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INTEGRAL EQUATIONS INVOLVING SPECIAL FUNCTIONS

CHAPTER I

INTRODUCTION

Inversion integrals have recently been found for some

integral transformations of the form

Si k(t/x)g(t)dt = f(x) (0<a<x<1). (1.1)

Initially our attention will be directed toward finding

more inversion integrals with some special functions as

kernels. As a side problem we will also consider the fol-

Since most of the inversion integrals have been found with

.the aid of the Mellin transforms, we have, by necessity,

investigated Mellin-Barnes integrals. As a result of this

investigation, we find that a large number of kernels for

which inversion integrals have been found have an integral

representation in a class of Mellin-Barnes integrals. In

addition we will consider the relation of (1.1) with the

transformation

lowing similar transformations:

k(t/x)g(t)dt = f(x) (1<x<a< (1.2

jik(x/t)g(t)dt = f( x) (0<a<x<1), (1.3

rx
I k(x/t) g(t)dt = f (1<x<a<00). (1.4)



which came to our attention during the study of Mellin-

Barnes integrals. We leave the discussion of these dual

equations until after we have discussed the Mellin-Barnes

integrals. First we shall be concerned with the problem

of an inversion integral for (1.1).

Ta Li (11) obtained an inversion integral of (1.1)

where the kernel k involved a Tchebyshev polynomial, Tn.

Using a Legendre polynomial, Pn, as a kernel, R. G.

Buschman (3) also found an inversion integral. Later in

(4) he extended these results to kernels involving Gegen-

bauer polynomials, 0k/2, which include both the Legendre

and Tchebyshev polynomials. In (5) he also gives inver-

sion integrals for kernels involving Legendre functions,

Ft, and Legendre functions on the cut, P. These results

constitute the previous special cases of (1.1).

In order to find the form of the inversion integral

roo

Gmn(xY)Ya0Pqf(Y)dy = e(x) (0<x<1) (1.6)

00

j Gpqmn(xy)f(y)dy = 0 (x>1) (1.7)

(G
Pq

Meyer's G-function. 2m + 2n = p+q, and p<q),

2

jk(x-t)g(t)dt = f(x) (0<x<a<co). (1.5)

A simple transformation allows us to apply some results

concerning (1.5) to (1.1). Finally we examine the dual

equations
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of (1.1), we rewrite it, as indicated by R. G. Buschman

in (4), in the standard form of a convolution with respect

to the Mellin transformation, namely,

rk(t/x)U(t/x- 1 )g(t)V(t -1)dt f(x)v(x -1) (1.8)
0

where U(x) = 1 for x > 0, U(x) = 0 for x < 0, and

V(x) = 1 - U(x) From (9, vol. 1, p. 307-308; 13 and 4)

we have

Mik(x)U(x - 1); - s3Mfg(x)V(x - 1); 1 + = Mif(x)V(x -1); sb

The inverse Mellin transforms are assumed to converge for

the individual transforms. Substituting s- 1 for

in the last equation and rearranging, we have

M{g(x)V(x - ); s} = Mff(x)V(x- 1); s-11/Mtk(x)U(x - 1);1

(1.9)

A formal solution of (1.1) is then

1 YI-ic°m.

Z7T fg(x) =1 y_ico Mc
f(x)V(x - 1);

(1.10)
k( )U( X 1) ;1 SI X

However, we would prefer to express g in the form of a

convolution similar to (1.8). We can not use the general

formulas (9, vol. 1, p. 307-308; 13, 14 and 4) directly

since the inverse Mellin transform of

[Mik(x)U(x -1);1- sl]-1 will not in general converge.



There are two methods of modifying (1.9) which may allow

us to form a convolution. In the first we must find a

function h such that

Mth(x)V(x - 1); s3 = P(s)/mik(x)u(x 1);1 - s3

where P is a polynomial in s. In the second we insert

F(s)/F(s) = (-1 + s)(-2 + s) (-j + s)r(-j + s)/r(s) in

(1.9). We then let P(s) = (-1 + s) ( -2 + s) (-j + s)

and define

1 crY.4.i...h(x) [mtk(x)u(x- ) ; - slr(s)] rq-j +s)x-scis,2 --100

provided the integral converges for some positive integer

j and

Mth(x)V(x - );s3 = r(-j s)/[r(s)Mfk(x)U(x - 1);1 -

In either case (1.9) becomes

mfg(x)v(x -1);s3 = mih(x)v(x -1);s3P(s)M(f(x)V(x-1); 4

With the aid of the general formulas in (9, vol. 1 p.

307-308) we form from P a differential operator which

operates on f and which is a polynomial P* in the opei=

ators, d/dy, y w/dy, dy y2, and so forth. The coef-

ficients of P* are rational functions of y. The inver-

sion integral, which is found from (9, vol. 1, p. 308; 14),

is then

4



g(t)v(t-1) = j h(t/y)V(t/y-1)P*(D)f(y)V(y- 1 )dy

where D is one of the operators, and this is equivalent

to

g(t) = h(t/y)P*(D)f(y)dy.

This gives us the form of the inversion integral.

It is easier to show that (1.11) is the inversion of

(1.1) by substitution rather than by justifying the above

steps. Subsequently we will give a detailed proof of an

example; however, we will outline the proof here because

it gives us a better insight into the form of the dif-

ferential operator in (1.11). Let I denote the formal

integral obtained by substituting (1.11) into the inte-

grand of (1.1), that is,

pl

I(x) =J k(t/x)dt j h(t/y)P*(D)f(y)dy.

Using Dirichlet's formula, we have

1(x) = j P*(D)f(y)dy j k(t/x)h(t/y)dt. (1.12)

If J denotes the inner integral, then J and the dif-

ferential operator are related. Now we can no longer

work with completely general formulas but must give some

special results. Hence we list a few values of J and

the corresponding differential operator:

5



J(y,x) = (kI)x-k(y- x)k, p*(x) (_edy)k+lyk,

J(y,x) (2kki )- ( y2 x2 ) kyn-kx-n-k+i p*(a) =

Y-n+k+1 ( _y- id/dy) k+lyn+k-1

1(x) = Si (y2 x2 ) k-f-ly (-y-1 d/dy
k+l[yn+k- lfody.

X

If this integral is integrated by parts with the restric-

tion that f(m)(1) = 0, 0<m<k, then

)-1 ( y2 x2 )kx-11,--k+1 (_y- 1 cvdy)kEyn+k- f (y) I Ix

-n-k+1 ,

[(k-1)1]-12."-°-1$ (y2- 1d/dy)k

)([yn+k-if(y)]dy,

= -2-k+lpk - 1)]-1x-n_k+i ri (y2

x[yntk-lf(ym.

Repeated integration by parts then gives

,
1(x) -x-n-K+15 d[yn+k-if(y)] _ f(x).

This is the desired result.

At y = 1 the condition f(m)(1) = 0 cancels half

the terms which arise from the integration by parts. The

(1.13)

x2)k-1dty-1d/dy)k-1

6

differential operator P* (D) and the integral J combine

J(y,x) = (k!)- (

ily)ky p*() 1 ( edy y2) k+ly- k.

Consider, for example, (1.13) and (1.12); the result is
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at all but the last step in the above integration by parts

to give a power of y2 - x2 which cancels all but one of

the remaining terms at y = x. The last remaining term

is then the desired result. The integral J does not

have to be a power of (yn - xn). It may be a more gen-

eral polynomial or a function Q in x and y, provided

that Q(y,x) = 0 when y = x and that there exists a

differential operator. This operator and the function Q

must, of course, combine to cancel terms at y = x which

arise from the integration by parts. Only a few simple

examples have been given.

A similar approach is given by Charles Fox (10) to

the transformation

where f*(y) f(1/y). This brings (1.8) in line with

(1.14) so that we may consider (1.1) as a special case of

(1.14). However, his method can not be applied to most of

the kernels which we consider, at least, not without con-

siderable modifications. When it does apply, the inver-

sion formula requires fewer restrictions on the function

f but may be cumbersome, particularly when the function

00

k(tx)g(t)dt = f(x). (1.14)

The substitution L/y for x in (1.8) yields

co

k(yt)U(y-t - 1)9(t)V(t - 1)d-t=f*(y)U(y-1) (1.15)
0
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f must be differentiated more than one or two times. For

some simple cases the method is quit& useful.

As an example of Fox's method, consider the kernel

whose transform, K, satisfies the functional equation

K(s)K(1 - s) = [a +bs(1 - s)]-1 (1.16)

where a and b are constants. If K(s) = (c +ds)-1

d is real, and d < 0, then k is a special case of

both (1.16) and (3.9) [a = c2 - cd and b = d2]. Now

multiply (1.14) by x5-1 and integrate with respect to

x from 0 to From (9, vol. 1, p. 308; 1.3) we find

that

and this is equivalent to

G( ) - K( )_F(1 -
K(s)K(1 -

From (1.16) and (1.17) it follows that

F( s) K( )G(1 -

G(s) = aK(s)F(1 - s) + bs(1 - s)K(s)F(1 - s)

We find with the aid of formulas (9, vol. 1, p. 307-308;

3, 9, and 13) that

g(t)= rk(ut)f(u)du +bd/dtf tk(ut)d/dubf(u)Idu.(1.18)

Under suitable conditions (1.18) can be verified as a

1.17)



solution of (1.14).

Formula (1.18) applied to (1.15) gives

g(t)V(t - I ) = ark(ut)U(ut - I )f*(u)U(u - 1)du

co

+ bd/dtf tk(ut)U(ut - 1)d/du[uf*(u)U(u - 1)]d

If the substitution u = 1/z is made, then

g(t)v(t - 1) = al k(t/z)V(t/z - 1 )f(z)V(z - 1)z-2dz

co

- bd/dtf tk(t/z)V(t/z - 1 )ct/dz[z-lf(z)V(z - 1)]dz,

and this is then equivalent to

g(t) = af k(t/z)z-2f(z)d edtf tk(t/z)d/dz[z-1 f(z)]dz.

(1.19)

The last equation is a solution of (1.1) for only those

kernels whose transforms are of the form

K( s)

It should also be noted that the kernels in (1.19) and

(1.15) are not the same, as might be assumed from the

relation of (1.18) to (1.14). In (1.15) the argument of

the kernel is greater than one, and in (1.19) it is less

than one. The resolvent kernel is the analytic continu-

ation of the transformation kernel. Thus we have found

only the form of the solution and must verify in some

other way that it is a solution.

9
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We note that (1.2), (1.3), and (1.4) can be written

respectively as

pm

j k(t/x)V(t/x -1)g(t)U(t -1)dt = f(x)U(x - 1), (1.20)

k(x/-0v(x/t _ 1 )g(t)V(t -1)dt = f(x)V(x- , (1.21)

k(x/t)U(x/t - 1 )g(t)U(t - 1)dt = f (x)U(x - 1) . (1.22)

The form of the inversion integral can be found in a man-

ner similar to the one already given. Proof that the

integral obtained is the inversion integral is similar to

the proof that will be given for an example of (1.1).

We next give some examples of inversion integrals

with Legendre polynomials as kernels. These inversion

integrals are not the only ones possible. The resolvent

kernel does not have to be a Legendre polynomial, nor does

it have to be the Legendre polynomials used The

transformation

and

1

P (t/x)g(t)dt = f(x)
J:

has inversion integrals of the form

(1.23)

,1
g(t) = I p (t/,,)y2-n(y-ld/dy)2[ynf(y)]dy (1.24)n-2

g (t) = t-2 jt Pn(t/y)y d2/dy2[yf (y)]dy. (1.25)



The transformation

pi
I P (x/t)g(t)dt = f(x)

n

has inversion integrals of the form

n

J1.1
-C4. Pn-2 (Y/t)Y2-11-1(Y-ledY)2[Y-n+2f(Y)]dY

-t

pi

g(t) I P n(y/t)d2,/dy2f(y)dy.

The transformation

11

The inversion integrals (1.27) and (1.28) can be obtained

from (1.24) and (1.25) respectively by interchanging the

limits of integration without the usual change in sign.

This fact is more readily seen from the inner integral in

(1.12), that is,

J(y,x) = k(t/x)h(t/y)dt (0<a<x<y<1).

If k, h,. and J are analytic functions, then by

Xr
pn(t/x)g(t)dt = f(x) (1.26)

has inversion integrals of the form

9( ) = P (t/,)y2-n(y-1 d/dy) [ nf(y)]dy 1.27)

and

g( t ) t-25 (t/y)y d2/dy2Cyf (y)]dy. (1.28)

g(t) =

and
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analytic continuation the integral remains valid for

1<v<x<l/a. This relation between the transformations can_

now be verified by substitutions into the appropriate

equations. For example, compare (1.28) and (1.26) with

(1.25) and (1.23). The substitution of (1.25) into (1.23)

and (1,28) into (1.26) and the inversion in order of inte-

gration yield respectively

fit-2d
vvdy21-_,

x I
LyI(Y)]cITIP (t/x)Pn(t/y)dy = f(x),

x n

rx
jit-2Yd2/dY2[Yf(Y)]dyf Pn(t/x)Pn(t/y)dy = f(x) .

If both pairs of limits of integration are changed in the

second equation, the two equations will be the same.
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CHAPTER II

GAUSS' HYPERGEOMETRIC FUNCTION

In this chapter we give several inversion integrals

of the transformation

fi
k(t/x)g(t)dt = f(x)

where the kernel k contains Gauss' hypergeometric func-

tion 2F1. These inversion integrals include the pre-

viously known inversion integrals involving Legendre func-

tions and Gegenbauer polynomials. They also include

some special cases not previously considered such as

Jacobi polynomials, log functions, and some inverse trigo-

nometric functions.

The hypergeometric equation is

z(1 - z)d2u/dz2 + [c - (a +b + 1 ) ]ciu/d - abu 0

where the parameters a, b, and c are arbitrary complex

numbers. It has three singularities, 0, 1, and 00, which

are regular singularities. If c 0, -1, -2, ..., then

2F1(a,b;C;Z) (a) (b) zn/(c) n!
n=o

is a solution, which is regular at z = O. [By defini-

tion (a)n = a(a + 1 ) (a + n - 1 ) = 1-(a + n)/r( a) . If

a and b are different from 0, -1, -2, ..., the series
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converges absolutely for all values of I z I < 1. It con-

verges absolutely for 1 z1 = 1 if Re( a+b-c) <0. It con-

verges conditionally for 1 z1 = 1, z 1, if 0 < Re(a+b-c) <

1 and diverges if 1 z1 = 1 and 1 <Re(a+b-c). If 1-c, b-a,

and c-b- a are not integers, the analytic continuation of

2F1 can be obtained from the equation

2F1(a,b;c;z) = F(c)F(c - a b)tr(c - a)r(c - 01-1
-az 2F1 (a, a + 1 - c;a +b + 1 - c;1 - z

+ r(c)r(a + b - c)tr(a)r(b)}-1za-c(1 - z)c-a-b

2F1 (c - a,1 - a; c +1 - a - b;1 - z-1) larg z < Tr.

For further details see (8, vol. 1, p. 56-119).

If we substitute x = u -1 and 0 = 1 - s in the

formulas (9, vol. 2, p. 400;9) and x = 1 -u, p = s in

(9, vol. 2, p. 399;4) we obtain respectively

co

j u -u)du _ F(c)r(a-c+1-s)r(b-c+1-s)
F(1-s)r(a+b-c+1-s)

(2.1)

valid for Re c> 0, Re ( a-c+1 ) >Re s, and Re (b-c+1 ) >Re s; and

r1
us-1(u- i)c-12F

Jo
a,b;c;1-u)du

1)

F(c)11(s)r(c - a - b + s)

r( c - a + s)r(c - b +

(2.2)

valid for Re c> 0, Re s > 0, and Re s > Re( a + b - c)
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The method given in the introduction suggests some pos-

sible inversion integrals. We give a few in the fol-

lowing theorem.

Theorem 1. Suppose that f("1) is sectionally

continuous for 0 < a < x < 1 and f(k)(1) = 0 for

0 < k < n. Let = -d/dy, A = d/dy y2, and ö =

-1 ,/
-y a/01y. Now let n be chosen in the equations below

such that in

(2.3) 2n +1 > Re(a + b) > n > 0,

(2.5) n+1 > Re(a +b) > 0, n > 0,

(2.7) n +1 > Re c> 0, n > 0,

(2.9) n > 0,

(2.11) n + 1 > Re e > 0, n > 0,

(2.13) n + 1 > Re e > 0, n > 0.

If

[F(a+b-n)1-1r1(t/x-1 )a+b-n-1 2F1(a,b;a+b-no,1-x)g(t)cl=f(x),

(23)(2.3)

then

If

9(t) = -[F(2n- a - b 1 )-1 y)

X2Fi(n+l-a,n+1-b;2n-a-b+1 ;1-tly)y-1An+1[y-nf (y)]dy.

(2.4)



If

then
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Er( a+b)]-111 ( t/x-1 a+b-1 2F1 (a,b;a+b;1-t/x)g(t)dt = f(x),

(2.5)

g(t) Er(n-3-b+1).]-1 '1"-t/y)n-a-b

X2F1(n-a+1 ,n-b+1 n-a-b+1 ; 1- t/Y)Xn+YYnf (Y)icly.

(2.6)

Er( 0]-111 (t2/x2-1 )0-12Fi (n+d+1)/2, (2c-n-d-2)/2; c;1-tn2)

then

Xg(t)dt = f (x), (2.7)

g(t)
[r(n+1-c)]-1 J1 (1-t2,/y2)n-cyn-d

k2Fi (n-d)/2, (n+d-2c+1 )/2;n+1 c ; 1-t2/
) n+1Eyn+df(y)]dy.

(2.8)

If

[r( (n+1 (t2//x2_1 ) (n-1 )/2

X2F1((d-e)/2; (n+e-d)/2; (n+1)/2;1-t2/x2/9 (t)dt f (x), (2.9)

then

g(t)
2-n+lEr((n+q/4-141(1-t2,/y2)

(n-1)/2y1-14-d-e-1-1

X2F1 ( (e-d-1)/2, (n-e+d-1-1)/2; (n+1)/2;1-t2/y2)



If

n+1 n-d+e-1
Xo LY f(Y)idY.

illn-e+1 )1-1x1 (t2/x2_1 )n-e

X2F1( (n-e+d+1Y2,(n-e-d)/2;n+l-e;1-tx2) g(t)dt f (x), (2.11)

then

g(t) 2-n+1[F(e)]-1 (1_t2,/y2)

_tvy2) yn-d an+yy f (y)dyn+cl-e
X2F-1( (n+e-d )/2, (e+d- n-1)/2 ; e ;1 2.12)

If

[r(e)]-1f1 (t2/x2-1 e-1) 2F1Me+d)/2,(e-d-1)/2;e;1-t2,/x2)

Xg(t)dt = f(x), (2.13)

then

2-n+1 [r(n-e+1 ) ]_if 1 (1-t2/y2)n-e

X2F1((2n-e-d+1)/2,(d-e)/2;n-e+1;1 -t2,/y2
)y2n-d-e+i

x an+i[yd+e-if(y)]dy. (2.14)

Note 1. Other related forms can be derived from

these by use of the transformation formulas for the hyper-

geometric function (8, vol. 1, p. 110-114).

Note 2. In the proof of (2.8), (2.11, (2.12), and (2.14)

17

(2.10)
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Mt5(7f1(x2Y2)f2(Y2)dY;s3 =-141Kfi (x) ;s/2}Mtf2(x) ;1/2-s/23

is used instead of (9, vol. 1, p. 308;13).

Note 3. We can weaken the restriction on f(n+1)

to be just integrable instead of sectionally continuous.

In order that the inversion integral be convergent, it

is needed in addition to being integrable that the resol-

vent kernel be bounded almost everywhere (14, p. 113).

The key stepsin the proof are the change in order of

integration and the integration by parts. For the change

in order of integration we require that the kernels be

integrable on appropriate intervals in order to apply

Fubini's Theorem (14, p. 121). For the integration by

parts it is sufficient that the (n-1)-th derivative of J

[as defined in the proof below] with respect to y be

absolutely continuous (14, p. 153).

Proof. We prove that (2.4) is an inversion integral

of (2.3). The proofs of the other inversion integrals

are similar.

Consider the integral, I, obtained by substituting

(2.4) into the integrand of (2.3), that is,

I ( x ) = - Cr ( a+b-n) 1 1) 2F1(a,b;a+b-n;1-t/x)

Xdt[F(2n-a-b+1)F1r (1_t/y)2n-a-b
Jt

l n1-1X2F1(n+1-a,n+1-b;2n-a-b+1;1-t/y)y-A[y-nf(y)]dy.



Using Dirichlet's formula, we obtain

Y_
I(x) ' An4-1[y-nf(Y)idyi Lr(a+b-n)]-1(t/x_i)a+b-n-1

X2F1(a,b;a+b-n;1-t/x)[F(2n-a-b+1)]-1(1-t/Y)2n-a-b

X2F1(n+1-a,n+1-b;2n-a-b+1;1-t/y)y-idt.

If the substitution z = i/v is made in the inner inte-

gral, then

1

I(x) An+iFy- 1 )a+b-n-1
j= - L nf(y)]dyf LF(a+b-n)]-1(yz/x-1
x Y

X2F1(a,b;a+b-n;1-yz/x)[F(2n-a-b+1)]-1(i_z)2n-a-b

X2F1(n+1-a,n+1-b;2n-a-b+1;1-z)dz.

Next we let u = y/x,denote the inner integral by J,

and write it in the standard form of a convolution, that

is,

J(u)U(u-1) = [r(a+b-n)]-1
(uz_i)a+b-n-1

X2F1(a,b;a+b-n;1-uz)U(uz-1)[F(2n-a-b+1)1-1(1
z)2n-a-b

X2F1(n+1-a,n+1-b;2n-a-b+1;1-z)V(z-1)dz

where U and V are as defined for (1.8). The Mellin

transform of both sides is, from (9, vol. 1, p. 308;13),

1MD(U)U(U-1);S} M{[r(a+b-n)]- r ( ,b;a+b-n; 1 -u)

19



)]-1(i_z)2n-a-b
XU(u-1);s3M1[F(2n-a-b+1

X2Fi (n+1-a,n+1-b;2n-a-b+1 ; 1-z)V(z-1);1-s}.

From (2.1) and (2.2) we have

M[J(u)U(u-1);s1-F(n-b-1-s)r(n-a+1-s) F(1-s)F(-s)
r(1-s)F(1+n-s) F(n-b-s+1)F(n-a-s+1)

=r(-s)/F(n-s).

But from (9, vol. 1, p. 311;32, and p. 307;3) we find

that (u-1)nu-n(n1)-1U(u-1) has the same Mellin trans-

form. Hence

J(u) = (1 - 1/u)n/n:, for u > 1,

and we have

1(x) = -(11!)-1f:(1-x/y)ne+lEy-nf(y)idy

= -(n2)-1(1-x/Y)nY2AnLY-nf(Y)111

-((n-1)1)-15 (1-x/y)n-ixe[Y-nf(y)]dy.

Repeated integration by parts and application of the

condition f(k)(1) = 0 then yields

I(x) = -f xnd[y-nf(y)] = f(x).

20

The proof is complete.

If we specialize the parameters in (2.9) and (2.13),



we can get the transformations of the form (1.1) which

were considered in (11), (3), (4), and (5). For from

vol. 1, p. 176;21) with n even, we have

2On (x) = (k)n(n!)-12F1(-11/2,n/24-k/2,k/2+1/2;1-x2).

If in (2.9) we let d = 0, e = n, and n = k, we get,

except for a constant, the transformation considered in

(4). The inversion integral (2.10) is, except for a con-

stant, the inversion integral given in (4). If we com-

pare Mellin transforms of the kernels, we find the same

result holds for odd n. Likewise comparing (2.1) and

vol. 1, p. 320;3) we find

(1-x2)-ki2PPv-(x) 2-L(1-x2)-1-L2F1 (1-p,+v)/2, (-}1,-v)/2;1-H1-x9,

and from (8, vol. 1, p. 126;20) we find

(x2-1 )-1-1/2P1s,vL(x) (x2-1 )-P,2F1

The substitutions f(x) = x1-}111(x), e = 11, and d = v in

(2.13) and (2.14) give one of the transformations in (5)

and its inversion. The other transformation considered

in (5) has the form (1.2). Since the transformations in

(3) and (11) are special cases of the one considered in

(4), all previous transformations of the form (1.1) are

contained in (2.9) and (2.13).

We can also obtain other special cases which have

21
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not been considered previously. If suitable substitutions

are made in the equations (8, vol. 1, p. 102;13, 14, and

15), then

sin-1((1-z)1/2 ) = (1-z)1 F1 ( 1/ 2,1/ 2 ; 3/ 2; 1 - z

-1 1/2 1/2
tan ((z-1) ) = (z-1) 2F1(1/2,1;3/2;1-z),

and

and

in z (z-1 )2F1 (1,1;2;1-z).

If n = 2, d = 2, and e = 1 in (2.9) and (2.10), we find

i[r(3,/2)]-1fisin-1((1 _t2/x2)1/2 )g(t)dt = f(x)

and

g(t) = [6F(3/2)]_1$(1-t2/y2)1/2(4t2,/y2_1)y4,53f(y)dY,

where a denotes -y-id/dy, and since the hypergeometric

series in (2.10) terminates for this particular case. If

n = 1, a = 1/2, and b = 1 in (2.5) and (2.6), it follows

with the aid of (8, vol. 1, p. 101;5) that

[F(3/2)]-1f:tan- ((t/x -1)1/2)g(t)dt = f(x)

g(t) = [F(1/2)]. 1ft1 (1y)1/2

>([1/2(1 1-t/y)-2)+V2(1-(1-t/y)- )1X3[y2f(y)]dy,



g(t) = St1.(t/y)-3(2-t/y)0[y3f(y)]dy.

From (8, vol. 2, p. 170;16)

p(a, )(x) = (n+a)2F1(-n,n+a+p+1;a+1;1/2-1/2x),

so that from Theorem 1 we can find a large number of in-

version integrals to transformations involving Jacobi

polynomials. In most cases the resolvent kernel will not

be a Jacobi polynomial. However, if we substitute

e = a +1 and d = -2n - a -1 in (2.13) and make adjust-

ments for the 1/2 in the function 2F1, we find that

[F(a4-1)(nr)]-1::(t2/x2-1)1141a'°)(t2/x2)g( t)dt = f(x)

has the inversion integral

[r(k_a)(n+k )j-1 '1 k-a-1(1-t2/y2)g(t) = "n+a+1 -t

xp( k-a-i ,a+1/2)(t2/y2)y2k+2n-1-1,5k+1 [y-2n-i f (y)]dy,
n+a+i

provided a is an integer, a > 0, and k- a > 0. The

last inversion integral is the only obvious one in

which the resolvent kernel is a Jacobi polynomial.

23

where %- denotes -d/dy. If n = 2, a = 1, and b = 1

in (2.5)

p. 101;7)

and (2.6) we

that

[F(2)],-'
-x

find with the aid of (8, vol.

ln(t/x)g(t)dt = f(x)

1,

and



n(1-z)dny/dznz

has three singularities, 0, 1, and 00. N. E. Nie rlund (13)

rewrites the equation in the form

(6-c1) (6-cn)y- z(6+a1) (6+an)y = 0

where 6 = zd/dz. He lets denote the solution which

is valid in the vicinity of the singularity at 1. He

also obtains a solution Tn from by substituting

1/z for z and interchanging the ai's and ci's. The

solution Tn is also valid in the vicinity of the singu-

larity at 1. The details are too involved to be given

here, and so we refer merely to N. E. Nirlund's paper.

We give only those results related to the Mellin trans-

forms ofn and
Tn.

The solution and Tn have the following inte-

gral representations:

n-1
(a - 9 zkdky/dzk = 0,

k=i k

24

CHAPTER III

MELLIN-BARNES INTEGRALS

We generalize the results of Chapter 1 to some func-

tions which have a Mellin-Barnes integral representation.

These functions are connected with the generalizedhyper-

geometric function
nFn-1.

The hypergeometric differential equation of order n,



1
y+ico

1.-1(z) '27-T-ir(bn+1 )1 i-sfin 1-(s+ck) ds (0<z<1)
k-1(s-a +1)

bn = n -1

for

All of the above integrals are absolutely convergent.

Now we consider the integral transformation

,fxn(t/x)g(t)dt = f(x). (3.5)

The methods given in the introduction suggest that both

and
n+-1

can be used for inversion kernels. Thus

if Tn is given by (3.2), we find that (3.5) has the

following inversion integrals:

( 3.1)

1

ry+io.
n a -s)

z-sll ds (z>1) (3.2)Tr.i(z) .F(b +1)
477-1 n k=ir(1-ck-s)

where Re ak> Re s, k = 1, . n, Re b >-1, and b

the same in both cases. The integral (3.1) is vanishing

l

n r(s+ck)
i n(z)dz =

r(bn+1)11k=1F(s-ak+1)
(3.3)

and

00

z zj s-1n( )dz = r(0 +1)11n
F(ak-s)

(3.4)n
-k---iF(1-ck-s)

where Re( s +
ck

, k 1, . . . , n, Re bn > -1, and



and

g(t) = ft F(bn+1)[11 j-bn+1)]-1En*+1 (t/y)y-1

)(X)k[Yk-1f(Y)]dY (3.7)

where x = -d/dy, Re(j -bn + 1) > 0, and

1
y+i-

r(-ck+s)
F(-j+s

(z) = .F(j-b +1) z-slin
n+1 271 nk=1F(ak-1+s) 11s)

If we want the inversion kernel to be in the class we

must restrict the parameters in (3.2). The restriction

can be made in many ways, but one of the simplest is to

restrictoneofthea.'s in (3.2) to be zero, say an.

The inversion integral is then

g(t) = r(b +1)[F(j-b+1)]-10n(t/y)y-lAj[y-j-mf(y)]dy
t n n

(3.8)

g(t) = -f r(b +1)[r(j-b +1)1- (t/_)w-1
t n n+i

XAi[Y-j+1f(y)idy (3.6)

where A = d/dy y2, Re( j - bn + 1) > 0, and

where Re(j-b+1) > 0 and

26

d .

1 1-(-c+s) 11-1+s)
( 1

n+1 ,z,
zico
-s n k

27ir(j-b-4-1)
11

ds
k=111ak-1+s)

F(-1+j+s)
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1 f;(1-1-c° _s n-ir(-ck+s) r(cn+s)
z) = .r(i-b +1) z H

27/-1 k=ir(ak-1+s) r(-1+j+s)dsq(

Other inversion integrals can be found. The proof that

these are inversion integrals is very similar to the one

given in Theorem 1 and hence is not repeated. It involves

the substitution of (3.6), (3.7), or (3.8) into (3.5),

the interchange in the order of integration, simplifi-

cation by the use of a special convolution integral of

the type

rY-

n n+i
(t/y)dt,

x

and a j-fold integration by parts.

The relation of the functions 2 and T2 to

Gauss' hypergeometric function is found by comparison

of equations (2.1) and (3.4) and equations (2.2) and

(3.3). For example, if x > 1, then

r(c)(x-1)c-12F1(a,b;c;1- ) = T2(x)

1r(c)
x-s r(a-c+1-s)r(b-c+1-s)ds.= 2iTr F(1-s)r(al-b-c+1-s)

Thus we see that (3.6) and (3.7) give us further inver-

sion integrals for transformations involving 2F1

These are inversion integrals of a more general trans-

formation than given in Theorem 1 since the parameters do

not have to be restricted in the transformation kernel



itself.

The Mellin-Barnes integral (3.2) leads us to con-

sider the slightly more general integral

R(z)
r(b1-81s) ...r(b -B s)

n n (pz)-s
2T1ri,y_ico r(di -Di s) r(dq-Dqs)

ds (3.9)

where the Bits and D.'s are real,

A = R b. -
j=i J

D. = 0
j=1 3

n q D1
p = H. B. 311DJ=1j Jij

For A < -1 the integral is absolutely convergent for

all positive z [see (6) or (8, vol. 1, p. 49-50)]. For

-1 < A < 0 the integral converges but not absolutely.

If B.'s and D. are rational. we can use the multi-

plication formula of Gauss and Legendre (8, vol. 1, p. 4;

11),

m-1 1/2(m-1 ) m1/2-mzH F(z+r/m) = (2H)
r=o

d. +1/2(q-n) <0.
13

(m = 2,3, ..

28

to transform R into Tn, that is, R(z) = C'Tn(azP).

We follow a similar example given by J. Boersma (1).

We let 6 be the least common denominator of B1, ..., Bn

and D1, .., Dq, and define



j=1,

j-1,

6w.

29

Thus we conclude that if A < -1 and the parameters are

rational, R is vanishing for 0 < z < 1 and

5°3
s-i

z R(s)dz - 1-(b1 -131 s) .* r(bri-Bns)p-s
r(di s) r(dd-Dds)

(3.10)

It now follows by the Lebesgue convergence theorem (14,

p. 104) or (17, P. 337) that R is vanishing for

0 < z < 1 and that (3.10) holds if the parameters are

irrational.

Hence v and 4 are integers, and we have

y DX) r( v ) -6wJ-1 J J J (pz) dw
( z = 119 F(i(-w+d .4 )j=i J J J

(2E)(4.-1)/2
1/2-dj6j=1j

271
H. (2E) J v.J=1

n v.-I
X

-y/s+i. 11.
J

r( b
/

m._ -w+(j+m.),/v.)J j
/ b b -w

) dw.
"Vb-i00 z

11qej-=1tj-1,-01 -w+( di .) )/Pi



is,

11R(t/x)g(t)dt = f(x).

An inversion integral is

30

We again consider (1.1) with R as the kernal, that

(3.12)

The proof that (3.11) is an inversion integral is similar

to the proof given in Theorem 1 and outlined for the in-

version integral (3.6), (3.7), and (3.8).

g(t) =
-

tT(t/y)y1
(-D)i[yi-if(y)]dy (3.11)

where D

1

= d/dy, -j -A < -1

-Y+ico r( di -Di +Di s)

and

(dq-Dq+Dqs)r(-j+s)
N-sds

pz)T(z) = r( _Bi +Bi s) r(bri-Bn+Bns)r( s)



and

flif(xNx0k-1/2 2

I
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CHAPTER IV

RELATED INTEGRAL EQUATIONS

We consider in this chapter a relation between the

integral equation

sx
r(x-z)h(z)dz = t(x) (4.1)

and the integral equation

Jx
k(t/x)g(t)dt = f(x). (4.2)

If we substitute x = e-Y and t = e in (4.2), we

obtain

SYk(eY-z)g(e-z)e-zdz = f -y), (4.3)

and this is the same form as (4.1). E. C. Titchmarsh

(16) [Also G. Doetsch (7, p. 151-163) and other places]

gives a few theorems which concern (4.1), and we convert

the two most important theorems so that they apply

directly to (4.2).

Theorem 2. Let

ik(x)x'-k-"lidx <



32

Then in order that there should be a solution g of (4.2)

such that

ri

Jo
I g(x) x

1(4-1 / 2 2
dx < co,

it is necessary and sufficient that

Mff(x)V(x-1);u-iv} 12dv < M
--co I Mtk(x)U(x-1);-u+ivi

where U(x) = 1 for x > 0, U(x) = 0 for x < 0,

V(x) = 1 - U(x), and M is a constant independent of

u, for all u > k.

Proof. We apply Theorem 149 (16, p. 322) to (4.3)

and revert to (4.2) by suitable substitutions.

Theorem 2 gives conditions for (1.10) to be a solu-

tion of (1.1).

Theorem 3. If g is integrable over any interval

(x,1), 0 < x < 1; k is integrable over (1, 1/x); k is

not null; and

Sik(t/x)g(t)dt = 0 (0<x<1),

then g is null in (x,1).

Proof. We apply Theorem 152 (16, p. 325) to (4.3)

with f(e) a 0 and revert to (4.2).



and

:Theorem 4. If

g(t) =tlh(t/y)P(D)f(y)dy

r1

Jx

g*(t) = fth*(t/y)P*(D*)f(y)dy

are inversion integrals of

k(t/x)g(t)dt = f(x),

then g(t) = g*(t) almost everywhere.

Proof. We have

k(t/x)[g(t)-g*(t)]dt = f(x) - f(x) =0.

By Theorem 3, g(t) - g*(t) = 0 almost everywhere.

Hence g(t) = g*(t) almost everywhere.

For example, when the inversion integrals (1.24) and

(1.25) are applied to the same function f, they will

give the same function g almost everywhere. Any

other inversion integral of (1.23) will also give the

same function g almost everywhere, provided, of course,

it can be applied to the function f. In the application

of (1.24) and (1.25) we require that f(1) = fl(1) = 0.

Other inversion integrals may require a greater or

lesser number of derivatives to be zero at 1. Thus if

any two inversion integrals can be applied to the same

33
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function, the resulting functions will be equal almost

everywhere.

A special case of (4.1) is Abel's integral equation,

,x

(x-flag(t)dt = f(x) (0<a<1). (4.4)

This equation can be transformed into (1.1); however, it

has a better appearance in the form (1.4). If x = my
and t = ln v are substituted into (4.4), it becomes

(ln y/v)ag( ln v) v-1 dv = f ( ln y) (4.5)

The solution (16, p. 331-332) of (4.4),

,t

g(t) = H-isinHad/dt (t-y)a-if(y)dy,
'o

becomes

,v

g( ln v) 11-1 sinHa vcVdv ( ln v/x )a-if ( ln x) x-idx

(4.6)

We rewrite (4.5) in the form

,x

(lnx/t)P h(t)dt = k(x) (4.7)

and apply the method given in the introduction. The

method suggests the solution

h(t) fit[F(p+1)r(i-P)]-1(y/t)(1nt/y

(d/dY 0'1+1 LY-1 k(Y)1dY, (4.8)

-Y
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where j- p > 0. This solution is not as general as

(4.6) since in general we must restrict some of the der-

ivatives of k to be zero at 1. However, since

-1 < p < 0 implies j may be selected so that j = 0,

the solution (4.8) may be written in a form close to

(4.6),

,t

h(t) = - (ln t/y)-13-1d(k(y)),

where only the restriction k(0) = 0 is used.



-co

f(Y)Gmn
o

pq( Y
-

where m, n, p, and q are integers with 1<m<q, 0<n<p,

p<q, and 2(m+n) = p+q; and C Meijer's G-function,
Pq

al, .

Gpqmn(xl ,

an5

1-) 21747. 113
nL=ir(bi-S)11-1r(1-ai+S)

bq
r(a.+s)j=n+i j

CHAPTER V

DUAL EQUATIONS

We consider in this chapter the dual equations

,00 al,

f(g)yaGmn(xY1 ap)dy = e(x) (0<x<1), (5.1)
'o Pq bi, bq

al, ..., ap

bl, me.,
bq

x5ds,

where Re b. > y > -1 +Re ak, j=1, m; k=1, n.

Our solution has the same form as I. W. Busbridge's solu-

tion (2) of the dual equations

f(y)yaJv(xy)dy = e(x) (0<x<1), (5.3)

36

)dy = 0 (x>1) (5.2)

,00

f(y)Jv(xy)dy = 0 (x>1). (5.4)

The solution can be reduced to Busbridge's solution for the

particular case of Bessel functions. Unfortunately, the

solution contains only a few other obvious special cases.
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These are J2, G. N. Watson's function w (18), and a

linear combination of exponential, sine, and cosine func-

tions; these are new. The solution's usefulness is to

show that there exist solutions to dual equations with

kernels other than Bessel functions of the first kind,

J. Except for some trigonometric kernels (15), which

can actually be considered, as a special case of Bessel

functions, the only dual equations considered in the lit-

erature involve the Bessel function
Jv

As we remarked in the introduction, we were led to

consider these dual equations during the study of Mellin-

Barnes integrals, in particular the integral

f( x) =
1 ri-im r(s+a )

k x-sds.

tc=11-(s+bk)

(5.5)

We have noted previously that the integral is vanishing

for x > 1. If s is changed to -s in the gamma func-

tions, the integral is vanishing for 0<x<1. It was with

these facts in mind that we happened to look at E. C.

Titchmarsh's formal solution (16, p. 337-339) of equations

(5.3) and (5.4). To solve these equations, he applied

Parseval's formula (16, p. 95, Theorem 72) for the Mellin

transform to the left-hand sides and obtained

1rk+icoF(s)F(1/2+1/2v+V2a-1/2s) 2-s+axs-1 7ads = e(x) (0<x<1),
2m iJk-i00 r(V2+V2v-1/2a+1/2s)



1
rk+ico -s s-

2 x 2ds = (x>1)F(s)F(1/2+1/2v-V2s) 127iJk_ico F(1/2-1-1 4-1/2s)

where F denotes the Mellin Transform of f. Putting

a F(1/2-1-1/2v+1/25)F(s) = 2s- Y(s),
r(V2-W2v+a-1/2s)

he obtained

1
rk+ico r(1/241/21)+1/2s)

Y(s)xs-i-ads = e(x) (0<x<1),
277-iJkico F(V2A-V2v-V2a-1-1/2s)

(5.6)

rk+ico 1,(1/24_1/.2v-v2s)

2i k-icc
Y(s)xs-ids = 0 (x>1).

F(1/24.1/iv+1,6a.4,2s)

(5.7)

We noticed a similarity between (5.5) and (5.6), espe-

cially in view of the use which we made of the multipli-

cation formula of Gauss and Legendre in Chapter 3. Thus

we contemplated obtaining products of gamma functions in

equations similar to (5.6) and (5.7). And considering

Meijer's G-function, we felt that such equations were

obtainable. Therefore, the same procedure was applied to

equations (5.1) and (5.2), and the result then led to

further research.

We apply the formal manipulations given by E. C.

Titchmarsh to (5.1) and (5.2). These manipulations are

fairly short, and they give an outline of the proof to

38



be given for Theorem 5. This proof is rather long and

involved so that the outline may prove helpful to the

reader. Since we obtain only a formal solution first,

we will not worry about restrictions on the parameters

of the G-function at this point. Further we let

f.k+ico

2rlJk_ico F

The substitution

E. 1-(1+bs) = r
m(1+b-s),J-1 J

O111+1F(-b+s) = F (-b+s),

E.1 F(-a.+s) = F
n(-a+s),j= j

=n+1F(l+a,-s) = F (1+a-s

F(-b.+s) = r*(-134-S),J=M+2

in order to simplify the writing.

Outline of Proof for Theorem 5. If Parseval's

formula is applied to the left-hand sides of equations

(5.1) and (5.2), the result is

k-l-i
r (1-1-a+10-s)rn()

1 rc° -a-a+s Sa-1
27T Lik_ ico

F(s) m ds = e(x) (0<x<1),
F (-a-b+s)r (1+a+a-s)

(5.9)

Fm(1-kb-s)rn(-a+s)
s-1

r (-b+s)r (1+a-s)x
ds 0
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(5.8)

(5.10)



r (-b+s)r (1+a+a-s)
F(s) = q Y(s)

rm(l+a+b-s)rn(-a+s)

into the last two equations gives

k+im r (-b+s)rn(-a-a+s)Y(s) q xs-a-ids = e(x)
r (-a-b+s)rn(-a+s)

(5.12)

1 ricd-i.
rm

(1.1-b-s)rp(l+a+a-s)
Y(s) , s-10( ds = 0 (x>1)0271Jk_i00 rm(1+a+b-s)r (1+a-s)

P
(5.13)

Multiplying (5.12) by xa-w, where Re(s-w) > 0, and

integrating over (0,1), we obtain

Fq(-b+s)rn(-a-a+s) y(s)
271Jk_i. r (_a-b+s)rn(-a+s) s-w

1 r (-b+s)rn(-a-a+s)r

rq(-a-b+s)rn(-a+s)

rci(-a-b+w)rn(-a+w)

Y(s)

S-W

= r e(x)x
Jo

r (-b+w)rn(-a-a+w)
Y(w).

a-wdx = E(a-w+1)

ds = E(l+a-w)

(0<x<1),

(Re w< k).

Moving the line of integration from Res= k to

Res=k'<RewandassumingReb.<k°, j=m-1-1, 0

and Re(a +a) < k', j=1, . n, we obtain

1

2-rri
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Now the integral occurring on the left-hand side of this

equation is a regular function of w for Re w> k'.

Therefore so is the function on the right-hand side.

Hence so also is

F (-a-b+w)r_(-a+w)
Y(w) " E(1+a-w).

r (-bi-w)r n(-a-a+w)
.

If we assume suitable conditions at infinity, we have

k+ica r (-a-b+s)rn(-a+s) qasw
0 (Re w <k).

77:177,1k_ico tY(
(-b+s)Fn(_a_a_i_s)E

1+a- s)}

Similarly multiplying (5.13) by p-w, Re(s-w) < 0,

and integrating over (1,c°), we obtain

Ai.i00 rm(1+b-s)Fp(1+a+a-s) Y(s)

-27-11 . r (i+a+b-s)r
ds = 0 (Re w> k').

(i+a-s) s-wK-10. m

We conclude as before that

rm(l+b-s)r (1+a+a-s)
Y(s),

Fm(1+a+b-s)Fp(1+a-s)

and so Y, is regular for Re s < k. Hence

1
rk'+im

Y(s)ds = 0 (Re w > k').274 _ico s-w

Moving the line of integration from Res-- k' to



Re s= k, we have

1
,k+im y(s)

d
= Y(w) (Re w < k) . (5.15)

2Tri,k140,) s-w

It follows from (5.14) and (5.15) that

k+ico r (-a-b+s)rn (-a+s) E(1+a-s)
1

Y( s) =
27

. ds
1,k_i, r

(-P+s)rn(-a-a+s) s-w

(5.16)

If Mellinis inversion formula is applied to (5.11), then

and

1
k+ic° r (-b+s)r (1+a+a-s)

f(Y) = 27i k+i rm(l+a+b-s)rn(-a+s)
Y(s)y-sds.

(5.17)

Equations (5.16) and (5.17) give a solution to (5.1) and

(5.2).

Equations (5.16) and (5.17) can not in general be

simplified. We may attempt a simplification by defining

1 rk+im Fq(-a-b+s)Fn(-a+s)
q-m+n(x) .k-1.0 F (-b+s)Fn(-a-a+s)x ds

_m 13-n(z1
-a-an+1' -a-a,-al, _an

GqP q,a
-bm+1 -b'.." q--b

1
-k+j r (-b+s)r (1+a+a-s)

q p ,z-sds;
7 rm(l+a+b-s)Fn(-a+s)
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however, the integral definingq-m+n will not be

absolutely convergent in general. Thus when

E(1+a-s) = j e(u)ua-sdu

and

ji
(s-w)-1 vs-w-ldv

are substituted into (5.16), it may not be possible to

justify the change in the order of integration. Never-

theless, if we do change the order of integration, we

obtain

Y(w) = j e(u)uadu

-w-1Y(w) = e(u)uadu v
'o -u

From Chapter 3 we note that (u/v) = 0 for v < u;q-m+n

thus we can write

,v

e(u)uaq-m+n'o 'o

m+n(u/v)dv.

(uvm+n/)dv

(v)du.
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If this equation is substituted into (5.17) and the order

of integration is changed, the result is

f(w) = v-10-m P-n(vy)dvr e(u)uaq-m+n(u/v)du.(5.18)'o P q '0

This would also be a solution if we could justify the

changes in the order of integration.



0 0

If the G-function is expressed as a Mellin-Barnes inte-

gral, the order of integration is changed, and use is

made of the recurrence relation for the gamma function,

44

We now make some preparation for the proof of

Theorem 5, which is based on I.W. Busbridge's proof (2).

Busbridge makes a transformation in order to simplify

the analysis, and we will make a similar transformation.

The large number of parameters in the G-function compli-

cates the proof some, but for the main part the proof is

similar.

We let

,x -b
h(x) = x m+1 m+le(u)du

and transform (5.1) so that

b ,x -b co

h(x) x m+1 u m+lduS yaf(y)Gmnpq(uy)dy.

last equation so that

-b ,x -b
m+lh(x) = d/dx{ u 111+1h(u)du}

'o

then

h(x) =
'o

,C0
1

-1 - ioo
rm(1-1-b-s)rn(-a+s)

(yx) ds
Ya-if(Y)dY 271

r*ci (- b+s )rp( 1 +a- s )r( 1-bm+is)

where F* is defined in (5.8). We again transform the



X
1

271

d dx

Similarly for 5.2) we have

x -b
0 - d/dxil u m'idu f(y)Grpnrcli(uy)dyl

'o

bri1+1r Y-1f(Y)dY
- co

Jo
= cVdx

-b171+1
,00

Ya -2f(Y)dY
,o

rm(2+b-s)rn(-1-a+s) (yx)sds

-y-2-100 r'(;(-1-b+s)rp(2+a-s) F(1-bill+1+s)

27j-"(-1-icc' r*(-b+s)r (1+a-s) F(1-bm+1-1-s

If h is an integral over (0,1), then its Mellin

transform must be regular for Re s> 0, and, on inte-

grating by parts, we see that

= h(x)xs-ldx1
"0

Ih(1) - h(0) - xsht (x)dx

Ih(1)-E(s+1)-bm+1(s+bM+1)-1[E(1-bm+1
)-E(s-111

= o(

uniformly for Re s> fl > 0. The simple behavior of H

at infinity and the recurrence relation for the Bessel

function are apparently the reasons why Busbridge

1.
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(5.19)

5.20)
1

rm(1.1-b-s)rn(-a+s) (yx)sds



then the equations
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transformed (5.3) and (5.4).

We need the following lemma, and then we are ready

to state and prove Theorem 5.

Lemma. Let 0 be an analytic function of w =u+iv,

which is regular in a strip containing the line u c;

let

10(c+iv)1 - 0(1v

where 0 < p < 1. Let

1 dw
T(s) 0(w (Re siZ c).

2TriJc_ic, w-s

Then Y is regular for Re s, c and

IT(s)1 < Akc1-61t1-Va

where 0 < 6 < p and A is a constant depending on 6.

Also, for every -E. > 0

Illf(s)1 = o(iti-P+E)

uniformly for IRe s- cl > n > 0.

Proof. See (2, p. 117).

Theorem 5. If h is an integral over (0,1) and

H(s) =
s_

lh(x)dx,



Y(S)-=

-b

(x>1) (5.22)

have one and only one solution, f, in the class of

functions whose Mellin transforms are regular for

max( a1 ,b ) < 0<d( q- p )- 1 +a +1/2 and 0 (I t 1(cl- Oci-a-1/2)-d-i-Ei

for every el > 0, in any interior strip. It is given

by

,k+iT F,(-b+s)F ( 1 +a+cc- s)k-/-sf(x)-x 1.i.m. Y(s) 1

x 2 ds ,

27-ri T -+ 00n(-a+s)rm(1+b+a-s)
(5.23)

1 ,c1+io0r*(-b-a+w)rn(-a+w)r(1-bm+i-cc+w

Fq(-b+w)Fn(-a-a+w)

where max( a1 ) < k < (d-1/2) (q-p)-1 + a + 1/2,
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H(a-w)
dw

w-s

( 5.24)

vGmn
/\ poi\

a1+1,

Yib
1 '

Xdy} = x ml-lh(x)

-b
d/dxix m

a +1p

. b +1 b ,bm m+1

(0<x<1), (

-1 f / 1

Y Y)

, .. , b +1 )dyi
171+2

5.21)

= 0

-b
d/dxtx

m+i
Y

fja-2 \
(Y)

0

>e2(xyla1+2,
...,

pq
b1+2

aP+2
b +2,b ,b

171

+2, ...,
M M+1 +2

b +2)
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k<c? <d(q-p)-1 +a +1/2, 1 <m<q, 0 <n< p, 2(m+n) = p +q,

0<q-p, 1 >a>0, 1 >1/2(q-p)a > 0, s = + it,

Re b >
b1

> 0, j=1, m,

b. < b -a, j=m+2, q, b < 0,J- 111+1 M+1 -

Reaj < a1, j=1, n,

Rea.> bl, j=n+1, . I p,
J

d = R b. -

j=1
a.),-J -1 J

functions

< 0,

where -1/2 > d(q-p)-1 > if a > 1/2 and

d(q-p)-1 = -1/2 if 1/2> a> O.

Note 4. In the proof we make frequent use of asymp-

totic expansions for products of gamma functions without

referring to them directly. These expansions can be

found from (6) or (8, vol. 1, p. 49-50). For example,

we find that

F (a+s) r (a-s)
1 m 1 or 1 m 1 - 0(1t1d') (1t1 00)
F (b+s) rm(b-s)m

where d
j=i J

Likewise the product of gamma



Fm(b+s)Fn(1-a-s)

F (1-b-s)F (a+s)

which is the Mellin transform of the G-function, is

2(m+n)-(q+p)iltlitl(q-p)Y+d+(P-c1))(t-* co)0(e-1/71

where d is defined in Theorem 5 and y is real and

related to the path of integration in the G-function.

The restriction that 2(m+n) = p+q eliminates the

exponential factor in the last order term. This elimin-

ation is needed in order to get convergence of both

(5.23) and the G-function.

Proof. We follow Busbridge (2) closely in the proof.

The Necessity of the Form (5.23) for the Solution.

We assume that equations (5.21) and (5.22) have a solu-

tion, f, whose Mellin transform, F, is regular for

max( a1 ,bm+1 ) < c < d(q-p)-1 +a + 1/2, and that
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IF(s)1 o(Itl(q-P)(°-

uniformly in any interior strip. It follows from this,

by a suitable choice of that, if max(al 'bm+1)< k

< (d-1/2)(q-p)- +a +1/2, then F(k+iT) belongs toL2(-k-00,00) and therefore that x I/2f(x) belongs to



L2(0,m). Now let

max(a1,bm+1,(d-1/2)(q-0-1 +a) < k.<(d-1/2)(q-p)-11-a+1/2;

then both y
k-V

2f(y) and

a1+2, ..., a+2
-k+V a-2 mny 2y

GPq(xylb+2, ..., bm+2, bm+1, bm+2+2,
..., b +2)

belong to L2(0,00). We may therefore apply Parseval's

theorem (16, Theorem 72) for functions of L2 to the

integral on the left-hand side of (5.21), and we have

al+2, ..., a +2mnI

G ,(xYl )

..,
o b1+2, bm+2,bm+i,bm+2+2, bq+2 ya-f(Y)dY

1 rk-fiw rm(l+b+a-s)Fn
(_a_a+s) xs-a+1

=
2TriJk_ic F( s) ds,

F*(-b-a+s)F (1+a+cc-s)
F(2-bm+1

-a+s)

(5.25)

and therefore

1k+i00
x m'lh(x) = d/dx{7TTjk_i

F (1+b+a-s)F (-a-a+s) xs-a-b +1
m+1

, n
XF(s), m

F*(-b-a+s)r (1+a+a-s) F(2-bm+/-a+s)
q P

ds}.
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(5.26)

The integrand is regular for max(ai ,bm+i ) < < d(q-p)



+a +1/2, and it is 0(1 1-24-E), so we may take k =

(d-1/2)(q-p)-1 +a +1/2. Let 0(x) denote the expression

-bm+
in brackets so that 0'(x) = x

1

h(x) (0<x<1). Let

Re w < (d-1/2)(q-p)-1 +a +1/2 < a. Then

H(a-w) = h(X)Xa_w_ldX

H(a-w) -

grating and collecting the expressions together, we

obtain

F (1+b+a-s)11n (-a-a+s)
F(s) m

F*(-b-a+s)F (1+a+a-s)

1

2Trik

51

X[r(1-b+i-a+s)] ( s-w)-ids (Re w < k' ) ( 5.27)

where the change in order of integration is justified by

absolute convergence.

Equation (5.22) may be reduced in the same way to a

form similar to (5.21). We find that Parseval's theorem

for function of L2 may be used if

'o

T'(x)xa-1A/413m1-1 1 dx

4)(1) + (w-a-b +1) 0(x)xa-w+bm+1-2 dx,

since lim xa+b
-Re w-im+1 0(x) = 0. Hence substituting

for 0(x), inverting the order of integration, inte-



-1 1max[ab , (d- (a+1)/2)(q-p)-1 +a+1/21<k<(d-1/2)(q-p)

and we have

s-b

1 rk+im F (1+b-s)rn(-a+s) x m'ids I

F(s) m
F*(-b+s)r (1+a-s) F(1-b +s)i.

m+i

The integrand is regular for max(a1,bm4.1)<O<

min(b1+1),d(q-p)-1+a+1/2), and it is O(jt1(13-q)a-11-C-),

so that we may again take k = k' = (d-1/2) (q-p)-1 +a+1/2.

-w+bM+1Multiplying by x where Re w > k' and inte-

grating over (1,c0), we obtain as before

1
0 = .271,

k'+ico r (1+b-s)rn(-a+s) ds
F( s) (Re w >k ) .

r (-b+s)r (1+a-s) s-w

We write, as in (5.11),

r (-a+s)rm(i+b+u-s)
Y(s) = F(s) n

r (-b+s)r (1+a+a-s)
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(5.28)

(5.29)

so that Y is regular for max(
,bm+1

)<O<d(q-p)-1 +a+1/2;

moreover, it is 0(1t1 1/2(P-q)a+EN
) uniformly in any

interior strip. Then equations (5.27) and (5.28)

become
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1 rk'l-ic° r (-b+s)r (-a-a+s) ds
Y(s) q H( -w)

(-b-a+s)rn(-a+s)r(1-b -a+s) s-w
m+1

(Re w< k'), (5.30)

1
rk +lc° r_(11-b-s)F (1+a+a-s) ds

2TriJk ic, s m
rm(1+b+a-s)r (1+a- s) s-w

- 0 (Re w> k').

(5.31)

Now let

max( al ,brn+i ) < c< k' < ci < min( bi +1,d( q-p)-1 + a + 1/2) ,

and let c < Re w < k' in (5.30) . Since the integrand is

regular in the strip max( al ) < < d(q-p) 1+ a+ 1/2,

except for a simple pole at s = w, and since it is

0(1t1-2+) , we may move the line of integration to = c;

this move gives (by Cauchy' s theorem)

1rc+ic°Y(s)q(-b+s)Pn(-a-a+s)
ds

2TriJ -c co

F*(-b-a+s)rn(-a+s)-bm+1 -a+w) s-w

rn ( - b +w )rn( - a-a +w )

= H(a-w) - Y(w)
F(T(-b-a+w)rn(-a-w)r(1-bm+i-a+w

(5.32)

Since the left-hand side is regular for Re w> c, so is

the right-hand side, and since



F(_b_c+w)Fn(a+w)F(1_bm+i -a+w)

r (-b+w)r (-a-a+w)

is regular for Re w> max(a1,bm+1), and therefore for

Re w> 0, it follows, by integrating around a large rec-

tangle to the right of Re w= c', that, if Re z< c',

(compare to (5.14))

rc,
+icor*(_b_a+w)rn(-a+w)r(1-bin+1-a+w)

2TriJc - 1-1(a-w)-Y(w)1
rq(-b+w)rn(-a-a+w)

Xds/w-z = 0, (5.33)

provided the integrand is of a suitable order at infinity.

To prove this fact, we use the lemma with

r (-b+w).1-(-a-a+w)
0(w) = Y(w) q

1-*(-b-a+w)rn(-a+w)r(1-bm+1
-a+w)

This is 0(1v1 -1-4-C") (where w = u+iv) when Re w= ;

hence, it follows from the lemma that the right-hand side

of (5.32) is less than

lAllu-c1-51v1-1++6 (0<s<1-E)

where A depends on b. Since
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F*(-b-a+w) F(-a+w)F(1-bm+i-a-w)
1 q

1 =0(1w
rq(-b+w)Fn(-a-a+w)

1uniformly for largwl < 77, the integrand in (5.33) is

less than

Alu-c1-61v1-16(u2+v2)%4(p-q)a

where A may now depend on z and 6. If we integrate

the function around the rectangle whose corners are the

,T+iT
< AT-1 +1/2(P-cl)a--1-6-1

'T du
= 0(T a+E)

,c' (u_c 6

Similarly

,T+iT

c'-iT
= 0(T1/2(P-cl

a+E).
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Since 1/2(p-q)a < 0, E may always be chosen so that all

these integrals tend to zero as T -4- co, and (5.33)

follows.

Now consider (5.31) when k'< Re w < c'. We transform

the equation in a manner similar to that given for (5.30).

The integrand is regular in the strip

points c'-iT, T-iT, T+iT, and c'+iT where T > 1, we

have

T+iT I
2

1 <
2A V(p-q)a$ dv 0(12(p-q)a+E),

,s T
-iT (T-c)`' o vi-E-6
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max(a
,bm+1

) < <min(b +1,d(q-p)-1 +a +1/2), except for

a simple pole at s = w, and it is 0(itl-1+(p-q)a+E\).

Hence moving the line of integration to Res = ct, we

have

rci+im F,,,,(1+b-s)r (1+a+a-s) ds r +b-w)r 0 +a +a-w)

jc Y( s ) =Y(w)m
rm(1+b+a-s)r (1+a-s) s-w rm(1+b+a-w) r 0+ a -

(5.34)

The left-hand side of this equation is regular for

Re w < c'; hence, so is the right-hand, and since

r1(1+b+a-s)rp(1+a-w)

Since

rm(l+b-w)rp(1+a+a-w)

is regular for Re w <1, it follows that Y must be regu-

lar for Hew <c' and, therefore, for Re w <d(q-p)-1 +a+1/2.

Now

rmo+b-s)rp(i+a u+a

l

-s) rotl (p-q)a+E) (q_p)ao
ly(s)

I = +rm(i+b-Fa-s)rp(1i-a-s) o(It1-1) (q_p)a>1

on the line Res= c'. Hence it follows from the lemma

with p = y-E, where y = min((q-p)a.,1), that the

right-hand side of (5.34) is less than

Alu-c,1-61vi-Y+E+6 (o<o<y-c)-



1 3uniformly for arg w < -27

Y(w)
w-z

Fm(l+b+a-w)1-10(1+a-w)

rm(11-10-w)rp(1+a+a-w)I
0(1w1-1/2(P-q)a)

< Alu-c'1-61vr(u2+v2)--1/4(1°-q)a

when u = Re vv < Re z (A depending on z and 6 ). Let

Re z> c; then. integrating Y(Ww- z round the rec-

tangle whose corners are the points c- iT, c+iT ,

-T-iT, -T-iT (TH Im ), we find that

r_T+iT

Jc+iT

are all 0(T-(Y+1/2(P-q)a-E

I >7(p-q)a,

-T-iT

-T+iT

we have

and therefore, since

. 1
c+iT

1.Lm y(w)dw - 0 (Re z >c).2
c-m77-1

w-zT-yoo

Finally let c < Re z < c'

(5.35)

and let us move the line

of integration in (5.35) to Re w = c'. Then we have, as

in (5.15),

1
rc '+i-

dw
Y(wiw-z = Y( z) ;

the move is justified by the fact that 1Y(w)1 is
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(5.36)



0(Iv1(13-q)a+E) for Re w< d(q-p)-1 +a +1/2. Substi-

tuting from (5.36) in (5.33), we have the form similar

to (5.16)

Y(z) =c'+i00 r*(-b-a+w)rn(-a+w)r(1-bm+1-a+w)
H(a-w)

dw,
C '-co r (-b+w)rn(-a-a+w) w-z

which is equation (5.24). This equation will be true

for Re z< c'. Equation (5.23) now follows from (5.29)

by the theory of Mellin transform for functions of L2.

The Sufficiency of the Condition. We first show

that, if f is defined by (5.23) and (5.24), then its

Mellin transform, F, satisfies the stated condition.

Consider (5.24) when Re w= c'; H(a-w) is 0(1v1

since c' < d(q-p)-1 +a +1/2 <a, and

r*(-b-a+w)r (-a+w)r(i-bm+1 -a+w)

rq(-b+w)rn(-a-a+w)

It therefore follows from the lemma with p = -1/2(p-q)a

that Y is regular for Re s< c' and that

Y(s)1 = 0(10(P-q)a+E)

uniformly for Re s< c'-fl. Since c' may be taken as

near to d(q-p)-1 +a + 1/2 as we please, it follows that

Y is regular for Re s< d(q-p)-1 +a +1/2. Hence
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- 0(1v +1/2(p-q)a).



F (-b+s)r(1+a+a-s)
F(s) = Y(s) q p

rn(-a+s)rm(1+b+a-s)

is regular for max(a,bm+i) < Res< d(q-p)-1 +a +1/2,

and, using the asymptotic expansion for the gamma func-

tion (see Note 4), we see that

IF(s)I = 0(1t1(q-P)(a-a-)-d+E)

uniformly in any interior strip.

We now show that the function f satisfies (5.21)

and (5.22). The left-hand side of (5.21), when the

value of f from (5.23) is substituted, may be reduced

to the right-hand side of (5.26) where F(s) has the

value (5.37), that is,

d/dx[x m+ij ya-2f(Y)

Y.Gmn(xy
Pq
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(5.37)

a1+2, ..., a +2

b +2, b +2,b b +2 ... b +2)dy3
1 ' M+2 q

kt+i00 r (-b+s)r (-a-a+s) x s-a-bm+1+1
1= d/dxkT Y(s) q

zrriSk ico dsi

F*(-b-a+s)l- (-a+s) 1-(1-bM+1 -a+s)

If we substitute for Y from (5.24), the right-hand side

of this last equation becomes



F (-b+s)Fn(-a-a+s) xs-a-bm+11-1-edx[1 ds
F*(-b-a+s)F (-a+s) F(2-bM+1-a+S)

c'+ic° F(1-b-a+w)F*(-b-a+w)F(-a+w) H(a-w)m+1 q n
dw3c'-i r (-b+w)r (-a-a+w)

= d/dxf-1
477-

W-S
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c'+icc F(1-b
-a+w)F*(-b-a+w)Fn(-a+w)m+1

H(a-w)dw
r (-b+w)rn(-a-a+w)

1

=
ici+1-°° H(a-w)

xs-a-brn+i
+idw

271 ,c-100 w-a-bM+1+1

-bm+1=x h(x)

..rkt+i0,0 F (-b+s)Fn(-a-a+s) x5-a-bm+1+1 ds

F*(-b-a+s)F (-a+s)F(2-bM+1-a+s) w-s
(5.38)

provided the inversion of the order of integration is

justified. Since c'> k', the value of the inner inte-

gral, when 0<x<1, is

s-a- +1
F,(-b+w)F m+1

n(-a-a+w) x
-27-ri

F(-b-a+w)Fp(-a+w) F(2-bm+i-a+s)

and we have

-b co a-2,,y)-umn(xy)dyd/dx[x
o

y
Pq



= d/dx{
1
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when 0<x<1. The last step follows from the theory of

Mellin transforms for functions of L2, since H be-

longs to L2(-00,00) when Re s > 0. The inversion of the

order of integration in (5.37) is justified by absolute

convergence. Since by an extension of the theorem of

the arithmetic and geometric means, given 6 such that

0<6<1, a constant k depending on 6 exists such that

[(a-c)2 +(v-t) ]I/2 > kla-clblv-t11-6

for all a, v, and t, the modulus of the integrand is

less than a constant multiple

4/2(P-cOor 1 (q-P)a-2(,,_k,)-61v_t -1+6xk'-a-bm+1+1

when v and t are large. The substitution t =

shows that the double integral is absolutely convergent.

The proof that f satisfies (5.21) is complete.

The proof that f satisfies (5.22) is similar. By

Parseval's theorem we have

-b 00

edxtx 1111-1$ y-lf(y)

a +1 a +1mn 1 '
( xy

Pq I b +1 , , b +1 , b , b +1 , , b +1 dy}
m m+1 - m+2

k'+ic0 F (1+b-s)F (1+a+a-s) s-b
Y( s) m m+1 ds 3

2Tri, k - co m(l+b+a-s)F (1+a-s) s-b
m+1



1 rk'+io. rm(1+b-s)r (1+a+a-s) s-b
= ct/dxt- d

X
111-1-1

472Jkt-ic° r (14-b+a-s)r (1+a-s) s-b

c'+i- r(1-bm+i-a+w)F*(-b-a+w)rn(-a+w) H(a-w)xj
c'-i r

(-104-NOrn(-a-a+w)
W-S

1
= Cl/dX -

47r2,

m+1

c'+1-
r(1-bMA-1-a+w)r*(-b-a+w)rn(-a+w)

H(a-w)dw
ct-i- r (-b+w)r (-a-a+w)

k'+im rm(l+b-s)r (1+a+a-s)

k,-i-m(l+b+a-s)r (1+a-s)s-bm+1

(5.39)

The inversion of the order of integration is again justi-

fied by absolute convergence. The value of the inner

integral when x > 1 is

F (1+b-bMA-1)Fp )

11-1+127i

m(l+b+a-b (1+a-b )
w-bM+1m+1 p m+1

from the residue at s = bM+1. Since this is indepen-

dent of x, the last expression in (5.39) is zero

when x > 1, and f satisfies (5.22). The proof is

complete.

We now specialize the parameters to obtain some

special cases. From (8, vol. 1, p. 216;3) we have

s-b ds
m+1

dw}

3w-
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co

f(y)ya(xy)-1/2J (2(xy)1/2)dy = e(x)
2a+1

co

f(y)(xy)-121-2a+1(2(xy)I/2)dy = 0
Jo

d/dxfx1+85 ya-2f(y)(xy)I/2J (2(xy)2)dy3
xl+ah(x)

0 2a+3

(0<x<l), (5.40)

1-1-a,wd/dx Y-if(Y)J2a+2(2("))dY
'o

Y( s)

x1/2(a+b)jG10(xla,b) (2x1/2).
02 a-b

We set b = -1-a and let a>0 in order to satisfy

the conditions of Theorem 5. Thus equations (5.1),

(5.2), (5.21), (5.22), (5.23) and (5.24) become

respectively

(0<x<1),

(x>1),

(5.41)

y1/2-kk+iT r(l+a+s)
xk-I/2-5ds,f(x) .Y(s)

zrrm T -k-iT r(l+a+a-s)

(5.42)

ci+iw r(2+a-a+w) H(a-w)dw
(5.43)

r

271-Jot-lc° r(l+a+w) w-s

If a = x = u2, and y = (v/2)2 are substituted

in (5.40) and (5.41), they become respectively

edUtlIV+1$ v2a-22-2(14-1

f((v/2)2)iv+1(UV)dV3=20+1h(U2),0
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0/duH"

00

d/duE

If a = v/2-1,

,2 +ioo

X(s') =

(uv)va'-2T(v)dv] =

and Y(e'/2) = X(s') are substituted into (5.42), and

-a +1

-W2v-a-Wil(a' w')
dwl

(k'<2e'<a'),w'-s'
FW,A)+%2w9

the result is multiplied by 2-2a+2 and simplified, then

2-2a
'f((v/2)2) = X(s1)

T co 'k

v4-1

-uv)v1 f(v)dvi = 0 (u>1).

x = (v/2)2, s = s'/2, 2a = a', 2k = k',
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d/du-
,o

v 12f((v/2)2),J,v(uv)dv = 0.

If 2-2a-4-2f((v/2)2) T( v), 2h(u2) = F(u), and 2a =a',

we get the equations considered by Busbridge (2), that

r(v+st)
x

-1--%-v+a7 1/2 St)

ds',

which is part of the solution given by Busbridge.

Finally if a= s = w = wH/2, Y(sY2)

2a = a', and H(a-w) = T(a'-w') are substi-

tuted in (5.43), then



which is the remaining part of Busbridge's solution.

A second example is the function w which G. N.

Watson (18) defines. From (12) we have

_xl./G2o/A(x2/ 161p/2,v/2,-p/2,-v/2) =
2 04

and in conjunction with (8, vol. 1, p. 209;8)

G20(x/
04 I

1 3/22o
')< (K04

If a = -1/2, >O, v > 0, and v > p + a or p > v + a

(since w is a symmetric function in and v),

then is a special case of Theorem 5.

A third example can be formed from (see (12))

Again from p. 209;8) we have

G2°(X11/8+,3/8-1-0,-1/8-Fa,-3/8+U)
04

-V -3/a[e- (4x= 2xo.(4x) )14- cos(4x)I4 + sin(4x)1/41.

If = -1/2 and 0<a<1/4, then the above function is

a special case of Theorem 5.

A fourth example can be found from (8, vol. 1,

p. 217;20 and p. 209;8), namely,

(x)
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2 0,v/2+0,-p/2+0,-v/2+0) = 4x44-d

4
/ 8 , 3/8, - 1/8 - 3/ 8 ) e x - cos x +sin x .



G11(X
1 3

7r-V2xclJ2 ( /2) .a

The conditions for application of Theorem 5 are
0 = -1/2, 1/2<a<1, and a>1/24-a.

//2 +
) =
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