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by assuming suitable conditions on the coefficients of the differential
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under suitable conditions on the coefficients and initial function u0

an existence and uniqueness theorem for the classical solution of the

problem is proved, provided that the initial function u0 is bounded

away from zero. The Cauchy problem with differential equation
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is also considered.

Thirdly, for the Cauchy problem having as its differential

equation the n-dimensional nonsteady gas flow equation:
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the finite difference numerical approximation scheme
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is presented, with a maximum principle property, non-negativeness

of solutions property, and consistency with the differential equation

property being proved for the scheme.



Finally, a numerical example for the one dimensional isothermal

gas flow problem is presented, including tabulated results and graphs

obtained through the above approximation scheme.
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MATHEMATICAL ASPECTS OF THE FLOW
OF GASES UNDERGROUND

I. INTRODUCTION

Of particular concern to the petroleum industry, and more

recently to ecologists, and also of interest to geophysicists, soil

scientists, and applied mathematicians are the mathematical problems

arising in the non-steady flow of gases through porous media. Indeed,

the non-steady flow phenomenon predominates in most cases of actual

field production from gas reservoirs (see Muskat [9]). For instance,

in the case of gas reservoirs of limited extent, removal of gas

depletes the sand pressure, so that flow from wells will decrease if

so called "steady" pressures are maintained. In another instance, if

a well is bounded by an acquifer (i.e. , water saturated sand), it is

rather unlikely that the encroachment of water will be sufficient to

maintain pressure in the reservoir. A further consideration is that

the low viscosity of gases tends to give rise to rapidly changing

physical conditions in spite of the high elasticity of gases. These,

and other, considerations lead to a mathematical treatment which

gives rise to the formulation of a parabolic partial differential equa-

tion which is generally non-linear.

In establishing this differential equation, we shall essentially

follow the treatment given in Muskat's work cited above. First of all,



any gas flowing through a porous medium is subject to an empirical
1relation known as Darcy's Law. This law, generalized to three

dimensions and neglecting gravitational effects states that:

q = -Kvp (1. 1)

Here q is the volume flux, or seepage velocity, of the gas, i.e. ,

the volume of gas passing through unit cross-section of the medium

per unit time in the direction of the flow, K is the permeability of

the medium, i. e., the volume of a fluid of unit viscosity passing

through a unit cross-section of the medium per unit time under the

action of a unit pressure gradient, p is the gas pressure and V

is the gradient operator with respect to the spacial variables.

Next, the law of conservation of mass, or the equation of con-

tinuity, is expressed by:

div(pq) + a(pp)/at - 0, (1.2)

where p is the gas density, yo is the porosity, i.e., a function

whose integral over any volume V gives the amount of pore space

available to the gas in volume V, div is the divergence operator

2

'See, however, the paper of Fulks, Guenther, and Roetman [7],
which presents a rigorous derivation of the basic laws governing the
macroscopic flow of fluids in porous media. Their derivation is within
the framework of classical continuum mechanics, and rigorously
established Darcy's Law along with other important results.



computed with respect to the spacial variables, and t is time.

To determine the flow of the gas an equation of state relating

pressure, density, and temperature is needed. We shall neglect

temperature effects and assume an equation of state of the form:

is the gas density at unit pressure, and m = 1 if the

m +1)(ppl
im

1+1/m 0
A[P - at

where A ( = a
2 lax2 + a2 /ay2 + a2 /az2) is the Laplacian operator.

Since the Equation (1.4) is nonlinear, determination of its solution has

been quite difficult, and only with the past two decades have rigorous

results been obtained.

In 1958, Oleinik, Kalashnikov, and Chzou Yui-Lin' [10] jointly

studied a generalized form of Equation (1.4) for the one-dimensional

case. They investigated the Cauchy problem and boundary-value

problems for the equation

3

(1.3)

(1.4)

where Po

flow is isothermal, i.e. , the temperature of the gas never varies,

otherwise 0 < m < 1 if the flow is adiabatic, i.e. , heat never

enters or leaves the system.

Combining Equations (1.1), (1.2), and (1.3) we obtain the

equation governing the behavior of the gas:



namely
2au au

at 2ax

au a 2(p(t , x, u)
at ax2

where the function (p(t,x,u) is defined for all values of the

variables t and x, and all non-negative values of the variable u.

Both of the functions co(t,x,u) and cpu(t,x, u) are assumed to be

strictly positive if variable u is, but they both vanish identically

for all values of t and x if variable u vanishes. By taking

1+1 im
42(t, x, u) -

1 irn
(m+1)(ppo

4

(where the porosity constant cp is not to be confused with the

function cp (t , x , u) ) , the Equation (1.5) reduces to the one-dimensional

form of Equation (1.4). By choosing appropriate units of measure-

u1+1/mment, the coefficient of may be assumed equal to unity,

and replacing (m+1)/m by y, we arrive at a simplified form,

(1.6)

Assuming reasonable smoothness conditions for the data, the authors

proved existence and uniqueness theorems on a finite time interval,

0 < t < T, for both classical and "generalized" solutions of Equation

(1. 5). A "generalized" solution of Equation ( 1 . 5) is a bounded,



continuous function u(t, x) satisfying a certain integral equation

related to Equation (1.5). We shall give a precise definition in the

sequel.

Two years later, Friedman [5] considered the first boundary

value problem for the equation

in

au (x) az0(x, u)
at ax.ax.

i=1 j=1
3

5

b.(x)
a(x, u) c(x)ox, u) + f(x, t),

ux.
j=1 (1.7)

where function tp(x, 0) is non-negative for all values of variable

x and function alp/au is positive if variable u is. He proved

the existence of a unique solution of this problem under the assump-

tion that the initial and boundary functions are always positive, also

assuming certain smoothness conditions on the data.

In 1961, Sabinina [13] examined the equation

au azcp(u)
at '

ax.2
(1.8)

with initial condition 0 < m < u0
(x) < M, proving existence and

uniqueness theorems for classical solutions of the Cauchy problem.

Here the function yo(u) had to satisfy the conditions that its deriva-

tive cpl(u) be positive if variable u was, q'(0) be non-negative,

and yo(0) be zero. Two different methods were given to construct

the classical solution.



of the Cauchy problem solution u(t,x) for the equation

2 V.au_ a If
at ax2

tion

tion

Kalashnikov [8], in 1967, showed that the derivative au/ax

6

(1. 9)

must have discontinuities regardless of how smooth the initial func-

is assumed to be, provided merely that the initial func-

vanish on some closed interval of positive length, and be

not the identically zero function. Assuming such a condition on the

initial function, this behavior of the derivative au/ax shows that the

Equation (1.9) can not have a solution in the "classical," or ordinary,

sense, but only in the 'generalized" sense as defined by Ole inik et al.

discussed above.

Aronson, in 1969 [2] and 1970 [3,4], examined the regularity

properties of the solution for the Cauchy problem with Equation (1.9),

in particular showing that the solution would have the properties

expected of physical gas flow. In his 1969 paper he also exhibited an

explicit solution of (1.9) due to Pattle [12].

It is the purpose of this thesis to continue the above line of

research by investigating the n-dimensional problem. Specifically,

we establish a uniqueness theorem for "generalized" solutions pro-

vided that the solutions belong to a certain class. Next, we establish

an existence and uniqueness theorem for "classical" solutions of the



7

Cauchy problem by requiring that the initial function be bounded away

from zero. If, on the other hand, the initial function be allowed to

vanish, then the existence problem for "generalized" solutions

remains unsolved except in special cases. This is due to the non-

linear ity. Since this problem is nevertheless important, we have

given a numerical method for computing approximate solutions. Thus

we present an n-dimensional finite difference approximation scheme

enabling us to obtain a numerical solution for the Cauchy problem

whose initial function is non-negative and bounded above. We prove

the stability of this scheme. A one-dimensional example of this

scheme is presented in the work [14] of Scheidegger from an example

of Aronofsky and Jenkins [1]. None of these writers prove stability

however. Finally, we present an example, with tables and graphs

of a numerical solution of an isothermal gas flow problem using this

scheme.



the equation

II. A UNIQUENESS THEOREM FOR THE
GENERALIZED SOLUTION

A. Preliminaries

Let x - (xl ,x), y - (y1 3 ,y), etc. represent points
'

in n-dimensional Euclidean space En,
and let t represent the

non-negative real-valued time variable. Let G be the region

G = {(t, x): 0 <t <T, x E En},

and consider in G the partial differential equation

a av(t, x, u)
[a.(t , x) ]+ c(t x)cp(t, x, u) + x)

ax. ax. at
3. 3

together with the initial condition

u(0, x) = u (x),
0

8

(2. 2)

where o < u0(x) < mo, x E En, and the constant M0 depends only

on the data. Such a combination of a partial differential equation with

an initial condition is called a Cauchy problem.

If in Equation (2.1) we let a.(t, x) E 1, for I <j <

c(t, x) 0, f(t, x) 0, and yo(t, x, u) u-Y, for -y > 1, we obtain



a 2u-y

ax.2
3=1 3

Observe that for -y > 2 we have the equation of nonsteady gas flow

through a homogeneous, porous, n-dimensional medium. Observing

-
that both u'Y and its derivative iu 1-Y

are positive for positive u,

but vanish if variable u vanishes, we wish, accordingly to extend

these properties to the general case- Hence we shall assume that

Condition A. For (t, x) E G, and u > 0, the function

q)(t, x, u) and its derivative (pu(t , x , u) are strictly positive if vari-

able u is positive but yo(t, x, 0) E- co (t, x, 0) 0

tInaddition, the coefficients a.( ,x) must satisfy the following

mathematical condition to ensure that the differential Equation (2. 1)

will be of parabolic type. Thus we assume that

Condition B. 0 < p.
1

< a.(t , x) < p.2, for (t, x) E G,

1 <j < n, where constants
p.1

and p.2 are positive real num-

bers depending only on the data.

Smoothness conditions for the coefficients of Equation (2.1) will

be given in the sequel.

Definition 1. Let functions u(t, x) and v(t, x) be integrable

on any compact subdomain of region G. If the equation

9

au
at



a x)
[u(t, x) (t,ax. + v(t, x) (t, x)]dxdt = 0

holds for every continuously differentiable function (t x) with

compact support in G, the function v(t,x) is called the general-

ized derivative of u(t, x) with respect to the variable x. and is

written au/ax. v.

Remark. Properties of the generalized derivative are discussed

in the work [15] of Sobolev

Definition 2. A non-negative, bounded, continuous function

u(t,x), defined on the region G, is called a generalized solution

of the Cauchy problem (2. 1), (2.2) if the generalized derivatives

a(p(t,x,u(t,x))/ax., 1 <j < n,

exist and are bounded in G, and for every smooth function (t, x)

with compact support in G and vanishing for t T, the integral

equation

is satisfied.

a t, x) aot, x, u)
ax. ax.

j=1

+ [c(t, x)co(t,x,u)+f(t, x)h dxdt + u0(x)(0, x)dx = 0

10

(2.3)



Remark. It is easy to show that any classical (i.e. , ordinary)

solution of the Cauchy problem (2.1), (2.2) is also a generalized

solution. Thus, if function u(t, x) is a classical solution, we must

have:

a , aco(t, x, u) , au
[a.(t, x) + c(t , x)cp(t, x, u) + f(t, x) =

ax. ax. at
j=1

where u u(t, x), and also u(0, x) = u0 (x) must hold.

Multiplying both sides of the above differential equation by a

test function (t, x) and integrating with respect to both variables

t and x over region G we obtain the integral equation:

[a ax.j(t,x) x, u) ]4t,

G j= 1

+ [c(t , x)(p(t, x, u)+f(t, x)g(t, dxdt =
.S.S1

au x)dxdt

Upon applying integration by parts with respect to each vari-

able x. to the second order term of the above equation, and to the

right-hand side of the equation with respect to the variable t, and

making use of the properties of the test function (t,x), we obtain

the integral equation:

11



SS{.- ai(t, x) 3(1)(t'x'Ll)ax. ax.
G j= 1

+ [c(t, x)(P(t, x, u)+f(t, x)]1 dxdt

= - u(0, x) (0, x)dx - 5)1u dxdt,

En

from which Equation (2.3) immediately follows. Since the classical

solution u(t,x) is assumed to be bounded, non-negative and con-

tinuous with all of its derivatives which appear in Equation (2. 1) being

continuous and bounded, we must conclude that function u(t,x) must

also be a generalized solution of Cauchy problem (2.1, (2. 2).

B. The Uniqueness Theorem

In this section we shall extend the uniqueness theorem of Oleinik

et al. , for the Cauchy problem to second order parabolic partial

differential equations with more than one space variable, and having

coefficients not necessarily constant. This extension is carried out

by proving a uniqueness theorem for the generalized solution of the

Cauchy problem (2. 1), (2. 2).

In order to prove the uniqueness theorem certain assumptions

must be made. First of all, we must have

12



Condition (i). The solution u(t, x) satisfies the inequality

u(t,x) < M*/(1x111-1+1)P, (t,x) E G,

where p > n/(n-1) if n > 2 is an integer, otherwise p any real

number if n = 1 (n is the number of space variables in the differ-

ential Equation (2.1)). The constants p and M':' depend only on

the data.

Physically, this condition guarantees that we are dealing with a

finite amount of gas. Mathematically, some growth condition is

needed in the proof of the theorem.

Secondly, we must have

Condition (ii). For any positive real number M, the functions

yo(t, x, u) and cou(t, x, u) are continuous and bounded on the region

R = {(t, x, u): (t, x) c G, 0 <u <M} .

In addition, condition A of the Preliminaries is satisfied.

In the physical situation for the gas flow equation, the gas

density u(t, x) is always finite, so one can always find a

constant M such that u(t, x) <M. Thus for the case

x, u) a 0, condition (ii) is easily satisfied.

Thirdly, we must have the following, strictly mathematical

13



Condition (iii). The functions a.(t,x), (a.) (t,x), c(t,x),it
ct(t,x), and f(t,x) are all continuous and bounded on G, with

the functions (a.) (t,x) being non-negative, and the functionst
c(0,x) and ct(t,x) being non-positive for (t,x) c G. In addition,

condition B of the Preliminaries is satisfied.

Theorem 1. (Uniqueness of the generalized solution).

There can not be more than one solution u(t,x) of the Cauchy

problem (2.1), (2.2) in the region G, provided that the conditions

(i)-(iii) above are satisfied.

Proof. The proof of the theorem is essentially an extension of

the proof furnished by Oleinik et al. [10] for the uniqueness of the

solution of the Cauchy problem in the case of the one-dimensional

non-steady gas flow equation. As in their paper, the Equation (2.3)

will also hold for any function (t1 x) continuous with compact sup-

port in G, and vanishing for t T, and having bounded general-

ized derivatives Wat, a/ax., 1 <j < n, in the region G (see

Sobolev [15]).

Suppose the Cauchy problem (2. 1), (2.2) has two generalized

solutions u(t, x) and v(t, x) satisfying condition (i). On subtract-

ing identity (2.3) for the solution v from the identity for solution u,

we obtain the identity

14



j=1

+ c(t x)k9(t, u) x, vdC(t, x) dxdt = 0 . (2.4)

Now let xm(x) be any smooth function defined on En, such that

X (x) = 1 for < rn, xm(x) = 0 for I xl >m+1,

0 < xm(x) < 1 for x E E

and the derivatives aX /ax. are bounded uniformly in m,

1 < j < n. For the construction of such a sequence of functions X

see Friedman [6]. Define the function (t, x) by the equation

(t,x) = X (x),S1 [(p(T,x,u(T, x))-(P(T,x,v(T, x))]d-r .

Then for every positive integer m, it is easy to see that the

function (t, x) is continuous with compact support in G,

vanishes for t = T, and has bounded generalized derivatives

a /at, a /axi , 1 < j < n in G. By the remark made at the

beginning of the proof, the Equation (2.3) will also hold for this func-

tion (t, x), and so will Equation (2. 4). Substitution of T, (t, x)

into Equation (2.4) yields the identity

a acgt, x, u) ay9(t, x, v)a (t,x)[
ax. j ax. ax.

15



ss x(x)[(P(t, x, u)-(P(t, x, v)1[u-v]dxdt
m

G j=1

t ,
dc0(1- U)2

Xrn(X) ax.

acp(t, x, u) acp(t, x, v) dxdt
ax. ax.

Sic axm(x)
x, u)-(to(T,x,v))dT a.(t, X)L ax.

Qm j=1

(thp(t,x,u) aot,x,v) )3. dxdt
ax. ax.

+SSIc(t, x)[co(t x, u)-(P(t, x, v)]Xm(x)

S't[coer, x, u)-(P(T, x, vddT dxdt = 0, (2.5)

where Qm is the region

Q {(t, x): 0 <t <T, m < x < m+1}.

Now for the second integral in identity (2. 5) we have

acp(T,x,v) )dT a .(t, x)
ax.

16



-. t
x (.) [rn

T, (P(r) X, V) }IT a.(t , x)C acp( u) a
ax. ax

G j= 1

[ aco(t, x, u) aco(t, x, v) dxdt
ax

3

2
X (

a(p(T, x,tr a(p(T, x, u) 1d-r)1dxdt
ax. ax."ISA x)a.(t, x) ---8

m j at k. L

G j=1

n 0 , )1i 0,_ (pyr, x, u) a (p(T, x, v) idT
= 2 S i 2., xm(x)...; (0, x) (S I. - dx

ax. ax.
T 3 i

En j= 1

aa.(t,x)( , t 2

+!..11Cfx (x)2 at
[ °coo-, x, u) aco(T, x, v)

ax. ax.
ki-r) dxdt,

G j= 1

and the last two integrals in the above expression are non-negative

because of condition B, and condition (iii) for function (a.) (t,x).j t

Note that the last step above was obtained through the use of integra-

tion by parts with respect to the variable t.

Similarly, for the fourth integral in identity (2.5), by applying

integration by parts with respect to the variable t, we obtain

M.c(t, x)Ec9(t, x, u)-(t, x, v)]Xm(x)

17

,S-1 [cp(T, x, u)-(per, x, vddii dxdt =



a
. Stc.1Xm (X)C (t X) (.51t [CP (T7 X u)- cp(T7 v)]d-r)2.}

at

SGS{

0 2
1

Xm(x)c(0,
[49(T, x, u) -49(T, x, oid-r) 3 dx

2

CS1
[T(T,x,u)-(P(T,x,vddT) 3 dxdt1

(x)
ac(t, x)

m.x at

LC51mX (x) aaa.t(t,

x)

G j=1

dxdt

2

xin(x)c(0, x) S0[(P(T, x, u)-(P(T, x, vdd-r) dx

sc.q
1 (x)

=
ac(t,x

at (C[T(T,
x, u) vdd-r)Zi dxdt

Cf

and again the last two integrals are non-negative because of condition

(iii) for functions c(t, x) and ct(t, x).

Hence identity (2.5) can be put into the form

o
,rx u am

2
+1.S1 o-, x,ki-r) .1.dx

2 , X(x)a(0, x)(S [ac9(T,
m 3 ax

_
3x.

En j=1
.

18

t[a(p(r,x,u)
ax. aT(T'x'v)]c1T idxdtax.

ss X (x)[(P(t, x, u)-c9(t, x, v)i[u-v]dxdt



axm(x)
ax.

a.(t, x) [9(7, x, u)-(per, x, vfldT

Qm j=1

[ aca(t,x, u) aco(t, x, dxdt
ax. ax

We note that the integrand of the first integral in identity (2.6)

is also non-negative since function co (t, x, u) is increasing in the

variable u by virtue of condition A. Thus, upon examining the five

integrals on the left-hand side of identity (2. 6) we find that the inte-

grands are non-negative functions, and are non-decreasing for

increasing m, by virtue of the definition of function xm(x). If we

are able to show that the right-hand side of identity (2. 6) is bounded

uniformly with respect to m, then all five integrals on the left-

hand side will also be so bounded. In particular, this means that the

first integral on the left-hand side tends to a finite limit as

grows without bounds, and therefore the function

x) = [(P(t x, u(t x))-9(t, x, v(t, x))] [u(t, x) -v(t , x)]

is Lebesque integrable on region G by the monotone convergence

theorem.

We shall now show that the right-hand side of identity (2. 6) is

not only uniformly bounded with respect to m, but indeed vanishes

as m grows without bounds. Let A, B, C be positive numbers

19
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such that

ax(x)(x)/ax. < A, 1 < j < n, m = 1, 2, 3, . , x E En,

acp(t, x, u(t, x)) /ax. <B, 1 <j < n, (t, x) G,

8y9(t, x, v(t, x)) tax. <B, 1 <j < n, (t, x) G,

(P(t x, u) < C, for (t, x) E G, and
U

0 <u < suplu(t, x), v(t, x)}

< + co (by condition (i))

Then the right-hand side of identity (2. 6) is major ized by

2nAbp. ss I S t [ x, u)-(p(r, x, v)]cl-r dxdt

Qm

2nABp.2T
t x, u) -(t, x, v) dxdt

rrl

(where we changed order of integration)

< 2nAl3p. T u(t, u(t , x)-v(t, x) dxdt

Qrn A(using the mean-value theorem with u between

u(t, x) and v(t, x))

< 2nABC2p. T SI$ ( u(t x) + I v(t, x) )dxdt

20



" M*dx
< 4nABCp.2T2

.1

S(lxin-1+1)m
(3'

where

S = {x e En:

But this integral vanishes as m grows without bounds since the

n- 1+ 03
function p > ni(n- 1), is integrable on E.

It follows that

S.S1[(P(t, x, u)-(p(t, x, v)][u-v]cixdt = 0,

or (using the mean-value theorem)

SS u(t, x, ugu-v] dxdt = 0 (2. 7)

where u lies strictly between u(t, x) and v(t, x) wherever they

differ. From Equation (2.7) we quickly obtain u(t,x) = v(t,x) on

G since all functions in the integr and are continuous, and function

u(t, x, u) must satisfy condition A. Thus we have proved the

uniqueness theorem.
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C. Concluding Remarks

We wish to conclude this section by pointing out the seemingly

insurmountable difficulties which arise in attempting to extend the

method of proof given by Oleinik et al [10] of existence of the

generalized solution for the one-dimensional Cauchy problem

a (x, u) au
at

ax

u(0 , x) = uo(x) > o,

to the n-dimensional case

2
a (p(u) au

at
a x

j=1

u(0,x) uo(x) > O.

In the course of their proof they construct a function u(t,x), the

proposed generalized solution of the Cauchy problem. It is necessary

for them to show that the generalized derivative

a(u(t, x)) /ax

exists and is bounded in G. To do this they consider the derivatives

of a sequence of functions {vid satisfying the differential equation
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a2vk avk- fly- )
k at

ax

and some boundary conditions. Letting pk = avk/ax and using

Equation (*) they find that the functions pk
satisfy the differential

equation

2, a
a

pk - V(v )

aPk
+

ax [v(vk)1 aPk
k at V(vk)

ax
ax

and that the functions Pk
are uniformly bounded with respect to k

on the boundaries of their regions of definition. This uniform bound -

edness on the boundaries of the regions, together with the maximum

principle leads to boundedness of the functions pk
uniformly with

respect to k throughout the interior of their regions of definition,

hence leading to existence and boundedness of the generalized deriva-

tives ac9(u(t, x))/ax in G.

This method of proof will not work in the n-dimensional case,

however, for the analogous differential equation for the function

pk avk /ax. becomes
j

n 2

a Pk - V(v )
aPk (P"(uk) avk

3 Pk2 k at at
. ax co'(u )

1=1 i

(*)

23

with a zero -th order term in Pk
present. Because of the presence



of this term, we can no longer conclude that functions pk
are

uniformly bounded with respect to k throughout the interiors of

their regions of definition, and this lack of uniform boundedness with

respect to k of the functionsdenies us the establishment of
Pk

existence and boundedness of the generalized derivatives

a<p(u(t, x))/ax. by their method of proof.
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III. AN EXISTENCE AND UNIQUENESS THEOREM
FOR THE CLASSICAL SOLUTION

A. Preliminaries

In this chapter we wish to prove an existence and uniqueness

theorem for the classical solution of the Cauchy problem having

differential equation

axi
[a ..(t, x)

j ax. tb.( , x)
a(U)

1)=
a tx.a '

(3.
a

a(p(u)

i=1 j=

and initial condition

u(o, x) = uo(x) (3.2)

B tytaking a..(t, x) = 0 for i j, a..( , x) = 1 for
JJ1t<j < n, b.( , x) = 0 for 1 <j < n, and (f) (u) = uY, for > 2,

we again obtain the nonsteady gas flow equation

n
a"0 au

atax.j=i

Arguing as in Chapter II, we shall assume

Condition C. The function (Mu) and its derivative cp'(u) are

strictly positive if variable u is, but (p(0) = y91(0) = 0.

Again, to ensure that Equation (3.1) will be of parabolic type we
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must have

Condition D. For (t, x) E G we have, a..(t, x) -= a. (t, x)
3i

for 1 < i < n, 1 < j < n, and for every point y = (y1, yn) E En,

t.( , x)y.y. <
j

j=1 j=1

where
p.1

and p.2 are positive real constants dependent only on

the data.

We must note that the Equation (3.1) can not have a zero -th

order term c(t,x,u) such as appears in Equation (2.1) since the

presence of such a term will not permit the application of both the

maximum and the minimum principle (see Friedman [6]) required in a

certain stage of the proof of existence.

It will now be convenient to introduce the following notation.

Let S-2 be an arbitrary region in En
and let function u(t, x) be

defined on region Q = {(t, x): 0 < t < T, x E S-2}. For points

13 x') and P"(t", x") in Q we let

d(P',P") = tg(Ix'-x"2+Itl-t"1),

sup

u(13')-a(P")1
I ul sup

a 0 P',P"EQ d(P',P")a
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1111 = lul
j=1

11112+a '" 111 +11+a

j=1

where 0 < a < 1, and a any real number.

We shall say that function u(t, x) is a member of the class

of functions C (Q), or more briefly u E C (Q) (where

q = 0, a,l+a, 2+a), if < + 00.

Remark. u E C0 (Q) is equivalent to saying that u is a

'bounded function on region Q.

Definition. If the inequality

u(131)-u(P ")sup <

P',P"EQ d(P',P")a

holds, then function u(t,x) is said to satisfy a HOlder condition with

exponent a on Q (or said to be 1-181der continuous with exponent a

on Q). If a = 1 in the above inequality, then the function u(t,x)

is said to satisfy a Lipschitz condition on Q (or be Lipschitz con-

tinuous on Q). If function u(t, x) is Hinder continuous, the

quantity

8u au
3x. 11+a + I at I a,
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ju(P1)-u(P1')I
H(u) sup

P',P"EQ d(P',P")(1

is called the Holder coefficient of the function u(t,x). For the case

when a = 1, the Wilder coefficient is called, instead, the Lipschitz

coefficient and denoted by L(u).

We shall say that a function u(t,x) on a region D con-

tained in G is a member of the class of functions Cq+a (or

U E Cq+a), with respect to certain of its arguments if the function

u(t, x) itself and all of its qth-order partial derivatives with

respect to these arguments are bounded in D and satisfy a HOlder

condition with exponent a (0 < a < 1) with respect to all of the

arguments in region D.

B. The Existence and Uniqueness Theorem

In this section, we shall prove an existence and uniqueness

theorem for the classical solution of the Cauchy problem (3.1), (3.2).

By a classical solution we mean a non-negative, continuous, bounded

function u(t,x) having continuous, bounded first and second order

partial derivatives with respect to the space variables x, and a

continuous, bounded first order partial derivative with respect to the

time variable t, such that the function u(t, x) satisfies the

Cauchy problem (3.1), (3.2) in region G.
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We shall now examine the assumptions that we shall use to

prove the theorem. First of all, we shall require

2+a
Condition (i) The initial function u0

(x) E C for the

variable x, and satisfies the inequality 0 < m < u0
(x) <M,

where the constants m and M depend only on the data.

The inequality above is a reasonable requirement, since the

pressure in a gas well can not be infinite at any time, and can not

fall below atmospheric pressure, at which time the well is exhausted.

The condition u0(x) E C2+0. is a necessary mathematical one.

Secondly, we must have the necessarily mathematical

the variable

Condition (ii). The functions a..(t,x) E C
13 2+a'

x, and the functions b.(t,x) E C with respect to1+a

the variable x.

Clearly, the coefficients of the gas flow equation satisfy Condi-

tion (ii) since they are constants.

Thirdly, we must have

Condition (iii). On the region

H {u: 0 < u < M1}

29

with respect to

(where
M1

M + E with E any arbitrary positive constant, and
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M the constant from Condition (i), the function 0, (u) has continu-

ous derivatives up to the third order inclusive, and satisfying a

Lipschitz condition with respect to variable u in every closed

region of the form

{u:0<m<u<MI,

where m is an arbitrary real number such that 0 < m < M .

We note that if cp(u) u-Y, with .y > 2, then Condition (iii)

is satisfied, hence we must have it so for the more general case.

Fourthly, we must have

Condition (iv). The function cp(u) +co as u --I. + co and

function y91(u) is bounded away from zero if variable u is

bounded away from zero.

Fifthly, we must also have

Condition (v). Functions go(u) , and co' (u) are both bounded

on the region H.

We note that if cp(u) = u-Y, with .y > 2, then Conditions (iv)

and (v) are both satisfied, hence we wish to extend these properties

to the general case.

It must be pointed out that Condition (i) is a critical assumption,

for if the initial function u0 (x) ever vanishes, then there can be no



a r av
(t, x) 1+

ax. a x.
av av

d.(t , x) - A(v)
ax

We shall consider this differential equation on region G, together

with the initial condition

v(0, x) = qi(x), x E En (3.4)

Lemma. Suppose the following assumptions are satisfied:

(3.3)

31

classical solution of Cauchy problem (3.1 ,(3.2) as was shown by

Kalashnikov in 1967 [8].

Theorem Z. (Existence and Uniqueness of the Classical

Solution).

If Conditions (i) through (v), C, and D above are satisfied,

then the Cauchy problem (3.1), (3.2) has a unique classical solution
2+a

u(t, x) in G, with u(t, x) E C in G, and moreover we have

0 <m < u(t, x) < M

holding throughout G.

To prove Theorem 2 we must first prove a lemma for the differential

equation

n n
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Function A(v) > a > 0 for v > p >0, where p is anyp

positive real number, and a depends only on p.
P .

On the closed interval {v:0 < m < v < MT, the function

A(v) is bounded and has continuous, bounded derivatives up

to the second order inclusive, and satisfying a Lipschitz

condition in v. Here m and M are arbitrary real

numbers with 0 < m <M.

For (t, X) E G, the functions c..(t, x) satisfy Condition D,

where a..(t,x) is replaced by c..(t,x).

For (t,x) E G, we have that the functions c..(t,x) E C
13 2+a

with respect to the variable x, and the functions

d.(t, x) E C1+a
with respect to the variable x.

2+a
On the closed region En the function ii(x) E C, and
also satisfies the inequality 0 < m0 <J(x) < M0 , x E En,

where the constants mo and Mo depend only on the data.

Then the Cauchy problem (3.3), (3.4) has a unique classical solution

v(t,x) in G, with v(t, X) E C2+a in G, and also satisfying the

inequality

throughout the region G.

m < v(t,x) <M0
0

Remarks. Condition i) asserts that the function A(v) is

(3. 5)



In addition A1(v)
has bounded, continuous derivatives up to the

33

bounded positively away from zero if variable v is so hounded.

Conditions i) and ii) are both needed in the proof of the lemma in order

to ensure that a certain change of dependent variable v to another

dependent variable w is both one-to-one and smooth. The Condi-

tions ii) to v) are needed to ensure that given data is sufficiently

smooth enough to fulfill the hypotheses of a fundamental theorem of

Oleinik and Kruzhkov (see Appendix B), their theorem being required

at a crucial step in the proof of the lemma.

Proof of Lemma. By applying Conditions i) and ii) to the

function A(v) we have that

0 <A < A(v) <A < +co

for m0
<v < M0 , and where

= inf A(v), A = sup A(v)
m <v <M m < v < M

0 0

We next choose a function A1(v) for -co < v < +co, such that

A/2 < A (v) <

Ai(v) A(v) for m0 <v <M0

A1
(v) E (A+X)/2 for v < m0

/2 or 2M0
< v.



second order inclusive, satisfying a Lipschitz condition in v

uniformly for all values of v.

If in the Cauchy problem

n n

/a [cij(t'x) aaxv.

av
+ dj.(t , x)ax = A1(v)

i=1 j=1

where we define

v(0, x) = tii(x), X E E

we introduce the one change of dependent variable

w = F(v), v = G(w)

where

F(v) = .S1 A1(s)dsm /2
0

we obtain the Cauchy problem

n
a aw aw aw

[c et, x, w) D .(t , x, w) =
ax ii ax a.. at'

i
Jj3j=1

W(0, = tiii(X)) X E En, (3.8)

C.. (t, x, w) c..(t, /A (v),
13 13 1

D .(t, x, w) d.(t, x) 1(v),

34

(3.6)

(3. 7)



and

th.(x) F(0x)), x E En.

We next wish to show that E C with respect to the
ij 2+u

variables x and w, that D. CHa with respect to the vari-
J

ables x and w, and that tpi E C En

First, we observe that the function A1(v),
together with its

derivatives up through the second order are also HOlder continuous.

This fact follows immediately from assumption ii) of the lemma, and

through the use of Proposition 1 of Appendix A, together with the

properties of the construction of function A1(v).

Next, since any function which is H81der in variable v is also

HOlder in variable w by Proposition 5, Appendix A, we conclude

that functions C. .(t, x, w) are HOlder continuous in t, x, and w,
13

since the ratios c /A1 are so by virtue of Proposition 4, Appendix
13

A. That the C.. are bounded follows from the fact that the c..
13

13

are, and that Al is bounded away from zero.

We must now show that all second order derivatives

(C..) , (C..) , and (C..)
13 xk,w WW1 j

XkX1

tinuous in t, x, and w. Since we have

(C..) = (c..) IA 1,1
.13 XkX1

3
(C..) = -(c..) A.; /Al

xkw U xk 1
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are all bounded and HOlder con-



and
2

(C..) = c..[3 (A' ) -A A"] /A5
1.3 ww 1 1 1 1

we see that these derivatives must be bounded and Wilder, continuous

in the variables t, x, and w since they are rational combinations

of such functions, and we may use Propositions 3 and 4, Appendix A.

Therefore, Cij E C2+a
with respect to the variables x and w.

Next we must show that D. E Cl+a with respect to the

variables x and w. But this is easily seen to be so since the

functions

D. = d./A
J 1

(D.) = (d.) /A
3 xk xk 1

(D.) = -d.A; /A33w 1 1

are all bounded and HOlder continuous in t, x, and w for exactly

the same reasons as for the functions C... Therefore D. E C
13 j 1+ a

with respect to the variables x and w.

2+a
Next, we wish to show that

tp1
E C on the region E.

Recalling that
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where

1111 z+a, 1111 i+a

+2

J-1

au
ax. ' i+a 'at a

i=1 j=1

u(t, x)-u(t
lulo sup

(t,x)EG [Ix-xlI2-FIt-tlI1a12
(ti,x1)EG

and where

lulo sup

we have that I ul 2+a
< +00 if and only if the function u and its

a2derivatives
au/ax., u/ax.ax., and au/at are both bounded in

j

G, and Hblder continuous in t and x. Since function LI) (x)
1

depends only on x, we need not prove Holder continuity in t.

First, we prove boundedness, we have

Ltie (X)

Hi1(x)I
Al(s)dsl = IA1(s)I

m0/2

by using the Mean-value theorem, with

-
m0

/2 <s < tp(x).

a2u 4. I au'
ax.ax. a at a'

j
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Next, we have

I 8LIi1(x)/8x.1 = I Al(q)(x))Lli (x)Ixi

which is bounded, since Al
is bounded by construction, and

t_p E
2+a on En by hypothesis.

Finally, we have

)/ax.8x. = Ai(LIi(x))4ix ipx +A1(11.)(x))ix1.i j i j

<
IA(x))

kl) qi I + IA1(LP(xNI x. x. x. x.
3 '3

I a2 (

2+a
which is bounded since A'l

is, and qi E C

For the proof of HOlder continuity, we first have

4i(x)

ILP1(x)-4J1(01 /Ix-xlIcl= Al(s)ds a
Ox')

< sup! A1 (x) LP(x).--LIJ(xl) I /I x-x' I a

< < +oo.

Next, since

41(x) /axj = (4i(x))4ix (x)

38

is the product of two HOlder continuous functions, it is HOlder continu-

ous by virtue of Propositions 3 and 6, Appendix A.



and

Finally, since

0211i Lax.ax = A' (11))iji 1.1) +A (4))4,
1 1 j 1 x. x. 1 x.x.

1 J 1

it must be HOlder continuous by Propositions 2, 3, and 6, AppendixA.

Thus I1I2+a<+OO, and therefore
C

c2+a.

Next, the functions (t, x, w) satisfy the conditions

C..(t, x, w) = (t, w), (t, X) E G, w real,
13 ii

Di

n n

Y.
<YJ.2

2

J 1 3

j=1 i=1 j=1 j=1

for every y E En, (t, x) E G, and w real.

Finally, since D. E C1, we conclude that for (t, x) E G,

and real w, that the expressions

(D.) j= 1,2,.,n
xkj=1

are bounded.

From the foregoing discussion we conclude that all conditions

in the hypothesis of Theorem 14, of Ole inik and Kruzhkov [11] (see

statement of this theorem in Appendix B), are satisfied, hence there

exists a unique solution w(t, x) on region G of the Cauchy problem
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and

A (v) = aw
1 at at '

so that
n n,

a av , av
ax. [cii (t, x) jax. + d.(t, x)

J a

i= 1 j=1 1
J j1 xj

n n

x8
[Cx, w)

J.i ax.
D.(t,x,w) ax. - at = A (v)av,a aw aw

3
1 at

i=1
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(3. 7), (3. 8). In addition w(t, X) E C2+a on G.

If we define the function v(t,x) on region G by the inverse

mapping

v(t, x) = G(w(t , x))

which was defined at the beginning of this proof, where w(t,x) is

the solution of problem (3.7), (3.8) found above, then the function

v(t,x) is easily shown to be the unique solution of Cauchy problem

(3.6) on region G, and also v(t, X) E on G. For using the

basic relationship

s. v(t, x)
w(t, x) = A (s)ds,

1

mo/2

we have

8v 1 8w
ax A1(v) axk



thereby showing that the function v(t, x) satisfies the differential

equation for problem (3.6). Since also

v(0, x) = G(w(0 , x)) = G(iIii(x)) = Lli(x)

by virtue of the one-to-oneness of the mapping, the initial condition of

problem (3.6) is satisfied.

To show that function v(t,x) E C2+a it again suffices to show

that function v and its derivatives a av/ax.,2viax.ax , and
J i k

ay/at all are bounded and Holder continuous in variables t and x.

and also

First, since the function

w = F(v) A (s)ds
1

m0/2

is strictly increasing and continuous in the variable v, then so must

the inverse function

V = G(w)

be also strictly increasing and continuous in the variable w, as is

known from elementary calculus. But from these facts we conclude

that

v(t, x) = G(w(t, x)) < w(t, x) )

< G(suplw(t,x)1) =) < +00,

t, x
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v(t, x) G(w(t, x)) > G( - I w(t, x) )

>G(-suplw(t,x)1) > G(-1w1 0) >
t,x

since Iwl < +.0

Next, since

av 1 aw

axk A1(v) axk

we conclude that aviaxk
is bounded since the right-hand side is a

product of bounded functions.

Further, we have

A(v) 82wa2v aw aw 1

0x 8x 3 ax ax A (v) 0x 8x
J j

A1(v) j k 1 k

and must be bounded for the same reasons as immediately above.

Finally,

av 1 aw
at A1(v) at

which is again easily seen to be bounded.

Now we turn to the proof of Hiilder continuity of the function

together with its derivatives aviaxk, a2vi8x.8xk , and
j

aviat

First, we have
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and

Iv(ti,x1)-v(t",x")1 /d(P 1, P2)a

IG(w(tl,xt))-G(w(t",x"))1 /d(P1,P2)(1

-= IC1(701 lw(e,x1)-w(t",x")1 id(P1,132)a

(by the mean-value theorem)

= (1/1A1(7)1)1w(e,x")-w(t",x")1 id(P1,P2)(1

< (2 /A) -H(w) <+00,

thereby showing that the function v(t,x) is HOlder continuous.

Next, since
av 1 aw

axk A1(v) axk

2 A' (v) 23v 1 3w 3w+ 1 3w
ax.ax 3 ax ax A1(v) ax.ax

j k
A1

(v) j k j k

av 1 aw
at A (v) at

are all rational combinations of 1-1Older continuous functions, we con-

elude that these derivatives of v(t, x) are E Ca, and hence

v E C2+a on G.

We now wish to show that the function v(t,x) found above also

satisfies the inequality (3.5). Since the function W v(t, x) satisfies

the linear differential equation
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[ci.j
ax.(t,x)
awa d t.( , x) ax.

j= 1

= A1 (v(t, x))aW /at

on G, with initial condition

where

o <m < < moo

we may apply the maximum (and minimum) principle for parabolic

partial differential equations (see Friedman [6]) to conclude that

m < v(t, x) < M0 throughout region G.
0

Since A1
(v) = A(v) if m < v < M0 , we conclude that v(t, x)

0

satisfies the Cauchy problem (3.3), (3. 4) on region G.

Remarks. 1. This method of proof is a generalization of one

originating with Oleinik, Kalashnik.ov, and Chzou Yui-Lin' [10].

2. In the construction of function A1(v)
it is not really

44

necessary to require that A/2 <
A1

(v) < 2A, and that

A1
(v) (A+A)/2 off the closed interval [m0/2, 2M0]. If we instead

merely require that Ai(v) be positive, bounded, and

A1
(v) = any constant C > 0 off [m0 /2, 2M0], it is sufficient.



45

We may now proceed to the proof of the existence and uniqueness

theorem for the Cauchy problem (3.1), (3.2).

Proof of Theorem 2. First, we make the change of dependent

variable u to dependent variable v by means of the one-to-one

mapping:

V cp(u), (NT) (3.9)

which transforms Equation (3.1) into the equation

i=1

av av
_a [a.. (t, x) + b. (t, x)x. ax

-
. ax

j1 J.

d
J -

By virtue of assumption i), we have that

(3.10)

where function V(v) is positive and bounded for 0 < p. < v < M2,

where

M2 = (P(M )

and where p. is any real number such that 0 < p, < M .

We consider Equation (3.10) on the region G, together with

the initial condition

v(0, x) = v (x), x c E (3.11)
0

where

v0 (x) = co(u0 (x))



n n

x) av b
ax. Aj.(t,x)=

(v)
ay

a
j=1 j=1

0 < co(m) < vo(x) < c9(M) <M2

As in the proof of the lemma, we may define a function A(v), for

-00 < v < +00 by the following equation

A(v) = ''(v) for (p(rn) < v < (M),

otherwise A(v) is a bounded, positive-valued function, bounded

away from zero. In addition, A(v) has bounded continuous deriva-

tives up to the second order inclusive, satisfying a Lipschitz condition

in variable v. In place of Cauchy problem (3.10), (3.11), we con-

sider equation

(3.12)

together with the initial condition (3.11). We shall now show that all

conditions of the lemma are satisfied by Cauchy problem (3.12),

(3. 11). Since function A(v) is positive-valued and bounded away

from zero, it is clear that Condition i) of the lemma is satisfied.

From the definition of function A(v) it is clear that Condition ii) is

satisfied. From the hypotheses of Theorem 2 it is clear that Condi-

tions iii) and iv) are satisfied by the coefficient functions a..(t,x)

and b.(t,x)
3

It now remains to show that Condition v) is satisfied by the
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initial function vo(x). We have that

Vo(X) cO(U0(X)))

ay 8u0
0

= (p1(u (x))
8x.

3

ax.
3

azv au au 8 u0
2

0 0 0
cp"(u (x)) + cot(u (x))

axjaxk
-

o axj
axk o axjaxk

2+a
so that we may immediately conclude that v0

E C , since
V0)

Dv 18x, and Dv /ax ax are combinations of functions which are
0 j 0 j k

both bounded and Holder continuous, and we use Propositions 2, 3, 4,

and 6, Appendix A.

By the lemma, the Cauchy problem (3.12), (3.11) has a unique

solution v(t, x) with v(t x) E C2 a on region G, and also the

inequality

co(m) < v(t, x) <(M) (3.13)

is satisfied throughout region G, and hence

A(v(t, x)) (v(t, x)), (t, x) E G.

u(t , x) = (v(t, x)),

If we define the function u(t, x) by the relation

47



we claim that function u(t,x) is the desired classical solution of

Cauchy problem (3.1), (3.2). For we have

i=1 j=1

a aco(u(t, x)),
+ b.(t, x) ac9(11(t, x))la..(t, x)

ax. ax. ax.
j

1 3 =1

a [a..(t, x) av(t, x) +
Li L_i OX. OX.

i=1 j=1 I 3'1

a v(t , x)= v(v(t, x)) at

a
= [(v(t, x))]

au(t, x)
at

showing that the function u(t, x) satisfies Equation (3.1).

Next, we have

u(0, x) 'T.(v(0, x)) 'T(vo(x)) = u0(x)

so that the initial condition (3-2) is satisfied.

Further, we have from inequality (3.13)

0 <m = t'(49(rn)) < (v(t, x)) < l'(ca(M)) = M,

so that

rn < u(t , x) <M, (t, X) E G,

av(t, x)b.(t, x) ax.
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must hold, since u(t, x) =(v(t, x)) by definition.
2+a

Next, we show that function u(t,x) E C on G. Since

u(t, x) = (v(t,x)), and function .T.(v) is Lipschitz continuous for

co(m) <v <(M) by Proposition 7 remark, Appendix A, we may

apply Proposition 6, Appendix A, to conclude that u(t,x) is 1-1Older

continuous on G. Since we have that

au(t,x)_ 1 av(t, x)
ax. (p'(u(t, x)) ax.

and

on G.

e(u(t,x)) av(t,x) av(t, x)
ax. ax

k[(P1(u(t,x))]3

1 a 2v(t, x)
yol(u(t,x)) ax.ax

3 k

together with

au(t, x) 1 av(t,
at cp'(u(t, x)) at

we conclude that all of these derivatives are Wilder continuous by

virtue of Propositions 2, 3, 4, and 6, Appendix A, since they are

all combinations of Lipschitz and Wilder continuous functions. Since

m < u(t, x) <M on G, the boundedness of the derivatives of

function u(t,x) is immediately evident by the boundedness of the

functions comprising them. Therefore we have that u(t,x) E C
2+a
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Finally, we shall show the uniqueness of the solution u(t, x).

If function ui(t,x) is a second solution of Cauchy problem (3.1),

(3.2) with ui(t,x) E Ca, then, defining the function vi(t, x) by

the equation

vi(t,x) (p(ui(t,x)),

it is easy to show by methods similar to those used in the proof above

that
v1

(t, x) E C2+a, and satisfies Cauchy problem (3.10), (3.11).

But then v1(t,x) v(t,x) by the uniqueness property of the lemma.

Hence we conclude that

u(t, x) = (v(t, x)) = x)) ui (t, x)

for all (t, x) E G, and thereby proving uniqueness.

C. Concluding Remarks

We conclude this section by observing that the method of proof

used in Theorem 2 may be extended to non-linear parabolic partial

differential equations of the form

n
a 8(p(x, u) aox,u) 8u

[a .(t, x, u) ] b .(t, x, u)
jax.i ax. J ax. at

1 J 3
j---- 1

but to do so requires that the method of proof used in the lemma be
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extended to quasilinear parabolic partial differential equations having

the form

n
a Dv av av

[c (t, x, v) ] d.(t, x, v) - A(x, v)
ax. ij 8x. J ax. at

1 j=1 3J

Proceeding as in the proof of the lemma, we introduce the change of

dependent variable

w =
v

A (x, s)ds
1

m0/2

into the above differential equation and obtain the differential equation

n n

[C.. (t, x, w) -3W] +
a
ax.

W awa

ax. ax.
t, x, w) + E (t , x, w) - at

3
i= 1 j =1

where we define

j=

and

C..(t,x,w) c..(t,x,v)/A (x,v),
13 13 1

D. (t, x, w) = d.(t, x, v) /A (x, v) -
1 1 1

3=1

A
)x.

/A2
1

c.(A (c..). , v
v ILLy 5' (A ) (x, s)ds,

2 1 x.A3
1 Al mo/2



E(t,x,w) = -

n n
ci. cv

(A ) (x,s)ds
A 1 x.x.

1=1 j=1 1 m0 /2 j

n n
\-- (c..) c(A,)

13 v
2

-
ii 1 v] Sy

3 (A1 ) (x,$)ds
x.[

A
Al m0 /2 i

1=1 j= 1

X (A ) (x, s)ds1 x.m /2
0

n n 2c. .(A ) (c..)
13 1 x. x.

+ [
1 (A ) (x, s)ds

1 x.m /2
1=1 j=1

A2
A

1 1 0

j=1

d.

j
cv

(A )

Al m /2
0

(x, s)ds .

Needless to say, showing that C.. E C
13 2+a and D. and

E E C1+a requires further tedious computations, and is not particu-

larly enlightening.
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and initial condition

u(0, x) = uo(x), (4.2)

where 0 < uo(x) <M0.

We shall prove both a maximum principle as well as non-

negativeness of solutions for the scheme, then show that the scheme

is consistent with the Cauchy problem (4.1), (4.2).

Let e. be that vector in En all of whose components vanish

except for the jth component which is unity, with j = 1, 2, ... ,n.

We let U(t, x) represent the numerical approximation of the solu-

tion u(t,x) of Cauchy problem (4.1), (4.2). If in the differential

Equation (4.1) we replace

and

IV. A FINITE DIFFERENCE APPROXIMATION SCHEME
FOR NON-STEADY GAS FLOW

In this chapter we present a finite difference approximation

scheme for numerical solution of the Cauchy problem for non-steady

gas flow. This problem has partial differential equation

D 2um
a t'
a u

j=1
ax.

53

9u 3./ b
Qt /3x

m > 2, (4.1)

U(t+k, x)-U(t, x)



82urn
2

0x.

difference equation:

U(t+k, x) -U(t , x)

U(t+k, x) =

by
Um(, x+h.e.)-2Urn(t, x)+Urn(t x-h.e.)

1 1

h.2

Urn(t, x+h.e.)-2Um(t, x)+Urn(t, x-h.e.)
11 11

h.2

If we write the difference Equation (4.3) in the form:

X.[Urn(t, x+h.e.)+Um(t, x-h.e.)]
33 13

j=1

+ [1-2 ( X. )U (t, x] U(t, x),m-1

j=1

(4. 3)

(4.4)

2
where X. =2 (when h1 = h = .. = hn = h, then X =

3

is called the grid, or net, or mesh ratio), we see that the numerical

solution U is completely and uniquely determined on the (t+k)-th

time level provided that it is known at all grid points x of the t-th

time level.

We shall first prove a maximum principle for the approximation

scheme having.finite difference Equation (4.4) and initial condition
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U(0, x) = u0(x) (4.5)

where k and h. are positive real numbers, we obtain the finite



at all grid points x.

A. The Maximum Principle

Theorem 3. (The maximum principle for the numerical

approximation scheme.)

Let U(t, x) be the solution of the finite difference problem

(4.4), (4. 5), and suppose that the following inequalities hold:

0 < X. < 1 /(2nm Mm - 1), j 1,2, ...,n,
3 0

where M0
is any upper bound for the initial function u0 (x). Then

then

at all grid points (t,x).

Proof. We are given that

U(0, x) u0(x) <M0.

It is sufficient to prove that U(k,x) < Mo. We first observe that if

m-10 < X. < 1 X2nm Mo )
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1 - 2( X.m-1(0,x) >1 - 2(1/2m mm-1),m-1
0

j=1

if

(even though m > 2 is required in the gas-flow equation).

Hence if the X. satisfy the boundedness conditions of the

hypothesis, we have that the coefficient of U(t, x) in Equation (4.4)

must be non-negative at time level t = 0. Using Equation (4.4) with

t = 0, we have

U(k, x)

=1

X. Um(0, x+h.e.)+Um(0, x-h.e.)]
3 333

+ E-2 (iXi),Um-1(0, d U(0, x)

j=1

< (v2i 2Mm + [-2(
Xj

)Um-1(0,x]U(0,x)
0

j=1 j=1

2nX.Mom + [1-2nXUm-1 (0, x)1U(0, x)

n

(where X X. In, and X < 1 /2nm M m-1),
J

0

j=1
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= U(0, x) + 2nX[M0rn-Urn(0, x)]

< U(0, x) + 2rirM
0
rn -Um (0, x)] /2nm Mrn-1"

0

= U(0, x) + [Morn -Um(0, x)1/rn Morn- 1 .

Let us now consider the auxiliary function

rn naf(z) = z + (M -z )/rriMm-1
0

on the interval 0 <'z. We have immediately that

f'(z) = 1 - zm-1/Mm-1
0

so that function f(z) has an absolute maximum value of M0 for

all z > 0, and which occurs at the value z = M0. Noting that by

condition (4. Z), we have

0 < uo(x) = U(0, x) <M0

and taking z U(0, x), we conclude that

U(0, x)+ [Mm-Um(0,x)]/mM <M0
0 0 0

at all grid points x, and therefore
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U(k, x) < Mo

for all such values of x. By iteration on k we may extend the

boundedness property to all time levels.

We next prove the non-negativeness of solutions of the above

scheme, assuming non-negativeness of the initial function u0 (x).

B. Non-Negativeness of Solutions

Theorem 4. (Non-negativeness of solutions of the approximation

scheme.)

Suppose that the quantities X.. satisfy the inequality conditions
3

of Theorem 3, and that the inequality

0 <
U0

(X), X E En

holds. Then

0 < U(t, x)

holds at all grid points (t,x).

Proof. Again, it suffices to prove non-negativeness only for

U(k, x). By taking t = 0 in Equation (4.4), we have
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U(k, x) =

= 0(k+ sup h.)
3

X Urn(0, x+h.e.)+Um(0, x-h.e.)]
3 33 33

j=1

j=1

Since the coefficient'of U(0, x) is non-negative by the calculation

done in the proof of Theorem 3, and U(0,x) > 0 at all grid points

x, the right-hand side of the above equation is also non-negative,

proving that U(k,x) is non-negative. Iteration on k extends the

result to all time levels.

We conclude this chapter by proving that the approximation

scheme (4.4), (4. 5) is consistent with the Cauchy problem (4.1), (4. 2).

By consistency of the scheme we mean that the scheme is a formal

approximation to the differential Equation (4.1) at every point

(t,x) E G, in the sense that for function u sufficiently smooth the

equation

2 ma u (t,x) au(t,x)

ax2 atjl .
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X.)Um-1(0,;} U(0,x)

um (t, x+h.e.)-2urn(t, x)+um(t, x-h.e.)
1 1

2 -
.1 1 u(t+k, x)-u(t, x)..1

h.



2 2
u(t+k, x)-u(t, 1 rau(t,x) ak + u(t,x) k

k at 2 2
at

au(t,x) + o(k),
at

since a2u /at2 is everywhere bounded and continuous. Again, we

have:

um(t, x+h.e.) -2um(t, x)+um(t, x-h.e.)
1 .1 1 1

2h.
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holds at every grid point (t, x), where u(t,x) is any function

having bounded continuous second order partial derivatives with

respect to the variable t and bounded continuous third order partial

derivatives with respect to the vector variable x.

C. Cons istency

Theorem 5. (Consistency of the finite difference approximation

scheme.)

The finite difference approximation scheme (4.4), (4. 5) is

consistent with the Cauchy problem (4.1), (4. 2).

Proof. By Taylor 's theorem we have that

(4. 6)

j=1

n m
u (t, x+h.e.)-u (t,x) u (t,x-h.e.)-um

1 .1 1 1

h2
3=1

h. .



a2urn(t,x) Ili_.2 + 3um(t,x (j)) Lh.3
1 aunn(t, x) h. +

h.
J

2 ax. J
2 2 3 6

j=1 J
ax. ax

i3

3

-
aum(t, x) h. +

a2urn(t,x) h_j_2 33urn(t,`:"((j)) Iii_ I
3x. J

6 J
J

ax.2
2

ax.3
J J

[ a 2um(t, x)
2

+ 0(h.)
3ax.

a 2um(t,x)
2

0(sup h.)
ax.

3

From Equations (4.6) and (4.7) we immediately obtain

a 2um
2

ax.

au [
aj- Z,

j=1

----, 2 m
={22 au au _[

ax.2
at

=1 3

= 0(k+ sup h.)
3

j=1

rn(d x+h.e.)-2um(t, x)+urn(t, x-h.e )] hi .2

33 33 3

u(t+k, x)-u(t, x)

m2a u 1

- + 0(sup h.) - 0(k)
2 at J

3 '

(4. 8)

thereby proving that the approximation scheme is consistent.
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(4. 7)



D. Concluding Remarks

1. In the hypothesis of Theorems 3 and 4 we may replace the

condition

by the condition

where

m-
0 < X < 1 /2nm M

1o

o < < 1 /2nm Mo

= X. in

j=1

In Theorem 3, if m = 1, we have another proof of the

maximum principle for the finite difference approximation scheme

for the classical heat equation.

In Theorem 5, if function u(t,x) has bounded continuous

fourth order partial derivatives with respect to x, then

0(k + sup h.) in the conclusion can be replaced by 0(k +sup h.2 ).

3 3
3

m-1
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V. A NUMERICAL EXAMPLE OF THE APPLICATION OF
THE FINITE DIFFERENCE APPROXIMATION SCHEME

In this chapter we present an example of use of the approxima-

tion scheme for the numerical solution of a one-dimensional isother-

mal gas flow problem. We seek to find a numerical solution of the

non-steady gas flow problem having differential equation

228u au
2 at

ax

and initial condition

u(0 , x) = u (x),
0

where

-oo < x < +00,

To obtain the numerical solution of the above Cauchy problem

we shall use the finite difference approximation with difference

equation

63

for x < 70. 6

for -06, < x <0

for 0 < x < 1

for 1 <x <2

for 2 <x.

1-100(x+0.3)2/9,

uo,x,

2-8(x-1.5) 2
,

0,
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U(t+k, x) = X. U2(t, x+h)+U 2(t, x-h)] + [1 -2XU(t, x)]U(t, x),

where X = k/h2, and with the initial condition

U(0, x) = uo(x),

where u0
(x) is the above defined function. In this approximation

scheme we have taken h = 0.1 for the spacing on the x-axis. The

maximum value then allowed for the grid ratio X is X = 1/8, but

we have taken X = 1/10 so as to avoid borderline complications,

and in order to simplify the computations. We have then taken time

steps of size k 0.001. Using these values of X, h, and k we

have computed 81 tables of gas pressure U, doing all computations

on the Monroe model number 1655 programmable calculator with nine

decimal places carried throughout. We then selected the table of

initial values, t = 0.00, together with the tables for t = 0.01, 0. 02,

etc., up to t = 0. 08, and rounded these tables off to the second

place, then using these nine tables (see Appendix C) we constructed

the nine graphs which we hereby present. The graphs indicate that

for positive values of time the pressure curves appear to be smooth

up through and including the time when the gases merge at time

t = 0.08, the behavior of the gases appearing to be almost gelatinous,

with the gas pressure most evidently diminishing with respect to

increasing time.
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We have computed the area under the curves by using Simpson's

rule for various times, with initial area under the two parabolas being

2/5 and 4/3 exactly, respectively. Examination has shown that these

values for the areas are approximately maintained as time increases

up to the last time level inclusive.
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that

and

d(P',P") =(Ix'-x"12+1C-t"1),

there exist constants Bl, B2, 43, and B4 such that

f(t x', v)-f(t", x" , v)
d(P , P")

If(t,x,v')-f(t, x, V.")
vi-V"1

B3 < f(t, v) <B4

for all values of the variables under consideration.

We first prove HOlder continuity with respect to the variables
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APPENDIX

A. Some Properties of Lipschitz and HOlder Functions

Proposition 1. Suppose that function f(t,x,v) is bounded and

Lipschitz continuous in the variables t, x, and v, for 0 <t < T

(T arbitrary), X E some arbitrary region in En, and v E some

arbitrary interval of the real line, either bounded or infinite. Then

the function f(t, x, v) is also Hider continuous with exponent a,

0 < a < 1, with respect to all variables t, x, and v.

Proof. Recalling that for points P' = (t1, x'), P" = (t" x"),



and x. First, suppose that

d(P', P") < 1,

then for 0 < a < 1, we have

f(t 1, x', v)-f(t", x", v) f(t x', v)-f(t", x",1-ad(P',P")
d

d(Pl,P1') (Pl,P")a
1-a< B d(P',P") < B .

1

On the other hand, if

d(P', P") > 1,

we have

f(t', x', v)-f(t", x",
d(P',P")a

if(t1,x1, v) - f(t",x",v)1

If(C, x', If(t",x", v)i

2 max{1B31, 1B41}-

Hence the function f(t, x, v) is HOlder continuous with respect to

the variables x and t.

Proof of Milder continuity with respect to the variable v is

analogous to the above proof, but with d(P',P") replaced by

iv -vIII , etc.

Proposition 2. Let functions f(t, x, v) and g(t, x, v) both be

H251der continuous in t, x, and v. Then so are the functions f + g

and f - g.
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Proof. By hypothesis there are constants B1, such that

If(tl,x',v)-f(t",x",v)1/d(P',P")a < B
1

x', v)-g(t", v)I P ")a < B .

2

Then we have

if+gi(t', x', v)-if+at", x", v)
d(P' , P ")a

f,1(tj,x',v)-f(t",x",v)1 I g(t', x', v)-g(t",x",v)i
a

d(P P ")a d(P',P")

<B + B
1 2

and an analogous proof may be used to establish HOlder continuity in

the variable v. The proof for the function f - g is similar.

Proposition 3. Let functions f(t, v) and g(t, x, v) be both

bounded and Hinder continuous in t, x, and v. Then so is the

product function fg.

Proof. Proof of boundedness is trivial, and left for the reader.

By hypothesis, there are constants B1, B2' C1, C2 such that

< B ,
f(C, x', v)-f(t", x",

d(P1,P")a

I g(t', x', v)-g(t", x", v)1

d(PI,P")a
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I f(t, x, v)1 < Ci, I g(t, x,v)1 C2

It then follows that

[fg](ti,x1,v)-[fg](t1, x", v)I id(Ps,P")a

< I f(t', xl, v)g(ti,x1,v)-f(t",x",v)g(t',x1,v)1 id(Pg,P")a

+ f(t", x", v)g(t 1, x' , v)-f(t ", x", v)g(t", x", v) I Ma); 13")a

< g(ti, x ,v)1 If(ti,x',v)-f(t",x",v)1 At:1(P', P")(1

+ f(t", x",v)I g(ti, x' ,v)-g(t", x",v)1 P")(1

C2131 + C1132

proving Finder continuity. Proof for variable v is similar.

Corollary. Let function f(t, x, v) be both bounded and Holder

continuous in the variables t, x, and v, and let n be any posi-

tive integer. Then the power function fn is also bounded and

H-Older continuous.

Proof. We need merely apply Proposition 3 and mathematical

induction on integer n.

Proposition 4. Let functions f(t, x, v) and g(t, x,v) be both

Haider continuous in the variables t, x, and v. In addition, let

function f(t, x, v) be bounded, and function g(t,x,v) be bounded

away from zero. Then the quotient function fig is also H61der

continuous in t, x, and v
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Proof. By hypothesis, there are constants BI, B2' C1, C2

such that

f(tt, xl, v)-f(t", x",v)I kl(P',P")a < B
1

g(t1,,c1 )-g(t", x", v)I /d(Pi, P")a < B
2

f(t, x, v) < C1, 0< C2 5_ I g(t, x, v)I

Then we have

x', v)-[f /g](t", x", id(P 13" )a

.f(t', x, v)g(t", x", v)-f(t", x", v)g(t v)

ag(t', x',v)g(t", x", v) d(P', P")

f(t' xl, v)g(t", x",v)-f(tt, x', v)g(t', x', v)

g(tt, x', v)g(t", x", d(P', P")a

f(t',.x', v)g x', v)-f(t", x", v)g x', v)

I0', x1, v)g(t", x", /d(P',P")a

f(e, x", v)-g(t', x, v)1
g(t', x', v)g(t", x", v)1 d (P ")a

1

g(t", x", v)1

C1
B + B

2 2
C2

1

C2

f(ts, x', v)-f(t", x", v) I
d(P', P ")a

proving HOlderness in t and x Proof for variable v is

similar.
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Proposition 5. Let function f(t, x, v) be HOlder continuous in



w =

where H(f) is the Wilder coefficient of function f(t,x,v) with

82

the variable v. Then function f(t,x, v) is also HOlder continuous

in the variable w (with same exponent a), where w is defined

by the relationship

cv
A (s)ds

/2 1

0

and where
A1(v)

is the function constructed in the proof of the

lemma in Chapter III.

Proof. Recalling the notation used in the proof of the lemma,

we have

w = F(v), v = G(w),

where

F(v) =
Cv

A1

)ds .

m /2
0

We then have

f(t, x, G(w))-f(t, x, G(w'))I a

< H(f) G(w) -G(w 1)1a/lw-wfla

= H(f) G '(;) a

(by the mean-value theorem)

= H(f) (v) < 2CL H(f)
a

,



respect to variable, v and A is a positive constant defined in the

proof of the lemma.

Proposition 6. Let function A(z) be Lipschitz continuous in

the real variable z, and the real-valued function B(x) be HOlder

continuous (with exponent a) in the vector variable x, x E En

Then the composite function A(B(x)) is also Hider continuous (with

exponent a) in the variable x.

Proof.

1A(13(x))-A(B(xj))1 /x-x' a

< L(A)IB(x)-B(x1)1 /1x-x' la

< L(A) H(B),

where L(A) and H(B) are the Lipschitz and HOlder coefficients

of A and B, respectively.

Proposition 7. The function .I(v) defined in the proof of

Theorem 2 is Lipschitz continuous on all closed intervals of the form

0 < a < v < b.

Proof. We have for a < v < b, a < v < b, that

I (v)-(\r')1 /I - I I = I vC;)I by the mean-value theorem (where v

is strictly between v and v'). But

= Ico'(v),
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so that if

0 < a <v < b,

then

0< <u <(b),

so that 1/y9'(u) is bounded away from zero by its continuity, and

positiveness , and

q(u) = 0

if and only if u = 0. Therefore l'/'(v) is bounded for

a <v < b, proving the proposition.

B. An Existence and Uniqueness Theorem for Quasilinear
Parabolic Partial Differential Equations

In this section we state the Theorem 14 from the work [11] of

Ole inik and Kruzhkov, this theorem being used at a certain step in the

proof of our lemma in Chapter III.

We consider in the region

G={(t,x):0 <tET,xEE}

the quasilinear parabolic partial differential equation
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where

where

and

au
at

a au ,[a..(t, x, u)
ax. 8x.

b .(t, x, u, u ) + c(t, x, u, ux)
3

j=1

ux = (8u/8x1,8u/ax2, ,au/axn)

together with the initial condition

u(0, x) = (x), x E E
0

0(x)
HM xEEn,

and constant M0
depends only on the data.

It is assumed that the coefficients of Equation (A.1) satisfy the

following conditions.

Condition A. For (t x) E G and any u, we have

c (t,x,u,0) < c

Ic(t,x,0,0)1 <c ,

where constants c1 e2, depend only on the data.

(A. 1)

(A. 2)
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j,

Condition B. For (t, x) E G and any u, we have, for all

a..(t, x, u) x, u),
31

and for arbitrary y (y1 'yn) E En' we have

n n
v--.

(t, x, u)yiyi p.2(1 .

j1 i= j=1 j=1

86

where p. and
p.2

are non-increasing and non-decreasing positive
1

functions respectively, dependent only on the data.

,

Condition C. For (t,x) G, I ul < M , and any ux, where

= max{Moe.YT, c eYT /(y-c0)},

with satisfying the condition

- c0 > 0,

the inequalities

I b < [X(p)+Kl(p+1), 1 <j < n,
J

hold, where

p = NJUau/axi) (8u/8x2)+...+(au/axn)21



[X(p)+K](p+1) is a positive increasing function for p > 0, X(p) is

bounded,

urn N.(p) = 0,
co

and

0 < K < M,

where M is a constant depending only on the data. In addition, the

following inequalities must hold:

I (b.) I + I (b.) < B (p+1),
xk

1 - 1

(b.) < B
u 2

xk

1c1+1c Hic 1+1c <N,
xk

u -

xk

where
Bl, B2,

and N are constants depending only on the data.

Theorem. (Of Ole inik and Kruzhkov )

Suppose that in every portion of the region

{(t, x, u, u ,u ,
ux

): (t, x) E G, u E
El, ux

E

El,
1 <k < n}

X1 X2

which is finite with respect to u, and ux(= (ux ,ux2,
.

,uxn)),1

the coefficients a.. E
C2+a

with respect to
xk

and u, the
13

coefficients c and b. E Cl+a with respect to the variables x ,
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and
uxk,

and also satisfy Conditions A, B, and C. If also the

2+a
initial functionE C in En,

then there exists a unique solu-
' 0
a

tion u(t, x) E C2I- in G of the Cauchy problem (A.1), (A.2).

Remark. If the function b. is a bounded function then the

inequality

b. I < [X(P)+K](p+1), 1 <j < n,
J

is automatically satisfied if we take

X(p) = Biqp+1, p >0,

and

X(13)

K = 0,

where B is any positive bound for lb. For we have

<B < 13'4+1

< (B/N1-717(p+1)

= X(p)(p4J[1), with p > 0

Clearly X(p)(p+1) = BNFED+1 is a positive increasing function in

for p > 0, X(p) = B/qp+1 is bounded for p > 0, and vanishes as

p +00. Hence the inequality follows for this selection of function

b .(t , x, u)
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C. Tables

T = 0.00

89

-0.7 0.00 0.3 0.00 1.3 1.68
-0.6 0.00 0.4 0.00 1.4 1.92
-0.5 0.56 0.5 0.00 1.5 2.00
-0.4 0.89 0.6 0.00 1.6 1.92
-0.3 1.00 0.7 0.00 1.7 1.68
-0.2 0.89 0.8 0.00 1.8 1.28
-0.1 0.56 0.9 0.00 1.9 0.72
0.0 0.00 1.0 0.00 2.0 0.00
0.1 0.00 1.1 0.72 2.1 0.00
0.2 0.00 1.2 1.28

T = 0.01

-0.9 0.00 0.2 0.00 1.3 1.43
-0.8 0.00 0.3 0.00 1.4 1.55
-0.7 0.03 0.4 0.00 1.5 1.59
-0.6 0.28 0.5 0.00 1.6 1.55
-0.5 0.56 0.6 0.00 1.7 1.43
-0.4 0.71 0.7 0.00 1.8 1.23
-0.3 0.75 0.8 0.00 1.9 0.94
-0.2 0.71 0.9 0.10 2.0 0.55
-0.1 0.56 1.0 0.55 - 2.1 0.10
0.0 0.28 1.1 0.94 2.2 0.00
0.1 0.03 1.2 1.23 2.3 0.00

T = 0.02
-1.0 0.00 0.2 0.01 1.4 1.37
-0.9 0.00 0.3 0.00 1.5 1.39
-0.8 0.01 0.4 0.00 1-6 1.37
-0.7 0.12 0.5 0.00 1.7 1.29
-0.6 0.36 0.6 0.00 1.8 1.15
-0.5 0.52 0.7 0.00 1.9 0.95
-0.4 0.61 0.8 0.06 2.0 0.70
-0.3 0.65 0.9 0.38 2.1 0.38
-0.2 0.61 1.0 0.70 2.2 0.06
-0.1 0.52 1.1 0.95 2.3 0.00
0.0 0.36 1.2 1.15 2.4 0.00
0.1 0.12 1.3 1.29
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T = 0.03

-1.0 0.00 0.2 0.03 1.4 1.25
-0.9 0.00 0.3 0.00 1.5 1.27
-0.8 0.03 0.4 0.00 1.6 1.25

-0.7 0.20 0.5 0.00 1.7 1.19
-0.6 0.37 0.6 0.00 1.8 1.08
-0.5 0.49 0.7 0.02 1.9 0.94
-0.4 0.56 0.8 0.23 2.0 0.75
-0.3 0.58 0.9 0.52 2.1 0.52
-0.2 0.56 1.0 0.75 2.2 0.23
-0.1 0.49 1.1 0.94 2.3 0.02
0.0 0.37 1.2 1.08 2.4 0.00
0.1 0.20 1.3 1.19 2.5 0.00

T = 0.04

-1.0 0.00 0.2 0.08 1.4 1-16
-0.9 0.00 0.3 0.00 1.5 1.18
-0.8 0.08 0.4 0-00 1.6 1.16
-0.7 0.24 0.5 0.00 1.7 1.11
-0.6 0.37 0.6 0.00 1.8 1.03
-0.5 0.46 0.7 0.10 1.9 0.91
-0.4 0.52 0.8 0.36 2.0 0.76
-0.3 0.54 0.9 0.58 2.1 0.58
-0.2 0.52 1.0 0.76 2.2 0.36
-0.1 0.46 1.1 0.91 2.3 0.10
0.0 0.37 1.2 1.03 2.4 0.00
0.1 0.24 1.3 1.11 2.5 0.00

T = 0.05

-1.1 0.00 0.2 0.12 1.5 1.11
-1.0 0.00 0.3 0.01 1.6 1.09
-0.9 0.01 0.4 0.00 1.7 1.05
-0.8 0.12 0.5 0.00 1.8 0.98
-0.7 0.26 0.6 0.03 1.9 0.89
-0.6 0.37 0.7 0.21 2.0 0.76
-0.5 0.44 0.8 0.43 2.1 0.61
-0.4 0.49 0.9 0.61 2.2 0.43
-0.3 0.50 1.0 0.76 2.3 0.21
-0.2 0.49 1.1 0.89 2.4 0.03
-0.1 0.44 1.2 0.98 2.5 0.00
0.0 0.37 1.3 1.05 2.6 0.00
0.1 0.26 1.4 1.09



T = 0.06
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-1.1 0.00 0.2 0.16 1.5 1.05

-1.0 0.00 0.3 0.03 1-6 1.04
-0.9 0.03 0.4 0.00 1.7 1.00

-0.8 0.16 0.5 0.00 1.8 0.95
-0.7 0.27 0.6 0.08 1.9 0.86
-0.6 0.36 0.7 0.29 2.0 0.76

1 -0.5 0.42 0.8 0.47 2.1 0.62
-0.4 0.46 0.9 0.62 2.2 0.47
-0.3 0.47 1.0 0.76 2.3 0.29
-0.2 0.46 1.1 0.86 2.4 0.08
-0.1 0.42 1.2 0.95 2.5 0.00
0.0 0.36 1.3 1.00 2.6 0.00
0.1 0.27 1.4 1.04

T = 0.07

-1.1 0.00 0.2 0.18 1.5 1.01
-1.0 0.00 0.3 0.05 1.6 1.00
-0.9 0.05 0.4 0.00 1.7 0.97
-0.8 0.18 0.5 0.02 1.8 0.91
-0.7 0.28 0.6 0.15 1.9 0.84
-0.6 0.35 0.7 0.34 2.0 0.75
-0.5 0.41 0.8 0.50 2.1 0.63
-0.4 0.44 0.9 0.63 2.2 0.50
-0.3 0.45 1.0 0.75 2.3 0.34
-0.2 0.44 1.1 0.84 2.4 0.15
-0.1 0.41 1.2 0.91 2.5 0.02
0.0 0.35 1.3 0.97 2.6 0.00
0.1 0.28 1.4 1.00 2.7 0.00



T = 0.08

92

-1.2 0.00 0.2 0.19 1.5 0.97

-1.1 0.00 0.3 0.08 1.6 0.96

-1.0 0.01 0.4 0.01 1.7 0.93

-0.9 0.08 0.5 0.05 1.8 0.88

-0.8 0.19 0.6 0.21 1.9 0.82

-0.7 0.28 0.7 0.37 2.0 0.74

-0.6 0.35 0.8 0.51 2.1 0.63

-0.5 0.40 0-9 0-63 2.2 0.51

-0.4 0.43 1.0 0.74 2.3 0.37

-0.3 0.44 1.1 0.82 2.4 0.21

-0.2 0.43 1.2 0.88 2.5 0.05

-0.1 0.40 1.3 0.93 2.6 0.00

0.0 0.35 1.4 0.96 2.7 0.00
0.1 0.28




