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In a companion paper (Egbert et al., this issue) we describe the estimation of very long period (0.16 < T < 91 
days) magnetotelluric (MT) impedances from 11 years of data collected at the Tucson geomagnetic observatory. 
Here we discuss the implications of these data for mantle conductivity. Using minimum norm (fiattest and 
smoothest) inversions, we find simple one-dimensional models of electrical conductivity in the depth range 
0-1500 km. We use forward modeling, a linearized resolution analysis, and constrained one-dimensional inver- 
Sions to delineate the range of models which are consistent with the estimated impedances. Although the MT 
data have limited resolution, large-scale vertical averages of mantle conductivity are well constrained. We reach 
the following conclusions concerning mantle conductivity beneath Tucson: (1) The upper 200 km has a conduc- 
tance of order 104 Siemens (S). This anomalously high conductance may be concentrated in an aesthenospheric 
high conductivity layer, but the geometry of the conductive zone is not constrained. (2) Typical conductivities 
in the transition zone (400-700 kin) are = 0.1-0.3 S m -1. A step increase to reach this value at or near the 400 
km olivine-spinel phase transition is consistent with, but not required by, the data. An upper mantle which is 
resistive throughout (0.05 S m q or less) is not allowed by the data. (3) Resolvable large-scale averages of con- 
ductivity increase from = 0.2 S rn -1 to = 1.0 S m -1 between 600 and 900 km depth. A range of models, includ- 
ing those with step increases, and step decreases, at the 670 km seismic discontinuity are consistent with the 
data. (4) Between 900-1500 kin, conductivity increases slowly. Average conductivities in this region are of the 
order of 1 S m -1 , to within a factor of 2 or 3. While limited zones of highly resistive mantle are consistent with 
the data, a lower mantle which is resistive throughout is not. Models in which conductivity is always above 
5 S m -1 below 1000 km can also be ruled out. In conjunction with improved laboratory estimates of electrical 
conductivities of mantle minerals at high temperatures and pressures, these constraints can provide important 
clues to the composition and physical state of the mantle. 

1. INTRODUCTION 

Many workers have attempted to resolve the electrical conduc- 
tivity of the Earth's mantle as a function of depth. However, it 
has proved frustratingly difficult to advance beyond the general 
conclusion of Lahiri and Price [1939] that the conductivity rises 
sharply with depth below several hundred kilometers. Indeed, the 
range of conductivity models which have been proposed suggests 
uncertainties of nearly 2 orders of magnitude throughout most of 
the mantle. This is illustrated in Figure l, where we present a 
selection of mantle conductivity models from the recent literature. 
For these models, virtually all of the responses relevant to mantle 
structure were computed using some variant of the geomagnetic 
depth sounding (GDS) method. With the GDS approach, the 
impedances are derived from three-component magnetic field 
data, together with some information (or simplifying assumptions) 
about the external source structure (see Rokityansky [1982] for a 
review of different approaches). Unfortunately, the detailed 
geometry of the sources is never completely known except in 
rather special cases (e.g., at very long periods, where the morphol- 
ogy of the sources is well approximated as a zonal dipole, so that 
the impedances ca n be estimated from the ratio H•//-/• of vertical 
to zonal magnetic field components at a single site [Banks, 1969; 
Schultz and Larse n, 1983]), and the coherence between magnetic 
field components is often low. As a result impedances derived 
from GDS data typically have rather large error bars and are use- 
ful over only a limited range of periods. Although some of the 
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variation between models of Figure 1 probably reflects lateral 
heterogeneity of conductivity (particularly in the uppermost man- 
tie), we believe that the scatter primarily reflects limitations in 
data quality and variations in processing and interpretation 
methods. 

In this paper we present estimates of mantle conductivity 
obtained from a combination of very long period magnetotelluric 
(MT), and GDS data from the geomagnetic observatory at Tuc- 
son, Arizona. Analysis of this data is described in detail in a 
companion paper (Egbert et al., this issue; hereafter referred'to as 
paper 1). Briefly, MT impedances were estimated from 11 years 
of data, corrected for noninductive near-surface distortion of the 

electric fields, and combined with equivalent MT impedances 
obtained from 46 years of GDS data from the Tucson observatory. 
In contrast to the GDS approach, MT allows direct estimation of 
impedances which are relatively insensitive to the exact spatial 
structure of sources [e.g., Dmitriev and Berdichevsky, 1979]. For 
periods T < 5 days (where external sources cannot be simply 
characterized) impedances were estimated from the MT data. For 
longer periods (where source morphology is typically relatively 
simple) we used impedances computed from the GDS (i.e., 
transfer functions. 

The result is a set of scalar impedance estimates for periods 
0.17 < T < 91 days of unprecedented precision (Figure lb; see 
also Table 2 and Figure 16 in paper 1). The error bars for the 
apparent resistivity (p) and phase (•) estimates are small com- 
pared to the variation of these parameters predicted by the models 
of Figure la, which for the most part are grossly inconsistent with 
the Tucson data. The Tucson MT data are thus capable of distin- 
guishing among the wide range of models given in Figure la and 
should allow us to constrain mantle conductivity much more 
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Fig. 1. (a) Selected mantle conduc•vity m•els. 1, m•el fit to Tucson 
d•a (m•el 2d •om Fig•e 2); 2, •rs• [1977]; 3, Roki•a•ki [1982, p 
155]; 4, Ac•che et aL [1981]; 5, Hobbs [1983]; 6, Parker [1970]; and 7, 
Y•y • Pa•ersen [1983]. •e range of model conduc•vi•es is 1 to 2 
orders of magirude at all dep•s. (b) App•ent resis•es and ph•es for 
ß e seven models of Fig•e la. Most of •e m•els •e grossly in•n- 
sistent wi• the Tucson impedances and with e•h o•er. 

tightly than a casual examination of the existing literature might 
suggest possible. 

As discussed in paper 1, for periods less than one day the @ and 
• estimates, while individually consistent, are not mutually con- 
sistent with any one-dimensional conductivity model. However, 
we also showed in paper 1 that conductance profiles correspond- 
ing to best fitting models (the so-called "D +" models of Parker 
[1980]) for a range of data subsets (all data, phase data alone, 
amplitude data alone) are very similar, giving us some confidence 
that reliable large-scale vertical averages of mantle conductivity. 

can be inferred from these data. The D + models, which consist of 
infinitesimally thin layers of finite conductance, suggest large 
scale average conductivities of the order of 0.05 S m 4 in the first 
200 km, increasing to 0.2-0.3 S m -• between 200 and 700 km 
depth, and finally to roughly 1.0 S m -• in the lower mantle. In 
this paper we consider more physically realistic smoothly varying 
mantle conductivity models, and we attempt to delineate the range 
of models which are consistent with the Tucson data. 

Larsen [1977] has previously presented a model for mantle 
conductivity based on a preliminary analysis of the Tucson MT 
data (curve 2 in Figure 1), and he has recently refined his 
impedance and his mantle conductivity estimates [Larsen, 1989; 
also personal communication, 1987]. The methods of analysis 
discussed here, and in paper 1, differ markedly from those used by 
Larsen [19•5, 1977, 1980, 1989]. In particular, we use over- 
parametrized minimum structure inversions, linearized resolution 
analysis, and constrained inversions in an effort to identify proper- 
ties of the Earth's conductivity profile which are required by the 
data. Our analysis demonstrates that large-scale averages of man- 
fie conductivity are well constrained by these data and that the 
range of consistent simple conductivity models is in some sense 
quite small. A number of significant features exhibited by previ- 
ously reported models, or suggested by laboratory experiments, 
are clearly not allowed by these data. 

2. INVERSION METHODS 

To invert the impedances for simple models of mantle conduc- 
tivity, we used the seminorm minimization approach of Constable 
eta/., 1987] and Smith and Booker, 1988]. The basic idea is to 
find the conductivity model o(z) which minimizes a roughness 
penalty of the form 

Iio11. = ] a- log o(z) ] (1) d log z n ' 

subject to the constraint that the data be adequately fit, i.e., that 

•c IZ•[o]-z• I: 
4 < (2) k=l 

In (2), •k is the impedance estimate for the kth period, sk is the 
corresponding standard error, Z•[o] is the impedance predicted at 
this period by the conductivity profile o(z), .and M 2 is the allow- 
able misfit. We consider models fit with n=l (fiattest models) and 
n =2 (smoothest models). 

Since the full set of estimated impedances considered here can- 
not be fit to within the statistical estimation errors by any one- 
dimensional model (paper 1), it is impossible to rigorously justify 
the exact level of misfit (i.e., M 2 in (2)) which should be con- 
sidered adequate. We have thus found minimum structure models 
which achieve a range of misfits above [he minimum possible 
(e.g., Figures 2 and 3). As M 2 approaches the minimum achiev- 
able misfit (g2m•) the models become very similar to the physi- 
cally unrealistic D + models, with conductance concentrated in a 
series of thin layers. As M 2 is increased, •moother and simpler 
models result. We consider those features which persist even 
when the misfit is substantially relaxed to be well constrained by 
the data. In addition to models fit to the full data set, we also con- 
sider models fit to the more nearly self-consistent longer-period 
subsets (Figure 2). Again, model features which persist when the 
period range is reduced are more clearly required by the data. 

To study the resolving power of the MT data, we use a linear- 
ized Backus-Gilbert approach [e.g., Parker, 1970]. Because the 
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Fig. 2. •a•est models fit to su•e• of •e da•: model •, all •, fit to 
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model is fit to 1.2•, wi• •e •sfit no•a•d by the mo•fied e•ors. 

MT inverse problem is nonlinear, the resolution kernels (Figure 4) 
only apply rigorously to models linearly close to each other. 
However, the analysis of Smith and Booker [1988] suggests that 
conductivity models produced by minimum roughness inversions 
can, to a very good approximation, be interpreted as the true con- 
ductivity smoothed through the resolution kernels. In the appen- 
dix we expand on this point, and demonstrate its relevance to the 
Tucson MT data. We show that for models of log conductivity, 
the resolution kernel R (z, z0) (i.e., the function corresponding to 
a horizontal slice at fixed depth z0 on the vertical axis of Figure 4) 
can be interpreted as the fractional contribution that conductivity 
in the true model at a depth z makes to the estimated smooth con- 
ductivity at z0. Resolution kernels for log conductivity models 
thus provide a good estimate of the averaging length scales 
inherent in smooth log conductivity models, where conductivity 
varies by several orders of magnitude. In Figure 4 we shade the 
central portion of the resolution kernels which accounts for 2/3 of 
the total conductance at the nominal depth in the smooth model. 
For purposes of discussion, we consider the width of this zone as 
the resolution length scale for conductivity estimates at z0. 

To further characterize the range of models which are con- 
sistent with the estimated impedances we modified the OCCAM 
inversion program of Constable et al. [ 1987] to allow conductivi- 

ties in any set depth range to be constrained in some manner. By 
seeking constrained models that otherwise minimize the structure 
penalty subject to a certain level of misfit, we can test hypotheses. 
This allows us to demonstrate convincingly that certain features of 
previously published mantle conductivity profiles are not even 
approximately consistent with the Tucson data. 

3. INVERSION RESLILTS 

Models 

To help organize the large number of models to be discussed in 
this paper, we adopt a standard notation. Models will be referred 
to by the figures in which they first appear, and the lower case 
roman letter by which they are labeled in this figure (e.g., model 
2a is curve a of Figure 2). All conductivity models for the Tucson 
data are summarized in Table 1. 

Flattest models, which minimize (1) with n = 1, are plotted 
with corresponding predicted p and • responses for three subsets 
of the data in Figure 2. Note that these models were calculated for 
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Fig. 4. Resolution kernels R(Z, Zo) for the four models of Figure 2. The 
resolution kernel corresponding to a horizontal slice at a fixed depth z0 on 
the vertical axis gives the relative fractional contribution that conductivity 
in the true model at depth z makes to the estimated smooth conductivity 
model at z 0. Shaded region represents the central portion of the resolution 
kernels that accounts for 2/3 of the total conductance at the nominal depth 
(z0) in the smooth model. 

a fiat, infinitely deep Earth. However, Weidelt [1972] shows how 
to simply transform fiat Earth models to a spherically symmetric 
Earth. The models plotted (and all others discussed in this paper) 
have been transformed to spherical Earth profiles. Model 2a is fit 
to the full data set (0.17 _< T < 91 days), with a target squared 
misfit level 20% larger than the minimum achieved by the best 
fitting D + model (M e = 1.2 Z•i•). For model 2b, impedances res- 
tricted to periods T > 1 day are fit to M e 1.5 e - = Z•, and for model 
2c, the nine complex GDS impedances (5 _< T _< 91 days) are fit to 
the expected misfit (Me= number of degrees of freedom = 18). 
These three models are very similar below about 600 Pan depth 
and all fit the long period GDS data well. The responses of the 
three models diverge significantly at short periods, and only 
model 2a is even approximately consistent with the MT 
impedances for T < 1 day. However, for 1 < T _< 5 days the fit of 
model 2b is significantly better than the fit of 2a. It is not clear 
whether the mid-upper mantle structure of model 2b (which fits 
the self-consistent long-period data better) or model 2a (which fits 
all of the data at least approximately) should be preferred. Model 
2d represents a compromise (between 2a and 2b) which fits the 
self-consistent long period data about as well as 2b without com- 
pletely ignoring the short-period MT data. To find this model, we 
increased the errors for the data in the range T < 1 day by a factor 
of 5 and then fit the modified data to 1.2 Z•ia. This is our pre- 
ferred model, although all of the models are similar below 200 km 
(conductivities within a factor of 2 or less and depths to structural 
features within 100 Pan or less). This reinforces the conclusion 
reached in paper 1: the large-scale averages of deep mantle con- 
ductivity are relatively insensitive to the manner in which the 
inconsistency in the shortest-period data is resolved. 

All of the models of Figure 2 share some general features 
which seem to be required. Conductivity increases with depth by 
several orders of magnitude with c = 0.2 S m -• by around 400 km 

and (• = 1.0 S m -1 by around 1000 kin. Below this depth conduc- 
tivity levels off. These conductivities are consistent with the D + 
conductance profiles discussed earlier and in paper 1. 

The three smooth models fit to subsets of the MT data (models 
2a, 2b, and 2d) are also similar at smaller scales, with two zones 
of relatively rapid conductivity increase (near 400 and 800 kin). 
However, these details in the conductivity profile can be elim- 
inated or altered without increasing the misfit an iraplausible 
amount. Figure 3 illustrates this point nicely. Model 3a, the 
smoothest model (n = 2 in (1)) which fits the data to within 
1.5 2 Z•i•, has conductivities which are similar to the models of 
Figure 2, but between 100 and 1000 km this conductivity profile is 
essentially featureless. Model 3b, which has discontinuous 
increases in conductivity at 400 and 700 kin, also fits the full data 
set within 1.5 Z•,•. The two models predict apparent resistivifies 
and phases which are virtually indistinguishable except at the 
longest and shortest periods. Thus, although the MT data are con- 
sistent with (and even suggest) step discontinuities (or at least 
sharp localized gradients) of conductivity near the 400 and 670 
km seismic discontinuities, it is impossible to argue that any such 
structures are required by these data. In fact, much greater varia- 
tions in conductivity are allowed. Model 3c actually reverses the 
sign of the step in the conductivity profile at 700 km and is still 
reasonably consistent with the data. Relative to the systematic 
biases and inconsistencies in the Tucson impedances at short 
periods, the differences between the predicted responses for all 
four models of Figure 3 are unimpressive, indicating that a sub- 
stantial increase in data quality would be required to resolve local- 
ized gradients in conductivity. Considering the uncertainties that 
may be introduced into geomagnetic data from source 
complications and lateral heterogeneity of conductivity (see paper 
1), it seems unlikely that induction data by itself will ever be able 
to distinguish between models 3a and 3b. 

The short-period (T < 1 day) MT impedances suggest the pres- 
ence of a high conductivity layer in the uppermost mantle. 

TABLE 1. Summary of Tucson Conductivity Models Discussed in Text 
Data RMS RMS 

Model Set D + Model Constraints 
2a 1 3.43 3.76 

2b 2 1.21 1.48 
2c 3 0.60 1.00 

2d 4 1.32 1.44 
3a 4 1.32 1.62 

3b 4 1.32 1.62 
3c 4 1.32 1.84 

5a 2 1.21 3.4 c=100 S, z>1000 
5b 2 1.21 2.5 0=-5 S, z > 1000 
5c 2 1.21 4.8 o=0.001 S, 700<z<1900 
5d 2 1.21 3.3 0=-0.5 S, 700<z <1900 
6a 2 1.21 4.3 o•).05 S, O<z <700 
6b 2 1.21 2.9 c•=-0.05 S, 200<z <700 
6c 2 1.21 5.9 cr=-l.0 S, 400<z <700 
6d 2 1.21 2.8 o=1.0 S, 500<z <700 
7a 1 3.43 8.9 o•).01 S, 0<z <200 

c•=-0.01 S, 0<z <200; 7b 1 3.43 16.0 
o•).1 S, 200<z <400 

Models are denoted by the figure in which they first occur, together 
with the lowercase roman letter which identifies them in that figure. Data 
sets used are 1, .17 < T < 91 days (all data); 2, 1 < T < 91 days; 3, 
5 < T < 91 days (GDS data only); and 4, 0.17 < T < 91 days, with errors 
multiplied by 5 for T < 1 day. D + RMS gives the RMS misfit achieved by 
the best fitting (D+) model for the data set used. RMS model gives the 
RMS misfit actually achieved by the model. For constrained models the 
depth range given in the last column (in kilometers) was constrained to the 
specified conductivity. For these models, model misfits are essentially the 
minimum possible subject to the constraints. 
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Models which fit the short-period MT data have such a layer 
between 100 and 300 km (e.g., 2a and 2d) As the misfit is relaxed 
the layer broadens and ultimately merges with the higher conduc- 
tivity region near 400 kin, but it does not disappear. In all cases 
the total conductance of this layer is =104 S. It is noteworthy that, 
while p and • are not join fly consistent at the shortest periods, D + 
models fit to both data subsets also have a conductance of =104 S 

in the upper 200 km (paper 1). 

Resolution 

Resolution kernels for the four models of Figure 2 are plotted 
in Figure 4. Resolution length scales range from 200 to 500 km or 
more, with the best resolution (<300 kin) between 300 and 1000 
km for the inversions using all data. Over this depth range the 
averaging kernels are centered on the nominal depth. Below 1000 
km the kernels are significantly wider and are centered above the 
sampling depth. For all four models, resolution is very poor in the 
upper 200 kin, where the kernels are broad and have large nega- 
tive sidelobes. 

The conductivity estimates at nominal depths of 900 and 1300 
km are very nearly identical but represent averages over nearly 
disjoint depth ranges, 800-1100 km and 1100-1500 kin. Thus, 
while averaging length scales in the lower manfie are large 
(=300-500 km for all models), the resolution kernels imply that 
the flattening of the conductivity profile at depths greater than 
1000 km is in some sense required by the data. We stress that 
these conclusions apply only to the large-scale averages of log 
conductivity. Model 3c provides an example of an acceptable, 
physically plausible conductivity profile with much steeper gra- 
dients in the lower mantle. This model has high conductivities at 
the bottom of the transition zone, a discontinuous decrease in con- 

ductivity (approximately one order of magnitude) as the upper 
manfie is entered, and then relatively steep gradients in the upper 
part of the lower mantle. As demonstrated in the appendix, aver- 
ages of this model computed using the broad resolution kernels 
for the smooth model at depths of 900 and 1300 km are both of 
order 1, as implied by the resolution analysis. However, to allow 
such steep gradients in the lower manfie, the low-conductivity 
zone near 700 km must be accompanied by a sharp increase in 
conductivity just above the transition zone. 

Resolution kernels for the long period (T > 5 days) Tucson 
GDS data, are very broad (=500-600 km) and have significant 
negative sidebands everywhere in the upper manfie (Figure 4c). 
By using the full MT data set, resolution between 200 and 700 km 
is much improved (Figures 4a and 4d), even with the large error 
bars which must be assumed to accommodate the systematic 
failure of the one-dimensional model at the shortest periods. In 
fact, including only the longer period (1 < T _< 5 day) MT data 
(Figure 4b) results in a dramatic improvement in resolution for 
depths of 400-700 km. Clearly, impedances in the period range 
1 < T _< 5 days, are critical for constraining upper manfie conduc- 
tivity. To a great extent, the large range of upper manfie conduc- 
tivities exhibited by the models of Figure 1 reflects the poor reso- 
lution of the long-period (T > 5 days) GDS data upon which most 
of these models are based. 

Hypothesis Testing 

In several of the models in Figure 1, manfie conductivity con- 
tinues to rise steeply below 1000 km to values of 10-50 S m -• by 
depths of 1500 kin. Such models fit our impedance estimates very 
poorly (Figure lb). In particular, models 3 [Rokityansky, 1982] 
and 7 [Jady and Pattersen, 1983] have phases that are much too 

high at long periods (indicating that the model conductivity gra- 
dient is too steep at depth). Model 4 [Achache et al., 1981] does 
not increase as steeply in the lower man fie but is more conductive 
at shallow depths; thus it still has conductivities exceeding 10 
S rn -• above 1500 kin. The phase response for this model is more 
reasonable at the longest periods, but due to the relatively high 
values of model conductivity in the upper mantle, the apparent 
resistivity is much too low at all periods. 

To demonstrate more rigorously that such high conductivities 
are not allowed above 1500 km depth, we constrained the conduc- 
tivity below 1000 km to match model 3 of Figure 1 Rokityansky, 
1982] and found the layered one-dimensional model that best fits 
the self-consistent longer-period (T > 1 day) data subject to this 
constraint. The resulting model and predicted apparent resistivi- 
ties and phases are given in Figure 5. The minimum normalized 
root mean square (RMS) misfit with the lower mantle constrained 
to be so conductive is 3.4 (compared to a minimum R1VIS of 1.2 
for unconstrained one-dimensional models and an RMS of 1.5 for 

the smooth reference model in Figure 5). Note that the fit to the 
apparent resistivities is quite good except at the longest period but 
that the phases required by a highly conducting deep mantle are 
systematically too high for T > 10 days. It is worth noting that 
the model of Rokityansky [1982] is based primarily on apparent 
resistivity data, which he considers more reliable than phase data. 
Although with perfect and complete data, apparent resistivity and 
phase are completely redundant [e.g., Weidelt, 1972], for data 
with finite bandwidth, the phase clearly contains useful additional 
information which should not be ignored. In fact, the phase data 
actually provide a tighter upper bound on deep conductivity aver- 
ages (at least in this case). Figure 5b gives the best fitting model 
with conductivity below 1000 km depth constrained to be 5 S m -• . 
The deviation of the phase at the longest periods is nearly as 
severe as for the more conductive lower mantle model of Figure 
5a. We conclude that the average conductivity in the lower man- 
tie (between 1000 and 1500 km depth at least) is less than 
5Sin -•. 

Constrained inversions also show that a very resistive lower 
mantle is not allowed by the Tucson data. The minimum RMS 
achievable with conductivity constrained to be 10 -3 S m -• 
between 700 and 1900 kin, as suggested by laboratory measure- 
ments of perovskite and magnesiowustite conductivities at lower 
mantle conditions [Li and Jeanloz, 1987, 1990a], is 4.8 (Figure 
5c). The resistive zone has a substantial effect on both p and • 
curves, particularly for 10 < T < 50 days, where p becomes 
nearly flat and • is substantially reduced. When the constraint is 
relaxed substantially, to 0.5 S m -1 , the result is very similar (Fig- 
ure 5d). We conclude that, while limited regions of the lower 
mantle may be highly resistive (the best fitting D + models are per- 
fectly resistive almost everywhere), the entire lower mantle can- 
not be. Average conductivities between 700 and 1500 km must be 
1 S m -1 , within a factor of 2 or 3. 

The smooth model derived from the Tucson GDS data (model 
2c), and some other models derived only from long-period GDS 
data (e.g., model 7, Figure 1; see also Roberts [1986] and Schultz 
and Larsen [1990]), suggest that the entire upper mantle may be 
relatively resistive, with the initial zone of high conductivity at 
depths of 600-700 km or more. However, adding the MT data 
rules out a relatively resistive mid mantle. In Figures 6a and 6b 
we present the results of one-dimensional inversions in which the 
upper mantle is constrained to be moderately resistive. The 
minimum achievable RIMS with an upper mantle conductivity of 
0.05 S m -• is 4.3 (Figure 6a). Again, the discrepancy is most 
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Fig. 5. (a-d) Models and computed responses obtained from inversion of impedances for T > 1 day, with constraints on lower 
mantle conductivities. Because we sought to minimize the misfit, the constrained layered models are very rough, with most of the 
conductance concentrated in a small number of layers. Note that after transformation of the models to a spherical Earth profile the 
conductivity is no longer exactly constant in each layer. (e and f) Predicted p and q• curves; the RMS misfit achieved is given in 
Figure 5f. For comparison the smooth model fit to the same data set with no constraints (model 2b) and the corresponding p and q• 
are plotted as the heavy dashed lines. Model a is the best fitting model with the deep mantle (below 1000 km) constrained to be 
very conductive, in agreement with the model of Rokityanski [1982] (model 3 of Figure 1). Model b is constrained to be 
moderately conductive (5 S m -1) below 1000 km. Both of these models predict phases which are significantly too high at the 
longest periods. Model c is the best fitting model with the lower mantle (700-1900 km depth) constrained to be very resistive 
(0.001 S m -1). Model d is constrained to be 0.5 S m -1 between 700 and 1900 km. Models c and d yield phases that are systemati- 
cally too low (by = 10 ø) for T > 10 days. 

obvious in the phase curve at periods 1 < T < 3 days. When the 
upper 200 kin are not constrained, the overall fit is improved 
(RMS = 2.9, Figure 6b), but the phase discrepancy persists. 
Decreasing the constrained conductivity further (e.g., to 
0.01 S m -• ) leads to similar but even larger systematic misfits. 

Models in which the high conductivity of the lower mantle 
extends up to 400 kin depth can also be ruled out. Figure 6c gives 
the best fitting model with conductivities between 400 and 700 Pan 
depth constrained to the 1 S m q value typical of the lower mantle. 

With this constraint, p is much too low over the entire period 
range. Moving the top of the high-conductivity zone down to 500 
kin depth improves the fit noticeably, but p is still systematically 
too small. We conclude that average conductivities in the transi- 
tion zone (400-700 Pan) are well below 1 S m q but not substan- 
tially less than 0.1 S m q . 

As a final test we constrained the upper 200 km to be relatively 
resistive (0.01 S mq; total layer conductance 2 x 103) and fit the 
full impedance data set. With this constraint, the minimum 
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Fig. 6. (a-d) Models and (e-j) computed responses obtained from inversion with constraints on upper mantle conductivity. As ia 
Figure 5 the heavy dashed lines give the unconstrained smooth model and responses. Model a is the best fitting model with upper 
mantle constrained to be moderately resistive (0.05 S m -1) between 0 and 700 km. (b) As for model a, but with no constraint on 
the upper 200 km. Both models a and b fit the Tucson data for T > 3 days but not the relatively high phases for 1 _< T _< 3 days. 
Model c is the best fitting model with conductivity between 400 and 700 km constrained to 1 S m -1 (i.e., the average conductivity 
inferred for the lower mantle). This model does not fit the apparent resistivities at any periods beyond 1 day. In model d restrict- 
ing the conductive zone to depths below 500 km improves the fit dramatically, but apparent resistivities are still systematically too 
low. This demonstrates that the average conductivity in the transition zone (400-700 km) is significantly lower than the 1 S m -1 
value typical of the lower mantle. 

achievable RMS increases from 3.6 to 8.9 (Figure 7a). Forcing 
the upper mantle to be this resistive makes the predicted phases 
roughly 10-15 ø too high and elevates apparent resistivifies at the 
shortest periods. (See also model 2b, which fits only the long- 
period data and is relatively resistive above 200 kin.) Fitting the 
short-period (T < 1 day) data even approximately apparently 
requires this shallow, 104 S conductor. In fact, even the best 
fitting constrained model has a thin layer of approximately this 
conductance just below 200 km depth. If the conductivity 
between 200 and 400 km is also constrained (to 0.1 S m -1) to 
eliminate this layer, the inconsistency becomes much greater 
(RMS = 16.0; Figure 7b). We conclude that the upper 200 km has 
a total conductance of the order of 10 '• S. As indicated by the 
resolution kernels, and the range of acceptable models considered 

above, no geometrical details of this conductive zone within the 
uppermost mantle are constrained. 

Uncertainties 

Our estimates of deep ( > 1000 kin) conductivity are largely 
determined by the GDS data, and several assumptions are required 
to justify the conversion of the GDS transfer functions to 
equivalent MT impedances. The assumption that the external 
sources are well approximated as a geomagnetic axial dipole is 
probably reasonable at a mid-latitude observatory such as Tucson 
for 5 _< T _<100 days [Banks, 1969; Schultz and Larsen, 1983, 
1987]. The assumption that the Earth response is completely 
one-dimensional, even at these long periods, is perhaps not so rea- 
sonable [e.g., Roberts, 1986; Schultz and Larsen, 1990]. In partic- 
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Fig. 7. (a and b) Models and (c and d) computed responses with upper 200 km constrained to be resistive (0.01 S m -1 ). The phase 
at short periods (T < 0.5 days) is too high, and a high-conductivity layer occurs just below 200 km. (b) When conductivities 
between 200 and 400 km axe constrained (to 0.1 S m -1) to eliminate this layer (model b), the fit is substantially worse. A conduc- 
tance of = 104 $ is required in the upper 200 km to match the short-period phase and appaxent resistivity even approximately. 

ular, it is not clear how large-scale heterogeneities which may be 
present in the upper mantle beneath the southwestern United 
States [Schrnucker, 1970; Porath and Gough, 1971], will affect 
very long-period GDS transfer functions. This represents an 
important uncertainty which deserves further attention. 

Inferences about the nature of the shallow conductive layer are 
complicated by the possibility of multidimensional contamination 
of the shortest-period MT data. Two-dimensional modeling of the 
coast and Gulf of California show that the depression of the MT 
phase (relative to that predicted for a model without the shallow 
high conductivity layer) could be explained by electric currents 
induced in the ocean, if the lower crustal resistance (thickness 
times resistivity) is high enough (2-3 x 109 ohm m 2) to keep 
these currents trapped near the surface. As discussed in detail in 
paper 1, we consider this unlikely. Although there are probably 
lateral variations of conductivity in the upper mantle in this 
region, we believe that any geologically reasonable multidimen- 
sional model that can explain these data will will include a large- 
scale high-conductance region (104 S or so) in the upper 200 km 
of the mantle. 

4. DISCUSSION 

The models of Figure 1 have a range of 1 to 2 orders of magni- 
tude at all depths. This suggests a much greater degree of uncer- 

tainty in mantle conductivity than the Tucson MT data allow. 
Since different models emphasize data from different geographic 
regions, some of the variability may be the result of lateral hetero- 
geneity. This is almost certainly important in the uppermost man- 
tie. However, studies of lateral variations deeper in the mantle 
[Roberts, 1986; Schultz and Larsen, 1990] do not report anything 
like the order of magnitude variations exhibited by the models in 
Figure 1. We conclude that the large range of models is due to 
variations in data quality, processing techniques, and inversion 
methods, not lateral variation. 

The large-scale averages of electrical conductivity are 
sufficiently tightly constrained by the Tucson data that they 
should be an important constraint on mantle composition and con- 
ditions. For instance, the substantial effect of iron content on 

olivine conductivity is now well established [e.g., Mao arm Bell, 
1977; Schock et al., 1989], and both theory and experiment sug- 
gest that similar results should hold for lower mantle phases [Li 
and Jeanloz, 1990b, 1991b]. It is thus reasonable to suppose that 
conductivity will provide a useful constraint on the iron content of 
the lower mantle. Unfortunately, recent controversy regarding 
laboratory measurements relevant to deep mantle conductivity 
[Peyronneau and Poirier, 1989; Li and Jeanloz, 1991b; Wood and 
Nell, 1991] make exploitation of such a constraint difficult at 
present. 
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The diamond anvil measurements of Li and Jeanloz [1987, 
1990a] for perovskite (Pv) and for mixtures of Pv and mag- 
nesiowustite (Mw) (both 12 at. % iron) at pressures up to 80 GPa 
and temperatures up to 3500øK suggest that these silicates would 
be very resistive (< 10 -3 S m q) at lower mantle conditions. 
While locally highly resistive regions in the mantle (balanced by 
nearby highly conductive regions) can never be ruled out by any 
conceivable geomagnetic data, the Tucson results imply a well- 
determined integrated conductivity (conductance) of the order of 
106S between 700 and 1500 km. A maximum conductance of 

only 103 S for a Pv+Mw lower mantle, as implied by the low con- 
ductivities reported by Li and Jeanloz, is clearly ruled out. 

In more recent experiments the same authors have shown that 
conductivity of lower mantle phases may be strongly affected by 
both water and iron content. Adding =4 wt % water to pyroxene 
before high-pressure synthesis resulted in an assemblage of two 
phases (perovskite + a hydrous silicate phase) which was 3 orders 
of magnitude more conductive than perovskite alone at lower 
mantle conditions [Li and Jeanloz, 1991a]. However, such a large 
volume of water in the lower mantle seems unlikely. Increasing 
iron content from 10 at. % to 20 at. % increases the conductivity 
of Pv+Mw assemblages up to 6 orders of magnitude [Li and Jean- 
loz, 1990b, 1991b]. This yields conductivity estimates at--1200 
km depth of =20 S m -• (Figure 8). Assuming that the lower man- 
tie is anhydrous, these results, together with the Tucson data, sug- 
gest an iron content just below 20 at. %. This would imply that 
the lower mantle is enriched in iron relative to the upper mantle 
(as suggested on the basis of other geophysical evidence [e.g., 
Anderson, 1989]). 

However, other experimental estimates of silicate conductivi- 
ties at lower mantle conditions appear to contradict the results of 
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Li and Jeanloz. Peyronneau and Poirier [1989] measured con- 
ductivities of similar mineral assemblages in a diamond anvil cell 
at pressures of =40 GPa and temperatures from 25øC to =400 øC. 
Their data are fit well by a single conductivity mechanism with an 
activation energy of 0.35 eV, and they report essentially identical 
conductivities for pure Pv and Pv+Mw assemblages. Extrapola- 
tion of their results for an iron content of 11 at. % to lower mantle 

temperatures yields conductivities of roughly 1 S m -• at 1000 km 
depth. This value is in good agreement with the induction data 
but is probably a lower bound because additional mechanisms for 
charge transport with higher activation energies may become 
important at higher temperatures. Peyronneau and Poirier [1989] 
also show large increases in conductivity with increasing iron 
content. Their estimates of conductivity for a mantle with 16 at. 
% iron are a factor of 30 too high at 1000 km (Figure 8), and thus 
argue against an iron rich lower mantle. 

The activation energies estimated by both groups (0.35 by 
Peyronneau and Pokier and 0.20 by Li and Jeanloz [1991b]) 
imply only small (10-20%) temperature-related increases in con- 
ductivity between 700 and 1500 km for reasonable lower mantle 
geotherms [e.g., Verhoosen, 1980]. This is in good agreement 
with the flat conductivity profiles suggested by our results. How- 
ever, it is likely that the effect of pressure on conductivity is 
greater than temperature. Li and Jeanloz [ 1991b] estimate a pres- 
sure dependence for iron rich Pv+Mw of the form 
d log ts/dP = 0.02 GPa -• . This would imply conductivity 
increases by factors of approximately 3 and 6 at depths of 
between 1000 and 1500 and between 700 and 1500 km, respec- 
tively. The results of Peyronneau and Poirier suggest an even 
steeper deep conductivity gradient due to pressure. Extrapolating 
their conductivity-temperature relation for perovskite samples (11 
at. % iron) synthesized at 37, 42, and 52 GPa yields the conduc- 
tivity estimates at roughly 965, 1070, and 1300 km depth shown 
as asterisks in Figure 8. Such high gradients could be accommo- 
dated by the Tucson data if conductivity is high at the base of the 
upper mantle and decreases sharply at the top of the lower mantle 
(e.g., model 3c). In fight of the orders of magnitude discrepancy 
between results from different laboratories, however, we see no 
reason to take such a detailed model seriously at present. 

In addition to iron content, conductivity of lower mantle 
minerals may also be strongly affected by oxygen fugacity [Wood 
and Nell, 1991; Sherman, 1991]. Indeed, it is quite possible that 
the very large differences in laboratory estimates of conductivity 
reflect differences in the oxidation state of the samples tested. 
Sherman [1991] also points out that because of this sensitivity to 
oxygen fugacity, electrical conductivity profiles may ultimately be 
able to help constrain the oxidation state of the lower mantle. 

Relative to the limited and contradictory laboratory resuRs for 
perovskite and magnesiowustite in the lower mantle, the electrical 
conductivity of dry olivine at upper mantle pressures and tempera- 
tures is reasonably well understood. A large number of experi- 
mental resuRs are reviewed by Shankland and Duba [1990], who 

Fig. 8. Smooth conductivity model (model 2d), plotted with laboratory summarize the data with 
estimates of conductivity for comparison. The solid dots with error bars 
(SD) are estimates of olivine conductivity obtained by combining manfie 
temperatures given by Verhoogen [1980] with the empirical conductivity- (5- 46.9 exp (-1.28/kT) + 5.22x108 exp (-3.90/kT) (3) 
temperature relationship of Shankland and Duba [1990]. The asterisks 
(PP) give estimates of conductivity of perovskite and perovskite- Using estimates of upper mantle temperatures [Verhoogen, 1980] 
magnesiowustite assemblages containing 11 at. % iron, derived from the in this relation suggests a shallow upper mantle 1 to 2 orders of 
results of Peyronneau and Poirier [1989]. The triangle gives the magnitude more resistive than the Tucson model (Figure 8). This 
corresponding result for 16 at. % iron at a depth of 1070 km. The dashed discrepancy is not unique to our results. Anomalously conductive 
line (LJ)is the upper bound on perovskite and perovskite-magnesiowustite layers in the upper few hundred kilometers of the mantle have conductivity given by Li and Jeanloz [1990a] for 12 at. % iron content, 
and the square gives the estimated conductivity at 1200 km for an iron rich been inferred from a number of previous MT studies (e.g., models 
(20 at. %) perovskite-magnesiowustite assemblage. See discussion in text. 2 and 3 in Figure 1). These high conductivity layers (HCLs) have 
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typically been interpreted as evidence for partial melting in the 
aesthenosphere [Oldenburg, 1981; Waft, 1974; Shankland et al., 
1981]. However, the simple existence of a melt fraction is 
insufficient to cause high conductivity. It must be interconnected 
over large distances. Waft [1980] has pointed out the thermo- 
dynamic difficulties associated with this interconnection, and 
major uncertainties remain, because relevant experiments are lim- 
ited. Other possibilities, such as small amounts of water [Tozer, 
1981], carbon [Duba and Shankland, 1982], or hydrogen [Karato, 
1990] have been suggested, but these rest on even slimmer experi- 
mental evidence. 

The conductance of the shallow HCL inferred from the Tucson 

data is about 104 S. Its conductance and depth are very similar to 
the HCLs reported beneath young oceanic lithosphere [Filloux, 
1977, 1980; Oldenburg, 1981; Wannamaker et al., 1989; Fergu- 
son et al., 1990]. HCLs also occur under continental lithosphere 
but typically have an order of magnitude less conductance (see 
Rokityansky [1982, chapter 5] for a review). A notable exception 
is the apparent 104 S HCL under the Fennoscandian Shield 
[Jones, 1982]. However, Osipova et al. [1989] interpret this high 
conductance to be an artifact of source field contamination by the 
aurdral electrojet. Thus the shallow upper mantle under Tucson is 
clea•ly anomalously conductive, which provides support for 
Gotigh•' [1984] contention that the southwestern United States 
ovffrlies a region of upwelling upper mantle (see also Wilson 
[1990]). 

As discussed earlier, a relatively resistive zone underlying an 
upper mantle HCL is allowed by the Tucson data. The low con- 
ductivity predicted by (3) between 200 and 400 km can therefore 
be reconciled with our model. However, near 400 kin, extrapola- 
tion of (3) yields conductivities which are much too small to be 
consistent with the induction data. Equation (3) does not include 
pressure dependence. However, the effects of pressure on the two 
conduction mechanisms inferred for olivine (hopping of electron 
holes and ionic conduction) most probably oppose each other 
[Shock et al., 1989; Shankland and Duba, 1990]. Furthermore, 
ionic conduction, which should be inhibited by increasing pres- 
sure, is expected to dominate at temperatures appropriate at 400 
km (1450ø+ 150 ø [Verhoogen, 1980]). Thus the effects of pres- 
sme may well reduce conductivity below the estimates shown in 
Figure 8. 

Consequently, it seems necessary to invoke changes either in 
the conduction mechanism or the activation energy for the 
olivine/spinel system, at least deeper than =400 kin. The induc- 
tion data cannot distinguish between a transition over a wide 
depth range and a sharp (1 to 2 orders of magnitude) increase at 
the olivine-spinel phase transition. Akirnoto and Fujisawa [1965] 
have demonstrated such a conductivity jump for this phase transi- 
tion in faylite, and Mao and Bell [1977] show large differences in 
conductivity for the two phases of faylite at identical pressures. 
However, since iron content affects conduction in olivine so 
strongly [Mao and Bell, 1972, 1977], these results are of question- 
able relevance to the magnesium rich upper mantle. Once again it 
is clear that further laboratory studies are urgently needed. 

5. CONCLUSIONS 

In this paper we have used smooth, one-dimensional inversion 
routines to produce a range of mantle conductivity models, 
together with a linearized resolution analysis and constrained 
inversions to assess which model features are required by the Tuc- 
son MT data. We find that these data require an anomalously con- 
ductive zone (total conductance =104 S) in the upper 200 km of 

the mantle. This may represent an aesthenospheric HCL, but the 
geometry of the conductive zone is not resolved. Conductivity is 
required to increase to = 0.2-0.3 S m -• between 200 and 600 kin. 
The data allow, but do not require, this increase to occur as a step 
at the olivine-spinel phase transition at 400 km depth. An upper 
mantle which is resistive (0.05 S m -• or less) between 200 and 
700 km is ruled out. A further increase in conductivity to 
= 1 S m -• occurs between 600 and 900 km depth. Again, this 
increase could occur as a step at the 670 km seismic discontinuity, 
but models without this feature (including models with a sharp 
decrease at the same depth) are also acceptable. Below 1000 kin, 
large-scale averages of log conductivity increase slowly. The 
average lower mantle conductivity between 700 and 1500 km is 
=1 S m -1 , within a factor of 2 or 3. In particular, a lower mantle 
which is very resistive throughout is not allowed by the data. 
Resolution length scales range from 200 to 500 kin, with the best 
resolution (< 300 km) between 300 and 1000 km depth. These 
broad resolution lengths allow small-scale features with conduc- 
tivities which deviate substantially from the large-scale average 
values given here. 

Our analysis demonstrates that an extraordinary (and probably 
unattainable) increase in data quality would be required to truly 
resolve small scale features such as discontinuities in conduc- 

tivity. However, localized (albeit large-scale) averages of conduc- 
tivity are constrained much more tightly than a casual examina- 
tion of the range of mantle conductivity models presented in the 
literature would suggest possible. With improved understanding 
of the connection between conductivity and other properties, these 
averages should be important clues to the composition and physi- 
cal state of the Earth's mantle. Therefore we cannot overem- 

phasize the need for more laboratory studies of electrical conduc- 
tivity at high pressures and temperatures. 

APPENDIX: LINEAREED RESOLUTION ANALYSIS 

The resolution kernels of Figure 4 are based on linearization of 
the one-dimensional MT inverse problem in the vicinity of the 
minimum roughness solution. As such, the standard interpretation 
of these kernels [e.g., Backus and Gilbert, 1970] is rigorously 
valid only for small perturbations to the smooth model. If the true 
Earth is very far from the smoothed model, the resolution kernels 
could potentially be misleading. Smith and Booker [1988] 
(hereafter SB) argue that for an appropriate choice of model 
parameters, this should not generally be a serious problem for 
minimum roughness MT inversions and that the resulting smooth 
conductivity models can reasonably be interpreted as the truth 
smoothed through the resolution kernels. Here we expand on this 
point and demonstrate its relevance to the Tucson MT data. 

For simplicity we consider only models with a finite (but not 
necessarily small) number of layers p. We concentrate on the 
simpler case of finite precise data and only briefly indicate the 
effect of data errors. To set notation we first review resolution 

theory for linear inverse problems. 

Linear Theory 

Here the n-dimensional data vector d is related to the model m 

via the nxp-dimensional matrix of data kernels G: 

d=Gm (A1) 

We seek a model m which minimize the roughness penalty 

Ilmllg = mrpm (A2) 

subject to the data constraints of (A1). For the flattest and 
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smoothest models considered in this paper P = DTD where D is a 
discrete approximation to the first or second derivative operator 
[cf. Con•table et al., 1987]. In general, we refer to this model as 
the P-smoothest model. Assuming for simplicity that P is inverfi- 
ble, the solution has the standard form [e.g., Menke, 1984] 

1•1 = p-1GT(Gp-1GT)-ld (A3) 

so that 6• is related to the true model m via 

1•1 = [p-1GT(Gp-1GT)-IG]m = Rm (A4) 

where R is the p xp resolution matrix. The ith row of R is the 
resolution kernel ri for the estimate of the ith model parameter •i, 
which is a weighted average, with weights rij, of the true model 
parameters mi. 

In the approach originally developed by Backus and Gilbert 
[1970], the resolution kernels play a fundamental role. They sug- 
gested optimizing resolution of the ith model parameter by finding 
resolution kernels ri as linear combinations of the data kernels 
(i.e., the rows of G) which are in some sense closest to a delta 
function. In our notation with a finite-dimensional model space 
we want 

ru=• u 

where õij is the Kroenecker delta. In fact, it is readily shown that 
if the distance between the vectors 1• i = (•il, ''', •/p) and r i is 
defined as 

(ri--•i )TP -1 (ri-•i) 

the optimum resolution kernel is just the ith row of the matrix R 
defined in (A4). 

When errors in the data are allowed, the hard constraints of 
(A2) are replaced by a condition that the data be fit adequately 

lid- Grail < M 2 (A2') 

and the resolution matrix becomes 

R = [p-1GT(Gp-1GT + •I)-IG] (A4 ') 

where •. is chosen so that equality in (A2 ') is achieved for the 
chosen tolerance M 2. 

Linearized Resolution Matrix 

For nonlinear problems, (A1) is replaced by 

d = L(m) (A5) 

where L represents an n-vector of data funcfionals, with Jacobian 
J 

Om' 
For small perturbations õm from a model mo the perturbation to 
the data satisfies 

•1 = L(mo+õm)- L(mo): J ImoSm (A6) 
Thus, to characterize resolution of small deviations from a known 
model m0, the linear theory can be used by replacing G by J in 
(A4) (or (A4')): 

R = [P-1jr(jp-1jr)-lJl (A7) 

There is a more satisfying way to develop a linearized resolu- 
tion analysis for P-smoothest models. For a fixed model m, let 
S(m) be the model which minimizes (A2) subject to (A5). S is a 

generalized resolution operator. For linear problems, S reduces to 
the resolution matrix of (A4) and is independent of m. More gen- 
erally, $(m) is a projection operator in the sense that 

S[S(m)] = S(m). (A8) 

We call the p xp Jacobian of S evaluated at S(m) the linearized 
resolution operator for m 

•)S (A9) R(m)= '•m Is(m) 
Note that S and R depend on m only through the data vector d. In 
general, there will thus be a p-n dimensional manifold of models 
mapped to a fixed P-smoothest model and corresponding linear- 
ized resolution matrix. By using the chain rule in (AS), it is 
readily verified that R(m) is a linear projection matfix (RR = R). 
In fact, using the linearization of (A6) it can be verified that R(m) 
is given by the projection matfix of (A7) with the Jacobian J 
evaluated at S(m). 

If mo ( = S(mo)) is a smoothest model, it lies in the subspace 
spanned by the rows of the Jacobian evaluated at mo [cf. Con- 
stable et al., 1987; SB]. Since R(mo) projects onto this space, we 

•have 

R(mo)mo = mo = S(mo) (A10) 

i.e., smoothest models smoothed through the linearized resolution 
kernels reproduce themselves. (This is exactly true for the case of 
error free data considered here and approximately true when data 
errors are allowed.) SB conjecture that if the one-dimensional 
MT inverse problem is parametrized so that m gives the layer 
conductivities (as opposed to log conductivities), then (A10) can 
be approximately generalized to any conductivity model m 

R(m)m = S(m) (All) 

Put differently, all models which result in the same data (includ- 
ing the unknown true model) when smoothed through the resolu- 
tion kernels of the corresponding P-smoothest model approxi- 
mately reproduce this smooth model. If this is true, the linearized 
resolution operator can be interpreted exactly as in the purely 
linear case, although the resolution depends, through the data, on 
the true model. We note that including the presence of errors 
complicates this qualitative discussion only slightly but may make 
the formal theory much more complicated. (For example, in this 
case the P-smoothest model depends on data errors as well as m). 
Both the precise statement (e.g., in what sense should (All) hold 
approximately?) and proof of this conjecture elude us. However, 
there are heuristic arguments which suggest that this conjecture 
should be valid in some way (see SB), and it is straightforward to 
empirically test (All) by using the resolution kernels to smooth a 
range of models which are consistent with the data (see also 
examples of SB). 

In Figure A1 we plot R(mo)ml for four models which approxi- 
mately fit the Tucson data: m o is the preferred (smoothest) model 
4 from Figure 1; ml is the (D +) model which best fits all of the 
data (with error bars enlarged as for mo as discussed in section 2. 
Note that this model, which consists of a series of spikes of finite 
conductance separated by perfectly resistive layers, is quite dif- 
ferent from m0); m2 and m3 are models 3b and 3c. The shaded 
band gives the uncertainty in the model parameters arising from 
propagating the (adjusted) data errors into the smooth model. If 
the problem were completely linear, then for any model m which 
fits the data adequately we would expect Rm to lie at least 
approximately within these error bands. In fact, this condition is 
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Fig. A1. Four mantle conductivity models mi, that approximately fit the 
Tucson data, averaged through the linearized resolution kernels, R(mo): 
m0, preferred smooth model 2d; ml, best fitting (D +) model; m2, model 
(3b) with discontinuities; m3, model (3c) (with low-conductivity zone at 
the top of the upper manfie). The shaded region represents the two stan- 
dard error swath for the smooth conductivity estimates. Note that these are 
estimates of the random errors in the conductivity averaged through the 
resolution kernels. Only these large-scale averages may be constrained by 
the data. With the exception of m3 near 1000 km (see discussion in text), 
all of the models have similar large scale average conductivities. This 
offers further empirical evidence that smooth models can be interpreted at 
least approximately as the true conductivity smoothed through the resolu- 
tion kernels. 

very nearly satisfied for all four models (including the unphysical 
D + model) with the linearized resolution operator. Significant 
deviations occur only for m 3 at around 800-1000 km depth and 
for all models except m0 near the surface. However, the data 
predicted by m 3 deviate significantly and systematically from the 
data for 3 < T <20 days (see Figure 3). Similarly, there is a great 
deal of scatter (greater than the data errors) in model responses at 
the shortest periods (Figure 3). It is thus likely that the deviations 
of the smoothed models from the error bounds can be ascribed to 

systematic deviations of the models in the data space rather than 
to serious violations of (All). Although we have effectively 
enlarged the data errors to allow a fit within the expected Z 2 (see 
section 2), the error bars on the smooth model in Figure A1 are 
probably still too small. The failure of the one-dimensional model 
forces us to consider as acceptable a variety of models which 
differ systematically from each other in the data space. These sys- 
tematic errors have a positive correlation for nearby frequencies, 
which should increase the size of the true error bars for the 

predicted model parameters. Note that similar problems would 
occur in a purely linear problem. Overall, these results suggest 
that (All) does indeed hold approximately for models which fit 
the Tucson data. 

As discussed by SB, (All) will be reasonable only when the 
model parameters are the layer conductivities o•. When the 
model is parametrized in terms of log gi, (All) can fail severely. 
However, for models that vary by orders of magnitude, penalty 
funcfionals based on the roughness of log g are preferable because 
they more effectively prevent the leakage of spurious structure 

the linearized resolution analysis is valid) but changing the qua- 
dratic form that defines the roughness penalty from P = I)rI) to 
Pw = I)r•-2I)t where Y•= diag(ol, '",ør)' SB show that Pw- 
smoothest • models are essentially equivalent to P-smoothest 
log • models. The linearized resolution kernels used to smooth 
the models in Figure A1 were derived using this weighted form of 
the roughness penalty. 

The "deltaHess criterion" implied by P• corresponds to weight- 
ing deviations of the resolution kernels ri from õi in proportion to 
the model conductivity (see A7), so that for the P,•-smoothest 
models, ri is optimized to prevent leakage from regions of high 
conductivity. For these models, resolution kernels centered in a 
region of high conductivity may have large sidebands in regions 
of relatively lower conductivity. This is illustrated in Figure A2, 
where the kernel of the linearized resolution operator for the P•- 
smoothest • model exhibits large sidebands below the diagonal. 
This pattern occurs because conductivity increases by several ord- 
ers of magnitude with depth, so that large sidebands are allowed 
(by the P•-deltaness criterion) above the nominal depth of resolu- 
tion. 

Finally, we turn to the interpretation of resolution kernels com- 
puted for log • P-smoothest models. Let m = log o, where the 
log is understood to act on each element of the vector of layer 
conductivities •, and let St(m) and S•(•), respectively, denote the 
P-smoothest log 0 and Pw-smoothest • models that fit the data 
produced by conductivity profile c•. Then with this notation the 
statement that the two approaches yield identical smooth models 
is 

St(m) = log S•(o) = log S•( exp m ) 

Applying the chain rule to evaluate the linearized resolution 
operators defined in (A9) yields 

R•(m) = Z -• P•(o)Z (A12) 

where • = diag(S,•(o)i, "-, S•(o)r). In terms of the resolution 
matrix elements, (A12) is 
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Fig. A2. Resolution kernels for the Pw-smoothest conductivity model used 
for computing the large-scale averages plotted in Figure A1. The model is 
essentially identical to the P-smoothest log conductivity model (m0 in Fig- 
ure A1). Because the resolution kernels for this model are chosen to limit 
leakage from regions of high conductivity, there are large sidebands in 
regions of relatively low conductivity above the nominal sampling depth 
(i.e., below the diagonal in the figure). The resolution kernels for the 
equivalent P-smoothest log conductivity model (Figure 4b) are propor- 

from regions of high conductivity to regions of low-conductivity. - tional to these resolution kernels weighted by the smooth conductivity (see 
SB thus suggested parametrizing the model in terms of o (so that text). 
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• - (A13) r•ij - S(o•) 
J 

where the last step follows from (A10). Hence, assuming that 
(All) holds approximately for the Pw-smoothest o model, the jth 
element of the ith row of Rt gives an estimate of the fraction of 
conductance in the ith layer of the P-smoothest log o model which 
comes from layer j. 
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