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High-Frequency Internal Waves at Ocean Station P 

TOM M. DILLON AND DOUGLAS R. CALDWELL 

Oregon State University, Corvallis, Oregon 97331 

Slow perturbations of the drop speed of a nearly freely falling, winged, microstructure probe in the up- 
per 200 m at station P are interpreted as vertical velocity fluctuations of an internal wave field. The fre- 
quencies of these fluctuations lie in the 2.5- to 4-cph band, near the buoyancy-frequency cutoff. A typical 
rms value is 1.3 cm/s. Indications of the vertical structure of the wave field and the partition of energy 
among modes are obtained by statistical comparison with discrete mode solutions of the internal wave 
equation. It is found that the first and second modes carry most of the internal wave energy and that the 
partition of energy between them may change in 3 days. 

INTRODUCTION 

Temperature and isotherm displacement spectra measured 
in the ocean often show a peak located at a frequency just be- 
low the buoyancy frequency cutoff [Voorhis, 1968; Cairns, 
1975; Briscoe, 1975; Pinkel, 1975]. Although in such a dis- 
placement spectrum the waves in this band contribute only a 
local maximum in a low-amplitude tail, they dominate a spec- 
trum of vertical velocity (Figure 1); the vertical velocities asso- 
ciated with such waves may contain as much as one half the 
kinetic energy of vertical motion [Pinkel, 1975]. The vertical 
structure of these waves has been investigated to some extent, 
the result being that waves of small vertical wave number 
dominate [Pinkel, 1975; Hayes et al., 1975], but the modal 
structure is still uncertain. The ideal data for a determination 

of modal structure would be a sequence of profiles of vertical 
velocity. Recently it has been demonstrated that perturbations 
of the rate of change of pressure seen by a freely falling in- 
strument can be interpreted to yield the vertical velocity asso- 
ciated with an internal wave field [Desaubies and Gregg, 1978]. 
We have found that pressure records from our nearly freely 
falling microstructure instrument can also be so interpreted. 
Further, if the fall speed is increased so that the instrument 
falls through a vertical wavelength in less than a period, the 
record contains usable information about the vertical modal 

structure. 

An experiment performed off the coast of Oregon (45ø20'N) 
in 100 m of water provides convincing evidence that vertical 
velocities associated with internal waves influence the fall 

rate of our probe. Large fluctuations in drop speed are present 
above 60 m (Figure 2); these fluctuations decrease in ampli- 
tude.below 60 m, and a constant drop speed is approached as 
the probe nears the bottom, where the vertical velocity of an 
internal wave must tend toward zero. Details of the wave 

field's vertical structure are obscured by temporal variation in 
this case because the drop speed was too slow (0.1 m s-i). A 
similar decrease in amplitude is to be expected near the sur- 
face, but we did not observe it because the instrument was not 
brought to the surface after each cast but rather relaunched 
below the surface. Indeed, the near-surface behavior of the 
wave field is difficult to study by the methods described below 
because in the first few meters the turbulence of the ship's 
wake affects the instrument. 

It might be thought that internal wave effects other than the 
vertical velocity might produce the fluctuations of Figure 2. 
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The mean shear of the wave field might tilt the instrument, or 
the oscillating horizontal velocity of the field might produce a 
variable drag on the line. These possibilities can be investi- 
gated by careful study of Figure 2. First, if line drag were a se- 
rious influence at internal wave frequencies, the effect would 
never be to decrease the oscillation amplitude as the bottom is 
approached. Second, if mean internal wave shear caused a 
tilting of the instrument, the result would be a decrease in the 
drag coefficient and a consequent increase in drop speed; tilt- 
ing cannot account for slowing the drop speed. It seems clear 
that the major source of slow fluctuations is the vertical veloc- 
ity of internal waves, since it is known from the instrument's 
behavior in a surface wave field (see the appendix) that it re- 
sponds to vertical velocities at internal wave frequencies, that 
internal waves are present, and that the amplitude of fluctua- 
tion is that expected from high-frequency internal waves. 

The instrument used by Desaubies and Gregg, the micro- 
structure recorder (MSR), is a winged cylinder with temper- 
ature and pressure sensors and an internal recorder [Gregg 
and Cox, 1971]. Desaubies and Gregg have demonstrated that 
this probe responds well to fluctuations in the local vertical 
water velocity at internal wave frequencies because of the 
large drag coefficient of the wings. They conclude that fluctu- 
ations in the apparent drop speed determined from the pres- 
sure record are caused by fluctuations in the local vertical wa- 
ter velocity owing to the internal wave field. That is, the MSR 
falls at a constant rate relative to the water, its speed relative 
to the surface depending on the local vertical velocity of the 
water. 

Desaubies and Gregg find that the vertical velocity varia- 
tions they observe are due to the temporal variation of the 
waves. With their slower drop speed, temporal variations 
dominate because it takes many periods for the instrument to 
descend through a wavelength. Depth-dependent variations 
are revealed by using a drop speed sufficiently fast that 
a wavelength is traversed in less than a period. We are aided 
in this case by the fact that vertical wavelengths in the upper 
layers are much shorter than those in the permanent pycno- 
cline where Desaubies and Gregg took their data. 

Our probe, the microstructure profiler (MSP), is similar in 
concept to Gregg's MSR in that it is a freely falling vehicle 
measuring temperature and pressure, but it is much less mas- 
sive, 5 kg versus 90 kg. The MS R records internally while the 
MSP sends signals to the surface through a cable composed of 
four XBT wire pairs encased in a Kevlar sheath coated with 
syntactic foam with the foam density adjusted so the cable is 
slightly heavy in water. 
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Fig. 1. (Left) A moored temperature spectrum from the Mile ex- 
periment (courtesy of R. DeSzoeke, Oregon State University) which 
shows a slight peak and cutoff at 3 cph and (right) the spectrum is 
multiplied times frequency squared, giving an idea of the behavior of 
the vertical velocity spectrum. Depth of measurement was 50 m. 

Initially, we were skeptical of determining vertical velocities 
from the MSP pressure record because of concern about the 
effect of cable drag. After examining a number of records, 
however, we can find no evidence of cable drag effects on the 
drop speed at internal wave frequencies; it manifests itself 
only at surface wave frequencies, as small-amplitude fluctua- 
tions constant with depth. After the energy at surface wave 
frequencies has been filtered out, the remaining fluctuations 
can be explained by internal waves in the 2.5- to 4-cph band. 
Thus there is a large spectral gap between cable drag at sur- 
face-wave frequencies and the variations seen in the speed 
record at internal wave frequencies. 

Two series of casts through the upper 200 m at station P 
(50øN, 145øW) in August 1977 have a drop speed of the order 
of 0.2 m s -I, fast enough for studying vertical structure. In this 
report we present methods of using this data to find in- 
dications of the vertical structure, and we show that the parti- 
tion of energy among modes changed markedly in 3 days. 
One question not often mentioned in published discussions of 
the internal wave models [e.g., Garrett and Munk, 1972, 1975] 
involves the averaging time required to achieve the statistical 
conditions hypothesized. Over how much time must an aver- 
age extend before the hypothesis of random direction of prop- 
agation holds? How long must the averaging extend before 
the hypothesized partition between vertical modes is attained? 
Surely these conditions are not obtained instantaneously, par- 
ticularly in the seasonal thermocline. Perhaps the situation re- 
sembles that of the direction of propagation of surface waves. 
At a given time a certain direction will predominate; only over 
times longer than those characteristic of atmospheric distur- 
bances could isotropy be imagined. For internal waves the 
generating mechanisms are not yet well specified, so the aver- 
aging time is not known. 

For interpretation of these records, we require a model of 
the internal wave field at the dominant periods, the bands be- 
tween 2.5 and 4 cph (Figure 1). The buoyancy frequency 
changes so rapidly with depth above 200 m at station P that a 
WKB approximation of the internal wave field is not appro- 

priate. It turns out that the observations can be interpreted in 
terms of a few low-order modes confined to a narrow fre- 

quency band, and for this situation a discrete mode standing- 
wave solution of the internal wave equation provides a conve- 
nient framework within which to view the data. Following a 
brief description of the experimental apparatus and an exami- 
nation of the observed variation with depth of the drop speed, 
we present the results of using discrete mode solutions to 
make simple statistical calculations of the effect on the obser- 
vations of various distributions of energy with mode number. 
We find that the data is best described by a dominance of the 
first mode during one cast series and by second mode domi- 
nance during another series 3 days later. Waves of mode num- 
ber higher than 4-5 are not energetic enough to be seen in 
these data. 

EXPERIMENTAL DETAILS 

The data were collected at ocean station P (50øN, 145øW) 
during August-September 1977 as part of the mixed layer ex- 
periment (Mile). In all, 381 casts were made with the MSP. 
Most casts, however, were shallow drops to 70 m or less at low 
fall rates and so are not very useful for studying the vertical 
structure of internal waves because greater depth is required 
to see enough of the modal structure and because for low 
mean fall rates the temporal variations of the waves obscure 
vertical variations. Seven casts with mean drop speeds of 0.2 
m s -I were made to at least 130 m depth on August 26, 1977, 
(GMT) and eight similar casts were made on August 29. 

The pressure was measured with a solid state sensor (Kulite 
Semiconductor Corp.). The sensor output was converted to a 
frequency in the 500- to 1300-Hz band for transmission to the 
ship. The signal was demodulated on board with an FM dis- 
criminator; its output was digitally recorded at a rate of 11.25 
s -I. The discriminator was calibrated to give a full-scale read- 
ing at a depth of 200 m, one least count corresponding to a 
depth change of 5 cm. The least count error was the largest 
source of high-frequency noise. 

Six MSP units were used during the Mile experiment. The 
descent rate of each unit is adjusted by setting the angle of at- 
tack of the wings. Although the wing angles were constant un- 
til readjusted, they were difficult to reproduce exactly. Con- 
sequently, the mean descent rate of different instruments with 
similar wing angle settings varied by as much as 10%. We 
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Fig. 2. Drop speed profiles off the Oregon coast in 100 m of water. 
Note the convergence to a well-defined constant drop speed near the 
bottom. High-frequency fluctuations have been filtered out. 
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Fig. 3. Representative drop speed profiles from (left) August 26 and (right) August 29 at station P. Note the large fluc- 
tuations with length scale of several tens of meters. August 29 profiles characteristically show more structure than seen on 
August 26. 

therefore find it impossible to define a precise mean drop 
speed for each wing angle. The best estimate of mean drop 
speed comes from an ensemble average of drop speeds with 
unchanged wing angle. Both series analyzed here were per- 
formed with the same unit with no wing angle adjustment be- 
tween casts. 

Our main contribution to the Mile experiment was the mea- 
surement of small-scale temperature features. The sampling 
scheme used was simply to make as many casts as was pos- 
sible during our allotted time of 8 h?d. If all went well, the in- 
terval between 200 rn casts was 20-30 min. Between measure- 

ments our horizontal position often changed by 500-600 m. 
Because some low-order modes have a horizontal wavelength 
in the range 500-1000 m, we sometimes see nearly the same 
phase between consecutive casts. Even so, because our data 
contains no information concerning the direction of the wave 
field, we must make the assumption that each cast views an 
independent realization of the field; that is, that the phase dif- 
ference between casts is a random variable. 

VERTICAL VELOCITY PROFILES 

On August 27, seven drops of the MSP were made to depths 
of 130-195 m. Surface conditions were characterized by light 
winds (6 rns-') and a wave field with significant height of 0.5 
m. No surface effects remained from the passage of a front on 
August 23-24 with winds of nearly 20 m s -• and significant 
wave heights of 4 m. The profiles are characterized by slow 
variations in the vertical velocity (Figure 3, left panel). The 
drop speed averaged over all drops and all depths was 0.205 m 
s-'. Variations in the vertical velocity as large as 0.05 ms-' 
were seen. As is shown below, these variations are the result of 
temporal as well as spatial fluctuations in the internal wave 
vertical velocity field. Small, rapid fluctuations can also be 
seen. They are caused both by high wave number, by small 
amplitude spatial variations in the internal wave field, and by 
line drag. 

On August 29, winds were 5-6 m s -• and falling. Surface 
waves had a significant height of 1 m owing to winds to 12 m 
s-' on August 27-28. In the eight drops made under these con- 
ditions to depths of 130-200 m, vertical velocities differ from 
those of August 26 in that more structure is present, especially 

above 100 m. Again, low-frequency variations as large as 0.05 
m s -• are seen (Figure 3, right panel). 

The ensemble averaged and vertically averaged rms inter- 
nal wave velocity as was measured from the mean drop speed 
was 0.012 m s -• for the August 26 casts and 0.014 m s -• for the 
August 29 casts. Desaubies and Gregg found similar rms ver- 
tical velocities, 0.015 m s -• at 30-150 m in the Gulf Stream. 

While it is of course impossible to distinguish low-fre- 
quency high-mode waves from high-frequency low-mode 
waves from a single drop, an analysis of many drops makes 
feasible the separation of temporal and spatial effects. For ex- 
ample, the rms velocity variation [•rrm s was of the order of 
0.013 m s -•, and the maximum observed isotherm excursion 
•max was less than 10 m. A 1-cph wave with 0.013 m s -• rms 
vertical velocity would have an isotherm excursion of 20 m. 
We know therefore that waves of period greater than 1 hour 
are not a dominant contributor to the observed rms vertical 

velocity. 
To clarify the differences between the August 26 and 29 se- 

ries, a model is required which will statistically describe the 
internal wave structure in the upper 200 m. To this end, we 
seek discrete mode solutions to the internal wave equation. 

THEORETICAL MODES 

Since the region of interest is the upper 200 m of the water 
column where the buoyancy frequency changes rapidly with 
depth, the WKB approximation is not useful. Instead we re- 
sort to a discrete mode solution for the vertical velocity of a 
two-dimensional random standing internal wave field. These 
solutions may be expressed as 

w(x, z, t; to) = • •m(Z; to) {A lrn(to) Sin (kmx - tot + •lm) 
rn----I 

+ A2m(to ) COS (krnx - tot + (tI2m)} (1) 

where A lrn(to) and A:zrn(to) are weights expressing the distribu- 
tion of energy among phases and modes at frequency to, km is 
the horizontal wavenumber, x is the horizontal coordinate, 
(t}lrn and (t}2rn are random phases, and the wave functions •m(Z; 
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Fig. 4. CTD profile representative of the temperature and salinity 
structure found at station P during August-September, courtesy of S. 
Hayes (Pacific Marine Environmental Laboratories). Above 60 m, 
density is dominated by temperature, and below 100 m it is domi- 
nated by a strong halodine. 

must satisfy 

an. (N(z)'- - dz • + k.'- (oo•_ •) =o (2) 

[Turner, 1973], where • is the Coriolis parameter and N(z) is 
the (horizontally uniform) buoyancy frequency. The wave 
function is defined with the normalization 

øø•b.• dz = 1 (3) 

The density structure was dominated by a weakly stratified 
surface layer when winds were not blowing, a sharp seasonal 
thermocline starting at 30-40 m, and a strong halocline start- 
ing at 100-120 m (Figure 4). The mean buoyancy frequency 
profile, an ensemble average of profiles calculated from CTD 
casts (S. Hayes, personal communication, 1979) reflects these 
features (Figure 5). Individual profiles differ from the mean 
mainly in +5 m variation of the depth of the seasonal thermo- 
cline and +10 m variation of the depth of the halocline 
(caused by low-frequency internal waves). Above 25 m, the 
buoyancy frequency varies with local mixed-layer dynamics. 
The mean profile above 25 m in Figure 5 is typical of calm 
conditions, which obtained while the data analyzed here were 
gathered. 

Quasianalytic-•'•nfunction solutions of (2) were obtained 
by approximating the vertical variation of the ensemble mean 
profile by a series of layers, each with constant N (Figure 5). 
Analytic solutions for •k were obtained for each layer, and val- 
ues of • and d•/dz were matched at the boundaries between 
layers. A rigid lid was assumed at the surface. Far below the 
turning point, N was assumed constant to unlimited depths 
and the lower boundary condition was that •--• 0 at infinity. 
Eigenfunctions therefore consist of a set of constants, two per 
layer, multiplying a set of constant N basis functions, either 
trigonometric or hyperbolic, depending upon the sign of N(z) 2 
- •02 and an exponentially decreasing tail far below the turn- 
ing point. These stepwise layered solutions are reasonable ap- 
proximations as long as the vertical wavelength at a given 
layer is much larger than the layer thickness. As vertical 
wavelength approaches layer thickness, the layer thickness 
must be much smaller than N/(dN/dz). Typically, these con- 
ditions are satisfied for rn < 10 at frequencies of 4 cph and 
smaller. For frequencies above 4 cph, standing modes of 
higher order cannot be well approximated by linear theory be- 
cause the N profile is significantly affected by lower-frequency 
waves. 

The frequency distribution of energy Q(•o) is a continuous 
function. But if a narrow frequency band is under examina- 

The vertical velocity is then 

W(x, z, t) = Q(w)w(x, z, t; oo) dw (4) 

N (cph) 
0 5 I0 15 

where I Q(,o)l: expresses the weighting of energy with fre- 
quency. 

With N(z) prescribed, the random field is fully defined if 
A •m(t0), A:m(tO), and Q(to) are known. The Garrett and Munk 
[1972, 1975] models (GM72 and GM75) are attempts to find 
such functions consistent with observations in the permanent 
pycnocline. Both GM72 at•d GM75 assume Am to be inde- 
pendent of frequency; GM72 uses the 'top hat' functional 
form Am = constant for 1 _< m _< mo (too is called the mode 
number), Am = 0 otherwise. The tapered form Am = Ao(• -- 
1)(1 + m/mo) -• with suggested values mo = 6, • = 2.5, and the 
normalization 

5O 

e I00 
E 
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was used by GM75. Cairns [1975] found high-frequency Fig. 5. Ensemble averaged profile of buoyancy frequency (dotted 
waves to be best described by the GM72 form with mode curve) and the layered approximation used in calculating modal 
number rno = 4. structure. 
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Fig. 6. Vertical velocity modes at 2.5, 3, and 3.5 cph calculated from the layered approximation of buoyancy frequency 
in Figure 5. Modal shapes for mode numbers less than six are only weakly dependent on frequency. 

tion, and the wave function •b is not strongly dependent on 
frequency within that band, a single frequency approximation 
may be used without introducing much error. The precutoff 
spectral peak occupies the frequency band from 2.5 to 4 cph 
(Figure 1), and the low-mode wave functions within that band 
are all very similar in that the relative maxima, the relative 
minima and zero crossings of a given mode all lie at about the 
same depth (Figure 6), that is, the vertical wave number, is 
relatively constant with frequency. This is because the depth 
of the turning point happens to be nearly constant in the 2.5- 
to 4-cph frequency range. We assume the 3-cph wave function 
is representative of all wave functions within the precutoff 
peak and limit all computations to this single frequency. Sta- 
tistical evidence is given below, justifying the choice of 3 cph 
as the representative frequency. 

COMPARISON WITH OBSERVATIONS 

The eigenfunctions for each mode at a given frequency can 
be combined with an arbitrary initial phase and a specified 
energy distribution A •m, A2m tO yield a representative instanta- 
neous profile of vertical velocity, as was in (1). Fluctuations in 
vertical velocity seen by a winged vehicle falling freely with 
mean drop speed So can be obtained if the temporal variable 
in (1) is replaced by z/So, as long as So is much greater than 
the internal wave vertical velocity 

m--'-- i 

"{- A2m COS (Ooz/S D "• l•2m) } (5) 

where the horizontal variable x has been suppressed for clar- 
ity. Because the total time for a cast was always less than 20 
rain, a complete cycle of a 3-cph wave was never seen. 

The shape of each individual profile is of course dependent 
on the (random) set of initial phases and the modal energy 
distribution. In general, if a given energy distribution weights 
higher-order modes heavily, more structure will be seen in re- 
gions where N(z) is large than if the low-order modes are 
more heavily weighted. To quantify this effect, we need a 

measure of the 'wiggliness' of the profile. One such measure is 
the number of times a given fluctuation profile crosses zero. 
At a given frequency, many more zero crossings will be seen if 
high-order modes are dominant than if low-order modes 
dominate. 

One may compute a 'zero crossing density,' the probability 
of finding a zero-crossing in any given depth interval. To see 
what information this statistic yields, consider a taut string of 
length L vibrating with frequency w and having only two 
modes excited, the first and second. The equa,tion of motion of 
the string will be 

(6) 

where f(x, t) represents the string velocity, x is distance along 
the string, and q•, q•2 are random phases. A 'snapshot' of the 
string velocity may reveal zero crossings anywhere along the 
string, but the probability of finding a zero-crossing is greater 
near x = L/2 than at any point other than the string ends, be- 
cause the second-mode velocity changes sign there. A zero- 
crossing density diagram for the string would thus yield a 
peak at x = L/2, if a substantial proportion of the energy lies 
in the second mode. It is easily seen that the peak height and 
width gives an indication of the relative importance of the sec- 
ond mode: if F2 >> F•, the peak would be very high and nar- 
row, while if F2 << F•, the peak would be small and broad. It is 
also easily seen that if a finite number of modes were present, 
each mode would show a unique set of peaks in the zero- 
crossing density, so that given sufficiently good statistics and 
resolution, the zero-crossing density would reveal the presence 
of each mode. In a like manner the zero-crossing density of 
the vertical velocity of internal waves provides information re- 
garding the relative importance of discrete modes. Owing to 
limited statistical reliability, an exact modal energy distribu- 
tion cannot be found by these methods; however, if one or two 
low-order modes are dominant, their presence is easily dis- 
cerned even with limited data. 



3282 DILLON AND CALDWELL: INTERNAL WAVES AT OCEAN STATION P 

PROFILE CROSSING DENSITY 

(% Probobility per I0 rn Intervol) 

50 

ioo 

15o 

Fig. 7. Probability of finding a profile crossing in a 10-m interval versus depth. (a) With an equal distribution of energy 
among first five modes, probability is large at 35 m and 120 m. (b) With the energy distributed among the first five modes 
as (mode number) -2, first mode is dominant. Probability peak is smaller at 35 m and not resolvable at 120 m. (c) With the 
second mode dominant (80% of energy in second mode, 20% in modes 3 and 4) peaks can be seen at 35m and at 80 m; a 
small peak is just resolvable at 120 m. Dotted curve is the background probability density owing to temporal variations. 

The zero-crossing density must be found by comparing 
each individual drop speed profile with a mean drop speed. 
For our data the constant local drop speed is not exactly 
known; our best estimate, the average over all drops at all 
depths for unchanged wing angle, may be affected by phase- 
biasing, as was discussed later, or by depth-dependent effects. 
Another statistic related to the zero-crossing density which is 
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Fig. 8. Probability of finding a profile crossing in a 10-m interval 

calculated from the August 26 drops. Small peak is resolved at 35-40 
m. At greater depths, probability is not significantly different from the 
background temporal modulation, providing evidence that mode I is 
dominant. Uncertainties are assigned by assuming Poisson statistics. 

less sensitive to such mean depth-dependent trends is the 'pro- 
file-crossing density' (PCD), which is computed by comparing 
each profile to all other profiles and determining the probabil- 
ity of finding a point of equality in a given depth interval. 

The PCD statistic has in general much the same qualities as 
the zero-crossing density. Near nodes of a given dominant 
mode, the PCD will be large, and away from nodes it will be 
small. If high-order modes are energetic, the PCD is large 
where dN/dz is large (Figure 7a), while if the first mode is 
dominant, the PCD will be nearly constant with depth (Figure 
7b). If the second mode is dominant, the PCD will be large at 
80-m depth (Figure 7c), where the second mode has a node 
point. Below the turning point, no nodes can be present, and 
the vertical velocity can be approximated over small depth 
ranges by a function constant with depth and oscillatory in 
time. The PCD in such a region has the same value as the 
zero-crossing density and is determined only by the fre- 
quency; we term this value the 'background.' It can be easily 
shown that the frequency of the wave is given by BSD/(VrAz), 
where B is the PCD background level and Az is the depth in- 
terval over which the PCD is calculated. 

The profile crossing statistic for the August 26 drops (Figure 
8) shows structure little different from that expected from 
purely temporal variations. The profile crossings are nearly 
uniform with depth below 40 m, indicating that the wave 
function • does not vary rapidly with depth, and the profile 
crossings that occur are explicable by the background zeros of 
the temporal modulation of the fundamental mode. 

For August 29 the profile crossing statistics (Figure 9) have 
a different character. A peak occurs at •80 m which is absent 
on August 26. The background temporal-modulation level is 
7% per 130 m, corresponding to a 3-cph wave. Thus while the 
August 26 drops show a preponderance of first-mode energy 
(• nearly constant with depth), the August 29 drops show that 
more than the first mode is energetic. The August 29 peak oc- 
curs at -•80 m, and we surmise that the second mode is ener- 
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getic, since a 3-cph wave has a second-mode zero-crossing at 
--•80 m, leading to a high profile crossing density at that depth. 
The energy distribution necessary to produce a prominent 80- 
m peak is of course not unique, but if the relative weight of 
second-mode energy is less than 50%, the peak is greatly re- 
duced in height. Clearly, on August 29 the second mode car- 
ried most of the internal wave energy; the remainder must 
have been mostly in the higher-order modes to have a promi- 
nent peak between 35 and 55 m. The fundamental mode 
could not have been very energetic. 

The energy distribution for August 26 is quite different and 
considerably more complex. The first mode was dominant, 
but because of limited statistical reliability, the distribution 
among the higher modes cannot be discerned. Synthetic pro- 
file crossing densities consistent with the August 26 density 
can have energy distributed among the first five modes as m -n 
where 1 <_ n <_ 2. If more than five modes are used, n must be 
greater than 2. Neither the equal partition of energy assumed 
by GM72 with a mode number _>4 nor the tapered distribu- 
tion assumed by GM75 with mode number _>2 can explain the 
observed density. (We mention this contrast with the Garrett 
and Monk models even though they were constructed only for 
the permanent pycnocline because their application to surface 
waters is sometimes attempted.) 

OTHER STATISTICAL MEASURES 

A least squares fitting procedure can be used as an alterna- 
tive to the above approach for estimation of the modal energy 
distribution. Letting 7•(z) -- (w(z)2)q•, where w(z) is the ob- 
served drop speed variation and the angle brackets indicate 
phase averaging, it can be shown that, if a single frequency w 
is dominant, an estimator of 7•(z) is 
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Fig. 9. Probability of finding a profile crossing in a 10-m interval 
calculated from the August 29 drops. Peaks at 35-40 and 80 m show 
strong dominance of second mode and weak contribution from higher 
modes. No peak is resolvable at 120 m. 
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Fig. 10. Comparison of (W(Z)2)•b 1/2 calculated from the August 29 
casts (open circle) and vertical velocity profiles calculated from the 
second-mode dominated energy distribution used in Figure 7c 
(crosses). Each profile is normalized to unity variance between 30 and 
180 m. Note characteristic rectified second mode shape. Energy distri- 
bution among the individual modes is uncertain by -•50%, but second 
mode dominance is clear. 

and the modal energy may be estimated by minimizing 

Z {(W(Z)2)q b -- Z l•/m(Z; ('O)2[Alm2(('0) "[- 
z m 

with respect to A,m2(W) + A2m2(W). 
This fitting procedure yields a result quite consistent with 

the profile crossing analysis: For both days, most of the energy 
was in the first two modes, and the second mode was domi- 
nant on the later day. The characteristic rectified second mode 
shape can be clearly seen for August 29 (Figure 10). A de- 
tailed specification of the energy distribution would not be 
warranted on the basis of the number of drops available. By 
using synthetic profiles constructed from the wave functions 
with a specified energy distribution among modes and ran- 
dom phases one can show that 20 drops or more are necessary 
to determine the energy in modes other than the most ener- 
getic. 

The effect of error in the assumed dominant frequency may 
be tested by constructing synthetic profiles of a given fre- 
quency and fitting to wave functions at a different frequency. 
It can thus be established that for the N profile at station P, 
waves of 2 cph cannot be distinguished from those of 3 cph 
when using only seven or eight drops, assuming either fre- 
quency as dominant yields the same result. 

CONCLUSIONS 

1. Vertical velocities associated with internal waves can be 

determined from the pressure record of a small, nearly freely 
falling probe. 

2. Either spatial or temporal variability of the velocities 
may be emphasized in the records by adjusting the dropping 
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speed, in particular by making the time required to traverse a 
wavelength small or large, respectively, with respect to the pe- 
riod. 

3. These velocities are associated with waves of frequency 
2.5-4 cph, a band which contains a large fraction of the total 
kinetic energy of vertical motion. 

4. During the Mile experiment, typical rms drop speed ve- 
locity variations in this band were 0.013 m s -•. 

5. Some indication of the partition of energy between 
modes can be obtained by zero-crossing analysis or by least 
squares fitting to assumed wave functions. 

6. The energy partition between modes can change radi- 
cally in three days; this implies that if a 'universal' modal en- 
ergy distribution can be formulated for the seasonal thermo- 
cline, it can be valid only for an average over a period of at 
least several days. 

7. On the occasions of the measurements, the motions were 

dominated by the first and second modes. Higher modes con- 
tributed little to the total energy. 

With just two cases available for examination, firm reasons 
for the markedly different modal energy distributions seen on 
August 26 and August 29 cannot be given. K•ise and Clarke 
[1978] find that the 2- to 5-cph frequency band is often domi- 
nated by the first mode and that waves in this band may not 
be stationary over periods of I day or less. Perhaps differences 
in meteorological and surface wave conditions, although not 
large, contributed to the difference we find in energy distribu- 
tion. It seems more likely that some peculiarity in the low-fre- 
quency internal wave field, the density structure, or the forc- 
ing mechanism may preferentially select a given low-order 
mode. Any universal model of high-frequency waves must 
thus suppose an averaging interval of at least many days, per- 
haps even weeks or months, a particularly grim prospect for 
the experimentalist. 

APPENDIX 

To get some idea of the response of the instrument to varia- 
tions of vertical velocity of the water, we consider its response 
to a surface gravity wave. If we assume that even at surface 
wave frequencies the instrument maintains a constant vertical 
velocity with respect to the water it passes through, then its in- 
stantaneous fall speed with respect to mean sea level is So + 
w, So being the terminal velocity of the instrument and w the 
vertical component of the orbital velocity of the wave. If we 
describe the wave in terms of a velocity potential •, w and the 
pressure P are given by w = &k/Oz and P = pgz + p(&k/00 
where z is downward, p is density, and g is the acceleration of 
gravity. We calculate the observed fall speed as 

SoB= l dP I [OP OP] 
Inserting the expression for P in terms of • and multiplying, 
we find 

1 02• 1 02• 1 
So• .... + w + So - - • w - - • So 

g Ot 2 g OzOt g OzOt 

At this point we find different conclusions for deep water and 
shallow water waves. For deep water waves w = (l/g)(0•ck/0t 2) 
so the first two terms cancel, and 

g Ot 

As long as (Ow/Ot)/g << 1 and w is not larger than So, SoB = 
So. That is, surface waves will not be prominent in the pres- 
sure record as long as the instrument responds quickly enough 
that its speed is truly So + w. If its momentum were so great 
that its speed relative to mean sea level were constant, the 
pressure perturbation of the waves would be directly visible in 
the record. In shallow water waves, w is small and again pres- 
sure perturbations would appear directly in the record. 

The observed pressure records are as was expected for the 
case where the instrument maintains speed constant with re- 
spect to the water near it. In deep water, little signal at surface 
wave frequencies is seen in the pressure record, while in shal- 
low water the effect is quite prominent in the record. The 
swell-induced pressure oscillations actually increase as the in- 
strument nears bottom, as was expected. Therefore we con- 
clude that the instrument has such large drag relative to its in- 
ertia that it responds to local water velocity even at swell 
frequencies. It must then have no difficulty in responding at 
internal wave frequencies. 
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