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Some centrally symmetric convex polytopes can be represented

as finite vector sums of line segments; for a three dimensional cen-

tral polyhedron, this property is equivalent to the polyhedron having

faces which are centrally symmetric. The dissertation treats pro-

perties of centrally symmetric convex bodies in n-dimensional Eu-

clidean space and their relation to arbitrary (not necessary finite)

vector sums of line segments.

Specifically, it is shown that a convex polytope is a finite vec-

tor sum of segments if and only if its faces of some fixed dimension

r, r greater than or equal 2, are finite vector sums of segments.

Further, if a sequence of convex bodies which are finite vector sums

of segments converge to a convex body, then that limit body is a pro-

jection body, i. e. a convex body whose support function has repre-

sentation

H(u) =
sn-1

(u, v) I S(R, dco(v)) .

Redacted for privacy



Here the Radon-Stieltjes integral is taken with respect to the surface

area function of some central convex body R and is integrated over
n- 1.the unit spherical surface The projection bodies form a

closed subset of the set of all convex bodies.

It is known that the support function of a sufficiently smooth,

centrally symmetric convex body has representation

H(u) = (u, Ih(v)dw(v) . (A)

Here h is an even function defined on the unit spherical surface
n- 1 and d(v) is the surface element on Sn-1 at v. A

necessary and sufficient condition on a function h, defined on

sn-1, is found for (A) to be the support function of a central convex

body. Furthermore, every support function of a centrally symmetric

convex body has a representation of the form

1-1(u) = I (u, v) I 1.i.(dco(v)) (B)
n-1

where is a finite signed measure defined over the Borel sets on
n- 1

S . This is done by showing that every central body is the differ-

ence of two projection bodies in the sense that to every central body

we may add vectorally a projection body so as to obtain a projection



body. A partial answer is given to the problem of characterizing

those signed measures defined over the Borel sets on Sn-1 for

which (B) is a representation of the support function of a central body.

The paper concludes with some generalizations of some formu-

las of Blaschke [Kreis und Kugel, p. 156] for the volume, surface

area and total mean curvature of a centrally symmetric convex body.
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REPRESENTATIONS OF CENTRAL CONVEX BODIES

I. INTRODUCTION

It is known that some centrally symmetric convex polytopes can

be represented as finite vector sums of line segments. In fact, for a

three dimensional central polyhedron, this property is equivalent to

the polyhderon having centrally symmetric faces. In the following we

investigate properties of centrally symmetric convex bodies and their

relation to arbitrary (not necessary finite) vector sums of line seg-

ments.

In this initial chapter we state the concepts from the theory of

convex bodies which will be necessary for the understanding of this

work. For further results and proofs see the monograph of T. Bon-

nesen and W. Fenchel [5].

Our work is set in n-dimensional Euclidean space E (xi> 2).

If u is an element of En, then we will call u either a point or

a vector. The origin will be denoted by 0. The inner product of

two points u, v in En will be written (u, v) and the length 'lull

of a vector u is Ni(u, u). We shall use S1.1-1 to denote the unit

spherical surface in En, that is

Sn = UE En: II U II = 1} .



More generally, if ul,

ent vectors in Sn-1 and if e , c
1 n-p

-p , p < n are linearly independ-

are real numbers, then
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If u is in Sn-1 and if c is any real number, then the set

H = {xE En: (x, u) = c} will be called a hype rplane with normal u. The

hyperplane H determines two closed half spaces

L1 = {x: (x, u)> c} and Lz= {x: (x, u)< c} .

the intersection of the corresponding (n-p) hyperplanes will be called

a p-plane. In the case that p = 1 we will speak of a line and in the

case p = 2 we will speak of a plane. The terms hyperplane and

(n-1)-plane are then synonomous, By definition An n-plane coin-

cides with the whole space. If all the c. are zero, then the result-

ing p-plane will be termed a p-dimensional subspace and is known to

be isomorphic to p-dimensional Euclidean space E.
A convex body K is a compact convex subset of En. If K

fails to contain interior points, we will say that K is degenerate.

Whether or not K is degenerate, there is a p-dimensional subspace

of En in which K or a translate of K may be considered non-

degenerate. For this reason we shall speak of K as being

p-dimensional.

A hyperplane II is said to be a support plane of the convex

body K if K is contained in one of the closed half-spaces



A function G defined over E which satisfies condition (1)
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determined by II and if II I< is not empty. If II is the support

plane {x: (x, u) c} and if K is contained in the half-space

{x: (x, c}, then II will be termed the support plane with outer

normal u. Then, for any non-zero vector u, there will be a

unique support plane with u/ IN' as its outer normal.

Let K be a Convex body in En and let N be the real

valu,ed function defined over En by the equation

H(u) max(x, u).
xEK

This function H is called the support function of K. For u in

Sn- 1, {x: (x u) = H(u)} is the support plane of K with outer normal

u. H is known to possess the following three properties:

H(0) = 0,

H(Xu) = XH(u), X> 0 [positive homogeneity], (1)

H(u+v) 5_ H(u) H(v) [sub-additivity]

(lb) and (1c) imply that H is a convex function. Additionally, if

the origin is an element of our convex body K, then the support

function of K is known to be non-negative.

The support function of the point a, considered as a convex

body, has representation (u, a) and the support function of the line

segment s(a) joining a to -a has a representation 1(u, a)1.



is known to be the support function of a unique convex body. This

body is the set

(x, u)< G(u) for all u in E

We also know that 0 is in K if and only if the support function of

K is non-negative over En.

If X is a real number, then for any set RC En we denote

by XR the set of all points Xx, where x is in R. If Q is

another subset of En, then R + Q will denote the set of points

x + y, where x is in R and y is in Q. In particular, if

Q is the point a, then R' R + a originates from R by the

translation XT = x + a.

If K1, ..., Kr are convex bodies in En and if X
1,

.

are non-negative numbers, then

K = X1K1 + + X K (2)r

is also a convex body in En. Thus, if a is a point in En and

if K is a convex body, K' = K + a is also a convex body in En.

K' originates from K by the translation x' = x + a. In what fol-

lows we will be interested in properties of convex bodies which are

invariant under translations; in fact, we will often assume that our

body is translated so that it contains the origin.

The support function H of the convex body K defined by (2)

4
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has the representation

H(u) = X
1
(u) + + XrH r(u),

where H. is the support function of K. If H is the support

function of the body K, the support function of the convex body

K + a has representation H(u) + (u, a).

Let H be a support function of a convex body. Then for any

two points in En we set

H'(u; v) lim [ H(u+hv)-H(u)Ph.

H'(u;v) is the directional derivative of H at u in the direction

v and is known to exist for all u and v in En. As a function

of v, it satisfies the conditions required of a support function. If

K is the body with support function H and if u is in Sn- 1 then

I-11(u; v) is a representation of the support function of the intersection

of K with its support plane with outer normal u. If K is the

sum of several convex bodies, then the directional derivative of the

support function of K is the sum of the directional derivatives of

the support functions of the summands of K.

On the space of all convex bodies in En we may introduce the

following metric: Let Z = {11: Hull< l} denote the unit ball in En.

Then, let K and K' be two convex bodies in our space. Since



p(K,K') = max
,,,n-

UE

H(u)-111(u)

where H and H' are the support functions of K and K' re-

spectively. It is known that p(K, K') satisfies the conditions re-

quired of a metric. The topology on the space of all convex bodies is

the topology induced by this metric. In particular, a sequence of con-

vex bodies K is said to converge to the convex body K if

{p(K, K.)} has limit zero. In view of the equivalent definition of the

metric we have the following: A sequence of convex bodies K. with1--.
support functions Hi converges to a convex body K with support

function H if and only if the sequence {Hi} of support functions
-n 1converges uniformily on S to H.

Fundamental to the study of convex bodies is Blaschke's selec-

tion theorem: If {K.} is an infinite sequence of convex bodies each

of which is contained in the same sphere, then this sequence contains

a subsequence which converges to a convex body.

6
each is bounded, there is a number y > 0 for which

KC K' + yZ and Kr C K + yZ. (3)

We then define p(K, K') to be the minimum of the numbers y

which satisfy (3). Equivalently, this metric is expressed in terms of

support functions by
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A convex body K is centrally symmetric (or central) with

center t if every chord of K which passes through t is bisect-

ed by t. If H is the support function of K, then K is cen-

trally symmetric with center t if and only if

H(u) - H(-u) = (2t, u). (4)

For the most part we will be concerned with central bodies having

center at the origin, and in this case we have H(u) H(-u). It is

easy to show that, if {Ki} is a sequence of central convex bodies

which converge to a convex body K, then the limit body K will

also be centrally symmetric.

If we project K orthogonally onto a p-dimensional subspace

E, then we obtain a convex body K in E. The support func-

tion of K is the restriction to E of the support function of K.

From this, one sees that the projection of a central convex body is

again a central convex body.

The n-dimensional volume or measure of a convex body K

will be denoted by V(K), In particular the volume of the unit ball

Enin will be denoted by The volume functional is known to

be positively homogeneous of degree n, that for k > 0,

V(XK) = V(K); and it is known to depend continuously on its argu-

ment, that is {V(K)} converges to V(K) when {Kil converges

to K.



1 1 r r 1

arbitrary non-negative numbers. It is known that V(K) is a homo-

geneous polynomial of degree n in the weights Xi, to wit

V(K) /a" V(Ki , K., Ki )Xi Xi Xi (5)
1 2 n 2 n

i1=1 i2=1 in=1

The coefficients V(c, , K. , ..., K. ) of this polynomial are the
i1 12 in

mixed volumes of the bodies K. ,K. , ... , K. and are defined so
11 12

1
n

as to be symmetric in their arguments. Generally, in studying

mixed volumes, it suffices to look at V(K1, ...,Kn), where the K.

are not necessarily distinct. The mixed volume V(KI, , Kn) is

continuous in each argument and reduces to V(K) when all of the

arguments equal K. We will also need the following property of

mixed volumes: V(Ki, Kn) = 0 if and only if there do not exist

line segments s. C K. with direction v. for which the n vec-

are linearly independent.

Next we treat some measure theoretic concepts which will be

needed. For proofs and ideas related to surface area functions the

reader is referred to the paper of W. Fenchel and B. Tessen [8] or

to the monograph of H. Busemann [6].

Let B denote the field of Borel sets on the unit spherical sur-
n- 1

face S . Let 1. be a finite-valued, non-negative measure

8

tor s V.
1
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defined on B. Then, for continuous functions G defined over
n- 1 the Radon-Stieltjes integral of G with respect to (1, taken

over E B, exists and will be denoted by

SG(u)(dco(u)).

It is shown in [8] that if K is a non-degenerate convex body,

then there is a unique non-negative finite measure S(K, ) defined

over B with the property that for each convex body K with sup-

port function H

nV(k, K, , K) fl-(u)S(K, d(u)). (6)
sn- 1

This set function is called the surface area function of the body K.

Alternately, S(K,(0) can be defined as the (n-1)-dimensional volume

of the set of all those boundary points of K at which there is at

least one support plane with outer normal in c.o.

Furthermore, if {Ki} is a sequence of convex bodies which

converges to the body K, then the associated sequence of surface

area functions {S(Ki, )} converges to the set function satisfying

xiV(k, K, . , K) = 1:1-(u)(dco(u))

Sn-1



in B and is positive over open hemispheres is the surface area

10

for each convex body K. Thus, S(K,*) =

It is known that S(K,..) satisfies

S(K,)> 0 over B, (7)

with strict inequality for open hemispheres, and

(v, u)S(K, dw(u)) = 0 for all v E Sn-1 (8)
n- 1

Condition (8) amounts to saying that the mass distribution over Sn-1,

such that S(K, w) is the mass on w, has its centroid at the center

of Sn- 1. W. Fenchel and B. Jessen [8] and A.D. Alexandrov [2]

and in a restricted sense Minkowski[5, §60] have shown that any

totally-additive set function defined over B and satisfying condi-

tions (7) and (8) is the surface area function of a convex body which is

unique to within a translation.

If K is centrally symmetric, then

S(K,w) =S(K,wl)

where denotes the antipodal set on Sn-1 to w. In this case,

condition (8) is automatically satisfied. Thus, each non-negative

measure 1. defined on B which satisfies il(w) Ccot) for all co



function of a convex body which is unique to within a translation. If

K' is the reflection of K in the origin, then

S(K',w) = S(K,w') = I.(wr)

= Cw) = S(K, w).

Thus, to within a translation, K = K' and so is central,

11
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II. CONVEX POLYTOPES

By a convex polytope P we will mean any bounded subset of

E1' can be represented as the intersection of a finite number of

closed half-spaces. If P has a center of symmetry, then we will

call P a central polytope. Let P be an n-dimensional convex

polytope and consider a support plane 11 of P with outer normal

v. If II (ThP contains more than a single point, then we will call this

intersection the face of P with outer normal v and will denote it

by F(v). F(v) will be a convex polytope of dimension at least one

and at most n-1.

If H is the support function of P, then the value of the sup-

port function of F(v) at u will be the directional derivative of

H at v with respect to u [5, p. 26], that is F11(v;,) is the

support function of F(v).

If one considers the regular octahedron in E3, then one sees

that the faces of a central polytope need not be central. On the other

hand it is known [1; 7, p. 28; 12, p. 47] that in E3 central syrn-

metry of the 2- dimensional faces of a convex polytope P implies

that P possesses central symmetry. Alexandrov [1] gives a proof

of this theorem and states that in an analogous fashion one may prove

that central symmetry of the (n-1)-dimensional faces of an n-dimen-

sional convex polytope P implies that P is central. A proof of
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this generalization has recently appeared [16]. We will give in this

chapter some additional information as to the character of convex

polytopes which have faces which are centrally symmetric.

THEOREM 1. If all of the faces of dimension greater than or equal

two of a convex polytope P of dimension n possess central sym-

metry, then so does P.

PROOF: If n = 3, this is Alexandrov's Theorem and is true. Let

P be a k-dimensional convex polytope and let H be its support

function. Since the face F(v) with outer normal v is central, its

support function 111(v; .) satisfies by (4)

H'(v; u) - H'(v; -u) = (t(v), u), (9)

where t(v) is a translation vector. Let us project P onto a 3-

dimensional subspace E3. This projection is then a 3-dimensional

convex polytope P with support function H, the restriction of H

to E3. We can then calculate the support functions of the faces

F(v) of P, where v is a unit vector in E3. Thus, for u

in E3 and v a unit vector in E3, we have



I-11(v;u) = lim [1-1(v+tu)-1-1(v)] /t

= lim fli(v+tu)-H(v)] /t
t---0

= H'(v;u).

Hence, I-11(v;) is the restriction of Ht(v;.) to the subspace

Then by (9) and (10) for u and the unit vector v in E3

H'(v;u) - H'(v;-u) = I-11(v;u) - H'(v;-u) = (t(v), u).

This shows that the face 'P (v) of P with other normal v is

central. Since v was arbitrary, we have that all polygonal faces
011,

of P are central, and so by Alexandrov's Theorem is central.

Since we projected P onto an arbitrary three-dimensional sub-

space, all projections of P onto three dimensional subspaces are

centrally symmetric. This implies that P is central [5, p. 124].

By repeatedly applying Theorem 1 to the faces of P one

proves the following corollary:

COROLLARY. If all of the two dimensional faces of a convex polytope

P are centrally symmetric, then P is centrally symmetric.

The support function of the line segment joining the points a

and -a has the representation H(u) = I (u, a) I . We find it useful

to calculate H'(w;u).

14

(10)



H(u)

i=1

15

LEMMA 1. If H(u) = (a, u), , then

(a,

u) if (a, w) > 0,

Fl i(w;u) = I (a, u) I if (a, w) = 0,

(a, u) if (a, w) < 0.

PROOF. To compute H7(w;u) we compute the limit of the quotient

[ I (a, w+tu) I - I (a, w) (12)

as t goes to zero through positive values. If (a, w) > 0, then

for t sufficiently small (a, w+tu) > 0 and so

I (a, w+tu) I - I (a, w) I = t(a, w).

Thus (12) becomes (a, u). If (a, w) = 0, (12) becomes t I(a, u ) lit

or simply I (a, u) I . Finally, if (a, w) < 0 and t sufficiently

small (a, w+tu) < 0 and (12) becomes - (a, u). As t tends to

zero, we have (11).

If we now form the vector sum of r segments s(a1), s(ar),

we obtain a convex polytope P whose support function H has rep-..

res entation



Evidently, H(-u) = H(u) and so P has the origin as a center of

symmetry. If P is a convex polytope whose support function

has representation

H(u) =

i=-:1

then P will be called a finite sum of segments. If a polytope is a

finite sum of segments, we see from (13) that P has t as a cen-

ter of symmetry.

It is interesting to note that in two dimensional Euclidean space

a convex polygon P is a finite sum of segments if and only if P

is central. In fact, if P has the origin as a center of symmetry

and if s(a.) are the line segments through the origin which are con-

.gruentto the edges of P, then P is the vector sum of the s(a.)

[For a detailed proof see 14, p. 5].

Ogard [14, p. 10] gives an improvement of Alexandrov's Theo-

rem stated earlier. He explicitly shows that the polygonal faces of a

three dimensional polytope are central if an only if the polytope is a

finite sum of segments. This theorem also lends itself to dimension-

al generalization. We do this in two steps.

THEOREM 2. If a convex polytope P is a finite sum of segments,

then so are the faces of P.

a. )1 + (t, u), (13)

16
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PROOF. Since P is centrally symmetric, we may assume that it

has the origin as a center of symmetry. Thus the support function H

of P has representation

H(u) =

i=1

The support function of the intersection of P and its support

plane with outer normal v has, by (11), the representation

H'(v;u) = u(a., ) I + (/ a.- / a., u).

I(v) II(v) III(v)

Here I(v) indicates that we are to sum over those indices i for

which (a., v) = 0, II(v) indicates that we sum over those i for

which (a., v) > 0 and III(v) is to indicate that we sum over those

for which (ai, v) < 0. Now, if the intersection of P and its

support plane with outer normal v contains at least one line seg-

ment, the index set I(v) will not be empty. Thus, the face F(v)

of P with outer normal v has a support function of the form (13)

and is a finite sum of segments.

Next we prove the converse of Theorem 2.

THEOREM 3. If all of the faces of a convex polytope P are finite



sums of segments, then P is a finite sum of segments.

PROOF. First we note that the faces of P are centrally symmetric

since they are finite sums of segments. By Theorem 1, P is cen-

trally symmetric, and we can assume then that P has its center of

symmetry at the origin.

Let H be the support function of P. Since F(v), the

face of P with outer normal v, is the sum of segments, its sup-

port function Hy(v;.) has representation

18

vwherethe a.( v) are orthogonal to v and t(v) is a translation

vvector.Let A be the set of all a.( v) obtained by allowing v

to range over Sn-1. Since there is a finite number of faces of P,

A will be a finite set. We then write A = {al' ..., am}.

Let a be in A ancLlet P be the orthogonal projection of

onto an (n-1)-dimensional subspace orthogonal to
ak

Shephard

has shown [16, p. 1209] that the vertices of P are the images under

this projection of edges of P parallel to ak. Choose v ortho-

gonal to
ak.

F(v) is the intersection of P with a support plane

II(v) with outer normal v and, since v is orthogonal to ak

II(v) is a support plane of P. Because P is a polyhedron,

m(v)

H'(v;u) = (ai(v), u) I + (t( v), u), (14)

i=1



albeit degenerate, P 11(v) will contain a vertex of P and,

hence, F(v) will contain an edge parallel to ak. Thus, the set

vofall a.( v), for some fixed v, contains all elements of A

orthogonal to v.

We now define a function G by

G(u) = u(a., ) I .

i=1

G is the support function of a centrally symmetric convex polyhedron

Q. By Lemma 1 the support function of the intersection of Q with

its support plane with outer normal v has the representation

Thus, we have

G'(v;u) =

Here * means that the sum is to be taken over those i for which

(a., v) = 0 and T(v) is a translation vector.

Since the a. which are orthogonal to v are precisely those

which we have called a.(v), we have

m(

i

ua., ) I + (T(v), u) .

I (ai(v), u) I ./ I

19



(ai(v), u) I + (T (v), u)

A comparison of (14) and (15) shows that the faces of P and Q

with parallel outer normals have identical support functions and so

are congruent. But this implies that P and Q are identical [5,

p. 116]. Since Q is by construction a finite sum of line segments,

so then is P.

Repeated application of Theorem 2 and Theorem 3 gives the

following corollary.

COROLLARY 1. If all faces of P of some fixed dimension

r,2 <r < n-1 are finite sums of segments, then P is a finite=.

sum of segments.

The observation that for two dimensional faces of a convex

polytope P central symmetry is equivalent to being a finite vector

sum of segments, yields a second corollary.

COROLLARY 2. If P is a convex polytope whose two dimensional

faces are centrally symmetric, then P is a finite vector sum of

segments and conversely.

20



III. PROJECTION BODIES

Let be a finite-valued, non-negative measure defined over
-the field of Borel sets B on the unit spherical surface Sn1 .

Then the Radon-Stieltjes integral

H (u) = v) I (dw(v)) (16)

exists since I (u, v) I is a continuous function of v defined over

Sn-1. As a function of u in En, (16) obviously satisfies condi-

tions (la) and (lb) of a support function. Since

I (u, w, v) < I (u, v) I + I (w, v) I and since is non-negative, (16)

also satisfies condition (lc). Thus, (16) is a representation of the

support function of a convex body. Evidently, this body has the origin

as a center of symmetry.

If /) is such that it has the value X. > 0 at the one point

isets{v.}, = 1, r, in B and vanishes for all in B

which are disjoint from {v1, ..., v}, then (16) takes the form

H(u) = (u, X .v. ) I .

i=1

In this case we obtain the support function of a convex polytope which

is a finite sum of segments. For this reason, the convex body whose

21



for any convex body Ko with support function H. In particular,

we have for the surface area S(k) of K

S(k) = nV(Z, , k) = S(k, dw(u)) = S(k, 1
) .

sn -1

If in (17) we choose
Ko

to be the line segment s(v)/ 2 where

is in n-1 then we obtain

1 tcnV(s(v), K, .,K) (u, v) IS(K, dw(u)) . (18)
2

This isis the brightness of K in the direction of v, that is the

(n-1)-dimensional volume of the orthogonal projection of the convex

body K onto the (n-1)-dimensional subspace with normal v [5,

nV(Ko, K, = Ho(u)S(k, dco(u))
n-1

22

support function has representation given by (16) will be termed a

sum of segments. As before, we will also use this term for any con-

vex body which can be translated so that its support function is of the

type (16).

If we consider the surface area function S(K,.) of a convex

body R, then by (16) we have

(17)
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p. 45]. It is easily seen that the right hand side of (18), considered

as a function of v, can be extended to be positively homogeneous of

degree one without changing its form. In so doing, one obtains a rep-

resentation of the support function of a convex body K. The descrip-

tive name of projection body has been given to this body [5, p. 45].

Since S(K,, )/ 2 is a finite, non-negative measure over B, a com-

parison of (16) and (18) shows that this projection body is a sum of

segments and, thus, is centrally symmetric.

Firey [10, p. 18] has shown that the converse is also true, to

wit if K is a non-degenerate sum of segments, then its support

function, restricted to the unit spherical surface Sn-1, is the bright-

ness function of an essentially unique centrally symmetric convex

body K. We will use the terms projection body and sum of seg-

ments interchangeably.

Our next theorem has to do with approximating convex bodies

which are sums of segments by convex polytopes which are finite

sums of segments.

THEOREM 4. If K is a sum of segments, then K can be arbi-

trarily well approximated by convex polytopes which are finite sums

of segments.

PROOF. Let H, with representation
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I (u, v) I (dw(v)) -

n.- 1

I (u, v) I - I (u, vi) 0(dw(v))1

H(u) = i(u, v)1(d.w(v)) , (19)
sn- 1

be the support function of K. It is sufficient to show that (19) can

be approximated uniformly over by a finite sum. Let e > 0

be given and let 6 = E/(SI1-1) We partition Sn-1 into disjoint

Borel sets, such a way that the chordal diameterswl "

=d(w.) sup lv-wl, i = 1,
V, WEw.

1

are all less than 6. Then, for arbitrary but fixed v. in and

for unit vectors u, we have

v)I- (u, v.

u, v-vi) (dw(v))

d ( ))

r

S v-v. I Cdw(v))

i=lwi
r

< 65 . dw(v)) = 5(S11-1) = E .1
1=1 W1

(u, vi)

i=1

24



Thus K is approximated by

i=1

p=

25

in the sense that p(PE, K) < E where the metric is that defined in

Chapter 1.

We note in passing that the choice of the unit vectors v. in

is arbitrary. Thus the approximating polytope in Theorem 4 is

also dependent on the choice of these vectors.

Let us look more closely at the representation

H(u) I (u, v)1(dw(v)) (20)
sn- 1

of the support function of a convex body K. Without loss of gener-

ality, we may suppose that

CWI)

where col is the antipode of W on n_ If this were not so,

then we could replace by the arithmetic mean of its values at an-

tipodal sets without altering the value of the integral in (20).

Let D(v) be an open hemisphere of Sn-1 with pole v and

let aD(v) denote its equatorial boundary. If, for some v in



n- 1
S .1(D(v)) and so 41.(D(-v)) vanish, then

Cw) = CcormaD(v))

and from (15) H(v) = H(-v) 0. Thus, the support plane with outer

normal v would coincide with the support plane with outer normal

-v. This would imply that the body K was a subset of a hyper-.

plane with outer normal v and so would be degenerate. If (20) is

to be the support function of a non-degenerate convex body, then

may be considered as the surface area function of a centrally sym-

metric convex body [ see p. 101.

If K is degenerate, then for some unit vector w we have

, (D(w)) .1(D(-w)) = 0.

If we now let sn-2 denote the common equatorial boundary of D(w)

and D(-w), we have for

Cca) = (c,.)rmSn- 1)

Then considering as a set function defined over the Borel sets on

Sn- 2 we may write for u in En-1, the subspace of En ortho-

gonal w,

H(u) = I (u, I(dw(v))
2

26
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K can then be considered as a convex body in En-1, If K is not

degenerate when considered as a convex body in En-1, then

can be considered as the surface area function of an (n-1)-dimensional

central convex body K. In this case we say that K is an (n-1)-

dimensional projection body.

We define an (n-p)-dimensional projection body (2<p<n-1)

a like manner. When we wish to emphasize the dimensionality of K

we will explicitly do so. Otherwise, we will simply speak of K as

a projection body.

THEOREM 5. If K is a non.-degenerate convex body and if {Ki}

is a sequence of n-dimensional projection bodies which converge to

K, then K is an n-dimensional projection body.

PROOF. We assume that the origin is a common center of symmetry

of the K. and an interior point of K. Since the K. are n-
1 1

dimensional projection bodies, their support functions H. have

representation

dcoH.(u)= v)IS(K., (v)) (21)
sn- 1

where the K. are centrally symmetric convex bodies. Let H be

the support function of K and so the sequence {Hi} converges

uniformly over 5n-1 to H. K is contained in a sphere of radius



Minkowski's inequality [5, p. 109] and (24) yield

28

M and K contains a sphere of radius m > 0; thus we have

milull < Igu) < M hull (22)

for all u in E. Now because {Hi) converges uniformly over

n-1 to H, (22) must be true for all but a finite number of the H..

Without loss of generality, we then assume that we have omitted this

finite set of H. and re-indexed so that

m Ilu < Hi(u) < M 114 (23)

is valid for all i and u.

Next, we show that the central bodies2' appearing

in the right hand side of (21) are all contained in a common sphere.

Let cr. denote one-half the minimum over Sn-1 of (21), D. the

maximum over Sn-1 of + U. (-u) (where H. is the sup-

port function of K..), and r the p-volume of the p-dimensional

unit ball. From (23) and Cauchy's surface area formula [5, p. 48]

we have

1S(gi) = Iii(n.)S(Z , d(u))

M S(Z , dw(u)) 7- T. (24)
A_ 1 n-i 1



V(K.) < [S(K )/41 = n n

rmly

By (23) we note that Fr.. > -1-m and consequently from an inequality of
2

Firey [9] conclude that

_
nV(Ki

<
) 24

_ nM/ 1

n/n- 1D <1= cr. = m n...1

We denote the right hand side of this inequality by R and observe

that it is independent of i. Whereby, we have that all of the K.

are contained in a sphere of radius R.

Since all the K. are contained in a common sphere, we may

apply Blaschkets selection theorem to conclude that
{K.}

contains a
1

subsequence {Kim} which converges to a convex body K.

An alternate way of writing (21) [5, p. 45] is

nH= V('s (u), K.
(.)

, . . .

1 10)

By the continuity of the mixed volumes, the right side of (25) con-

verges to nV(s(u),K, ...,K- ) as converges to R. At the

same time we have } converging to H, and so
10)

29

(25)

H(u) = nV(s (u), K, . . . , K). (26)



But, since IS(ki(j), w)} converges to S(17,) [p. 9], the right

hand side of (26) is twice the brightness function of R, that is

H(u) = (u, v) I S(K-, dco(v)) .

S11-1

Thus, K is an n-dimensional projection body.

To take care of the case where K is degenerate, we need a

preliminary result.

THEOREM 6. The orthogonal projection of an n-dimensional projec-

tion body onto a p-dimensional subspace is a p-dimensional projec-

tion body.

PROOF. Let K be an n-dimensional projection body. Its support

function H has representation

H(u) = I (u, v) I S(k, clo.)(v)) .

n- 1

As in the proof of Theorem 4, there are polytopes P1 with support

functions H. with representations

Hi(u) = u,
v(0. )1s(R,

w.3( .)
)31
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for which

1max H(u)-Hi(u) I <
UE

.,n-
D

Thus, the sequence {Pi} converges to K.

Now we project K and P. orthogonally onto a p-dimension-

al subspace E. The support function of P., the projection of

P., has, for u in EP, representation

Hi(u) = 11, v.(i)J(1)1S(K, W.,.
))3

)1s(k,
wi(i))3(i

where is the projection of onto E. Thus, is
vi(i) vi(i)

a finite sum of segments in EP and so is a projection body.

The support function of K, the projection of K, is the re-

striction of H to the subspace E. If H is the support func-

tion of K, then we have

max 111(u)-P-Ii(u)
J

max IH(u)-Hi(u),p- 1 ,p-1
UED UED

1
u<max1 IH(u)-H.( ) I < .= ,n-

UE D

31
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Thus, {Ili} converges uniformily over SP-1 to and, conse-

quently, {P)i} converges to R. Now, an application of Theorem 5

yields that 'fZ is a projection body.

By combining Theorem 5 and Theorem 6 we have the following

theorem.

THEOREM 7. If K is the limit of a sequence of projection bodies,

then K is a projection body.

PROOF. If K is non-degenerate, this is Theorem 5. If K is

degenerate, then it must lie in some p-dimensional plane, and, by

a suitable translation of K, we may assume that this p-plane is a

p-dimensional subspace. In this subspace, K may be considered

as a non-degenerate convex.body. We now project each member of

the sequence of projection bodies, which converges to K, onto this

subspace containing K. We thus form by Theorem 6 a sequence of

projection bodies in this subspace which converge to K. Now an

appeal to Theorem 5 shows that K is also a projection body.

For any convex body K in En and any class of convex

sets in En, K is said to be approximable by the class if

there exists a sequence of sets {Ki}, such that, as i tends to in-

finity K. tends to K, where each set K. is a vector sum of a
1

finite number of sets of the class [15, p. 9]. An approximation



problem is to determine necessary and sufficient conditions for

to be approximable by a class K.

Theorem 4 and Theorem 7 then provide the solution of an ap-

proximation problem: Let be the class of all line segments in

En. Then K is approximable by 9.. if and only if K is a pro-

jection body. This solves a question alluded to by Shephard [15, p.9].
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IV. CENTRAL BODIES

It is known [4, p. 154; 5, p. 29] that if K is a smooth (e. g.

with analytical support function), centrally symmetric convex body

with center at the origin, then its support function H has represen-

tation

H(u) = i(u, v) I h(v)dw(v) . (27)
sn- 1

Here, h is an even function defined on Sn-1 and dw(v) is the

surface element on Sn-1 at v. If h is positive, then (27) rep-

resents the support function of a projection body. On the other hand,

if h is always negative, then H is not a convex function and so

(27) does not represent the support function of a convex body. Gen-

erally, h will fluctuate in sign and we seek conditions on a function

h defined over Sn- 1 to guarantee that (27) is the representation of

the support function of a central body.

First, one might ask whether all central convex bodies have a

representation which is analogous to (27). The affirmative answer is

given by the next theorem.

THEOREM 8. If K is a central convex body with center at the ori-

gin, then there is a finite signed measure II defined over the Borel

sets Bn-1 for which the support function H of K has

34
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support functions H.

H(u) = I (u, v) (dw(v)) .
n-1

PROOF. Let {Ki} by a sequence of smooth, central bodies whose

have representations

Hi(u) = (u, v) I hi(v)dw(v)
n-1

and which converge to K (smooth convex bodies are known to be

dense in the space of all convex bodies [5, p. 35]). We define signed

measures vi over B by

vi(w) = Slhi(v)d.w(v) ,

and then (28) becomes

Hi(u) = I (u, v) i(dw(v)) . (29)
sn-1

+ _
Leti.t. 1.1..= . - p.. by a Jordan decomposition of v. where

1 1 1 1

_
iii+ and pt. i are non-negative measures defined over B [11, p.

123]. Thus (29) becomes

35
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dH.(u)1(u, v)11.1..+(dw(v)) - 1(u, v)Ip..-( w(v)). (30)
n-1 n-1

From Chapter 3, we know that the two right hand integrals in (30) are

themselves support functions of projection bodies K.+ and K.-,

that is the support function H7 of K. has representation

H7(u) = I (u, v)11.1.7(do.)(v))

K., K.+, and K. all have the origin as a center of sym-

metry, and, consequently, their respective support functions are

non-negative over En. As in the proof of Theorem 5 we have

0< H.- (u) < H.+(u) < H. (u) < M Hu ll= = =

for all i. This implies that the two sequences {Ki+} and {Ki-}

of projection bodies are uniformily bounded and hence by Blaschke's

selection theorem contain subsequences which converge. By suitable

omissions and relabeling, we can assume that these sequences them-

selves converge. By Theorem 7 the limits of these sequences are

themselves projection bodies, which we denote by K+ and K-

respectively. Then there are non-negative measures and

defined over B for which the support functions H+ and H

36
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respectively have representations

H(u) = I (u, v)+(dw(v))

and

1-1-(u) = i(u, v) lp.-(dw(v)) .

sn- 1

Next define a signed measure over B by

(co) = - (co)

The left hand side of (30) converges to H(u) and [see Chapter 2]

the right hand side converges to

Sn- 1

1(u,v)111 (dco(v)) i(u,v) (dw(v))nlsn- 1
Consequently,

H(u) = I (u, v) lp. (dw(v)) ,

SII-1

which is our desired representation

In the proof of Theorem 8 we have that the support function of a

central body K can be written as the difference of the support func-

tions of two projection bodies. Thus, any central convex body can be
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written as the difference of two projection bodies in the sense that

there is a projection body whose vector sum with the given central

body is again a projection body. This decomposition is not unique.

Now, if p. is any finite signed measure defined over the Borel

sets B on Sn- 1 one may form the integral

SI (u, v) lp,(d (v))
sn- 1

(31)

and ask whether it is a representation of the support function of a

central convex body. If p. is non-negative, then the answer is af-

firmative: The integral is the support function of a projection body.

On the other hand, if p. is always non-positive, then the integral,

as a function of u, is not convex and so the integral is not the sup-

port function of a convex body.

Historically, the question has been posed for smooth bodies

[4; 5]. Specifically, conditions on a function h defined over Sn-1

have been sought in order that

i(u, v) Ih(v)dco(v) (32)
n.- 1

be the support function of a smooth central body. Our next theorem

will give an answer to this latter problem, First we need a lemma



upon which our solution is based.

LEMMA 2. In 2-dimensional Euclidean space the only centrally

symmetric convex bodies are projection bodies.

PROOF. Let K be a centrally symmetric convex body in E2.

Let {P.} be a sequence of central polygons which converge to K.

We have noted [p. 16] that central polygons are finite vector sums of

line segments and, hence, are projection bodies. Since the limit of

a sequence of projection bodies is again a projection body [Theorem

7], K is a projection body.

We may conclude directly from this lemma that in E2 for

(32) to represent the support function of a 2-dimensional central body

it is necessary that h be non-negative over Si'. In general, for

2-dimensional Euclidean space, (31) will represent the support func-

tion of a centrally symmetric convex body if and only if L()> 0 for

all 0.) in B.

Let M be an arbitrary 2-dimensional subspace of En with

U its unit spherical surface; thus, U = M ,-mn-1 . For V in

U we define L(V) to be the set of all vectors inSn- 1 which,

when projected orthogonally onto M, have the same direction as

v, that is all v in Sn-1 for which

39

(v,Vr) > 0 (33)



and for all u in U orthogonal to V

(v-V, u) = 0.

In 3-dimensional Euclidean space L(77) is simply a great semi-

circle with V in the middle and exluding both end points. Gener-

ally, if M is the orthogonal complement of M, then the union

of the closures of L(V) and L(-V) will be Sn-1 M . Finally,

denote by do-(v) the (n-2)-dimensional surface element at v on

L(V). We now state our next theorem.

THEOREM 9. In order that

H(u) = i(u, v) Ih(v)dw(v)
sn-1

be a representation of the support function H of a central convex

body K, it is necessary and sufficient that h satisfy

(v, V)2h(v)do-(v) > 0

1(-v-)

for all 2-dimensional subspaces M of En and for all vectors V

in Sn- rm M.

40

PROOF. It is known [5, p. 124] that K is centrally symmetric if
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and only if all orthogonal projections of K onto 2-dimensional sub-

spaces M of En are central. If H is the support function of

K, then the restriction of H to M will be the support function

of the projection of K onto M. Thus K will be centrally sym-

metric if and only if all restrictions of H to 2-dimensional sub-

spaces of En are support functions of 2-dimensional central bod-

ies, or, what is the same thing, support functions of 2-dimensional

projection bodies.

EnNow let M be an arbitrary 2-dimensional subspace of

and let U be the unit spherical surface in M, that is
n-1U = S M. We propose to give an explicit description of the re-

striction of (32) to M. If V(0) is a fixed vector in U, then we

may parameterize U by the angular measure measured coun-

terclockwise from V(0). We then denote vectors in U by V()
where 0 < < 2ir and write I() for L(V()).= =

Let u be any vector in M and let v be a unit vector in

En. If v is orthogonal to all vectors u in M, then

I (u, v) I = 0. If v is not orthogonal to all vectors in M, v is in

L() for some unique and

v = v, V())V + terms orthogonal to M. (34)

For u in M we have from (33) and (34)



sider v as an n-tuple

M, then v is of the form (0, 0, vn-1, vn). Next, we express

the coordinates of v in hyperspherical coordinates [3, p. 2331:

v1
= cos 01

v2 = sin el cos e2

v3 = sin 0 sin 0 cos 0
1 2 3

vn-2 = sin 01 sin
02

.. sin On-3 cos en-2

= sin 01 sin 0 ... sin O sin e cosn-1 2 n-3 n-2

vn = sin 01 sin 0 ... sin en-3 sin On-2 sin

where 0 < e. < Tr, i = 1, ..., n-2, and 0< < The vector= = = =

which we have denoted by V() has coordinates v=
1

vn- 0, vn-1 = cos g, vn = sin=

In terms of our hyperspherical coordinates the surface element

d(v) on Sln- becomes

chosen so that if v is in

P

42

ku,v)1 u,-,ci(g))1(v \v(g)) . (35)

Sn- 1We continue to parameterize En. For in we con-



If we define a function g over U by

43

dw(v) = (sin 01)n- sin 02)n-3... (sin 0n-2)d01... d0n_2dt

= (v,V())(sin 01)n-3...(sin 0n_3)d01...den_2d . (37)

Here we have used

(v, V()) = sin 0 sin
92.

. sin 0
1 . n-2.

The set I,() is composed of those vectors with coordinates given

by (36) where t is fixed and 0 <6 < it Thus

(sin 0 )11-3(sin )n-4... (sinn-3)d01... d0n-22

is the element of surface do7(v) at v on L(). Then, for

in 1,(), (37) becomes

dc(v) = v, t))do-(v)d . (38)

Using (35) and (38) we see that H restricted to M has the

representation

2TryH(u)IM

= i(u, -17(t))1(v,V(t))211(v)do-(v)d .

0 L()
(39)



then (39) takes the form

H(u) =

g(N7()) = (v, V( ))2h(v)do-(v) , (40)

L()

I (u, -77( )) g(7-v--(0)d . (41)

44

The restriction of H to M is to be the support function of

a projection body. This will be the case if g is non-negative over

U. On the other hand, if g is non-negative over U, (41) will be

the support function of a central body in M. Hence, since M was

arbitrary,

H(u) = I (u, v) Ih(v)dco(v)
5n-1

will be the representation of a support function of a central body if

and only if (40) is non-negative for all vectors Tr() in U and for

all subspaces M of En.

Theorem 9 gives only a partial answer to the problem of char-

acterizing the signed measures for which

H(u) = i(u, v) (dca(v)) (42)

511-



is a representation of the support function of a central body. Our

next goal is to extend the result of Theorem 9.

For any signed measure v defined over the Borel sets B

n-1on we may write

V =
v1

+
v2

+
v3

where v1 is absolutely continuous with respect to Lebesgue meas-

ure on B, and
v2

and
v3

are singular with respect to Lebes-

gue measure [11, p. 182]. More exactly, v2 is purely atomic, by

which we mean there exists a countable set C such that

v (Sn-
1 -C) = 0, and

2
v3 has the property that v3({u}) = 0 for

every one point set {u} in B.

In what follows, we give necessary and sufficient conditions on

a signed measure, assumed absolutely continuous with respect to

Lebesgue measure, in order that (42) be a representation of the sup-

port function of a central body. We also do the same for purely

atomic signed measures. Unfortunately, we can not treat the case

where a signed measure is singular and vanishes for each one point

set in B.

First, we look at the absolutely continuous case. If v is a

finite signed measure defined over B which is absolutely continu-

ous with respect to_Lebesgue measure, then the Radon-Nikodym The-

orem [11, p. 128] states that there exists a finite valued integrable

45



function h on Sn-1for which

v(w) = Sh(v)d(.0(v) .

THEOREM 10. In order that

H(u) S I (u, v) Iv(dw(v)) ,

sn- 1

where v is absolutely continuous with respect to Lebesgue meas-

ure, be a representation of the support function of a central body K,

it is necessary and sufficient that

vor)zh(v)dcr(v) > 0

L(V)

for all subspaces M of En and for all vectors v in

n-1
S M. Here h is the Radon-Nikodym derivative defined by

v(w) = Sh(v)dw(v) . (44)

PROOF. Using (44) we may write (43) as

H(u) = I (u, v) Ih(v)dw(v) .

n- 1

46
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Then the proof is identical with that of Theorem 9.

Next, let v be a finite signed measure which is purely atom-

ic. If v has a non-zero value at only a finite number of points and

if these values are positive, then we have the support function of a

finite vector sum of segments.

THEOREM 11. Let v be a purely atomic, finite, signed measure
-n 1defined over the Borel sets on S Let L(V) be as before and

let 11(v ; ) be the signed measure defined over the Borel sets

on L(V) by II (V; co) = v(w). Then

H(u) = I (11, v) Iv(dco(v))
n- 1

will be a representation of the support function of a central convex

body K if and only if

(v, V)y. dw(v)) > 0

L(T.T)

-n 1for all vectors Tr in S M and for all 2-dimensional sub-

spaces M E.

47

PROOF. As in the proof of Theorem 9, we project K orthogonal-

ly onto a 2-dimensional subspace M. Then, for v ii L(V), we



have

1(u,v)1 = i(u,V)1(v,v)

Now, the restriction of v to the Borel sets of L(V) is either

purely atomic or else has the value zero for each Borel set on L(-v").

We parameterize M Sn-1 as in the proof of Theorem 9, by the

angular measure Thus, we write Tr() for V and L(V())

for L(V). For u restricted to M, H has the representation

H(u) = 5127 s (u, vg)) I (v, Vg))11(Vg); c1(.0(v))cl
0 L(_v())

If we let g be defined over M S11-1 by

g(V( )) = (v, TrU))f.i(Ti(); dco(v))

L(Tr())

then we have
2Tr

H(u) = 1(u, v(0) 1 g(7,7( O)d .

0

This will be the representation of a support function of a 2-

dimensional central body if and only if

g(v()) = (v,"-v-()).Lrv-(); dw(v)) > 0

L(Tr())

for 0 < < 21r. Since M was arbitrary, the theorem follows.
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V. MEASURE NUMBERS

Blaschke [4, p. 156] has given some interesting formulas for

the volume, surface area and total mean curvature of a 3-dimension-

al central convex body. These formulae, as given, are only valid for

bodies whose support functions are sufficiently smooth. In this chap-

ter, we generalize these formulae so as to be valid for all central

bodies and for dimensions greater than or equal three. We will let

C2 denote the unit spherical surface Sn-1 in En and use * in

conjunction with summation formulae to signify that we are allowing

the i. to run independently from 1 to n.

LEMMA 3. If
sit

are line segments of length al, ..., a

respectively, then the mixed volume of these line segments has rep-

resentation

49

the vectors.v, v .
1

PROOF. We form the vector sum sl+ +sn

volume using (5):

V(s 1, ., sn) an[vi, . , vn] In!

Here v. is the unit vector parallel to si. and [v1, ... is
1

the absolute value of the determinant whose successive columns are

and compute its



On the other hand,

V(si+...+sn )V (s. , s. )

in

= n!V(si,...,sn) . (45)

This last equality is true because the mixed volumes of segments is

zero if two of its arguments are identical [5, p. 41] and since the

mixed volumes are symmetric in their arguments.

S +...+ sn1
is an n-dimensional parallel-

opiped or has zero volume and so its volume is given by the absolute

value of the determinant whose successive columns are the vectors

Si,...,. snf
that is [si, ...,sn] [13, p. 90]. The volume of

sl +...+ sn is equal to the volume of a1 v1+...+ anvn and so

V(S + . .+s) = [aivi, . . . ,av] = al... a.n[v ,v}.

(46)

(45) and (46) yield

n1V(s1, ,$) = al...an[vi, vn] .

Let K be the projection body whose support function H has

representation

H(u) = I (u, v) I i.i(d.w(v)) .
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Thus, is a non-negative measure defined over the Borel sets on

£2. As in the proof of Theorem 4 for each E > 0 we may decompose

£2 into disjoint Borel sets"." (,) for whichwl r

IH(u) - u E
1 1

1=1

where v. is an arbitrary vector in w.. Then
1 1

Also we have

V(PE

H (u)

i=1

is a representation of the support function of a convex polytope

which is a finite sum of segments, i. e. P = cr, +...+ a- wherewhere the
1E

cr. are segments of length 211((,).) and parallel to v.. The volume

of P can be computed using Lemma 3:

u, v.)1 II. (0). )

11,,v.(6).
inn 1

As E tends to zero, P converges to K. The continuity

of the volume functional shows that V(PE) converges to V(K).



2n-- [v. vw. )n!
v.
in](1 1

converging to

n
, ,vniFt(clw(v ) (clw(vn))

where the multiple Radon-Stieltjes integration is carried out over the

Cartesian product

= x x. . x 12

n-factors

This yields our next theorem.

THEOREM 12. If K is a projection body whose support function

has representation

H(u) = u, v) I 11(c14.0(v))

then

V(K) =
2n

, (cico(vi)). (&)(vn))
czn

If K is an arbitrary central convex body, its support func-

tion has representation
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H(u) = (u, v) I p,(d(o(v)) ,

where p. is a signed measure defined over B. Let p. = p.+ -

be a Jordan decomposition of II into the difference of two non-

negative measures. Then for X > 1 the set function p. + Xp.

is also a non-negative measure defined over 13 and, consequently,

HX(u) = (u, v) I ( 11+X p. )(dw(v))

is a representation of the support function of a projection body Kx .

By Theorem 12 the volume of Kx is given by

V(Kx ) =
1

. . . v 1( p.+X
)(dw(v1

)). . . (p.+X )(dw(v ))
n! n

2n
= [v 1, . . . , vn)p.(dw(vi )). .p.(cico(vn))

211

+ Xn! nc [vi, vnii-L(dco(v ))...p.(dco(v ))11-(c1(.0(vn))
1 n-1

On

n 2n
+ + X --- [v v -(d ( -

n! v ))(d vn))

We note that this is a polynomial of degree n in X .
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Furthermore Kx K + XK and so by (5)

V(Kx) = V(K) + XnV(K, K) +... + X V(K ) ,

which is also a polynomial of degree n in X. Since these two

polynomials are equal for X > 1, they must be equal for all values

of X . In particular, for X = 0, we have the following theorem.

THEOREM 13. If K is a centrally symmetric convex body whose

support function has representation

u, v) I (dw(v))

2n
V(K) = ITT S , . . . , vnbi. (dw(vi )). .11 (dco(vn))

By employing a procedure similar to that used in the proof of

Theorem 13, we arrive at an expression for the mixed volumes of

central convex bodies.

THEOREM 14. If K1, , K are centrally symmetric convex

bodies, then

V(Ki, ...,Kn) = [v1, , vn]p,/(dc(vi))...p.n(d.w(vn))
E.2n
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E2

then



V(K) =

On the other hand,

V(K) = V(X 1K 1+. + XnKn) =

2n...X. ).(dw(v. ) (dw(v. )). (47)
in nl

11 in 1

X. V(K. , , K. ) (48)
1 1 i

1 n 1 n

A comparison of the coefficient of the terms X1X2... Xn in (47) and

(48) yields the required result.

As an instance of Theorem 14 we have that the surface area

S(K) of K is given by

55

where the support function Hi K. has representation

H.(u) = I (u, v) iii(d(4(v)) .

PROOF. Let K = X1 K1 +. .+
XnKn.

The support function H of K

has representation

H(u) = X ill (u) +. . . + XnHn(u) i(u, v) I (dco(v))

Sn-1

where II =X1p. +...+ Xnp.n. From Theorem 13



2nS(K) - p1S1 [v1, . . . , vn]cico(v1)11(dco(v2))- (cico(vri))
c2n

where
1

is the (n-1)-dimensional volume of the unit ball in

(n-1)-dimensional space. The validity of this expression follows by

noting that S(K) = nV(Z, K, , K), and that the support function of

the unit ball Z in En has representation

[5, p. 48].

Finally, if we restrict ourselves to E3 and to smooth con-

vex bodies, we obtain the formulas of Blaschke [4, p. 156] by con-

sidering V(K), nV(K, K, Z), and nV(K, Z, Z,) respectively.

£2

u, v) I dw(v) = 1
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