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APOLOGY

There should be a reason that a dissertation is written other

than for partial fulfillment of the requirements of one's institution,

although at the outset I probably could not have stated any better

reason. I could then, and can still, state better reasons for doing

the research involved; only recently could I state better reasons for

committing the work to a form considered adequate for communica-

tion.

The reasons for recording several years' intellectual effort

in one formal institutional paper are as follows:

The discipline, the tedium of writing seem to whet one's appe-

tite for further research almost unbearably. The writing is almost

like applying a transparent cover over the work--the work must

stop growing until the cover is fitted, yet fondling of the work is

necessary in the process. I wonder what regions of life poets, art-

ists, and musicians have enjoyed in the exercise of this principle.

Secondly, it is the accepted sign of a break with amateurish-

ness. It is just as much the accepted sign of a bond with one's for-

mer teachers. I say former, not because the researcher learns no

more from them, but because he is no longer their student.

Most important, the formal, required writing reveals the

flaws, the fraility, the difficulties of the mind. The researcher

confidently makes his critical judgements and his spotless chains



of implications. Turned writer, he can never be sure that he is

communicating in the most effective way; he secretly knows that

he is not. This should humble the writer and help him realize that

he cannot really share his ideas with another person unless that

person wants his ideas. It may not always be flattering to know why

another person wants his ideas. But sometimes somebody wants to

know someone else's ideas because he thinks the ideas are good,

and he takes the time to be communicated with. The author is then

gratified. But the writing takes him just far enough away from the

process of his research that he can view the results of his research.

He notices easily that the results give him almost no pleasure. He

notices that the process, the wonderful process in his mind, may be

something impossible to communicate.

Having had to write a description of his work, the author may

even come to realize that the process in his mind may be a force

in his life which must be controlled.

These are my reasons as they begin to unfold in my mind. It

is probably well that I interrupt that process of unfolding at this

point, and present the work I have done.
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FINITE GEOMETRIES
WITHOUT THE AXIOM OF PARALLELS

INTRODUCTION-.- THE AXIOMS

Throughout this paper, a letter symbol is given to a number

only with the assumption that the number is a natural number; also,

n-tuple means unordered n-tuple unless otherwise specified.

Let "point" and "line" be undefined terms and "point is on

line" be an undefined relation. Then any collection of points and

lines satisfying the following conditions (A1, A2, A3) for given inte-

gers n> 2, m> 0, is a finite plane:

Al. If P and Q are distinct points, there is exactly one line
u such that P is on u and 0 is on u (u may be re-
ferred to as PQ).

Definition. If P1, P
2,

, and Pk are points and u is a line,

then
P1

is on u and P2 is on u and ... Pk is on u <==> P P2,

, and P are on u <I=%. u is on P1' P2' .. and P u isk

on P. (1 = 1, 2, , k). The same equivalences are defined to hold

if "on" is replaced by "not on" or if "point" and "line" are inter-

changed.

A2. There exists a line and a point not on it; every line is
on exactly n distinct points.

Definition. Distinct lines u and h intersect (at a point Q)

=. there exists a point Q such that Q is on u and h., Distinct

lines u and h are parallel ( u is parallel to u and h do

not intersect.
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Such planes will also be called En, ml planes or merely planes.

Definition. Two [ n, m] planes are isomorphic <---> there

is a relabeling of points and lines of one which makes the "on" re-

lation (considered as a set of ordered pairs) of one identical to the

"on" relation of the other.

Definition. A collection of points and lines satisfying axioms

Al and
A2

is a finite geometry <=1=,. there are only a finite num-

ber of points in the collection.

If p is a prime, the following results are known:

[Pa + 1,0] planes exist, and can be constructed by means of

a galois field (11, p. 244-247); it has been conjectured that a neces-

sary condition for the existence of E n, 0] planes is that n is of

the form pa + 1, and it has been proved that, for certain n not of

that form, [ n, 0] planes do not exist (1). [ n, 0] planes are projec-

tive planes (finite) and they are not all isomorphic, for a given n

(2, p. 407-411; 12.).

[ n, 1] planes are finite Euclidean (affine) planes; they exist

for n = pa (2, p. 323-328; 11, p 255). An fn., 1] plane exists if

and only if an [ + 1,0] plane exists (Witt indicates a short proof

in (13, p 267)). The fact that affine planes may not be isomorphic

A3. If u is any line and P is a point not on u, there are
exactly m lines on P each of which is parallel to u
(of course, this becomes the axiom of parallels if

= 1).
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(for given n) follows from the fact that the projective planes from

which they can be obtained (by deletion of a line and its points) are

not isomorphic in all cases.

[ n, m] planes exist for the case m , and I call them finite

Bolyai-Lobatchevsky planes. Description of such planes and

spaces containing them is the aim of this work.

The axioms here stated are equivalent to those of L.

Szamkolowicz, in his description of finite regular planes (9;10).

Some questions which are not discussed in this paper and

which have not been answered (to my knowledge) are:

Are the axioms categorical for n> 3 and m> 2.? If not,

what is the number of non-isomorphic n, m] planes in terms of

n and m?

Are the axioms consistent when n is not of the form pa

or pa + 1 ( p a prime)?

Are the axioms for 3-space (given in Chapter IV) consistent?

Are they categorical?

Again, this paper is primarily concerned with the structure

and existence of [ n, m] planes (m 1) and k-spaces (defined in

Chapter IV).



A relation R from a set A to a set B can be considered as

a subset of AXB; we say that a is related to b if and only if the

ordered pair (a, b)E R. If P is any set of "points" and L is a

set of "lines", then an incidence relation R from P to L is a

subset of PXL. An element of this relation is then called an inci-

dence. Suppose P is finite, with points P1, Pa, , Pt (and no

others). Let the number of incidences whose first cordinate is P.

(the number of lines "on" P.) be a.. Then the number of

dences in R is

CHAPTER I

INCIDENCE RELATIONS, STEINER SYSTEMS,
(f., i, n, t) SYSTEMS

Relations

Similarly, if there are 11. incidences with second coordinate / .

.1 3

(where the lines of L are 1, I 2, .. 1 q), then the number of

incidences in R is

n.
3



Hence

a. =

5

ir=1 j=1

If a. = a for all i, and n. = n for all j, this reduces to at = qn,

a formulation which will be used in later chapters.

Steiner Systems

A Steiner (I , n, z) system (13, p. 265) may be considered as a

set of z points arranged in n-tuples in such a way that every set

of / points occurs as a subset of exactly one of those n-tuples. If

n-tuples are called lines and "is on" is interpreted to mean "is an

element of " or "contains as an element", then a Steiner (2,n, z)

system (z > n> 2) is a finite geometry. Proof: For any two dis-

tinct points, there exists exactly one n-tuple containing each of

them. There exist two points, so there exists an n-tuple. z> n,

so there exists at least one point not in that n-tuple. There are a

finite number of points in all, so such a (2,n, z) system is a finite

geometry. It is also a plane, as will be shown later.

i(f., ,n, t) Systems

It may be that a class of q sets (q > 0) has these properties:

1. There are n elements in each set.

Z. There are t elements in the union of the class.



I call such a class an (f... n, t) system. A (1, k, n, t)3."
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3. For some integer i < n, any set of i elements (of the
t elements of the union) is contained as a subset of
exactly f. sets of the class.

sys-

tem is thus a Steiner (k, n, t) system. A (1, 2, n, t) system (t> n> 2)

is therefore a finite geometry. It is not the purpose of this paper

to exploit these systems, and they are only mentioned here in order

that the generalization of finite geometries might be illustrated.

The following theorem holds for (f.,i,n,t) systems:
(ti.) fiTheorem: q(n)

i.

Proof: Point-set inclusion is a relation from the set of all

i-tuples to the original class of sets. If i-tuples are points and

n-tuples (sets of the original class) are lines, then there are n.(
I.

incidences with a given line as second coordinate. Also, there are

exactly fi incidences with a given i-tuple (point) as first coordi-

nate. There are exactly t i-tuples. The theorem then follows asi

a result of the previous discussion of relations.



CHAPTER II

A STUDY OF THE AXIOMS

The author has shown (3; 4, p. 1-6) that axiom A2 may be

weakened to read, "There exists at least one line with exactly n

points on it (n > 2) and there exists-a point not on that line."

Several sets of conditions have been found which are equivalent

to the axioms. These equivalences are most efficiently demon-

strated if the following four theorems are first shown:

Theorem 1. If P is a point, there is a line which is not on P.

Proof: There exists a line k. If k is not on P, the theorem

is true. Assume k is on P. Then there is a point 0 on k (dis-

tinct from P) and a point R not on k. R is therefore distinct

from 0. Line QR exists. We will assume P is on QR (and ar-

rive at a contradiction). Then P and 0 and R are on .a line..

There is only one line (k) such that P and Q are on it, by axiom

A R is therefore on k. But this is a contradiction, so P is not

on line OR, and the theorem is proved. The knowledgeable geom-

eter will see in this proof an accentuation of the difference between

axiom
A1 and Hilbert's first two incidence axioms (5, p. 4); the

latter being a description of an incidence relation between the pairs

of points and the lines of a geometry.

7
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Theorem 2. Every point has exactly n + m lines on it.

Proof: If P is any point, there is a line k not on P (theo-

rem 1). k is on exactly n points Pi ( 17-- 1, 2, ... n), each dis-

tinct from P, so the n lines PP. exist and are distinct (proof:

suppose PP. P131, and j 1. Then Pi t P1, so PiPi = k.

But P is on PPI, and PP. 77 PP , so P is on PP.. P and
1 1 1 1

P. are two distinct points on lines PP. and k. Therefore,

PP. = k, a contradiction to the fact that k is a line not on P). So

exactly n lines on P intersect k. Exactly m lines on P are

parallel to k. Since lines on P must either intersect k or be

parallel to k, there are exactly n + m lines on P.

Theorem 3. There are t2 = (n + m)(n. - 1) + 1 points in an

[ n, m] plane.

Proof: There exists a point P. If 0 is any point distinct

from P, Q is on a line which is on P (line PQ). There are

ii + m lines on P according to theorem 2, each with n 1 points

(other than P) on it. Points (not P) are distinct if they are on dis-

tinct lines on P. So there are (n + )( - 1) + 1 points on the

lines on P. But every point is on a line on P, so the number of

points is exactly that specified by the theorem. That number will

be designated by t2 throughout the remainder of this paper. We

have the following corollary to this theorem:

Corollary. t> n(n-1) + 1.2
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Theorem 4. There are exactly q = n lines in a

plane.

This theorem is a consequence of the fact (proved in the dis-

cussion of relations) that (n + m)t2 = q2n.

Corollary. There are exactly i= q - n.(n + m - 1) - 1 lines

parallel to a given line.

Proof: On each of the n points of a line u are n + m - 1

lines other than u. Since the intersection of any two of these n

sets of lines is the empty set and since any line intersecting u is

in some one of these sets, it is seen that n(n + m - 1) lines other

than u intersect u. There are q2 - 1 lines other than u; the

number of these not intersecting u is thus q - n(n + m - 1) - 1.

Corollary. There are exactly .i i1 - m(n - 1) lines paral-

lel to each of two intersecting lines.

Proof: Let the lines be g and h, with intersection at point

P. There are
i1

lines parallel to h. On a given point (not P) of

g are exactly m of these
i1

lines. There are n - 1 points

other than P on g. Therefore, exactly m(n - 1) of the lines par-

allel to h intersect g. So there are i1 - m(n - 1) lines parallel

to h and to g.

Manipulation yields i2 = m(m - 1)(n - 1)/n.

We are now in a position to demonstrate the equivalence of

the axioms with certain other sets of conditions.
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Let us consider the set C of conditions, namely, the first

two axioms. Assuming the definitions previously given, we make

a further definition: A collection of points and lines, together with

a relation "on", which satisfy the conditions of C is a partial n-

plane.

For the points and lines of a partial n-plane, the following

lemmas hold:

Lemma 1. If k is a line, there is a point not on k, and if

T is a point, there is a line not on T.

This is an easy consequence of the axioms
Al and

A2,

which hold for a partial n-plane.

Lemma 2. The number of lines on a point is not less than n.

Proof; Let P be any point. Then there exists a line k not

on P, according to Lemma 1. There are n points P. ( i = 1, 2,

, n) on k, each distinct from P. Hence there are at least the

n distinct lines PP. on P.
1

Lemma 3. The total number of points in a partial n-plane is

not less than n(n-- 1) + 1.

Proof. With the notation of the previous proof; it is obvious

that there are n - 1 points other than P on each of the n lines

PP.. Therefore there exist at least n(n. -1) + 1 points (that they

are distinct is reasonably clear; that some point P exists at all is

a consequence of A.,).



Conditions Equivalent to the Axioms

The set C with the addition of a condition i will be desig-

nated as C + i, and the original set of axioms (Al, A2, A3)
will

be designated as A. Then it is obvious that A implies C + i if

condition i is the truth of any one of the statements 0,1, 2, ... 8

below:

0. There exists a point P with only a finite number of lines
on it.

There exist only a finite number of points.

There exist only a finite number of lines.

There exists a line 1 and a point P not on 1, such that
there are only a finite number of lines on P parallel to 1.

There exists a line 1 such that there are only a finite
number of lines parallel to 1.

There exists a finite set of lines such that the number of
lines parallel to each line of the set is finite.

There exists a point P such that there are only a finite
number k of lines not on P (k 0).

There exists a finite set of points such that every line is
on at least one point of the set.

There exists a finite set of lines such that every line not
in the set intersects at least one of the lines in the set.

For any i, the condition C + i is equivalent to A if C + i

implies A. This will now be shown for each i, with the assumption

that we are dealing with the points and lines of some partial n-plane.

11
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C + 0 implies A. Proof: There exists a finite number k of

lines on some point P (according to lemma 2, k > n). All points

are on these k lines, so there are exactly k(n - 1) + 1 points.

This is a finite number, so it is obvious that any point must have a

finite number of lines on it (an infinite number of lines on some

point implies that the total number of points is infinite). Suppose

there are r lines on some point. Then the total number of points

is given by r(n - 1) + 1, which must equal k(n. - 1) + 1. Therefore,

r = k. That is to say, every point is on exactly k lines.

Let / be any line and P a point not on it. P has k lines

on it, exactly k - n of which are parallel to L. k - n is a con-

stant, a non-negative integer, so axiom A3 is a consequence of

C + 0 . But Al and A2 are certainly consequences of C + 0, so

C + 0 implies A.

C + 1 implies A. Proof: If there are only a finite number

of points, then there are only a finite number of lines on any point.

C + 1 C + 0 A. It should be noticed that a finite geometry

is thus a finite plane, A Steiner (2,n, z) system (z.> n> 2) is a finite

geometry (see page 5) and accordingly is proved to be a plane.

C + 2 implies A. Proof: C + 2 C + 1 A.

C + 3 implies A. Proof: There exists a line and a

point P not on / such that there are k lines on P parallel to 1,

There are exactly n lines on P intersecting /, so there are only
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a finite number (n + k) of lines on P. Thus C + 3 C + 0 A.

C + 4 implies A. Proof: There exists a line such that

Y, the set of all lines parallel to is a finite set. Then there

exists a point P not on I. Lines on P parallel to t are all in

Y, so there are at most a finite number of them. We see that

C + 4 C + 3 A.

C + 5 implies A. Proof: There exists a set B of r lines,

such that D = { d: d is a line not in B and b:EB d is parallel

to b} is a finite set. There are a finite number of points on lines

in B and D, so if all points are on such lines, there are only a

finite number of points and C--+ 5 C 1 A. There may be

a point P not on any line in B U D. If I is a line on P, then I

is not parallel to every line in B(if so, I e D and P is a point on

a line in B U D, a contradiction). There are at most rn points on

lines in B where intersections could occur. Hence there are a

finite number of lines on P intersecting lines in B, since the num-

ber of such lines cannot exceed the number (rn) of possible points

of intersection. Every line on P intersects some line of B, so

there are a finite number of lines on P; C + 5 C 0 A.

C + 6 implies A. Proof: There exists a point P such that

there are only k lines not on P. Then there is a point Q distinct

from P. Any line on Q is either on P or not. If it is not on P,

it is one of the given k lines. Exactly one line on 0 is on P
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(line QP). Hence there are at most k + 1 lines on 0;

C + 6 c + 0 A.

C + 7 implies A. Proof: There exist k points such that

every line is on at least one of them. If these k points are the

only points in the partial n-plane, then the result C+ 7 C-1- 1

is easy. Suppose there is a point P which is not one of these k

points. Then if I is a line on P, I is on one of these k points

Hence there are at most k lines on P. C + 7 C + 0 A.

+ 8 implies A. Proof: There exists a set of k lines

such that every line not in the set intersects at least one of the

lines in the set. Then on these k lines are a finite number of

points, and any line is incident on at least one of these points. Thus

C + 8 C + 7 zA.

This completes the proof that the various sets of conditions

C + i are equivalent to the axioms.

The axioms also imply the following four conditions (we will

refer to these four conditions as the set D).

There exists at most one line on two distinct points.

There are n points on every line, n> 2.

There exist t = (n + k)(n - 1) + 1 points (for some inte-
ger k > 0).

4. There exist q lines, q >(n + k)t/n. (It should be
noticed that (2) and (3) the number of lines is finite).



Again, D is equivalent to A if D implies A.

D implies A. Proof: q> ( k)t/n> t> I) > 2, so

there are at least 2 lines, each with at least 2 points on it. Hence

there exists aline anda point not on it. This, with (2) of D implies

axiom A2.

The total number of pairs of distinct points is ( t Pairs
2

such that for some line 1, P is on /

and 0 is on 1, will be called joined pairs of points. A line has

(n) joinedjoined pairs of points on it. These pairs are distinct from any2

joined pair of points of any other line (because of (1)). Hence the

number z of joined pairs of points is (12) q . So

z = > (12)(n+k)t/n=[(n-1)/2] (n+k)f(n+k)(n-1)+1]=t(t-1)/2

of distinct points (P,Q)

15

But z cannot exceed the number of pairs Of distincfpoints, so we
thave that =

) Therefore distinct isz (2 . every pair of points

have shown that condition D is equivalent to the axioms.

Finally, a set of conditions E is obtained if (3) and (4) of

D are replaced by:

a

joined pair of points. Thus axiom Al is implied (P and 0 are

distinct points thereis exactly one line 1. on P and 0).

There exists a finite number of points, so D C 1 A. We



The number of lines is q, the number of points is t,
and for some integer k> 0,

q> (n+k)/n] [ (n+k)(n- 1)+ n /n

To show that E is equivalent to the axioms, it is only

necessary to show that E => A, since

A --> (424( n+m)/ ] [(n+m)( n-1)+1] =(n+m)t/n. .(5)

We will show that E D, which is sufficient, since D A.

tProof that E D: There are ( pairs of distinct points.
2

The number of joined pairs of points (as previously defined) cannot

exceed this number so q(:) (t2) But from (5):

(n + k)(n - 1) + 1 > t,

and

(I) q (n2) (n2) [(n+k)/n][(n+k)(n-1)+1] > (n+k)(n-l)t/2

> (t- ti 2 = (t) q
2 2)

Hence equality holds for each pair of members of (I);

(n2) [(n+k)/n][(n+k)(n- 1)+ 1] = (n- 1)(n+ k)t/ 3,

[ n(n - 1)/ 2n][(n+k)(n-1)+ = t(n -

(n+k)(n-1)+ 1 = t .

Also,

q (n2) = (n + k)(n - 1)t/2,

qn = (n + k)t

q = (n + k)t/n

16
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This shows that E (3) and (4). Hence E D, and E is

therefore equivalent to the axioms.

The equivalences demonstrated in this chapter simplify the

design of algorithms to construct [ n, m] planes.



CHAPTER III

THE PLANE

L. Szamkolowicz (9) and the author (3; 4, P. 17-27) have shown

that for m = 2 the only plane is the [ 2,2] plane. Our arguments

can be replaced by an exercise in arithmetic as follows:

The equation q2n = (n + m)t2 provides a necessary condition

for the existence of an [ n, m] plane. From it, we see that

c12
(n + m)t2/n

t + (m/n)t

t2 + (min)i (n + )( - 1) + 1]

= t2 + (m/n)[ n2 + mn - n - m+ 1] ,

or q2 = t2 + mn.+ m2 - m - m(m - 1)/n.

From this, it is seen that m(m - 1)/n must be an integer,

since all other terms of the last equation are integers. A necessary

condition is thus that n divides m(m - 1). In the case m = 2, n

must divide 2.1 . Since n must be greater than or equal to two,

n must be two, i. e. , the only [ n, 2] plane is the [ 2,2] plane.

That the condition n I m(m - 1) is not sufficient for the

existence of an [ n, m] plane is demonstrated (in the case m = 0)

by the classic result of R. H. Bruck and H. J. Ryser (1). A suffici-

ent condition is that n = pa or n = pa + 1 (p a prime) for suitably

chosen m. Proof: For the values of n given, an affine or

18
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projective (respectively) k-space exists (k > 2) (2, p. 323-328;

11, p. 244-255). The points and lines of such a space satisfy the

set of conditions C + 1, among others, so they can be considered

as a plane.

In the case that n= 2, planes exist for any m (consider a

set of t> 3 objects. Let a line be a set of two objects; let a point

be an object of the set. "On" means "is an element of" or "contains

as an element"). For n = 3 , planes exist for any m such that

n I m(m - 1). The argument goes as follows: It is clear from the

fact that 3 I m(m - 1), that 3 I m or 3 I m - 1. This, in turn,

implies that m= 0 or m= 1 (mod 3). Then t2 =(3+m)2+1=6+2m+1,

and it must be that t2 is of the form 6k + 1 or 6k + 3. Steiner

(2,3, z) systems exist for precisely these forms of z (6,p. 271-185;

8), and may be considered as planes (for z> 3), which proves the

assertion concerning [3,m] planes. [3,m] planes are not all

isomorphic for a given m> 3, since the associated Steiner (triple)

systems are not isomorphic to one another (6, p. 271-285).

[4,m] planes exist for m such that m + 4 = pa ( p a prime)
f - 1 4f -and m 1 (mod 4), as do [ 2- , ] planes, since the cor-

responding Steiner systems exist (13, p. 269-270).

A sufficient condition for the existence of a plane is the exis-

tence of a Bolyai-Lobatchevsky 3-space (to be described in the next
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chapter), whose points and lines may be considered as a plane--as

has been done with affine and projective spaces above.

Another method of construction of [ n, m] planes is that of

extending an existing [ n, m] plane to an [n', mI] plane (n.' > n

or m'->m). Examples of this may be found in papers describing

Steiner systems (6, p. 271-285; 7, p. 321-334; 13, p. 268).

Still another method is related to the incidence matrix of a

plane. This is a2 X q2 matrix (a..). If the points of the plane

iareP. ( = 1,2, , t2) and the lines are (j = 1,2, , q2),

then is one if P. is on i. and zero otherwise. Construction
13 1

of a plane is equivalent to construction of its incidence matrix.

This method is especially useful in connection with the facilities of

a digital computer.

Finally, an [ n, m] plane may be embedded in some larger

configuration of lines and points (assuming some construction is

known for the larger configuration). Then the plane may be obtained

by deleting lines or points from the larger configuration. For ex-

ample, an affine plane is obtained by deleting a line and its points

from a projective plane. Also, any plane which exists can be con-

structed by deletions as follows: Let the points be named Pi(i = 1,

2 .. , t2) and lines be n-tuples of points. Then any [ n, m] plane

in which the total number of points is
t2 is embedded in the collec-

tion of all n-tuples of points taken from the original t2 points P..
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A "trial and error" deletion will thus construct any such planes, if

they exist.

A finite field can be used to construct a projective or affine

plane, of course, but this paper is not primarily concerned with

such planes (2, p. 323-328; 11, p. 244-255).

1/ Trial and error construction of planes is tedious if done "lpy
hand". Early in the investigation of r n, ml planes the author ex-
hausted all possibilities using this approach to the construction of a
[4,2] plane. No [4,2] plane exists, of course, since 4 does not
divide 2(2 - 1). Judicious use of theorems enhances the usefulness
of the trial and error method, of course.



CHAPTER IV

FINITE BOLYAI-LOBATCHEVSKY 3-SPACE;
NON-EXISTENCE OF K-SPACE FOR K> 3

Throughout the remainder of this paper, we consider only val-

ues of m greater than one.

Discussion of the generalization of dimension will be facilitated

by use of the following terms; point (0-space), line (1-space), plane

(2-space). Then a k-space (k > 2) is any collection of r-spaces

(r < k) satisfying these axioms ("point is on j-space" is now the

undefined relation):

1. On any two distinct points there is exactly one line.

Z. There exists an r-space and a point not on it (for all
r < k); and every line has n points on it.

If A is an r-space (r < k 1) and P is a point not on
A, there is exactly one r 1-space B such that P is
on B and any point on A is on B.

If P and Q are distinct points, A is an r-space, P
is on A and Q is on A, then any point on line PO is
on A.

Definition: An r-space is on an s-space if and only if any
point which is on the r-space is also on the s-space.

Definition: Two distinct r-spaces are parallel if and only
if both are on the same r 1- space and there is no point
P such that P is on each of the r-spaces.

If point P is on each of two distinct r-spaces A and B
( 0 < r < k), then there is exactly one r-l-space, C,
such that C is on A and C is on B, and P is on C.

22
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(We will say that A and B intersect in C, or that C is
the intersection of A and B).

6. If A is any plane, L a line on A, P a point on A but
not on 1, then there are exactly m lines on P, and
parallel to I (m > 1).

Extensions of the meaning of " " a r e made in a natural

way as was done in the Introduction.

Axioms I, 2, and 6 imply the axioms Ai, A2, and A3 of

Chapter I, so the theorems of that chapter are immediately avail-

able.

Throughout the remainder of this chapter we will denote by

tk and qk, respectively, the number of points and the number of

lines of a k-space, when those numbers are not

Theorem: t3 = (n + m)(t2 +

Proof: In a 3-space, there exists a plane z and a point P

on z, a point Q not on z, and line PQ. If R is any point in the

3-space not on PQ, there is a unique plane on R and on PQ. Such

a plane is on PQ, on P, intersects z in a line 1 which is on P.

Two distinct planes x and y on the line PO intersect z in lines

1 and k, say. is not k (if j = k, there is a point S distinct

from P, on £; S is not on PQ since if it were, PO would be on z,

and Q would be on z, a contradiction; so x and y are two dis-

tinct planes, each on line PQ, each on S, a contradiction); hence

the lines of intersection of distinct planes on PQ are distinct lines
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on P. The number of planes on PQ is therefore the number of

lines on P and on z. By a previous theorem, this number is

n + m. So on PQ there are exactly n + m planes. Any point not

on PQ is on exactly one of these planes. The number of points on

such a plane is t2, and there are t2 n of these points not on PQ.

Since there are n + m of these planes, there are exactly

(n + m)(t2 - n) + n points in the entire 3-space.

Corollary: The collection of points and lines of a 3-space is

a plane. Proof: Such a collection satisfies the condition C + 1 of

Chapter II.

Theorem: q =
3

t
,

(nz)

(t3Proof: The total number of pairs of distinct points,' can2

be obtained by counting the number of pairs of distinct points on a
nline, (2 , and multiplying by the number of lines (the number of

lines must be finite, since the number of points is finite). Hence

q3
() n t3), from which the result follows.

2 2

Theorem: A necessary condition that a plane is embedded in a

3-space is that n divides m - I.

Proof: Let it be a plane in some 3-space. Then there exists

a line k on 71- and a point P not on Tr. There is exactly one plane

y on k and on P. Since m > 2, there is a line I on y, 1 on_

P and parallel to k. Then no point on ii is on P (A point on i is
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on y, and the only points on Tr and on y are the points on k.

None of these points is on 1, since 1 is parallel to k). Therefore

there is exactly one plane on and on a given point on T,. Such a

plane intersects Tr in a line. Two such planes (distinct) intersect

IT in parallel lines. (If point 0 is on each of two lines of inter-

section of two such planes, the two planes are not distinct, since

there is only one plane on and on 0). Each point of Tr thus has

a line associated with it. Any two points on 7T must therefore occur

on one such line or on two distinct, parallel lines. Any point of

is thus on one of a set of r (pairwise) parallel lines, and the total

number of points on it must be rn. Accordingly,

rn = t2 = (n. + m)(n - 1) + 1

or rn. = n2 + nm n - (m-1).

n occurs in all terms of this last equation except m - 1, so n di-

vides m - 1. The fact that it was arbitrarily chosen shows the

truth of the theorem.

Corollary: For even n, 3-spaces cannot exist if m is even.

Theorem: A necessary condition for the existence of a 3-

space is that t2 divides m(m - 1).

Proof: In any 3-space, the number of points is finite, so the

number of planes is also finite. Let a 3-space be given, with x

planes. Then "point is on plane" is an incidence relation, and °
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incidences are ordered pairs (P, a) where P is a point which is on

plane a. The simple equation developed at the end of the discussion

of incidence relations can be used to find the value of x, but a lem-

ma is first required.

Lemma: The number of planes on a point (in a 3-space) is

t + (n + m)m.

To see the truth of this lemma, let us consider the number s of

lines on any point P. All points are on lines on P, so the number

of points on those lines may be determined. On each line on P are

n - 1 points other than P. There are s such lines, and the total

number of points in the 3-space must accordingly be .s(n 1) + 1.

But the number of points has been previously calculated for any 3-

space. Therefore:

s(n - 1) + 1 = t3 = (n + m)(tz - l) + n,

s(n - 1) = (n+ m) (n + m)(n - 1) + 1 + n - 1,

s(n - 1) = (n + )( 1)(n.+ m - 1) + n 1,

s = ( )(n + m - 1) + 1.

It is seen that the number of lines on a point is not dependent upon

what point is chosen. We now turn our attention to pairs of lines on

some point P in a 3-space. Exactly one plane on P is on a given

pair of (distinct) lines on P. Consider a plane on P. On that plane

are n+ m lines which are also on P. Then on the plane are
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(n + pairs of distinctnct lines on P. Two distinct planes cannot

have a pair of lines in common; yet there is a plane on any given

pair. Thus the number of pairs of distinct lines on P is the num-

ber of pairs of lines on a given plane times z, the total number of

planes on P: is = in + z, and z is seen as independent of thek2/ k 2 /
choice of the point P:

Z (S.- 1)/( + m)(n + m - 1),

n+ m)[(n + m + 1] (n + m.)(n+ m 1)
(n + m)(n + m - 1)

= (n + )( + - 1) + 1,

= (n + x-n)(n - 1) + 1 + m(n + m),

= t2 + rn(n + m).

The lemma is now proved. Returning to the consideration of

the total number x of planes, we see that the last equation of the

discussion of incidence relations is available to us. It becomes:

t2x = t3z

= t3[t + m(n + m)]

= t3t2 + t m(n + m),

or, t x t3 t2 = t3m(n + m)

= [(n + m)(t2 - + n] m(n + m)

= [(n + m)tz - n(n + m) + n] m(n + in)

(n + m)t m(n + m) - n(n + m - 1)m(n + m)
2= (n m)tm(n + (n+ nm - n)m( n + m)
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= (n+ m)t2m(n+ rn) -j(n+ m)( 1)-1- l+m-11m(n+m)

(n + m)t2m(n + ) (t2 + m 1) (n + )

so t2x - t3t2 = (n + m)t2m(n+ m) t2m(n+ m) (m 1) (n+ m).

Since t2 occurs in all terms of this final equation except the

last term, it must divide the last term. So t k = (m 1)m(n +

for some nonzero integer k. But

t2
k = k[( + m)(n - 1) + ii = k( + rn)(n - 1) + k .

Then k(n + m)(n - 1) + k = (m 1) (n + m).

From this, obviously n + m divides k: k= (n + m)r for some

non-zero integer r. Therefore,

t k = t2r(n + m) = (m 1)m(n + m),

and t2r = m(m - 1).

From this it is seen that t2 divides m(m 1), and the theorem is

proved.

A necessary condition for the existence of a 3-space has been

derived: t2 must divide m(m 1). A necessary condition in the

case of the plane has been shown: n must divide m(m - 1). Since

a line is a 1-space, we may call the number of points on a line ti.

Then it has been shown that:

The existence of a 2-space implies that t/ divides m( 1);

the existence of a 3-space implies that t2 divides m(m - 3).

The question might be asked, "Does the existence of a 4-space imply

that t3 divides m(m 1) ? " Pursuit of the answer to this question
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has led to the following result:

Theorem: No 4-space exists.

Proof: It will first be necessary to prove that in. a 3-space

there exists a plane parallel to a given plane. Suppose x is a

plane in some 3-space A. Then there is a point P in A which

is not on x, and there are two lines k and I on x which inter-

sect in some point 0 on x. On P and line k is a plane Pk and

on P and I is a plane PL. On plane Pk, and on P, there are

m lines k (i = 1, 2, , m), each parallel to k. Similarly on

distinct
1

from the line L (if some such pair of lines is, in fact, a single line,

then Pk = IN, which implies that k = 1, a contradiction). Obvious-

ly there is exactly one plane, a, on two such lines k. and I
3.j 1

The number of such pairs of -lines is m2, which is therefore the

number of planes whose intersection with Re is a line parallel to

and whose intersection with Pk is a line parallel to k. Let us

suppose that some s of these planes intersect x. They intersect

x in s distinct lines (for suppose agh and afe are two distinct

planes, each intersecting in the same line r. Then the two given

planes are on r and on point P (which is not on r), so they cannot

be distinct, a contradiction). These s lines of intersection are

parallel to I and to k. To show this, let it be assumed that one of
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these s lines intersects I or k. Suppose d, the line of inter-

section of abc and x, is a line intersecting I in a point D. D is

on 1, so it is on plane Pi. D is on d, so it is on abc. Hence D

is on Ic (using the previous notation that a.. is the plane on k.

and I .). But I c is parallel to 1. Thus no point on I can be on

the plane x. But D is on d, which is on x. This contradiction

shows that d is parallel to 1, Similarly, d is parallel to k.

What has been shown by this is that the intersections of the s

planes (a..) with x are s distinct lines, each parallel to I and
3.3

to k. It is an easy matter to show that a plane on P and on a line

w on x (w parallel to I and k) must be one of these s planes.

It follows that there is a one-to-one mapping of the planes a..
3.3

(which intersect x) onto the lines parallel to I and k. Thus,

is the number of lines parallel to I and k. This number (from a

corollary to theorem 4, given in Chapter 2) is m(m 1)( - 1)/n.

It is the number of planes a.. which intersect x. Any plane on P
3.3

which is parallel to x must have an intersection with Pi which is

paTallel to I, and an intersection with
Pk which is parallel to k.

Thus any plane on P parallel to x is one of the planes aij. The

2total number, y, of such planes parallel to x is necessarily m. -s,

since s planes were assumed to intersect x.
2 2- s= -m(m- 1)(n - 1)/ > 0.

Since y is positive, there is at least one plane parallel to x. The
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arbitrary choice of x shows that there are planes parallel to any

given plane (in a 3-space).

We will now proceed to the main result, by assuming that

some 4-space exists. In this 4-space is a 3-space, say A3. There

is a plane
B2 in the 4-space such that no point on

BZ
is on A3.

To prove this, suppose P is a point (in the 4-space) not on A3

and a plane
A2 which is on A3. On P and on A2 is a 3-space

B3. Then B3 intersects A3 in the plane AZ (B3 A3, since B3

is on a point which is not on A3). From the earlier discussion,

there is a plane B2 on B3 which is parallel to A2. No point on

B2 is on A3. Then there is exactly one 3-space on B2 and on any

point on A3. Any such 3-space necessarily intersects
A3

in a

plane. Two 3-spaces C3, D3 on B2 (and on points C and D of

A3) intersect A3 in planes a and a'. If there is some point Q

which is on a and on a', it must be that C3 = D3--since both
C3

and D3 are on B2 and on Q. Then the intersections a and a'

must be identical. So distinct planes of intersection cannot inter-

sect. But there is such a plane of intersection on any point of A3.

Hence a set of r (pairwise) parallel planes on
A3 exists, and any

point on A3 is on one of them. The planes are on A3, so every

point on them is also on A3° We arrive at the fact that rt2 = t3

by counting the points on these r planes.



So rt2 = t3

= (n + m)(t2 - n) + n

= (n + m)t - n.(n + + n
2

= (n+ m)t2 [n(n+ - n + 1+ m - 1]

= (n+ m)t - [(n + m)(n 1) + 1 + m 1]

= (n + m)t = t2 ( 1),

or rt2 = (n+ m - 1)t2 - 1).

Then it must be that t2 divides m- 1. But

t2 = (n + m)(n - 1) + I > m - 1.

Finally, m - 1 is not zero, so a number (t2) larger than it cannot

divide it. This contradiction proves the theorem.

Corollary. No k-space exists for k> 3.

Corollary. The points on a 3-space cannot all occur on a set

of parallel planes on that space.

Corollary. Given a plane and a point not on it, there are ex-

actly m + (m2 - rn)/n planes on that point parallel to the plane.

It may be that no 3-space exists. The condition that n di-

vides m 1 restricts the parity of m when n is even, and im-

plies that n < m - 1. The fact that t2 divides m( - 1) implies

that t is not a prime (If t2 is a prime, then it divides either m

or m - 1, which is impossible since
t2 is greater than m).

These seem to be quite restrictive conditions.
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