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CHAPTER I

INTRODUCTION

1.1 Thermal Convection

Consider a horizontal layer of a homogeneous fluid

at rest with initial zero temperature. Increase the tempe-

rature uniformly at the lower side very slowly so that the

temperature gradient is constant throughout. The heating

causes the bottom portion of this layer to expand, making

it less dense. This creates buoyancy forces and a density

inversion which leave the fluid at an unstable equilibrium.

Any disturbance of this unstable equilibrium will cause an

upward movement in the fluid which is resisted by the fric-

tional forces due to the viscosity of the fluid. When the

temperature gradient is smaller than a certain critical

value, the frictional forces slow down the upward movement

considerably so that any temperature disturbances caused by

this movement die out because of heat conduction. However,

if the temperature gradient is increased beyond that criti-

cal value the upward movement becomes so rapid that the tem-

perature differences cannot be equalized by conduction. The

disturbance will then persist and portions of the fluid

will continue to move upward causing convective motions in



the fluid. Experiments have shown that convective motions

occur in individual cells in the fluid.

1.2 Basic Equations

Consider an infinite slab of a porous medium saturated

with a homogeneous incompressible flui'. Under the ideal

conditions where we have steady state motions in the ab-

sence of body forces, the flow is described by

where

v -
VP 1.7 q = Of

V'q = Of

p = p(ift) pressure distribution

q = q (xft) mass flux density,

and v4 K are the kinematic viscosity and the permeability

of the medium. The mass flux density q is defined as

q

where p is the density of the fluid and u is the velo-

city distribution. Equation 1.1 is empirical and is known

as Darcyls law, Polubarinova-Kochina (1962). Equation 1.1

holds with the assumption that the flow is laminar and slow

enough so that (u-V)ii is negligible compared to the fric-

tional forces.

In the presence of external forces and time depend-

ent motions the behaviour of the fluid is then described by

the following set of equations:

2
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(c) The thermal conductivity of the medium and its

generalized Darcy's law (Polybarinova-Kochina 1962)

Pc ut VP - 7 Pcu Pg
1.3

equation of thermal conduction

Tt + uVT = KT 1.4

equation of continuity

V.( u) = 0 1.5

simplified equation of state

P = pc(1-aT) 1.6

where V and A are the usual gradient and Laplacian

operators. We denote by T the temperature, g the gra-

vitational constant, = (0,0,1), K the thermometric

conductivity of the medium, pc the density at T = 0

and a the coefficient of volume expansion of the fluid.
We allow the permeability K to be a function of the ver-

tical variable. Equations 1.3-1.6 are valid under the

following assumptions:

The motion is laminar and slow enough so that

u-Vu can be neglected

The medium is saturated with the fluid and

gravity is the only external force present



density Ps are constant, i.e. K =
p Cs v

is constant, where Cv
is the specific heat

at constant volume and k is its heat conductivity.

(d) The Boussineq approximation is Valid, (i.e.)

density is constant except when it appears

the body force p4 .

When written in component form, equations 1.3-1.6 repre-

sent a set of six equations for the six physical variables

(3 velocity, temperature, density, pressure). The boundary

conditions which accompany equations 1.3-1.6 will of course

depend on the physical setting. However, the most general

conditions for the temperature and the velocity are

temperature:

perfectly conducting boundary, constant T

perfectly insulating boundary, i

T
rn- = 0 there n is the outward normal.

radiation condition on the boundary, i.e.

;T
c = -T there.

velocity:

we will always consider the boundary to be rigid

and impervious, i.e. ü = 0 there.

We recall that the study of convection involves the



examination of the behavior of small disturbances imposed

on the equilibrium state. This is accomplished by linear-

izing equations 1,3-1.6 about the steady state solution,

then studying the linear equations. This is a linear per-

turbation theory which has been found to yield good re-

sults, .(Chandrasekhar, 1961).

1.3 The Perturbation Equations

Consider the problem defined by equations 1.3-1.6

and assume that the boundary is composed of two perfectly

conducting parallel walls such that the lower wall is at

z = 0 and the upper wall at z = d. The boundary condi-

tions are:

a 0 , T = A, constant at z = 0

= 0 T= 0 at z = d. 1.7

For the equilibrium state, i.e. üE 0, h. 0

and T = T(z), equations 1.3-1.6 admit the following solu-
tion set:

o
= 0, T = a(d-z) = 6(d-z) 1.8

0 d

P0
= (1+0z), p = p(0)-gp (z+11a0z )

0

where p(0) is the pressure at z = 0 and the temperature

dTo
gradient - 6.

dz

Introduce small field perturbations on the

1.9

5



K RK, a, 8 +

where re is a reference permeability of the medium.

The linearized non-dimensional equations are:

0 = VR xee

w = Ae 1.12

v.a = 0 1.13

where X = Ea-ILL The steady state case is considered in
VK

order to examine the marginal or neutral stability problem
(Lapwood (1948)) /(Pel,leW and Southwell (1949)). The boundary

conditions which accompany equations 1.11-1.13 are:

U = 0, 0 . 0 for c = 0,1 1.14

where = a is the new non-dimensional variable in the

vertical direction.

6

equilibrium state such that

a +a, T=T +8, p=
po

+ n 1.10
0

where ü, and R are in general functions.of position

and time. They are assumed to be small enough so that all

quadratic terms involving them and their derivatives are to

be neglected, (ChandraSekhar (1961)) Substitute equations

1.8-1.10 into equations 1.3-1.7 and transform all dependent

variables to the non-dimensional coordinate system

x v z
(- d' d by the use of the following transformations:
d'



It is worth noting here that equations 1.11-1.13

hold true for all convection problems in a horizontal layer

of fluid in porous media if we keep in mind that
dT

" dz does not have to be constant and can be a

function of the vertical variable.



CHAPTER II

CONVECTION AS AN EIGENVALUE PROBLEM

The perturbation equations 1.10-1.12 describe an

eigenvalue problem for the velocity. a, temperature 8

and pressure II with an eigenvalle A. Physically, convec-

tion sets in whenever fluid from the bottom moves upward

overcoming the frictional forces and the effects of con-

duction. The mathematical model implies that the onset of

instability corresponds to the first velocity eigenvector

17(10d2 sand the first eigenvalue A -
. Thi determines

1 VK

the critical value of the temperature gradient at which

convection occurs and reduces the convection problem to

finding minimum eigenvalues of certain operators. This is

not a simple task since the partial differential equations

involved are rather difficult to solve. Using two dimen-

sional Fourier transform we can reduce these equations to a

more managable set of ordinary differential equations,

Applying this to the perturbation equations 1,10-1.12 we

can generally reduce them to

Mt.= Au 2.1

8

where M is a linear ordinary differential operator on the



Hilbert space L2[0,1] with domain D(M) such that any

U G D(M) is real and satisfies all the smoothness and

boundary conditions associated with M. Exact solutions of

2.1 are often elusive but a variational technique can be

applied to find the minimum eigenvalue. The method used

involves expressing X as the ratio of two quadratic integ-

rals, Chandrasekhar (19611 PP. 27). The form of these in-

tegrals depends solely on the nature of M, i.e. the physics

of the situation. It will be shown in Chapters IV and V

that, for the cases on hand, whenever M is symmetric it
1

is positive, thus the inner product (u,Mu)= J'IuMudC is

always positive (u 0). Taking the inner product o

with both sides of 2.1 and solving for X we get

l'uMudC
_ o >o.

fo u.2d

We want to show that the above ratio has stationary

properties iff the right hand side represents the true eigen

values of equation 2.1, Consider a small variation in

u,(Su which satisfies the boundary and smoothness conditions

on u. The corresponding change in X is

el,
J (&uMu+uMou)d f1uMud

6 ° 1 2
1.12(1

2u4ud



but since A -

Jo
ulvi6nd = fol SuMudC

fouMud and M is symmetric i.e.
f1u2(lc
0

=-.-_>, 6

converse is obviously true. The ratio

L.16u(MU-Au)dt
=2 "

f:u2dC

for a stationary property 6X = 0 hence Mu = Au. The

fluMoU

101
u21:1

is known as

the Rayleigh Quotient. The eigenvalues of such operators

M are bounded below and form a monotone increasing set,

(Collatz 1966). This implies that the Rayleigh Quotient

yields the minimum eigenvalue

X > 0.
1

Since a is not generally available, we approximate

the minimum eigenvalue A. This involves choosing a trial

function v() L2[0,1] such that:

v satisfies the boundary conditions for M

v satisfies the smoothness conditions for

v() 0 for 0 < < 1 .

Thus the Rayleigh Quotient outlined above implies:

folvMvd
riv2dc
Jo

where A is always being approximated from above, (Duff

10



and Naylor (1966).

Consider the case when M is not symmetric. In

order to represent A as the ratio of two positive inte-

grals we attempt to split M into two positive symmetric

operators T and S such that T is invertible M = TS

and T and S are non-commuting. If such a factoriza-

tion is possible we introduce the auxiliary variable 1P(4)

such that

where * can be determined from u uniquely. Since T is

invertible and S and T are positive we have

fu Sud > 0

fol*T*dC >

and equation 2.1 can be written

Su = A* 2.2

hence A -
fluSud

0

pi
4.*T*dC

To examine the stationary properties of the above ratio,

consider a small variation in u, 6u which Satisfies the

boundary and smoothness conditions on u and proceeding

as before we get:

11



p 1

IpTipdq1 [uS(Su+SuSu]d;-)l uSudC[6A. - 0o 0

,1 ' 2
0011)T014)

fil4Sud
but A -

tpTiPdC

are symmetric we have

pl.10 uSOudc = jo6uSudC

fol4T1Pdc = folq)Talpd

2f15u(Su-Xfld
(5A s °

folipTipd

1

uSud.
Thus the ratio has stationary properties iff

f IPT1Pd

is the eigenvalue set of 2.2. This procedure actually com-

putes the minimum eigenvalue, The proof of this for a par-

ticular problem is given in Appendix T. Similar proofs for

different cases can be easily given.

and To* = (Su and since S and T

[6*T*+*1164)]dd

12



CHAPTER III

SOLUTION OF A CONVECTION PROBLEM

FOR A FLUID IN PORES

3.1 Mathematical Formulation of the Problem

The onset of convection in an infinite horizontal

layer of porous medium saturated with an incompressible

fluid under a constant temperature gradient was first ex-

amined by Lapwood (1948), We will give a refinement of

the method of solution and the results obtained. The ma-

thematical equations have already been given in section 3,

Chapter I, the non-dimensional perturbation equations for

neutral stability are

0 = -Vp - 4- X06 3.1

w = - AO 3.2

v.a_= 0 3.3

Where we assume that the permeability is constant, and

= Kag0d2x 4...=M.
vK

Assuming that the upper and lower boundaries are

perfect conductors, the boundary conditions are:

a = o, e = 0 for c = 0,1. 3.4

To simplify the eigenvalue problem defined by

3.1-3.4 we first take the divergence of 3.1 and using 3.3

13



we get

96Ap + A v-ac

Combining 3.2 with the third component of 3.1 we get:

DP 4- AO + AO .ac

Eliminating p between 3.5 and 3.6 we get

A2e = A 6
2

where A2 is the biharmonic operator and

a 2
A = A - .

2 ae
Using equation 3.2 the boundary oxiditions 3.4 become

6 = 0, A6 = 0 at =O,1 3.8

Assume 6 to be separable of the form

= 5.)Z(0 3.9

where F satisfies

(A + a2)F = 0 , 3.10

We assume that convection occurs in a rectangular cell,

then:

F = sin tx sin my

and

= d2 (1 M2)

3.6

3.7

3.11

14
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yields

Substitution of equations 3.9-3.11 into 3.7-3.8

2
2

2) Z Aa2Z

and the boundary conditions:

0= (D2a2)0 = 0 at 0,1 . 3.13

3.2 The Principle of Exchange of Stability

The mathematical formulation given in the previous

section corresponds to what we called the state of neutral

stability, (i.e. time independent behaviour). This is

based on the principle of exchange of stability which states

that at the onset of convection a steady-state pattern of

motion should prevail. That this principle holds here is

not obvious. In order to prove it is applicable here con-

sider the general equations 1.1-1.4 and simplify along the

same steps used in the previous section we get:

+ i)(4E. KA)48 = 42,1, A2e

Assume a solution of the form

= St . wrzsink x sinmy sin

where k,m,n are integers and s can be complex. Hence

we have the consistency condition:

(s + i
2

)(s+Ka24-n2-2" )(a2+n2ff
a2)

= 2
dd

a
D = 3.12

15



or (s+a )(s+a ) = a
1 2 3

tn aAa2ewhere a2=(22+m2), a = a,a =K
K- 2 d2 3

d(a+n2 2 )

Note that a > 0, a
2

> 0 and a has the sign of
3

A(a 0). Thus the roots of the above quadratic equation

s are given by
2

3.
2

T la +a ) -5- ((a -a ) +4a )1/4 .4.1 2 4. 1 2

When these roots are complex they have negative real part,

st (hence le4- 0 as t + = . This implies that the dis-

turbance dies down and convection currents do not set in.

2
When s and s are real (i.e. (a ) +4a > 0) they

1 1 2 3

are monotone increasing functions of a with ranges R
1

and such that -
2

0E R.

R, n R- #

R. n R 0

= 1,2

depending on the choice of a3(i.e. the temperature gra-

dient and the wave number a). When s, s < 0 ,

1 2

Ste 0 and the equilibrium is stable while for

s s > 0 est m and the equilibrium is unstable and
1 2

convection currents develqp. Thus the stable and

16



unstable states are separated by a neutral or marginal

stability state when a, s are zero (i.e. -51- = 0).
1 2

This establishes the principle of exchange of stability.

The physical interpretation of the above analysis is

given in Appendix I.

3.3 A Variational Principle

The eigenvalue prdblem given by equations 3.12-3.13

can be treated using the first variational principle de-

veloped in Chapter 11 (Rayleigh Quotient). First we have
to express the eigenvalues A as the ratio of two positive

integrals then find the minimum of that ratio which corre-

sponds to the first eigenvalue AI

Take the inner product of Z with both sides of

equation 3.12:

Z(D2- 2)gZdC = Aa2 3.14

integrating the left hand side of the above equation and

using the boundary conditions 3.13 we get:

[(102Z) 2+2a (DZ)2+a4Zald4 Xa2 f Z2d; .

This automatically implies that A is positive

(Z 0). Take Z = sinnc which satisfies the conditions
given on page 10. Since sn1g is actually the first

characteristic solution of 3,12 we can find the exact

value of A.

17



From 3.14 A

AA AA
1 2 3 4

Z(D2-a2) Z(U

a 2, z2dc
Jo

01 o
4').J slnITU0

1 ,2 ta j sin'-11;41;0

2

= (ii 2) /a2

3.4 Exact Solution for the Layer Heated from Below.

The general solution of 3.12 is

Z = A exp(y) + A exp(-y4) + A exp(60 + A exp(-60
2 3 4

where y2 = a(a + 62 = a(a - A), A=A2, A>0,

the boundary conditions 3.13 give us the following matrix
equation

18

which reduces to

sinh y sinh 6 = 0 3.14

Since A is always positive, equation 3.14 implies
that (5 = ni7 n = 0, 1,

21.2
Hence A = a 4- - it is minimum for n 1,a

a = 7 (the case n = 0 being discarded). A question

naturally arises here, would AI change if we superpose



horizontal waves such that

0 = (FI F2)Z

where F = sin a x sin a
1 2

F = sin b x sin b y .

2 1 2

To answer this question we proceed to solve the problem

along the same lines used for the single wave caie We:

find:

(A +a2)F =O a2= a2 + a2
2 1

(A -1-b2)F = b2= b2 + b2
2 2 3. 2

proceeding with the solution we get

21-b2+7
3.

X* -
a2-1-b2

for a = 7 the single wave case we get:

A* (2721102)2
1 e+b2

which implies that for b 0 A < A*
1 I

Hence the single wave assumption gives us the ab-

solute minimum for A which is found to be A =2i .
1

The critical temperature gradient is:

19



= KadkC

KadmC 1TZV = co
2n

s d

= 4n2Kv

Kaeg

Equation 3.10 reduces to Z = C sin ir, where C

is an arbitrary constant hence

= C sin ia sin Lx sinmy

1 1TZ
W KaC sin sin Lx sinmy

2

1TZcos sin Lx sinmy

sin Lx cosmy

In this solution, the layer is divided into cells

2nof length 3i1 width -- and height d where

X2M = n.2 .

d2

Existing work on the convection of fluids in pores

is on the convection of a fluid in an infinite tube of

porous medium under temperature and density gradients,

Wooding (1959,:1960, 1963).

20'



at z =
aT A= a . 0az

z = d T = 0 , ü=0

For the equilibrium state (i.e. ü = 0, T = T(z))/

4.5

21

CHAPTER IV

RESULTS FOR OTHER SLAB-TYPE PROBLEMS

4.1 Convection of a Self-heating Fluid in a Porous Medium

Consider an infinite layer of a homogeneous self

heating fluid in a porous medium with constant permeability

bounded by two parallel planes Z = 0 and Z = d. The

field equations describing the time independent convective

motions in such a fluid are:

0 = - Vp - pga 4.1

0 = div a, 4.2

avT KAT+A, 4.3

p p (1-aT). 4.4

where A is a constant heat source density and all other

symbols are defined in section 1.1. Also the restrictions

on the flow given in 1.1 hold here. Assume that the lower

boundary is a perfect insulator and the upper one is a per-

fect conductor with T=0. The boundary conditions are:



equations 4.1-4.5 admit the following solution set:

Ii=0

A 2 2T
o '2K

P = P (1aT
C 0

apb

=

Introduce small perturbations on the equilibrium

state such that

a=ao +a , T=T +0,

where quadratic quantities in ate and fl can be neg-
lected. Substitute 4.6-4.7 into 4.1-4.4 and simplify, we

obtain:

vp
c0 = - u p gae

A
zw =

div a = 0 .

We introduce non-dimensional independent and dependent

variables defined by the following transformations:

(x,y,z) d(x ,x I

Ad2 0

vp K

R .

+11

4.6

4.7.

22



The non-dimensional field equations are:

0 = - ii + A6

-cw = AO

div a . 0

where A = lotAKe

VK2

Combining 4.10 and 4.8 we get:

Deo = 7z-

Next we eliminate II between 4.11 and third

component of 4.8 obtaining

a2eo = Aw + A 4.12

The equations of the convection problem of a self-

heating fluid in porous media are equations 4.9 and 4.12

with the boundary conditions

DOc = 0 , w = 0 , = 0
4.13

C = 1 , w = 0 6 = 0 ,

Assume that w and 8 are separable and of the

form

= F(x Ix, )0(C)
2

w F (x
1
'X )W(C)

2

4.8

4.9

4.10

4.11

4.14

Where F satisfies the equation (A + a2) F = 0 andy the
2

23



nature Of a is explained below. Substituting equation

4714 in equations 4.9 and 4.12 and simplifying we get:

(D2-a2)W = Xa20 , 4.15

(b2...a.2)0 = 017 D = uT 4.16

The assumption (A +a2)F=0 is equivalent to taking the 2-
2

dimensional Fourier transform of equations 4.9-4.12 where

a2=y2+y2,y are the transform coordinates. Physically this is
1 2 1

equivalent to analysing the disturbance into 2-dimensional

periodic waves with wave number a which describes the ho-

rizontal scale of the convective motions, Appendix III. To

see the positivity of A take the inner product of 0. with

both sides of equation 4.16 and use equation 4.15 we get

Xa21:0(a2-D2)0dC = fioCW(a2-D2)WdC

integrate the above equation by parts and use the boundary

conditions 4.13 we arrive at:

Aa2f: [ (De) 2+a2 (0) 21d4 = fo [(DW)2+a2W2]1:1

it is obvious from the above equation that A is always

positive (0, W 0)

The second variational principle introduced in

Chapter II is equivalent to minimizing

f (DW)2 a2W2]d

for variations of W which preserve the consistancy of

24



[(1)0)2 + a202]dC

Introduce Aa2 as a Lagrange multiplier, we can

equally minimize

= OC(DW)2+a2w ]dc-Aa20(D0)2 202]dC

or alternatively

foi cw )w...Aa2 0(a2-D2)®dc . 4.17

Let a trial function W be represented by a Fourier

series

W= Am sin arrC

where Am,
the Fourier coefficients, serve as variational

represented by the sum

IIO=A e

where 0m satisfy the equation

4.18

4.19

C sin mffC . 4.20

25

the linearity of the above equation implies that 0 can be

parameters, Chandrasekhar (1961, PP. 53).

Equation 4.16 becomes

(D2-a2)0 = - r A sin
0 M



Equation 4.19 can actually be deduced from equation 4.18

by simply solving the latter subject to the boundary con-

ditions 4.13. The general solution of equation 4.20 sub-

ject to the boundary conditions

is given by:

0 = B coshac +
Cm

sin m 7

2m COSM7

(m272+a-2)
2

where

2m7(-1)m

where

C = 0, DO = 0,

We substitute W and 0 in the right hand side of

4.17 and performing the integration we get

A
1 r . mJ = - L
mym

- Aa2 A (n/m)A
2 m .

m n n

1

(m272 2)

2mn722m.(-1)
m+1

and (n/m) =
cosh a._

m-n
(-1). -1 (-1)n+m-1+
(m-n)2e. (n+m)272

if m n

1

227 +a2 ) cosha

C = 1 = 0 ,

Ym

4.21

26



and

(n/m)
2m 72(...1)m+1

cosha ''mT Ym

if in = n..

Since we want to minimize equation 4.21 w.r.t.

3,3we find 9A and set it equal to zero we get:

6
mn

(n/m))Am = 0, 4.22
2a2ymX

where 6 is the familiar Kronecker delta.mn

Equation 4.22 represents an infinite set of linear

homogeneous equations for
Am For a non-zero solution to

exist the determinant of the system must vanish, hence

6mn
(n/m) = 4.23

2a2y X

the roots of the characteristic equation 4.23 can be appro-

ximated by considering finite n x n determinants

n = 0 1,2,-- Then finding the minimum X w.r.t. the wave

number a2. Chandrasekhar (1961, pp. 55) has found that

convergence is quite rapid for similar cases.

When m = n = 1 we obtain the first order approxi-

mation

(74+a2) 872+(7r2+az)2cosha
4

2a2 X 4(72+a2 ) cosha
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which implies:

A -

, 4
2(7r2+a4) cosha

2
a2[87.24.(e+a2) cosha]

Numerical results for the second order approximation yield

that A is least when the wave number a = 2.1 and is

A1 = 500 .

This implies that convection sets in for:

500
v.K2

gaKd3

where A is the internal heat source density.

Note that the second variational principle given in

Chapter /I has been used here. To see this we write equa-

tions 4.15-416 in the combined form:

which defines the eigenvalue problem for the physical

problem on hand.

Hence equations 4.15 and 4.16 represents the splitting of

the operator (D2-a2)2 into two separate self-adjoint
positive operator:

with B.C. 0 = 0 at C =

(-D2+a2) with B.C. = 0 at C = 0

and 0 = 0 at =1. Kato (1966, pp. 274),
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4.2 Convection of a Fluid in Porous Media with

Variable Permeability.

Consider an infinite horizontal layer of a Porous

medium with variable permeability saturated with a homoge-

neous incompressible fluid heated from below. We assume

that the permeability is a function of the vertical vari-

able only. The time independent convection equations are:

-Vp -
VP

- pge

div a 0

uVT = KT

p = p0(1-aT) .

The boundary conditions are:

at z = 0 a . 0 T = constant

z= 1 =0 T=

The perturbation equations, linearized about the

equilibrium state solution, were found in non-dimensional

form in section 1.3 and are given as equations 1.11-1.14.

To reduce these equations into a simple eigenvalue problem

we let 1q() = and write them in component form;K(C)

0 = - 77 - qu_ 4.2.1

DR0= - qv 4.2.2-3x
2,



where

all- - qw + X6ac

Du , Dv , aw
0 =-,... -r. -r

Dx Dx ac
1 2

@20 P'e= ---
av2 ax2

2.

X = RaT5d2/vic .

We assume that ii,, a and 0 are separable and are

of the form

II = F(x x-)G()
1 2

a = F(x ,x )(UM, V(C), W.(0)
1 2

6 = F(x ,x )0(c)
1 2

such that F(x ,x ) = exp[-i(x y + x y )], where y ,y
1 2 1 1 2 2 1 2

are the components of the wave vector in the x and x
1 2

directions respectively. Substitute 4.26 into 4.2.1-4.2.5:

4.2.70 = -iy,FG - qFU

0= -iy2FG - qFV

qFW + AFO

0 = iyiFU + iy2FV + F g

-FW = -a2FO + F a2°a2

DG
c

2 2=Y+ Y2, Y.Y1 2

4.2.3

4.2.4

4.2.5

4.26

4.2.8

4.2.9

4.2.10

4.2.11

30

are the transform variables.

Multiply equation 4.2.7 by iy1 and 4.2.8 by iy2

then add:



0 = a2FG q(iyin+iy.2FV) 4.2.12'

By use of 4.2.10, equation 4.2.12 can be reduced to

0 = a2.FG + qF . 4.2.13

Since F(17 ,y ) 0, equations 4.2.9, 4.2.11 - and
1 2

4.2.13 can be reduced to:

(D(qDW)-aqW) = 4.2.14

(D2-a).10 =W 4.2.15

where D = .

dC

The-boundary conditions are

0, W =0 at = 0,1. 4.2.16

To prove the positivity of A we take the inner-

product of W with both sides of 4.2.14 and use 4.2.15 we

get

I W[a-2qW D(c/DW)]dc = 70.2 f0(a2-D21Gdc'.

Integrating the above equation by parts and using the

boundary conditions 4.2.16 we get:

f:q[(DW)2 + a2W2Idc = Xa2 10((D0)2 + a202]dC 1

1since q = is always positive, A is always positive

(0,W 0) . So far, we have not made any assumptions re-

garding the nature of the permeability function K. We
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will consider here 2 physical situations:

the medium is composed of 2 layers of constant

permeability Kl and K2

the medium is composed of n layers of con-

stant permeabilities Ki, .

Physically, the first case describes the situation when

the medium is a simple two-layer filter bed while the

second describes the more general and complex case of an

n-layer filter bed. The underlying assumptions here

are that across any interphase between two adjacent

regions, the pressure and the component of the velocity

normal to the interphase are continuous.

When combined, equations 4.14-4.15 yield

q(D2....a2)20 DqD(D2-a2)0 = Aa20

or (D2-a2)20 113.1.1 D(D2-a2)0 = Xa2KO. 4.2.17

Write 4.2.17 as

MO = ANO 4.248

where M= (1)2_a2)2 DK DID2-a)K

and N = a2K .

To find the minimum eigenvalue of 4.2.18, we shall
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introduce a different variational principle. Let u be a

trial function which satisfies all the smoothness and bound-

ary conditions of the problems and let J = Mu - XNu ,

we want to minimize J in order to find a best approxima-

tion for A. Using least squares we have

F(x)

or fo [Mu - ANu]2dc min

which implies that g = 0 . Hence

-42[Mu =0

rMUNud
Or

(Nu)2d

f um(D2
0

min

)2-DKD(D2-a2)ludC

f 1(2u2c1
0

Consider first the case where the filter bed has 2 layer

with permeabilities K and K2 separated by the plane

= h. A suitable test function is

u = sin IT .

The permeability function can be written as K(C) =

+ K H(-11) where 0 < h < 1, if h = 0, 1, then we are
2

back to the case considered in Chapter III.
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where H is the Heaveside step function. For this case

A can be approximated as:

2)2c. (n24.a2Ic
' 2

a2C

1 1where C = --[(K -K )(--- sin 27111-h) + K]
1 2 2 1 2ff

= 72(K -K )sin 27rh221
= 1[(K_K2) (sin 27111

"
,)

K2
3 2 2 1 .'"7:".C. 2

The smallest A over all wave numbers a is:

(2C +Cli4C4+C2+4C2-2C2
1 2 1 2 1 2

2C [(2C -C ) + i4C2+C2-272C ]
3 1 2 1 2 1

(2C -C ) + 1/4C2+C2
) 1 2 k 2

2C
1

4.2.19

4.2.20

For the n-layered case the permeability function is

given by

K() 1 (K.-
1 1

for i-l<< C

where we define K = 0 and = 0 . The minimum eigen-

value X and the wave number a are given by equations

4.2.19 and 4.2.20 where we redefine C. to be:

C1 L(K.-K
1
=

2 i )(C.-C- -sinff(C.+
1

1.)cosTr(ci-i ))

34
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C_z

= 7 (K 27r.
1

1 1
C = (I<-1( )(; sinTr(.+ )cosirR -c )) .

4 1 1-1 c1-1 7 1 i-1 i

4.3 Convection of a Fluid in a Porous Medium with

Radiation Boundary Conditions.

Consider the Problem treated in section 4.1 in the
absence of internal heat sources where the lower boundary

is a perfect conductor and radiation boundary conditions

are imposed at the upper boundary.

The field equations for time independent behaviour

are:

v0 = -Vp pcu - pg6 ,

div a o

a.vT . KAT

= (1-10a)

The boundary conditions are

at z = 0 Li = 0 , T = A

DTat z = d = 0 c = T .
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In a state of equilibrium (a 0, T = T(z)) the

above equations admit the solution set:

AT = z + A = - fiz + A
o c-d

P = P ( 1 aT )

alp()

az ap .
,

Introduce small perturbations on the equilibrium so-

lution set and proceeding as outlined in section 1.3 we get

the following linearized equations:

0 = - VII - v p +a gO,
c

div a = 0

f3NAT = KO .

Using the transformations:

(x,y,z) d (x ,

1

KW
W

e ficle

where

= - XA.A3
2

X = ag:(12
VK

Y C)
2

the above equations can be reduced to

A

4.3.1
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Assuming 0 is separable and of the same form

given in section 4.2, equation 4.3.1 is reduced to

(D2_a2 )2e xa2

where a is the wave number.

The boundary conditions are:

at =0 e= o,
C =1 hDO = 0

4.3.2

(D2-a2) =

(D2-a2)0 = 0 , h = .

Equation 4.3.2 admits a general solution of the form

0 = A exp(YC)+A exp(-IC)+A exp(60+A exp(-60
2 3 4

where Y2 = a(a+A) y2 = a(a-X)

The boUndary conditions give

which yields h[6 coht 6 + y coht y]-2 = 0 . 4.3.3

The above equation can be written:

h[6coshOsinhy + ycoshysinh6] 2sinh6sinhy = 0

for h = 0 i.e. the upper boundary is a perfect conductor

we get sinhOsinhy = 0 which was obtained in Chapter III.

For particular values of h the transcendental equation

37



=l 0 =0 De. = e.
1 1+1

(D2-a2)0i=0, i=0 1,2

38

4.3.3 can be solved numerically. This is done by trial and

error in the following fashioh: for a particular value of a

we find X by use of Newton's method, then repeat the pro-

cess for a whole range of values for a. From the set of X's

which we obtain, we choose the smallest. This yields the

critical temperature gradient which gives the stability crit er i on.

An alternative approach to this problem is by use of

the method of spectral perturbation, Kato (1966). For this

we expand X and 8 in the following fashion

X =
Ao

+ + h2A .*0
1 2

e = e + he + h2e
1 2

where h is assumed to be small and X0 and
0o

are the

solutions of the case treated in Chapter III. Substituting

in equation 3.3.2 we get

[(32'*.a2)2 - a2)8 = 0
0

[(D2-a2)2 - X a218 = a2X 8 3.3.410

The boundary conditions become:

= 0 ei = 0 (D2-a2)8i = 0 , i = 0 1,2

Since the operator [(D2- )

-Xoa2]
is self adjoint

we have <0 [(D2-a2)2-X a218.> = 0, i =
o



(D2-a2) 2_A a2D0 = a2A
1 0

at C = 0 6 = 0 (D2-a2)8 = 0
1 1

at C = 1 -8 = D8 (D2-a2)8 = 0 .

1 0

Introduce the transformation

a2 3b-a2= w - (E--c + c)D8011

and substitute for 0 in 3.3.5 we get

a2 3
(D2-a2) 24,7-"A a2w =-(X a2-a4)( c + 6-a2c)D81+ a2A

o o

2a4cD6 I .

Taking the inner product of 0 with the above equations

2+71.

2
2)

and recalling that 8o = sin7c, A -
(a we get

a2

2(2a2+7r2)(72-a2)-2a4
1 a2

thus A A + 11X1

(a201.7.2)
2

-2h[(2a2+ff2)(11.2 a2)- 4
a2

471 + 2h72 when

3.3.5
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If we consider equation 3.3.4 with the corresponding bound-

ary conditions for 0 we have



CHAPTER V

RESULTS FOR FINITE BODIES OF FLUID

5.1 Convection in a Rectangular Body of Fluid in a

Porous Medium.

Consider a region of porous medium with constant

permeability bounded by the planes

x = 0 x= a

y = 0 y = b

z = O. z = c

and filled with a homogeneous incompressible fluid. Assume

that the fluid is heated at z..= 0 by a constant source A

and the boundary z =c is a perfect conductor while all

other sides are perfect insulators. The equilibrium state

solution set is:

A ap_
To(z) = I3(c-z), f3= a = pc(1 aT ), --.2- =

-gPo0 az

and the perturbation equation is equation 3.7 which can be

written:.

A20 = Elat A 0 4

K 2

The boundary conditions are:
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and

z = 0, c

y = 0, b

x = 0, a

Kagfic4
vKab

Based on the above solution we can assume a Fourier type

series solution to 5.1 as:

nffx iTr.z0(x,y,z) I ATrymnt cosCOS 77.- cos 26 sin-.

The standard procedure used in chapters III and IV to ob-

tain the minimum eigenvalue A with respect to all wave

numbers y fails here. But we can on physical grounds

approximate the minimum eigenvalue by assuming that the

above series has a dominant term characterized by the in-

dices (m,n 1). This reduces the dispertion equation to

AO = 0

5.2

A solution to 5.1 which satisfies the boundary conditions

5.2 is

nffx mTry kTrz0(x,y,z) = cos cos sin ---2a 2b

Inserted in 5.1 we obtain the dispersion equation

2472(0) =
4ab Imn

where m n,2, are positive integers and

n2b m2a
a

5.3
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47r2(1+ c
4ab
2

Ymn

which we minimize with respect to y. For practical

reasons we consider only the case when a = b, we have

then

2 22 . C 2
4ff tl+ ----"2" Y 14a mnA ,_

2

where y2 = m2+n2
mn

Minimizing the above expression for y we get

for a minimum, i.e. y2 4a2 =m2 + n2
inn

c2

We can easily find m,n as the integers which yield

a2the closest approximation to 4 such that
2

4 a2 m2 + 2

c2

Note that the above procedure is equivalent to using

the first variational principle given in Chapter II with

the trial function given by 5.3 with 2 = 1. To see this

we express A as the ratio of two positive integrals
(Chapter III);
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2a=



x

II! 6 A20 dxdydz
0 0 0

e A 8
2

dxdydz
000

2

4n2(1+c y2 )21114
ab Inn 000

111
2

Ymn

Y2Mr1

The above expression for X is identical with that obtained
earlier.

nffIff [cos ---c2
000

4ff2(1 + 4ab
2

2

mn '

[cos c s m-7 2nip( _asm7in.=-] dxdydzTa 2h c

az ossin.=] dxdydz
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CHAPTER VI

FINITE ELEMENT TECHNIQUE

The basic mathematical model used in the previous

chapters involves the linearization of the field equations

about the steady state solutions for each particular flow:

problem subject to whatever physical conditions we have.

This method is due to Rayleigh (Chandrasekhar, 1961) and

has been the basis for much of the existing work on hydro-

dynamic stability. Even though this method yields criteria

for stability in terms of critical values of relevant phy-

sical quantities (i.e. temperature, density, viscosity gra-

dients, etc.), it fails to yield any information about the

fields when convection takes place.

Simpler method developed by Bodvarsson (classnotes

1966) for convection problems yields in addition to an esti-

mate of the critical temperature gradient on estimate of the

field quantities during convection. This method is a simpli-

fication of the Rayleigh method obtained by assuming that

there is no heat flow in the horizontal direction. Further-

more, the geometry of the problem is simplified by studying

an individual convection cell. In its simplest version this

method can be based on a model involving a vertical cylinder
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of a porous medium saturated with a fluid. For sifiplicity

we assume that the base of the cylinder is circular with

unit area and height d. The wall of the cylinder is a per-

fect insulator and appropriate boundary conditions are im-

posed on the top and the bottom of the cylinder. A vertical

pipe is placed along the wall and it is connected with the

interior of the cylinder by holes at the top and at the

base. The fluid contained in the cylinder can circulate

through the pipe. The convection problem is now whether

there will be an upflow of the fluid in the cylinder and

return through the pipe. The pipe represents the fluid

surrounding the convection cell and we assume therefore

that a normal temperature field, e.g. a constant tempera-

ture gradient is maintained in the pipe. We will use this

model to reexamine some of the cases treated in Chapters

III and IV.

We start by building the general mathematical

model. The time independent field equations are:

Vp i = 0 6.1

div = 0 6.2

sqVT KAT 6.3

where s is the specific heat of the fluid and all other

symbols are as defined before. We assume that q, p 11, s

and K are all constant. Also we assume that there is

no heat flow in the horizontal direction. Thus we can



combine 6.1 and 6.2 to get

V2p = 0 6.4

and 6.3 reduces to

sq K -----2
dT d2T

dz-
6.5

Due to the thermal expansion of the fluid the tem-

perature distribution produces a total buoyancy driving

the flow q of the amount

H =ayfTdz - ayfTodz 6.6
0

where T is the steady state temperature distribution in

the return pipe and a is coefficient of thermal expansion

and y the specific weight of the fluid.

First we consider the simple case where the bottom

of the cylinder is uniformly heated from below and the top

is maintained at temperature T = 0. The boundary condi-

tions are

atz = 0 T = A, constant

at z d T = 0 .

Equation 6.5 has thesolution.

exp(Eal) - exp(2-72)
T = AC.

exp(2;11.2) - 1

Thus H is found to be

H = ayAd f(b) 6.7
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1 1-eband f(b) = -
1

1-e-b b

From 6.1 we can find q as

pKH

using 6.6 we get

q PaYK Af(b)

multiplying the above equation by we get

b = Nf(b) 6.8

N payKAsd.
K11

From the graph of f(b) we can conclude that 6.7

has solutions for N > 16. Hence the condition for con-

vection is that

A > 16Kp/ayKdp

which is similar to the results obtained in Chapter III.

Next we treat the case of the many layered medium.

The assumptions given in Chapter III regarding this case

still hold here, however, we emphasize further that the

permeabilities of any 2 adjunct regions cannot be arbitra-

rily different to avoid a separation of the convective

flow. We will treat the n-layered problem with the

same physical conditions as the previous problem, i.e.

the medium is heated from below and is kept at tempera-

ture T = 0 above. In order to make this problem

managable, we make the analogie between this physical

where.

4T
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setting (i.e. n-layer of various permeabilities with a

flow perpendicular to all interfaces) and the case of an

electrical current moving through n resistors mounted

in series. This analogie can lead us to the idea of lump-

ing permeabilities in a fashion analogous to the electrical

case. Thus we can write for the resultant permeability

n L.
v
L.

1

1 L.
1

1

where L., K. are the individual thickness and permeabi-

lity of the layer. Proceeding exactly as the simple

one layer case treated before we arrive at the condition

for convection

n L.
A > 16Kv / dy(I L.)sd .

K. i
1 i 1

For the case of internally heated fluids we use a

more refined method developed by Lowell and Bodvarsson

(to be published). Consider the model of a two-dimensional

convection cell of wavelength A depicted in Figure 1.

The homogeneous, self-heated fluid is confined between

rigid horizontal planes separated by a distance d with

the upper surface at T = O. The walls of the cell are

assumed rigid and thermally insulated. It is further

assumed that horizontal heat conduction can be neglected



and that the flow takes place around rigid thermally in-

sulating cores. At the lower surface we employ the condi-

dTtionofzerolleatflux,=0dz

To arrive at the model we want to use we assume

that the convective flow is uniform about the core and the

flow velocity is constant over the width T. The working

model for calculating the temperature then becomes that

shown in Figure 3. The cell has been cut along the dotted

line (Figure 2), and the flow channel has been stretched

out as a strip. The bottom of the channel has been folded

into the plane x = L/2. Heat losses through the upper sur-

face of the cell now take place through the one-dimensional

heat transport equation which we have to solve is:

- pa dT
= PsA

dx2 K dx

the B.C. are

T ( 0 ) = T (L ) = 0.

This yields

The driving head is

rL/ 2 rL= j T(x)dx - j T(x)dx
L/2

Substituting for T and proceeding as previously

(Lowell and Bodvarsson) we obtain:

x gaAsKe > 200.
Ve

T (x)
psAa

Kg

ux
[exp(--)-1]

L
.uLexp(-1"-tt)-1
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CHAPTER VII

APPLICATIONS IN THE EARTH SCIENCES.

There is a number of important applications of

hydrodynamic stability theory in the earth sciences. The

theory of convective stability for viscous fluids has been

applied quite extensively to the problem of convection in

the earth's mantle (Knopoff, 1964).

The theory of convective stability in porous media

has mainly two applications. First, in the case of geo-

thermal systems and second in the study of convection of

the molten interstitial phase of the earth's mantle mainly

in the so-called low-velocity zone. Both of the above men-

tioned problens are receiving growing attention. Some of

the work on geothermal systems has been carried out by

Wooding (1959,1960 1963), who has applied the theory to geo-

thermal systems in New Zealand. Geothermal systems in

New Zealand are specially amenable to a treatment by this

theory since the country rock there is composed mainly of

porous sediments.

The results obtained in this work supplement in many

ways Wooding's work on geomthermal systems. The imposing

of a radiation condition (see Chapter IV above) at the top

of the connecting layer makes it possible to take the
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presence of a non-permeable overburden into account which

act as a lid on the geothermal system. As a matter of

fact, probably all geothermal systems in nature are co-

vered by a thin, more or less non-permeable cap rock.

Moreover, the treatment of finite dimension systems is of

considerable interest.

The interstitial fluid in the asthenosphere of the

earth's mantle is a self-heating fluid due to radioactive

elements. There are strong indications (Stacy, 1969) that

there are convective movements in this fluid. Since the

fluid moves through narrow intercrystalline spaces, the

movement is probably governed by Darcy's law and the above

results with regard to convection in layers of self-heating

fluids are probably applicable to convection in the asthenos-

phere.
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APPENDICES



and

APPENDIX I

Consider the problem treated in Chapter III. The

convection equations are

(-D2+a2)e w

(D2.4.a2) = Aa2e

with B.C. w = Of e = 0 at C = 04.

Let 0 = A.0 where 0, are orthonormal functions and
3

A. = flee.dc . Thus
J o J

ri
1 . 02(1 = f EA.O.EA.O.dc = I A? , A-1

0 11 jj .
1=1

0(-D2+a2)wdc = Aa202dc a2 fJEA.A.O.EA.0.(U111 3 3

00

= a2 / A.A?11

but f 0(-D2+a 2)wdc = f01w(-D2+a2)0dC = r 2j > 0 , thus

co

2fow2dC = a2 1 A.A. .

From A-1 we get

a2A =a2 A2
A i

1 1
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The inequality aq <
1

2dC implies that fo w QC

has a true minimum when w belongs to Al.

54

thus w2dc-a2A. = a2EA?(X.-A )

Since A. > A Vi we have

fow2dC- 0

1

a2A < f w2dC, where equality holds for
o



APPENDIX II

We refer back to the physical model described in

Chapter I. A slab of porous medium saturated with a ho-

mogeneous incompressible fluid is heated from below. When

the heating is adiabatic, the temperature profile is li-

near and any upward movement due to the buoyancy force

which results is dissipated by conduction. In the analy-

tical model this corresponds to the case when the roots

s , s are negative, i.e. a < 0 or 13 > 0 and small
1 2 3 3

enough. However, as the heating is increased the upward

movement (disturbance) becomes rapid and grows unchecked,

i.e. x>0. Thus as the heating is increased the fluid
3

goes through a period of equilibrium up to the time when

the temperature gradient reaches a certain critical value

beyond which convection motions set in.
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APPENDIX III

Any disturbance applied to the system can be ex-

panded in a Fourier series or integral with spectral

values being the possible wave numbers. Whenever this

expansion contains the particular wave number ac which

corresponds to the temperature gradient at which equi-

librium breaks down, this disturbance will induce con-

vective movement in the fluid.
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FIGURE 1

T = 0-4-X/2

TT0 or d T,/ dz = 0
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FIGURE 2

T=O
/ 2

B I I

II

T=To or dT/ciz = 0
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x = 0

FIGURE 3

x= L/2

T = 0

LI
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