problem SR has been solved using SR, resulting in

the vector nb .

ALGORITHM SBA-II

Step 0: Same as in SBA-I, except that ;I) is assumed.

Step : Same as SBA-I.

Step 1(a): Same as SBA-I.

Step 1(b): j j +1 . If j > n- 1, go to Step 2. Otherwise

= LR . If a is not admissible, go to (b). If > L1
, '



go to (c). If r - N < 0 , go to (b). Otherwise, set

j jk

*Ar =N* ,J= j , and go to Step 3.
j k

-b
Step 1(c): If r** - n < 0 , go to (b). Otherwise, set

k

-b
Ar =

nk '
j/ j* , and go to Step 3.

Step 2 Same as SBA-I.

Step 3: Same as SBA-I.

Step 4: For i 2,...m, set G 0
N+i

V1 = - -2] A . EXIT.

SCALING PROCEDURES

The canonical form of a GUB-structured problem assumes the

elements of the constraint vector for the GUB rows have magnitude

1. In Problem P the vector I can in general be different than

unity. It has been noted by several authors (Dantzig and Van

Slyke (1967), Lasdon (1970)) that by simple row and column scaling,

the appropriate reduction to GUB form can be obtained. However,

since P(y) is being solved by a generalized linear programming

techniques with a starting basis algorithm, it has been found

computationally more efficient not to do an initial scaling, but

rather to integrate the scaling and unsealing procedure with the
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5. in CGEN:

a. Step 5(c): Set f3 (n) f3(fl)/t
Na Na Na

H
jN

110

overall algorithm for computational efficiency. The procedure

for treating the case t A 1 is the following:

1. Initially W. -*
33

2. In SR, compute JK by

t.
1

where i E k = CV-1 (i) and a. . is admissible for
J,1

some

3. In SBA-I:

* *
Step 1 (b): If i > L1

' define Arj = r -jkN t.
j 1

Step 3: r* r., - Ar .t. and A = Ar.t. if
1

U2
1

i >L

4. In SBA-II:

Step 1(b) and Step 3: Same as modification for SBA-I.

Step 1(c): the initial test should be

* -b
r -n < 0 if i > Lk .

1

when minimizing



* *
b. Step 5(d): a .4 a/tand n n

Na

6. In CGUB/CGEN: After an optimal solution has been obtained,

a.4,-, /t. (i > L
Pi-L1

i
)

1"1

b. V .4 V t, (Vj G =1)
1

c. Aj A
uk uk

(k = 1,2) (Vi E n si
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If the relaxed Benders decomposition is being used, unsealing

need not occur until an e- optimal specification y has been

obtained.



VII. BOOTSTRAP MIXED INTEGER PROGRAMMING

This chapter describes the procedure developed to solve the

mixed integer program associated with Benders decomposition. As in

previous chapters, and in Appendix I, this has the general form

maximize Z (NIIP)

YES

subject to the constraints

Z 5 f(y) + (b - F(y))Tij (j = 1, i)

0 5 (b- F(Y)) i-V-k for k E K (which may be empty),

where i is the number of iterations. The general procedure to be

developed is applicable to any problem of the form MIP. However,

for Problem P, MIP is linear, that is, the constraints are of the

form

z s b + A.1 y
I i

and y . 0,1 . This problem is denoted LMIP. In this special case,

a modification to the Balas additive algorithm is given which pro-

vides an extremely efficient solution procedure which can be readily

used with the relaxed Benders algorithm and the stability modifica-

tions given in Chapter V. As in the case of the revised GUB algor-

ithm, revisions to a standard Balas algorithm based on list-

processing techniques are first developed. In the early stages of

this research, attempts were made to solve LMIP for the test problem

with the Land-Doig code BBMIP (Shareshian (1967)). This proved to

112
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be too slow, prone to numerical accuracy problems, and required

excessive data storage. It was then recognized that for all prob-

lems of practical interest, MIP could be replaced, by roundoff or

scaling procedures, by an equivalent problem in which all coeffi-

cients were integer. By letting Z = )1 2i-1x (x =.0,1) , the

equivalent problem was transformed into a pure 0/1 integer prob-

lem. Solutions to the pure 0/1 problem were obtained by the

Geoffrion code RIP30C (Geoffrion (1968)), which implements the

Balas algorithm as described in Geoffrion (1966 and 1969). (Both

BBMIP and RIP30C were provided by Woolsey (1971).)

Solutions obtained in this manner were reasonably efficient

for small problems; however for a large dimension of this

technique was not adequate. (A problem with 90 0/1 variables

and only 1 constraint, which can be solved by inspection, was not

solved after 2 minutes of cpu time (CDC 6400), using no surrogates.)

This same phenomenon with the Balas algorithm for relatively simple

problems was observed.by Ziouts (1972).

It became evident that if MIP was to be solved rapidly for

many constraints and a large number of 0/1 variables, a new pro-

cedure was required. The branch and bound technique normally gener-

ates many feasible solutions on the path to optimality, and in fact

frequently obtains the optimal solution very early in the procedure.

This behavior was compatible with the original goal of determining

"good" solutions to P . Also, since the classical Benders algorithm



114

iteratively eliminates the previous solution until the optimal

one is obtained, it seemed reasonable to assume that the sub-optimal

solutions obtained on iteration i would become optimal solutions

at iteration +k . (This in fact was true, and it, combined with

the algebraic generation of a large Q , was found to be the very

fastest way to solve small problems.) Furthermore, the Balasian

approach required much less storage than branch and bound methods

based on linear programming. For these reasons, it was desirable

to develop a modification to a Balas-based branch and bound tech-

nique which would rapidly solve LMIP.

A precedent exists for modifying the standard Balas additive

algorithm. Modifications based on pre-conditioning the constraints

are suggested by Petersen (1967); modifications to the basic pro-

cesses (augmentation, backtracking, and tests for infeasibility)

are given by Balas (1967), Tuan (1971), Lemke and Speilberg (1967),

Freeman (1966), Geoffrion (1969), Glover and Zionts (1965), Glover

(1965), Petersen (1967), Zionts (1972), Fleischmann (1967), and

James (1966); modifications based on the generation of additional

constraints are discussed in Glover (1965 and 1968), Geoffrion

(1972), Plane and McMillan (1972), and Zionts (1972); modifications

based on the structure of a particular problem are given by Shaftol

(1967), Balas (1967 and 1960, Pierce (1968), Pierce and Lasky

(1973), DeMaio and Roveda (1971), Brauer (1967), Garfinkel and

Nemhauser (1972), Jarvinen, Rajala, and Sinervo (1972), Laughhunn

(1970), Taha (1972), and Christofides (1972).
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The sections which follow give computational modifications

to the standard Balas algorithm, followed by a definition of the

bootstrap algorithm, which is based on the structure of MIP, and an

implementation of the algorithm for LMIP using the revised Balas

algorithm. Finally the incorporation of the relaxed Bender require-

ments are discussed, followed by the integration of the stability

modifications discussed in Chapter V.

Computational Improvements to Balas Codes

The Balas algorithm BAAL can be improved computationally. As

in Appendix III, the standard problem form is to

minimize c/x (ZP)

subject to the constraints

+AX 0

0,1

where M is the number of constraints and N is the number of

variables.

The first computational improvement is to require that the

computer words used to store the arrays c, b, A, and all

auxilliary lists/pointers/vectors used to implement BAAL be declared

integer variables. This is not a restriction since scaling can be

used to preserve precision. However, it means that the many arith-

metic operations required in a Balas code will be performed as

integer as opposed to floatin5 point operations. The speed advantage



comes from the absence of the floating point normalization

instructions, and is particularly noticeable on large problems in

which A is dense and no elements Ai dominate.

The next computational improvement to BAAL incorporates list

processing techniques. The following list/pointer definition is

required.

Definition VII.

I = WIA.1)1/ where A. is the row vector with (a)

elements Ai

I = [I I ...I 1/
I 2

Ii

= A row vector whose elements are = Aj

ES

NS = P(XC E) where E =
Eo'

= X .

ES and J >

A

ES

Z = c.

1

and
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= S.
I.

* ,z+c.Z . If D. <0 , go to Step 3. Otherwise,

(b) j j + 1 . If j > N, go to (a). Otherwise k .

(e) If Nk = 0 , go to (b). If D.- 0 , go to (a).
1 1

* *
Otherwise, N = 0 , S S U {Sgn (A.) S -->5 +1

U
*

= 1 .

- k
If S < 0 , go to (a). Otherwise s s +A

S
Z ZS + ck Go to (a).

where i E I
>0, > 0 , and

1
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I and c are used to significantly decrease the time

required to determine infeasibility (Step 1 of BAAL). NS, bS and

Zs were suggested by Geoffrion (1968). The required modifications

are:

BAAL Modification 2:

Step 0: Add: Scale if necessary and convert all quantities to

integers. Compute I , .

Step 1 is replaced with:

Step 1: (Test for Infeasibility): If 0 , go to Step 4.

Otherwise, set i = 0 .

(a) i +1 If i > M, go to Step 2.



This modification is justified by the following theorem.

Theorem VII. 1:

Let

where D. = E max (o,Aki)

k E

Then conditional binary infeasibility cannot be caused by free

variables x k > j .

I '

k

Proof: From Lemma AIII. 1, conditional binary infeasibility is

if and only if El* - jA < for somei 1

4. I for all k . Hence the result.
1

The significance of Theorem VII. 1 for large problems cannot

be overstated, since the result frequently eliminates most of the

computation involved in the infeasibility test step of BAAL.

The next modification decreases the time required in Step 2

(Augmentation). Augmentation rules in general are heuristics, and

the one given in BAAL has been found to work well (Geoffrion (1966))-

However for large problems a rule which takes less computation time

was developed, which makes use of the list-processing array I. This

modification replaces Step 2 in BAAL.

caused by

By definition,

* j
min D. - 4. O,

1 1
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BAAL Modification :

j
which NS A 0 Let j Ii . Set N = 0 , S S U 1

Ii
0 j 0

0

* * S S
S -o S +1 , Z +c4 . Go to Step 1.

Jo

Renee modification 3, instead of choosing jo to be that free

variable which decreases the sum of the infeasibilities, finds that

single constraint which is currently the most violated, and augments

with that free variable having the largest coefficient (in magnitude)

in that constraint. This is directly compatible with the use of I .

The motivation for the selection of the variable with the largest

magnitude is to cause the infeasibility test on succeeding nodes to

be strong.

The next modification decreases the time required to backtrack

(Step 4). The motivation is the observation that for any S* , if

the backtrack node j is such that j < S /2, then less computa-

tion time is required to completely recompute the quantities N ,

s, and Z than to correct the current ones for the backtrack.

If a backward clear is defined to be the standard backtrack proce-

dure (as in RIP30C (Geoffrion (1968))), and a forward clear denotes

S -
the complete recomputation of N , s, and Z , then the modifica-
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Step 2: Solve min s, , obtaining . Find the smallest i for

tion is simply to use the forward clear operation whenever j < S /2 .



Problems of Benders Form

Definition VII. 2: A programming problem is of Benders form if it

Can be written in the form

maximize Z

subject to

b. + f(x) - Z 0 i
1

i = + 1, IVI

x = 0,1

An additional simplification to BAAL results from the following

theorem, which follows directly from the problem structure.

Theorem VII. 2: Let P be a linear 0/1 programming problem of

Bendersform,andletA.be of the same algebraic sign for
1

i 1,. .M . Then x. = 1 if 21 is positive and 0 otherwise
1

in an optimal solution to P .

This result allows the determination of an initial X
0

for

Definition VII.

b. + Ax. 0
1 13

0
0which U. = 1 for all i E S

1

vector is defined.

To exploit this, the.following

T.)
A.

0
j >0 ES
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The computational modification then consists of replacing b

- -dby b+b in the initial step of BAAL and in any forward clear

-
operation. Since b

d
can change at each Benders iteration, it

must be considered explicitly.

A second modification for Benders problems follows from the

results of the basic procedure. Given a constraint Qi , the pur-

pose of generating Q1+1 is to modify the solution obtained at

iteration i . Since this modification must be based on the infor-

mation contained in the new constraint, the (i +1)st constraint

should be placed where it can be accessed the most rapidly. Hence

should be considered a push-down list in which the (i +1)st

+1
constraint becomes the first constraint in Qi , and all other

constraint indices are incremented by one. This causes the most

recent information to be the most rapidly accessible.

The Bootstrap Algorithm

The algorithm discussed in this section was originally developed

to Solve LMIP. However it is also applicable to the more general

problem MIP, and consequently will be stated in that form. An

implementation of the procedure, which is computationally efficient

for LMIP will then be developed. The procedure has been termed a

"bootstrap" algorithm because at the time it was first developed,

the mechanics suggested the workings of an oscillator which occurs

in electrical engineering, known as a bootstrap oscillator.
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The algorithm developed to solve LMIP was motivated by two

observations:

Most of the modifications to BAAL suggested in the litera-

ture are based on computations involving the objective function

coefficient
ci

for variables E Rs However for Problem MIP,

is identically zero for all y, and consequently such tests

are not useful.

With the list-processing improvements developed for BAAL,

it is very easy and fast to determine unconditional or conditional

binary infeasibility.

To develop the bootstrap algorithm, the following definition

is required,

Definition VII. 4; Given a problem P of Benders form, then F(Z)

denotes the problem:

Determine if the constraints

-
b + f(y) z 0 i =

are feasible for some y bi+ Aji y 0 (i = + 1, ... M).

In this case y = F(Z) denotes a solution, and y F (Z)
.P

denotes that no solution exists.

The bootstrap algorithm is based on the following theorem,

which follows directly from the problem structure.



Theorem VII. 3: Let Z* be the largest Z for which y = F (Z) .

MIP

- *
Then (y,Z ) solves MIP .

The following theorem allows the rapid characterization of

-
those y which are candidates for Theorem VII. 3.

Theorem VII. 4: Let y F(Z*) as in Theorem VII. 1. Then

b + f(y*) - z* = 0 for some i .

The proof is simply to assume the theorem is false, in which

case Z , contrary to assumption, does not satisfy the condition

of the previous theorem.

As simple as these results are, they are computationally

powerful for all problems in which feasibility can be determined

rapidly. LMIP has this property, even using a standard BAAL, and by

the incorporation of list processing improvements, the feasibility

test is even faster. To see how this is computationally useful,

consider the results of Chapter V. At any iteration i , the solu-

tion to MIP with constraint set Qi is known to be some

Z E [zi,,zu] . Thus this interval can be decomposed into two dis-
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joint intervals [ZL"Z*]
(Z*,Zu

, for which

Hence the following algorithm:

Bootstrap MIP:

Step 0: Set Z = ZL . min max (b.+ f(y)) .

1 j yj

solves MIP.



Step : If Z2-Z1 > 0 , go to Step 2. Otherwise, set Z = Zi

and go to Step 5.

Step 2: Choose Z E (z1,z2) . If y = Flup(Z) , go to Step 4.

Step 3: Z2 -) Z Go to Step 1.

Step 4: Z1 -4 Z . Go to Step

Step 5: Z is optimal.

For LMIP, algorithm BAAL, with the computational improvements

described in this chapter, is particularly suited for implementing

the bootstrap procedure because of the following results:

Theorem VII. 5: Let y A F(Z) be determined by BAAL,. resulting in

some S for which no completion C67.0 exists. Then, no comple-

tion C(y) exists for any F(Z+Z ) (Z/ > 0)

Proof: If C(y) does not exist, then for some constraint j

Si' + E max (0,A ,) Z <0 .

I ES

Hence for the same constraint, replacing z by Z +ZI preserves

infeasibility.

Corollary VII. 5: If the bootstrap algorithm is used to solve LMIP,

and y A FM is determined by BAAL, then all S cS which have

been fathomed for F(Z) are also fathomed for F(Z + Zi)
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Step 1: Restart CBAAL.

Step 2: If Z2-Z1 > 0 , go to Step

and go to Step 6.

Step 3: Choose ZE (Z1, Z2) If

Step 4: Z Go to Step

Step 5: Zl Z Go to Step 2.

= FIP (Z) , go to Step 4.
LM
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Proof: By Definition AIII. 4, S is fathomed if it is known

that either no feasible completion exists or no feasible completion

exists which can improve the current solution. Applying Theorem

VII. 5 to the subsets of g which are generated by BAAL shows that

no feasible completion exists. Step 4 of the bootstrap algorithm

guarantees that am feasible solution is always the best one obtained

to date. Hence the proof.

These results allow the continuation, instead of a re-start,

of BAAL in the event that y = F(Z) . Furthermore, for LMIP, an

upper bound
Z2

can easily be determined. If CBAAL denotes the

computationally revised BAAL, then the bootstrap algorithm for LMIP

is the following:

Bootstrap LMIP:

Step 0: Set ZI = ZL, = min b. + max (0,A))

Otherwise, set =Z



Step 6: Z is optimal, with solution y = F(Z) .

Relaxed Benders Algorithm Integration

The relaxed Benders algorithm requirements are integrated with

. the bootstrap LMIP through a set of tolerance parameters.

(a) The forward search tolerance is denoted by sf . If the

(1-1)st interval resulted in a feasible solution Z1-1

1-1 1-1
then the new interval is given by

(Z1 ,Z2
) , and the

new search point (Step 3) is computed by

i i -1Z =z +s i-1-
i-1

Z ) .

2
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(b) The reverse search tolerance is denoted by If the

(i - 1)st interval resulted in no feasible solution greater

than Z1-1 , then the new interval is given by (Zi-1,Zi-1),
1

and the new search point (Step 3) is computed by

Zi = Zi,-1+s
r

Zi-1- ZjL-1)

The minimum search interval tolerance is denoted by sm

The algorithm will terminate (Step 2) if Z52- - smZii 5 0 .

The solution improvement tolerance is denoted by Si .

If
ZL represents the current best solution to RP(y)

then the algorithm will terminate if a feasible Zi is

found for which Zi > ZL (1. + s.) .
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If the relaxatiou parameters S and are used,

then Z in Step 6 is replaced by 7,, . This corresponds to 2 (i)4 0

in P-4 of Chapter V.

The previous specification of relaxation parameters was deter-

mined empirically. Other possibilities exist. The prime considera-

tion in selecting numerical values is the computation time allotted

for solving LMIP. It was determined that better convergence results

are obtained by terminating the bootstrap MIP as soon as a nominal

improvement over the best LP solution is obtained. (This is equiv-

alent to the statement that the generation of additional constraints

for LMIP, as long as the required computation time is not excessive,

is more useful than the determination of.the optimal solution for

the current set of constraints.) Furthermore, the best tolerance

values are a function of the cpu speed of the computer and the num-

ber of 0/1 variables. Chapter IX gives the values determined for

the problems solved in this research.

Stability Modifications

Two procedures for stabilizing the relaxed Benders algorithm

were introduced in Chapter V. The second stability modification

involved the addition of two additional constraints to LMIP to

-1 -i-1
restrict the deviation of y from y . The presence of these

constraints results in a new computationally powerful test for

determining conditional feasibility. To develop this test, the

following definition is required.



Definition VII. 5:

S= E A.

k EK(j)

where K(j) = {k ,k2,...kN } and

k.=mink>k.1 )1137 1(0)andAl>01 1- 1 j- 1

(i = I ...NO

NL
is specified in Definition V. II, and ko =

The feasibility test is based on the following theorem. In

the statement of the theorem, SLMIP denotes LMIP with the additional

constraints for the stability modification added, and Z is the

value determined at any iteration of the bootstrap algorithm.

Theorem VII. : For any constraint i , at Benders iteration

Let s. b.- Z + S. be non-negative. Then
1

kN + k
If s. + A

-A1.111.<
0 for some m 5

NL
then

1 i

= y = = 1 in any feasible solution to
m-

SLMIP.

If s. - A. + A.m < 0 .for some m 5 N then
1 1 1 L '
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= y = ... = 0 in any feasible solution to SLMIP.
km.4.1



Proof: If the stability constraints were absent, the slack si

is maximal when yk = 1 for all k ) Ak > 0 . However by construc-

tion of the stability constraints, at most NL such yk can be 1 .

flences.will be maximal if those
yk

with the largest A. are

chosen.Consequently,themaximmincreaseinsiisS.,and

for any the maximum si is given by the term s. Combining

this result with the definition of
NL

I, and K(j) , plus

_Lemma AIII. 1, gives the desired result.

The following corollary follows directly from case (a) and the

definition of K(j) .

Corollary VII. 6: If s > 0, then yk will be specified by

the tests of Theorem VII. 6.

kNT+ L
The quantities Si

'

, and A.A. can be computedi 1.

rapidly at each Benders iteration prior to the commencement of the

bootstrap algorithm. For a given Z , the corollary provides a

computationally efficient technique for determining if the tests of

the theorem should be attempted.

All results of this chapter are integrated into a single pro-

cedure for inclusion in the relaxed Benders algorithm.

Definition VII. 6: Algorithm BMIP is defined to be the bootstrap

algorithm LMIP with the inclusion of the modifications based on the
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Benders problem structure as well as the tests of Theorem VII. 7

when applicable.
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VIII. STATEMENT OF THE ALGORITHM

This chapter gives a macro-definition of the relaxed Benders

algorithm. Each step is fully described in one or more of the

previous chapters.

Algorithm REBA:

_
Step 0: Enter with T., t, f(n) , tolerance parameters for

CGUB/CGEN and BMIP, and the incidence matrix. Compute Bp and BA

(Chapter IV). Set ZL = -co, Zu = +co.

-
Step 1: Compute y (Chapter V). Set i = 0 . y = yo .

0

Step 2: Solve RP(yi) (13-2) using CGUB/CGEN with the starting

basis algorithm (SBA-I or SBA-II), scaling procedures, and integrated

-
relaxed Benders techniques (Chapter VI). This results in B. , X.

and X. . If
L

Z. go to Step 3. Otherwise, Z Z.

y = yi B =13 , X = X.

Step 3: If IZLZUI < ec , go to Step 5. Otherwise, i -o i +1 .

Compute H for all j E Y(1) using Procedure 2 or 2A (Chapter V).

Step 4: Compute Ql (Chapter VII). Solve LMIP using BMIP (Chap-

ter VII), the integrated Benders relaxations, and stability modifi-

cations 1 and 2 if applicable (Chapters V and VII). This results

in 37. and Ro(i) . Set Zu -0 min (Zu,X0(1)) . Go to Step 2.
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* -* * *Step 5: The solution given by (B ,X,Z, y

Unscale B and X (Chapter VI) and STOP.
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is e - optimal.



IX. COMPUTATIONAL RESULTS

This chapter gives computational results obtained during the

development of the relaxed Benders algorithm. The results presented

are evolutionary, since the development of the algorithm itself was

done by interactively combining heuristic and theoretical probes

with empirical verification or rejection. The single test problem

given in Appendix V is common to all phases of development; however

many other problems were solved only during the later phases. The

results presented here are only a portion of the total number of

problems examined, but are representative. In order for data to

appear in this chapter, the computer run which generated it had to

contain accurate timing information and be free from additional

print used to analyze various phases of the algorithm, since to

include results with a significant amount of extra print would dis-

tort the solution time. All computation times given in this chapter

measure actual central processor time for the execution of the object

module, and do not include the time required to load the program.

On the larger cases, about six pages of printout per Benders itera-

tions are generated as normal program output, and the times cited

do include this.

Result's were based on the performance of two different computers,

the CDC 6400 and the IBM 360/50, which differ drastically in their

central processor speed. All CDC 6400 runs were executed in a multi-

programming environment, and thus these times are a function of the
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total system workload at the time of execution. Hopefully enough

cases were run to smooth this effect. The /BM 360/50 times, however

were based on a dedicated computer; hence multi-programming was not

an issue.

With the larger problems, solutions which were approximate

(5-10 percent) were considered acceptable, both because of a limited

computer budget, and because the e- convergence obtained was satis-

factory for the application. In some cases, e- convergence was not

obtained quickly, and the result of such an event was further

research on the algorithm. Many large problems were attempted for

a limited number of iterations solely to test different phases of

the algorithm, and some of these results are also included. The

most recent additions to the algorithm, including stability modifi-

cation I (Chapter V), have not received significant computational

experience. However these were added to alleviate convergence

difficulties noted with certain types of problems.

An overall conclusion of the computational results is the fact

that computational advances in the linear and mixed-integer pro-

gramming sub-problems are significant independent of their inclusion

in the relaxed Benders algorithm. The relaxed Benders algorithm

itself works extremely well for rapidly providing exact solutions

to small problems, and approximate solutions to large problems.

Even on large problems, a solution close to optimal is generally

obtained very quickly. However this is not always the case.

Furthermore, for problems in which an approximate solution is not
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obtained quickly, increasing the number of iterations does not

always significantly improve the solution rapidly, indicating that

either the starting solution obtained from yo (Chapter IV) is

very good, or that perhaps the solution space is very flat with

respect to Changes in a small number of components of y . Stability

modification 1 is an attempt to minimize the effect of the latter.

Empirical evidence also indicates that the upper bound obtained in

early iterations generally is very loose, which adds confidence to

the solution obtained by stopping the algorithm after some pre-

specified number of iterations. Finally, all problems attempted

were of the variety described in Appendix IV, and are based on data

which is representative of these kinds of problems.

This chapter is divided into separate sections discussing the

problems, the phases of algorithm development, computational results

for the generalized linear program, the associated mixed integer

program, and the relaxed Benders algorithm itself. Also included

are results obtained for stability modification 1, an analysis of

the convergence properties of the test problem of Appendix IV, and

a specification of the relaxation parameters.

Problem Descriptions

The problems themselves can be categorized according to both

objective function type and problem dimensions. The combination of

the two results in the definition of several problem categories,

some of which represent specific problems, while others represent



11.( ) = 0

ai
(n-Ti )

= w -
J ij)

) n > T.
ij

This is the function of primary interest. For the problems solved

in this research, .05 5 P 5 .9 , 0 T 100 , and .5 5 a 5 3 .

The problems considered have been divided into nine categories,

according to the problem dimensions and objective function types.
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entire classes of problems.

The three types of objective functions considered can be cate-

gorized as constant (Type 1), narrow-range concave (Type 2), and

wide-range concave (Type 3):

The constant objective function is identically that of a

standard linear program. Problems with a constant objective func-

tion require no column generation operations to solve.

The narrow-range concave objective function is the concave

approximation to the separable objective function of the form

ng.( ) = 0 n N. -1
ij

*
4-1i *

g(n) = W.(1- (1.- .9999) 1J ) n N.
J J li

If the N.. are properly chosen, this objective function resultsi

in the same solution as the constant objective function, but requires

the algorithm to perform the column generation procedures.

The wide-range concave objective function is the concave

approximation to the separable objective function of the form

(1)



These are defined in Table IX. 1. In this table, the row totals

assume problem P (less the objective function), and the column

totals assume P(y) (less the slacks). For categories H and I

the number of columns is an estimate of the total present if column

generation procedures are not used.

Problem categories A and B both describe the single test

problem given in Appendix V. Problem categories C and D des-

cribe single problems with a similar relationship to each other.

Problem categories E, F, G, and H also describe single prob-

lems of larger dimensions. However problem category I represents

a class of problems which are the real object of this research.

Computational results are presented for a wide range of problems in

this category. The problem category order is in an increasing degree

of difficulty with respect to the achievement of solutions which

meet the computational objectives.

The problems addressed in category I were based on represents.--

tive data for the class of applications described in Appendix IV.

It is not practical to include in this report the actual data used

for these problems, since they are so large that a separate computer

program was written solely to analyze representative situations and

generate the problem data. Several hundred large problems were

addressed, and the specification of this data in a written form

would require several volumes each as large as this report. It was

found empirically that the test problem given in Appendix V not only

is representative of the larger problems, but also is more difficult
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Category

250,000

Table IX. 1. Problem Category Definitions

Obj Function Resources Activities 0/1 Variables Rows Columns

1 3 15 6 30 63

3 15 6 30 63

3 80 78 239 474

3 80 78 239 474

2 3 300 78 459 1134

3 300 140 583 1320

2 9 300 140 589 3960

9 300 79 461 65,000

1-12 285 50-131 386-559 7000-
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to solve because it has a higher density of randomly structured

non-zero elements in the incidence matrix than were found on actual

problems. Consequently the test problem was an ideal vehicle for

examining improvements to the algorithm.

Phases of Development

The results presented here span the developmental phases of

the relaxed Benders algorithm. Table IX 2. defines each phase

according to the improvements which were initiated in the linear

program (LP), the mixed-integer program (AIP), and the Benders

procedure itself. During phase III, several heuristic procedures

were generated and found to work on the test problem with varying

degrees of success. However they were clearly not feasible for

large problems, and hence were abandoned.

The term Global Bound Test, appears in Table IX. 2 and in

succeeding tables. This refers to the results of Theorem V. 3 and

Definition V. 4, which justify terminating the LP short of optimal

if the column generation procedure detects that the current LP solu-

tion cannot exceed the current best lower bound on the global

optimum to P(y) .

Generalized Linear Program Results

Central to the relaxed Benders algorithm is the generalized

linear programming capability which has been developed and described

in detail in Chapter VI. This section gives computational results



Table IX. 2. Development Phase Definitions

Revised Simplex Land-Doig Classical

II Classical GUB Classical Classical; A,C

Balas Heuristics

III Improved GUB; Improved Classical; A,C

List-Processing Balas Heuristics
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IV Improved list- Stability Stability B,C,E

processing: Constraints Modification
Dynamic parti- 2; yo com-

tioning; CGEN;
SBA-I

putation

,

V Improved CGEN; Bootstrap Improved
y0'

B,C,D,

Improved SBA-I; MIP; List- E,F,G,
Relaxed MIP

Improved list- Processing H

processing

VI Improved CGEN; Improved Improved

Global Bound Relaxations y0

Test

VII Improved CGEN;
SBA-II

Phase LP MIP Benders Problems

VIII Improved CGEN; Stability B, I

Scaling Modification
1.
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obtained during the development of that sub-algorithm and its

integration into the relaxed Benders algorithm.

Table IX. 3 gives representative average CDC .6400 solution

times for the generalized linear program as a function of the prob-

lem category and the development phase. A more dramatic illustra-

tion of the computational improvements in the generalized linear

program is given in Table IX. 4, where problem C/D is compared

for phases I-V. The "no fixed charge" column indicates the solution

of P(y) with A1 = 0 , so that the effect of letting y 0 is

obtained without a corresponding fixed charge (as in the procedure

for computing yo given in Chapter V). Table IX. 5 gives repre-

sentative average solution times for problems in Category I for the

IBM 360/50.

Even though some of the problem categories involve only a

single problem, specification of y for that problem in the course

of the relaxed Benders algorithm determines many problems for the

generalized linear program. For example, the single problem in

category C generates many linear programs. The results given in

the succeeding tables consider these as different LP problems for

timing purposes.

In all cases the time specified in the tables is the total

time spent in the generalized linear program, which includes if

applicable the computation of the dynamic partition (Chapter IV) and

the Benders coefficients for the MIP (Chapter V). Table IX. 6 gives

a representative time distribution analysis for the various steps of



Table IX. 3(a). Representative LP Solution Times, CDC 6400
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---Computation Time, CPU Second-----

Problem Phase Number Average Minimum Maximum

Category of Cases

A I 64 2.25 1.40 4.01

II 39 3.02 1.81 5.32

III 27 1.15 .49 3.37

B IV 25 1.17 .38 2.27

54 .89 .26 1.64

VIII 28 1.22 .90 2.06

II 1 136 (7 pivots) -

III 1 28 (18 pivots)

IV 15 3.88 2.76 5.82

16 3.57 1.83 6.40

IV 2 42.7 (150 pivots)

2 8.2 7.70 8.70

17 5.67 4.83 8.45

31 8.11 4.85 12.25

2 16.16 4.74 67.64

VI 9 10.63 4.34 24.45



' Table IX. 3(b). Representative LP Solution Times, CDC 6400

2 Resources

6 Resources

8 Resources

9 Resources

6 Resources

8 Resources

6 Resources

8 Resources

-Computation Time, CPU Seconds-

Problem Phase Number Average Minimum Maximum
Category of Cases

VI (Problems solved to optimal solution)

4 20.10 6.28 53.65

68 36.00 3.73 92.58

8 27.69 14.08 43.47

3 26.33 21.44 35.30

VI (Problems terminated by Global Bound Test)

96 6.74 3.39 29.56

2 21.94 21.94 21.94

VI (Composite time in LP)

164 18.87 3.39 92.58

10 26.54 21.94 43.47

VII (Problems solved to optimal solution)

1 Resources 3 22.11 9.34 39.73

2 Resources 17 27.51 6.42 71.62

6 Resources 75 21.34 6.60 71.45

8 Resources 14 4.88 11.37 94.07

VII (Problems terminated by Global Bound Test)

6 Resources 35 5.17 3.32 8.37

VII (Composite time in LP)

6 Resources 110 16.18 3.32 71.45

VIII (Problem solved to optimal solution)

6 Resources 10 15.43 6.44 25.92
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Table IX. 5. Representative LP Solution Times, IBM 360/50

-Computation Time, CPU Seconds-

Problem Phase Number Average Minimum Maximum
Category of Cases

I VI (Problems solved to optimal Solution)
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Table IX. 4. Comparative LP Solution Times, Problem C/D, CDC 6400

Phase Problem No Fixed Charge 37 = 0 Remarks

Computationally
infeasible

II C 136.0
(7 pivots)

Solution terminated
on maximum allowed
time.

III C 9.0 28.5 Solution terminated
(52 pivots) (18 pivots) on maximum allowed

time.

IV C 2.8 5.8

V D 1.8 2.0

6 Resources 4 85 21 208

8 Resources 26 533 40 1074

11 Resources 6 440 57 752

12 Resources 4 611 461 711
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Table IX. 6. LP Time Distribution Analysis, Phase VIII Development

Computation Step Category B Category I

(6 Resources)

Starting Basis Algorithm 2% 2%

Right-Hand Side Update 3% 7%

GUB row multiplier (p) update 3% %

Determining entering column 3% 2%

Determining leaving column 2 % 2 %

Inverse and list/pointer updates 4% 4%

Determining dynamic partition 7% 8%

Computing Benders coefficients 25% 11%

Column Generation 7% 53%

Miscellaneous overhead and printing 44% 5%
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the generalized linear program as a result of the latest develop-

ment phase. Tabular information of this form was included as a

standard program output beginning with phase II, and a detailed

analysis of this information led to many of the computational

improvements developed in this research. The actual distribution

of time in the steps of the generalized linear program varied sig-

nificantly throughout the development phases.

The increase in computation time for problem B between

phases V and VIII, shown in Table IX. 3(a), is caused by two fac-

tors:

By phase VIII the convergence properties of the overall

relaxed Benders algorithm had improved to the point that the linear

program was concerned almost exclusively with the most difficult

(and hence most time-consuming) cases P(y)

As a result of the analysis of phase VI results, several

improvements for large problems were made, to the detriment of the

computation time for small problems.

Associated Mixed-Integer Program Results

This section gives computational results for the solution of

the associated MIP as a function of the problem category and phase

of development. This data is only available through phase V, since

after the relaxations were introduced into the MIP, no common basis

for comparison between problems existed. Even though the overall

relaxed Benders algorithm is applied, for the test problem of
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Appendix V (category A/B), the relaxations have been tightened to

the point of forcing the optimal solution. Hence problems A/B

provide valid points for measuring the effect of the bootstrap MIP.

Table IX. 7 compares representative MIP solution times for this

problem.

Table IX. 8 gives representative average MIP solution times

for problems in categories D and F The result of problem F

in phase TV, in which the improved Balas algorithm could not solve

in 35 seconds a problem which could be solved by inspection, led

to the research which resulted in the bootstrap algorithm. Further-

more, it may happen that even though a relaxed requirement for the

bootstrap MIP is in effect, a given problem may in fact be solved

to optimality. This was the case for a number of problems in

category F, and such results are given in Table IX. 8 as an

indication of the power of the bootstrap approach.

Relaxed Benders Algorithm Results

This section gives representative computational results for

the overall algorithm as a function of the developmental phase and

problem category. As stated in the introduction to this chapter,

approximate solutions were acceptable due to both computer budget

limitations and the intended use of the results for solving prob-

lems of the variety discussed in Appendix IV. A number of cases

are presented which were used in the development of the algorithm,

and these are included here to establish the broad computational



Table IX. 7. Representative Average Solution Times

(CPU Secs/Number of Cases), Categories

A/B, CDC 6400.

Number of Development Phase

Constraints I I III IV V

1-5 .40/128 1.22/10 .69/7 .95/9 .40/18

6-10 .61/60 1.31/16 .74/5 1.03/15 .56/20

11-15 .92/16 1.42/10 .99/4 .57/18

16-20 1.09/15 1.43/5 - - .57/2

21-25 1.21/8 5.41/1

26-30 1.38/10 - -

31-35 1.65/6

36-40 1.85/5 - - - -

41-45 1.90/6 -
_

46-49 2.85/33
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Table IX. 8. Comparison of Representative MIP Solution Times

for Phases IV and V, CDC 6400

Phase Problem Variables Constraints Time (Secs)

140 1 1.5

3 1.5

6.3

3 9.0

4 6.4

2.6

3.4

6.4

10.0

7 11.1

IV 91 1 10.9

3 7.8

3 10+ (time exceeded)

3 20+ (time exceeded)

45+ (time exceeded)

153 1 35+ (time exceeded)
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base on which this algorithm was developed and to indicate repre-

sentative results for each phase of development. Even in the

advanced phases, occasionally solutions were obtained which did not

achieve e- convergence in the alloted number of iterations. The

number of iterations for a given problem was restricted either by

the convergence tolerance, a maximum allowed number, or a maximum

CPU time limit. In the cases when a maximum allowed number of

iterations was specified, various phases of the algorithm were being

studied in detail, and hence the number of iterations was restricted.

Generally a convergence tolerance of 5-10 percent was considered

acceptable for large problems, although in some cases the goal was

as low as 2 percent. On the test problem (A/B), complete conver-

gence was always the objective, since the experimental study of the

complete convergence properties for problems of this size was per-

missible within the overall computer budget constraints. One of the

empirical conclusions reached during this research was the fact

that the test problem represents a very difficult case for this

algorithm which is not typical of larger problems which are based

on actual data. This is due to the relative density of the incidence

matrices. As a result, the test problem was the ideal vehicle for.

testing the convergence properties of various methods. A special

analysis of the convergence properties of problems A/B and sta-

bility modification 1 is deferred to succeeding sections.

An overall result of the data presented in this section is the

observation that regardless of the number of iterations or the
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convergence tolerance actually achieved for that number, for large

problems, in a small amount of computation time, a sequence of

feasible solutions were generated which were "good" in the sense of

being generally in the neighborhood of the optimal objective func-

tion. Furthermore, an upper bound existed to confirm the degree of

approximation, and given sufficient iterations and computer time,

convergence could be guaranteed. But these were precisely the com-

putational objectives stated at the beginning of this research.

Even in cases when a sufficient approximation was not obtained in a

single run, the rapid solution time permitted a rerun with different

relaxation parameters. This generated a different sequence of sol-

utions, and the largest lower bound and smallest upper bound obtained

in this manner were valid bounds on the problem. On some actual

cases in category I this method was used to obtain the desired

approximation. (The data presented in this chapter, however, does

not consider this alternative, but rather consists of results

obtained automatically in a single program execution.) Note that

this approach as a method of solving the most difficult cases would

not even be possible without the overall computational improvements

obtained in this research.

It should also be noted that the capability to address large

problems was not even computationally feasible until developmental

phase IV, and not really useful until phase V. This capability

improved as a result of the computational experience gained in phase

VI, where the major empirical results for large problems were
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obtained. Phase VII concentrated on ways to achieve faster com-

putational results in the sub-algorithms. Meanwhile, research was

conducted into ways to eliminate the plateau phenomenon observed in

some cases for yo . This resulted in stability modification 1

which was not implemented until phase VIII. Only a limited amount

of computational experience with this modification has been obtained

for large problems in category I, but the results are encouraging.

In the tables describing the results, the following notation

is used:

. the number of 0/1 variables

Z = the solution to P(y0) .

0

ZL the lower bound on the optimal solution to problem P .

ZU = the upper bound on the optimal solution to problem

- Z )1Z x100%

Table IX. 9 gives representative Benders iterations for prob-

lem A. These results were obtained during the early stages of

development, and were based on various means to constrain and direct

MIP solution. Many of these were heuristic and were based on con-

siderations which were derivable from the problem Structure. Others

were more theoretically based, but clearly computationally infeasible

for large problems. The initial classical Benders results (phase I)

are given in greater detail in the next section.
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Table IX. 10 gives similar results for problem B, in the later

stages of development, as well as the first result obtained for a

moderate size problem (category C). The relaxed Benders results for

problem B, phase VIII, are considered in greater detail in a succeed-

ing section.

Table IX. 11 gives representative attempts to solve problem F

during the development of the exact relaxation procedures. This is

the first large problem attempted, and extensive research was con-

ducted, based on solution attempts similar to those shown in the

table, to define the exact steps of the overall algorithm as well as

the component sub-algorithms. Solution attempts such as these were

used to indicate progress in the sub-algorithms, and their overall

results noted as an indication of progress in the relaxed Benders

algorithm. Problem G was also solved during phase V, and limited

results for problem H were obtained. These results are in Table

IX. 11.

Table Ix. 12 is a summary of representative computational exper-

ience obtained for category I on the CDC 6400. This is all in phase

VI.

Table IX. 13 summarizes representative computational experience

obtained in category I on the IBM/50. Unfortunately, the IBM 360/50

proved to be between 15-20 times slower than the CDC 6400 for an

equivalent problem, and as a result the computation times were that

much longer. This table represents only a fraction of the total

number of problems addressed. A limit of 5400 cpu seconds (90

minutes) was placed on all IBM 360/50 solution attempts.



Table IX, 10. Representative Relaxed Benders Iterations

Problems B and C, CDC 6400.
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Category Phase L1 Iterations Time
Zo ZL z A%

B

C

IV

VI

VII

VIII

IV

6

78

12

12

13

13

12

12

12

15

15

13

3

4
32

33

30

20

20

23

35

33

27

25

768

802

802

802

802

802

802

687

802

953

3090

953

953

953

953

953

953

953

953

953

953

3370

969

985

966

969

953

998

998

953

953

953

3420

1.7

3.4

1,4

1.7

4.7

4.7

0

0

0

1.5



Table IX. 11. Representative Relaxed Benders Iterations

During Phase V Development.

155

140 7 92 6705 6705 7439 11.3

4 48 6705 6705 7782 16.1

8 87 6705 6705 7461 11.3

16 302 6705 6987 7461 6.7

12 216 6705 7157 7731 8.0

12 228 6705 7320 7692 5.1

9 110 6705 6715 7633 13.7

5 41 6705 6705 7731 15.3

7 105 6705 6763 7634 12.9

72 6705 6705 7717 14.9

6 52 6705 6705 9411 40.4

6 80 6705 6705 7331 15.3

4 74 6705 6705 7537 12.4

14 174 6705 6745 7537 11.7

21 205 6705 6813 7537 10.6

15 198 6705 6961 7537 10.6

6 75 6961 6961 8012 15.0

140 11 148 7817 8130 8453 3.9

79 2 17 6286 6286 7798 24.0

Category Phase Iterations Time
Z00
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Table IX. 12. Representative Relaxed Benders Iterations for

Problems in Category I, CDC 6400.

Category Phase
L1

Iterations Time
Z0

A%

I VI 78 2 80 5222 5222 5433 4.0

I VI 78 5 79 4659 4659 5061 8.6

VI 78 10 155 6097 6097 7187 17.77

I VI 78 2 147 4731 4731 4856 2.6

I VI 78 7 213 4303 4303 4559 5.9

I VI 78 9 161 948 1248 1539 23.3

I VI 78 7 277 1767 2197 2217 0.9

VI 78 7 108 1275 1275 1613 26.5

VI 78 19 484 1189 1224 1318 7.6

I VI 78 7 123 8024 9738 9846 1.1

I VI 78 3 80 6504 6504 7134 9.6

I VI 78 4 191 1323 1676 1697 1.2

VI 78 13 178 3328 3328 4006 20.3

VI 78 5 173 6024 6024 6689 11.0

I VI 78 5 243 727 1145 1292 12.8

VI 78 7 146 2189 2346 2997 27.7

VI 78 4 205 763 1338 1444 7.9
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Table IX. 13(a). Representative Relaxed Benders Iterations for

Problems in Category I, IBM 360/50.

Category Phase Iterations Time
Zo

AOl

I VI 78 9 5400 3192 3739 4145 10.8

I VI 78 11 5400 658 2026 2422 19.5

VI 78 2 1037 1601 1601 1625 1.4

I VI 78 10 1493 3516 5054 5334 5.5

I VI 78 12 5400 803 1115 1223 9.6

I VI 78 3 539 3909 3909 4092 4.6

VI 78 3 1040 5900 5900 6239 5.7

VI 78 3 2021 7233 7233 7566 4.6

I VI 78 4 1412 5188 5188 5463 5.3

VI 78 12 5400 1636 2523 2691 6.6

VI 78 P 1214 1537 1537 1602 4.2

VI 78 1 754 .6402 6402 6997 9.2

I VI 78 3 1500 1633 1633 1713 4.8

I VI 78 3 360 2288 2288 2669 16.7

VI 78 2 2640 4632 4632 5793 25.0

I VI 78 2 880 2702 2702 2776 2.7

VI 78 16 5400 2941 3154 3668 16.2

VI 78 26 5400 5474 5474 5993 9.4
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Table IX. 13(b). Representative Relaxed Benders Iterations for

Problems in Category I, IBM 360/50.

Category Phase
L1

Iterations Time Z
0

Z A%

I VI 78 19 5400 4008 4416 4998 13.1

1 VI 78 8 137Q 1826 1826 1999 9.4

I VI 131 9 2580 5614 6342 7345 15.8

I VI 131 9 2640 2068 2068 2780 34.4

I VI 131 22 5400 3319 3319 3773 13.6

I VI 131 7 1023 1872 1872 1905 1.8

VI 78 6 1703 6179 6179 8229 33.1

VI 78 7 841 2362 2362 2517 6.5

I VI 78 7 785 2.511 2511 2664 6.1

I VI 78 5 1693 2125 3536 3652 3.2

I VI 78 3 423 1573 1573 1607 2.1

I VI 78 5 3160 3629 3670 3812 3.8

VI 78 11 5400 21/8 3466 3793 9.4

I VI 78 7 5490 7628 8854 9096 2.7



Stability Modification 1

As a result of the analysis of phase VI results, stability

modification 1 was developed and included as a means of countering

the plateau phenomenon observed in some problems. This phenomenon

resulted in many relaxed Benders iterations in which no immediate

improvement was obtained over the solution for P(yo) . The modi-

fication was tested on a single largo problem in category I, for a

limited number of iterations. The results are encouraging, and are

shown in Table IX. 14. Note that almost no time is spent solving

the associated MIP as long as this modification is in effect. Based

on the analysis of a variety of problems in class I, this modifica-

tion should prove to be significant.

Table IX. 14. Representative Effect of Stability Modification 1,

CDC 6400.
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Category Phase ZIteration Z.
i

Zi A%
Computation

Time
LP MIP

VIII 131 0 2242 2242 4239 89.0 19.7 .1

2988 2988 4239 41.8 9.6 .1

3318 3318 4239 27.7 25.9 .1

3 3344 3344 4239 26.7 16.1 .



Test Problem Convergence

This section summarizes the convergence properties of the

relaxed Benders algorithm for the test problem of Appendix V (Prob-

lem categories A and B). Results are presented for three different

-
y determinations, all of which are derivable from the preference
0

-
table referred to in Chapter V in the method for computing

y0
.

This preference table is given in Table IX. 15, and the entries are

defined further in Chapter V.

Table IX. 15. yo Preference Table, Problem B, Phase VIII.

Preference Preference Preference

Index k Order yk Valuek

160

The procedure given in Chapter V calls for a specification of

the first m entries in the preference table to be included in

1
Y1

345

217

3 214

4 176

154

Y4
127
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y0 (0) , where m is actually arbitrary. The original method used

in phase V for determining this number resulted in m = 3, or

equivalently, y0(0) = {1,2,3} . The method presented in Chapter V

involves a parameter e, and for this table, e = .5 results in

m = 4, and e = .75 results in m = 6 . To demonstrate the sen-

sitivity of the convergence property to this choice, the results

for all three are given in Table IX. 16. Note that "good" solutions

are obtained very quickly in all cases. To show the significance

of this, Table IX. 17 gives the original classical Benders (Phase I)

solution to problem A, under its original formulation, which is

slightly different than that of Appendix V. Note that not only were

many iterations required, but that "good" solutions were not even

obtained until a large number of iterations were attempted. Hence

this convergence behavior clearly did not satisfy the computational

objectives. At the time this table was generated, timing information

was not available.

Relaxation Parameters

The use of the relaxed Benders algorithm requires the specifi-

cation of a set of relaxation parameters (Chapter VII). It is

possible to make these specifications strict, in which case the

relaxed solution is identical with the optimal solution to the MIP.

This was found desirable for small problems in which the solution

objective is the exact optimum solution. All of the other advantages

of this algorithm are maintained, and this significantly improves .



Table IX. 16(a). Relaxed Benders Convergence Analysis Test

Problem A/B, CDC 6400.

Iterations
zi
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Computation Time
LP MIP

o 000111 802 802 1236 54.1 2.38 .01

000101 953 953 1236 29.6 1.70 .41

2 100001 GBT 953 1236 29.6 1.45 .41

3 110000 GBT 953 1236 29.6 1.16 .42

4 101000 821 953 1236 29.6 1.56 .41

100100 GBT 953 1236 29.6 1.14 .57

6 011001 417 953 1196 25.3 .90 .60

7 100010 GBT 953 1o7q 12.9 1.54 .52

8 001010 GBT 953 1066 11.8 1.68 .47

9 010100 GBT 953 1045 9.6 1.21 .94

10 010010 GBT 953 1014 6.4 1.16 .50

11 100101 698 953 1010 5.9 .96 .75

12 100011 GBT 953 966 1.3 .98 .43

13 000011 891 953 966 1.3 1.34 .51

14 001100 GBT 953 961 0.8 1.12 ..58

15 000101 953 953 953 0 1.68



Table IX. 16(13). Relaxed Benders Convergence Analysis,

Test Problem A/B, CDC 6400.
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Iterations y1
zu

A% Computation Time
LP MIP

0 000101 953 953 1236 29.6 2.76 .45

1 100101 698 953 1236 29.6 .93 .40

2 110000 GBT 953 1236 29.6 1.16 .41

101000 821 953 1236 29.6 1.54 .48

4 100010 G8T 953 1230 29.6 1.58 .49

5 001010 PT 953 100 29,6 1.70 .44

011110 207 953 1230 29.6 .82 .47

010001 GBT 953 1053 10.4 1.13 .52

8 001011 817 953 1038 8.9 .95 .91

9 100001 GBT 953 972 1.9 1.45 .57

.10 100011 GBT 953 966 .1.3 .99 .44

11 000010 807 953 966 1.3 1.49 .45

12 000011 890 953 966 1.3 1.37 .73

13 000101 953 953 953 0 1.71



Table IX. 16(c). Relaxed Benders Convergence Analysis,

Test Problem A/B, CDC 6400.
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Iteration y. Z. A% Computation Time
LP MIP

0 000000 687 687 1238 80.0 3.04 .44

100000 834 834 1236 48.0 2.19 .41

100100 842 842 1236 46.7 1.42 .41

110000 GBT 842 1236 46.7 1.12 .43

4 100010 883 883 1236 39.9 1.87 .41

100011 GBT 883 1236 39.9 1.00 .42

6 011001 417 883 1236 39.9 .91 .48

7 001110 622 883 1225 38.7 .90 .51

010100 GBT 883 1064 20.4 1.22 .44

9 000101 953 953 1064 11.6 1.72 .73

10 010010 GBT 953 1014 6.4 1.18 .65

11 101010 GBT 953 996 4.5 1.01 .63

12 000011 890 953 981 2.9 1.37 .78

13 101000 821 953 970 1.7 1.54 ,57

14 100001 GBT. 953 965 1.2 1.47 .78

15 000101 953 953 953 0 1.72
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Table IX. 17(a). Initial Classical Benders Convergence Analysis,

Test Problem A/B, CDC 6400.

Iteration
yi

Z.
ZL

000000 687 687 1862 171

1 111111 12 687 1615 135

101111 21 687 1615 135

3 111101 275 687 1615 135

111110 207 687 1615 135

5 111011 131 687 1602 133

6 011111 91 687 1530 123

111100 342 687 1530 123

B 100111 294 687 1450 111

9 001111 506 687 1450 111

10 010111 266 687 1450 111

11 101101 216 687 1450 111

12 110110 207 687 1446 110

13 111010 422 687 1418 106

14 110011 237 687 1407 105

15 111001 216 687 1407 105

16 101110 216 687 1407 105

17 101011 306 687 1407 105

18 011101 216 687 1407 105
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Table IX. 17(b). Initial Classical Benders Convergence Analysis,

Test Problem A/B, CDC 6400.

Iteration y. Z.
ZL

Ac7.

19 011110 217 687 1388 102

20 011011 411 687 1335 94

21 100101 698 698 1335 91

22 110001 375 698 1319 89

23 100110 489 698 1319 89

24 101100 462 698 1319 89

25 111000 668 668 1319 89

26 110010 567 698 1283 84

27 101001 391 698 1267 82

28 101010 695 698 1267 82

29 011100 462 698 1267 82

30 010110 382 698 1230 76

31 001101 622 698 1214 74

32 001110 622 698 1214 74

33 011010 623 698 1177 67

34 001001 817 817 1109 36

35 101000 821 821 1109 35

36 010100 778 821 1056 29

37 000110 855 855 1056 24
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Table IX. 17(c). Initial Classical Benders Convergence Analysis,

Test Problem A/B, CDC 6400.

Iteration
y.1 zu

38 001100 768 855 1056 24

39 011000 815 855 1056 24

40 010010 763 855 1004 17

41 000101 953 953 1003 5

42 001010 910 953 990 3.8

43 000011 890 953 990 3.8

44 100001 908 953 985 3.3

45 100010 883 953 960 0.7

46 000101 953 953 953
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the convergence properties and execution time. However for very

large problems in which the solution objective is an approximate

solution obtained very quickly, the relaxations should be used. In

the process of obtaining computational experience, a set of para-

meters was determined, and these are given in Table IX. 18. Sepa-

rate sets of parameters were determined for the CDC 6400 and IBM

360/50 because of the difference in central processor speed. Also

separate sets of parameters were used when stability modification 2

was active, and after. it had been abandoned. The stability modifi-

cation was abandoned after either 5 iterations of the relaxed Benders

algorithm or an artificial convergence had been obtained, whichever

came first. Artificial convergence occurs because the solution to

the MIP obtained with the stability constraints present is not a

true upper bound on the optimal solution. The number (Chapter

V) required to specify the stability constraints was computed after

some experimentation by letting NL [L1/71 + 1 . The parameter

c,
specified in the table, is the overall convergence criteria

expressed as a fraction of the current lower bound. (The parameter

Am
when stability modification 2 was inactive was specified as

1 +c regardless of the number of 0/1 variables.)
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Table IX. 18. Relaxation Parameters (CDC 6400/IBM 360/50) with

and without Stability Modification 2 (SM-2) Active.

Relaxation

Parameter

----With SM-2 Active----

-Number of 0/1 Variables-

1-50 51-100 101-150

---Without SM-2 Active---

-Number of 0/1 Variables-

1-50 50-100 100-150

sf

Sr

.9/.9

.1/.1

1./1.

.91.9

. /.5

.11.5

1./1.

.02/.005

.8/.5

.21.5

1./1.

.1/.005

.9/.9 .9/.5

.9/.9 .2/.2

1. +ec/1. +
ec

.9/.9 .02/.001

.5/.5

.011.001



X. SUMMARY AND DIRECTIONS FOR FURTHER RESEARCH

Summary

A mathematical formulation of a class of generalized fixed

charge problems has been stated and an algorithm has been developed

which is computationally feasible for large problems and which sat-

isfies the following objectives:

A sequence of "good" feasible solutions is generated iter-

atively.

The deviation of the current solution from the theoretical

optimum is bounded at each iteration.

The algorithm eventually converges.

After the original problem was formulated as a concave separ-

able mixed integer program, a number of techniques were investigated

and found to be unsatisfactory for large problems. The Benders

decomposition procedure had the requisite properties, but was slow

to converge for a test problem. Furthermore if standard sub-

algorithms were used, it was clearly computationally infeasible for

large problems. Hence the research concentrated on techniques for

computationally improving Benders procedure for the generalized

fixed charge problem.

A series of problem reductions was defined, which transformed

the original problem into one which was more manageable computation-

ally, and which was primal equivalent to the first. A dynamic

170
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partitioning technique was defined and used to further reduce the

problem in a way which directly interfaced with the Benders require-

ments.

The computational effort required in each Benders iteration

was then reduced by defining and proving a relaxation of the Benders

procedure. Two stability modifications were developed, plus a

starting point algorithm based on the solution of a generalized

linear program.

List-processing improvements to the implementation of a

generalized upper bounding algorithm were defined, followed by the

development of a number of component algorithms based on problem

structure. These included a starting basis algorithm, efficient

large scale generalized linear programTing, efficient dynamic par-

tition operations, and scaling procedures. Finally the improved

generalized linear program was integrated into the relaxed Benders

algorithm.

Because other means investigated to solve the associated mixed-

integer program were computationally infeasible for large problems,

a bootstrap algorithm was designed for problems of Benders form.

In the process of implementing this for the linear 0/1 problem,

a number of computational improvements to the Balas algorithm were

developed by the use of list-processing techniques. Finally, the

new algorithm was integrated into the relaxed Benders algorithm.

Extensive computational experience was gained on small and

large scale problems of a particular variety. The relaxed Benders
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algorithm works extremely well for rapidly providing exact solutions

to small problems and rapid approximate solutions to large problems.

The solutions to large problems will eventually converge, but it was

empirically determined that if a sufficient approximation was not

obtained in a small number of iterations, a significant number of

additional iterations would likely be required. In this case, since

the algorithm solves a given iteration so rapidly, it is probably

better to restart the algorithm with different relaxation parameters.

A recent modification was incorporated in an attempt to improve

convergence in these cases. The results also justify the conclusion

that the computational advances developed for the solution of the

linear and mixed integer sub-problems are significant independent of

their inclusion in the relaxed Benders algorithm.

As the size of the generalized fixed charge problem diminishes,

the relaxations can be enforced, resulting in a classical Benders

decomposition but with special purpose integrated sub-algorithms

and improved convergence properties.

Many of the new results obtained are properly extensions of

work previously accomplished. Balinski and Spielberg (1969) sug-

gested, but did not implement, relaxations in the associated MIP

solution. Geoffrion and Marsten (1972) suggested that perhaps

Benders decomposition procedure required special purpose sub-

algorithms to be computationally efficient for large problems. Some

of the thought which led to the problem reductions was motivated by

the considerations of Berman (1971). The column generation procedures
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are extensions of the work of Bozovich, Groover, and Ryan (1972),

and Lasdon and Terjung (1971). The basic generalization of the

fixed charge problem and its solution by Benders decomposition is

an extension of the work of Spielberg (1964), and the formulation

of the particular class of fixed charge problems which were addressed

in this research is an extension of the work of Miercort and Soland

(1971). The list processing improvements to the Balas algorithm

are extensions of ideas motivated by Petersen (1967) and Woolsey

(1971).

The remaining results are considered to be original with this

work. These include the relaxed Benders algorithm itself, the boot-

strap algorithm, the dynamic partitioning technique, the stability

modifications, the list-processing improvements to GUB, the improved

starting basis algorithm, the start point (y0) algorithm, And the

development of a Benders procedure tailored to the generalized fixed

charge problem.

Directions for Further Research

The relaxed Benders algorithm has been defined in terms of a

generalized fixed charge problem and computationally tested for a

certain class of these problems. Other large scale generalized

fixed charge problems should be addressed to see if the same or

better results are obtained. Furthermore, a restricted form of the

resource constraints was assumed because of the problem class of

interest. There is no reason that this form could not be generalized.
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However a generalization would impact on the efficiency of both the

starting basis and the column generation algorithms. It is likely

that modified procedures would be required to maintain computational

efficiency.

The method used to determine yo should be further developed.

It seems possible that additional analysis of the data used to gen-

erate the preference table should give an even better start point.

Stability modification 1 is an initial attempt in this direction.

A recent area of considerable interest is that of goal pro-

gramming (Bozovich, Groover, and Ryan (1972), Lee (1972), Spivey and

Tamura (1970), and Dyer (1972)). The methods used to implement this

approach are directly Amenable to inclusion in the relaxed Benders

algorithm for the generalized fixed charge problem, and should

extend the ability of the algorithm to treat large scale real world

problems.

The list-processing approach to GUB has a potential extension

which should be investigated. In many problems, including those

studied in this research, the constraint tableau has GUB structure

with respect to more than one set of rows, by proper re-ordering of

the columns. However this structure classically cannot be exploited

simultaneously for more than one set. But the GUB algorithm works

with the reduced system, which itself has GUB structure if the col-

umns are reordered. It seems a natural extension to use the GUB

algorithm on the reduced system as well. But the new reduced system

may itself have GUB structure with respect to still a third ordering
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of the columns, and so forth. Thus a hierarchy of GUB algorithms,

all operating simultaneously, can be envisioned. The only computa-

tional modification required to implement this is a set of lists/

pointers between hierarchies. Hence this approach should be feasible

with a list-processing GUB. The computational advantages of the

hierarchical GUB method should be significant, since it reduces the

dimensions of the working basis inverse to that of the lowest order

hierarchy, and hence could virtually eliminate precision and lengthy

inversion problems.

The bootstrap approach to nonlinear integer problems of Benders

form should be investigated. Furthermore, the most computationally

significant portion of the generalized linear program is the column

generation algorithm. Improvements in this area would reduce the

time per iteration. Similarly stronger infeasibility test and aug-

mentation criteria would decrease the time spent in the MIP, as long

as these new tests did not require excessive computation time to

perform.

Numerical values of the relaxation parameters have been deter-

mined empirically. It would be desirable to be able to numerically

analyze a given problem and somehow determine the optimal parameter

set as a function of the allowed computation time.
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APPENDIX I: BENDERS DECOMPOSITION

Benders' decomposition technique is a procedure developed by

J. F. Benders (1962) for solving mixed-integer programming prob-

lems of the following form:

maximize Ct-x+ f (y) (1.1)

subject to

Ax + F(y) s b

YES

where A is an m X n matrix, x and c are n x 1 column vec-

tors, y is a p X1 column vector, is a scalar-valued function

-
of y, F is an mX 1 column vector whose components are functions

f y , b is an m x 1 column vector, and S is an arbitrary sub-

set of R .

x

The development of the Benders procedure given here is a

synthesis of several existing discussions. The principal ones are

those of Lasdon (1970), and Hu (1969). Alternate statements of the

method will also be found in the works of Balinski (1965), Balinski

and Spielberg (1969), Geoffrion (1970), Geoffrion and Marsten

(1972), and Garfinkel and Nemhauser (1972). The purpose Of this

appendix is to provide a general understanding of the method. Con-

sequently only the case in which I. 1 is feasible for all y is

discussed. An alternate statement which removes this limitation

and considers some of the steps from a slightly different viewpoint

190



191

is given in Chapter V. The alternate formulation, which is due to

Benders (1962), is more conducive to discussing the relaxed Benders

algorithm than the discussion given here, but is more difficult to

understand.

To solve I. 1, define

(a) maximize [f(y)+ max {Z.fx
-

Y E- R /c0

a7( 0 D A; 5 b- F(y)

P.{ul Atuc, u 0, uERin}.

Then the following holds:

Lemma I. 1: The following problems are equivalent to I. 1.

Ax s - P(y)}] (1.2)

-and YES}

(b) maximize [f(y) 4, min - "i(y)) I PTI z} (I.2)
Y ER

(c) maximize [f(i) + min {(-P(3T-)) Czi )1 (1.3)
Y ER u EE

where E is the set of extreme points of the constraint set P.

(d) maximize (1.4)

Z, y ER, jiEE

subject to Z 5 f(Y) +(b-x(37)) -u

The fundamental partitioning result is then the following.

Lemma I. 2: Problems I. 1 and I. 4 are equivalent in the sense that

(a) I. 4 has a feasible solution if and only if I. 1 has a feasible

solution.
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(b) I. 4 is feasible without having an optimal solution if and only

if I. 1 is feasible without having an optimal solution.

(c) If (Z ,

0y 0
solves I. 4 and

x0
solves the linear program

maximize ;ix (1.5)

- - -
subject to Ax 5 b-F(yo)

x 0

then (x0,i0) solves I 1 and

Z0 clx0 + f(y0 )

(d) If
(x0 ,y0 )

solves I. 1 and Z0 = c ix0 + f(y0 ) , then

solves I. 4.

If all u E E were known, I. 4 could be solved by enumeration.

However, for even moderate size problems, determination of all

possible extreme points of P is computationally prohibitive. With

the addition of only mild restrictions on S, f(Y) , and i(i) it

is possible to define a procedure which is computationally feasible.

This procedure generates extreme points of P only as required.

Assume that the set S is closed and bounded, and that f(i)

- -
and the components of F(y) are continuous on a subset -§ of RP

containing S . Furthermore, define the following programming prob-

lem (which is a relaxation of I. 4).

maximize Z (1.6)

-
Z, y ER, u EEcE



- --
subject to z f(y) + (b- (y)) 'u1 .

The following additional results hold:

* ,-
Lemma I. 3: Let Z = c x* + f(y* ) denote the optimal solution to

-1-i -iI. 1. For any y E R, let Z = c x + f(y ) , where x is the

solution to I. 5. Furthermore, let be any solution to

Then Z Z
Zu

.

Lemma I. : If is optimal for I. 6, it is optimal for

. 4 if and only if min {(b-0 )) = Z - f(y- ) , or equiva-
0 0

u EP

lently in terms of Lemma I. 3, ZL Z Zu

BENDERS PARTITION PROCEDURE R for all i )

-0 0
Step 0: Enter with y , Zu = co, i = 0 .

Step 1: Solve max --c/X

subject to Ax b - F(y)

x

giving u

Step 2: If + f(y1) = Z1 , go to Step 4. Otherwise, +1 .

Step 3: Solve max Z

subject to Z f(y) + (y)) (j = 1, ... 1)

193



i
obtaining y , Z , Go to Step 1.

Step 4: STOP. (x', y1, Z1) is optimal.
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APPENDIX II; CLASSICAL GENERALIZED UPPER BOUNDING

The generalized upper bounding (GUB) algorithm is a revised

simplex based procedure (Dantzig and Van Slyke, 1967) which applies

to linear programming problems of the form

maximize Z (GUB)

subject to the constraints

z-(c,x) 0

Ax b

-k -
(e ,xk) = 1 k

where -2-c and c are N X1 column vectors, 1; is an M- 1 x 1

column vector, 1-is an M- 1 x N matrix, x = (x ix
0

-
those variables (columns) indexed by xk, ( = 0,1, .. L) .
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-k -and e is a column vector, of dimensions equal to
xk' with all

elements equal to unity. (By appropriate scaling, any set of linear

constraints which has L constraints of the form

- -
(Pke ,x1c) = d

where P is a diagonal matrix and d is scalar, can be reduced to

OUB form.) It is also assumed that the system GUB is of full row

rank. The k- th GUB set of variables (columns) S, will refer to

Direct application of the revised simplex procedure to problem

GUB requires a basis inverse of dimensions M+L X M+L . For large
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problems this dimensionality is prohibitive, both because of compu-

tation time and potential numerical accuracy problems. The GUB

algorithm uses the structure of GUB to define an equivalent system,

which uses an inverse of dimensions M xM . All information required

to use the revised simplex procedure is available from the smaller

inverse plus some additional data. Since in large problems, gener-

ally M << L, the savings in both computer storage and computation

time are significant.

The following results (Dantzig and Van Slyke, 1967) apply to

GUB structured problems.

LEMMA All. 1: At least one column from each set S is basic

(k = 0,1,...L) .

LEMMA All. 2: The number of sets containing two or more basic

columns is at most M-1 .

Sets containing two or more basic columns are called

essential. Other sets are called non-essential.

Some additional definitions are required. The M+L X 1

-column vectors of GUB will be denoted by AJ (j = 0,i,... N)

-
where A0 is the vector (Z,0,0,...)/ . A denotes the MX1

column vector identical to the first M components of -3 . The

vector b denotes (0 17))1 . A feasible basis to OUB is

, ... A
M+L)

Furthermore, for each set
S1

(1 = 1,...



km column.
(S0

has no key variable.)

Then, if Ai E S1 , let

D A
k(1) k(1)

=

DJ Aj - Ak(1) j A k(1)

k(1)
b - D

1 =1

A is basic and not key}

-,- 1
r

)1

- k(1)
-n A = 1,...L)

= current entering column

index for which As E sa

= current leaving column

= index for which A'Jr E S

= vector for which

M +L

1=1

* j.
s -

A A

All (d)

All (e)

All (f)

All (g)

All (h)

All (i)

All (j)

All (k)

All (1)
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select one variable
K(1)

o be the ka variable.
k(1)

is the



= current value of the basic variables

= column number in A corresponding to

the i- th column of the working basis

= column number of the key column corresponding All (o)

to

Using these definitions, the following results hold.

LEMMA All. : p is a set of prices for GUB.

LEMMA All. 4: A is determined by solving

min A. = (rr,Aj) +11 y
for

1

-JA E A

LEMMA All. :

and

. 5s

)7 Bs if A = A'
t

vt=k(cy)

ji
if A = A for some

b = 1 -
t

vt =

= ""lt

ji
If A = A for some

Ji
if A is key

J.

if A = A for some
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Using Lemma All. 5, the computation of the leaving column is

jdone in the usual manner, that is, Ar is the column which solves

minimize = 1, M +L

Ais >0 Ais

where s is determined by Lemma All. 4.

Given the entering and leaving columns, all quantities are

updated as follows. (Only one procedure is applicable at any pivot.)

UPDATING PROCEDURES

A. If S
r

a
is not essential and A S then

a

JrA replaces A as the key column in S.

i5s

B remains unchanged.

Jr
B. If A is not key, then

- -s
Update B1 by pivoting on the colunn D on the row

which A -Ak(P) occupies in the working basis.

d = Pd, where P is the pivot matrix.

C. If A)r = Ak(p)

Change the key variable in S .

Transform B-1 and d to consider the new key column.



3. Update as in procedure B .

A synopsis of the GUB algorithm follows. This follows the

development in Dantzig and Van SlYke (1967). Alternate formulations

are given in Orchard-Hays (1968), Lasdon (1970), and Beale (1969).

A discussion of the power of GUB appears in Hirshfeld (1970).

Extensions of GUB or its use in a more general context will be

found in Sakarovitch and Saigal (1967) Gregoriadis (1971), Hartman

and Lasdon (1970), Rutenberg (1970), and Berman (1972). An algor-

ithm whose motivation is similar to that of GUB will be found in

Beale (1963).

Step 2: Price columns using
-1

, giving min A = A . If
S

-is positive, go to step 7. If not, assume AS E Sa .Jir-S *S * r TrStep 3: ComputeD,A,b,A, whereAES. If

is key, go to step 5.

J
r-S -1Step 4: Pivot on D in the row corresponding to D in B

and update d Go to Step 1.

-Step 5: If S is essential, go to step 7. Otherwise, make AS

_Jr
key instead of A . Update d and go to step 1.
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GENERALIZED UPPER BOUNDING ALGORITHM

Step 1: Enter with B- K



-1 -Step 6: Switch key columns in S . Update B and d Go to

step 4.

Step 7: Current solution is optiral. STOP
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APPENDIX III: BALAS ADDITIVE ALGORITHM

The Balas Additive Algorithm (Balas (1965)) is a technique for

solving integer programming problems of the form

minimize c/R (ZP)

subject to

b +Ax 0

x. = 0,1

where A is an MXN matrix, b is an MX1 vector, and C and

x are N X 1 vectors.

In order to be compatible with the list-processing modifications

given in Chapter VII, the statement of the Balas algorithm is given

in terms of the list/pointer concepts stated in Chapter VI. The

following definitions are required, some of which are due to

Geoffrion (1966).

Definition AIII. 1:

= {xi,x ,...xN}

{xi 1 xi

= P(Xs,Xe)

C(S) =s

= -x
C S

202

(e)
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,X ) (f)

(c,xs) = cixi (g)

Es

Axs
= ((41,xs) ) ,xs) (h)

Axs+b (1)

Ts
(c,x5)

and A'?
)'

for some I si < a} .

where Z denotes a known feasible solution to ZP, P is as in

definition VI. 4, and C(S) denotes the cardinality of S. In

addition, the following ,sign convention will be followed:

S.>Oindicates that x = 1, whereas

< 0 indicates
thatxSi

= 0 . Furthermore,

x =0 for all E "g

Definition AIII. 2; A solution vector Is defined to be the

N X 1 vector [ xi , x2, xn , where xi = 0 for i ES, and

is determined by the sign convention for

Definition AIII. Variables 2E. IE RS are called free. A cora-

pletion C(X ) is defined as a feasible specification

x U {xi 1 xi -) 0,1 for all xi E X } .
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The corresponding solution is denoted by Zs . A best feasible

completion C (X ) is defined to be the specification which gives

the solution

minimize Z

C(X )

Definition AIII. : Let be a known feasible solution to ZP .

Then Xs (or S ) is fathomed if either

* *
(a) Z s Z

(b) {C(Xs)

Definition All!. : The vector US, of dimension equal to that of

S, will be called the underline vector, with USi = 1 if Si is

underlined, and 0 otherwise. (Underlining Is used to indicate

terminal entries in a set g cS for which g has been fathomed.)

Definition AIII. 6: (Geoffrion, 1969). A constraint of ZP is

binarrinfeasible if it has no binary solution, and is conditionally

binary-infeasible if its binary infeasibility is conditional upon

certain of the variables assuming particular binary values.

Lemma AIII. 1 (Geoffrion, 1969)

The constraint b + a.x. 0 is binary infeasible if and only
J J



X, =
1

tion of b+Z ax .

A synopsis of the algorithm follows. This statement is gener-

ally that of Geoffrion (1966), based on the work of Glover (1965).

In addition to the work of Balas (1965), further discussions of the

basic algorithm and its applications are given in Macmillan (1970),

Wagner (1969), Plane and Macmillan (1972), Laughhunn (1970), Zionts

(1972), and Pritsker (1969). Computational experience with the

standard Balas algorithm is reported in Freeman (1967), Fleischmann

(19p7), Petersen (1967), Steinmann and Schwinn (1969), and

Speilberg (1972). The basic procedure inherent in the Balas algor-

ithm was also suggested by Benders, Catchpole, and Kuiken (1959).

A number of modifications to the algorithm have been suggested, and

these are referenced at the beginning of Chapter VII. The Geoffrion

(1966) statement of BAAL did not include the test for conditional

binary infeasibility (Step 1(c)); however, since this test was

included in the geoffrion code RIP30C (1968) which implements BAAL,

it has been included here.

ALGORITHM BAAL

or 1 according as a

Step 0: Z-co, S 0, x

205

if b + max 0;1.00 < 0 ; and b LI max (0,ai) - la < 0 implies

j

< 0 or
ai

> 0 in any binary solu-



Step 1: (Test, for Infeasibilitlf) If s 0, go to Step 4.

(a) If TS 0 , go to Step

1(t)us.+Z max (0,41:) < 0 for some i 3 S. < 0, go
*

ETS

to Step 3.

-(c)

If S. + F, max (0,Ai.) <0 for some k ES
j ET

and i3s.<0,S-).Sulsgri(P..)14, and go to (c).

Step 2: (Augmentation) S-)S Ufjol , where j0 solves

maximize E min (s. +A. ,0) . Go to Step 1.
3. 3.

. S .

J ET .1

206

Step 3: (Backtrack) Find the maximum j S for which U = 0 .

If j = 0, go to Step 5. Otherwise,
Si

-,-S , U. . 1,
j

S
{Sl' S2". .Sj '

1 and go to Step 1.

* * * s
Step 4: If (c,x5) < Z , set 2,= (c,xs) , x x , and go to

Step 3.

Step 5: If S is empty, no feasible solution exists. Otherwise

* *
(Z ,x ) is optimal.

The Balas algorithm is one of the general class of algorithms

known as "branch and bound". For a discussion of branch and bound

methods in general, see Little (1963), Lawler and Wood (1966), Agin
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(1966), Mitten (1970), Balas (1968), and Spielberg (1972). A uni-

fying structure relating branch and bound methods to other methods

of integer programming is given in Geoffrion and Marsten (1972).

A number of modifications to the Bala s algorithm have been suggested,

and many improvements based on problem structure have also been

developed (see Chapter VI). In addition, other algorithms based on

the branch and bound principle are discussed in Driebeek (1966),

Efroymson and Ray (1966), Land and Doig (1960), Shareshian (1967),

Dakin (1965), Davis, Kendrick, and Weitzmann (1971), Lawler (1972),

Spielberg (1972), Tomlin (1971), Greenberg and Heyerich (1970),

Mason and Moodie (1971), Florian, Trepant, and McMahon (1971),

Kolesar (1967), Garfinkel and Nemhauser (1969), Greenberg (1968),

Gavett and Plyter (1966), Little (1966), McMahon and Burton (1967),

Ibaraki (1971), Tillman and Cain (1972), Brown (1972), Schrage

(1972), Lawler and Bell (1966), Khumawala (1972), Graves and

Whinston (1968), Sa (1969), Zionts (1968), Steinberg (1970), Lemke,

Salkin, and Spielberg (1971), Glover (1971), Ignall and Schrage

(1965), Hoc (1973), Beale (1968), Miercort and Soland (1971), Jones

and Soland (1969), Gross apd Soland (1968), Mao and Wallingford

(1968), Stroup (1967), and Wagner and Prawda (1972).



APPENDIX IV: A WEAPON ALLOCATION PROBLEM

The problem which motivated this research is the determination

of the optimal allocation of an offensive missile force against a

set of individual targets defended by weapon-sensitive overlapping

island ABM defenses. Weapon-sensitivity of the defense is due to

the distribution of the attacking weapon arsenal over a number of

geographically diverse launch areas. This sensitivity of the defense

to attacking weapon location and trajectory characteristics is the

true defense situation, and previous attempts at modeling ABM

defenses have been approximations to this case. (Furman (1968),

Gray (1969), Miercort and Boland (1971), Bozovich, Groover and Ryan

(1972), Baum (1971), and Ford and Jago (1960.)

The problem further considers only the case in which the offense

allocates enough warheads against a specific defense complex to

exhaust the defenders at that complex. This exhaustive defense pol-

icy does not mean that the offense must exhaust the entire defense;

rather it should select some specific subset of the total-number of

defense complexes to exhaust and carefully choose the weapon-types

and launch areas to be used for the exhaustion attack on those com-

plexes so as to maximize the damage inflicted against the total tar-

get structure.

The offense allocation problem in the face of this kind of a

defense is an extremely complex one, and thus an example will be

considered in detail.

208
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A preliminary discussion of the allocation problem in the situ-

ation when the overlapping island defenses are weapon-independent

will first be given.

The allocation problem which exists when islands are allowed to

overlap is shown in Figure AIV. 1. Here seven individual targets

are shown which are defended by three defense batteries or "farms".

Each of these farms has the capability to defend successfully

against a certain number of attacking warheads. This number is

assumed known to the offense and is called the defense price because,

if the offense chooses to attack any target protected by any given

farm, he must first be willing to allocate that number of weapons to

suppress the defense. For example, if the offense wishes to attack

any target protected by farm number three, he must first allocate

90 warheads to overcome the defense, after which time he can allo-

cate freely against any target which is no longer defended if farm

three is suppressed. Thus, if the offense desires to attack any

particular target, he must first be willing to pay the defense price

against all defense farms protecting that target. However, in doing

so he will not only be able to allocate against that target, but

against all other targets which are uncovered because of the sup-

pression of that particular set of defenses. ("Uncovered" means no

longer defended by an area ABM defense.) This means that there are

supplemental benefits associated with the decision to attack any

particular target, and the amount of supplemental benefit is a

function of the defense coverage pattern on the target set. For
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example, if the offense chose to attack target 1, he must first

allocate 30 warheads to suppress defense 2 after which he can attack

target 1. He can attack no other targets, however, because there

are no targets other than target 1 which are undefended after the

suppression of defense 2. The situation is different, however, if

the offense chooses to attack target 2. In order to do this, he

must first allocat 30 warheads to suppress defense 2 and 90 warheads

to suppress defense 3 after which target 2 becomes undefended. Note

that in addition, targets 1, 3, and 7 become undefended so that the

decision to suppress defenses 2 and 3 is more beneficial to the

offense than the expected kill against target 2 would indicate. To

carry this even further, because of the overlap on the defense cover-

age, a decision to attack target 6, and thus pay the admission price

to nullify all three defenses, has the additional benefits of leav-

ing undefended all other targets.

Suppose now that the offense has only 125 attacking warheads in

his arsenal. His allocation problem then becomes to decide what

combination of defenses to suppress so that after he has paid the

admission price in warheads, his remaining warheads obtain the maxi-

mum amount of damage against those targets which are eligible to be

attacked because of the suppression of the defense. If the offense

has only 125 warheads, in this example he can clearly suppress at -

most two defenses, and which two he chooses to Suppress is a function

of the relative value he places on the targets and also the number

of warheads to be allocated to the target once the defense price is
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paid. For example, suppose the attacker decides to attack defense

three with 90 of his 125 warheads, thus uncovering targets 3 and 7.

If it takes 35 warheads to kill target 3 and 35 warheads to kill

target 7, then his decision to kill defense 3 should take into

account only the value of either 3 or 7 since he does not have enough

warheads for both. Thus, he gets no supplemental benefit from decid-

ing to suppress defense 3 so that he can attack target 3. The situ-

ation would be different, however, if the attacker had 160 warheads,

since then his decision to attack target 3 would have the added bene-

fit that he could attack target 7, if he wanted to, with those addi-

tional 35 warheads. The attacker's problem is further complicated

if he is free to choose the number of warheads to allocate to par-

ticular target. For example, instead of allocating the full 35

warheads against target 3, the best thing to do, in terms of maxi-

mizing the total expected damage against the target system, might be

to allocate only 20 for a reduced probability of kill against that

target, but perhaps an increased probability of kill against some

other higher-value target. Thus-, even in the weapon-independent

island model of the defense situation, the offense allocation prob-

lem is an extremely complex function of the number of weapons in the

attacker's arsenal, the defense price and overlap, and the vuler-

ability of each individual target once it becomes uncovered.

Considering the defensive footprints as weapon-independent

islands is equivalent to assuming that the defense is insensitive to

the offensive missile trajectory and launch area. In fact, this is



Figure AIV.1 Weapon-Independent ABM Defense

21.2.



Figure AIV.2 Weapon-Sensitive ABM Defense

Weapon #1

_.Weapon #2
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not the case. If this sensitivity is considered, the true defense

capability is that of Figure AIV. 2. This is the same defense dis-

cussed previously, but it is now assumed that the two attacking

weapon types differ in launch areas and/or trajectories.

If the attacking weapon type is weapon 1, the defense coverage

is that shown by the heavy black lines. If the attacking weapon

type is weapon type 2, the defense coverage is that shown on the

dotted lines. Note that these two different weapons result in a

significant difference in the defense coverage capability. For

example, target 6, which is the most heavily defended against wea-

pon type 1, is undefended against weapon type 2, and target 5, which

requires suppression of defenses 1 and 3 if weapon type I is used,

requires only the suppression of defense 3 if weapon type 2 is used.

Furthermore, the defense admission price can vary by attacking wea-

pon type. For example, weapon type 1 may carrydecoys while weapon

type 2 may not. Hence defense 1 can be exhausted by 20 warheads of

type 1, but 40 warheads of type 2 are required.

The supplemental benefit for killing a given defense also

becomes more complicated. For example, if the attacker chose to

nullify defense 3 so that he could attack target 3 with weapon type

1, he receives the additional benefit that he has now exposed target

5 to attack by weapon type 2. It is also possible that the attacker

could receive a better utilization of his weapons by using more than

one type to suppress the defense.
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To summarize, then, the allocation problem is the following:

Let NT targets be defended, by NF overlapping island defenses,

from attack by NW weapon types. Each target is protected by some

set (0..NF) of defenses, but the exact set able to protect a given

target is a function of the type of weapon allocated to that target.

Thus associated with each target is an admission price which is a

function of the attacking weapon type, or, equivalently, for each

target j , there exists a set of islands, D. , hose admission

price must be paid if target j is to be attacked. However, the

set of islands is a function of the weapon type i chosen for the

attack,thatis, Di 1)=.(i) . Furthermore, it will be assumed that

a strategy calling for the use of weapon i against target j (to

include the defense islands) requires some number n. of weapons.
ij

Each target, except for the defense island, will return a value V

for the allocation of
nij

weapons to the target. Fractional allo-

cations of weapons to targets and/or island defenses are permitted,

but the sum of all fractional allocations to a target must not exceed

one. (That is, a mixed attack against each target is allowed.) How-

ever, in the case of allocations against the island defenses, the

sum of all fractional allocations against the defense must either be

zero or one, that is, the price of admission associated with the

island must either be paid, or not paid. The return for choosing an

island allocation is measured by the payoff obtainable from those
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targets which are uncovered if the island is attacked, which in

turn is a function of both the attacking arsenal and the island

overlap.

The equivalence of Problem P to this allocation problem is one

of the results of this research. Under this equivalence, resources

correspond to weapon types, activities correspond to targets, and

policy variables correspond to decisions to suppress a given defense.

The matrix
A2 specifies the target allocation and

A1
specifies

the defense suppression allocation. The defense coverage capability

is equivalent to the incidence matrix. In the simple case of weapon-

independent islands, the weapon allocation problem is equivalent to

many other kinds of fixed charge problems (see Gray (1967 and 1972)

for example). Consequently the results of this research provide a

means for solving generalizations of these same problems.

A more detailed discussion of this weapon allocation problem is

found in Battilega and Cotsworth (1972). The solution of the basic

allocation problem, in the absence of a defense, by column generation

procedures is given in Bozovich, Groover, and Ryan (1972). Exact or

approximate solution methods for the weapon-independent island case

are given in Miercort and Soland (1971), Furman (1968), Bozovich,

Groover, and Ryan (19i2), Gray (1967), Ford and Jago (1968), and

Baum (1971).

An excellent survey of literature. on the missile allocation

problem in general is given in Matlin (1970).



APPENDIX V: A TEST PROBLEM

The problem which was used extensively during the development

of the relaxed Benders algorithm has the following parameters.

Number of resources (d- 1) : 3

Number of activities
(L2)

: 15

Number of polio variables (L1) 6

Specification of the Activit Matrix
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Activity

(j)

Number

t.

Value

(W.)

Resources Required

i 1=2

(N)
ij

i

1 1 250 50 40 30

2 1 175 45 36 29

3 1 150 .40 34 28

4 1 120 35 35 27

5 1 110 30 25 26

6 1 100 25 20 25

7 1 98 20 19 24

8 1 79 15 18 23

9 1 56 10 17 22

10 1 45 5 16 21

11 1 23 4 11 20

12 1 12 3 9 1

13 1 9 2 7 1

14 1 6 1 5 1

15 1 3 1 4 1



Specification of the Policv Enforcement Matrix- (A1)

Policy Variable
yi

Resources Required (N)

Resource Specification

The incidence matrix is determined by the following table.
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1=1i=1 1=2 1=3

1 50 50 50

2 0 40 40 40

3 30 30 30

4 40 40 40

5 35 30 35

6 33 45 67

Activity Resource Policy variables yk 0 required

for assignment to be eligible.

1

2

i.

2

3

1

2

3

1

2

1

2

1

14

2

3

2

4

3

3

Resource Number

1 150

2 100

3 75
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Activity Resource Policy variables yk -7 0 required

for assignment to be eligible.

3 1 4 6

2 1 4 6

3 2 3 5

4 1 4 5 6

2 1 5 6

3 2 5 6

5 1 4

2 5

3 6

6 1 1 2

2 3 4

3 5 6

7 1 1 3 5

2 2 4 6

3 1 2 3

8 1 5

2 1

3 6

9 1 4 6

2 1 2

3 3 5

10 1 1 2 3 4

2 2 4 5 6

3 3 4 6

11 1 5 6

2 1 4

3 2 3

12 1

2 3

3 4



The specifications in giving the ten highest payoffs are the

220

Activity Resource

j

Policy variables yk = 0 required

for assignment to be eligible.

13 1 4

2 2

3 5

14 1 6

2 3

3 5

15 1 3 5

2 5 6

3 1 4

following:

Specification Payoff

000101 953

001010 910

100001 908

000011 890

100010 883

000110 855

000001 843

100100 842

100000 835

001001 823



Two additional solutions of interest are:

Specification Payoff

000000 687

111111 12

(In the original formulation of this test problem the defini-

tion of yi was opposite to that given here. The Current conven-

tion is compatible with the statement of Problem P .)

The test problem has been specified without regard to the form

.0ftheiunctionsf.(n) . This is deliberate, since in the early

stages of this research, algorithms were investigated which were

not compatible with a primal column generation procedure. The

extension to the separable programming problem of interest was made

by defining f(n) to be the convex approximation to the function

1.00 = 0
Nsn .. - I

*g(n)
ij

*iln-N-
g(n)

7.-- Wi
(1- (1- .9999) ij

)

This form is the canonical form given in definition VI. 12, and is

a particularization of the form

g.(n.) = al. n. n 5 N
1

ai
(n.-T. .) j

V.(1 - (1- p. ) n > N

n
Nij

221
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which is the general form used in the allocation problems discussed

in Appendix IV (Bozovich, Groover, and Ryan (1972)). This general

form is also applicable to general resource allocation problems

where the expected value of independent reliability effects is

involved.




