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THE GENERATING FUNCTION FOR THREE-LINE PARTITIONS

Chapter I

Introduction

In this thesis, we shall discuss some topics in parti-

tions of a positive integer n.

Let A be any set of positive integers, a11a2,... .

By a partition of the positive integer n, we shall mean

any representation n = a + a ++ a , with
Si s2 sk

a ,a , ..., as in A. a , a , ..., a are called51 s2
k

sl s2 sk

the parts of the partition.

For example, if A is the set of all positive inte-

gers, the partitions of 5 are 5, 4+1, 3+2, 3+1+1, 2+2+1,

2+1+1+1, and 1+1+1+1+1. By convention, we shall order

the parts in non-increasing order of size and omit the ad-

dition symbols. Thus we would have 5, 41, 32, 311, 221,

2111 and 11111 as the partitions of 5. We shall denote

by p(n) the number of all possible (unrestricted) parti-

tions of n. Therefore in the above example, p(5) = 7.

We can, if desired place restrictions on the parti-

tions of n. For example, we can place restrictions on A.

We might let A be the set of all odd integers, or the set

of integers less than m, etc. Other examples of restric-

tions on the partitions of n are to limit the number of

parts in the partition or to require that the parts be dis-

tinct.
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Let us now discuss further the problem of unrestricted

partitions. Let f be a function defined over the non-
.

negative integers. The function F(x) = f(n)xn, with
n=0

f(0) = 1 by definition, is called the generating function

for f. Defining p(0) = 1, Euler showed that the gener-_
00

ating function for p(n) is F(x) = 17 (1 - so
m=1

that

00 00

(1) 1: p(n)x' = (1 - xm -1
n=0 m=1

F(x) is convergent for
lx1 < 1.

To indicate the proof of (1), we note that

71 m-1(1-x) (1 1__)( '

m=1 1-x 1-x
2)( )

1-x

)(14.x21.x2+2
= (1+x+x1+1+... ..) (1+x3+x3+3+...)--

After performing the indicated multiplication and combining

terms, we see that every partition of n contributes

exactly 1 to the coefficient of xn. Hence the coeffi-

cient of xn is p(n).

As an example, we.shall find p(5) by finding the

coefficient of x5. From the expansion of the infinite

product, the combinations that yield an x5 are x5,

2 1+1+1x4
3 2 3 1+1 2+2x.5c,-x, x x .x and x1+1+1+1+1



5 4+1 3+2 3+1+1 2+2+1
2+1+1+1These becomex,x ,x , x ,x ,x and

1+1+1+1+1x and the exponents are exactly the partitions

5. There are 7 ways to get x5 so p(5) = 7.

The next concept we shall discuss is that of a parti-

tion of n into more than one line. A k-line partition of

a positive integer n is a representation of n in the

form

n = E E a. . , where thea j
are non-

i,1=1 j=1 1'3

negative integers such that ai,i I ai,j4.1 and

a.> a. . By convention, we write the partition in aI,j I+1,j

rectangular array with i indicating the row, j indicat-

ing the column and omitting zero summands and addition sym-

bols 11].

If we desire, we can restrict the k-line partitions in

a variety of ways. In this thesis, however, the only re-

striction with which we shall be concerned is the number of

rows in the partition. We shall be interested in three-

line partitions.

As an example, let us find all of the three-line par-

titions of 5. We already know that the one-line partitions

of 5 are 5, 41, 32, 311, 221, 2111, and 11111. These

are also two-line partitions which have zeros in the second

row. Thus, the two-line partitions of 5 are the above



together with 4, 3, 31, 22, 21, 211, 21, 1111 and 111.

1 2 1 1 2 1 11 1 11

Likewise, the three-line partitions of 5 include all of

the above and also 3, 2, 21, 111 and 11. We shall use

121 1 11

111 1 1

t (n) to denote the number of k-line partitions of n.

Thus, t1(5) = 7, t2(5) = 16 and finally, t3(5) = 21.

We should note that we can similarly find t4(5) and

t5(5). For k>5, tk(5) = t5(5).

As in the case for one-line partitions, the generating

function for t (n) is very important since it gives the

magnitude of tk( ) for specific values of k and n.

We define t (0) = 1, k = 1,2,... P.A. MacMahon

[4; 171-246] showed that

n
(n)x = (1-xm)-min(m'k)E

=0 k
m=1

For k=1, (2) becomes Euler's generating function for p(n).

W.S. Cheema and Basil Gordon [1] have given a combinatorial

proof of the generating function for two-line partitions,

namely

00 00

t2(n)x' = ir(1-xm)-min(m,2)
n=0 m=1

In this thesis, we shall give a combinatorial proof of



the generating function for three-line partitions, i.e.,

we let k=3 in (2). Thus, we shall give a combinatorial

proof that

(4)

00

t (n) Tr (i_x -min(m,3)

n=0 m=1

5



Chapter II

Proof of the Generating Function

§1. Lemma of Cheema and Gordon

In the course of their proof, Cheema and Gordon. [1]

state and prove a lemma which we shall use in our proof.

For the sake of completeness we shall give the lemma and

its proof.

Lemma. Let sl, s2, 00.f3 be a sequence of l's

and $ -1's (a > $) such that
1

+
s2

+ s > 0

(j = 1,2,..., a + $). Suppose 0 < y < a - $. Then there

is a unique subset I C {1,2,...,a + $} of cardinality
Y

y, with
si

= 1 for i E I such that in making

w. = 0 or
si,

according as i E I or i r we have

wl + w2 + ... + w. > 0 for all j, and j E I (i.e.
3

wj = 0) implies wl + w2 + + wj = 0.

Proof:

For a fixed sequence
1'

, saw we use

induction on y, from y = 0 t I = a - $.

If y = 0, then we make no changes. Since

> 0 for j = 1 2,...,a+$, then

if si =
,w.1 w1 +

w2
... + w, > 0 (j = 1,2,... a+13)

7

and if w, = 0,
w1

+
w2

... + w, = 0 vacuously.
7 3

Suppose 1 < y < a - and that we have already

proved the existence and uniqueness of the set Iy_i.



If there is a set I satisfying the conditions of

the lemma then the first y - 1 elements in I also

satisfy the conditions of the lemma. Because I
y-1

unique, these elements actually make up Iy_i.

Now, if i E
'y-l' change s from 1 . Call

the new sequence..., u Since 1 < < - (3,ul' ur a+13'
y

y - 1 < a - (3 and therefore
u1

+
u2

+ ... +
ua+f3

> 0.

Let A 1 <A < a+ (3, be the greatest integer such that_ _
U1 +U2 + + u = 0. If ._+u2++ u3.> 0 forA 1

all j 1, let X = 1.

By the induction hypothesis,
u1

+
u2

+ +
uX

> 0.

Since A is the largest integer such that u1 + u2

uX-1 = 0, we must have u1 ++ + u + u > 0.u2
A-1 A

Then a new sequence wl, w2, ..,. , wco.a with wi = u1
i + j and w, = 0, would have

3
+ w2 + + X 1 < °

which is impossible.

If some u j > A, is changed from
7

because of the maximality of X and j X,

+w > 0 and hence w + w + + w, > 0. But wej 1 1 2 7

wanted wi = 0 to imply wl + w2 + + w. = 0.

Thus, we must change ux from 1 to 0.

Obviously, wl + w2 + w3 = 0 for j E Ix.

Also, for j < A, wl + w + w. > 0. Consider3 _

is

Therefore, ux = 1.

Suppose some u., j < A, is changed from to
7

0, then,

+
w2 +



w1
+
w2

+ + w. for j > A. By the maximality of

+ w can not be negative.

Hence, we have a unique set I which satisfies the

lemma.

The fact we should remember for future use is that we

can uniquely change some l's to O's in a sequence sat-

isfying the hypotheses of the lemma. We note that to

change a 1 to 0, we find the integer furthest to the

right such that the sum of the integers to its left is zero.



§2. Proof of the Main Theorem

We note that

ir (1-xm)-min(m 3). (1-x (1-x 3 -3

m=1

n=0

m -(1-xmi.1-i- (1-x
m=1 m'=2

3(n)xn = 71
m=1

CO

-1 m" -q (1-x
m"=3

(l_xm -mm (m,3)

The last expression is the generating function for the num-

ber of one-line partitions of n into parts taken from the

set A = {1,21,2 3",3' 3,4",41,4,...}. This is seen by an

argument exactly the same as we gave for Euler's generating

function. In writing a one-line partition it with parts

in A, we shall order the parts in non-increasing order,

adopting the convention that 1 <2' < 2< 3" <3' <3 < 4"

For example, the partitions of 4 are 4, 4', 4", 3 1, 3'1,

3"1, 2 2, 2 2' 2 1 1, 2'2', 2'1 1 and 1 1 1 1.

Our proof consists of demonstrating a one-to-one cor-

respondence between the set of one-line partitions of

described above and the set of three-line partitions of
CO

Then, IT (1-xm)-m1.n(m,3) will also be the generating
m=1

function for t3 (n), the number of three-line partitions

of n. In other words, if we demonstrate such a one-to-one

correspondence, we will have



and this is what we originally stated as our goal.

Our proof is in two parts. In Part I, given any one-

line partition 7 of n with parts in A, we shall

demonstrate how to find the three-line partition

to which it corresponds. In Part II, we shall prove that

given any three-line partition T of n, there is a

unique one-line partition ii of with parts in A that

is paired with T under the correspondence defined in

Part I.

10

PART I. Mapping a one-line partition to a three-line

partition.

We first show how to map the one-line partition

with parts in A to a three-line partition T. Our first

step is to attach to each part of IT an ordered subscript

(il, i2, i31 i4), where
k'

k = 1,2,3,4, is one of 1,

-1, 0 or *. The is a placeholder and has no numeri-

cal value.

Remembering that the parts of IT are in A and,

therefore, are unprimed, primed or double-primed, we shall

assign the subscripts (iv i2,
3' 4)

according to the

rule described in the sentences below.

Attach the subscript (1, *, * to every un-

primed part.

Starting at the left of Tr, assign subscripts to

primed parts and double-primed parts.



If the part is primed, e.g.,

First, find the sum of the to left of the part.

If the sum is positive, let i= 12 = 1, i3 = 14 = *.

If the sum of i 's is zero, let = 0 and find the sum

of the
i31s to the left of b'. If that sum is positive,

let i3 = i2 = 1,4 = * If the sum of the
3's

is

zero, let i3 = 0, i2 = *, i4 = 1.

If the part is double-primed, e.g., c":

First, find the sum of2's to left of that part. If the

sum is positive, let

11

= -1,
1 = i3 = i4 = *' if the sum

is zero, let 0 and then find the sum of
2 4 - to

left of ". If the sum is positive, let 14 = -1,

= i3 =
If the sum is zero, let i4= 0 and check

the sum of the11s to the left of (c - 1)' If the sum

is positive, we shall let i1 = -1 and i3 = 1. If the

sum is zero, we let i1 = 0 and i3 =

If i2 = 14 = 0 in c" and we are checking to find

i11
there are a few things we should note. First, there are

parts to the left of (c - 1)' with no subscripts - namely

the c" parts. At this time, these cannot enter into the

calculation for the sum of the i1's
to the left of

- 1)'. Second, it may be the case that (c - 1)1 is

not actually a part of 7. Note that the rule merely states

that we are to check the sum to the left of (c - 1)'.

What this means is that we are finding the sum of the ii's



in all parts greater than ( - 1)' by the ordering we

defined. Thus, it does not matter whether or not (c - 1)'

isa part of n. Third, although (c - 1)' may not be a

part of ir, it is always in A. The smallest double-primed

part is 3". (3 - 1)' = 2' and ' is in A. Moreover,

since c" is in A for all c > 3, (c - 1) is in A

for all double-primed parts.

Thus, possible parts and their subscripts are

a(1*,*)' (-1,1,*,*)' b(0,1,-1 *)' (0,*,0,1)'

C,,(*,_li*,*), Cin *t*,y,

We note that there is only one way to pick a subscript at

each step of the scheme. Hence, a part cannot get two dif-

ferent subscripts.

As an example, let us subscript 8" 7 7 7' " 6' 6"

5' 3 3" 3"

First, we get

8" 7
(1,*,*,*) 7(1.*,*,*)

Starting at the left we give

C101110) c"
(-1,0,1,0) (0 0,*,0).

" 6' 6" ,5 3 3" 3".
(1,*,*,*

the subscript (-1,0,1,0)

because the sum of the i2 's to its left is zero, the sum

of the i41s
to its left is zero and the sum of the i1ts

to the left of (8 - 1)' is positive. Thus, we have

(-1,0,1,0) 7(1,*,*,*) 7' 7" 6' 6" 6" 5,

3" 3". 7' gets the subscript (-1,1,*,*) be-

cause the sum of thel's to its left is positive.

then have

12



8"
(-1,0,1

5' 3
(1,*

because the sum of the

This gives us

8_1,0,1,0) 7n
(-1,0,1,0) 7(1,*,*, ) 7(1,*,*,*) (-1,1,*,*) (

6' 6" 6" 5' 3" 3". To subscript 6' we find3

that the sum of the
i1's to its left is zero and the sum

of the
i31s to its left is positive. Therefore, we get

641,1,_1,*) and consequently have

7 in
8(-1,0,1,0) (1,*,*,*) 7(1,*,*,*) (-1,1,*,*) (*,-1,*,*)

60,1,-1,*) (1***)6" 6" 5' 3 3" 3". The 6" furthest

left is the next part we subscript and it receives a

(* -1,*,*) because the sum of the 121s to its left is

positive. We then have

7"
/*)

r*)

10)

ln 3n.
,*,/e)

7 7'e en 6n(l,*,*,*) (-1,1,*,*)
7" gets the subscript (*,-1,*,*)

o its left is positive.

8n 7
(-1,0,1,0) (1,*,*,*)

6"
6i0,1, -1,*) (*,-1,*,*)

3" 3". The next 6" is subscripted with

13

7(1,*,*,*)

6" 5

(0,0,*,0) after we find that the sum of the 121s to its

left is zero, the sum of the
i4's to its left is zero and

the sum of the
i11s to the left of (6 - 1)' is zero.

Our partition is now 8" 7
(-1,0,1,0) (1,*,*,*) 7(1,*,*,*)

7(-1,1,*,*) 6(0,1,-1,*) 6(*,-1,*,*) V(0,0,*,0)

5' 3(1,*,*,*) 3" 3". The sums of the ii's and the i3's

to the left of 5' are both zero so we give it the sub-

script (0,*,0,1). This gives us 8_1,0,1,o) (1,*,*,*)

(-1,1,*,*)
7

( -1,*,*) ) 6*,-1,*, )

6"(0,0,*,0) 5(0,*,0,1) 3(1,*,*,*) 3" 3". The 3,, on the



left is subscripted with (* 0,*,-1) because the sum of

we give the last part, 3", the subscript (-1,0,1,0)

after finding the sum of the 12's to its left is zero,

the sum of the i4ts to its left is zero and the sum of

the i 's to the left of (3 - 1)' is positive. This

gives us 8" 7 7'
(-1,0,1,0) 7(1,*,*,*) (1,*,*,*) (-1 1,*,*)

(*'- '*'*)61( 90,0,*,0) 5(0,*,0,1)

3(1,*,*,*) (*,0,*1-1) 31(-1,0,1,0)

Now that we have all parts of ir subscripted we

shall explain how to construct a three-line partition

from the parts in 7. T is the image of 7 under our

correspondence.

Since ii was a partition of n, the sum of the parts

is n. In constructing we must be certain to use only

the parts of so that will also be a partition of

The subscripted parts of provide the basis for the con-

struction. We shall give a rule for the construction, ex-

plaining what to do with each subscripted part. We shall

also explain why the rule will always yield a three-line

partition. This will complete part I.

14

the
i2's

to its left is zero and the sum of the 141s

its left is positive. We now have 8" 7
(-1,0,1,0) (1,*,*,*)

1

7(1,*,*,*) (-1,1,*,*)
7" '

(*,-1,*,*)
6 6
(0,1,-1,*)

"
(*,-1,*,*)

6" 5' 3
(0,0,*,0) (0,*,0,1) (1,*,*,*) (*,0,*,-1)

3". Finally,
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Basically, unprimed parts will go to the first row,

primed parts to the second row and double-primed parts to

the third row. However, since a three-line partition can-

not have more parts in the second row than in the first

we must make certain this never happens even though

might have more primed parts than unprimed parts. The same

restriction must hold for the third row too. Also, a three-

line partition can have l's in the second and third rows

and 2's in the third row. However, there are no l''s,

1" Is, or 2"'s in the set A whose elements are the

parts of ii. Therefore, we must also make certain that our

rule will place l's in the second and third rows and 2's

into the third row.

Previously, we stated that Tr could have parts of the

following forms:

' 'a(1)' b b0,1,_1,*)(0,1,-1,*)'
b
(0,*,0,1)'

c"
( * ,-1,*,*)

ue(.1,0,1,0) and

In the following sentences we shall explain what to do with

each of the above parts. Since we plan to finish with a

three-line partition, some parts will go to the first row,

some to the second, some to the third, and some will be

split into pieces with the pieces going to different rows.

1: Place
a(1 * * *) into the first row.,,,

2. Place
b'-1 1 * *)

into the second row.(,,,



16

. Let b'(0,1 -1,*) be split into (b-1) and 1.

Place the (b-1) into the first row and the 1 into the

second.

Let b'(0,*,0 1) be split into (b-1) and

and place (b-1) into the first row and 1 into the

second.

Place * *) into the third row.
r r

Let c"*,0,*-1) be split into (c-2) and 2.

Since i4 = -1, there must be some b'0*01) to the

left of c Remembering that b' yielded
(0,*,0,1)

a (b-1) in the first row and a 1 in the second row, we

add the (c-2) to the 1 from b' ,00 1)
to give

(c-2) + 1 = (c-1) in the second row. We place the 2 in

the third row. Another way to think of this which will be

helpful in Part 11 is to split ei*,0,*,..1) into (c-1)

and 1, with (c-1) going to the second row and the

from
b'01*01)

that was in the second row combining

with the 1 from o*,0,*,..1) to make a 2 which goes to

the third row. Each description yields exactly the same

result: we end up with (b-1) in the first row, (c-1)

in the second and 2 in the third.

Letc(1010) be split into (c-1) and 1.

Place (c-1) into the second row and 1 into the third.

Let c"00*0) be split into (c-2), 1 and 1.

Place (c-2) into the first row and place a 1 into each

of the other two rows.



EXAMPLE-. In our example above, we subscripted " 7 7 7'

7" 6' 6" 6" 5' 3 3" 3" and got 8i_1,04,0)7(1 I *
I

*
I*)

(1,*,*,*) (-1,1,*,*) (*,-1,*,*)
6 6"1(

(*,-1,*,*)

67A n " 51"1 * 11 3" * * 3" 3"
%,, ,-,*) (*,0,*,-1) (-1,0,1 0).

We shall use these parts to construct a three-line parti-

tion according to the rule given above. We shall write the

example in three columns: the left column will be the part

of Tr we are considering; the middle column will explain

what to do with that part and also any additional remarks;

and the right column will be the three-lines formed from

all of the parts considered to that point. We shall begin

at the left of Tr with 8" and work toward the
(-1,0,1,0)

right.

8"
(-1,0,1,0)

7 (1***), , ,

8" splits into 7
(-1,0,1,0)

and 1, which go to the second

and third row, respectively. The

i1 = -1 indicates there is an

unprimed part greater than or

equal to (8-1)' = 7'. This

part will be in the first row

above the 7.

7 goes to the first row. 7

7

1

17

7

1



7 (1***), , ,

6"
(*,-1,*,*)

goes to the first row. 7 7

7

1

6 goes to row three. 775
771
176

18

At this point, let us rearrange the array to give

7 7 5 which is a three-line partition. Note that the 6

771
761
was able to fit under the . We shall see that this will

always be the case. Ordinarily, we would not bother to re-

arrange the parts until the end.

7' goes to the second row. 7 7

77

1

* * ) 7 goes to the third row. 7 7

77

17

6o,1.1*) 6' becomes 5 and 1, which 7 7 5

go to row one and two, respec- 7 7 1

tively. 1 7



6"
(0,0,*,0)

,0,1)

(*,0,*, -1)

(-1 0,1,0)

19

Here we arrange the parts by size to give us

7 7 5 4 4 3 which we see is a three-line partition. Also,

7 72 211
7 6 2 1 1 1

we could rearrange the parts after each step if we so de-

sired. The main point is that the end result is a three-

line partition.

6" becomes 4, 1, and 1. 7 7 5 4

The 4 goes to the first row 7 7 1 1

and a 1 to each of the others. 7 6 1 1

5' splits into 4 and 1 with 7 7 5 4 4

4 going into the first row and 7 7 1 1 1

1 into the second. 7 6 1 1

goes to the first row. 7 7 5 4 4 3

7 7 1 1 1

7611

3,' splits into 2 and 1. 7 7 5 4 4 3

The 2 goes to row two The 7 7 1 1 2

1 combines with the 1 from

and makes a 2 in

the third row.

7 6 1 1 2

3" splits into 2 and 1. 7 7 5 4 4 3

The 2 goes to row two, the 7 7 1 1 2 2

1 to row three. 7 6 1 1 2 1
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We shall now see that the scheme we have described

always results in a three-line partition. We recall that

we require the rows and columns to be non-increasing. This

means also that the number of parts in the second row can-

not exceed the number_in the first row and the number of

parts in the third row can be no greater than the number in

the first or second rows.

Four of the eight different subscripted parts do not

require much justification to show that the result is a

three-line partition. a(1) can appear as often as

we desire in the first row. This is because the first row

can have more-parts than the other rows. Because we sub-

scripted the a's first, we actually placed them into the

first row before doing anything else. We must now make cer-

tain that none of the other parts create problems.

The b'01-1*) becomes (b-1) and 1. Since the

(b-1) goes to the first row, our partition is three-lined

because, as stated above, the first row can have more parts

than the other rows. The I goes to row two and there is

a space for it under the (b-1). 2 is the smallest

primed part. Hence, (b-1) > 1 and so the column will be

non-increasing for any b'. The same argument holds true

for b'(0*01) which also splits into (b-1) and 1.

The
c"(0,0,*,0) becomes (c-2), 1 and 1. The

(c-2) is put in the first row. The smallest double-primed

part is 3" so (c-2) > 1. Thus, the two l's can be put



increasing.

We must still discuss

c"
(*,-1,*,*)

i1 = 1 is

and c"
(* 04

(1,*,*,*).

increasing. If we have c"( 1,0,1 °)' we know. that

or a

-1,1,*,*)'

1).
The only part in which an

,-

Under each of theseparts, all of

which are in the first row, can go a b'
(-1,1,*,*)

(1_1,0,1,0) -1). When we check the sum of the

the left of b' (or ( "-1)' as the case may be) and

find it positive, we know that there is an a to(1)
the left of b' (or (c"-1)') under which b' (or (c"-1))

may be placed. Hence, the
1

-1 indicates we can place

the part in row two. Since the
a(1 * * *)

is to the left,,,
of b'(_1 ,,*

*,),
a > b. Thus, the column will be non-

a > (c-1) so that a column with a in the first row and

(c-1) in the second row is non-increasing. Moreover, the

1 from"-1,0,1,0) goes to the third row and there is a
(

space for it under (c-1). Because the smallest double-

primed part is 3", for all c", c >3 and so c - 1 > 1.

Thus, the entire column is non-increasing.

There are two ways we get an = 1: in either

bi-1,1,*,*)b°or
b1(0,1,-1, ).

If we have

then the
c"*,-1,*,*) can simply be placed directly under

(

b which is in the second row. b_1,1,*,*) is to the left

21

into a column under c-2) and the column will be non-



C > 3, - 1 > 2. Because

with b > c. This combin-

22

of c"*-1**)
so that b > c, and the column is non-

increasing.
When c"

*,-1,*,*)
follows

b'(0,1,-1,*)
we also place

(

c in the third row. However,we note that b'

yielded a (b-1) in the first row and a 1 in the second.

Thus, placing c under 1 does not look like a three-line

partition. However, because i3 = -1 in

there is a d" with d > b 1 = -1 in
(-1,0,1,0) 1

d"-1,0,1,0)
indicates there is an a with

( (11*,*,*)
a > d - 1. Thus we would have a b-1. Since

d-1 1

1

c"*,-11*,*) is to the right of b'(0,1,-1,*)
b > c. But

d > b so d - 1 > b and therefore d - 1 > c. Thus, when

we rearrange the parts in the rows, we will have a b-1

d-1 1

1

and each column is non-increasing and our three-line parti-

tion is preserved. This situation is the reason for

using the i3 subscript.

Finally, we consider,01,-1). -1 indicates"**
the existence of a b'

ation becomes, as we know from our rule, b-1. Since

c-1

2

b - 1 > c - 1. There-

fore the column is non-increasing. We note that the only



reason for having the i4 subscript is to get 2 into row

three.

Thus, we always have a three-line partition. We might

also note that we get l's into rows two and three and 2's

into row three.

This concludes part I. We have demonstrated a corres-

pondence that maps any one-line partition of n, with

parts in A, to a three-line partition T of n.

PART II. Mapping a three-line partition to a one-line

partition.

In part II, we shall show that given any three-line

partition of n, we can find a unique one-line parti-

tion of n with parts in set A such that 7r is

mapped into T by the correspondence we described in part I.

Having done this, we will have proved that there is a one-

to-one correspondence between the set of three-line parti-

tions of n and the set of one-line partitions of

whose parts are in A.

We begin with an arbitrary three-line partition T

23

a1

b1
b b 1 1

1 c2 c2 2 ..... 211
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We see that c. is the number of parts in row one,

is the number of parts greater than one in row two and y

is the number of parts greater than two in row three.

shall let 6 be the number of in row two, p be the

number of l's in row three and be the number of 2

in row three.

Since T is a three-line partition, we must have

a > + 6 >y+p+p and >y+ p. We note, however,

that it is possible to have either 6 p, 6 < p, or

6 = p depending on 13, y and p.

Our goal, as stated previously, is to find a one-line

partition i of n corresponding to and such that

is mapped into by the procedure of part I. The parts

of Tr are to be in A and therefore must be unprimed,

primed and double-primed. We are ready to begin the trans-

formation of t to This will consist of eight steps.

Step 1. We write all of the a's as unprimed parts, all of

the b's as primed parts and all of the c's as double-

primed parts. With these, we make a one-line partition

using the conventional ordering l<2'<2<3"<3'<3<4" <

We recall that in part I, all unprimed parts were sub-

scripted with (1,*,*,*) and placed into row one. There-

fore, we give each unprimed part the subscript (1,*,*,*).

Also, in part I, the only way primed parts went to row two

was to have the subscript (-1,1,*,*) and so we subscript
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each of the parts with (_1,1,*,*). Finally the

only way for a double-primed part to be in row three was to

have the subscript (*,-1,*,*) and this, therefore, is the

subscript that we give to each double-primed part. Now,

our one-line partition we have made consists of parts of

' c"the form
a(1,*,*, )'

b
(-1,1,*,*)

and

Since part Ii consists of eight steps, to illuminate

each step and also help the continuity of the entire proof,

we shall start now with one example of a three-line parti-

tion and show the procedure of each step. Let us take as

T the three-line partition 7 6 5 5 3 3 3 2 1 .

7 5 5 5 3 2 1 1 1

6 3 2 2 1 1

Notice that in this example 6 > p. At the conclusion

of part II, we shall give an example in which p > 6.

Thus, making each a(1)' bi-1,1,*,*) and

c" our example becomes 7
(1,*,*,*)

6
(1,*,*,*) "(*,- ,*)

5'
(-1,1,*,*)

3

Before Step 2, we shall closely examine what we are

trying to do. In the process of doing this we shall dis-

cover the basic concept behind the correspondence of

part II.

,*,*,*) 5(1,*,*,*)

5'(-1,1,*,*)
3
(1,*,*,*)

3 3
(1,*,*,*) (1,*,*)

lu 2
(1,*,*,*)

2 '
(-1,1,*,*) 1 (1,*,*,*)'



We recall that since T is a three-line partition

n,

a

n = a. + E b. + c. + 2p + + p.
=1 3 j=1 3 3=1 3

We want the one-line partition with parts in A to

also be a partition of n. In Step 1 we merely rewrote

the a's, b and c's of T in a one-line partition.

To take care of the p 2's of row three of T and + p

l's of rows two and three of T, we must uniquely choose

some parts of the one-line partition and increase these

parts by one or two units. Moreover, we want the resulting

one-line partition TT to be such that when we apply the

procedure of part I to it, the resulting three-line parti-

tion will be T again. Thus we will pick the parts to

increase 'in part II so that when we apply part I, these

"increased parts" are exactly the parts that will be de-

creased. As one might expect, in part II we shall constantly

recall the processes of part I and verify that our one-

line partition is not contradictory with respect to part I.

First of all, we recall from part I that the only way

a part greater than two could get into row three was for it

to be of the form c"
1 )

However, in step 1 of
.

part II the parts greater than two in row three of T were

exactly the parts which we double-primed and subscripted

26
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with (*,-1,*,*). To get exactly these parts back again

when applying part I, we do not change any of them. Thus,

the parts we increase will be
a(1 * * *)

and
I I I

In deciding which parts to increase, we shall define a

pair of ones in row two and row three to be the case where

a 1 appears in each of these two rows. Since 6 is the

number of l's in row two and p is the number of l's

in row three, there are (p A 6) pairs of ones where

(p A 6) = minip,61. If we have (p A 6) pairs of ones,

there may be "extra" l's in either row two or row three,

but not both. If there are extra l's in row two, there

are (6 - p) of them and if the extras are in row three,

there are (p - 6).

To account for the p 2's and p 6 l's of T,

it is sufficient to account for the p 2's of row three,

the (p A 6) pairs of ones and the extra l's of row two

or row three. To perform these changes we not only change

the magnitude and superscript of the part, but also the

subscript. Of primary importance in part II will be the

changes in the il's and i21s, as these subscripts pro-

vide a basic concept for our solution

First of all, we consider the p 2's in the third

row. In part I, the only way to get a 2 into row three

was to have a d0*,011) and an en(,0,,-1) with d > e.(,**



three. Besides a d"
(0,0, ,0)'

1 in the third row is a d_1,0,110).

the only part yielding a

28

This resulted in (d-1) in the first row, (e-1) in the

second row and 2 in the third. Therefore, to account for

a 2 in going backward, we must make someinto(1)
(a+1)" and some b'(_111,*,*.) (b+1)"(0,*,0,1) (-1,1,*,*) (*,0,*,-1)

Since we must do this once for each 2 in row three, we

must do it p times. The fact to remember here is that

p ii's are changed from 1 to 0 and also p

changed from 1 to 0.

Next, we consider (p A cS) pairs of ones in the

second and third rows. This case is a little more diffi-

cult since there is more than one way to get a pair of ones.

However, at this point we are interested in the changes of

the i1 s and i21s and we are able to determine these

sufficiently.

From part I, we know that one way to get a pair of

ones is from a part d'i0,0,*,0). This yielded (d-2),

and 1, and the (d-2) went to the first row. Thus, in

going backward, we account for a pair of ones by changing

some
a(1 )

into
(a+2)"(00 0).

We do this 71

times where 0 < n (p A (S). Thus, we observe that n

change from 1 to 0. We do not know, nor do we

need, the magnitude of r at this point in part II.

To have a pair of ones, we must have a 1 in row

are

To go with this 1
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in row three, we need a 1 in row two. Except for a

d" this can only come from an f'(0*01) or an

Thus' we must determine the possible combina-

tions of these with d"-1 0 1
that will yield a pair of(, , ,0)

ones using the correspondence of part I.

If we try d"_ d f! with f > d,
( 1,0,1,0)

an
(0,*,0,1) _

we reach a contradiction because of the subscript of d":

in part I, to subscript d", we would check4 before

i and since f'
01*/0.1)

is to the left of d", we would
1 (

make4 = -1 giving us d"(0*0-1). If we try the same

parts with d > f, the 3.3 = 0 in f0*,01) causes the

contradiction. Since d" is to the left of f'
(-1,0,1,0)

the sum of the i3's to the left of f' is positive indi-

cating that we should write f'0,1,-*) instead of
(

We see that d" and f0,1,_11*)(-1,0,1,0) (0,1,-1,*)

d > f is one of the combinations that does yield a pair of

ones. The remaining combination is d" and
(-1,0,1,0)

with f > d. The = -1 in f'
q0,1,-1,*) _ (0,1,-1,*)

indicates that there must be an "to the left(-1,0,1,0)

of f'
*)0,1,-1

and e" is not d" because d" is to
(

the right of V. But, then the pair
( 110,110)

and

f'
(0,1,-1,*)

d"-1010) may or may not contribute to a pair of ones.

The only time it will contribute is when there is a

with e > f contributes a pair of ones. The



with d > g. All of this points to the fact

that the only possible way to get a pair of ones, except

from d"
(0,0

and an

is from the combination of a du
,0) (-110,1,0)

with d > f.

Therefore, to account for a pair of ones from these

two parts, we recall that in part I,split
k 1,0,1,0)

into (d-1) and 1 with the (d-1) going to the second

row, while f'(01-1*) split into (f-1.) and 1 with

the (f-1) going to the first row. Thus, in going back-

ward we must change some b'11**) to

and some a(11,,) to (a+1)i0,11_11*). Since we ac-

counted for 11 pairs of ones by making the

we make (p A 6)-n (b+1)"(-1 0 1 0

and (p A 6)-n (a+1)1(o,1,..1,*) s.

We see that in accounting for all of the pairs of

ones, we change (p A 6)-n
2 s

from 1 to 0

(p A 6)-n i 's from 1
1

0 and n il's from 1 to

0. Hence, we must change (p A 6) ii's from 1 to 0,

and this is the fact we will use. Since we do not yet know

n, we do not know how many i2's to change. In step 8

we shall determine exactly which of the's be-
(1,*,*,*)

come (a-1-.2)"(0 00) and which become (a+1)0111_11*).

At that time, we shall worry about the (p A 6)-n

(b+W_ s.
( 1,0,1,0)

30



Finally, we account for the extra l's in row two or

row three. If p > 6, there are (p - 6) extra l's in

since
(-1,0,1,0)

this is the only part yielding a 1 in raw three without

puttinga 1 in row two. Thus, we must change (p - 6)

row three. These all must come from d"

i2
from 1 to 0, and + (6 A p)

0. Since p > 6, 6 A p 6 so_ we change p + 6
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b-1,1,*,*)'s to (b+1)" and (p - 6) of the

i2's
must change from 1 to 0.

If 6 > p, there are (6 p) extra l's in row

two. Each of these l's must come from a d'(0,*,0,1).

They cannot come from0,1,-1,*) because the i3- - -1
(

indicates the existence of an with f > d.
( 1,0,1,0)

These, however, would yield a pair of ones. In part I

d' becomes (d-1) and 1 with the (d-1) going

into the first row. We must, in going backward, change

some a(1) to (a+1)'000,1)' We do this (6 - p)

times and, therefore, change (6 - p) i1's from 1 to 0.

Let us now total the changes in ills and i2ts that

we must make. If p > 6, we must change p + (p - 6)

from 1 to 0. If 6 > p, we must change 's from

1 to 0 and p + (6 A p) + (6 p) il's from 1 to 0.

Since 6 > p, 6 A p = which implies that we must change

p+ p+6- p=p+ 6 from 1 to 0.

Note: In the course of steps 2 and 3, we shall state

that we will change p + (p - 6) s from 1 to 0.



However, we shall understand that if 6 > p, (6 -

makes a contribution of zero to any changes of

P + - 6) will actually mean p changes.

Step 2. We want to change p + (p - 6) i2's from 1

0 and we want the sum of the i2ts to the left of any

part to be non-negative. Moreover, we want the sum of the

i2ts to the left of an i2 = 0 to be equal to zero. The

i21s
which are different from * in the one-line parti-

tion of step 1 form a sequence of l's and y -1's,

arranged so that the sum of the i2's to the left of any

specific
2

is non-negative. Also at the beginning of

part II we remarked that 0+ 6 >y+p+p or

- > P + (p - 6). Since we are disregarding - 6)

if 6 > p, p + (p - 6) > O. We want to change

p + (p - 6) of the l's in the sequence to O's in such

a way that the sum of the i2 's to the left of any speci-

fic2 is non-negative and the sum to the left of an

i2 = 0 is equal to zero. However, the lemma of Cheema and

Gordon which we stated and proved in section 1 guarantees

that this can be done uniquely. As in the proof of the

lemma, we pick the i2ts to change from 1 to 0 succes-

sively, each time picking the i2 furthest to the right

such that the sum of thei2ts to its left is zero.

Since each of these i2's we changed from 1 t

was in a
b'-1,1,*,*)'

we rewrite each of the p + ( - 6)
(
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and



EXAMPLE. We had, after step 1,

2

Then the next5'
( ,0, ). (-1,11*,*)_ _

next part such that the sum of the

2 '(1,*,*,*)2(

(1,*,*
7'

,*) (-1,1,*

6 6"
(1**,*) , ,(*,-1**) ( , ,1,***) , ,5(1**,*) (-1 1,*,*

, ,
)

5i-1,1,*,*) 5(-1,1,*,*) 3(1,*,*,*) 3(1,*,*,* )3(1,*,*,*)

3" 2 2' 1
31(-1,1,*,*) (*,-1,*,*) (1,*,*,*) (-1,1,*,*) (1,*,*,*).
p=2, 6=3, p=2, and so (p-6)<0 means we disregard (p-6)

and make p=2 changes of 121 to
2=0.

In making the changes, the 5i_1,1," on the left

is the part furthest to the right where the sum of the

to its left is zero. Thus, we change it to

zero. We change it also to 5'
(_10,_ _).

We now have 7 7'
(1, ,*,*) (-1,1,*,*) (1,*,*,*)

6 " 5 5 51 5,

(*,-1,*,*) (1,*,*,*) (1,*,*,*) ( ,0, ) ( 0

'5
(-1,1,*,*) 3(1,*,*,*) (1,*,*,*) (1,*,'*,*) (-1,1,*,*)

*)1(1_* * *).I

happens to be the

to its left is
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parts that contain a changed i2 as a 't A 1.

We remark that the picking of these particular

b' uniquely is a basic concept of part II.

Step 3. In step 2, we made it + (p - 6)

Now, starting at the left we make the first p of the

b'
0 )

's into b'*,0,,-1) and the remainder into
(

's. We note that if (p - 6) < 0, we would
ID-1,0,1,0)

have only the p b,01,-1 to make.(**
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We shall show why we must change the parts exactly as

described previously. Again, contradictions will arise

when the subscripts are inconsistent with the requirements

of part I. Suppose we were to make a d,_1 the(,-10,1,0)
left of a bk0,*1). Eventually, bi(*,0,*,_1) will be

changed to (b+1)7*,01*,_1) and it must be preceded by an

(a+1)0011). 1,01110)
will become (d+1)"_

and since we are assuming d' is to the left of b',

(d+1)"-1,0,1,0)
is to the left of (b+1)"*,01*,-1)

If
( (.

(a+1P0,*,0,1) is to the left of (d+1)"_
t 1,0,1,0)

we have

a contradiction because i4 should be -1, not 0, in

(d+1)". Thus, (a+1) is between (d+1)"_
t0,*,0,1) t 1,0,1,0)

and (b+1)*,01* _1). But if (a+1)' follows

(d+1) it should be (a+1) (0,1,-1,*) and these

two yield a pair of ones. But the (d+1)" was(-1,1,0)

supposed to account for a 1 in the third line that is not

paired with a 1 in the second line. This contradiction

indicates that we must make the parts only as described

above.

We shall also comment on the fact that it is possible,

with respect to part I. to write bk01*,_1) and

b'1 0 1 0
at this point. Because of step 2, it is cor-

(-, , ,)

rect to have= 0. The
2

-1 in bi*,0,*,_1) will

not cause a contradiction if we will make certain that

there is an (a+1)'(0,*,01) with a b. Thus, the



b1(*,01*,-1)
causes no difficulty. In b_1010) , the

i4 = 0 indicates that the sum of the i4's to its left

is zero. Thus, we must be certain to make exactly p

(a+1)!..,,0,1) 's so that the
4's

add up to zero. The
(u*

i1 = -1 is of no consequence because bl,_ came
l ,10,1,0)

from
b'(-1,11*,)

and thus the i1 is not even changed.

Therefore, bi-1,0,10) causes no contradiction.

EXAMPLE. In our example, 6 = 3 and p = 2 so that

(p - 6) < 0. Thus, we make only p = 2 changes and both

from bit. n
% ru, I )77'

(1,*,*,*) (-1,1,*,*)

5(1,*,*,*)
5'(

,O,

3(11*, ,**)

2'
(

or a -

into b'
(*,0,*,-1).

F*,*,*)

6
(1,*,*,*)

(1,*,*,*)

67* _1,*,*) 5(1,*,*,*)

) II(
_1,*,*

. We now merely make the 5

After step 2, we had

2

. Also, since T was a

's
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into

Step 4. In steps 2 and 3, we changed b'

b'(,0,,-1) ' and b-1,0,1,0)
's. In p of these changes,**

an i was changed from -1 to *. Thus, considering the

i1
in the subscripts of the parts of Tr, there are now

a l's and 6-11 -1's. We want to change (II + 6) of the

i1's from 1 to 0

Since we started part II with a three-line partition

a >+6 or a- 6 >6 or f3 + p > (p + 6) > 0



3(1,*,*,*) 3(1,*,*,*) 3(1,*,*,*) 3(-1,1,*,*)

'

2(1,*,* 2_l,1,*,*)(-1,1,*,*)
1 (1,*,*,*)

We first make 6 into 6
(1,*,*,*) (0, , , )_ _ _

3"
(*,-1,*,*)

because
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three-line partition, the sum of the ills to the left of

any part in Tr is non-negative. By changing p of the

from -1 to *, the sum of the i1Ts could become

only more non-negative.

Considering the sequence of those 's which are 1

or -1, we again use the lemma of Cheema and Gordon to

uniquely change p + (S of the ii's from 1 to 0 in

such a way that the sum of the i1 's to the left of any

specific i1 is non-negative and the sum of the ii's to

the left of an i = 0 is zero. As in step 2 the changes

are made successively by finding the i1 furthest to the

right such that the sum of the to its left is zero.

The only parts with an i, = 1 are a 's.(1)
Thus, we shall change a into(1) a(0,,) at

each part where the la changes from 1 to 0.

EXAMPLE. In our example, p + = 2 + 3 = 5. After step

we had 7 7' 6
(1,*,*,*) (-1,1,*,*) (1,*,*,*)(*,-1,*,*)

11

5 5 5'
5(1.*,*,*)

(1,*,*,*) ( ,0,*
5' 5'

5(-1,11*,*)

this is the part furthest to the right such that the sum of

the to its left is zero. Next, we change the first

(from the left) 5(1,*,*,*) into 5(o,
Then in



order, we change the first two (from the left)

to 3(0)'s and 1
(1,*,*, )

to 1(0_,_)

These changes give us 7
(1,*,*,*) 7i-1,1,*,*)

6 6" 5 5'
(0, ) (*,-1,*,*) ( , ,0 ) 5(1 * * *Y1 1

51(*,0,* -1) 5(-1,1 ,*,*) 3(0,_,_,_) 3(0, ,,...)
3

3'(-1 1,*,*) 3(* -1,*,*) 2(1,*,*,*) 2i-1,1,*,*)
1
(0,

"

Step 5. In this step, we shall make p of the

a(0,
into a (00,1) 's. The purpose of these

for the 2's in row three.

Therefore we must have an a(0011) paired with a

b'*,0,*,-1)
of step 3 with a > b. (Later on, we shall

(

change them into (a+1)1(0,*,04) and (b+1)".)(*,0,*,-1)

To accomplish this, start from the right and at each

check the sum of the i4's to the right.part
a(0 )'_ _

If the sum is negative let i4 = 1. If the sum is zero,

leave
i4

blank and go to the next part. Do not give the

blank any numerical value when determining sums at succes-

sive parts.

To satisfy. part I, the sum of the i4's to the left

of any ID*,01*,_1) must be positive. (Again, recall that

will become (b+1)*,0,*,_1).) To make the

sum positive we need .a sufficient number of a(0

to the left of the b'*,0,*,-1)
's. These come from

(

a(t,
1 1 )

's. Thus, we shall show that if bi*,01*,...1)

changes is to finish accounting

37

,*,0,1)'s
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is the kth 1 <k < p, part (from the left) which is

primed and subscripted with (*,0,*,-1), then there are at

least k parts of the form a( , to the left of
ku _ _

*,0,*,-1)*

Suppose we are in step 4 and ready to find the kth

kW
(from the left). We find the part

a(1 * * *.,,, )
furthest to the right where the sum of the ills to its

left is zero. Let this part be e(1) and suppose it

is to the right of 0,*,_1). There are (k-1)

a(1,*,*)'s and k di*
,A

* iNIS to the left ofw,

e(1) and the sum of the la to the left of

is zero. Then prior to step 2, the sum of the

ii's to the left of e(1,*,*) would have been negative

which is impossible. Therefore
e(1 )

must be to the

left of b' e will become e
(*,0,*,-1)* (1,*)

and there will be a sufficient number of parts of this form

to the left of
b'*,0,*,-1)'

Knowing this, we see that our
(

rule stated above will indicate the construction of exactly

p a(01*,011)s.

Our rule also has another purpose. Suppose that

x is to the left of yboth are to the
% , , ) (0, , , )'

left of
b'*,0,*,-1)'

and the sum of the
4's

to the
(

right of both xtil , and yin , is -1. Follow-
%wf I I 1 kUI I I /

ing the rule would tell us to change yin
%,,, , ,

into
)

Then the sum of the i4ts to the right of
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xfn is zero. There are problems which arise if we_ _ _
make x(0*01) instead of making y(0,*,01) The

I could alternately become y( 01,...1,*) or
_

and we shall see what results with either of

these and the x(01
,0,1)*

If y changes to Y(0,1 -1,*)' the

indicates that there is a d' with d > y.
(-1,0,1,0)

d-1,011,0)
is either to the left or to the right of

1(

If d-1,0,10) is to the left of x

then x is subscripted incorrectly: x should have

i3 = -1. If d_11011,0) to the right of x
(-1,0,1,0) (0,*,0,1)

then d° is subscripted_incorrectly: d' should have

i4 = -1. Therefore, we can not change yin to

We now try letting yff, change to

Eventually, of course, we will have (x+1)10,*,0,1),

(y+2)" and (b+1)"
*

in our one-line par-
(0,0 , *,0) (*,0,,-1)

tition and in the final result, simply (x+1)', (y+2)",

and (b+1)". In the case x = y, the subscripts cause no

problems since (174-2) > (x+1). However, the one-line par-

tition which results from making (x+.2)0,01*,0),

(y+1)'
(0,*,0,1)

and (b+1)'i*,0,*,_1) is identical to the

former. Thus, when x = y, there are two routes to the

unique result that we want. By following our rule, we do

have a definite method to arrive at the result.
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There is the possibility of making x(0,*,0,1) and

Y(00 *0) with x> y. In this case, (x+1) > (y+2) > (D+1).

Since this will lead to (y+2)" to the right of

(x+1)1(o,*,0,1), (y+2)" should be (y+2)*,(3,*,...1)

stead of being (y+2)'i0,0,*,0). Therefore, we must use our

rule to find the parts to subscript with (0,*,0,1).

In this step, we are making ao
, ,*011) . By step 4,

the i1 = 0 is justified. All of the a(0,0,1) 's made

in step 5 are to the_left of each of the b'1 0)is
Of

step 3. Thus, the 13 0 in ao

The
a(0 01)'s satisfy the requirements of part I.

EXAMPLE. At the end of step 4, our example was

21(
-1/11*, )

1(0,I
F )

From our rule in step 5, we change 5(

6 t 5 and 6
(0/_/_/_) (0,*,0,1) (00 1)

is justified.

7(1*,*/*)/

5(1,*,*,*)

3/Alur r
3

(-111,*, *)

,0,*,-1)

(1,*,*,*)

6
(0, 1 )

5 (*,0,*,-1)

(-1,1,*,*)

6"
(*,-1,*,*)

5 (-1,1,*, *)

(*,-1,*,*)

5
(0, ,_,_)

3(0, I I

,*,*,*)

This gives us 7_1,1,*,*)*) (0,*,0,1)(1I*,*,*)
6"
(*,-1, ,*)

5
(0,*,0,1) 5(1,*,*,*) (*40,*,-1) 5(* 0, ,1)

J(_1
(-1,1,*,*) 3(04-, ) (00 )

3
(1,*,*,*) 3'(-1 1,*,*)

3" 2
(1,*,*,*)

2'
(-1 1,*,*

1
(0,

IF) and

respectively.
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Step 6. After step 5, there are 6 am N's in the

one-line partition. If 6 > p, then we shall change

(6 - p) of these parts to
a...(u 01) 's to account for

extra l's in row two. Naturally, if p > 6, there is no

step 6 because there are no extra in row two.

At this point, there are no's in the
( 1,0,1,0)

one-line partition and so the i3= 0 in a (00,1) is

justified. By step 4, we have i1 = 0. We need to show

that it is the (6 - p) am N's commencing from the
_ _ _

right that must be changed to a(01,0,1) 'S.

Suppose there are parts
xkwm,

and y(0,_,_,_),

xm
kv. )

is to the left of ym, %, is
"

one of the (6 - p) parts of this form that are on the

right and x is not. Also suppose that we change
(0, 1 I )_

X(01 f )
into x

(0,* m,0,1)

instead of Y(01,,).
).

The
_ _

possibilities for are
17(0,0,*,0)

and

17(0,1,-1,*)*

If we make itY(0101*,0)1 it will become

(y+2)010,*,0). we know that x > y. If x > y,

x + 1 > y + 2. Since x will be (x+W
(01*,011)

after step 7, (y+2)" will be to its right. But by part I,

in subscripting (y+2)" we should get i4 = -1, so that

this case is impossible.

If x = y, we have the same situation that arose in

step 5. The resulting one-line partition is identical re-

gardless of which part is subscripted with (0,0,*,0) and



which with (0,*,0,1). Hence, our choice is to change the

part on the right to (0,*,0 1).

If we make into

is a d'-1010) to the left of

ation also arose in step 5 and was

we must change the first (S - p) a
(0,

right to

EXAMPLE.

a(0, , , )

right end.

7,*)
5
(1,*,*,*)

impossible.

Since (5 - p = 1, we have to change

to
a,-tu 01). We take the first

In step 5, our example was

1 6"
6(0,*,0,1) (*,-1,*,*)

5' 5' 5'
(*,0,*,-1) (*,0-1 (-1,1,*,*)

3
(1,*,*,*) ( 1,1,*,*) 3( -1,*,*) 2(1,*,*,*)

2'(_1,1,*,*) 1(0, We change 1(0

1
(0,*,0 1)°

Step 7. In previous steps, we changed the subscripts of

various parts of the one-line partition. In this step we

shall change all of the parts which have the changed sub-

scripts. Starting at the left, we change an a(0,*,0,1) to

(a+1) 0,*,0,1) and place it to the immediate right of any

existing primes of magnitude (a+1).; we change a

bk01ic,_1) to (b+1)%,01*, and place it to the im-
k

mediate right of any existing parts of the form (b+1)";

a

and we change ab1(_1,0,1,0) to (b+1)"(_14,1,0) and

one

then there

This situ-

Therefore,

from the

one from the

to

,*,0,1)

42
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place it to the immediate right of any parts of the form

(b+1)". We must justify that the subscripts on these parts

are correct with respect to the subscripting procedure of

part I.

We first consider (a+1)J If 6 > p, we(0,*,0,1).
have at this point in part II, constructed no

(b+1)"-1,0,1,0) s. Again, this is because there were no
(

extra l's in row three. By step 4, the sum of the 111s

to the left of
a(0 01) is zero. Since (a+1)1

is to the right of the existing primed parts of magnitude

(a+1), the only way the sum of the to the left of

(a+1)0 01) could be nonzero is if there existed an

(a+1)" There are no parts of this form however,

so i = 0 in (a+1)' 0,*°1) is justified. Since there

are no (b+1)"-1,0,1,0) 's in the one-line partitiOn, the
(

i3 = 0 is justified in (a+1)i00,1). When

a prime, i2 = * and i4 = 1.

If p > 6, then by steps 3, 5 and 6, there are

exactly p a(00,1)s, p lo*,(211*,_1)1 and (p - 6)

's. Moreover, all of the 's are to(-1,0,1,0) 1,0,1,0)

the right of each of the ID*,0,*,_1)'s and all of the

a(0011) 's are to the left of some Ip*,01*,_1). Since

we started at the left, the (b+1)"*
(

are made

before any of the (b+1)"..1°1°)'s and also, if
(

e(00,1) was to the left of di*,0,*,..1), then

3 = in



(e+1)"is to the left of (d+1)
(*,0,*,-1)* Thus,

all of the (b+1)"-1010) 's are to the right of each of

the (b+1)",01,-1)
1
s and all of the (a+1)'(** (0,*,0,1)

are to the left of some (b+1)*,01*,_1). The il = 0 in

(a+1)
(0,*,0,1) is correct for the reason given in the case

above. Since there is no (b+1)" to the left of

(a+1)'(0 01)' i3 = 0 is justified as are i = and
2

i4 . 1. Therefore, it is correct to have (a+1)10,*,0,1).

Next, we consider (b+1)"
(*,0,*,-1).

By step 2, the

sum of the
i21s

to the left of b' is zero.
(*,0,*,-1)

The only possible part between Wo,,,o,*,_,) and

(b+1)" is b(1***). The i2 = * has no value

in the sum of the i2's, so that the sum of the i2's to

the left of
(b+1)'i*,0 -1)

must be zero. In step 5 we

showed that the sum of the i4 's to the left of any

b'*,0,*,-1)
is positive. Thus, when all the changes in

(

parts are made, the sum of the i's to the left of

(b+1)" is positive. Thus, i4 -= -1 and

is justified.

Finally, we consider (b+1)"-1010)' The i2 = 0

is justified by our comments about (b+1)*,0,*,..1). When-

ever a b'1 0 1 0) is made, we know p > S. Thus,(-,,,
exactly p

(a+1)'0 01) 's are made. Since we made

exactly II (a+1) ''s and p (13+1)" 's(0,*,0,1) (*,0,*,-1)

are the correct subscripts and

44

(b+1)"(*,0,*,-1)
ii = 13 = *



and all of these parts are to the left of every

(b+1)'(-1,0,1,0)'

(b+1)"(-1,0,1,0)

the sum of the

is zero. Thus,

(-1,1,*, 6"*),*,0,1) (0,*,0,1) (*,- ,*,*)
6
(*,0,*,-1)

3
(0, ,_!_) 3(0 , , )

3(1,*,*,*) (-1,1,*,*) 3" (*,-1,*,*) 2(1,*,*,*) 2i-1,1,*,*)

2o ,*,o,1)

, -1)

71 "6'

5(1,*,*,*) (-1,1,*,*)
5'

4's to the left of

= 0 is correct.
4

we have

45

(b+1)"
(-1 0,1,0) is correctly

EXAMPLE'. After step 6,

subscripted.

we had 7(
,*,*,*)

,*,0,1) (1,*,*,*) 5(*,0 ,*,-1)
6 6"
(0,*,0,1) (*,-1,*,*)

5' 5'
5(-1,1,*,* 3

3(0,
3
(1,*,*,*)

31 . 3u
(-1,1,*,*) (*,-1,*,* 2(1,*,* '2_1,l,*,*)(-1,1,*,*

1
(0,*,0 1)*

If we change 6(
,*,0,1)

7'
,*,0,1)' ( ,*,0,1)

both(0,*,0,1)' 51(*0,*,-1)'s to 6"
(*,0,*,-1)

step 3, we commented that the i1 = -1 in
t 1,0,1,0)

was justified so that we know the sum of the s to the

left of b' is positive. To subscript (b+1)" according

to part I, we first check
12

and then 14. When these

are zero, we find the sum of the 11s to the left of

[(b+1)-1P = b'. However, we commented above that this sum

is positive. Therefore, we make -1 and
3 =

:L and



Step 8. In this step, we shall account for the (p A 6)

pairs of ones. There are _ (p A (S) a0 remaining

in the one-line partition. We shall change Some of these

to (a+1)'01-1)
/

s and the remainder to
(a+2)"(00 0)

s.

To change
a'ku

,,,

)
, to (a+1)

i(0,1,-1,*)'
we must find a

_ ..

unique
t 1,1,*,*) with b > a to change to

(b+1)"
(-1,0,1,0).

This step is by far the most complicated so we shall

break it up into four cases. We begin by considering the

am
)

furthest to the right. Then we move to the
% - , _ _

left, considering in turn each of the other parts of this

form. At an
a(0

we check both the sum of the
, , )

i11s and the sum of the 12's to the left of the (a+1)'

parts. Note that these sums involve only those parts

strictly greater than (a+1)' using the ordering defined

at the beginning. The four cases are the following:

the sum of the i11s to the left of (a+1)' is posi-

tive and the sum of to the left of (a+1)' is zero;

the sum of the i1' is zero and the sum of the ' s

is positive; (3):. both sums are positive; and (4) both

sums are zero.

Case 1. If the sum of the i11s to the left o

(a+1)' is positive and the sum of the i2
's to the left

of (a+1)' is zero, we shall makeinto
(0, , _)

46

(a+1)'(0,1 - ,*
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To do this, there are several things we must prove:

that there is a unique b'(_11**) b > a, to change to

(b+1)"_
k 1,0,1,0)

; that the (a+1) (0,1,-1) and

(b+1)" will not lead to contradictions; and that(-1,0,1,0)

it is impossible to make alfl ) into
(a+2)'000>.,/,

First, we find the unique b',_
( 1,1,*,*).

Since il = 0

in a,, \ we know that the sum of the
1

to the
k,/, , , /

left of a is zero unless there is a (d+1)"_
( 1,0,1,0)

with a = d. Since the sum of the to the left of

(a+1) is positive, there must be an i1 = 1 in a part

between (a+1) and am \ We shall show that there_ _ _
is at least one

b'-1,11*,*)
with b (a+1). Suppose the

(

only parts between (a+1) and a which have i1 = -I are

Then, when we picked the i 0 in

a(0,,,) in step 4, the were all of

the form ' and hence not between (a+1) and a. Thus,

there is no way that the sum of the ii's can be zero to

the left ofv in step 4 and also be positive to
, I_

the left of (a+1)' in step 8 unless there is a part

(a+1),._11**) in the one-line partition.
(

Since the sum of the
i2Is

to the left of (a+1)'

is zero, there are the same number of parts with i2 = 1

to the left of (a+1)' as there are ei*,_,,*,* 's to the

left of (a+1)'. None of the parts with i2 = 1 to the

left of (a+1)' are (e+1)'(0,1-1,)
's because we started

*

from the right so that e(011) would have to be to the



right of a
(0

to the left of (a+1)' are 's. If any

b' with b a+1 were changed to (b+1)"

and air, were written as (a+1)' the sum(0,11-11*)'

of the
i2's to the left of (a+1)' would be negative

which is impossible. Therefore, (a+1)'-1,1,,) is the(**
unique b'(-11**) that we use to make (b+1)"(-1 0,1 Or

In the event that there should be more than one

we shall pick the one furthest to the left

because the sum of the
i2's o the left of this part is

zero.

Now we show that we get no contradictions by changing

b'(-1,1 )
a",

VVI I I )

b_1,1,*,*)

to
(b+1)_10,1,0)

to
(a+1)10,1,-1,*).

Thus, all of the parts with
i2

with b = (a+1) and

First, we consider

changing-to (b+1)1!,_ If we were to

48

subscript, (b+1)" using our schemeof part I, we first

look at _i2. Since_the_sum.of the
i2's to the left of

b' is zero and since there can be only unprimes with

2
= * between_this b' and the last (b+1).", the sum of

the
i21s to the left of (b+1)" would have to

(-1,0,1,0)

be zero. Hence, i2 = 0 is justified in (b+1)'!_

Next, to check
i4 we show that the sum of the i41s

to the left of (b+1)'!.. is zero. If the sum is( 1,1,0)
nonzero, then there are more

(d+1)(o,* ,0,1)'s than

(f+1)" 's to the left of (b+1) 1010)* One(*,0,*,-1) k

possibility is that
(b+1)1!_.1010) is to the right of

k
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all m (f+1)",0,,-1) 's and (i1+1) (d+1)0 01) 's.

But this is the case where (S > p. Since (a+1)'
(0,1,-1,*)

is to the right of (b+1) 'L_ it is also to the
k 1,0,1,0)'

right of some (d+W_u*01) which accounts for an extra

one in row two. This is impossible by step 6.

The other possibility is that (b+1)... is to
( 1,0,1,0)

the left of
(f+1)"*,0,*,-1)

and to the right of
(

(d+1)'
(0,*,0,1)

and the 14 = -1 in (f+1)" is a result of

i4 = 1 in (d+1)'. Thus, we have d > b > f. We can have_
either b = f or b > f. Suppose b = f. Prior to step 7

we would have had
b!_.111,*,*)

and q*,0,*,_1) with b'

to the left of f'. Since i2 = 0 in f' and i2 = 1 in

b', there must exist a c" between b' and f'.

But this is impossible since b = f. Suppose b > f.

Since a+1 = b, we have a > f. After step 4 we would

have had d and a both to the left of
(0, )

Recall d > b = a+1. Thus d > a so that by

step S, instead of making (u *,0,1)'
we should have made

a(0,0,1). Thus, in either case, b = f or b > f, we

run into contradictions if (b+1)" were to fall between a

(d+1)1
(0,*,0,1)

and an (f+1)
*,0,*,-1) .

" Thus we are cor-
(

rect in having i4 = 0 in (b+l)i_1,0,1,0).

Finally, to justify i1 and i3 in (b+1)'!._
k 1,0,1,0)

we must check the sum of the 111s to the left of

[(b+1)-1P. Since (b+1)" came from b'(-10,1, ,0) (-11, ,**,y,
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the sum of the i1 's to the left of b' must be positive.

But this is what we need to give to (b+1)" an i1 = -1

and i3 = 1. Thus, we have justified (b+1)_1,0,1,0).

Now, we look at (a+1)' The i = 0 is(0,1,-1,*). 1

justified by reasons we have mentioned before: the

(a+1)1(o,/,_,,*) is placed to the right of any existing

(a+1)' parts and the sum of the
i1

's to the left of

kV,) is zero so that we also have the sum of theaft,

i 's to the left of (a+1)'
(0,1,-1,*)

equal to zero.

Next, in subscripting (a+1)1, we check i3. Because we

constructed the (b+1) "and because b > a, we
(-1,0,1,0)

have
(b+1)"-1 0 1 0)

to the left of (a+1)'. Therefore,
( , , ,

the sum of the i3s to the left of (a+1)' is positive

which means we give (a+1)' an i3 = -1, i2 = 1 and

i4 = *. Thus, we have (a+1)'(0,1,-1)*

Another place we might find a contradiction is if

there is a 1 with b > c. Then, since

changes to (b+1); we need an

i2 = 1 to offset the i2 = -1 in c". Remember, that

arA is now an (a+1) and b = (a+1)

implies (a+l) > c so that (a+1)' will be to the left of

Therefore, there is no contradiction because

of the i2 = 1 in (a+1)'

Finally, we must show that in case 1, we cannot make

a/A into (a+2)"00 0).
To have i = 0 in(,,*,



(a+2)", the sum of the o the left.of [(a+2)-1]'

must be zero. But in this case, the hypotheses state that

the sum of the i11s to the left of (a+1)1 is positive,

not zero. Thus, it would be impossible to make an

(a+2)"0,0,,0) out of afr, in case 1.(* r

Hence, in case 1, we change a to
(0, I )_

(a+1) 0,1,..1,*) and change the unique 13. ..1,1,*,*) to

(b+1)"(-1,0,1,0)*

Case 2. If the sum of the ii's to the left of

(a+1)' is zero and the sum of the
i2

's to the left of

(a+1)' is positive we will change an, into
I I

(a+1)1011,_11*).

To do this, we must proceed exactly as we did in

case 1.

First, we must find the unique 1,1,*,*)
with

b > a to change to (b+1)._1,0,1,0) *

Since the sum of
t

the j11s to the left of (a+1)' is zero, there is no

b(-1111*,*)
between (a+1) and a. Since the sum of the1

2's
to the left of (a+1)' is positive, there is at

least one more d'11**) than c"*,-1,*,*) to the left
(

of (a+1)'. Thus there must be at least one part

with d> a+1 such that the sum of the i2's

to the left of d' is zero. The unique b' is
(-1,1,*,*)

the part that is furthest to the right, but still to the

left of (a+1), with the sum of the is to its left

equal to zero.

51



To show that we can use no other d'

d > a+1, instead of the b'11**) chosen above, first

assume that the sum of the i21s to the left of

d(-11**) is zero. Since b;_,,,,*
,*)

is the furthest

right and still greater than (a+1) such that the sum of

the i2ts to its left is zero, d' is to the left of b'.

Thus, if we change d' to (d+1)" . then(-1,1,*,*) (-1,0,1,0)'

the sum of the
i2's to the left of b' will be negative

which is impossible.

If there is a
d'-11**) '

d > a+1, such that the

sum of the
i2's to its left is positive, and if we

changed d' to
(d+1)"-110,1,0)1 we would have a contra-

(

diction because
i2 should not be zero.

In summarizing, if we change any d' to

(d+1)1:_. will lead to contradictions unless d' is( 1,0,1,0 )

the part which we uniquely chose above.

Now, we shall show that we do not get any contradic-

tions by changing to (b+1)" and
(-1,0,1,0)

)

to (a+1)'

(b+1)", we shall first check

i2Is to the left of b'
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commented on the fact that the sum of the to the

left of (b+1)" is zero. Hence i2 = 0.

Next, we check i4. The arguments to show that the

sum of the i4 's to the left of (b+1)1!... is zero
( 1,0,1,0)

are like those in case 1, except for a small difference

Considering first

2'
Since the sum of the

is zero, we have already



when (b+1)" falls between a(-1,0,1,0)

an (f+1)" with d > b > f.

b > a+1, and so we have either f > a or a > f. If

f > a, then f > a+1. We know that the sum of the

i21s to the left of f' is zero because of the

in (f+1)" and the fact that (f+1)"(*,0,*,-1) (*,0,*,-1)

came from
f'*,0,*,-1).

But the sum of the
i2's

to the
(

left of (a+1)' is positive. Thus, there is an

between f' and (a+1)' such that the sum of

the
i2's to the left of e' is zero. But this

is impossible because11 )

now fits all of the

requirements to be the unique part chosen to be changed to

a double-primed part with subscript (-1 0,1,0). If a > f,

we have the same argument as used in case 1: after step 3

there would be
d(,

and a
I ) (0, , )i

'(0,*,0,1)

We know that

both to the

left of (*,o,*,_1). By step 5, ao,

d(
, , ,_)0r should have the subscript

in either case, a > f or f > a, we reach a contradic-

tion and (b+1)" cannot fall between a (d+1)'
(0,*,0,1),

and an (f+1)"*0*-1). Hence, 14 = 0.

To find
i1

and
i3

for (b+1)", we check the sum

of the 111s to the left of [(b+1)-1]'. Since (b+1)"

came from
b'-1,1,*,*) the i1 = tells us that the('

sum of the ills to the left of b' is positive. Thus,

iI
= -1 and i3 = 1 in the subscript of (b+1)". There,-

fore, it is correct to change b11**) (b+1)"
(-1,1,*,*) (-110,1,0r

, not
)

(0,*,0,1). Thus,
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and



*

step 5, we would have had
e(Of I I

between

Either

and a
(0,_,_,_).
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Next, we do the same thing for (a+1) (0,1,-1,*) To

subscript (a+1)', we would first check the sum of the

i1 '5 to the left of (a+1)'. By the hypotheses of case 2,

this sum is zero and thus i1 = 0 is justified. Next, we

check for
i3. Because i = 1 in the (b+1)"

3 (-1,0 1,0)

constructed above, we have the sum of the 13's to the

left of (a+1)' is positive and so i3 = -1, i2 = 1, and

i4 = *. Therefore, we get no contradictions by making

(a+1)'
(0,1,-1

As in case 1, we shall investigate the possibility

that after the change of a(0 to (a+1)'

and
b'(-1,11*,*)

to
(b+1)1(-1,0,110) there is a part

'

such that the sum of the
i21s to its left is negative.

If this situation occurs, there must be a c"
(*,-1,*,*)

between b' and (a+1)'. Because this is case 2, there is

d'11**) between c" and (a+1)' such that the sum

(prior to step 8) of the i21s to its left is zero. But

since b' was supposed to be the furthest such part to the

right, this is impossible.

The only other place that we might find a contradiction

would be if there is an (e+1)'

(b+1)" and (a+1)'(-1,0,1,0) (0,1,-1,*).

(e+1)'
(0,*,0,1)

accounts for an extra 1 in row two or

else it helps account for a 2 in row three. Prior to



If (e+1)0 Q1) accounts for an extra 1, by step 6

a(0, , , )
should have been chosen instead

of__ _
e,,, N to be subscripted (0,*,0,1). If

%,-,, I I I

(e+1)1
(0,*,0,1)

helps account for a 2., then there is an

(f+1)" to its right. Thus, prior to step 5, we

would havehadft,
(0, , I q*,0,*,-1)

and a(0).
, r ).

We cannot have ain N between e and
.11 I I I (0 )

f' for the reason that e was changed

into e(0,*,
1)

in step 5. Therefore, aft,
)

is to

the right of f'(*,0,*,...1) and hence f > a. Since i2 = 0

in f' the sum of the i2 's to the left of

is zero which means that if the hypotheses of case 2 are to

hold, there is a
d'-1,1,*,*)

between f' and (a+1)'.
(
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But then b°
(-1,1,*,*) is not the part to subscript

(-1,0,1,0)*

All of these arguments show that we run into no diffi-

culty by changing b_111,*,*) (b+1)" -1,0,1,0)(-1,1,*,*) (

a(0 _)
to (a+1)'

Finally, we show that it is impossible to make

a(0) into (a+2)0,00)* If we make an (a+2)"

in this case, we get a contradiction because the sum of the

i21s to the left of (a+1) is positive. We recall that

this meant the existence of at least one more b11**)

than c"
*,-1,*,*)

to the left of (a+1)°. Since b > a+1,
(

b > a+2. Since a double prime follows a prime, (a+2)"



follows
bi_1,1,*,*) and hence (a+2)" should have

i2 = -1, instead of i2 = 0. Therefore, we cannot make

a(0,_,_,_) into (a+2)"
(0,0,* ,0)

Finally then, we have shown the three requirements

that are necessary to change a, into

(a+1)' and the unique b' into(0,1,-1,*) (-1,1,*,*)

(b+1)"
(-1,0,1,0)*

Case 3. If the sum of the
i11s to the left of

(a+1)' is positive and the sum of the i2's to the left

of (a+1)' is positive, we shall changeinto
(0, I /

(a+1)'(0,1,-1,*) *
This case is essentially caSe 2. The

only difference is that there is also a d' with
(-1,1,*,*)'

d = a+1, because the sum of the il's to the left of

(a+1)' is positive as in case 1. When we pick our unique

b'-11* *)
to change to (b+1)"(-1,0,1,0) , we pick the

b', b > a+1, that is furthest to the right with the sum

of the
i21s to its left equal to zero. We will get

b > a+1, however, since the sum of the
21

to the left

of d'11**) , d = a+11 cannot be zero. This is, of

course, because the hypotheses of case 3 state that the sum

of the
i2's to the left of (a+1)' is positive.

Therefore, we find our b' uniquely and the arguments

of case 2 can be used to show that a( 0,_ changes to

and b_1,11*,*) changes to (b+1)%

with no contradictions. Also, we can use arguments of
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either case 1 or case 2 to prove thatu cannott ,

become (a+2)"
(0,0,*,0)*

Case 4. If the sum of the
i1Is to the left of

(a+1)' is zero and the sum of the i 's to the left of

(a+1)' is zero then we shall change am to
,

(a+2)"00 0).
We must prove that this change is possible

and that it is impossible to change am into
/

(a+1)'

To justify the subscripts of (a+2)" we first check

the sum of the
i21s to its left. Since the sum of the

i2's to the left of (a+1)' is zero, the sum to the left

of (a+2)"00 0)
is also zero. Thus, the i2 = 0 is

justified.

Next we check
a.4'

We want to make sure that the sum

of the i41s to the left of (a+2) (0,00) is zero. If

the sum is nonzero, then it is positive which means that

there are more (1+1). 's than (f+1)" '

(0,*,0,1) (*,0,*,-1)

to the left of
(a+2)"00 0).

One possibility is that

there are p (f+1)",0,,-1) 's and (1+1)(**
(d+1)'0 01) 's to the left of

(a+2)"(00 0)"
The

(d+1)'0,*,0,1) furthest to the right accounts for an extra
(

1 in row two. But then prior to step 6, we would have had
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a d and a with a(0 , ) (0, , , )

to the
,

right of dm By step 6, the a not the
, r , 1 . (0,_,_ _)'

d(0 )

should have been subscripted with (0,*,0,1).
'
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Thus, this arrangement of parts is impossible.

The other possibility is that (a+2) (0,00) falls

between a (d+1) (0,*,0,1) and an (f+1)*,01*,...1) as in

case 1. If (a+2) - (f+1), then both parts are exactly

alike except that one is subscripted with (*,0,*,-1) and

one with (0,0,*,0). We write the (a+2)" to the right of

(f+1)" because (b+1)" is already in existence by the

time (a+2)" is constructed. Thus, the i4 = 0 is cor-

rect. If (a+2) (f+1), then a > f. Prior to step 5,

we would have had din and ain with d to
kv, f f

the left of a and both to the left of f' By
(*,0,*,-1).

step 5, the
a(0, , )

would have been changed to

a(0101) ,v
and the din N left for future use.*,,, 1 f /

Therefore, we cannot have (a+2)"0,00) between

(d+1)0*01) and (f+1)"*,0,*,-1). '
Hence

4
= 0 in

(

(a+2)"00 0)
is correct.

justify and i3, we check the sum of the

i1's
to the left of [(a+2)-11' and this is zero by the

hypotheses of case 4. It is correct to have i1 = 0 and

i3 = * in (a+2)("0*0) and this concludes the argument.

Next, we shall show that it is impossible to change

afn
/ (

to
(a+1Y0,1,-1,*).

The reason is that we
ku, I f

must have a
b'(-111,*,*)

with b > a to change to

(b+1)" Since the sum of the i 's to the left
(-1,0,1,0)' 1

of (a+1) is zero there is no b_1111*,*)(-1,1,*,*)



(a+1) and a. Since the sum of the
i2 to the left of

(a+1) is zero, it is possible that there are no

b'-1,1,*,*) 's to the left of (a+1)' in which case we
(

cannot change am
/

\ to (a+1)'
)(0,1,-1, *

If there
1 1

is a b' b > a+1, then by changing

to (b+1)"
(-1,0,1,0)1

left of (a+1)' negative. Remember, am ) becominglvf I ,

(a+1) will not affect the sum of the2, t

the left of (a+1)' because this was the sum of the
i2

in all parts greater than (a+1)'. Thus, we cannot make

am
(0,1,-1,*)

\ into (a+1)' in this case either.
%,-,, I I I

Hence, we must make it (a+2)"
(0,0,*,°).

EXAMPLE. After step 7, we had 6 A p = 2 am
1 )

1D

we make the sum of the 's to the
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Using step 8, we begin at the 3in on the

right. The sum of the to the left of 4' is zero,

but the sum of the
i21s to the left of 4' is positive.

Thus, we find the
b1(-1,1,*,*)

furthest to the right and

also b > 4, such that the sum of the i21s to the left

of b' is zero. In this case, it is 5' Thus,
(-1,1,*,*)'

we change 5_1,1,*,*) to 6"
(-1,0,1,0)

and 3(n , )

to

remaining to change in our example: 7( 71,_
) k 1 1,*,

7'(C,* 0,1) (°,*,0,1) (*,-1,*,*) (*,°,*,-1) (* 0,*,-1)

5' 3
5(1,*,*,*) (-1,1,*,*)

3
(°,_,_,_)

3
(°,_,__,_) (1,*,*,*)

3'(-1,1,*,*) 3"
(*,-1,*,*) 2(1,*,*,*)

2'
(-1,1,*,*)

2'
(0,*,0,1)*



Now, we consider the next 3 Both the sum(0 ,_
of the i1's and the sum of the

i2's are now zero to the

left of 4'. Thus, we make 3 into 5"
(0, (0,0,*,0)

and finally have

7(l,*,*,*)7'( 6'
(0,*,0,1) (0,*,0,1)

6"
(*,°,*,-1)6"(*,0,*,-1)6(-1,0,1,0)5(1,*,*,*)(0,0,*,0)

' "41(0,1,-1,*)3(1,*,*,*)3 (-1,1,*,*)3 (*,-1,*,*)2(1,*,*,*)

'2i-1,1,*,*)2 (0,*,0,1)' We then write it as

7 7' 7' 6' 6" 6" 6" 6" 5 5" 4' 3 3' 3" 2 2' '. One could

use the scheme of part I to subscript

7 7' 7' 6' 6" 6" 6" 6" 5 5" 4' 3 3' 3" 2 2' 2 and trans-

form it to a three-line partition. The result would be the

three-line partition

11

* )
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which is the example we started with in part II.

Thus, we have started with an arbitrary three-line

partition T and have shown how to get a unique one-line

partition Ir consisting of unprimed, primed, and double-

primed parts such that Tf will be changed to T under the

transformation described in part I. Therefore we have a

one-to-one correspondence between the two sets of partitions

and, hence, the theorem is proved.

7 6 5 5 3 3 3 2 1

7 5 5 5 3 2 1 1 1

6 3 2 2 1 1



We shall now give an example of mapping a three-line

partition t into a one-line partition with p > 6.

Let T =

Step 1. We write T as a one-line partition. We then

have 9(1,*,*,*)9(-1,1,*,*)8,,,* * 108,1,*,*,*)81(-1
-I- i

6' 5"
7(1,*,*,*)7'( 1,1,*,*) (-1,1,*,*) (*,-1,*,*)4(

1,*,*)
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us 9 9'
(1,*,*,*)8 ,*,*,*)81(

7(1,*,*,*)7-1,1,*,*
5

6(-1,1,*,*)" (*,-1,*,*)4 (1,*,*,*)

4(1,*,*,*)4'(
3 3
(1,*,*,*) (l,*,*)

(

2
(1,*,*,*).

Step 3. We change p of the b0 to
,k,, ,..._

b 's and
i*,0,*,-1)

(p - 6) f them to lc,

k 1,0,1,0)

Our example becomes, 9(1,*,*,*) ko,*,_1)8(1,*,*,*)

9

9

5

8

8

2

8

7

1

7

6

1

4

4

1

4

3

3

1

3

1

2

8 8'(1,*,*("
4

3(1,*,*,*)3'(

-1,0,1 0
7

4

2

(1,*,*,*)

(1,*,*,*).

(_1,1,*,*)
6'

3

*,*)

4(1,*,*,*)4i -1,1,*,*)3( ,*,*,*)3(1,*,*,*)(-1,1,*,*)

2(1

Step 2. We change p + (p - 6) b'(_1,1) to

's where p = 1 and (p - 6) = 1. This gives



2
( ,*,*,*)'
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Step 4. We change p + 6 of the a(11*,*,*) to

a(0
's where p = 1 and 6 = 2. These changes yield

)

9
(0, f f) (*,0 * -1)8(1,*,*,*)8(1,*,*,*)8(-1 0,1,0)43(1,*,*,*)4(-1,1,*,*) (0 I )3 I I(1

* *)-1,1,*,*)

2(1

Step 5. We change p of the a,,,
kw

a(001) 's where p = 1. We now have

8'
(0,*,0,1)9'

8
(*,0,*,-1) (1,*,*,*) (1,*,*,*) (-1,0,1,0)

7/1 * * *\7r 1 * *16 i 1 5"
1 * *.,4lv/A , I I

4
(1,*,*,*)(-1 1,*,*)3(0,_;_,_)3(1,*,*,*)31(-1 1,*,*)

2(1,*,*,*).

Step 6. We change (6 - p) of the ao, to

a(00,1)'s. However, 6 - p < 0 so we go on to step

%,,,-,,A-Li 's ( 0,1)
Step T. We change the am * 1N (a+1)I

°s . to (b+1)*,-0,,_1)1s, b:_
(. 1,0,1,0)Is to

and reorder the partition This gives us(b+1)

10' 10" On 8
(0,*,0,1) (*,0,*,-1).7(-1,041,0) (1,*,*,*) (1,*,*,*)

4' 3 3 3'
I* I**) (-1 ,* ,*) ) (1 ,* ,* ,*) (-1,1 ,* ,*)



*\,

(o, , , ) (0,1 .1.,*)

one-line partition is 10' 10" 9"
(0,*,0,1) (*,0,*,-1) (-1,0,1,0)

(1,*,*,*)8(1,*,*,*) (-1,0,1,0)7(1,*,*,*) (-1 0,1,0)

5" 4 4'5'(0,1,-1,*) (*,_1,*,*) (1,*,*,*) 4'(-1,1,*,*) (0,1,-1,*)

'

3(1,*,*,*)3 (-1,1,*,*2) (1,*,*,*)* Thus, we get

7 = 10° 10" 9" 8 8 8" 77" 5' 5" 4 4' 4' 3 3' 2. Again,

we can check this example if we desire by using our sub-

scripting scheme on and show that we do get back to T.
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Step 8. We change n of the air, 's to
I

(a+2)4,0,*,0)'s and (p A 6)-n of the a,,, to

(a.+1)10,1,_1,*)1s, and (p A S)- of the Ip_.1,1,*,s to

(b+1) 7-110,110) S; p A 6 =
2. Considering 3 (0, ), the

sum of the ii's to the left of 4' is positive as is the

sum of the i2's7(-1,1,*,*) is changed to 8"
(-1,0,1,0)

and
(0,

becomes 4'
(0,1,71,*)

These changes3
*

yield 10' 10 8
(0,*,0,1) (*,0,*,-1) (-1,0,1,0) (1,*,*,*)

" ' "8( 8(-1,0,1,0)7(1,*,*,*)6 (-1,1,*,*)5 (*

4 (0,_,__)4(11*,*,*)4'(4i0,1 -1,*)3(1

1 * *)2(1 * . The sum of the
21s to the left3(-1,,,,,*,*)

of 5' is positive, so
6'(-1,1,*,*)

is changed to

7" and 4 becomes 5' and our(-1,0,1,0)



Chapter III

Additional Remarks

51. The Four-Line Partition.

The generating function for four-line partitions is

t(n)x' = Tr (1 - xm)-min(m'4)
n=0 m=l

We believe that this can be proven combinatorially by

an extension of the work we have done. From the proof of

the three-line case which we demonstrated in Chapter II,

it seems clear that the amount of detail necessary to give

a complete argument for the four-line case would be over-

whelming. It may even be very difficult to give the trans-

formation from the one-line partitions to four-line parti-

tions. However, there are certain patterns from our cor-

respondence which will probably hold true in the four-line

case. Moreover, these patterns will probably also carry

over to the k-line partition for k > 4.

§2. Recursion Formulas.

To find actual values of t (n) for specific values

of k and n, it is very helpful to derive certain re-

cursion formulas from

tk(n)xn =(1 - m -min(m,k)77 x
n=0 m=l
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so that

A table is given in [2] for ti(n) = p(n) with

n < 200. Cheema and Gordon [1] give tables for
t2(n) and

t3
(n) with n < 50. They state that they have calculated

tables for t (n) with k < 1.0 and n < 300.

We shall develop recursion formulas to find t4 (n),

n < 25. Then, using these and values from the tables

listed above, we shall give in Appendix A a table for

tk(n) with k = 1,2,3,4 and n < 25.

There are two different formulas we can use to make a

table for t( n). In one formula, t (n) depends on the

values of t4 (m), m < n - 1. In the other, t4 (n)de-

pends upon values of t3(m), m < n. The latter seems the

easier to use and is more easily adapted to large k. The

former, however, may be used as a check.

We shall develop both of these formulas.

E
t4

(n)xn = Tr (1 - xm)-min(m,4)
n=0 m=1

00 00 00

= Tr (1-x)m
-1 7.r (1-xm)

7r (1....xin) 1 Tr m
(1 x

m=1 m=2 m=3 m=4

co
3 --

= (1-x) (1-x2
2

) (13-x ) (1-xm)
-4

m=1
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(t4(n)xn [ (1-xm)3]
m=1

00 Co

= (1-x)3 (1-2x )2 (1-x ) 7r 0.-xm -1
m=1

Co Con (n+1)
But Tr (1-xm) 3 = E (-1)n (2n+1)x 2

m=1 n=0
[3; 285)

2
3

(1-x) (I- 2) (1-x3) . Multiplying and rearranging terms, we
have

N=0 m=0
E t4(rr)a(N-rnxN = b (m) pNT ( -41xN.

00 [ N

N=0 m=0
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(-1)n (221+1) if n m(m+1)
2

where a (n)

0 otherwise

and b (n) is the coefficient of xn in

CO 03

and we know that Tr (1-xM p (n) x Therefore
m=1 n=0

we now have

[

[E t (n)x E a (n)x]
n=0 n=0

.0

b (n)xil[ E p (n)xn] ,

n=0 n=0



Thus, since a(0) = 1, for a particular

N-1

t4 (N) = E b (m) p (N-m) - E4 (m) a (N-m
m=0 m=0

If we know t4 ( ) for m < N - 1, we can determine t (N) .

The second method also starts with

(n)xn = 77 (i-xm)- Tr (ixra (1- ,x 11-1

n=0 m=1 m=2 m=3

ir (1-xm) -1
m=4

CO

But we know that E3(n) x = id (1-xm)-min (m,3)
n=0 m=1

Therefore we have

4
(n)xn = [ t3 (n)][ ir (i_xm

n=0 m=4

00

(I-x) (1-x2) (1-x3)[ uoxn Tr (i_xm)-1
n=0 m=1

co

n=0

67

= (1-x) (1-x2 ) 1-x3)[ cct t (n) xri
n=0

[ E p (n) xi]
n=0

.



Finally,

m N
t ( ) xN = (1-x) (1-x2) (1-x3 ) 1: t (m) p (N-m) xN.t-

N=0 N=0--m=0

2456Since (1-x) (1-x2 3) (1-x) = 1-x-x +x +x -x , we have

N-1
t (N) = E t (n)pm-m) - E t3(ropm-i-m)

in=0 in=0

N-2 N-4
- E

t3
(m) p (N-2-m) + t3(rop(N-4-m)

m=0

N-5 N-6

t3
(n)p(N-5-m) z

t3
(m) p (N-s -m) .

m=0 m=0

By similar calculations, we find that

[ N
N

1: tk ( ) xN = [k-1rr 0--xm] k2: 1: t (Top (N-ro x1

C.2

N=0 m=1 N=0 m=0
-

which will enable us to determine t (n) for any k and

n.
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6 11 29 40 45
7 15 45 67 78
8 22 75 117 141
9 30 115 193 239

10 42 181 319 409

11 56 271 51.0 674
12 77 413 818 1116
13 101 605 1274 1794
14 135 895 1983 2882
15 176 1291 3032 4544

16 231 1866 4610 7131
17 297 2648 6915 11,031
18 385 3760 10,324 16,983
19 490. 5260 15,235 25,844
20 627 7352 22,371 39,124

21 792 10,160 32,554 58,680
,22 1002 14,008 47,119 87,538
23 1255 19,140 67,689 129,578
24 1575 26,085 96,763 190,830
25 1958 35,277 137,404 279,140

ti (n). = p (n) t2 (n) t ( t4 (n)

1 1 1

1 1 1 1 1
2 2 3 3 3
3 3 5 6 6
4 5 10 12 13
5 7 16 21 23




