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Chapter 1 – Introduction

Though limited by lower specific power, Stirling engines offer increased perfor-

mance and a variety of advantages that are becoming practically significant. Envi-

ronmental concerns as well as rising fuel costs are feeding the drive to increase fuel

efficiency and to utilize renewable sources in a more competitive fashion. Stirling

engines will run well on any moderate-to-high temperature heat source[1], even

sunlight[2] or waste heat and biomass[3], and are highly efficient. When combus-

tion is used to produce heat, the process may be optimized to make it clean and

quiet.

Overall, Stirling cycle development has focused on two areas of improvement;

reducing losses, or increasing power input [1, 2, 4, 5]. The current study proposes

two methods to improve Stirling system performance. First, the total power out-

put may be improved with the proper implementation of a combined power cycle

with a bottoming Organic Rankine Cycle. Second, microchannel technology may

be incorporated into the cold-side heat rejector and offer improved heat transfer

characteristics.

There is a sufficient amount of heat and availability to run a bottoming cycle

from the rejection heat of a Stirling engine. Since the Stirling cycle under consider-

ation in this study already makes use of a cooling loop as in Figure 1.1, a Rankine

cycle may be readily merged into the design in place of the cooling loop as in Fig-
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Figure 1.1: Schematic of a free pis-
ton Stirling engine and cooling loop
exhausting wasted heat.

Figure 1.2: Schematic of a free piston
Stirling engine with a Rankine bot-
toming cycle.

ure 1.2. This study investigates the theoretical conditions that create maximum

power output from a combined Stirling-Rankine cycle by increasing the Stirling

heat rejection temperature. This degrades the power from the Stirling cycle itself,

but allows for more total power with an efficient low-temperature Rankine cycle.

The Stirling cycle itself may show increased thermal performance with a heat re-

jection system that yields more uniform cold-side temperatures and operates with

a smaller pressure differential across the cold-side heat exchanger. A model for

an integrated microchannel device for this purpose has been developed. Advance-
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Figure 1.3: View of cold-side heat rejector with cycle working fluid flow in and
out of the page. Right: Annular cross-section for heat transfer surface area. Left:
Microchannel devices in parallel flow arrangement for both cycle working fluid and
cooling fluid.

ments in microchannel devices have allowed for more effective heat exchangers that

operate with less parasitic pressure loss and smaller overall size.

The engines of current interest are the free piston type as in Figure 1.1 and 1.2.

Here the cold side heat rejector wraps concentrically around the displacer cylinder

in an annular space such as Figure 1.3 (right). The cooling fluid is pumped through

the cold side heat rejector and exhausted to the atmosphere. Engines of this design

typically use an external cooling fluid which flows across a heat transfer surface

area. The geometry is arranged with parallel paths for, at least, the cycle working

fluid in the cold-side heat exchanger. Such devices perform well because the cycle



4

Figure 1.4: Drawing of a microchannel heat exchanger element. Cycle working
fluid channels are visible on top, with cooling fluid channels on the side.

working fluid is subject to a direct flow-path with minimal restriction and good

heat transfer [6].

Though certain internal surface architectures work well in free piston engines

[7], better performance can be achieved. The difficulty and cost of the best per-

forming current designs and manufacturing process encourage new technology and

makes microchannel devices competitive.A microlaminated element would contain

many microchannels and may be accurately pictured as a tube bundle with cross
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flow channels for cooling (Figure 1.4). The same heat transfer area of current

designs may be encapsulated in only a few such elements. Figure 1.3 (left) shows

the proposed design where several rectangular microchannel elements are placed

in the annular space to act as the heat exchanging units. The design freedom with

microlamination would also allow for optimization of the cooling fluid flow path

and increase the heat transfer characteristics of the system.
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Chapter 2 – Literature Review

Thombare and Verma [1] and Organ [4] both provide a comprehensive discussion of

the design parameters of the Stirling engine. Because of their configuration Stirling

engines are indifferent to their heat source and are largely scalable, allowing for the

effective use of a multitude of different fuels [1, 4, 5]. Coal fired Stirling systems

have shown potential to replace diesel locomotives at greater than 1 MW power

output [8]. Free piston Stirling engines (FPSEs) has been developed for NASA for

use in nuclear fueled space power and are scaled to produce from 5 to less than

1 kW [7, 9, 10]. A variety of engines have been developed for use in Solar Thermal

Dish systems ranging from 2 to 50 kW and are currently in operation all over

the world [2]. The heat delivery system from any fuel has a great deal of design

freedom, so it may be optimized for clean (complete) combustion and low noise.

Natural gas fired cogeneration FPSE systems have been commercially developed

to operate in residential kitchens producing hot water and electrical power [11] and

a Biomass fired system produces 1 kW of electrical power and 4 kW of usable heat

for people [3], both of which could have significant impacts on a carbon footprint.

A hand-held diesel powered FPSE system developed for DARPA produces 35 W

of electrical power and out-performs batteries for energy density by an order of

magnitude [12].



7

Even waste or environmental heat can be used to drive the Stirling engine in

an effective way. Doing so with higher efficiencies means Stirling engines meet the

demands of future power developments and growing concerns for the environment

and effectiveness of source consumption. Amongst sustainable power generation

solutions, such as solar thermal power conversion, Stirling units are considered the

best [1].

The models developed by Schmidt provide the basis for much Stirling analysis

[1, 4, 5, 13, 14]. There are better estimates of Stirling power output when conditions

in the engine are known, but these come from corrections to the simplifications

Schmidt made. Notably amongst these simplifications are isothermal compression

and expansion processes, and negligible dead space volume and pressure loss in the

flow path. The isothermal working conditions imply that the heat exchangers are

perfectly effective and do so with an infinite rate of heat transfer [1]. The efficiency

of the Stirling engine may then be found as the Carnot efficiency.

ηCarnot = 1− TCold
THot

(2.1)

Real engines do not perform this way, though, and departures from the Schmidt

model reduce the efficiency from that of the theoretical maximum Carnot efficiency.

Overall, Stirling engines are very scalable with may be highly efficient. Some of

the best Stirling systems have been shown to perform with power efficiencies from

31% to over 40%, [2, 15] . The Eurodish system is a frequently studied system

[2, 13, 15], and operates with a hot side max near 780◦C and low side near 30◦C
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depending on atmospheric conditions, and produces nearly 10 kW. Reinalter et

al. [16] calculated the peformance of one Eurodish to be 39.4% under favorable

conditions with a hot side temperature of 850◦C and atmospheric temperature of

−5◦C. A 50 kW output Stirling system operated with over 25% efficiency with a

hot side temperature between 600◦C and 800◦C [17]. Hermetically sealed FPSEs

tend to operate with a hot side maximum near 650◦C [1, 7, 11]. For engine hot-

side temperatures of 600◦C to 750◦C, and low-side temperatures of 40◦C, this

would indicate the Stirling engines operate at a fraction of the Carnot efficiency,

fCarnot = ηStirling/ηCarnot, of 0.44 to 0.60. The 35 W FPSE developed for space

power operates between 650◦C and 80◦C with greater than 0.5 of Carnot efficiency

[18].The highest efficiencies are not necessarily the most desirable for commercial

applications since the maximum power output does not always correspond to the

maximum efficiency [1, 5, 11]. This particular behavior is beneficial to the current

study, since a less efficient and more powerful Stirling engine will leave more avail-

able energy for the Rankine bottoming cycle, and possibly yield greater total cycle

efficiencies.

William Beale invented the Free Piston Stirling Engine (FPSE) at Ohio Uni-

versity to address the failings of kinematic Stirling engines. These engines offer

a number of practical, mechanical, and thermodynamic advantages over many of

the classical designs of Stirling engines [11, 19]. Free piston engines have only two

moving parts and rely on gas bearing for the displacer and piston as in Figure 1.1

on page 2. This removes the need for seals and lubrication. The piston may be

mechanically coupled to a linear actuating generator, and the entire system may be
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hermetically sealed, virtually eliminating leaks and contamination. This allows for

practical use with the potential for high reliability and significantly longer service

life.

The 5 kW FPSE developed for NASA [7] uses heat exchangers that fill the an-

nular space around the displacer with a heat exchanger composed of many parallel

paths for the cycle working fluid. A different cooling fluid is pumped around these

paths absorbing the heat rejected by the cycle working fluid. Such heat exchangers

optimize the heat transfer, pressure differential, and dead volume. Though they

offer good performance, the design may be analyzed with the methods developed

for basic architectures of flow through a smooth tube and through a bank of tubes.

These may be found in heat transfer texts such as Incropera and De Witt [20].

The proposed microchannel heat exchangers to use in a cold side heat rejector

are fundamentally different than conventional heat exchanger designs. Kohl et al.

[21] investigated the flow in microchannels. Their results showed good agreement

with the theory demonstrated by Shah and London [22]. Kohl et al. used technol-

ogy appropriately suited for microscale flows and suggest other investigations that

showed large deviations from theory could be due to measurement error.

The flow through either design must be evaluated for both thermal and hy-

draulic performance. All the heat must be exhausted from the Stirling engine

through the cold-side heat rejector, so any design must have sufficient heat trans-

fer capacity. Pumping power required to push either flow though the device is

directly proportional to the pressure drop across the channels, and inversely pro-
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portional to the square of the density [6]. For gas flows, like a Stirling working

fluid, the pumping power will be high for even small pressure differentials.

Microchannel devices may be constructed with microlamination; bonding to-

gether a stack of patterned shims into a contiguous unit. Patterns are created on

the shims with a subtractive process. The patterns create flow paths when the

shims are stack together. The fluid in the channels interacts across inserted blank

shims or remaining material on an etched shim. In high temperature devices, the

shims are often bonded together with diffusion bonding where, during the bonding

process, pressure must translate well though the device in order to create an ade-

quate bond. Since pressure mechanically applied to the ends of the stacks does not

translate through the voids of the channels, the pressure must translate through

the stiffness of the material underneath a channel. Paul et al. [23] examined the

issues of unsupported spans in stainless steel shims and found good bonding with

the aspect ratio of the channels were less than 10:1.

Organic Rankine Cycles (ORCs) have shown effective power generation running

as low as 80◦C [24, 25]. ORCs have a superior ability to recover waste and low-

to-midrange heat [26]. Rankine cycle expanders have traditionally been required

to be large for any attractive efficiency level. Recently, however, a scroll expander

with output near 600 W has operated with isentropic efficiency approaching 80%

[27] and another expander with output near 1 kW operated at up to 84% isentropic

efficiency [28]. A slightly larger gearrotor expander making 2.07 kW and a scroll

expanders making 2.96 kW operated with 85% and 83% isentropic efficiencies, re-

spectively [29]. Turbine expanders sized for 1.5 kW operated with 85% isentropic
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efficiency [30] and 49.5% isentropic efficiency with a different configuration [31].

Other expander configurations may be useful at this power scale with some im-

provements; a rolling piston expander has been shown to operate with an average

isentropic efficiency of 45% and produce 1.73 kW [32] .

The single stage expanders in these studies ranged in pressure ratio from under

2 [30] to near near 3 [27, 28], and more than 4 [31]. The gear-rottor and scroll

expander were run in sequence with pressure ratios of about 3 and 3.7 for a total

pressure ratio of over 11 [29]. There are a range of designs for power systems on

the order of several kW or less. Single stage expanders capable of pressure ratios

more than 4 could be designed, but are impractical for research due to the cost.

Expanders used in the low-temperature ORC studies are frequently a modified

version of another device such as a pump or compressor [27–29, 32]

R245fa has been often used in studies of low- to mid-grade heat ORCs [28, 32–

34]. This fluid is preferable to many others for environmental reasons. Saleh et al.

evaluated many such fluids for an ORC operating between 100◦C and 30◦C and

found that R245fa allows for some of the most efficient power cycles and benefits

from an internal heat exchange, or recuperator [35]. In this case, an ORC with

R245fa operated at 70% of the theoretical Carnot efficiency. The volume ratio of

organic fluids can be orders of magnitude greater than water, and offer not only

superior efficiency but also allow for simpler and cheaper expanders [35]. Wei et

al. showed that ORCs with R245fa reach peak efficiency and net power when a low

degree of subcooling is present at the condenser outlet (0.5 - 0.6 K) [33].



12

Chapter 3 – Materials and Methods

Models were created for both a combined Stirling-Rankine power cycle and for

the design of a microchannel cold-side heat rejector for a Stirling engine. Each

model was developed in F-Chart Software’s Engineering Equation Solver (EES).

The software can evaluate fluid properties if one or more corresponding condi-

tions are known. The models were used to perform parametric studies to evaluate

the thermodynamic and fluid mechanic performance of a system with plausible

configurations and conditions.

3.1 Stirling-Rankine combined cycle system model

In order to evaluate the performance possible in a combine cycle Stirling-Rankine

system, a thermodynamic model was created. The model was used to determine

the state conditions of the working fluid in the Rankine cycle, from which the

outputs from the system were analyzed. Parametric studies were performed by

varying the input conditions; pump pressure ratio, component efficiency, condenser

temperatures, etc.
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3.1.1 Model Description

The combined system was modeled in a mostly idealized way; component isentropic

efficiencies were used, as were heat exchanger effectiveness, and certain tempera-

ture differences were enforced.

The Stirling cycle was modeled as a fraction of Carnot thermal efficiency (2.1).

ηStirling = fCarnotηCarnot (3.1)

The Stirling cycle power output, Wout,Stirling, is simply the product of the Stir-

ling efficiency and the power into the Stirling cycle, Qin,Stirling. The remaining

heat, Qout,Stirling, is rejected from the Stirling cycle and is available to the Rankine

cycle.

Ẇout,Stirling = Q̇in,StirlingηStirling (3.2)

Q̇out,Stirling = Q̇in,Stirling − Ẇout,Stirling (3.3)

The Rankine cycle is modeled by evaluating fluid properties at state points

between components. These states correspond to state 1 – 6 in Figure 1.2.

The two cycles are connected in the model with the Stirling cycle cold-side heat

rejection being the source of heat input to the boiler of the Rankine cycle. All of

the heat rejected from the Stirling cycle goes into the Rankine cycle.The highest
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Rankine cycle temperature, T1, is 5 K below the lowest Stirling cycle temperature

and isobaric conditions are used.

ṁRankine(h1 − h6) = Q̇out,Stirling (3.4)

The Rankine expander is modeled with an isentropic efficiency (ηs,expander) as

a varied parameter.

h2 = h1 − ηs,expander(h1 − h2,s) (3.5)

The Rankine recuperator recovers heat that would otherwise be rejected from

the cycle in the condenser. The recuperator is modeled with the effectiveness

(εrecuperator) as a varied parameter and with isobaric conditions for each stream.

The effectiveness is the fraction of the maximum heat transfer possible that may

actually be transferred from the hot stream to the cold stream.

Q̇recuperator = εrecuperatorṁRankineqmax (3.6)

Since it is possible for the Rankine working fluid to change phase through

the recuperator, care must be taken when evaluating the available heat. If the

cold stream incoming temperature (T5) is less than or equal to the saturation

temperature of the hot stream (Tsat,2), then it is possible for the fluid to undergo a

phase change between state 2 and state 3. In this case, the possible heat transfer

is governed by the lowest capacity stream. The specific heat capacity of the cold
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stream would be the enthalpy change in the cold stream from incoming temperature

(T5) to the incoming temperature of the hot stream (T2).

qmax = hT2,P6 − h5 (3.7)

The specific heat capacity of the hot stream is a combination of the enthalpy

from the hot stream incoming temperature (T2) to saturated vapor, and the en-

thalpy change required to raise the cold stream from the incoming temperature

(T5) to the saturation temperature of the hot stream (Tsat,2).

qmax = (h2 − hsaturatedvapor) + (hTsat,2,P6 − h5) (3.8)

In the case of phase change, the actual heat capacity is governed by the lowest

capacity, either equation (3.8) or equation (3.7).

If the incoming cold stream temperature (T5) is greater than the hot stream

saturation temperature (Tsat,2), then no phase change is possible, and the heat

capacity is simply the enthalpy change to reduce the hot stream incoming temper-

ature to the cold stream incoming temperature. Which is the case of a perfectly

effective counter-flow heat exchanger.

qmax = h2 − hT5,P3 (3.9)

The Rankine condenser is modeled with the condensing temperature as a varied

parameter. This determines the low side pressure. The fluid exits the condenser
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with 0.5 K of subcooling. All the heat from the change in enthalpy from the

incoming temperature (T3) to the exit temperature (T4) is rejected from the system.

Q̇condenser = ṁRankine(h3 − h4) (3.10)

The pump is modeled with a constant isentropic efficiency of 50%. The accounts

for motor efficiency and the actual isentropic efficiency of the pump.

h5 = h4 +
1

ηs,pump
(h5,s − h4) (3.11)

The pump pressure ratio is a varied parameter and determines the high side

pressure in the Rankine cycle.

P5 = PratioP4 (3.12)

The isobaric component conditions and the pressure ratio (3.12) enforced on

both the pump and expander allow for only two different pressures in the Rankine

cycle. P2, P3, and P4 are held equal at the low side pressure, and P1, P5, and P6

are held equal at the high side pressure.

3.2 Stirling cold-side heat rejector model

Parametric studies were performed by changing the geometric configuration of a

diffusion bonded microchannel element to fit into a prescribed structure typical of

a practical engine. Possible configurations for shim thickness, number of channels,
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and total number of microchannels produced a matrix of possible solutions which

were evaluated for their fluid mechanic and thermodynamic performance.

3.2.1 Model Description

The heat rejector was designed so that the flow in the cooling fluid flows through

each microchannel bonded element, or “supertube”, in a parallel path, Figure 1.3

(left) on page 3. Here, the cooling flow channels are designed to allow for even

flow distribution and minimal pressure drop. Though complicated baffling is pos-

sible for conventional heat exchanger geometries, the supertube architecture has

advantageous heat transfer characteristics. The performance of the heat exchanger

is improved with increased surface area, and the Stirling engine benefits from a

more uniform axial temperature distribution. An increasing number of supertubes

improves this uniformity.

Because all the supertube elements are arranged in parallel, the constricted

flow length is reduced to the length of just one pass. Subsequently, the pressure

drop is decreased. This reduces pumping duty on the cooling side. Since the

largest temperature difference must exist across one supertube pass, instead of the

entire concentric space, a more axial symmetric temperature is assured. Such an

arrangement requires an even number of supertubes. The relative sizes and goals

involved in this study suggest the order of magnitude for the number of supertube

elements by inspection, where reasonably 6 would be the fewest, and 14 the most.
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The range of number of channels in each cycle working fluid shim may be

similarly determined. With the aspect ratios discussed later, fewer than about 20

channels per shim would either require thicker shims or more than 14 supertube

elements in order to satisfy the required flow area for laminar flow conditions.

Greater than about 40 channels per shim would require either thinner shims, or a

supertube element width beyond what will reasonably fit into the prescribed space

with the minimum of 6 elements.

The proposed supertube structure is a bonded stack of stainless steel shims, as

in Figure 1.3. Each shim is patterned with a subtractive process. The shims are

stacked in a sequence that creates fluid flow paths when bonded together.

Each shim should be a standard, well available, stainless steel shim thickness.

To allow for intimate fluid interaction and optimize heat transfer, the fluid paths

should alternate; a shim that creates a working fluid flow path should be sand-

wiched between shims that create the flow path for cooling fluid. This stack must

fit within the physical space allowed by the existing geometry.

Though elaborate methods may yield different supertube geometry, and most

direct methods would yield a rectangular cube. This requires a rectangle to be

bonded into a circular geometry of the cold-side heat rejector. The design must

also allow for the appropriate bonding of the supertube into the heat rejector shell.

Supertubes are fabricated with microlamination through diffusion bonding. For

the regime of sizes under consideration, a channel aspect ratio, αch, as large as

10:1 (span:depth) allows for well bonded parts [23]. In this study αch of 1:1, 2:1

and 5:1 were investigated. Preliminary FEA studies were conducted to determine
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appropriate geometry to prevent failure under working pressure. For 316 Stainless

steel under a 60:1 pressure ratio, a fin aspect ratio, αfin, of 3:1 (span:thickness) is

sufficient to prevent failure for the shim thickness under consideration of 0.010 −

−0.035 in (0.305−−0.889 mm). A constant channel divider thickness, wsupport,ch,

of 0.025 mm was used to assure sufficient structure to translate pressure through

the part during bonding, regardless of geometry, and a constant 1 mm border,

wborder, was added to each working fluid shim. With these parameters, the width

of each shim is a function of the shim thickness, tshim, and number of working fluid

channels, Nch,shim,p.

αch = hch/wch (3.13)

αfin = wch/(tshim − hch) (3.14)

Nch,shim,p(wch,p + wsupport,ch) + wsupport,ch + wborder = wST (3.15)

From the width of the supertube, the maximum possible height is determined

with trigonometry so that the device fits within the constraining inner and outer

radius, Ri and Ro, respectively.

φ = arcsin

(
wST/2

Ro

)
(3.16)

a = Rocos(φ) (3.17)

hST = a−Ri (3.18)
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Any stack of alternating patterned shims, plus covers on either side, must fit

within the maximum supertube height,hST . So, the number of shims pairs may be

found by truncating to the quotient.

Nshim,ST = Truncate

(
hST − 2tshim,p
tshim,p + tshim,c

)
(3.19)

The dead volume, of the volume of contained working fluid, in the heat rejector

is an important parameter; it affects the total amount of working fluid that must

be charged into the Stirling engine. The most efficient, theoretical engines would

have no dead volume in the heat exchanger or regenerator [1]. The amount of

charge changes the thermal capacity of the engine, and free piston engines are

especially sensitive since they are resonant devices. The dead volume in all the

supertubes is compared to the volume the conventional heat exchanger. Because

other features exist in the system that may be enlarged or reduced to change

working fluid volume, the system will tolerate a 10% change in dead volume in the

heat rejector without a system redesign.

Pressure drop in the cycle working fluid as it flows through the heat rejector

must be minimized to optimize the power output. The mean flow in existing

heat exchangers is turbulent, often in the regime between Re = 10000 and 20000,

and maybe considered incompressible (M << 0.3) for fluid and heat transfer

calculations.

The pressure drop may then be calculated with the working fluid conditions

inside the engine; length of the heat exchanger section, L, density of the working
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fluid,ρ, mean velocity in each tube, um, and characteristic heat exchanger channel

diameter, D. In this analysis, properties were evaluated at mean conditions.

∆Pchannel = fchannel
Lρu2m
2D

(3.20)

The friction factor for the original heat exchanger channels, fchannel, may be

found with the Moody equation.

1

f
1/2
channel

= −2log

(
εchannel
3.7D

+
2.51

ReDf
1/2
channel

)
(3.21)

The Nusselt number for the turbulent flow in the heat exchanger channels may

be found from Incropera & DeWitt [20].

NuD =
fchannel

8
ReDPr

1.07 + 12.7
(
fchannel

8

)1/2
(Pr2/3 − 1)

(3.22)

The coolant flow is evaluated through the annular cross section as a linear

rectangular duct. The diameter of such flow is the hydraulic diameter.

Dh =
2WidthHeight

Width+Height
(3.23)

The Nusselt number for the coolant flow through the internal passages of the

heat exchanger may be found with from Incropera & DeWitt [20].

¯NuD = CRemDPr
1/3 (3.24)
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For cooling flow at Re ≈ 500 , flow through the internal passages may be

approximated with the relations for a single cylinder in cross flow and the constants

are C = 0.193 and m = 0.618.

The velocity in the supertube channels is found by assuming the same flow rate

as the conventional heat exchanger geometry, with the number channels per shim,

Nch, the number of shims in each supertube, Nshim, and the number supertubes in

the heat rejector, NST .

um =
V olume

AchNchNshimNST

(3.25)

The same mean temperature and pressure as the conventional architecture is

assumed for the microchannels. Then with the parametrized hydraulic diameter of

a rectangular channel and the evaluated fluid properties of density and viscosity,

the Reynolds number in each channel may be determined.

ReD =
ρumDh

µ
(3.26)

Kohl et al. [21] showed that fluid in microchannels behaves as predicted by

Shah and London [22]. For the channels under consideration, hydrodynamically

developing flow must be considered; fully developed conditions are not expected

by the end of some channels in this study. The turbulent flow in the existing

configuration could be developing for a significant portion of the length, however,

only the fully developed solution is considered for the least favorable comparison
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towards the microchannel device. For the microchannels with developing flow the

apparent friction factor may be found as [22]:

fappReD = 3.44(x+)−0.5 +
K(∞)
4x+

+ fRe− 3.44(x+)−0.5

1 + C(x+)−2
(3.27)

here, K(∞), fRe, and C are constants dependent on channel aspect ratio. x+

is the axial coordinate for the hydrodynamic entrance region, and x+ = x/(DhRe).

fapp may be used to determine the pressure drop in the channels, with:

fapp =
∆P ∗

x/rh
(3.28)

The dimensionless pressure differential, ∆P ∗, is defined from the real pressure

differential, the density, and the mean fluid velocity.

∆P ∗ =
∆P

ρu2m/2
(3.29)

Above, rh is the hydraulic radius, or Dh/4. These equations may be rearranged

to evaluated the pressure drop in the channels.

∆Pchannel = fapp,m

(
Lρu2m
2rh

)
(3.30)

The pressure drop through the entire channel is found with the developing flow

conditions because a significant portion of the channel will have developing laminar

flow, and will have a significant effect on the total pressure drop and friction factor

[22].
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Table 3.1: Constant coefficients for polynomial fit to Nusselt number values for
rectangular microchannels.

α C3 C2 C1 C0 R2

1.0 8E-07 -0.0003 0.0625 2.8115 .9981
0.5 5E-07 -0.0002 0.0525 3.4468 .9996
0.2 3E-07 -0.0002 0.0432 4.9450 .9999

The Nusselt number for simultaneously hydraulically and thermally developing

flow is expected to be higher than that for either hydrodynamically or thermally

developing flow alone [22]. The Nusselt number for thermally developing flow

will yield a conservative estimate. Curve fits for the data in Table 48 of Shah and

London were determined with 3rd order polynomials with R2 > 0.99 for all channel

aspect ratios. The coefficients are listed in Table 3.1 for Equation (3.31).

Num,T = C3

(
1

x∗

)3

+ C2

(
1

x∗

)2

+ C1

(
1

x∗

)
+ C0 (3.31)

The axial coordinate in the thermal entry region is evaluated with the Peclet

number and the channel hydraulic diameter, x∗ = x/(DhPe).

The convective heat transfer coefficient for each fluid may be found from the

Nusselt number by using EES to evaluate the fluid thermal conductivity and the

hydraulic diameter.

hD =
NuDk

Dh

(3.32)
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The overall heat transfer coefficient was found neglecting the thermal resistance

of the stainless steel separating the flow channels. This provides the most favorable

comparison for the conventional design since the supertube designs result in less

material separating the two flows.

1

U
=

1

hD,p
+

1

hD,c
(3.33)

With the total heat transfer and the area surface area inside the tubes the

two designs may be compared relative to their thermal conductance, UA [6]. The

thermal conductance ratio, Ratiocond, is a convenient metric to compare the mi-

crochannel designs relative to the conventional architecture.

Ratiocond =
UsupertubeAs,p,supertube

(UA)conventional
(3.34)
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Chapter 4 – Results and Discussion

4.1 Stirling-Rankine combined cycle system power generation

To evaluate the performance of the combined cycle designed in the model, para-

metric studies were performed by varying different parameters in the system. The

net power output from the combined cycle is considered to be the Stirling cycle

power out, plus the Rankine cycle expander power out, less the Rankine cycle

pumping power in. The maximum power is found by specifying and varying par-

ticular parameters and allowing the system model to calculate the all others. Since

only local maximums are found, the range of variation must be well chosen.

In order to determine the optimal design for a combined Stirling-Rankine cycle,

the model was used to evaluate the response to different values of particular pa-

rameters. TC,C is the temperature at which the Stirling cycle is rejecting heat from

the cold-side heat exchanger. As this temperature rises, the maximum possible

efficiency, the Carnot efficiency, from the Stirling cycle decreases. If the fraction of

Carnot efficiency remains constant for the Stirling cycle, then the Stirling efficiency

drops.

At the same time as the Stirling cycle is degraded, the temperature available for

the Rankine cycle rises. There will also be an increasing amount of heat rejected

from the Stirling engine to the Rankine boiler, so long as the fraction of Carnot
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efficiency is not growing too quickly. As the temperature available to the Rankine

cycle increases the efficiency may also improve, providing more power out from

the Rankine cycle. Then there should be an optimal value for TC,C at which the

increase in power from the Rankine cycle is greater than the decrease in power

from the Stirling cycle, and the combined power is maximized.

Results are presented per kW input power. So, 0.35 kW output power is the

same as a 35% efficient system, or ηth = 0.35. This efficiency is the sum of the

output power, or work, form the Stirling cycle, Ẇstirling, and the Rankine cycle,

Ẇrankine, less the input power to the pump, Ẇpump, over the 1 kW input heat.

ηth =
Ẇstirling + Ẇrankine − Ẇpump

1kW
(4.1)

No size assumption has been made and the results are valid for any scale of

Stirling system, provided a expander is sized appropriately. Unless noted otherwise,

the values used for all parameters are the base values in Table 4.1 on page 28. An

effectiveness of 0.90 is used whenever a recuperator is included in the system.

An effectiveness of 0 represents a system without a recuperator by removing any

thermodynamic influence it has on the model. Care was taken to run the model

near physical operating conditions of contemporary Stirling systems. The unvaried

model parameters represent reasonable values for physical systems and are listed

with their values in Table 4.2 on page 28.

In Figure 4.1 on page 30, the net cycle power out is plotted by varying the

pressure ratio, Pratio, in the Rankine system. When the Stirling cold side rejection
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Table 4.1: Varied parameters for thermodynamic systems model

Stirling Cycle

Parameter Parameter Description Base Value Varied Range Units
TH,C Hot side temp. 700◦ 600− 700◦ C
TC,C Cold side temp. NA 40− 171◦ C
fCarnot Fraction of Carnot 0.50 0.1− 1

Rankine Cycle

Parameter Parameter Description Base Value Varied Range Units
ηs,expander Isentropic efficiency 90% 90− 60%
εrecuperator Effectiveness 0.90 0 or 0.90
Tcondenser Condenser temp. 40◦ 40− 80◦ C
Pcondenser Condenser pressure 249.6 249.6− 790.8 kPa
Pboiler Boiler pressure 499.2 499.2− 7908 kPa
Pratio Pressure ratio NA 2− 10

Table 4.2: Unvaried parameters for thermodynamic systems model

Parameter Parameter Description Value Units
Fluid Rankine cycle working fluid R245fa
ηs,pump Pump isentropic efficiency 0.50
∆TC,C−T [1] Boiler temp. difference 5 K
∆Tcond−T [4] Subcool temp. difference 0.5 K
Qin,Stirling Heat into Stirling cycle 1 kW
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temperature, TC,C , is held constant as Pratio is varied, the system power levels may

be compared. Each constant TC,C line in Figure 4.1 exhibits the same behavior;

power increases with pressure ratio until a maximum is reached, then power drops

off greatly, and continues to decline as the pressure ratio increases. The power

from the combined cycle eventually drops below the horizontal line representing

the power from the original pure Stirling system. Until the constant TC,C lines

reach their peak combine power the lowest value of TC,C yields the highest power

at any given Pratio below about 7. Above this, the trend changes which may be

seen when the line for TC,C = 130◦ C passes under the line for 150◦ C before either

drop abruptly. The maximum power possible always increases with Pratio for the

full range shown.

The peaks in Figure 4.1 occur when saturation conditions are reached at the

Rankine boiler. The lines then drop down in power level immediately after sat-

uration because the pressure has risen until the limited temperature is no longer

sufficient to boil the fluid. Until the saturation conditions are reached, there is a

decreasing amount of super heat going into the expander with increasing Pratio.

It is important to note that liquid and vapor-liquid mixtures have not been

excluded from the possible operating conditions for the Rankine cycle. Traditional

turbine expanders used in large power systems spin with very high velocities and

will be physically damaged by droplet impingement. However, small scale devices

such as a scroll expander spin relatively slowly and will easily tolerate either phase

of fluid. So, the Rankine cycle model was designed and verified to work through-

out the fluid phase continuum. The subcooled expansion is producing power in
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Figure 4.1: Net combined cycle mechanical power output from the system when
TC,C is held constant. The maximum power line is shown where the optimal TC,C
is found at each Pratio.
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Figure 4.1. The combined cycle power lines do not drop below the original pure

Stirling cycle power until long after the saturation pressure was passed.

Moving from saturated liquid to saturated vapor by boiling the Rankine fluid

does not change the Stirling cycle efficiency, or Stirling power output, since it

is an isothermal process. Because there is more energy content in the saturated

vapor, a smaller mass flow rate is required to absorb all the rejected heat from

the Stirling cycle. In this way, there is less parasitic pumping power input to the

system. With this fluid, there is also a much greater change in enthalpy expanding

with a higher fraction of the fluid vaporized (higher quality). This is apparent in

the enthalpy-entropy diagram for R245fa in Figure 4.2 on page 32; as the lines

for constant pressure diverge through the vapor dome of this drying fluid. Then

for any isentropic expansion, there is a greater change in enthalpy as the quality

increases though the dome. This will cause the Rankine cycle to produce more

power while requiring less pumping power.

In the superheated regime, the mass flow rate must continue to decrease in

order to maintain the energy balance. As may be seen in Figure 4.2, the constant

pressure lines are nearly parallel in the super heated regime (outside the dome,

on the right). In the superheated regime, the enthalpy change for an isentropic

expansion is no longer increasing at the same rate as it does through the vapor

dome. Furthermore, increasing the enthalpy beyond saturation requires an increase

in temperature, which degrades the Stirling efficiency. So, the trend for maximum

power is not as clear. However, since R245fa is a drying fluid, even isentropic

expansions from saturation will lead to superheated conditions with sensible heat



32

Figure 4.2: Enthalpy-entropy diagram for R245fa with lines of constant pressure.

to use in a recuperator. As the amount of superheat is increased, the effect of the

recuperator will lead to greater Rankine cycle efficiency. However, when the mass

flow rate is decreasing, the power output may drop as the efficiency increases.

By maintaining constant temperature and forcing the pressure higher still re-

duces the fluid below saturation conditions and back to the other side of the vapor

dome, requiring greater pumping power. The enthalpy change is minimized and

the pumping power continues to increase leading to a monotonically decreasing

power trend.
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Figure 4.3: Net combined cycle mechanical power output from the system when
Pratio is held constant. The maximum power line is shown where the optimal Pratio
is found at each TC,C .

At lower pressure ratios, the fluid is superheated going into the expander. This

corresponds to raising the temperature above the saturation temperature, and

degrading the Stirling efficiency. The combined cycle power is lower here because

the Rankine cycle efficiency does not increase sufficiently to compensate for the

decrease in the Stirling efficiency.

A line intersects all the maximum power peaks in Figure 4.1. This maximum

power line was determined by increasing TC,C at each tested pressure ratio until
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the total power reached a maximum and began to drop. This procedure required

a well-chosen range since there are erroneous local maximums with very small

changes in temperature from the Rankine condensing temperature. The test range

for physical results was usually Tcondenser+10◦ C. The same procedure to determine

maximum power could be repeated whether Pratio or TC,C was freely varied within

a range. The maximum power was determined this way in Figure 4.3 and in all

following graphs.

A somewhat different process demonstrates this behavior further; Pratio may be

held constant for a range of TC,C as in Figure 4.3 on page 33. For each Pratio, the

power level in the system increases gradually with TC,C until a sharp increase to

the maximum power, followed by a gradual decrease for the rest of the range. Until

the next pressure line spikes up, a lower Pratio always results in a higher system

power. The maximum power possible always increases with TC,C for the full range.

The lines in Figure 4.3 increase in power level when TC,C has increased enough to

bring saturation conditions in the boiler. As TC,C is increased beyond this point

there is an increasing amount of super heat going into the expander along each

line.
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Figure 4.4: Optimal TC,C for Pratio to produce the maximum net power from the
combined cycle for a system with and without a Rankine recuperator.

4.1.1 Rankine Recuperator

Power is not always maximized with saturation conditions at the expander inlet.

In Figure 4.1 it may be seen for TC,C = 130◦ C that the maximum for the Pratio

corresponding to the drop off in power at saturation is at a higher temperature

than 130◦ C. So, for maximum power at this Pratio, the fluid must be superheated

going into the expander. This may also be seen in Figure 4.3 where the power

level for Pratio = 9 line continues to increase with TC,C , even after the jump at
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saturation. This behavior is due to the effect a recuperator has on the Rankine

cycle.

In Figure 4.4 on page 35, the temperature leaving the Rankine boiler and

entering the expander is plotted for the conditions producing the maximum power

in the combined cycle. This T[1] corresponds to the numbers in Figure 1.2 on

page 2. One line represents a system with a recuperator, εrecuperator = 0.9, and one

system represents a system without a recuperator, εrecuperator = 0. The smooth

curve in the first half of the plot follows the saturation temperature at the expander

inlet for the pressure of the boiler at each Pratio. The conditions for maximum

power in a system without a recuperator follow the saturation temperature for

the full range. Conditions for maximum power diverge from saturation for higher

pressures in a system with a recuperator, until a limit is reached at 440 K. This is a

software limit for the available fluid values for R245fa, but is below the operational

limits of this fluid. So, power levels could continue to increase with temperature

at higher pressure ratios.

The divergence in optimal operating conditions for maximum power from op-

erating with saturated vapor at the expander inlet is not immediately noticeable

in Figure 4.1 because it does not represent a significant increase in power. In

Figure 4.5 on page 37, the maximum power is plotted alongside the power if the

Rankine cycle is operated with saturated vapor at the boiler exit. Both config-

urations use a 0.90 effective recuperator. The difference in power levels is not

easily seen for Pratio less than 6 . However, this divergence from saturation rep-
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Figure 4.5: Net combined cycle mechanical power output from the system when
operated with saturated vapor at the boiler exit. The maximum power line is
shown where the optimal TC,C is found at each Pratio.

resents increasing superheat going into the expander and shows also an increasing

contribution to combined cycle power at higher pressure ratios.

At the maximum difference shown in Figure 4.5, where Pratio = 10, the system

operates at just less than 40% at saturation and just less than 40.5% at the optimal

temperature for maximum power. This represents a maximum system improve-

ment in efficiency of about 6% relative to the Stirling cycle only system with the
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Figure 4.6: Net combined cycle mechanical power output from the system when
TC,C is held constant at 150◦ C. Results are calculated when for a Rankine cycle
with and without a recuperator.

same temperature range at about 34% power efficiency, shown on the horizontal

line.

Figure 4.6 on page 38 shows the combined cycle power when TC,C is held con-

stant at 150◦ C with and without a recuperator. This temperature would enforce

145◦ C (418.2 K) at the expander inlet, which is greater than the saturation tem-

perature, 406.6 K, at the highest pressure shown, 2496 kPa, for the conditions used

with a condenser temperature of 40◦ C and pressure ratio of 10. So, superheat ex-
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Figure 4.7: Percentage improvement in power cycle for system operated with con-
stant Stirling cold side temperature of 150◦ C with a recuperator from a system
without a recuperator in Figure 4.6 on page 38.

ists for the entire range of Figure 4.6. The recuperator provides for an increase of

1.4− 2.1% in power efficiency relative to a system without a recuperator.

The cycle improvement from a recuperator is shown when TC,C is held constant

at 150◦ C in Figure 4.7 on page 39. The cycle improvement is found from the output

power and is between 3.6− 5.9% at this temperature.

Improvement% =
Ẇεrec=0.9 − Ẇεrec=0

Ẇεrec=0

∗ 100 (4.2)



40

Figure 4.8: Net combined cycle mechanical power output from the system for a
range of Tcond,C . For each condensing temperature, the maximum net combined
cycle power is found for the range of Pratio.

When TC,C is varied freely to determine the maximum power, the effect of the

recuperator is less significant. Figure 4.8 on page 40 shows the maximum power

for several system configurations with and without recuperators. Since, for most of

the range, the maximum power is found near saturation as in Figure 4.5. There is

only a small amount of sensible power to recoup after expanding from saturation,

until the maximum power conditions depart from saturation.
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In all cases, a recuperator improves the maximum power efficiency. At a con-

densing temperature of 80◦C, the recuperator increases the maximum combined

cycle output power efficiency by about 1% from a combined cycle without a re-

cuperator. The system without a recuperator improves the maximum total power

efficiency to about 34.9% from a Stirling cycle rejecting heat at 80◦C with about

31.9% power efficiency. The system with a recuperator improves this further to

35.7% power efficiency. Then the combined cycle with the same temperature range

improves the maximum output power efficiency of a Stirling cycle rejecting heat

at 80◦ C by about 3% and 4% for systems without a recuperator and with a re-

cuperator, respectively. The improvement with a combined cycle increases further

for lower rejection temperatures.
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4.1.2 Rankine condensing temperature and Stirling low side tem-

perature

Figure 4.8 also demonstrates the effect of the condensing temperature; Stirling

cycles may be compared to combined cycles operating over the same tempera-

ture range. In all cases, the combined cycle offers a minimum of more than 2%

additional power efficiency at Pratio = 2, and power increases initially with Pratio.

For condensing temperatures of 60◦ C and 80◦ C, a maximum power point is

noticeable in the test range. Similar behavior is expected for 40◦ C, but would

occur at a higher pressure ratio. The test range may be extended to visualize the

maximizing behavior.

Figure 4.9 on page 43 shows the combined cycle maximum power with the

pressure going into the expander. Here, it may be seen that the maximum power

point occurs near the same pressure in all cases. The maximum power points

are more noticeably offset from each other in Figure 4.8 because the condensing

pressure is increased with the condensing temperature, so the same pressure ratio

represents a higher expander inlet pressure for each higher condensing temperature.

All systems with a recuperator have the maximum power point located after the

Stirling cold-side temperature has reached 171◦ C, the software imposed maximum.

So, the power limitations are not necessarily physical. The maximum power limits

of the systems without a recuperator are still at saturation, and occur before the

critical point. The recuperator has a similar effect on the maximum power as

reducing the condensing temperature by 10◦C.
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Figure 4.9: Net combined cycle mechanical power output from the system for a
range of Tcond,C , plotted against the pressure going into the expander. For each
condensing temperature, the maximum net combined cycle power is found for the
range of Pratio. Results are calculated when for a Rankine cycle both with and
without a recuperator.
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Figure 4.10: Maximum power points for base configurations with different con-
densing temperatures with and without a recuperator. The optimal TC,C is found
for Pratio to produce the maximum net power from the combined cycle.

As the low side temperature decreases, the improvement from a combined cycle

increases. Figure 4.10 on page 44 shows the maximum power possible with decreas-

ing condensing temperature, and the difference in maximum power efficiency due

to a recuperator. It is important to note the difference in pressure ratio for each

case, as changing the expander conditions may have effects on isentropic efficiency.

Since conditions may exist which allow a combined cycle to operate with a lower

heat rejection temperature than a pure Stirling cycle, greater improvements may
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well be possible with a Rankine bottoming cycle. For example, a combined cycle

receiving power at 700◦ C with the Rankine condenser temperature at 40◦ C offers

a minimum improvement of more than a 6% at Pratio = 2 from a pure Stirling cycle

rejecting heat at 80◦ C. The maximum improvement for this case is an increase

of power efficiency by almost 9% with a combined cycle exhausting heat at 40◦ C

compared to a pure Stirling cycle exhausting heat at 80◦ C.
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Figure 4.11: Optimal TC,C for Pratio to produce the maximum net power from the
combined cycle when calculated with two different methods. TC,C for maximum
power is found for specified Pratio and Pratio is found for specified TC,C .

4.1.3 Method for determining maximum power

The method by which the maximum power is found produces different results

when different parameters are used as the search variable. As before, the Stirling

heat rejection temperature, TC,C , may be varied to determine the optimal pressure

ratio, Pratio, or the pressure ratio may be varied to determine the optimal rejection

temperature. In either case, the optimal conditions are defined as those which

produce the maximum combined cycle power. The power level increases to a
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greater value in Figure 4.3 on page 33 than in Figure 4.1 on page 30. In fact, TC,C

and Pratio do not coordinate along the maximum power line when the maximum

system power is determined by the two different ways, as may be seen in Figure 4.11

on page 46.

This difference may be more clear in Figures 4.12 and 4.13 on pages 48. Both

methods do represent the proper maximum power for the system, but must be

used in the appropriate fashion. Should constraints such as the expander pressure

ratio dominate other concerns, then the maximum power may be found for the

appropriate pressure. Alternatively, should constraints such as the Stirling cycle

design for the cold side heat rejector dominate, then the maximum power may be

found for the appropriate temperatures.

To exemplify this divergence in Figures 4.12 and 4.13, the maximum power for

TC,C = 147.5◦ C is 40.2% power efficiency with a pressure ratio equal to 9.8, while

the maximum power available at Pratio = 9.8 is 40.4% power efficiency and is at

the maximum temperature allowable, TC,C = 171◦ C. However, the conditions for

maximum power do coordinate at lower pressure ratios where the maximum power

is found at saturation conditions, as in Figure 4.11. So, for systems without a

recuperator, pressure and temperature constraints produce the same result.
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Figure 4.12: Net combined cycle mechanical power output from the system at
Pratio when the optimal conditions are calculated with two different methods.

Figure 4.13: Net combined cycle mechanical power output from the system at TC,C
when the optimal conditions are calculated with two different methods.
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Figure 4.14: Net combined cycle mechanical power output from the system for
a range of expander isentropic efficiencies. For each efficiency, the maximum net
combined cycle power is found for the range of Pratio.

4.1.4 Rankine expander isentropic efficiency

The effect of changing the isentropic efficiency of the Rankine expander may be

see in Figure 4.14 on page 49, and compared to the pure Stirling cycle for the same

temperature range. The cycle improvement due to greater expander efficiency

increases with Pratio for the full range evaluated. In all of the prior model results,

the expander isentropic is kept at the base value of 90%, as in Table 4.1 on page 28.

Numerous studies have demonstrated real expanders near the order of 1 kW or
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Figure 4.15: Improvement in net combined cycle mechanical power output from
the system for a range of expander isentropic efficiencies. For each efficiency, the
maximum net combined cycle power is found for the range of Pratio.

more operating with between 80− 90%, so these combined cycle power levels are

not unreasonable. The improvements from the combined cycle to the Stirling only

cycle degrade rapidly with reduced expander isentropic efficiency.

From Figure 4.15 on page 50, for each 10% increment in isentropic efficiency, the

combined cycle power increase by a minimum of more than 0.4% power efficiency,

and a maximum just less than 1.4% power efficiency. Results are for a combined
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Figure 4.16: Optimal TC,C for Pratio to produce the maximum net power from the
combined cycle for a systems with different expander isentropic efficiencies.

cycle receiving heat into the Stirling cycle at 700◦ C and rejecting heat from the

Rankine condenser at 40◦ C.

The conditions for maximum power at lower isentropic efficiencies diverge from

saturation at later points (Figure 4.16 on page 51); the lower efficiency leaves more

power to recover when expanding from saturation. That is, with lower isentropic

efficiency, the combined cycle reaches maximum power either at saturation, or

after departing saturation, at a lower Stirling rejection temperature than a cycle

with a higher expander isentropic efficiency. Also with lower isentropic efficiency,
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the Rankine cycle reaches the maximum temperature allowed by the software at a

higher pressure ratio. As may be seen in Figure 4.14, at lower expander isentropic

efficiency the maximum combined cycle power is reduced and is also reached at a

lower Rankine pressure ratio.
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4.1.5 Stirling fraction of Carnot efficiency

The fraction of Carnot efficiency used to model the Stirling cycle may also change.

This would represent different configurations and performance of the Stirling en-

gine. Figure 4.17 on page 54 shows the effect of changing fCarnot by ±0.01 from the

base value of 0.50. The combined cycle system is not as sensitive to fCarnot as the

Stirling only system; a change in fCarnot produces a larger change in the Stirling

only cycle than it does in the combined cycle. For larger changes in fCarnot, Fig-

ure 4.18 on page 54 must be shown on a larger scale to display the system power

when fCarnot is changed by ±0.05 from the base value of 0.50. For all values of

fCarnot shown in these figures, a bottoming Rankine cycle always increases power

out, though the amount of this power increase diminishes as fCarnot grows larger.

The Rankine cycle operates near 0.8 of the Carnot efficiency over the full range

of values in the model, which is why the combined cycle always performs better

to some degree until the Stirling cycle efficiency is above about 0.8 of the Carnot

efficiency. It may seen intuitive then, that the Rankine cycle should always be

operated at the highest temperatures possible. However, it is the combined cycle

output power and not individual cycle efficiency that is maximized in this study,

since this is how a practical system would be operated, and the interaction between

the cycles is not so simple. It may be seen in Figure 4.19 on page 55, the thermal

efficiency of the Stirling cycle is in all cases higher than the Rankine efficiency with

0.45 < fCarnot < 0.55 for the Stirling cycle. As the pressure ratio is increased in

the Rankine cycle the Rankine thermal efficiency also increases at the conditions
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Figure 4.17: Net combined cycle mechanical power output from the system for
fCarnot = 0.5± 0.01. For each fCarnot, the maximum net combined cycle power is
found for the range of Pratio.

Figure 4.18: Net combined cycle mechanical power output from the system for
fCarnot = 0.5 ± 0.5. For each fCarnot, the maximum net combined cycle power is
found for the range of Pratio.
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Figure 4.19: Rankine and Stirling cycle thermal efficiency for a range of fractions
of Carnot efficiency.

for maximum power, and the Stirling rejection temperature also increases. As the

rejection temperature increases, the Stirling efficiency decrease, which provides a

larger power content to the Rankine cycle.

At some point, the Rankine cycle is both efficient enough, and the Stirling

cycle is rejecting enough heat, that the conditions for maximum power allow for

an increase in the Stirling rejection temperature high enough to superheat the

Rankine fluid. At this point, the Rankine cycle efficiency increases at a steeper rate

until the maximum temperature allowed by software is reached for R245fa. Here,
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the cycle efficiencies flatten off, and the power from the combined cycle eventually

declines, as seen in Figures 4.8 and 4.9, on pages 40 and 43, respectively.

There is, however, a limit where a Rankine bottoming cycle no longer improves

total system power out. This limit may be seen for a pressure ratio of 3.2, chosen

to match the optimal expander conditions in Wang et al. [28], in Figure 4.20 (up-

per) on page 57. The same is displayed for a higher pressure ratio of 9.4, the

last value for with maximum power conditions below the software limits, in Fig-

ure 4.20 (lower). In these figures, the vertical axis accurately represents the cycle

efficiency for the Stirling cycle and the combined cycle with output in kW per

kW power in. This is not the case for the Rankine cycle power, input power to

the Rankine boiler is decreasing and always less than 1 kW. In both cases, the

combined cycle performs worse than a Stirling only cycle for about fCarnot > 0.8,

where the Stirling cycle surpasses the fraction of Carnot of the Rankine cycle. It

may also be seen that the effect of the recuperator reduces as fCarnot increases.

The Stirling cycle performance, with a fixed temperature range, is a strictly

linear relation to fCarnot given equations (2.1) and (3.1). The net combined sys-

tem power and Rankine cycle power have a more complex behavior; there are three

functional regions which may be seen in Figure 4.21 on page 58. For each frac-

tion of Carnot efficiency, the rejection temperature producing the maximum net

combined cycle power is found when Pratio = 3.2, 5.4, 9.4 for systems with and

without a recuperator. Pratio = 5.4 is chosen here because it’s the highest pressure

ratio where maximum combined cycle power is found with saturation conditions

at the expander inlet for fCarnot = 0.50. For Pratio = 9.4, when fCarnot < 0.5, the
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Figure 4.20: Cycle power output from the system for a range of fractions of Carnot
efficiency. For each fraction, the maximum net combined cycle power is found
when Pratio = 3.2 (upper) and Pratio = 9.4 (lower) for systems with and without a
recuperator.
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Figure 4.21: Stirling cold side heat rejection temperature for maximum net com-
bined mechanical power output from the system for a range of Stirling cycle frac-
tions of Carnot efficiency.
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maximum power is available when the Rankine cycle is operated at the greatest

temperature, in this case the software limit. As fCarnot increases along this line

beyond 0.5, the temperature for maximum power decreases until saturation con-

ditions are reached at the Rankine expander inlet. The conditions for maximum

power remain constant after reaching saturation temperature at the Rankine ex-

pander inlet. The Rankine efficiency is constant while TC,C is constant, as it is in

the first and third regions. The power from the Rankine cycle decreases linearly

with increasing fCarnot in these regions, since the power rejected from the Stirling

cycle is reduced as fCarnot is improved.

System performance enhancements may be compared relative to each other in

Figures 4.20 (upper) and (lower). The system may be improved by increasing the

Stirling performance (increasing fCarnot) or by adding a Rankine bottoming cycle.

From Figure 4.22 on page 60, the same improvement from a combined cycle to a

poorly performing Stirling cycle at fCarnot = 0.4 would require a 0.072 improvement

in fCarnot, or a 5% increment in power efficiency from 27% to 32% at a pressure

ratio of 3.2. For a pressure ration of 9.4, the Stirling cycle would similarly have to

improve fCarnot by almost .13, or a 8.7% increment in power efficiency. For a well

performing system at fCarnot = 0.50, these same values are a 0.057 improvement

in fCarnot and 3.9% increment in power efficiency for Pratio = 3.2 and a 0.094

improvement in fCarnot and 6.4% increment in power efficiency for Pratio = 9.4.
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Figure 4.22: Required increase in fCarnot for a Stirling only system to match the
power from a combined cycle at the unimproved fCarnot with the same temperature
range. For each efficiency, the maximum net combined cycle power is found when
Pratio = 3.2, 9.4 for systems with a recuperator.
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Figure 4.23: Net combined cycle mechanical power output from the system for a
range Stirling hot-side temperatures. For each TH,C , the maximum net combined
cycle power is found for the range of Pratio.

4.1.6 Stirling high side temperatures

The combined cycle power is more sensitive than a Stirling only to the Stirling

hot-side temperature, as in Figure 4.23 on page 61. While all cases shown still

show nearly the same system power out improvement with the addition of a bot-

toming ORC, changing the hot-side temperature results in a greater change in the

combined system power output than in the Stirling only system. Increasing the

TH,C from 600◦ C to 650◦ C improves the efficiency of Stirling cycle only system by



62

0.87%. The combined cycle power efficiency at 650◦ C increased 0.89% from the

combined cycle at 600◦ C when Pratio = 2 and increased 1.0% when Pratio = 10.

From 650◦ C to 700◦ C, the Stirling only cycle improves by 0.97% and the com-

bined system efficiency improves by 0.99% when Pratio = 2 and increases 1.1%

when Pratio = 10. So, either the Stirling cycle or the Combined cycle improve by

about 1% for every 50◦ C increase in the Stirling hot side temperature.

Note that the above comparison is made between like cycles, instead of a Stirling

cycle to a combined cycle. The cycle improvement is relative to the same cycle at

a different hot side temperature. The combined cycle improvement relative to the

Stirling cycle is nearly constant with the Stirling hot side temperature, since the

Rankine cycle conditions for maximum combined power are almost identical. As

the hot side temperature increase, so does the Carnot efficiency, and thereby the

Stirling cycle efficiency with a constant fraction of Carnot. In this way, there is

less energy content available for the Rankine cycle, which is why the improvement

from the combined cycle decreases.

4.1.7 Rankine process diagrams

The following results are for the particular configurations of interest for the system

with a high-side temperature of 700◦ C, and a condenser temperature of 40◦ C,

expander isentropic efficiency of 90%, and a 0.9 effective recuperator. Pratio = 3.2

is the case where, as before, the highest isentropic efficiencies were observed by

Wang et al. [28]. Pratio = 5.4 is where the maximum power conditions diverge from
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saturation in systems with the recuperator. Pratio = 9.4 is the highest pressure ratio

for this configuration not limited by the maximum function limit on temperature.

Three Temperature-enthalpy (T-h) process diagrams for different system state

point in Figures 4.24, 4.25, 4.26, and 4.27 on pages 64 and 65. The states in the

processes illustrated correspond to the system schematic in Figure 1.2 on page 2.

Figures 4.24, 4.25, and 4.26 represent states at maximum power at the base pa-

rameter values in Table 4.1 on page 28 and Pratio of 3.2, 5.4 and 9.4, respectively.

These highlight the usefulness of the recuperator; the enthalpy difference between

states 2 and 3 is small relative to the difference between 1 and 2 in Figure 4.24

but theses differences are nearly equal in Figure 4.26.

The shape of the vapor dome may further explain the behavior of the maximum

power conditions for the combined cycle. Exhausting heat from the Stirling cycle

at any given temperature represents a fixed power level for that temperature. The

Rankine side is operated at saturation conditions in the boiler, then quality of the

vapor is controlled with the mass flow rate, as may be seen in Figure 4.28 and 4.29

on page 66. Moving along the saturation line to the right increases the quality and

enthalpy of the working fluid and decreases the pumping power in the Rankine cycle

without increasing the temperature. So, the Stirling cycle power remains the same

as boiler exit enthalpy (state 1) moves along the saturation line, and the Rankine

cycle power increases (Figure 4.28). Increasing the boiler exit enthalpy beyond

that of saturated vapor must necessarily increase the temperature at any given

pressure. This will, however, degrade the Stirling cycle power output. Increasing

the temperature beyond saturation doesn’t increase the combined net power out



64

Figure 4.24: T-h process diagram for a Rankine cycle operated at the maximum
power conditions for the combined cycle with a Rankine pressure ratio of 3.2

Figure 4.25: T-h process diagram for a Rankine cycle operated at the maximum
power conditions for the combined cycle with a Rankine pressure ratio of 5.4.
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Figure 4.26: T-h process diagram for a Rankine cycle operated at the maximum
power conditions for the combined cycle with a Rankine pressure ratio of 9.4.

Figure 4.27: T-h process diagram for a Rankine cycle operated at suboptimal
conditions for the combined cycle with a Rankine pressure ratio of 3.2.
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Figure 4.28: Net combined cycle mechanical power output a system with the Rank-
ine cycle operated at saturation with vapor quality from 0 to 1.

Figure 4.29: Mass flow rate in the Rankine cycle for a system operated at saturation
with vapor quality from 0 to 1.
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until higher pressures. As the quality increase eventually the fluid is expanded to

a superheated condition, leaving a sensible amounts of heat to be recovered in the

recuperator. Since the maximum power is available with saturated vapor, and at

high pressure ratios with superheated vapor, the recuperator does always show an

increase in power.

The mass flow rate has a critical influence on the Rankine power output. As the

fluid begins to expand to superheated conditions, the mass flow rate for systems

with recuperators flattens out in Figure 4.29. In these systems, the recuperator

is adding sufficient heat to the fluid that the mass flow rate no longer needs to

decrease as much for the energy balance, even though the energy content continues

to grow. This region shows the steepest increase in combined cycle power in

Figure 4.28.

The superheated vapor conditions eventually produce more power because the

superheated constant pressure lines (on the right of the dome) on the T-h dia-

grams are less steep as pressure increases. So, the enthalpy increases more for a

smaller increase in temperature, and the improvement in Rankine output better

supplements the degradation in Stirling output.
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4.2 Stirling cold-side heat rejector

Another method besides a bottoming ORC was evaluated in a related study to im-

prove the Stirling engines. Microchannel heat exchangers have potentially smaller

size than conventional devices while improving heat transfer performance and re-

ducing the pressure drop through the flow. To demonstrate the potential benefits

of this technology, an integrated microchannel heat exchanger was designed to take

the place of a conventional heat exchanger cold-side heat rejector in an existing

Stirling engine. The design fits exactly the existing architecture, flow rates, tem-

peratures, and other parameters. The possible improvements include a simplified

construction, higher thermal conductance with more surface area and better heat

transfer rate, and a reduced pressure drop. These enhancements may decrease the

cost per kW by improving economics of manufacturing and reducing the Stirling

cycle losses.

All possible configurations for shims, channels, and number of elements were

evaluated for comparison in post processing. The “best” results were evaluating

solutions that resulted in flow conditions that fit the model of laminar flow with

Re < 2300. Then volume in the cycle working fluid flow path was restricted to

±10% change from the conventional design. The remaining results were sorted

with increasing pressure differential across the cycle working fluid flow path. For

results with identical pressure drop, the highest magnitude of thermal conductance

was considered the most desirable.
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Figure 4.30: Cycle working fluid pressure drop through supertube channels plotted
against change in dead volume from the conventional architecture.

Figure 4.31: Ratio of thermal conductance of supertube architecture relative to
the conventional architecture.
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The minimum pressure drop decreases as the dead volume increases, though

at a decreasing rate. This trend is visible in Figure 4.30 on page 69. This figure

has been truncated to show only an increase in dead volume from conventional

architecture, because the minimum pressure drop continues to monotonically in-

crease with decreasing dead volume. The results are banded in noticeable trend

lines relating to the discreet nature of the parametrization, where only 20, 30, and

40 channels per shim were evaluated for 6 sizes of shims. The minimum pressure

drop, however, is well behaved and forms a distinct line. The results are distributed

through many configurations with three distinct features. At this minimum, the

cycle working fluid shim is always the largest thickness 0.889 mm with a channel

aspect ratio of 0.5.

The behavior of the designs with an aspect ratio of 0.5 represents a balance

between the characteristic for aspect ratios of 0.2 and 1. Either of these different

aspect ratios results in more cross-sectional flow area for similar dead volume,

which lowers the flow velocity and Reynolds number. Since the Reynolds number

has an inverse relationship to the friction factor, this results in more pressure drop

through the flow of the cycle working fluid.

The lower limit of pressure drops corresponds nearly to the lower limit in the

thermal conductance ratio, which also improves with an increase in dead volume,

Figure 4.31 on page 69. Though the coolant shims were many different thicknesses

at the minimum cycle working fluid pressure drop, the corresponding thermal

conductance is maximized where the coolant channel aspect ratio is 0.2. This

aspect ratio represents the smallest hydraulic diameter in all cases. Reducing
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the hydraulic diameter enhances the heat transfer characteristics of the cooling

fluid, without any effects on the working fluid side. So, the overall heat transfer

coefficient is maximize.

Two unique solutions to the supertube design problem are shown in Table 4.3

on page 72. When restricted to no more than a 10% change in dead volume on

the cycle working fluid side, the minimum pressure drop is 8.897 kPa with a dead

volume increase of 2.472%. There are a number of configurations that produce

these pressure drop and volume change and cycle working fluid side surface area

ratio of 3.213, the results presented in Table 4.3 has the maximum overall heat

transfer coefficient of 1.314 kW/m2K, and a total thermal conductance ratio of

2.469.

The smallest pressure drop through the microchannel device is found in this

study where the dead volume has increased significantly. With almost a 214%

increase in dead volume, the pressure drop in the cycle working fluid is 2.13 kPa,

the surface area ratio is 9.84, and the ratio of thermal conductance is over 7.

Without changing the size of Stirling cold-side heat rejector, however, these

results are inconsequential because the dead volume is too large. However, re-

ducing the heat exchanger size would be beneficial to the total design. The flow

is developing through the channels, and the heat transfer rate is greatest in the

entrance regions, so the length of the cycle working fluid path could be reduced

and only improve the heat transfer coefficient. The length is directly proportional

to the dead volume, and so a shorter design could be found with the correct dead

volume. A reduced length would also decrease the pressure drop. In the above
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Table 4.3: Conditions for most favorable supertube configurations.

Parameter

Value
UnitsLowest ∆P

for < 10% Lowest ∆P
DV change

Coolant shim thickness 0.000508 0.000254
Power shim thickness 0.000889 0.000889
Number of SuperTubes 8 14
No. channels per power shim 20 40
Cycle working fluid channel aspect ratio 0.5 0.5
No. channels per coolant shim 63 105
Coolant channel aspect ratio 0.2 0.2
Cycle working fluid surface area ratio 3.213 9.84
% change in dead volume 2.472 213.8
Cycle working fluid pressure drop 8.977 2.131
Coolant fluid pressure drop 1.723 18.56
Reynolds number, coolant side 262.5 205.8
Reynolds number, power side 1900 620.3
Height of SuperTube 0.01347 0.01035
Width of SuperTube 0.02759 0.05392
No. shim pairs per SuperTube 8 7
Depth of cycle working fluid channels 0.0005334 0.0005334
Span of cycle working fluid channels 0.001067 0.001067
Depth of coolant fluid channels 0.0001905 0.000095
Span of coolant fluid channels 0.0009525 0.0004763
Nusselt Number of cycle working fluid 3.914 3.603
Nusselt Number of coolant fluid 5.273 5.013
Overall heat transfer coefficient 1.314 1.291
Thermal conductance ratio 2.47 7.43
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configuration, the supertubes have significantly more thermal conductance, so the

size could be reduced in this way and may still have improved thermal conductance

relative to the conventional design.
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Chapter 5 – Conclusion

There is potential to create a system with increased power output relative to a pure

Stirling cycle by designing a bottoming Rankine cycle to run from the otherwise

waste exhaust heat. If the Stirling cycle has a cooling loop, which is expected for

practical engines, this Rankine cycle can replace the cooling loop. Because the

combined cycle power efficiency is increased from that of the Stirling, this will

reduce the total heat exhausted to the atmosphere.

The Rankine cycle expander isentropic efficiency has a strong effect on the

combined cycle potential. The combined cycle should be designed around the

optimal conditions for the Rankine expander to produce the maximum combined

cycle power output. For systems with a Rankine pressure ratio below about 5,

the Rankine fluid should be fully vaporized with little, if any, superheating. The

maximum possible power output increases as the Rankine pressure ratio increases.

The highest power efficiencies offering almost a 9% improvement in power effi-

ciency were found with a pressure ratio near 13, with the Rankine condenser op-

erating at 40◦ C, relative to a Stirling cycle with an 80◦ C cold-side temperature.

The maximums for power output were found at the software limited conditions;

greater output may well be possible. So long as the combined expander isentropic

efficiency does not drop greatly, multiple stage expansion could be used to reach

these higher outputs. Larger expanders could potentially be designed. Single stage
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devices exist now with pressure ratios near 4 that could be used for combined cy-

cles offering about 3 − 6% improvements in power efficiency from Stirling cycles

with cold-side temperatures of 40− 80◦ C.

The existing expanders for possible of improvements on this scale would pro-

duce on the order of 60 − 75 W per kW input to the Stirling cycle with pressure

ratios from 3 − 4. In order to size a system appropriately for a 1 kW Rankine

expander, the Stirling cycle with 0.50 of Carnot efficiency should receive between

about 13 − 17 kW when producing 4 − 5.3 kW. With higher expander pressure

ratios, smaller Stirling cycles could be used.

For R245fa, a recuperator always increased total power output. However, for

Rankine pressure ratios below about 3, the power increase from a recuperator is

small and may be neglected for cost considerations. A cost benefit analysis should

be conducted for all potential designs, as the recuperator may be expensive and

does not necessarily yield significant improvements in power efficiency.

The cost of boosting performance of a Stirling engine should be compared

to implementing a bottoming Rankine cycle as there are significant performance

enhancements, especially to lower efficiency Stirling cycles. There may also be

possible symbiotic improvements depending on configuration. A boiling Rankine

fluid would maintain a more constant temperature for the cold side of the Stirling

engine, and there may be no additional pumping load on the system with a Rankine

cycle. These effects may be improved with a Rankine recuperator, because the

Rankine cycle working fluid enters the boiler at a temperature closer to saturation.
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Microchannel devices can be effectively fit into the annular space of a free pis-

ton Stirling, replacing standard heat exchanger configuration for the cold side heat

rejector. The designs determined in this study were found to offer a similar pres-

sure differential with slightly more dead volume and much improved heat transfer

capacity and surface area. With more design freedom, microchannel devices may

be implemented effectively to reduce the size of the heat exchangers. This could

improve the heat transfer, and reduce the pressure drop in the cycle working fluid

along with pumping power in the coolant flow. Because only a few supertube

elements are needed, there may also be benefits for manufacturing.

Further investigation could link the two studies in a more contiguous way. The

ORC may be combined with the Stirling cycle with microchannel heat exchangers

either directly with the cold-side heat rejector boiling the Rankine fluid, or with

an interim fluid loop. The cold-side heat rejector designed in this study uses single

phase liquid water in order to demonstrate the microchannel potential. Future

evaluation should examine boiling the ORC working fluid in the microchannels.

Combining the Stirling and Rankine cycle through such a heat exchanger can lead

to additional improvements to the Stirling cycle such as an isothermal heat rejector.

Modifications to the Rankine cycle such as a preboiler heater should be considered

to raise the fluid to saturation conditions before the Stirling heat rejector. Also, for

combustion driven Stirling engines, a recuperator is usually employed to preheat

the incoming combustion air. The effect of using the combustion exhaust to instead

add heat to the Rankine cycle should be investigated.
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Appendix A – Stirling-ORC EES Model Equations

procedure QRECUPERankine(PWF$, Tc,in, Th,in, pc, ph, hh,in, hc,in : (A.1)

Qrec,spec, heat, qmax,c, qmax,h, qmax,T ) (A.2)

A phase change may occur in the hot side of the fluid if the cold side temperature

is at or below the saturation temperature of the hot side. In which case, the heat

transfer is limited by the lowest capacity

Tsat,h = Tsat (PWF$, P = ph) (A.3)

saturation temperature of hot side

determine the heat tranfer possible in each stream

cold side capacity to gain, limited by hot side incoming temperature

hc,out = h (PWF$, P = pc, T = Th,in) (A.4)

enthalpy of cold side if it is raised to the hot side incoming temp

qmax,c = hc,out − hc,in (A.5)
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maximum heat capacity of cold side

hot side capacity to loose is determined by the enthalpy chang to bring hot side

to saturation,

and enthalpy change to bring the cold side the the hot side saturation temperature

hh,sat = h (PWF$, x = 1, T = Tsat,h) (A.6)

enthalpy of hot side if it is brought to saturated liquid

hc,sat = h (PWF$, P = pc, T = Tsat,h) (A.7)

enthalpy of cold side if it is brought to hot side saturation temp

qmax,h = (hh,in − hh,sat) + (hc,sat − hc,in) (A.8)

maximum heat hot side could possibly give up

if no phase change in the hot side, the heat capacity is determined by the enthalpy

change to drop

the hot side temperature to the incoming cold side temperature

hh,out = h (PWF$, P = ph, T = Tc,in) (A.9)

qmax,T = hh,in − hh,out (A.10)
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If(Tc,in < Tsat,h)OR (Tc,in = Tsat,h) then (A.11)

use the heat capaicty of the stream with the lower capacity, phase change in hot

stream

If(qmax,h > qmax,c)OR (qmax,h = qmax,c)OR (qmax,h < 0) then (A.12)

Qrec,spec = qmax,c (A.13)

heat = 3 (A.14)

else (A.15)

Qrec,spec = qmax,h (A.16)

heat = 2 (A.17)

endif (A.18)

else (A.19)

Qrec,spec = qmax,T (A.20)

heat = 1 (A.21)

endif (A.22)
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Fail Safe for Recuperator, prevents it from running backwards

If(Qrec,spec < 0) then (A.23)

Qrec,spec = 0 (A.24)

endif (A.25)

end (A.26)

procedure ExpanderReal,Power(X1, Wexp,r, Qrecupe,r : Wexp,real) (A.27)

If(X1 < 100)OR (Qrecupe,r < 0) then (A.28)

Wexp,real = Wexp,r (A.29)

else (A.30)

Wexp,real = Wexp,r (A.31)

endif (A.32)

end (A.33)

procedure SUPERHEAT (FLUID$, T t, Pp : δT,superheat, P$) (A.34)

Tc = Tcrit (FLUID$) (A.35)
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Pc = Pcrit (FLUID$) (A.36)

If(Tt < Tc)AND (Pp < Pc) then (A.37)

Ts = Tsat (FLUID$, P = Pp) (A.38)

δT,superheat = Tt− Ts (A.39)

else (A.40)

δT,superheat = Tt− Tc (A.41)

endif (A.42)

P$ = Phase$ (FLUID$, T = Tt, P = Pp) (A.43)

end (A.44)

————Special Test Conditions————

3.2 Max

Pratio = 3.2

TC,C = 85.4

3.2 170 off design point

Pratio = 3.2

TC,C = 170

10 Max



87

Pratio = 10

TC,C = 171

5.4 Max

Pratio = 5.4

TC,C = 107.8

9.4 Max

Pratio = 9.4

TC,C = 170.1

Tcond,P,C = 40 (A.45)

Rankine condenser temperature

TH,C = 700 (A.46)

Stirling hotside temperature

Eff exp = .9 (A.47)

Expander isentropic efficiency

Eff re,r = 0.9 (A.48)

Recuperator effectiveness

δTBoiler = 5 (A.49)
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Boiler temperature difference to Stirling cold side

δT Subcool = .5 (A.50)

Subcooling degrees below saturation

Eff p = 0.5 (A.51)

Pump isentropic efficiency

fcarnot = 0.5 (A.52)

Stirling fraction of carnot efficiency

saturation at the boiler exit

T[1] = Tsat(PWF$, P=P[1])+0.001 [K]

————ORC Parameters————

PWF$ = ‘R245fa’ (A.53)

ORC working fluid

Tcond,P = Tcond,P,C + 273.15 [C] (A.54)

power side condenser temp

Pcond,P = Psat (PWF$, T = Tcond,P ) (A.55)
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set power side condenser pressure

Stirling Engine Inputs

Qin,st = 1 (A.56)

Watts of input heat

TH = TH,C + 273.15 [C] (A.57)

Input Temperature

Tatm = 25 [C] + 273.15 [C] (A.58)

Atmosphere

TC = TC,C + 273.15 [C] (A.59)

Cold Reservoir Temperature

Stirling Engine Calculations

Modeled as a simple Carnot cycle

ηth,carnot = 1− (TC/TH) (A.60)

Carnot cycle thermal efficiency

ηth,st = fcarnot · ηth,carnot (A.61)
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Stirling thermal efficiency fraction of Carnot

Wout,st = ηth,st ·Qin,st (A.62)

Work out of Stirling cycle

Qout,st = Qin,st −Wout,st (A.63)

Waste heat from Stirling

ṁr · (h1 − h6) = Qout,st (A.64)

All heat from Stirling goes to Rankine

Psat,boiler=Psat(PWF$,T=T[1]) {Saturation pressure at TC}

————State 1 - Leaving Boiler, Entering Expander————

P1 = P6 − PDboiler,r (A.65)

expander inlet pressure

T1 = TC − δTBoiler (A.66)

expander inlet temp

h1 = h (PWF$, T = T1, P = P1) (A.67)
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expander inlet enthalpy

s1 = s (PWF$, T = T1, P = P1) (A.68)

expander inlet entropy

x1 = x (PWF$, h = h1, P = P1) (A.69)

expander inlet quality

PROCEDURE SUPERHEAT(FLUID$,Tt,Pp:δT,superheat,P$)

call SUPERHEAT (PWF$, T1, P1 : δT superheat, PHASE$1) (A.70)

————State 2 - Leaving Expander, Entering Recouperator Hot Side————

P2 = P3 + PDrecupe,r,hot (A.71)

expander outlet pressure

ss,2 = s1 (A.72)

find constant entropy value, expander outlet

hs,2 = h (PWF$, s = ss,2, P = P2) (A.73)
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constant entropy enthalpy, expander outlet

h2 = h1 − Eff exp · (h1 − hs,2) (A.74)

find expander outlet enthalpy based on expander efficiency

T2 = T (PWF$, h = h2, P = P2) (A.75)

expander outlet temp based on enthalpy and pressure

s2 = s (PWF$, P = P2, h = h2) (A.76)

expander exit entropy

x2 = x (PWF$, h = h2, P = P2) (A.77)

expander outlet quality

————Recuperator R————

call QRECUPERankine(PWF$, T5, T2, P5, P2, h2, h5 : (A.78)

Qrec,r,spec, heat, qmax,3, qmax,2, qmax,1) (A.79)
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find minimum heat capacity

Qrec,r,spec · Eff re,r · ṁr = Qrecupe,r (A.80)

multiply Qrecupe by mass flow rate and effectiveness to get total heat recuperated

Qrecupe,r = ṁr · (h2 − h3) (A.81)

find enthalpy leaving hot side of the recuperator

Qrecupe,r = ṁr · (h6 − h5) (A.82)

find enthalpy leaving cold side of the recuperator

————State 3 - Leaving Recouperator Hot Side, Entering Condenser————

P3 = Pcond,P + PDcondenser,p (A.83)

find the power side condenser inlet pressure

T3 = T (PWF$, h = h3, P = P3) (A.84)

find power side condenser inlet temperature

s3 = s (PWF$, P = P3, h = h3) (A.85)
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condenser entrance entropy

x3 = x (PWF$, P = P3, h = h3) (A.86)

find power side condenser inlet quality

————State 4 - Leaving Condenser, Entering Pump————

T4 = Tcond,P − δT Subcool (A.87)

condenser exit temperature

P4 = Pcond,P (A.88)

condenser exit pressure

h4 = h (PWF$, P = P4, T = T4) (A.89)

condenser exit enthalpy

s4 = s (PWF$, P = P4, h = h4) (A.90)

condenser exit entropy

x4 = x (PWF$, h = h4, P = P4) (A.91)

pump entrance quality
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————State 5 - Leaving Pump, Entering Recouperator Cold Side————

P5 = P4 · Pratio (A.92)

pump exit pressure

ss,5 = s4 (A.93)

constant entropy value

hs,5 = h (PWF$, s = ss,5, p = P5) (A.94)

constant entropy enthalpy

h5 = h4 +
(
1/Eff p

)
· (hs,5 − h4) (A.95)

pump exit enthalpy based on pump efficiency

T5 = T (PWF$, P = P5, h = h5) (A.96)

pump exit temperature

s5 = s (PWF$, h = h5, P = P5) (A.97)

pump exit entropy

x5 = x (PWF$, h = h5, P = P5) (A.98)



96

pump exit quality

————State 6 - Leaving Condenser Cold Side, Entering Boiler————

P6 = P5 − PDrecupe,r,cold (A.99)

boiler entrance pressure

T6 = T2 − δT recupe (A.100)

boiler entrance temp

T6 = T (PWF$, P = P6, h = h6) (A.101)

boiler entrance temperature, yileds enthalpy

s6 = s (PWF$, P = P6, h = h6) (A.102)

boiler entrance entropy

x6 = x (PWF$, h = h6, P = P6) (A.103)

boiler entrance quality

————Power from Rankine————

Qcond,p = ṁr · (h3 − h4) (A.104)
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condenser heat duty, exhaust heat

Wexp,r = ṁr · (h1 − h2) (A.105)

expander outlet power

call ExpanderReal,Power(X1, Wexp,r, Qrecupe,r : Wexp,real) (A.106)

Wtotal = Wexp,real +Wout,st (A.107)

Win,pump = ṁr · (h5 − h4) (A.108)

Power Input at pump

Powerrankine,out = Qcond,p +Wexp,r (A.109)

Total Rankine Power out

Powerrankine,in = Qout,st +Win,pump (A.110)

Total Rankine Power in

δPower,rankine = Powerrankine,in − Powerrankine,out (A.111)

Wrankine,net = Wexp,real −Win,pump (A.112)
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Net rankine work out

Wtotal,net = Wtotal −Win,pump (A.113)

Net total work out

ηth,rankine =
h1 − h2

((h1 − h6) + (h5 − h4))
(A.114)
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Appendix B – Supertube Model EES Equations

procedure FAPPREMEAN(L, dh, Re, K∞, fRe, C : fappRe,m) (B.1)

L+ =
L

dh ·Re
(B.2)

step := 0.0001 (B.3)

n = L+/step (B.4)

sum := 0 (B.5)

i := 1 (B.6)

x+ := i · step (B.7)

fappRe,n := 3.44 ·
(
x+
)−0.5

+
K∞
4·x+ + fRe− 3.44 · (x+)

−0.5

1 + C · (x+)−2
(B.8)

repeat (B.9)

i := i+ 1 (B.10)

x+ := i · step (B.11)

fappRe,p := fappRe,n (B.12)

fappRe,n := 3.44 ·
(
x+
)−0.5

+
K∞
4·x+ + fRe− 3.44 · (x+)

−0.5

1 + C · (x+)−2
(B.13)
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sum := sum+
fappRe,n + fappRe,p

2
· step (B.14)

until (i > n) (B.15)

fappRe,m := sum/L+ (B.16)

end (B.17)

procedure PRESSUREDROP (fapp,m, ffd, L, dh, ρ, um : ∆P , ∆P fd) (B.18)

gc := 1 (B.19)

rh := dh/4 (B.20)

∆P ∗ := fapp,m · (L/rh) (B.21)

∆P := ∆P ∗ · |1 1| ·
(
ρ · u2

m

2
· gc

)
(B.22)

∆P fd := ffd ·
(L) · ρ · (u2m)

2 · dh
· |1 1| (B.23)

end (B.24)

procedure NUSSELTMEAN(Re, Pr, Dh, L, a3, a2, a1, a0 : Nusseltm)

(B.25)

Pe = Re · Pr (B.26)
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L∗ =
L

Dh · Pe
(B.27)

y = 1/L∗ (B.28)

Nusseltm = a3 · y3 + a2 · y2 + a1 · y + a0 (B.29)

end (B.30)

Super Tube Footprint

Yields width and height of supertube (wst & hst) based on geometry to fit in shell

Variable

Constants

supportch = .25 · 10−3 (B.31)

25 micron channel sepparator

border = 1 · 10−3 (B.32)

1mm border of material before welding to shell

Nch,shim,p · (wch,p + supportch) + supportch + border = wST (B.33)
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Trigonometric relations for width and height

sin (φ) = wST/2/Ro (B.34)

Cos(φ) = a/Ro (B.35)

a−Ri = hST (B.36)

Calculated the total foot print of a super tube bundle

Ro =
177.111 · 10−3

2
(B.37)

Ri = 74 · 10−3 (B.38)

Inner radius of shell tube area

Shim Geometry

Yields number of shims per stack and channel dimensions and total areas

Variable

Constants

αfin = 3 (B.39)

L = 96.4 · 10−3 (B.40)

length of stuper tube

Leff = L−
(
20 · 10−3

)
[m] (B.41)
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effective length of super tube, spread of coolant channels

Geometric Relations

Nshim,ST = Trunc

(
hST − (2 · tshim,p)
tshim,p + tshim,c

)
(B.42)

number of each shim in a supertube

Channel Width

αch,p = hch,p/wch,p (B.43)

αch,c = hch,c/wch,c (B.44)

αfin =
wch,p

tshim,p − hch,p
(B.45)

αfin =
wch,c

tshim,c − hch,c
(B.46)

Cross Sectional Area

Acr,c = wch,c · hch,c (B.47)

Acr,p = wch,p · hch,p (B.48)

Total Cross Sectional Area

Acr,c,total = Nch,shim,c ·Nshim,ST · Acr,c (B.49)

Acr,p,total = Nch,shim,p ·Nshim,ST ·NST · Acr,p (B.50)
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V olcr,p,total = Acr,p,total · L (B.51)

Total Surface Area

As,c,total = 2 · (hch,c + wch,c) · Leff ·Nch,shim,c ·Nshim,ST ·NST (B.52)

As,p,total = 2 · (hch,p + wch,p) · L ·Nch,shim,p ·Nshim,ST ·NST (B.53)

Hydraulic Diameter

dch,c =
2 · hch,c · wch,c
(hch,c + wch,c)

(B.54)

hydraulic diameter

dch,p =
2 · hch,p · wch,p
(hch,p + wch,p)

(B.55)

hydraulic diameter

Nch,shim,c = Trunc

(
Leff

wch,c + supportch

)
(B.56)

Flow Conditions

Fluids

PWF$ = ‘Helium’ (B.57)

CLF$ = ‘Water’ (B.58)
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Conversion Parameters

CMPL = 1
[m3]

1000 [L]
(B.59)

m3/1000 Liters

SPM = 60 [s/min] (B.60)

60 seconds/min

KPAPFTH2O = 2.989067 [kPa/ft] (B.61)

2.989067 kPa/ft H2O head

KPAPPA = (1/1000) [kPa/Pa] (B.62)

Atmosphere Conditions

Patm = 101.35 [kPa] (B.63)

coolant conditions

˙V olc = 0.00025
[
m3/s

]
(B.64)

Coolant flow rate

Tc,1 = 60 [C] (B.65)

coolant at inlet temp

Tc,2 = 80 [C] (B.66)
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coolant at outlet temp

Tave,c =
Tc,1 + Tc,2

2
(B.67)

average water temp

Pc = PressureHead ·KPAPFTH2O + Patm (B.68)

water opperating pressure

Tfilm,c = Tave,c (B.69)

ρc = ρ (CLF$, T = Tfilm,c, P = Pc) (B.70)

µc = µ (CLF$, T = Tfilm,c, P = Pc) (B.71)

ṁc = ˙V olc · ρc (B.72)

q̇c = ṁc · (hc,2 − hc,1) (B.73)

hc,1 = h (CLF$, T = Tc,1, P = Pc) (B.74)

hc,2 = h (CLF$, T = Tc,2, P = Pc) (B.75)

power conditions

ρp,1 = ρ (PWF$, T = Tp,1, P = Pp,1) (B.76)

Fluid density at mean T & P

µp,1 = µ (PWF$, T = Tp,1, P = Pp,1) (B.77)
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Dynamic Viscosity at mean T & P

Power Fluids Equations

determine fluid velocity in power channel

˙V olp = Vch,p · Acr,p,total (B.78)

reynolds number from hydraulic diameter and mean velocity

Rech,p = ρp,1 · Vch,p ·
dch,p
µp,1

(B.79)

δV ol,p,percent =

(
V olcr,p,total − V olumeDead,T

V olumeDead,T

)
· 100 (B.80)

As,p,multiplier = As,p,total/AT,s,total (B.81)

Nusselt Number

From Shah & London p204, Table 43

Prch,p = Pr (PWF$, T = Tp,1, P = Pp,1) (B.82)

From Shah & London p199, Table 41, α = 0.5

From Shah & London p6

L+
hy,p =

Lhy,p
dch,p ·Rech,p

(B.83)
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developr,p = Lhy,p/L (B.84)

call FAPPREMEAN
(
L, dch,p, Rech,p, K∞,p, fRep, Cp : fappRe,m,p

)
(B.85)

ffd,p = fRep/Rech,p (B.86)

fapp,m,p = fappRe,m,p/Rech,p (B.87)

call PRESSUREDROP (fapp,m,p, ffd,p, L, dch,p, ρp,1, Vch,p : ∆P p, ∆P fd,p)

(B.88)

call NUSSELTMEAN(Rech,p, P rch,p, dch,p, L, a3p, a2p, a1p, a0p : Nusseltm,p)

(B.89)

kp = k (PWF$, T = Tp,1, P = Pp,1) (B.90)

hp = kp ·Nusseltm,p/dch,p · |1 1| (B.91)

Heat transfer from diameter and ν

Coolant Fluids Equations

determine fluid velocity in coolant channel/fluid is devided amoungst all super

tubes

˙V olc/NST = Vch,c · Acr,c,total (B.92)

reynolds number from hydraulic diameter and mean velocity

Rech,c = ρc · Vch,c · dch,c/µc (B.93)
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From Shah & London p6

L+
hy,c =

Lhy,c
dch,c ·Rech,c

(B.94)

developr,c = Lhy,c/wST (B.95)

call FAPPREMEAN(wST , dch,c, Rech,c, K∞,c, fRec, Cc : fappRe,m,c) (B.96)

ffd,c = fRec/Rech,c (B.97)

fapp,m,c = fappRe,m,c/Rech,c (B.98)

call PRESSUREDROP (fapp,m,c, ffd,c, wST , dch,c, ρc, Vch,c : ∆P c, ∆P fd,c)

(B.99)

Prch,c = Pr (CLF$, T = Tave,c, P = Pc) (B.100)

call NUSSELTMEAN(Rech,c, P rch,c, dch,c, wST , a3c, a2c, a1c, a0c : Nusseltm,c)

(B.101)

kc = k (CLF$, T = Tave,c, P = Pc) (B.102)

hc = kc ·Nusseltm,c/dch,c · |1 1| (B.103)

Heat transfer from diameter and ν

1/U = 1/hc + 1/hp (B.104)




