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THE INTEGRO-GEOMETRIC TANGENT MEASURES OF EUCLIDEAN N-SPACE.

Chapter 1. Introduction.

If the euclidean plane is covered by an infinity of lines drawn at

random, it seems reasonable to suppose that the measure of the set of

these lines which meet a given line segment is proportional to the

length of the line segment, and that it is the same for all positions

of the segment. If we take s as the length of the segment and 2s

as the measure of this set of lines, then for a convex curve C whose

boundary has length L, each line intersecting the interior of C

meets its boundary in two points and the measure of the set of straight

lines which meet the interior of C is L. When the intuition is made

rigorous we get a well-known integro-geometric measure.

We will deviate from the established integral geometry at this

point by asking for a measure of lines which are tangent to C, or for

a measure of lines tangent to C at a subset of the boundary of C.

In two dimensions these questions are settled easily, and the first

really interesting case is the determination of the measure of the set

of lines tangent to a convex body in three-dimensional space.

If K is a convex body in three-space then Santalo' (8, p. 32)

obtained a measure for the set of lines which meet the interior of K,

namely 4(K), where S(K) is the surface area of K.

To find the desired definition for the measure of lines tangent to

K we use the following technique: consider an outer-parallel body

K(t) whose boundary is determined by the endpoints of the vectors of

length t normal to the surface of K and originating from points of



this surface. Steiner's formula gives us the surface area S(K(t))

of K(t): S(K(t)) = S(K) 2tM(K) + 47tt2

where M(K) is the total mean curvature (sometimes called total in-

tegral curvature). Thus) the measure of the lines that pass only

through the shell of width t between the boundaries of K and K(t)

is simply the difference

Next we divide by the factor t and let t -40%

Thus,

(1/t)C1S(K(t)) S(K)] = 701(K) + 202t
2 2

-4 OM( K ) as t 0+.

Intuition hence dictates that the proper definition of the measure of

lines tangent to K is yM(K).

The purpose of this dissertation is to utilize the above technique

applied to the previously mentioned results of Santalor to obtain the

definition of the measures of sets of p-dimensional linear spaces tan-

gent to a general convex body in n-dimensional euclidean space, and to

obtain some new results with these definitions* A few side results are

obtained along the way. Chapter two establishes some of the unorthodox

notation and use of terms and delineates briefly the basic mathematical

tools necessary for the sequel. Chapter three is a presentation of the

theory of mixed surface area functions to the extent, more or less, it

will be used later in the paper. The results obtained in sections 3.8

and 3.9 the author has not been able to find in the literature. Chap-

's-e(K(t)) - (K).
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ter four develops a description of the mixed surface area functions of

chapter three in terms of higher-dimensional volumes and angles, and

culminates in 4.5, which formula is part of mathematical folklore,

although there has been no proof given in the literature. Chapter five

consists of a compilation of the basics of integral geometry for use in

chapter six, in which is developed the measure for sets of linear spac-

es tangent to a convex body. These results, as mentioned above, are

not yet part of previously established integral geometry. Chapter

seven obtains a generalization of the results in chapter six with some

added detail for polytopes by using the representation 4.5 of chapter

four. Chapter eight contains two applications of these results, the

first is a simple application of notions of chapter seven to geometric

probabilities, and the second is an application of the results of chap-

ter six which yields a new and integro-geometric proof of Kubota's

formula.



It is assumed that the reader is familiar with the elementary geometric,

topological, and measure-theoretic properties of En, and that he

understands the elementary concepts involved in considering En as a

vector space*

TheoriginofEnisthepointxEEfor which x. = 0)

2,...,n), usual basis vectors of En are denoted by the symbol

ek, (k=1, )n). We will identify vectors with their endpoints,

whence,

ek (5ik)
(i=1 2 rn),

where

1 if k 1.1

5ik 1_ 0 if k =

Chapter 2. Preliminaries.

This chapter contains the notations, terminology and basic known

facts necessary for the understanding of this paper.

The Underlying Space.

Throughout this paper the space under consideration will be the

n-dimensional real euclidean space, denoted by E, which points

will be represented by ordered n-tuples of real numbers as follows:

(i=1,21.-.0n).

4

2.1. Definition* A p-flat L is a subset of En such that for some

fixed y E L the set (x-yr x E L) is a linear vector subspace of En
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having the vector dimension p. p-flats are sometimes called p-dimen-

sional (linear) varieties. Note that a p-flat is simply a translate of

a linear subspace. It can be shown that a p-flat is the solution space

to a set of n-p linearly independent linear equations in n unknowns

and, equivalently, a p-flat is the set of all vectors originating from

a fixed point y E En which are perpendicular to a fixed set of n-p

mutually orthogonal unit vectors also originating from y. For a final

equivalent formulation, a p-flat is the set of all linear combinations

of p mutually orthogonal unit vectors originating from y$ i.e., the

space spanned by these vectors. An (n-1)-flat in En is called a

hyperplane.

The (euclidean) distance between two points x, y E En is

n(x -Y )2]l/2I x-YI = [Ei=i

wherex=(x.), Y = (Y), (1=1$2,'",n).

The norm or length of x En (considered as a vector) is

rE x11/2.

2.2. Definition. The p-sphere (p-hypersphere) of radius r is

0 (r) = (X E L1* r= x 3, where
Lp+1

is a (p+1)-flat through the
p+

origin (p < n). The unit p-sphere (1) will be denoted by n

2.3. Convention. The unit (n-1)-sphere of En will be denoted by 0.

We will consider more general spheres, viz., n may first be imbedded

in
En

if p < n, and then moved about within the space. This sug-

gests the following:



2.4. Definition. The p-sphere of radius r lying in a (p+1)-flat

Lp1 and centered at y E L1 is
P+

n (y;r) (x E L101.1: lx-yi r).

Note that 0 (y;r) (x E
Lp+1:

(x-y) E n (r)).

II. Convexity.

2.5. Definition. A set K
En

is convex if for each pair of points

PA in Ky the line segment joining P and Q lies entirely within

K.

2.6. Definition. A convex body is a bounded closed, convex subset

of
En.

2.7. Convention. Unless otherwise specified, convex bodies are

assumed to have a non-empty topological interior.

2.8. Definition. For a bounded set K CEn, the set-theoretic inter-

section of all the convex bodies in
En

containing K as a subset is

called the convex closure of K, denoted by cvx(K). Further notions

from the theory of convex bodies such as support plane, support func-

tion, mixed volume, etc., will be used here without formal definition.

For details see (2), (3), or (5). We include next some basic notions

in the setting of the n-dimensional euclidean space En.

2.9. Definition. A hyperplane ((n-1)-flat) it in
En

is a support

(hyper)plane to a convex body K in En if it contains points of the

topological boundary of K and does not meet the interior of K.

6



2.10. Definition. For a convex body K in
En

with x in its

boundary, define

11(x) (A: it is a support plane to K and x E A)

For the remainder of this paper K shall denote the topological

boundary of a set K.

2.11. Definition. A p-flat L in En is tangent to the convex body

K at the point x E 3K if the following two conditions are met:

x E L.

There is a it E 11(x) such that if E e ç is the normal to A

then E is normal to L.

Note that the support planes to K are themselves tangent to K in

the above sense. In short, 2.11 says a p-flat L is tangent to K at

x if L is contained in some support plane to K and contains x.

III. Polytopes.

A convex polytope is the n-dimensional analogue of a convex poly-

gon in E2 and of a convex polyhedron in E3. We deal here only with

convex polytopes.

2.12. Definition. A polytope is the convex closure of a finite set of

points in
En.

A polytope is proper (or n-dimensional) if it has an interior

point or, equivalently, if it is not a subset of a bounding hyperplane.

The following properties of polytopes are well-known (see, for

example, (4 p. 127) or (7, pp. 2-6)):

7
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A polytope is a bounded convex subset of En enclosed by

a finite number of hyperplanes. The part of the polytope

that lies in one of the bounding hyperplanes is called a

face.

The faces of an n-dimensional polytope are themselves

(n-1)-dimensional polytopes imbedded in the bounding hyper-

planes.

To each polytope there corresponds a sequence of polytopes

of descending dimension where the p-dimensional polytopes

are the faces of the (p+1)-dimensional polytopes, (p.0,1,

..,n-1).

The polytopes of dimension p described in property three are called

the p-dimensional faces of the original polytope.

If P(j,k), (k=1,21.*$,r(j)), are the j-dimensional faces of PI

where r(j) is the number of these faces of dimension j,

n-1), and we set r(n) . 1, P(n11) = P, we have:

2.13. Definition. The j-skeleton of the polytope P is

P(j) = U(P(j,k): k r(j).1

Thus, we have P nj1 P(j) and P(k)(: P(j) whenever j > k.
=

The next definition allows us to consider the faces of a particu-

lar dimension of a polytope without including those of lower dimension.

2.14. Definition. The open j-skeleton P°(j), (j > 0), of the poly-

tope P is P(j)-P(j-1), where the minus denotes set theoretic differ-

°
ence. We adopt the convention that P(o) . P(0).



We next extend the notion of the spherical image of a smooth sur-

face as usually defined in differential geometry to include the poly-

tope case.

2.15. Definition. For the convex body K in En with the set

k c=3K we define the spherical image of k to be

W(k) = E D: for some x C k and some it E ii(X) 8 is normal

to 10.

Given w as a subset of n, the inverse spherical image of m is

K(m) = (X E ,)K: for some E E W and some it E )1 E is normal

to a).

V. Measure.

Throughout this paper the symbol m will be used in one of two

ways:

mp is the p-dimensional Lebesgue measure on any p-flat

which reduces to the usual p-volume if it exists.

m the p-dimensional Riemannian measure on the surface

of any p-sphere which reduces to the usual p-surface area

when it exists (also called "surface content").

2.16. Convention. The zero-dimensional measure of a point is one.

. Spherical Images.

9



Chapter 3. Mixed Surface Area Functions

This chapter contains the salient aspects of the theory of mixed

surface area functions as defined and developed by Fenchel and Jessen

in (6). An English language summary of this work may be found in (3,

pp. 60-72). Theorems from these sources will be used without proof.

In addition, results from (2) will be employed to bridge any gaps sep-

arating concepts of chapter two from those to be developed presently.

Let P be a convex polytope,vl, v2, the outer unit

normal vectors of its (n-1)-dimensional faces, and sl, $2,
sn

the corresponding (n-1)-volumes of these faces.

3.1. Definition. The surface area function of P is that set func-

tion on 0 whose value, S(P,w), on the borel set w c. 0 is the sum

of those s. for which v. E wy i.e.,
1 1

S(P,w) = Es.,

If K is an arbitrary convex body with support function H(v)

then (2, p. )41) the mixed volume is

, 1 nV(K,P,,P) = E1. H(v)s.

This formula has a representation as the Stieltjes integral

V(K,P,,P) = (1/n)f H(v) S(P; an)
0

where the integral is taken over 0 with respect to the set function

S(P;-).

10
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The formula is true not only for polyhedra, but for an arbitrary

convex body. To show this, one 'would use a limit argument applied to

a sequence of polyhedra which approaches the given arbitrary convex

body in the Blaschke topology (see (2, pp. 34-35)), keeping in mind

the continuity of the mixed volumes with respect to this topology (see

(20 p* 40)). This motivates the following:

3.2. Theorem. To each convex body K there corresponds exactly one

set function S(K;$) with the property that for each convex body K/

with support function H(v)

,K) = -1.141 f H(v) s(KOLu),

and this set function depends continuously on K in the sense of set

functions* Moreover, the total surface area of K is S(K;0). S(K;*)

is called the surface area function of K.

The meaning of "continuity in the sense of set functions" is given

in (6, p. 8) and (3, pp. 61-62). It is defined by a type of weak con-

vergence. The proof of 3.2 is given in (6 pp. 11-12) and (3, pp. 62-

63).

3.3. Theorem. Two convex bodies (with interior points) have the same,

surface area function if and only if they are translates of one another.

The proof is in (6, pp. 15-16), (31 p. 63).

The idea of a mixed surface area function is similar to that of

S(K;-) in the sense that it possesses the same type of non-construc-

tive definition within a theorem as follows:
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3.4. Theorem. To a set of (n-1) convex bodies Kl, K2, - Kn..1

there corresponds exactly one set function S(Ki,--- ,Kn_1;.) called

the mixed surface area function of Kl, Kn_1, with the prop-

erty that for each convex body K with support function H(v)

V(K,K
n-1) f H(v) S(K15- -,Kn_1; c103),

and this set function depends continuously on Kl, K2,
Kn-1

in

the sense of convergence of set functions. Also, S(K, ,K;(0 =

S(K;w). See (6, pp. 21-22) or (3, p. 69) for the proof.

3.5. Definition. Let B C En denote the unit ball (0 and its in-

terior) and p denote an integer with 0 < p < n-1. Fenchel-Jessen

(6, pp. 25-26) defines the p area function of K:

S (K;-) =

n-p-1

Note that in particular, Sn_1(K;w) = S(K;w) and So(K;w)
=
m1(u)

(cf. chapter 2, V. 2 above), where a)c:O is a borel set.

We have a representation for S in the smooth case, i.e., where

the principal radii of curvature exist continuously on the surface of a

convex body. Using the above definition, Fenchel-Jessen gives a proof

of:

3.6. Theorem. Let
(R1

,R ) be the pth elementary symmetric func-

tion of the principal radii of curvature on the smooth surface )K of

the convex body K. Then
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Sp(K;(1)) = f (111 .,Rp)dv.

( p )

The proof follows from the uniqueness of S (3.4) and the representa-

tions of mixed volumes in (2, p. 59 and p. 63). For two sets A,BCEn

and real numbers a,b > 0 we can define a.A (ax: x E A), and

a.A + b.B (ax+by: x e A and y e B). This definition can be extend-

ed recursively to any finite number of sets and non-negative real num-

bers, and is simply vector addition and scalar multiplication for sets.

3.7. Theorem. Let K1,

arbitrary convex bodies and
r1' r2,

r be non-negative numbers.

If K = r1K1 + + r Kg then

ra(

a E I(p,q)

S(K,...,KIK11.

)."ra(p) S(Ka(1)

(0 < p < n-1) be
Kn-p-1

103)

where I(plq) is the set of sequences of length p from the integers

1,2 lq and if a E I(plq) then a(i) is the value of the sequence

a at the integer

The proof is in (6, p. 23).

3.8. Corollary. Let K be an arbitrary convex body, t a non-nega-

tive real number and BCEn the unit ball. Then,

Sp(K+tB03) = EitP0 ()tkSp_k(K;(13).

Proof: In 3.7 set K B and for 0 < q < p/_ _



r.

1 if j 1

t if j = q

0 if 1 < j < q
fic if' 1 < j <_ _
B if j = q

Thus'
r1K1 + + rqK = K + tB. The product raw ra(2) ra(p)

= 0 whenever the sequence a has numbers other than q or 1 in its

range, whence ram ra(2) (p) = tk where k is the number of

a(i)'s equal to q. This occurs in exactly (F) different ways. Now,

from 3.4 and the fact that mixed volumes are symmetric we conclude that

mixed areas are also symmetric, whence

S(Ka(1) Sp_k(K;c0).

Since 0 < k < p yields all possible terms the result is established.

3.9. Corollary. Let K be an arbitrary convex body, B the unit

ball in
En

and t a non-negative real number, then

lim (1/t)[S (K+tB;(13)-S (K;w)] = PS-1(K(0.
tH)Ot P

The proof follows from the fact that

(1/t)[S (K+tB;w)-S (K;(13)] Ek1 (P P)tk-iS (K(1)..qt) '

3.10. Definition. Let K be an arbitrary convex body, w a borel

set on ç, and t an arbitrary positive number. For v E W there

exists a unique support plane g(v) to K with v as its outer norm-

al. Let a g(v) naK. For each such pair v, a, the line segment

L(v,a) = (X E En: x=a+rv, 0 < r < t)



is called the bristle at a in the direction v of length t. The

brush set of K belonging to w and t is the union of all the

corresponding bristles and is denoted by Bt(K;im), i.e.,

Bt(K;W) = LfL(v,a): a E It(V)nic) V E COY*

Finally, we denote the n-dimensional measure of Bt(K03) by Vt(Kpp).

Note that
Bt(K;0)

is the set-theoretic difference of the paral-

lel-bodies K + tB and K (where B is the unit ball). Also,

Vt(Kpn) is a set function on ç satisfying

vt
(k.n) v(Ki-tB) - v(K),

where V(K+tB), V(K) are respectively the n-volumes of K + tB and

K.

3.11. Theorem. For each borel set w on 0 and each arbitrary con-

vex body K,

S(K,w) = lim (1/t)Vt(K;(0).

The proof of this Minkowski relationship between surface area and

volume as generalized to set functions on ç2 is in (6, pp. 29-30).

From the definition of brush set,

Vtt(K;w) = t(K;w) + Vzt(K+tB;.),

where At > 0 is arbitrary. Thus, from 3.11,

lim (1/AWVt+At (K;(13) -
Vt(K;

)] = S(K+tB;w).
At-0+

15



Taking p = n-1 in 3.8, we obtain

. n-1 ,n-1. k
S(K+t13;coj = E k )t Sn-l-k(K0J),k=0 k

whence

lim (1/Lt)CVti-Lt(K;co) - V (K0))] . En-1 In-ltkS
t k=0 k n-l-k(K;(13)

6t.40+

Simultaneously integrating both sides of this last equation with the

initial condition V0(K;(13) = 0 one gets the following:

3.12. Theorem. In the above notation,

t(K;w) = E n
n k=1 (n)tkSk (K0)).k n-

This theorem also occurs in (6, p. 31) and is a generalization of the

well-known Steiner formula for the volume of a parallel-body*

In the next chapter we shall see the strength of 3.12 as a repre-

sentation of Vt(K;c) as a polynomial in t with unique coefficients:

the mixed surface area functions. This allows a new representation of

these mixed surface area functions in more geometrical terms*



Chapter 4. Representations of Mixed Surface

Area Functions in Terms of Angles and Volumes.

This chapter contains the development of theorems relating the

concepts of brush set and mixed surface area functions to the concepts

of n-dimensional angles and volumes. We begin with a brief description

of the various angles in En that concern us and the way they are

measured. The procedure is by analpgy, beginning in E2 and then in-

creasing the dimension. A full treatment of this topic may be found

in (101 pp. 152 f.).

In the plane:

There is just one species of angle the plane angle. The radian

is the unit of measure and the complete angle at a point is 2. The

radian measure of an angle is obtained as the arclength cut from the

unit circle centered at the vertex of the angle by the legs of the

angle.

In dimension three:

In addition to the plane angle as above, we have two species of

solid angle;

The dihedral angle (angle at an edge).

The polyhedral angle (angle at a vertex).

The first is determined by two planes, the second by at least three.

The unit of solid angle is chosen so that the measure of the angle is

equal to the area cut out on the surface of the unit sphere centered

on the edge or vertex of the configuration being considered. Note that

we are considering only species of polygonal angles, i.e., derived from

17
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intersecting planes. These suffice for our present purposes.

In dimension n.

There are n-I species of angles we consider:

Angles bounded by more than n-1 hyperplanes. These angles

originate at a point.

Angles bounded by n-1 hyperplanes. These angles originate

at a line.

*

Angles bounded by 2 hyperplanes. These angles originate

at an (n-2)-flat.

The radian measure of these angles is the (n-1)-surface content (Ch.

2, V, 2 above) cut out on the unit hypersphere centered at the origin

of the angle. This is equal to the ratio of the surface content cut

from an arbitrary hypersphere with the same center to the (n-1) power

of its radius, or, equivalently, the n-volume of the hypersector cut

from the arbitrary hypersphere divided by the nth power of its radius

and multiplied by n (See (10, p. 153) for a discussion of this).

This last characterization is useful for the following theorem:

4.1. Theorem. Let F be a p-face in the open p-skeleton of the poly-

tope K in En (i.e., a p-face of K with its lower-dimensional

faces removed)) where 0 < p < n. Let t be an arbitrary positive

number. If w(F) denotes the spherical image of F (see 2.15 above),

then

in (F) mn-p-1(03( ))
(K'w(F)) = P tn-P

t n-p
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Proof: We evaluate
Vt(K;w(F))

by integrating the area of the ortho-

gonal sections of F as follows: for each x E F define Fl(x) to

be the orthogonal space to F through x i.e., the set of all combin-

ations of vectors originating at x orthogonal to F. Since the

dimension of F is p, the dimension of F (x) is n-p. The ortho-

gonal section G(x) at x is the intersection of the brush set of

K belonging to w(F) and t with Fi(x), i.e.,

Gt(x)=Bt(K;a(F))nFi(x).

If S2 (x;t) is the (n-p)-sphere of radius t lying in F/(x) and
n-p

centered at x, then o(x) is the (n-p)-hypersector cut from this

sphere by the outer boundary of the brush set. The radius of this

(n-p)-sector is t, and its (n-p)-angle is m1(w(F)), the (n-p-1)-

surface content of (0). This follows because each v e w(F) deter-

mines a bristle of
Bt(k;w(F))

lying in the hypersector, and each line

segment from x of length t lying in this hypersector is a bristle

in
Bt(Kp)(F))

and hence has a direction u E w(F). From the previous

discussion, the (n-p)-content of a hypersector of radius t and (n-p)-

angle0 is et'/(n-p), whence

mn-p(Gt(x)) = mn-p-1
(w(F)) tn-P/(n-p).

Thus,

V (K;w(F)) = mn-p(G(x))dm (x)

= m (w(F)) m (F) tn-P/(n-p)
n-p-1 p



where the integration was performed easily since the integrand is in-

dependent of x. This completes the proof of 4.1.

If w is a borel subset of col(F), then we shall consider the

angle of the sasector of Gt(x) formed by those bristles of Gt(x)

having directions in co to be
inn-p-1(w).

With this extension the

proof of 4.1 is valid also for the following:

4 Corollary. Under the hypotheses of 4.1, if w is a borel subset

of w(F) then

V (Kco) = m(F) m1(u) tn-P/(n-p).
t

4.3. Corollary. If K is a polytope in co a borel subset of

Q1 and if for 0 < p < n-1, F(13,1), F(p12), ***, F(p,q(p)) are all the

p-faces in the open p-skeleton of K) where there are q(p) such

p-faces, then

20

Vt
(Ica)) En-1 E.m (F(PA)) mh-p-1(w(Y(P/i)) (u)) tn-PAn-P).p=0 -p

Proof: This result is a consequence of three facts:

Corollary 4.2.

Vt
and

mp
(as a spherical and as a flat measure) are com-

pletely additive.

The brush sets of distinct open faces of K are disjoint.

Number 1 has been dealt with already) number 2 is well-known for m

from measure theory, and hence is true for its particularization, Vt.

Number 3 is true by definition, and it is the reason no cross terms

(with respect to the index j) occur in the formula.
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Corollary 4.3 yields a representation of Vt(K;w) as a polynomial

in t, thus allowing a comparison of coefficients with 34.12. First we

restate 3.121

4.4. Theorem (restatement of 3.12). If K is a convex body in En

and cp a borel subset of n1 then

V (Kcu)= 1 En (- S1n') (Km) tn-P
t n p=0 \ip p *

Proof t Replace the k of 3.12 by n-p and use
in

4.5. Theorem. If K is a polytope in En and co is a borel subset

of 0, and if for 0 < p < n-p, F(p,1), F(p,2), F(p,q(p)) are

all the p-faces of K in the open p-skeleton, then

()s (K) = E.m (F(10)i)) mn_p_1(0)(F(PA»()(1)).
P P P

Proof: Equate the coefficients of tn-P in the two representations

of Vt(Kuo) in 4.3 and 4.4.



Chapter 5. Integro-Geometric Densities and Measures.

The objective of this chapter is to establish the integro-geo-

metric theory pertinent to the rest of this paper. We need examine

only a small part of the theory of integral geometry here. We begin

with a brief outline of the theory as presented in (9).

Using the orthogonal cartesian coordinates (x,y) of a point

P Ethe group M of rigid motions of
E2

can be represented byE2'

the equations

x = a x1 cos a
yI sin a

y = b xi sin a
Y1

cos a*

We wish to define a measure for sets X of points which is invariant

under the transformations of M* If we limit ourselves to measures

which can be expressed by multiple integrals of the form

/1100 f f(x1y)dxdy1
X

then one can show (91 p* 6) that f is a constant function*

This leads us to the following:

5.1. Definition* The measure of a set X of points P e E2 is

defined by

m(X) f dxdy/
X

and up to a constant factor this is the only measure of its form invar-

iant under the group M of rigid motions of Ea.

22
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The differential form dxdy is called the density for sets of

points and is frequently denoted by dP. Densities are always taken

in absolute value to insure positive measures.

There is no reason to restrict our endeavor to sets of points;

there are other kinds of geometric figures for sets of which we may

also define unique measures and densities invariant under M. Indeed)

this is the essence of general integral geometry: to define measures

and densities for sets of "geometrical elements" in such a way that

they are invariant under a certain type of group (see (9), part

especially section 18). Our present interest does not extend that far,

however, and we proceed to discuss only those concepts necessary for

this paper.

We seek next to define density and measure invariant under M

for sets X of straight lines G. The crucial move here is choice of

coordinates for G, the normal coordinates p$ T1 i.e., the distance

p of G from the origin and the angle T that G makes with the

positive x-axis, so that the equation of G is

x cos T + y sin T -

5.2* Definition* The measure m(X) of a set X of straight lines

G(p,T) is defined by

m(X) f dpdcp
X

and up to a constant factor, this measure is the only one which is in-

variant under the group M of motions in the plane* We call the

differential form dpdcp the density for straight lines and denote it



by dG (9, p. 10)*

Let K be a convex body in
E2

with rectifiable boundary 6K,

then we have:

5.3. Theorem, If X = (G: G is a line intersecting K), then m(X) =

mI(3K), i.e., the measure of the set of straight lines which intersect

a convex body is equal to the length of its perimeter.

The generalization of 5.3 to higher dimensions is important here

and we state it without proof*

5.4. Theorem* Let K be an arbitrary convex body in E and

Qi = mi(i/i), i.e., qi is the surface content of the i-sphere

21( /m4,20)i+2)/24
so that If X is the set of p-flats whichi -
intersect K, then

m(X) = cn S n-p(K;g2),p

where

q 2''n-n-p-1en-for n p 0*
p 2(n-pA, ...Q

p-1 1

For the proof, see (8, pp. 31-32).

It is worthwhile to examine 5.4 in the cases of two and three

dimensions:

n = 2, p = 1: m(X) = s1(x) = length of K.

n = 3, p = 1: m(X) =(10)S2(K) (S2(K) is the surface area

of K).

3, p = 2: m(X) =1(K;a) (the total mean curvature for a

smooth surface).

24-



d) n 3* p 0: 5 4 does not cover this case* but since a

zero-flat is a points this is simply the measure of points

intersecting K* i.e.* the volume V(K) of K.



Chapter 6. Total Measures of Tangents to Convex Bodies*

In this chapter we obtain a result similar to 5.4 which will yield

a measure of p-flats which* rather than intersect a given convex body,

are instead tangent to it.

If X is the set of p-flats intersecting the convex body K in

E I then the set Y of p-flats tangent to K satisfies Y C: X.

One can show directly (see the derivation of 5.4: (81 pp. 31-32)) that

Y is a set of measure zero as far as the measure of 5.4 is concerned.

However, we can utilize the measure function introduced in 5.4 to lead

us to the appropriate definition for the invariant measure of tangent

p-flats.

We begin the discussion in the plane. Let K be a convex body

inE2t and K(t) denote the parallel-body K + tB1 t> O. Taking

p = 1 in 3.8 one obtains

Si(K+tBin) 81(K;n) + t80(Kw).

But 81(K+tB;a) is the length L(K(T)) of the boundary of K(t), and

Si(K;a) is the length L(K) of the boundary of K$ and S (W)

m1(c1) = 2%. Thile

L(K(t)) = L(K) + 2itt.

Define

T(t) = (GI G is a line intersecting K(t) and having no points

in common with the interior of K)*



where t > 0 and K(0) = K Then by 5.4 and the formula for L(K(t))

we have

t > 0
Let T

T(t);
= this is clearly the set of lines tangent to

K, and

m(T(t)) = L(K(t)) L(K) = 2gt.

m(T) = lim m(T(t)) = 0
t-40+

an expected result. This is like calculating the area of the perimeter

of a square - the dimension of the measure does not match the dimension

of the set to be measured. The reduction in dimension is accomplished

by dividing m(T(t)) by the factor t before proceeding to the limit.

Thus,

m(T) = lim m(T(t))/t = 2g.
t-40+

This leads us to

6.1. Definition. The measure m(T) of the set T of all lines tan-

gent to the convex:body K in E2 is m(T) = ag.

Note that 2g is also the total turning of the tangents and also

the one-volume (perimeter) of the surface of the one-circle.

The three-dimensional case has an essential difference from the

preceding one in that in E2 tangent lines correspond analogously to

tangentplanesinbut lines tangent to a convex body in E haveE3,
3

no analogue in the plane. The treatment for E3 is, however, similar

to that for
En$

n> 1, so we proceed now to the general case and
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specify later the results for n = 3

Let K be a convex body in En and B the unit ball of En*

If X(t) is the set of p-flats which intersect K tB) then by 5 4,

m(X(t)) = en S (K tB;a) (n > p> 0))
P n-P

and if X = X(0) is the set of p-flats which intersect K) then

m(X) = en S (K;n)*
P n-P

Define

T(t) = (Gs G is a p-flat intersecting K tB and having no point

in common with the interior of K).

Then by 5.4

m(T(t)) = m(X(t)) m(X)

Cn (Ki-tB;a) S (K;a)].

LetT=n
> 0

T(t); this is the set of p-flats tangent to K)
t

whence using 3*9)

m(T) lim m(T(t))/t
t*-0+

= en lira (1/t)rS (KftB;i2) - S (K;)]
p n-p n-p

t.-40

(n_p)en s (K4010B;a).
p n-(p+1)

This leads us to the next definition:



6*2* Definition. The measure m (T) of the set T of all p-flats

tangent to the convex body K in En is

(T) = (n-p)Cn S(1) (Kin) (n > p> 0),
p n-

where Cn is the constant given in 5.

6.3. Theorem. If
)(ID+1

is the set of (p+1)-flats which intersect

the convex body K in E and T is the set of p-flats tangent to

then

Proof: From 5.4t

and from 6.2,

m (TP P

n n
n-p)(C /C ) m(X

p+1 p+1

m )(la+1.(K a)
p+C1 sn-A )

,
(n-P)C; Sn-(p+1)(C;51)

29

An application of 6.3 to
E3

yields (for example): the measure

of lines tangent to a convex body in E3 is proportional to the meas-

ure of planes intersecting the body, and the constant of proportion-

ality is independent of the choice of the convex body*

m

6,4. Convention* The set of zero-flats (points) which intersect a

convex body K is the volume Ar(K).

According to 3.11 the procedure we used to obtain 6.2 when used

in conjunction with 6.4 will yield



m
4)(T(0))

um v (K;a)/t s(K;p)
- t

Thus, we can extend formula 6.2 to the case for

6.5* Definition* The measure m(T) of the set T of all p-flats

tangent to the convex body K in En is

(n-p)Cr11) 8n..(p4.1)(Kin) if n> p > 0$

(Ign) if P =

where Cn is the constant given in 5.4. (Alternatively one could de-

fine C = 1/n).
0

We examine 6*5 now for the special eases of E E3.3

) n = 2, p = 0:1210(T) = 81(K) = perimeter of Ky i.e., the

measure of points tangent to a convex curve is the length of

curve.

n = 2, p = 1: m1(T) = 14,C. 80(K) = 2A = the total turning of

the tangent = the perimeter of the one-sphere = Qi

c) n 3, p = 0/ mo(T) = 82(K) = the surface area of K. Thus,

the measure of points tangent to K is its surface area.

3 f
)
\n = 3$ p = 1:

m1
C.(T) = 2. 810 =

AS1
(K). The measure of

lines tangent to K is A times its total mean curvature.

e) n = 3, p = 2: m (T) = So(K;ft) = 41c. The measure of planes

tangent to K is Qv the area of the two-sphere.

Note the similarity between b and e. These two measures do not

depend upon the body K, but reflect the fact that K has a unique

support hyperplane in each direction (cf. (2, p. 23)).
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Chapter 7. Partial Measures of Tangents to Convex Bodies.

We focus our attention now on convex polytopes and begin with a

comparison of 6.2 and 4.5.

7.1. Theorem. If P is a convex polytope in En, and if for

0 <r < n-1, F(r,1), F(r,2), F(r,$) denote all the r-faces of_ _

P in the open r-skeleton P0(r) (cf. 4.1), where s s(r) is the

number of such r-faces, and if T is the set of all p-flats tangent

to P (n > p > 0), then

m (T) = (n-p)Ca(11-P1)-1 E.m (F(n-p-1,j))m (u)(F(n-p-1,j)),

where C
n

is the constant of 5.4.

Proof: From 6.2,

m (T) = (n-p) Ca S
p n-p-

and from 4.5,

then

P;f0,

( n-1 )s
jmn-p-1

(F(n-p-1,j)) m (cD(F(n-p-1,j)).

Using (na;11) = (a-101), the result follows.

7.2. Corollary. Let u = m1 x
mp

be the product measure on

0,
P (n-p-1) X cu(Po(n-p-1)), and let

R(n-p-1,j) = F(n-p-1,j) X w(F(n-p-1,j)),

31
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n p)ep ) ( .11(n-p-14))._13\ /
0

Proof: From the fact that P (n-p-1) is a disjoint union of the faces

F(n-p-1,j) it follows that .R(n-p-11j) is a disjoint union/

whence,

4(
LjR(n-p-1,j)) E.11(11(n-p-1,j))

= L. mn-p-1 (F(n-p-1,j)) m (0.0(n-p-11j))).
j

The corollary 7.2 indicates that in can be thought of as a

product measure of "dimension" (n-p-1) + p n-1 for the case of a

polYtope. The following definitions are consistent with our previous

results.

7.3. Definition. For a convex polytope P in En and the subset k

of the boundary P of P, define

11= Li iroz F(n-P-1.9i)) x (1(k nF(n-p-i,j))],

where F(n-p-1,j), (1 < j < r(n-p-1)), are all the (n-p-1)-faces in

0,
P kn-p-1), and if T(k) is the set of p-flats tangent to P at

points of k, we define

m (T(k)) (n_ p)en(n-1)-1 u(k)
P P

)upk ) (mn_p__ X m) (k).1 I)

It follows from 7.2 that 7.3 yields the result of 7.1 for the case

k 6P, i.e., mp(T(P)) mp(T).
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7.4. Definition. For the polytope P in En with the (n-p-1)-faces

F(n-p-1,j), (1 < j < r(n-p-1)), and the borel subset cu of 0, define

.r(p(w)nF(n-p-i,j)) x (co rIco(F(n-p-1,j)))]
0

and T(w) = Lp is a p-flat tangent to P and lying in a hyper-

plane It also tangent to P having the normal

E E W).

Then define

m (T(D)) = (n-P)Cn(n-1)-1 (m1 X m
P P n-p- p

7.5. Theorem. mp(T(0) = mp(T(3P)) = 1;(T).

Proof: From 7.4 and the fact that P(ci) = 3P,

m (T(0)) =

(n__Ntn-1\-lentmn-p-1
m)( [F(n-p-15j) X m0(n-p-1,j))]p / p

= (n1-,,)"(11-1)-1Cn
j n-p-1
m (F(n-p-1,j)) m (a0(n-p-14))).p / p

Thus, by 7.1 mp(T(0) = mp(T). The other equality follows similarly

and was already noted in the remark following 7.3.

Thus, 7.5 establishes the consistency of 7.3 and 7.4 with 7.1 and

hence with the definition 6.2.

7.6. Lemma. Let F(n-p-1,j) be a face in P0(n,p-1), co a borel

subset of 0, then p(w) np( -P-1,i) = or F(n-p-1,j).

Proof: The essential part of the proof is that if one point of an

open face is in PO:13) then so is every point of the open face: let

CO =
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x, y E F(n-p-1,j) and x E p(03). By 2.15 there is a E E CI) and

A E H(C) (see 2.10) such that E is normal to A, whence E is in

the space orthogonal to F at x. But F is open, so the orthogonal

space at y E F is a translate of the orthogonal space at x. There-

fore E is in the space orthogonal to F at y and p(:0).

Since y was arbitrary, F(n-p-1,j) is a subset of PM, and hence

F(n-p-1,j) = n F(n-p-1,j)

7.7. Lemma. ponm F(n-p-1,j) 0 if and only if

a) r1a(F(n-p-1,j ))

Proof: m nw(F(n-p-11j))) if and only if there is a E EW such

that E E co(F(n-p-1,j)), i.e., if and only if there is a E EW and

an x e F(n-p-1,j) such that there is a it E II(x) and E is normal

to v. Stated slightly differently, there is an x E F(n-p-1,j) and

a E E co such that for some it e E is normal to v. The last

statement is true if and only if we have P(a)) nF(n-p-1,j) / 0.

7.8. Theorem. m (T( )) (n-p)Cn S (P;w).

Proof: PromFrom 7.4,

mp(T( )) =

= (n-p)Cn(n-1)-1 E. m (P(m)r) F(n-p-1,j)) m a)na)(F(n-p-1,j))),
P P j n-p-1

which by 7.6 and 7.7 is equal to

)u mp(,p ) Li 1(F(n-P-1,j)) m mr)(10(n-P-1,i))),

which by 4.5 is equal to



(n-p)Cn S (P-m)
p n-p-1 '

where we have also used the fact that (n-1 )
n-1

= ( ).
n-p-1

This last theorem generalizes 6.5 for the case of a polytope.

We may extend it even further.

7.9. Definition. If K is an arbitrary convex body in En and m

a borel subset of 0, and if

T(w) =P L is a p-flat tangent to K and lying in a hyper-
P

plane % also tangent to K having the normal

LW),

then define m (T(m)) = (n-p)Cn Sn-p-1 (K;w).p

The definition 7.9 is clearly consistent with the earlier defini-

tion 6.2, for they coincide when w = 0. The following theorem, on

the other hand, shows that 7.9 is the logical extension of 7.8 in the

sense of limits.

7.10. Theorem. If K is an arbitrary convex body in En and

Kl, K2, ..* is a sequence of polyhedra which converges to K (see

the discussion before and after 3.2 concerning these convergences),

and if T(m) is the set of p-flats tangent to K determined by the

borel subset a) of n (as in 7.9), and T.(m) the set of p-flats

tangenttoK.determinedbyw,thenasK.-4K,
0

(03)) mp(T(m))

for every continuity set w of
Sn-p-1(K;.)

(cf. (6, p. 8) or

(3, pp. 61-68)).

m (
10



Proof: This is an immediate consequence of the continuity of the

mixed area functions as asserted in 3.2 and the representations of

m as mixed area functions in 7.8 and 7.9.
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pr(k) = 4.(3-2)4 ()-1 Ej mo(

/
mo(k (0,j))

Chapter 8. Applications.

There are two parts to this chapter; the first is an application

of the partial measures of chapter seven to the field of geometric

probabilities, the second is an integro-geometric proof of Kubota's

formula using the total measures of chapter six.

I. Geometric Probabilities.

Let K be a convex body in E3 and k a subset of the boundary

aK of K. We also suppose that
E3

is three-dimensional space, and

that gravity is operational. Then if one thinks of dropping K onto

a horizontal plane It in a random fashion, the probability that the

portion of 6K which will make contact with It lies in k is

pr(k) m2(T(k))/m2(T(OK)) (1/4o)m2(T(k)).

This is simply the ratio of the measure of planes tangent to K at

points of k to the measure of all planes tangent to K.

The case where K is a polyhedron is most interesting, and a

cube sufficiently illustrates it: from 7.3 we obtain

rAF(o,i))m2(0)(k)1\co(F(o.,i)))

( (k)fl ao(0,i )).

37

This last formula tells us that pr(k) / 0 if and only if for some j,

mock n 0. Hence, we have the following:

8.1. Theorem. The probability that a cube will land on a portion



k of its boundary when dropped randomly onto a plane is non-zero if

and only if k contains at least one vertex.

There follows an easy corollary:

8.2. Corollary. The probability is one that the cube will land on a

vertex and zero that it will land on an entire face or edge.

A similar investigation can be carried out to determine the prob-

abilities of a cube, dropped on a knife edge (or on a pinpoint), land-

ing on a vertex, edge, or face of the cube.

II. Kubota's Formula An Integro-Geometric Proof.

Let K be a convex body in En' 4 E Q, and g(4) a hyperplane

through the origin with normal 4. We denote the projection of K

onto g(4) by K K is a convex body in the (n-1)-dimensional

*, ,

space v(4) and we let kK* ;*0 ) denote the p-th surface area

function of lc* as a subset of rc(4), (Q* is the unit sphere in

7c(), and hence is the projection of n).

8.3. Lemma. The measure i(T*13(e)) of the set 1(e) of all

flats lying in it(4) tangent to e is

M!(T*(K*)) (n-p)CaiS
*n-p-1

(K*;Si*).
P

Proof: Apply 6.2.

Consider a p-flat L in
En

tangent to K. It is spanned by

p ortho-normal vectors vl, v, originating from some point

x E L. Also, L contains a unit (p-1)-hyperspherep-1(x;1) cen-

tered at x. If v E n1(x;1), then v-x = 4 e 0, and the projection
p-
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(L ) of L onto g(u) is a (p-l)-flat in the (n-1)-dimensional

space t(p.), i.e., if (L is the projection of L onto t(1L)
, P

then

(Lp =L

Moreover L
1

is tangent to K*. Since this is true for any
p-

v Ep-1(x;1), it is true for

mp-1(0p-1(x;1)) =
Qp-1

different directions. Hence we have

8.4. Lemma. There are Q. directions for which the projection of
p-1

L is a (p-1)-flat tangent to the projection of K. Equivalently,

to each Lp tangent to K corresponds a total of Q-1 (p-1)41atsp

Lp-1 in the projection spaces.

This leads to the next theorem.

8.5. Theorem. m (T (K)) = ( p-1) f m * Cr* (e))dn,
P

where dm is the element of area on f/.

Proof: The left hand side is the measure of all p-flats tangent to

K. The integral on the right is the total measure of (p-1)-flats in

the projection spaces which are tangent to the corresponding projec-

tion of K. Thus, by 8.4 the integral counts each p-flat tangent to

K exactly Qp-1 imes.

8.6. Corollary.

Proof: This is

n1
Cp Sn-p-1(K;f/) = (C /QL 1) f sn-p-1(ee)da).

39

simply a translation of 8.5 in terms of Area functions



using the equations of 6.2 and 8.3.

8.7. Definition. Let g n, and o(g) be a hyperplane through the

origin normal to g. Then g(I-L is an (n-1)-dimensional euclidean

space and we define

(A),

*, *

n-1)

* ,V kK" K = the (n-1)-dimensional mixed volume of the
1

bodies K
Kn-1

lying in

* *, *, * * * *,
(B) Wp-1(K ) = V kK ,B ),

n-p p-1

14).

40

where B is the unit ball of it(0-
(c) Let g E Q, then 5.7 is to be the segment joining the origin

with g.

(D) Define W (c,) = where B is thep-1
n-p p-1

unit ball of
En.

8.8. Lemma. If K* is the projection of K in the direction g E $1,

then

W *1(e) nW
p- p-1

Proof: From (2, p. 45) we have

V kK ...,K ) nV(K ...Klg).

Let K1' Kn1 be convex bodies in
,

K K their
- 1 n-1

respective projections and ri,

n-1
If we replace K by Ei.1 riKi in the above formula, we get

rn-1
non-negative real numbers.



* *

Er k...r NV* *i(1) i(n-1)
(Ki(1),...,Ki(n_1)) =

= V ((Zr.K.)*,... (EriKi)*)

nV((Eriq,...,(ZriKi),5)

=

By the uniqueness of the mixed volumes (2, p. 38f.) we have

5).V (Ki(1),...)Ki(n_1))= nV(Ki(1),...K, Thus,

*, * * * *,
CK ,B ) =

n-p p-1 n-p p-1

8.9. Definition. (A) Wp(K) = Wp

n-p

,

CK,41;f 2)=
n-p

n-p p-2

8.10. Lemma. (A) W(K) = (1/n)Sn_p(K;s1).

(B) W
1.

= (1/n)Si
1. n-p

Proof: By definition,

W

n-p

= V(B,K,..-,K,B,...,B) (mixed volumes are symmetric),

n-p n-1

(B)

14.1



Proof: By 8.10,

by 8.8,

and by 8.10 again,

But

. (1/n) f (see (6, p. 210),
n-p p-1

= (1/n) f Sn-p(K0m) (1/n)S (K;f2),ripa

where H(4) s 1 is the support function of the unit ball B. This

proves (11); the proof of (B) is identical.

8.11. Theorem. (n-1)S/ (K,17;0) = S * (e;0*).n-p n-p

S -p(Kl'a;n) =
1(KA'T) andn p-

ritAV1(K,T) = W *1 (e),p- p-

1 *
k**0*

* (e)
Wp-1 - n-1

If we combine 8.6 with 8.11 we get

.E.D.

n-1
i . (n-1)

S (KQ) - P-j- f S/ (K,i7.;f1)dn.n-p-1 ' n n-p-1
C . Qp-1 Q

P

I2
n-1 ,n-1) (n-1)

C . k Q ... Q1p-1 p-2 n-1 1

Cn Q -1 %-2-2 Qn-p-1 Qn-2 Yn-1
p p Qp-1Qp-1 1
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where V is the volume of the unit (n-1)-ball. Thus, using 8.10n-1
once again, we get

8.12. Theorem 0Kubota).

W (K) f Wi(K,"IT)dcu.p+1 Vn-1 p

For a standard proof of 8.12 see (2, p. 49).
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