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For many decades, production and assembly lines have played an important

role in industrial manufacturing systems. In particular, they have proved to be an

efficient way to organize the production of high volume products in many

industries.

In their effort to improve the efficiency of production lines, researchers

encountered two major design problems: The first problem, which is the optimal

allocation of work to the different stations of a production line, can be regarded as

essentially solved today. The second problem became known as the buffer

allocation problem and addresses the issue of how a limited amount of storage

capacity for work-in-process should be allocated between the stations of a serial

production line in order to minimize blocking and starving phenomena.

Until today, very little is known about the buffer allocation problem and its

solution for production lines with an unbalanced allocation of work. This thesis

determines properties and characteristics of the optimal buffer allocation for this

line type with the aim of enhancing the existing knowledge about the problem and

making a contribution toward its solution. We examine the validity of several

hypotheses regarding optimal buffer allocation which have been conjectured by

recent studies and discuss the impact of certain factors on system performance and

optimal buffer allocation. Some of the most important among these factors are
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multiple bottlenecks, line symmetry and line length as well as the different types of

imbalances.

For the generation of the optimal buffer allocations, a simulation model is

combined with an exhaustive search procedure, which is substituted in the second

part of the study by an adaptation of the Genetic Algorithm.

Besides the characterization of the optimal buffer allocation, a secondary

objective of this study is to evaluate the performance of the utilized search heuristic

with regard to its practical applicability. For this purpose several designed

experiments are performed, which indicate that the search heuristic usually finds a

good near-optimal solution under all considered conditions and requires relatively

limited computational efforts.
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Characteristics of Optimal Buffer Allocation in

Unbalanced Serial Production Lines

1 INTRODUCTION

1.1 Problem environment

Ever since the first introduction of the moving belt assembly line in 1913,

production and assembly lines have played an important role in industrial

manufacturing systems. Sequential production lines, in which a series of operations

is performed on a work unit, have proved to be an efficient way to organize the

production of high volume products in many industries. Due to the repetitive nature

of production lines, a small increase in efficiency can result in substantial savings.

This fact has made the improvement of production line efficiency the focal point of

considerable research activities over the last few decades.

In their effort to design an optimal production line, researchers encountered

two major problems: The first problem is an optimal allocation of work to the

different stations of a production line. While traditionally the view that a balanced

allocation of work maximizes line efficiency has dominated, it is known today that

under certain conditions the optimal allocation of work is unbalanced and

characterized by the "bowl phenomenon". The bowl phenomenon was first

discovered by Hillier and Boling (1966) under the assumption of exponentially

distributed processing times. Since then the phenomenon has been the subject of

numerous, very controversial studies, which were mostly based on simulative

evaluation of manufacturing systems (Rao, 1976, El-Rayah, 1979b, Cmunt and

Perkins, 1980, Perkins and Smunt, 1985, So, 1989, Martin and Pike, 1994).

Although the bowl phenomenon can not be proved analytically for general

processing time distributions it is strongly supported by empirical studies and is
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therefore widely accepted among current researchers. While many questions are

still to be answered in this context, the basic problem of allocating work to the

stations of a production line is essentially solved.

The second problem is the amount of buffer capacity which should be allocated

between the stations of serial production lines. This problem turned out to be

surprisingly complex and although considerable progress has been made in the

solution of special cases, the general problem is still unsolved. The focus of this

study is therefore to determine properties and characteristics of an optimal buffer

allocation to enhance the understanding of the problem and make a contribution

toward its solution.

Production lines can be classified according to several criteria. Since for some

line types, the buffer allocation problem as described in this study does not arise at

all, it is important to specify the types of lines which will be studied.

Perhaps the most important characteristic of a production line is whether its

operations are performed in a paced or unpaced fashion. In a paced line an operator

has a specified, limited amount of time to perform a sequence of operations. After

this time (s)he has to stop working on the work unit regardless of whether the

operations are completed or not. In unpaced lines on the other hand, the operations

which have to be performed at one station are not restricted by a time constraint. A

fundamental problem in this context is variability, which is inherent in human

work. It is well known that whenever a task needs to be performed repetitively, the

time which is necessary for its completion varies from one repetition to the next.

This fact is critical in a paced production line and has been identified as a major

source of quality problems. In the past, tremendous efforts have been taken to

reduce this variability by improving operator training or increasing the degree of

automation. In this study we assume that the processing times are, at least to a

certain extent, subject to variability. In consideration of today's high quality

standards, an unpaced line design appears to be more appropriate and is hence

assumed throughout the rest of this study.
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A second classification criterion refers to the way in which units are moved

from one station to another. From a system's perspective, this can happen in a

synchronous or asynchronous fashion. The associated line types are accordingly

called synchronous or indexing lines and asynchronous lines. In this study an

asynchronous line is assumed for two reasons: The first reason is that a

synchronous transfer of work inevitably requires the processing times to be constant

or at least paced, a prerequisite which is not given in this case. Secondly, the buffer

allocation problem does not arise in a synchronous line, since the transfer times are

essentially deterministic. The allocation of interstage buffers does not improve the

line efficiency, except in the case of machine breakdowns. The assumption of an

asynchronous work transfer is also supported by a recent study (Lim et al., 1989), in

which synchronous and asynchronous production lines were compared with respect

to quality and performance criteria. The major conclusion of this study was that

asynchronous production lines can be as efficient from the production rate point of

view as synchronous lines while offering additional advantages in quality.

Therefore, the authors suggest that asynchronous operations could and should be

the standard for mass production systems.

Finally, production lines can be differentiated by the number of types of work

units which can be processed. A production line which is able to process only one

type of work unit is generally referred to as single-model line. If more than one type

of work unit can be processed, but only one at a time, we speak of a multi-model

line. If numerous types of work units can be processed simultaneously, the

production line is called a mixed-model line. The buffer allocation problem is

relevant to all three categories. However, we have chosen to restrict ourselves to the

case of a single-model line to limit the problem complexity. This restriction

provides the necessary focus on fundamental properties and characteristics. Once

these fundamental issues have been resolved, further studies can be conducted to

include more complex systems.
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By aid of the discussed criteria for the classification of production lines it is

now possible to adequately describe the type of production line which will be the

subject of this study as an unpaced, asynchronous, single-model production line.

1.2 Research objectives

Modeling a manufacturing system essentially represents a compromise

between realistically representing the highly complex real-world relationships and

the need to reduce a problem to its major determinants in order to make it

manageable. A model can therefore be best described as a simplified representation

of reality. While we have to abstract from extraneous sources of variation through

making appropriate model assumptions, the accuracy of the representation must be

guaranteed. The validity of model assumptions is consequently one of the most

critical issues in modeling. A main characteristic of a manufacturing model is the

amount of variability which is included. Although there might be many sources of

variability in a production line, the three single most important sources are the

processing time variability, the workstation reliability and the yield variability. This

study will use an aggregate processing time distribution integrating workstation

reliability and the rework component of yield variability into the processing time

distribution, as has been discussed in several studies (Pourbabai, 1993, Hillier and

So, 1991). The justification for this approach is that, abstracted from a physical

level, there is no fundamental difference between processing time variability,

workstation reliability and rework, except for their statistical behaviors. All three

variability components can therefore be expressed by a single distribution function

in the model. Since the scrap component of the yield variability plays only a minor

role in most industries its omission does not endanger the validity of our model.

The variability of the aggregate processing time distribution gives rise to line

inefficiency due to starvation and blocking, which the buffer allocation problem

seeks to minimize.



Maximize

subject to

where

R(q)

= Q
j=2

Q 0, g 0

Q, qi integer (j = 2, 3, ..., N)

= buffer capacity between station (j-1) and station j

q = (q2, qN) vector of buffer capacities

R(q) = line throughput

N = line length

Q = total buffer capacity

The difficulties in solving this problem primarily arise from two factors: The

first factor is that so far it has not been possible to obtain an algebraic relationship

between the line throughput and the buffer sizes. As a result it is not possible to

express the objective function (throughput) in terms of its decision variables (buffer

sizes). The second factor is the integer nature of the decision variables making the

problem an NP hard combinatorial optimization problem (Smith and Daskalaki,

1988). The number of possible buffer allocations of an N-station line with Q

buffers is given by:

(N + Q - 2)!

Q!*(N - 2)!

5

The buffer allocation problem can be characterized as a linearly constrained

integer nonlinear programming problem (Hillier and So, 1991). Its objective is to

maximize production line efficiency as measured by the throughput by optimally

allocating a finite number of buffers between the stations. Formally the model can

be expressed as follows:
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For a 15-station line with 10 buffers, for example, more than one million

different buffer allocations are possible. Furthermore, many classic optimization

techniques for non-linear objective functions can not be applied to integer variables.

For a special case of the buffer allocation problem, that is, for a balanced

allocation of work to a production line, the problem can be significantly simplified

by using additional knowledge about the behavior of balanced lines. A production

line is balanced if the processing time distributions at all its workstations are

identical, otherwise it is unbalanced. A production line can be unbalanced in respect

to its processing time variances, its processing time means, or both. Powell (1994)

named these three cases a-unbalanced, p.-unbalanced and ga-unbalanced

production lines. For balanced lines, an efficient solution procedure has been

proposed (Hillier and So, 1991) and general rules for optimal buffer allocation have

been established (Conway et al., 1988, Hillier and So, 1988, 1991, Boling et al.,

1993, Powell and Pyke, 1996). Today, balanced lines are well understood and the

buffer allocation problem is essentially solved for this type of line. However, it is

important to realize that the solution of the buffer allocation problem for balanced

lines was not achieved through revolutionary analytical solution procedures.

Instead, it was the combination of profound understanding of the behavior and the

properties of this kind of production line with sophisticated analytical solution

procedures, which enabled the solution to the problem. Notably, the reversibility

property and the concavity of the throughput function for single-server stations with

exponential processing times made decisive contributions (Boling et al., 1993).

For the more complex class of unbalanced lines, no efficient analytical solution

procedure is known and one is not likely to be developed soon. Several promising

solution approaches exist already, but their applicability is limited by the

complexity of the problem to short lines with relatively few buffers. These solution

approaches certainly represent good starting points, but are incapable of dealing

with lines of realistic complexity. Addressing the buffer allocation problem for

unbalanced production lines is not merely an academic problem, considering the
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importance of unbalanced production lines in actual manufacturing systems. There

are several situations in which unbalanced lines are preferable to balanced lines: As

the recent research in work allocation to serial production lines indicates, an

appropriately unbalanced production line, as described by the bowl phenomenon',

can outperform a comparable balanced line (So, 1989). As a result, production lines

should be in many cases deliberately unbalanced. It can furthermore be very

expensive to balance a production line, that is, to increase the capacity of the

bottleneck station(s). If this is the case, buffering the line can be a more effective

strategy than balancing it (Conway et al., 1988, Powell, 1994).

As in the case of balanced lines, I believe that a solution of the buffer

allocation problem for unbalanced production lines can not be achieved by

analytical solution approaches alone. Instead, it is necessary to find characteristics

and properties of unbalanced lines which allow us to reduce the complexity of the

problem so that it becomes realistically solvable for analytical solution procedures.

Today, not much is known about the behavior of unbalanced production lines and

the practice of production line design is left with little more than intuition and

experience. This lack of knowledge is unanimously reported by the few studies

which have just started to focus on these issues (Baker 1992, Conway et al., 1988,

Powell, 1991, Powell and Pyke, 1996). To improve the understanding of

unbalanced production lines and thereby contribute to the creation of the knowledge

base for the solution of the buffer allocation problem in unbalanced production

lines is the objective of this study.



2 LITERATURE REVIEW

Although the main focus of this study is to enrich the knowledge base

associated with buffer allocation in serial production lines, I consider it very

important to have a sound understanding of the nature of the buffer allocation

problem, as well as existing algorithmic methods for its solution. The complexity of

the buffer allocation problem and the limitations of current solution approaches

give birth to the need for additional knowledge about the problem, which will

hopefully build the basis for more comprehensive solution procedures. Therefore, I

have organized the literature review into three sections. In the first part, I discuss

facets of the buffer allocation problem as it has been presented in previous studies.

In addition, I give an overview of characteristics and properties of the buffer

allocation problem. The major algorithmic methods for the allocation of buffers as

well as their limitations and opportunities are reviewed in section two. Finally, I

present the existing knowledge base about optimal buffer allocation. From this

discussion several hypotheses and conjectures arise which form the foundation of

the further course of this study.

2.1 The buffer allocation problem

2.1.1 Problem formulation

The literature on buffer allocation in serial production lines distinguishes two

major forms of the buffer allocation problem. Although several versions of both

formulations exist, they are usually equivalent or at least very similar and can easily

be transferred into the associated standard form. The two formulations differ

primarily in their considerations of costs.

8



Problem 1

Maximize

subject to

where

R(4)

top = Q
j=2

Q ?_ 0, 9 ?. 0

Q, 9 integer a = 2, 3, ..., N)

qj = buffer capacity between station (j-1) and station j

= (q2, qN) vector of buffer capacities

R(q) = line throughput in steady state

= line length

= total buffer capacity

This problem formulation has been used by most of the previous studies (Chien

et al., 1979, Jafari and Shanthikumar, 1989, Hillier and So, 1991, Powell and Pyke,

1996). The performance of the production line is measured by the line throughput,

the average number of completed work units per time unit in steady state. Formally,

the throughput is defined as

E(N(t)) 1R = lim = limtt E(D) E(P(n))

where

E( ) = expectation operator

N(t) = number of work units released from the last station in the time
interval (0, t)

= interdemand time at station 1 or interdeparture time at the last
station

P(n) = production time of the first n items

9

Problem 1 does not consider any costs at all, but merely seeks to optimize the

system throughput with respect to the total buffer capacity. The standard form of

this problem has previously been defined as
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Boling et al. (1993) proposed to use the in-process inventory being held in the

system as a secondary performance measure. If the total buffer capacity is not

assumed to be fixed and a certain minimum line throughput is required, Problem 1

can alternately be defined as:

Minimize
IN

j=2

subject to R(4) Ro

0

qi integer (j = 2, 3, ..., N)

where

Ro = minimum line throughput

Liu and Lin (1994) showed how the solution of this problem can be easily

obtained from the solution of Problem 1. In addition, some authors (Liu and Tu,

1994) prefer minimization problems and hence substitute the objective function in

Problem 1 by

Minimize c(4-)

where

C = average cycle time in steady state

Since the average cycle time in steady state is defined as the reciprocal value of

the line throughput in steady state, both alternatives are equivalent.

In my opinion, Problem 2 is more comprehensive than Problem 1, since it does

not only optimize line throughput with respect to buffer capacity. Instead, the total

buffer capacity is assumed to be a decision variable itself, and both, line throughput

and total buffer capacity, are optimized with respect to a cost structure, which is

expressed by the following formulation:



Problem 2

Maximize F = R*(Q) (P - Cv.) - Chom M

subject to qiQ
j=2

Q 0, q; 0

Q, qi integer (j = 2, 3, ..., N)

where

R*(Q) = Optimal R(4) in Problem 1 given Q

P = Revenue per work unit

Cvar = Variable production costs per work unit

Choid = Holding costs per work unit time unit

M = Total number of work units in the production line in steady state
(including those in service)

Problem 2 is also well established in literature (Altiok and Stidham, 1983,

Daskalaki and Smith, 1988, Boling et al., 1993) and is better suited for practical

applications, because it does not appear reasonable to assume a fixed total buffer

capacity in practice as Problem 1 does. Instead, the total buffer capacity should be

subject to economic considerations as in Problem 2. Although Problem 2 can be

solved independently of Problem 1, its solution can be very easily derived from the

solution of Problem 1. A general solution procedure for Problem 1 is therefore the

key for the solution of Problem 2. Boling et al. (1993) further simplified the

objective function of Problem 2 by assuming that the total number of work units in

the system in steady-state is roughly a linear function of the total buffer capacity, an

assumption that has been supported by the numerical results of their study. Despite

the advantages of Problem 2 for practical purposes, Problem 1 has proved to be

very convenient for the theoretical discussion of the buffer allocation problem

because it does not assume a specific cost structure and is therefore more general.

Results on the basis of Problem 1 are very easy to compare and validate, while

results on the basis of Problem 2 usually require additional standardization

11
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procedures. For this reason I join the majority of previous studies and will use

Problem 1 as the basis for this study.

2.1.2 Properties of the buffer allocation problem

A very comprehensive discussion of characteristics of the buffer allocation

problem has been presented by Park (1993), who pointed out most of the following

properties.

2.1.2.1 The line throughput over total buffer capacity R(Q) is
monotonically increasing

Buffers compensate for variability and thereby prevent, to a certain extent,

disruptions of the system. It is therefore intuitively understandable that, whenever

an additional buffer unit is introduced into a system, the throughput will increase or

at least stay the same. However, other performance measures, such as the average

work in process inventory, may be negatively affected. This property is empirically

supported by many studies (Okamura and Yamashina, 1977) and formally proved

for the case of exponentially distributed processing times (Meester and

Shanthikumar, 1990).

2.1.2.2 R(q2, qN) may have one or more stagnant areas

Park (1993) reasoned that an increase in buffer capacity of any of the interstage

buffers qi does not necessarily increase the system performance, since it might be

compensated by other elements of the systems. If, for example, a production line is

severely unbalanced with a single bottleneck at the last station, the introduction of

an additional buffer at one of the first stations will not increase the line throughput,

if the line is long enough or sufficient buffers are already in the system. This
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property is a major obstacle for traditional optimization methods, which are often

caught in stagnant areas and terminate, unless special tricks, such as random search

trials, are employed.

2.1.2.3 R(Q) has an upper bound

As the total number of buffers in the system increase, the impact of an

additional buffer on the line throughput decreases and disappears entirely after a

certain threshold. The line throughput asymptotically approaches an upper bound,

which is determined by the slowest station of the line. When the interstage buffers

are sufficient to entirely decouple all of the stations from one another, an increase in

buffer size does not affect the line throughput.

2.1.2.4 With multiple buffers R(q2, ) is not usually unimodal

A function is called unimodal if it has a maximum at a unique point x = v and

decreases as x goes away from v in either direction. The entire class of local

optimization techniques requires unimodality of the objective function to find a

globally optimal solution. Since unimodality is not usually given in the buffer

allocation problem (Park, 1993), local optimization techniques should be used

carefully and with the awareness that they will often not yield the global optimum.

Many studies (Altiok and Stidham, 1983, Chang et al., 1995) have inappropriately

assumed unimodality. The solution procedures based on this assumption are said to

provide a globally optimal solution, while they, in fact, are only able to find local

optima.



2.1.2.5 Quasi-concavity of R(q2, )

The throughput function over the buffer vector R(q2, qN ) has a

monotonically non-decreasing property, which is called quasi-concavity (Park,

1993). Formally, this property can be expressed as:

RP.(q2, qN ) + (1-x)(q2*, ., (IN* )] min { R(q2, qN ); R(q2*, ciN* ))

where

X (0,1)

(Xqi +(14)q1*) is integer V i =2, 3, ...,N

In some studies this property is also referred to as rule of diminishing returns

(Powell and Pyke, 1996).

2.1.2.6 Concavity of R(q2, ) in case of exponential processing times

Almost simultaneously, Anantharam and Pantelis (1990) and Meester and

Shanthikumar (1990) proved that the throughput function over the buffer vector

R(q2, qN ) is concave, if the processing times are exponentially distributed.

Formally, the concavity of R(Q) can be stated as:

AR(q2, q) + (1-2)12.(q2*, ciN* ) R[2(c12, ) + (1-2)(q2*, ciN* )]

where

e (0,1)

(Xqi +(1-2t,)q1*) is integer V i =2, 3, ...,N

The concavity of R(q2, q) in case of exponential processing times is a very

powerful property, for it enables the application of convex programming algorithms

and a test on optimality. A general convex programming problem is defined as

having a concave objective function which is to be maximized and only convex

constraint functions. In the case of exponential processing times, the buffer

allocation problem is a convex problem, since its objective function is concave and

its constraint functions are linear and hence convex. Therefore the Karush-Kuhn-

14
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Tucker (ICKT) conditions for constrained optimization can be used to verify the

optimality of a solution. A solution x* is optimal if, and only if the KKT conditions

are satisfied. Furthermore the class of convex programming algorithms can be

applied, which usually leads to an optimal solution. A comprehensive discussion of

convex programming algorithms can be found in Hillier and Lieberman (1995).

2.2 Algorithmic methods for buffer allocation

In the last four decades, the search for an algorithmic solution of the buffer

allocation problem was the subject of extensive research efforts. Several special

cases of the problem could be solved, most importantly for balanced lines, and

numerous approximations have been proposed. Although most of those algorithms

are useful in some situations, none of them was able to solve the general buffer

allocation problem comprehensively. This is mostly due to the lack of a general

algebraic relationship between the line throughput and the buffer vector and the

complexity of the problem. Research on the buffer allocation problem can be

divided into two major groups. The first group attempts to solve the problem

analytically while the second group tries to model the problem using simulation.

The main works of both groups are presented in the following section.

2.2.1 Analytical approaches

2.2.1.1 Mathematical modeling of the throughput function

There have been but a limited number of attempts to mathematically model the

throughput of a serial production line. The few studies that have been conducted

focus almost exclusively on unbuffered production lines since closed form

solutions are usually not attainable for the more complex class of buffered systems.

A good overview of these models can be found in Baker (1992). Although the

mathematical modeling approach was able to generate closed-form solutions for the
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a, 13, y are the mean processing rates of station 1, 2, 3
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throughput of unbuffered two and three-station lines under the assumption of

specific processing time distributions, it does not seem capable of dealing with the

complexity of longer lines or more general processing time distributions. For that

reason, it is apparently not extensively pursued any more today. The formulas for

the throughput of an unbuffered two and three station line are sometimes used as a

foundation of other solution procedures.

One of the first attempts to model the throughput of a serial production line

was made by Hunt (1956), who developed the following formula for the throughput

(R) of an unbuffered two-station line with exponentially distributed processing

times:

R = aA(a + A)
a2 + afi + 132

where

a = mean processing rate of station 1

= mean processing rate of station 2

Alkaff and Muth (1987) presented a general solution for the throughput of an

unbuffered three-station line where the processing time distribution of the middle

station is Laplace transformable and the processing time distributions of the outside

stations follow a phase-type distribution. Their analysis is based on the integral

equation approach which was introduced and refined by Muth (1984). Through

appropriate assumptions about the processing time distributions, Alkaff and Muth

were able to reduce the integral equations analytically to a system of linear

algebraic equations. The numerical solution of this equation system leads to the

following solution for the case of exponentially distributed processing times.

1
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According to Baker (1992), this expression was originally derived by Makin°

(1964). Muth (1977) also derived a formula for a balanced unbuffered three-station

line with uniformly distributed processing times and later (1987) a general,

distribution-free approximation for the throughput of the three-station line.

Since all the previous models only consider unbuffered production lines, they

are not very useful for the solution of the buffer allocation problem. Until now, no

formulas for the throughput of a production line with interstage buffers are known,

and given the complexity of the problem, one is not likely to be developed soon.

However, there are some useful approximations, like Blumenfeld's (1990)

approximation of the throughput of a balanced serial n-station line.

R = Rn + nQ

2(n - 1)cv2

where

n = number of workstations in the production line

Ro = throughput of the corresponding unbuffered n-station line

Q = total buffer capacity

cv = coefficient of variation

Summarizing, one could say that mathematical modeling can be useful for very

short lines but does not have the potential to solve the buffer allocation problem

comprehensively.

2.2.1.2 Queueing models

In an attempt to cope with the stochastic nature of the buffer allocation

problem, researchers used queueing models to analyze the throughput of serial

production lines. In 1956, Gordon C. Hunt was the first researcher to pioneer this

concept. Although his analysis and the obtained results were very limited, this study

marked the beginning of significant research activities in the modeling of
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production lines through queueing systems. The result of these efforts are the best

analytical buffer allocation algorithms which are available today.

In a path-breaking study, Boling and Hillier (1966, 1967) developed a

procedure to exactly calculate the steady-state line throughput and the number of

work units in the system in steady state for exponentially or Erlang distributed

processing times. Unfortunately, their algorithm, which was based on Hunt's work,

was computationally infeasible, except for small problems. Despite its

computational difficulties, this study built the basis for a research line which has

been extensively pursued ever since. Boling and Hillier modeled production lines as

a continuous time parameter Markov chain using a systematic method to

automatically generate the states of the Markov chain and the corresponding

transition probability intensity matrix. To solve for the stationary distribution of the

Markov chain, they had to solve a system of linear equations. Since the transition

probability intensity matrix is typically very large and sparse, they decided not to

use the relatively runtime inefficient method of Gaussian elimination. Instead, they

used the Gauss-Seidel method, which is known to be an effective iterative method

for solving a large system of linear equations with a high proportion of zero

coefficients, and with the diagonal element of the coefficient matrix dominating.

Once the stationary distribution for the Markov chain had been calculated, the line

throughput and the number of work units in the system could be derived relatively

easily. Boling and Hillier's approach suffered from two major problems. The first

problem was that their analysis was limited to exponentially or Erlang distributed

processing times. Both researchers and practitioners have agreed that these types of

distributions were not representative for the distribution of actual processing times.

Especially the high coefficient of variation of the exponential distribution was a

reason for heavy critique. Even more critical than the assumption about the type of

the processing time distribution was the computational complexity of the problem,

which limited the applicability of the algorithm to problems of very modest size.

Most of the research which has been done since the first presentation of Boling and
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Hillier's algorithm aimed to overcome those two problems, and while the first

problem can be considered largely solved today, the second problem is still the

limiting factor in the analysis of production lines with queueing models.

In 1988, Hillier and So extended this approach to incorporate phase-type

distributed processing times. Instead of the restrictive exponential or Erlang

distribution, they used the more general two-stage Coxian distribution. The Coxian

distribution is named after D. R. Cox who showed that any distribution having a

rational Laplace-Stieltjes Transform (LST) can be represented by a sequence of

exponentially distributed phases called Coxian distribution. Furthermore, the

Coxian distribution can be used to approximate any general distribution. An

efficient approximation procedure was presented by Altiok (1985). Due to the

memoryless property of its exponential phases, the Coxian distribution can be used

to generate stochastic processes having the Markovian property. These processes

can then be used in a queueing model. The Coxian distribution can adequately

model the processing time distribution and therefore overcomes the problem of

unrealistic assumptions about the processing time distributions in previous studies.

Hillier and So (1991) used a two-stage Coxian distribution to model the processing

times at each station. A station with two-stage Coxian distributed processing times

can be viewed as having two fictitious service stages with the processing times at

both stations being independently and exponentially distributed as shown in Figure

1.
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Figure 1: Two-Stage Coxian Distribution

The two fictitious stations also have a very meaningful interpretation. While

stage 1 represents the normal processing time for the work unit, stage 2 can be

interpreted as the probability distribution of machine breakdowns or part reworks.

Since Hillier and So (1991) used the same solution procedure as Boling and

Hillier (1966, 1967), their analysis was also restricted to small lines. However, the

numerical results obtained by this study could be used to derive some empirical

guidelines for the buffer allocation in balanced lines.

On the basis of the existing queueing approach, Boling et al. (1993) were able

to comprehensively solve the buffer allocation problem for balanced lines. This

breakthrough was realized through the combination of the existing queueing

analysis with additional knowledge about the balanced production line. The two

key theoretical results used were the reversibility property and the concavity of the

throughput function for exponentially distributed processing times. The reversibility

property, which was formally proved by Muth (1979), states that the throughput of

a production line is the same as the throughput of its mirror image line, which is

obtained by reversing the order of the workstations

R(qN, (13, q2) = R(q2, q3, qN-1, ciN)

Anantharam and Tsoucas (1990) and Meester and Shanthikumar (1990) proved

that the throughput function of a serial production line is concave with respect to

the vector of interstage buffers.

mean service rate

for stage i, i = 1,2
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Through the combination of these two properties, Boling et al. (1993) were

able to derive a general property for optimal buffer allocation in balanced lines.

This property claims that each of the quantities 1q2-qNI, 1q3-qN-11, ... is less than or

equal to one, which had previously been proved by Meester and Shanthikumar

(1990) for the three-station line. Through this new property, the number of

potentially optimal buffer allocations could be dramatically reduced, which made

the existing queueing approach computationally feasible even for more complex

balanced lines. Since Boling et al. (1993) assumed in their analysis exponentially

distributed processing times, this approach still needs to be extended to the more

general case of phase-type distributions. Despite this limitation, the buffer

allocation problem for balanced lines can be efficiently solved through this

queueing approach. This method also has, in my opinion, the potential to efficiently

solve the buffer allocation problem for unbalanced lines if we succeed in reducing

the complexity of the solution space through a better understanding of serial

production systems.

Since the complexity of the buffer allocation problem for unbalanced lines still

restricted the applicability of the queueing approach to short lines, many researchers

developed approximation algorithms to find a near optimal solution in

computationally feasible time.

As one of the first among those studies, Altiok and Stidham (1983) proposed

an algorithm which is very similar to the exact solution procedure. To model the

processing time variability they used the very general Coxian distribution. Instead

of solving the linear equation system with conventional equation-solving

techniques like Boling and Hillier did (1966, 1967), they discretizised the

continuous-time Markov chain. Then they applied the power method of eigenvalue

problems to successively approximate the steady state probabilities of the new

discrete-time Markov chain. To find the optimal buffer allocation, they applied the

pattern search technique of Hooke and Jeeves, which is one of the most widely used

search methods for solving multiple control variable problems without the
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calculation of gradients (Park, 1993). To find the global maximum, Altiok and

Stidham (1983) assumed that the throughput function over the buffer vector is

unimodal. Unfortunately, this assumption does not usually hold for buffer

allocation problems with more than two states (Park, 1993). Consequently, this

method could not reliably find the global optimum. Another problem of this

approach is that it is still too complex to analyze large systems, since the number of

coordinate axes on which the search procedure searches for the optimum increases

rapidly with the state space of the Markov chain (Altiok and Stidham, 1983).

In order to further reduce the complexity of the solution procedure, the class of

decomposition approximations emerged as a viable alternative.

2.2.1.3 Decomposition algorithms

The common idea among the algorithms of this category is to substantially

reduce the computational complexity of the analysis of a serial production line by

decomposing it into a set of independent smaller subsystems. These subsystems can

approximate the behavior of the original system very accurately and hence enable a

time-efficient approximation of the line throughput and the work-in-process of

complex lines. This performance evaluation is often used as a basis for heuristic

buffer allocation algorithms.

2.2.1.3.1 The decomposition

Although there have been some attempts to decompose n-station lines into

individual stations (Altiok, 1989), the majority of approaches utilize a two-node

decomposition algorithm.

The concept of approximate decomposition of queueing models is not new.

Early research efforts date back to 1956, when Hunt and later Boling and Hillier

(1966) experimented with this idea. However, today's predominant decomposition
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Figure 2: Decomposition of a 5-station line

The major challenge of this approach is to find appropriate parameters

characterizing the two-station lines. Gershwin used several relationships and

particularly the flow property to characterize the most important features of the n-
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techniques are mainly attributed to Stanley B. Gershwin who developed a very

accurate, though computationally efficient decomposition technique (Gershwin,

1987). The main problem of all decomposition techniques is that they can only

decompose queueing systems with infinite queues. The limited buffer capacities of

the buffer allocation problem hence preclude an exact decomposition of serial

production lines with limited interstage buffers. All decomposition techniques for

this type of line can therefore only be approximations.

In a path-breaking study, Gershwin (1987) presented an efficient and accurate

decomposition method for the approximate analysis of production lines with

limited interstage buffers. The algorithm decomposes an n-station line into (n-1)

two-station lines, as exemplary shown for a 5-station line in Figure 2.
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station line in a simple, approximate way. By solving the resulting set of equations

he was able to efficiently determine the parameters of the two-station lines.

Although this algorithm had some weaknesses in its convergence behavior, was

restricted to the class of geometric processing time distributions and

computationally not the most efficient method, it was able to accurately

approximate the n-station throughput and the work in process.

The subsequent research was mainly occupied with resolving the problems of

Gershwin's algorithm. Glassey et al. (1992), for example, proposed a modified,

more efficient procedure with improved convergence properties. The numerical

validation of the two-node decomposition techniques suggests that the

approximation is very accurate, and there is no indication that the accuracy of the

approximation decreases with increasing line length.

These decomposition techniques are currently the best known way to

analytically evaluate the performance of complex production lines. Due to their

computational efficiency and their high accuracy they are sufficient for many

purposes.

2.2.1.3.2 Search algorithms based on the two-node decomposition technique

Even with an analytical solution procedure for the line throughput, the buffer

allocation problem is still not easy to solve. Like for the general class of nonlinear

integer optimization problems, no technique is known that reliably finds the global

optimum of the buffer allocation problem. However, several local optimization

heuristics have been proposed.

In 1987, for example, Chang et al. proposed two local optimization techniques

to solve the buffer allocation problem. At first the algorithms define a specific

neighborhood with respect to a starting point using the concept of 'standard

exchange vectors'. After searching this neighborhood, the algorithms then move to

a better solution and repeat the process until no better solution is found. To speed
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up the search, Chang et al. also use the concept of pseudo gradient and gradient

projection.

In 1993, Park proposed a two-phase heuristic for the determination of the

optimal buffer allocation. In a first phase the heuristic attempts to find a good initial

solution via a dimension reduction technique, making use of the quasi-concavity

property of the throughput function with respect to the buffer vector. In the second

phase it uses a utilization-based beam search method to refine the initial solution

found in phase 1. To guide the search in this phase he evaluates the average buffer

utilization and increases the capacity of the most heavily used buffers and decreases

the capacity of those with the lowest utilization.

Summarizing, one can say that the decomposition of complex lines via the

two-node decomposition technique and the subsequent application of a local

optimization technique represents a very useful method for many practical

purposes. However, the uncertainty associated with the accuracy of the

decomposition and the local optimization character of the utilized search heuristics

preclude this method from comprehensively solving the buffer allocation problem.

2.2.2 Simulative approaches

The complexity of the buffer allocation problem and the resulting difficulties in

its analytical solution left simulative modeling as the only exact analysis method for

unbalanced serial production lines with arbitrary processing time distributions.

Production systems of virtually unlimited complexity can be modeled and analyzed

by simulation. However, these simulation models are very costly in two respects.

First, the generation of a complex simulation model can be labor-intensive, despite

the rapidly improving software tools. Furthermore, the integration of simulation

analysis in other computer programs is usually not very well supported by existing

software. Secondly, a reliable simulation analysis with statistically significant

results typically requires substantial computation time. These problems make it
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very difficult to analyze a large number of models in practice. Simulation-based

solutions of the buffer allocation problem are therefore usually limited to

theoretical studies which focus on extending the existing knowledge about the

buffer allocation problem. However, some approximating solution procedures and

simulation-based heuristics have been proposed.

2.2.2.1 Exhaustive enumeration

The only way to reliably find the optimal buffer allocation for an arbitrary

processing time distribution is to exhaustively enumerate all potentially optimal

allocations. For the class of balanced n-station production lines, this number can be

substantially reduced using the property that lqi - qn_il <g> 1 (Boling et al., 1993). For

unbalanced lines, however, the applicability of this method is decisively limited by

the combinatorial nature of the buffer allocation problem. Even though it is possible

to reduce the solution space by using the reversibility property, the method can only

be used for relatively small lines. While the computational costs of this approach

can be justified for theoretical considerations, they prevent the method from being

used in practice.

An important advantage of the simulation approach is that it can overcome

some of the limitations of analytical methods as, for example, restrictive

assumptions about the processing time distributions. Furthermore, simulation can

be used to model complex systems for which no analytical solution procedures are

known. Besides the queueing approach, simulation represents the only means to

find exact solutions for the buffer allocation problem of small, unbalanced lines.

For this reason it is often one of few possibilities to verify hypotheses and

conjectures about the behavior of this type of line. Several previous studies have

based their analysis on a simulation-based performance evaluation. In 1979, for

example, El-Rayah used simulation to compare selected buffer allocations which

were representative for certain types of allocation (e.g. balanced lines, symmetrical
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lines). The discussion about the optimal work allocation to serial production lines

also relies heavily on simulation (Rao, 1976, El-Rayah, 1979b, Cmunt and Perkins,

1980, Perkins and Smunt, 1985, So, 1989, Martin and Pike, 1994).

The first study that made extensive use of the exhaustive enumeration approach

was presented by Conway et al. (1988). Through the analysis of short lines, this

study could derive some rules for the optimal allocation of buffers.

In 1994, Powell performed a very thorough analysis of buffer allocation in

unbalanced three-station-lines. Through the study of different buffer configurations

he was able to derive some important insights into the optimal buffer allocation.

Recently, Powell and Pyke (1996) extended this study to four-, six-, and eight-

station lines. The conclusions of this study, substantially improved the

understanding of optimal buffer allocation. Furthermore, it proposed several

hypotheses and conjectures, which we will try to verify with this study.

Exhaustive enumeration is not a feasible solution for manufacturing practice.

However, it is the most important way to learn about the behavior of unbalanced

production lines.

2.2.2.2 Factorial design of experiment

Since the line throughput still cannot be expressed as a function of control

variables, Law (1983) used a 23 factorial experiment to study the effect of several

factors on line throughput. The three factors used were the system configuration,

the relative stage position and the buffer capacity allocation. Although this

approach is a systematic and economical way to gain some insight about the

importance of several factors for the line throughput, it is not capable of reliably

finding the optimal buffer vector.
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2.2.2.3 Gradient search techniques

Gradient search techniques are widely applied in the optimization of nonlinear

problems. A prerequisite for this approach is, however, an objective function that is

differentiable over infinitesimal changes in independent continuous variables (Park,

1993). Since no mathematical expression for the objective function of the buffer

allocation problem is known and the decision variables are discrete in nature, this

method is not directly applicable.

In 1979, Chien et al. proposed an efficient way to calculate the gradient vector

of the throughput function with respect to the buffer vector. The algorithm

computes the sensitivity (gradient) of the increase of the line throughput per unit

buffer size increase at each location. Then it allocates the buffer size at each

location using a hill climbing procedure until all gradients become equal to an

economic index. One of the major advantages of this algorithm is that it is capable

of generating the gradients at all buffer locations in a single run, which made the

approach much more efficient than previously known techniques, such as the brute-

force gradient approach for example. However, the approach also has some

drawbacks, such as its poor behavior in the vicinity of a stationary point where

small orthogonal steps are taken. A more detailed discussion of the problems

associated with this approach can be found in Park (1993).

2.2.2.4 Dynamic programming and regression approach

This procedure, which has some similarities with the analytical decomposition

techniques, was proposed by Chow in 1987. Its basic idea is to approximate an n-

station line by a sequence of two-station lines. At the beginning, the algorithm

performs several simulations of two-station lines. Using the simulation results, the

line throughput and the interdeparture time of the two-station line are modeled via

regression. The throughput of the n-station line then is successively approximated
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Figure 3: Dynamic Programming approach for a 5-station line

The algorithm repetitively analyzes the first two stations of the line and

approximates them by a single station until only two stations are left. This resulting

two-station line approximates the behavior of the original line and can therefore be

used to predict throughput and work in process.

Chow's approximation works very well as long as the number of buffers in the

system is relatively large and the stations are largely decoupled. If, however, only

few buffers are in the system and the stations are not sufficiently decoupled, the

accuracy of the approximation decreases. Furthermore, the numerical results of

Chow's study suggest that the accuracy of the approximation decreases rapidly with

increasing line length. Lin and Liu (1994) elaborated on Chow's approach and

compensated for some of its major drawbacks. However, the accuracy of the

method is still not fully known.
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by a series of two-station lines using the dynamic programming procedure

illustrated in Figure 3.



2.2.2.5 Genetic Algorithm

In a recent study, Liu and Tu (1994) were the first to apply a modified Genetic

Algorithm (GA) to the buffer allocation problem. Since their experience with this

algorithm was very positive, this approach deserves to be thoroughly examined.

The relatively new GA has proved to be a very efficient search technique for

many problems with complex, highly nonlinear, multidimensional search spaces

(Koza, 1994). Introduced in 1975 by J. H. Holland, the GA draws its inspiration

from natural search and selection processes leading to the survival of the fittest

individual. Like Simulated Annealing and evolutionary strategies, the GA uses

probabilistic search mechanisms to guide its search. The simplest form of the GA is

illustrated in Figure 4.

Simple Genetic Algorithm()

initialize population;

evaluate population;

while termination criterion not reached

select solution for next population

perform crossover and mutation

evaluate population

Figure 4: Simple Genetic Algorithm structure (Patnaik and Srinivas, 1994)

From all the possible points of the encoded search space, the GA selects

individuals for an initial population. These individuals are then evaluated and a

fitness value is assigned to them. This fitness value represents a normalization of

30
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the objective function value. A high fitness value means that the solution has a high

objective function value, while a low fitness value indicates an individual with a

low objective function value. Based on these fitness values, the GA

probabilistically generates new generations of individuals until a termination

criterion is satisfied. To guide its search, the GA uses three types of reproduction

operations: Selection, Crossover and Mutation.

The Selection operation models nature's survival-of-the-fittest mechanism,

transferring individuals from the current population into the new generation based

on their fitness value. A better solution has, on average, a higher number of

offspring and thus a higher chance to survive in subsequent generations (Patnaik

and Srinivas, 1994).

The Crossover operation randomly selects two individuals based on their

fitness and splits them at a random position into crossover fragments. After the

individuals have exchanged a fragment, they are reassembled to form two new

individuals. The Crossover is a creative operation and produces new individuals

that are composed entirely of genetic material from their parents. The interpretation

of this procedure is that a part of a solution with a relatively high fitness value may

be a good or even optimal partial solution. Through recombining parts of good

solutions, the Crossover operation attempts to generate an optimal solution.

The third operation of the GA is Mutation. Again, an individual is

probabilistically selected from the current population based on its fitness value.

Then a mutation point is randomly selected and the part of the solution which is

stored at the mutation point is changed. Mutation is potentially useful in restoring

genetic diversity that may have been lost due to premature convergence (Koza,

1994). However, the success of the GA primarily relies on the creative role of the

Crossover operation, while the role of Mutation is comparatively insignificant. The

probabilistic character of the reproduction operations and the operation on whole

populations rather than on single individuals are essential aspects of the GA.
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In their adaptation of the GA, Liu and Tu (1994) mainly redefine the

representation of the search space, the calculation of the fitness value and the three

reproduction operations in an appropriate way. On the basis of their experiments

with the GA, Liu and Tu conclude that the GA is an efficient method for the

solution of the buffer allocation problem. It is easy to implement and has a high

speed of convergence.

It is, however, important to note that the GA is only a local optimization

technique, although it has a high probability of locating the global solution

optimally in a multimodal search landscape (Patnaik and Srinivas, 1994). Due to

the positive experiences with the GA, we will use this algorithm to solve the buffer

allocation problem for larger problems, for which an exhaustive enumeration of

buffer allocations is computationally infeasible.

2.3 Characteristics of an optimal buffer allocation

In this section we will discuss the existing knowledge about buffer allocation

in both balanced and unbalanced production lines. Although very good design rules

for balanced lines are known, we will consider all essential characteristics of this

line type, since they can be used as a starting point for the analysis of the much less

understood unbalanced lines. We will start with the common characteristics of

balanced and unbalanced lines and then discuss both line types separately.

2.3.1 Buffer allocation in balanced and unbalanced lines

2.3.1.1 Reversibility property

Reversibility is probably the most powerful property which is currently known

about production lines. In 1975, Yamazalci and Sakasegawa proved that any serial

production line has a dual line which is identical except that the direction of the
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material flow is reversed. Furthermore, it was possible to demonstrate that the

production capacity of a line and its dual line are identical. This statement lead to

the very useful corollary that two serial lines which are mirror images of each other

have the same production capacity, that is

R[(S1, S2/ SN)/ (q2/ (43, .., ciN)] Rt(SN, SN-1 S1)/ (q1s1/ CIN-1/ q2)]

where

si = Station i

qi = Buffer capacity between station i-1 and station i

A formal proof of the reversibility property can be found in Muth (1979). A

counterintuitive and hence noteworthy fact is that although a production line and its

mirror image line have the same throughput they may have a different amount of

work in process (Boling et al. 1993). For that reason the average amount of work in

process inventory is sometimes used as a secondary performance measure to

distinguish between lines with identical performance.

On the basis of empirical evaluations, Conway et al. (1988) stated that the

reversibility property is very robust and has virtually no restrictions. Reversibility is

a very powerful statement, which made it possible to reduce the search space of the

buffer allocation problem significantly.

23.1.2 Two-moment property

In 1973, Muth claimed that the throughput of an n-station line is essentially a

function of the first two moments of the processing time distribution. This would

mean that in the analysis of production lines the type of the utilized processing time

distribution function would be irrelevant.

Using extensive simulation, Baker et al. (1990a) studied this conjecture and

found that there is a slight variation between different distribution types, but that

the first two moments are the dominant factor in determining the line throughput.
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The study concludes that the first two moments are therefore sufficient for all

practical purposes, a finding that was subsequently supported by Hendricks and

McClain (1993).

In a. study on phase-type approximations of general distributions, Altiok (1985)

found that any distribution with a coefficient of variation (cv) of less than one can

be accurately approximated by a phase-type distribution using the first two

moments of the distribution function. The cv, which is defined as the standard

deviation divided by the distribution mean, is used as measure, since it has proved

to be very effective in comparing distributions with different means. Altiok's

conclusion is essentially equivalent to Muth's two-moment property for cv of less

than one. For cv greater than one, however, Altiok claims that the first three

moments are required to accurately approximate a general distribution. This leads

to the conclusion that for cv of less than one the throughput of a production line is

predominantly determined by the first two moments of the processing time

distributions, while for cv greater than one the third moment might become

significant. Since it is generally agreed that processing time distributions typically

have a cv of less than one, the two-moment property holds in most of the

considered cases. The important conclusion I would like to draw from this property

is that for the buffer allocation problem, the assumption of a specific processing

time distribution is neither critical nor does it endanger the validity of a study, as

long as the first two moments are comparable.

2.3.1.3 Symmetry

From extensive simulations of balanced and unbalanced lines, Conway et al.

(1988) concluded that the optimal buffer allocation in a symmetric line is also

symmetric, if possible. The negation of this statement, the optimal buffer allocation

in an asymmetrical line is asymmetrical, holds equally. Although Conway et al. did

not further restrict this statement, Powell and Pyke (1996) made the conjecture that
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the symmetry property might not hold for extremely unbalanced symmetrical lines.

A clarification of the validity of this property in different situations is certainly

required.

2.3.2 Buffer allocation in balanced production lines

Thanks to considerable research effort, balanced production lines are very well

understood today, and reliable design rules are known for the allocation of buffers.

2.3.2.1 Sufficiency of small numbers

Boling and Hillier (1979) showed that small buffer capacities recoup much of

the throughput lost to blocking and starvation, which is essentially a result of the

quasi-concavity property of the line throughput. In a recent study, Hendricks and

McClain (1993) found that the output processes of serial production lines have a

negative correlation structure, which reduces its variability. A "long" inter-arrival

period tends to be followed by "short" inter-arrival periods, effectively balancing

out the contents of the buffer. Hendricks and McClain concluded that this negative

correlation structure of the output process is an important factor, why small buffer

capacities are sufficient for production lines of even highly variable machines.

2.3.2.2 Decomposition principle

This rule describes, how a single buffer can be optimally placed in a balanced

production line. Conway et al. (1988) suggested that if only a single buffer is

available, it should be placed where an unlimited interstage buffer would be most

effective. In a study of buffered and unbuffered assembly systems, Baker et al.

(1993) confirmed the decomposition principle and used it to predict the possible
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improvement that can be gained by placing a large number of buffers at a single

location.

2.3.23 Build-up property

The build-up property which is attributed to the study of Conway et al. (1988)

states that the optimal allocation of n+1 buffers can be directly built upon the

optimal allocation of n buffers without moving any of the first n buffers (Powell

and Pyke, 1996). Although the build-up property is supported by empirical

observations (Boling et al. 1993) it does not hold universally. Evidence to counter

this property has been produced by Baker et al. (1990). For a balanced four station

line for example, a single buffer is optimally allocated at the center buffer location.

If two buffers are available, however, one buffer is assigned to each of the end

buffer locations. This example clearly violates the build-up property and induced

Baker et al. (1990) to conclude that the optimal buffer allocation lacks the build-up

property.

Since there is empirical evidence in favor and against the build-up property its

range of validity remains to be determined by further studies.

2.3.2.4 Storage bowl phenomenon

The storage bowl phenomenon represents the most important result of the

research on buffer allocation in balanced production lines. It is the counterpart to

the bowl phenomenon of the optimal allocation of work to a production line and is

widely accepted as the comprehensive solution of the buffer allocation problem for

balanced lines.

The storage bowl phenomenon has been independently proposed by Conway et

al. (1988) on the basis of extensive simulation results and Hillier and So (1988)

based on the numerical evaluation of their queueing approach. Since then it has
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been confirmed and refined by several subsequent studies (Baker, 1992, Boling et

al. 1993).

The storage bowl phenomenon states that buffers should be distributed

relatively equally among all buffer locations with the interior buffer locations

having slightly more capacity than the end buffers. It has been found that the

storage bowl phenomenon becomes more dominant as the line variability increases

while it is insignificant for lines with low variability (Hillier and So, 1988). The

rationale of the preferential treatment of center stations as compared to the end

stations is that disruptions in these stations have a higher impact on the rest of the

line since they effect both upstream and downstream stations. Disruptions in end

stations, in contrary, effect only stations in one direction. Since the main impact of

temporary disruptions is limited to the adjacent neighborhood, center stations are

more critical than end stations and should hence be give preferential treatment in

buffering.

Conway et al. (1988) derived two design rules to describe the storage bowl

phenomenon which are widely applied due to their simplicity and high degree of

validity:

Rule 1.I1 the number of buffers is an even divisor of the number of

buffer locations, buffers should be distributed evenly among the

possible locations.

Rule 2.1f the number of buffers is not an even divisor of the number of

locations, buffers should be distributed as evenly as possible.

"Extra" buffers should be allocated at approximately equal

intervals along the line, whereby the first and the last buffer

location should get the lowest priority.

Although these design rules do not necessarily lead to a unique buffer

allocation they are a very good qualitative description of optimal buffer allocation
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and are sufficient for many practical purposes. In a remarkable study, Boling et al.

(1993) refined these design rules using a more mathematical notation.

Let

E = Q - n*(n-1)

where

Q = total buffer capacity

n = L-22N 1.1

N = number of stations

E represents the number of additional buffers available beyond a uniform

distribution of n buffers among N-1 buffer locations. With this notation, Boling et

al. distinguished several cases of the buffer allocation problem and offered the

following design rules:

In this case, the number of buffers is an even divisor of the

number of buffer locations. If the number of buffers, n, is

small, a uniform distribution of the buffers among the buffer

locations is optimal. If, however, n is large, more buffers

should be assigned to at least one center buffer location.

E=l: The one "extra" space should be assigned to the center buffer

location, or the downstream one when there are two center

stations.

2 E N-4: For this case the optimal buffer allocation cannot yet be

characterized precisely. Nevertheless it is known that the

"extra" buffers should be spread out over the interior buffer

locations with none of the end buffers receiving an additional

buffer. An earlier study of Hillier and So (1988) found that

for low coefficients of variation spreading out the "extra"

buffers more uniformly over all interior stations is better than



concentrating them at or near the center of the line. For larger

coefficients of variation, however, it is better to concentrate

the additional buffers at the center stations.

E = N-3: One "extra" buffer should be assigned to each of the interior

buffer locations but not to the end buffers.

E = N-2: One "extra" buffer should be assigned to each buffer location

except the first one.

This set of design rules is very comprehensive and reflects a deep

understanding of the buffer allocation in balanced production lines. When applied,

these rules lead to an optimal or at least good near optimal solution without

requiring any computational efforts.

2.3.3 Buffer allocation in unbalanced production lines

Until today, very little is known about the optimal buffering of unbalanced

production lines. Virtually the entire research effort in the field of buffer allocation

has focused on the balanced case, since it was traditionally believed to be superior

to unbalanced lines. Furthermore, most of the studies attempted to develop

numerical solution procedures or heuristics rather than qualitative rules for the

allocation of buffers.

The recent breakthrough in the algorithmic solution of balanced lines generated

very comprehensive buffer allocation rules for this case and encouraged researchers

to extend their research to the more complex class of unbalanced production lines.

Apart from algorithmic solution approaches some studies try to establish a

knowledge base about buffer allocation in unbalanced lines which is intended to

serve practitioners as useful guidelines and researchers as the basis for future

quantitative solution methods. The most important among these studies are Conway

et. al. (1988), Baker (1992), Powell (1994) and Powell and Pyke (1996). This line

39
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of research pursues a common approach which forms the foundation for our study,

and will therefore be discussed in the following section.

2.33.1 Role of bottlenecks

Derived as the negation of the balanced line, an unbalanced line is defined as

having at least one workstation with a different processing time than the rest of the

line. This leads to an imbalance in processing time distributions and one or more

stations which limit the throughput that would otherwise be achievable by the line.

Such stations are usually called bottleneck stations, a term that is widely used in

production line analysis but rarely carefully defined. Powell and Pyke (1996) offer

an intuitively understandable definition of a bottleneck as the station that most

holds back production, or equivalently, the station where a given improvement in

processing time would have the most beneficial effect on overall line efficiency.

Although this definition describes the essence of a bottleneck very well, it is

unfortunately not very practicable. A more applicable definition of a bottleneck can

be given for ).t-unbalanced and a-unbalanced lines, where a bottleneck station is the

station with the highest mean processing time or the highest processing time

variability respectively. For the case of 11a-unba1anced lines, however, no suitable

definition of a bottleneck station has been found yet, since both processing time

means and variability have to be considered and the two effects can either add up or

compensate for each other. Both imbalances could even eliminate each other

entirely, in which case the resulting line would be equivalent to a balanced line.

2.3.3.2 Imbalances in means and variability

Both imbalances in means and imbalances in variability can cause a station to

become a bottleneck. As one of very few studies, Powell (1994) compared the

impact of both imbalances and suggested that imbalances in means have a stronger
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effect on the line throughput than imbalances in variability. Powell therefore

proposed as a rule of thumb to place buffers solely considering imbalances in

means, unless the line is very nearly 11-balanced or highly a-unbalanced. This

conclusion, which was supported by the preliminary results of a later study (Powell

and Pyke, 1996) is not undisputed, since it clearly contradicts findings of previous

studies. Dallery and Gershwin's study (1992), for example, claims that only

differences in variability but not differences in means matter to the allocation of

buffers. Since Powell's conclusion of the dominance of 1x-imbalance over a-

imbalance is only based on the empirical evaluation of three station lines it should

be studied for a more general class of production lines.

2.3.33 Effectiveness of buffers

In a study in 1973, Muth advanced the concept that buffers compensate for

variability rather than for imbalance. Consequently, he concluded that buffers are

more effective in balanced than in unbalanced lines. The explanation for this fact is

that in unbalanced lines the excess capacity of non-bottleneck stations acts like

buffers and protects the workstation from disruptions at adjacent stations. Conway

et al.(1988) verified Muth's conclusion and found that the buffer capacity which is

required to recover a fixed percentage of lost throughput declines with the degree of

11-imbalance.

The decreasing importance of buffers in unbalanced lines led Dallery and

Gershwin (1992) to conclude that in highly unbalanced lines buffers have no

appreciable effect on the line throughput. This statement was, however,

contradicted by a subsequent study of Powell (1994) which presented empirical

evidence that buffers can be effective even in highly tt-unbalanced lines.



2.3.3.4 Impact of line length

The number of sequential workstations in a production line is a major

determinant of the size of the solution space of the buffer allocation problem.

Except for cases with few interstage buffers, the buffer allocation problem can not

be practically solved yet for long lines. As a result, the role of line length in the

buffer allocation problem is largely unknown. However, some researchers

attempted to extrapolate their results for short lines to longer lines.

The fundamental relationship between line throughput and line length which is

valid for balanced and unbalanced lines with or without buffers was pointed out by

Baker (1992): For an n-station line, the throughput declines as n increases, in a

manner as depicted by the curve in Figure 5.

Line Length

Figure 5: Relationship between throughput and line length

As Baker notes, an exact numerical relationship is difficult to determine, since

other factors, such as the allocation of work and buffers and the amount of

processing time variability have a significant impact on the line throughput.

Conway et al. (1988) showed the relationship between throughput and line length

for several different coefficients of variation. In all cases, however, the relationship

was of the type illustrated in Figure 5.
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On the basis of their experiences with short lines, Powell (1994) and Powell

and Pyke (1996) offered the following conjectures about the buffering of a general

n-station line with low coefficients of variation:

The longer the line, the less a single bottleneck station reduces throughput.

The longer the line, the less is the impact on throughput of a single buffer.

The placement of few buffers in long lines is not critical.

Since none of these conjectures has been studied yet, we will examine their

validity in the further course of our study.

2.3.3.5 Rules for the optimal buffer placement

Only a few generally valid rules are known for the optimal allocation of buffers

in unbalanced production lines. Instead, a wealth of inconsistent and partially

contradicting rules has been proposed by recent studies. As an example, Conway et

al. (1988) claims that buffers are equally important on the input and output side of a

bottleneck. Eliyahu M. Goldratt's 'Theory of Constraints' (Goldratt and Cox,

1984), a manufacturing planning and control philosophy that has lately gained

considerable popularity on the other hand asserts that buffers should only be placed

at the input side of a bottleneck.

Conway et al.'s study also proposes as a rule of thumb to allocate buffers

proportional to the coefficient of variation of the processing time. To recover 80-

85% of the capacity lost due to variability, the study suggests a buffer capacity 10

times as large as the coefficient of variation. Dallery and Gershwin (1992) assent to

a distribution of buffers proportional to the coefficients of variation of the

processing times. However, they clearly disagree with Conway's study on the

amount of buffer capacity that should be allocated. In their opinion, buffers should

be of the same order of magnitude as the disruptions they help to prevent. Powell

(1994) pointed out the significant differences between both rules using the example

of a line with a coefficient of variation of 0.5. While Conway's rule would lead to
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an interstage buffer capacity of five work-units, Dallery and Gershwin's rule would

result in a buffer capacity of 0.5 units.

These examples are intended to illustrate the lack of knowledge and confusion

about the buffer allocation in unbalanced production lines. The undisputed existing

knowledge about the optimal buffer placement is summarized by the following

rules.

Avoid extreme buffer allocations even in highly unbalanced lines

Stations with either higher variance or higher mean processing time or both

draw buffers toward them.

Significant imbalances are necessary for the optimal allocation to deviate

from the balanced case.

In a It-unbalanced line with a single bottleneck, the optimal buffer pattern

shifts gradually toward the bottleneck through intermediate locations as the

imbalance increases. The best buffer to shift to the bottleneck is the one

farthest away.

Substantial imbalances are required for each successive shift in the optimal

buffer pattern.

In severely unbalanced lines with several buffers many equivalent

allocations exist.

Rule 1 backdates as far as 1964 to a study of M. C. Freeman. Since then it has

never been seriously questioned except by the Theory of Constraints which did,

however, not support its claims by scientific examinations.

In 1988, Conway et al. advanced the solution of the buffer allocation problem

for small lines via simulation and exhaustive enumeration to a new level. Their

extensive numerical evaluation of short lines provided strong empirical evidence

for the conjecture that high variance and high mean stations draw buffers toward

them.

Rule 3 to 6 originate from a study of Powell and Pyke (1996), which represents

in my view the most comprehensive study of buffer allocation characteristics in
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unbalanced lines. Since the extensive numerical results support these general rules

very conclusively, I consider them to be valid although they have not yet been

confirmed by other studies.

Although these rules represent empirical findings they can be supported by

theoretical results. Rule 6, for example, clearly represents an expression of two

theoretical properties, the quasi-concavity of the line throughput and the decreasing

effectiveness of buffers in unbalanced lines. The quasi-concavity of the line

throughput is the reason that the performance gain of an additional buffer is

decreasing. If many buffers are already in the system the placement of an additional

has only a very limited impact on the line performance. The decreasing

effectiveness of buffers in unbalanced lines explains why the difference between

buffer allocations is even less significant in unbalanced lines. If a line is severely

unbalanced and several buffers are already in the system the differences between

many allocations become statistically insignificant. These allocations can therefore

be considered equivalent.



3 PROBLEM STATEMENT

3.1 Characterization of optimal buffer allocations

One objective of this study is to characterize optimal solutions of the buffer

allocation problem for unbalanced production lines as introduced in the previous

sections. In particular we examine several hypotheses that have been conjectured in

recent studies (Powell, 1993, Powell and Pyke, 1996), but have not yet been

substantiated by numerical evaluations. In addition, we extend the range of studied

lines and thereby enhance the existing knowledge about the optimal buffer

allocation. The line types that are examined in our study can be categorized as

follows:

Lines with multiple bottlenecks

Long lines

Comparison of p.- and a-unbalanced lines

General lines

3.1.1 Lines with multiple bottlenecks

Since production lines with multiple bottlenecks have not been studied yet, the

optimal allocation of buffers in this line type is essentially unknown. For this

reason, the analysis of lines with multiple bottlenecks is particularly interesting and

constitutes a main focus of our study. In contrast to previous studies, we will not

only consider A.-unbalanced lines, but also the class of a-unbalanced lines.

According to the position of the bottlenecks, we distinguish between two cases,

symmetrically and asymmetrically unbalanced lines. A hypothesis that effects both

cases concerns the symmetry property:
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Hypothesis 1: The symmetry property does not hold without restrictions.

The symmetry property (2.3.1.3) has been stated by Conway et al. (1988)

without restrictions. Since limited numerical results for severely unbalanced lines

seem to contradict this property (Powell and Pyke, 1996), we will examine the

validity of the symmetry property for both symmetrically and asymmetrically

unbalanced lines.

3.1.1.1 Symmetrically unbalanced lines

For the case of symmetrically unbalanced lines, we study the following

conjectures.

Hypothesis 2: Symmetrically placed bottlenecks have no effect on the buffer

pattern unless they are extreme, in which case buffering adjacent to

either is optimal.

Hypothesis 3: The closer bottlenecks are located to the center of a line, the less the

imbalance is required to move buffers to them.

Both hypotheses have been conjectured by a study of Powell and Pyke (1996).

While hypothesis 2 represents the result of a very limited evaluation of lines with

multiple bottlenecks, hypothesis 3 is an observation that Powell and Pyke made in

their analysis of unbalanced lines with a single bottleneck. We will attempt to

elaborate Powell and Pyke's results (for hypothesis 2) and extend them (for

hypothesis 3) to the case of symmetrically unbalanced lines with multiple

bottlenecks.
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3.1.1.2 Asynunetrically unbalanced lines

Hypothesis 4: In the case of asymmetric bottlenecks, the one closer to the center

draws buffers toward it at moderate imbalances.

As in the case of symmetrically unbalanced lines, Powell and Pyke (1996) also

evaluated few asymmetrically unbalanced lines with multiple bottlenecks to get an

idea about how the optimal buffering pattern might behave. Their limited numerical

results led them to conjecture hypothesis 4, which we will thoroughly examine in

our study.

3.1.2 Long lines

Due to its computational complexity, the buffer allocation problem for long

lines still is practically insoluble, except for the case of few buffers. We examine

lines of different length with few buffers to answer the following hypotheses, which

have been proposed by Powell (1994) and Powell and Pyke (1996):

Hypothesis 5: The placement of few buffers in long lines is not critical.

Hypothesis 6: The impact of a bottleneck on the line throughput diminishes with

line length.

Hypothesis 7: The impact of a single buffer on the line throughput decreases with

line length.

3.1.3 Comparison of ,a- and a-unbalanced lines

We will discuss the following hypotheses for 1.t- and a-unbalanced lines:

Hypothesis 8: Imbalances in means have a stronger effect on the line throughput

than imbalances in variances.
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Hypothesis 9: The point at which the buffering pattern shifts may be relatively

insensitive to the coefficient of variation, at least within the range of

plausible values for reliable stations.

pc-unbalanced lines represent the most complex, but also the most realistic

class of unbalanced production lines. For this reason, most of the past research did

not cover this case. Instead, the preponderance of studies examined only the

comparatively easier case of imbalances in processing time means. Even the class

of a-unbalanced lines was rarely considered. As a result, very little is known today

about a- and ga-unbalanced lines. In particular, the impact of imbalances in means

on the optimal buffer pattern has not yet been compared to the impact of

imbalances in variability. Should both imbalances have essentially the same impact

on the optimal buffer allocation only with different magnitudes, then they might be

treated similarly. Our study represents a first step in the analysis of pa-unbalanced

lines in evaluating a-unbalanced lines and comparing the results with the

corresponding g-unbalanced lines.

3.1.4 General lines

For the general class of unbalanced production lines with multiple bottlenecks,

we attempt to verify the validity of the build-up property as formulated in

hypothesis 10.

Hypothesis 10: The build-up property is not generally valid.



3.2 Evaluation of the Genetic Algorithm

As a secondary objective of this study, we evaluate the performance of Liu and

Tu's (1994) adaptation of the Genetic Algorithm for the buffer allocation problem.

Although the reported experiences were very positive, there are several potential

problems which were not addressed in Liu and Tu's publication. One of these

potential problems is that it is not always possible to find a unique optimal solution

with line throughput as the only performance measure. Furthermore, the effect of a

single buffer on the line throughput seems to decrease with increasing line length,

as conjectured in hypothesis 7. As a result, the difference between many buffer

allocations is relatively small, especially in severely unbalanced lines. Combined

with the stochastic nature of the utilized simulation it seems unlikely that the

Genetic Algorithm can solve the buffer allocation problem as reliably as Liu and Tu

claim. Given these potential problems, a thorough validation of the algorithm

appears to be justified.
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4 METHODOLOGY

4.1 Generation and interpretation of optimal buffer allocations

To characterize the optimal buffer patterns for unbalanced production lines

with multiple bottlenecks, we chose to study four-, six-, and eight-station lines with

two bottlenecks. The total buffer capacity to be allocated is limited to three buffer

units for the four station line and five buffer units for the six and eight station lines.

Furthermore we study long lines with up to 17 stations and at most three buffers.

These configurations reflect the sufficiency of small buffer quantities for the buffer

allocation problem and limit the computational costs to make the problem

realistically soluble. To solve the buffer allocation problem, we conduct an

exhaustive search among all possible buffer allocations and use a simulation model

to evaluate the line performance. This methodology is very similar to the

approaches taken by Conway et al. (1988), Powell (1994) and Powell and Pyke

(1996). We implemented our approach in Smalltalk/V using an existing simulation

environment and executed it on a 180 MHz PentiumPro based personal computer.

4.1.1 Description of the simulation model

Due to its high degree of abstraction, the simulation model used is relatively

straightforward. Differences in line configuration are entirely characterized by the

parameters of the utilized processing time distributions and the total buffer

capacity. In addition, we go on the following assumptions, which are essentially

identical with the assumptions used in most of the previous studies (El-Rayah,

1979b, Mak, 1986, Daskalalci and Smith, 1988, Hendricks and McClain, 1993):
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4.1.1.1 Assumptions and limitations

The production line is a serial arrangement of n machines. Each machine

can operate on one unit of a product at a time and has internal storage

capacity for that unit.

All buffers have finite capacities. There are no overflows or lost parts.

The first station is never starved, that is, there is always a work unit in front

of station 1 waiting to be processed.

The last station is never blocked. After the last station there is a final

product inventory of unlimited capacity.

No breakdowns occur in the production line, or equivalently, all

breakdowns are already included in the processing time distributions.

No defective parts are produced, or equivalently, all defective parts are

already included in the processing time distributions.

The aggregate processing times are independent random variables and could

consist of the following components: processing times, breakdown times,

and rework times.

No transit time is required for the movement of work units between stations.

Each work unit, upon entering the first station, must remain in the line and

be completely processed before leaving the system (i. e. no misses).

Machine mi is starved if it is waiting for the next part to be processed and if

buffer qi is empty.

Machine mi is blocked if buffer qi+1 is full and machine mi is holding a

finished part.

No batching and no setup times are used.
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The structure of the simulation model is illustrated in Figure 6

M1

probability

System under Study
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processing time

Figure 7: Processing time distribution

c11 = qn+1=0" = Q
i 2

Figure 6: System under Study

4.1.1.2 Type of processing time distribution

One of the major advantages of the simulative performance evaluation as

compared to analytical solutions procedures is that any type of statistical

distribution can be utilized to model the system's behavior. Due to the two-moment

property which states that the throughput of a production line is largely insensitive

to processing time distribution moments of an order higher than two, the

assumption of a processing time distribution type is, however, not critical. In our

model we use a lognormal distribution to characterize the variation of the

processing times at each station, as illustrated in Figure 7.
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There are several reasons supporting the choice of a lognormal distribution for

modeling the processing times. Among all standard statistical distributions, the

lognormal distribution appears to be most appropriate for describing the

characteristics of unpaced processing times. Knott and Sury (1987) and Buzacott

and Shanthikumar (1993), for example, suggest that real workstations exhibit

positive skewness as does the lognormal distribution. Another advantage of the

lognormal distribution is that its mean and standard deviation can be varied

continuously over a wide range of values (Powell, 1994) which is not possible for

several other distribution types as for example the exponential distribution. For

these reasons, most of the recent studies in this area utilize the lognormal

distribution to model the operation times at each work station (Powell, 1994 and

Powell and Pyke 1996).

4.1.2 Description of the exhaustive search procedure

To find the optimal buffer allocation for a given line, we use an exhaustive

enumeration approach. We integrate, however, additional knowledge into the

search algorithm to enhance its efficiency and hence reduce its computational costs.

To determine the optimal allocation of a given total buffer capacity, we evaluate all

possible buffer allocations in several iterations. In the first iteration we simulate the

processing of a relatively small number of work units for all possible buffer

allocations but perform only a few replications of each simulation. Based on the

average throughput of each solution and the throughput variance among the

performed replications, we successively compare pairs of solutions using a

hypothesis test for differences in means. If this hypothesis test indicates that there is

a significant difference between the two compared line configurations at a 95%

confidence level, then the inferior configuration is identified as not being optimal

and hence eliminated from further considerations. In this first iteration, the number

of potentially optimal solutions can typically be greatly reduced at relatively low
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computational costs. The remaining potentially optimal solutions are evaluated in

up to three further iterations. In these iterations, the number of simulated work units

and the number of replications is gradually increased, which makes the hypothesis

test at the end of each iteration more powerful and typically leads to a reduction in

the number of potentially optimal solutions. If a single solution remains at the end

of one iteration, the algorithm terminates and the optimal buffer allocation is found.

After the fourth iteration, in which the processing of 10,000 work units is simulated

with 20 replications, the algorithm also terminates even if more than one potentially

optimal solution remains. All the solutions of this procedure are considered to be

optimal since under the given circumstances no statistical evidence could be

generated to differentiate between them.

Independent of the number of simulated work units, we warm up the system by

processing an initial 200 work units. With a warm-up period of this length, the

buffers are filled to their steady state levels, and no transient effects occur.

To reduce the impact of random variation and to increase the statistical

significance of our simulation results, we apply the common random numbers

variance reduction technique within each iteration. The different configurations

under which the simulation is performed at the four iterations are summarized in

Table 1

Table 1: Configuration of the simulation model

Iteration Warn up
period -

Simulated
period

Replications Comment .

1 200 units 400 units 5 for severely unbalanced
buffer allocations

200 units 800 units 7 for relatively equal
allocation of buffers

2 200 units 2000 units 10
3 200 units 5000 units 15
4 200 units 10000 units 20



Under this assumption, the quantity
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It should be noted that there is one drawback associated with this procedure.

During the up to four iterations the procedure typically performs a considerable

number of hypothesis tests. In each hypothesis test we will, however, mistakenly

eliminate a potentially optimal solution with a certain error probability (up to five

percent). As a result, the overall optimal solution(s) identified by our procedure is

(are) likely not to include all optimal solutions. On the other hand it is very unlikely

that our procedure identifies a suboptimal solution as being optimal. With a

probability of 95% the overall optimal solution(s) is (are) significantly better than

each of the eliminated solutions. Hence, it is extremely unlikely that any of the

eliminated solutions is better than the optimal solution despite the hypothesis test

identifying it as inferior.

Summarizing, we can say that our exhaustive enumeration procedure reliably

finds at least one of the optimal solutions and comprises a certain risk of not

identifying all optimal solutions.

4.1.2.1 Comparison of buffer allocations

To compare the performance of two buffer allocations we utilize a hypothesis

test for a difference in means on the basis of an unpaired design. The objective of

this hypothesis test is to identify and eliminate an inferior buffer configuration with

a given statistical confidence. In order to conduct such a hypothesis test, we need to

make some assumptions about our experimental data:

The experimental data behave as random samples from normal distributions.

the i-th sample is NV(Ri,aj)-distributed

ai -and aj are unknown



where

s2 VA *S2A VB * S2B
is the pooled sample variance

VA VB

YA,B = throughput average A, B

B = mean throughput A, B

nA, B = sample size A, B (simulation runs)

°A,B
2 = sample variance A, B

VA,B = degrees of Freedom A, B

is distributed according to a Student t distribution with v = nA + nB - 2 degrees of

freedom. Since we are testing the hypothesis

Ho: throughputA = throughputB

HI: throughputA # throughputB

(J1B-11A) = 0 and the test statistic to is calculated as

IYB YAI
t

to

B - Y A ) - CUB - )
to

1 1
+
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511 +
nA

1 1

Since we are basing the hypothesis test on a 95% confidence level, we obtain the

following decision rule:

{ > t( vA +,,B, 0.975), reject Ho

t(vA .,0.975), fail to reject Ho

If we are able to reject the null hypothesis, we know given the chosen

significance level that there is a statistically significant difference between two

compared buffer allocations. Hence we are able to exclude the solution with the

lower line throughput from the set of potentially optimal solutions. We realize that

since we conduct multiple comparisons during our search, the probability of finding
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all optimal solutions is significantly lower than 95%. To find all optimal solutions

based on a comparable overall significance level would, however, be

computationally infeasible. Since the main objective of our study is not to find all

optimal buffer allocations for few cases on the highest possible significance level,

but to characterize the behavior of the optimal buffer pattern over a wide range of

line configurations we accept this drawback knowing that it introduces some

uncertainty into the optimal buffering patterns. It is, however, important to note that

a solution which is identified as an optimum by our search procedure has a very

high probability of being truly optimal. A suboptimal solution can be identified as

optimal solution only on condition that in a hypothesis test comparing an optimal to

a suboptimal solution the optimal solution is considered worse on a 95%

confidence level. This is, however, extremely unlikely. Since we do not emphasize

solutions of specific line configurations but general trends suggested by large parts

of the population we believe that this methodology is acceptable and does not

endanger the validity of our conclusions.

4.1.2.2 Reduction of the computation costs

Since the computational costs to solve the buffer allocation problem are

substantial, we employ several techniques to reduce the computational complexity.

4.1.2.2.1 Reversibility property

In a symmetrical line, we can take advantage of the reversibility property which

states that the throughput of a production line is identical with the throughput of its

mirror image line. As a result, each asymmetrical buffer allocation in a symmetrical

line has a mirror buffer allocation with the same line throughput. Therefore, we
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only need to evaluate one of each pair of asymmetrical buffer allocations, which

represents a significant reduction of computational cost in symmetrical lines.

4.1.2.2.2 Relatively equal distribution of buffers

We know that the optimal buffer allocation is relatively equal and largely

insensitive to imbalances in means and even more to imbalances in variances,

except when they are extreme. We therefore know that severely unbalanced buffer

allocations where

max {q2, q3, qn} - max{ {q2, q3, qn} max{q2, q3, qn}

is large have, on average, a very low probability of being optimal. We claim

that less computational efforts are required to verify that such an allocation can be

optimal. As a result, we reduce the number of replications and simulated work units

in the first evaluation of such a severely unbalanced configuration. With this

concept, we make use of the existing knowledge about the optimal buffer allocation

problem and can significantly reduce the computational costs without endangering

statistical significance. This technique becomes more and more effective as the total

buffer capacity increases. With increasing total buffer capacity, the number of

severely unbalanced buffer allocations quickly boosts making this technique even

more effective.

4.1.2.3 Flowcharts of software implementation

To summarize our implementation of the exhaustive search procedures we

present in this section flowcharts of the major software components. For more

details the reader is referred to Appendix A , where the utilized methods are

described more precisely and to Appendix B, where the implementation code is

provided.
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4.2 Performance evaluation of the Genetic Algorithm

Apart from the characterization of the optimal buffer allocation of lines with

multiple bottlenecks, we will validate Liu and Tu's (1994) adaptation of the GA.

The key points of their adaptation are the calculation of the fitness value as well as

the definition of the crossover and mutation operation. We will compare the

solution of the GA with the results obtained by the exhaustive enumeration and

interpret the quality of the solution found by the GA.

4.2.1 Description of the Genetic Algorithm

A prerequisite for the application of the GA is a method to represent the entire

solution space. This is usually realized by a string, a, consisting of a finite number

of characters a = a1a2...an_1 from a finite alphabet. In Liu and Tu's adaptation, a

is an integer string and consists of n-1 characters representing the n-1 interstage

buffers of an n-station line. The value of character a depicts the buffer capacity of

buffer i. Formally the representation of the solution space of an n-station line can be

defined as follows:

a =
a 0 Vi

n-1

= Q
i=1

where

a i = buffer capacity of buffer i.

Q = total buffer capacity
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4.2.1.1 Evaluation of fitness

Let xki (i = 1, 2, N) denote an individual of a population of size N in the k-th

generation. Then the average service time -.1-(x15) is used as an estimator for the

system performance. Although the average line throughput 1-Z-(x1i) - J(.10 could

have also been used as performance measure the average service time -J(x ) was

chosen, since the GA usually seeks to minimize an objective function. Since both

estimators are equivalent, the selection was made for reasons of algorithmic

simplicity.

1 LJ(x) = /J(xk,)6)
L

where

J(x = service time of the individual xki in the j-th simulation run

= number of simulation runs

For reasons of computational efficiency, Liu and Tu performed a single

simulation to evaluate the performance of an individual. In order to eliminate as

much of the random variation as possible they used the same random numbers for

all individuals. While this methodology may be very efficient with respect to the

computational complexity, it should be noted that there is a substantial amount of

uncertainty associated with this solution procedure, which cannot even be

estimated. Since we believe that a performance evaluation based on a single

simulation run is not an appropriate way to compare different line configurations,

we chose to perform multiple replications.

On the basis of the performance measure J(x) Liu and Tu propose the

following definition of a fitness function Fk(i) for an individual xki:



Fic (i) =

where

J max = maxt-I-(xkl),...,i(xkN)}is the performance of the worst individual of

the population

= small positive number

= population size

The fitness function Fk(i) distinguishes populations according to the difference

in performance of their individuals. If the individuals of a population perform very

N

similar, the summation (J max j(Xki) ) will have a relatively small value. In this
1=1

case none of the individuals is significantly better or worse and all individuals are

therefore assigned the same fitness value (1/N). If, however the differences in

performance among the individuals of one population are relatively large, specific

fitness values are calculated for each of the individuals based on their service times.

The calculation of fitness values essentially represents a linear transformation of the

service times:

(Jmu J(xki))
,otherwise

, if (Y. I(xki ))
i=1

< e

i(-J-Tnax I(x))
i=1

Fk (i) = 1
1=1

The fitness value represents the relative probability of an individual being

reproduced or selected for an genetic operation. It is therefore the crucial element of

the simulation of nature's survival-of-the-fittest mechanism.
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It is

P-I

P(i = ip ) = P(EFk(j) < z EFk(i)) = Fk (p)
1=0 j=0

After having selected all individuals into the new generation, Liu and Tu verify

that the best individual xki* has been chosen into the new generation. If it has not

been selected for random reasons, it is selected into the new generation in exchange

iN

if z Fk (0)

if Fk (0) < z Fk (0) + Fk (1)

p-1

if liFk (j) < Z EFk
j=0 j=0

N-1

if Fk ) Z
j=0
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4.2.1.2 Selection operation

Using the selection operation, individuals from one generation are reproduced

in the subsequent generation at random according to their fitness. In the literature,

several implementations are proposed for this selection operation like the 'Roulette

Wheel Selection' for example. All those procedures differ, however only in their

implementation and computational efficiency while providing the same

functionality. In our implementation, we use the inversion method for the

generation of random variables according to a discrete distribution function as

described among others in Waldmann (1996). The main steps of this procedure are:

Precondition: EFko) = 1

Procedure: Step 1: Generate a [0;1]-uniformly-distributed random

number z

Step 2: Select individual i into the new generation, with

for the worst individual. By this procedure the Liu and Tu attempt to accelerate the

convergence of the GA.
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4.2.1.3 Crossover operation

For the crossover operation, two individuals of the new generation

a = aia2.ani and A = Afi n.i are randomly selected according to their

fitness using the procedure described above. Their offspring 7 = 71727n-1 will be

created according to the following procedure:

Step 1: ri := aiV i
2

Step 2: Find all characters in 7 that are not integer values (the total number

must be even) and pair them at random as (7 ;I, 7 ii), (7

Step 3: 7ik := 7ik - 0.5

7fic := ik +0.5 k= 1, 2, ..., I

After y is reproduced by a and 13, the three strings are compared and the best

two of them are selected into the new generation to replace a and 13. The number of

crossover operations is determined by a parameter named crossover rate pc and its

average number is (0.5*N*P0-

4.2.1.4 Mutation operation

For the mutation operation one individual of the new generation

a = a1a2...an_1 is randomly selected according to its fitness. Its offspring

A = AP 2.-.A n-lis derived by the following procedure:

Step 1: Select a location pair (i, j) at random, 1 < i n-1

1 i j

Step 2: V k k j: A := ak



Step 3:

{fli:=

ai-1 , A := ai+1 , if ai >0
fl i := ai-1 , fl. := ai+1 , if a; = 0, a; > 0
fii := 0 , ig; := 0 , if a; = a; = 0

After the mutation operation has been completed, the two individuals a and b

are compared and a is replaced by 0, if it is worse than 13. The number of mutation

operations performed on one generation is determined by a parameter named

mutation rate pm and the average number is (0.5*N*(n-1)*Pm), where n-1 is the

length of the string.

4.2.1.5 Complexity

Liu and Tu give the average number of new strings created in a generation as11
2*N*pc + 1*N*(n-1)*p. = 2*(pc +(n-1)*pm)

2

For every new string, its performance is evaluated by simulation. If the optimal

solution is found in the G-th generation, the total number of individuals that have

been evaluated is less than

N+-1*N*G*(pc +(n-1)*Pm)2

on average.
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4.2.1.6 Flowcharts of the GA implementation

To give an overview over our GA implementation, its main aspects are

illustrated in Figure 14 through Figure 18.

No

Evaluate solution n
using the same

simulation
configuration as in

the exhaustive
search

n:=n+1
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Figure 14: `geneticAlgorithinRunUnits: SimRuns: Populsize: MinGen: Pc: Buffer:
SimConfig:'-method
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4.2.2 Parameter optimization

In order to make a meaningful statement about the performance of the GA, its

influencing parameters need to be identified and optimized. Only if these

parameters have been set on a near-optimal value, a performance evaluation can

reflect the real quality of the GA. As Glass and Potts (1996) point out, local search

algorithms should on the other hand be robust with respect to the parameter setting

and excessive effort to optimize the parameters is hence somewhat misplaced. In

their publication, Liu and Tu (1994) have entirely abstained from the parameter

optimization and performance evaluation. They focused on demonstrating the

plausibility of their claim that their GA adaptation reliably finds a (near) optimal

solution with little computational effort by giving two examples. In order to verify

this claim we use designed experiments for the parameter optimization and

performance evaluation. In the parameter optimization process we essentially

follow the methodology proposed by Krottmaier (1994), which is summarized in

Figure 19:

Problem
Definition

Problem Homing Experimen Experimen- Data
Analysis In Design tation Analysis

Figure 19: The Parameter Optimization Process

4.2.2.1 Problem definition

The very first step in the optimization of parameters on the basis of a designed

experiment is to define the optimization criterion of interest. Since this criterion is

typically very abstract, it needs to be modeled as a function of one or more

Optimization
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measurable factors. The objective of our experimentation with the GA is to assess

its efficiency that is its potential to find an optimal or near optimal solution with

little computational effort. The optimization criterion we chose is therefore

primarily a function of the throughput deviation from the optimal solution. There

are, however, several other factors which need to be considered. One of them is the

percentage of the evaluated search space. The conclusion that the algorithms finds

on average a solution within n % of the optimum will be interpreted fundamentally

different, if the algorithm evaluates 5% or 95% of the solution space.

4.2.2.2 Problem analysis

The objective of the problem analysis is to identify all parameters which are

relevant to the problem. Krottmaier (1994) emphasizes that this is one of the most

important activities of the experimental design, since a failure to identify important

factors can have severe consequences for the numerical parameter optimization.

Therefore considerable effort should be invested into this task. Although there are

some systematic methods which can be applied, as for example Ishikawa diagrams,

this phase primarily relies on brainstorming activities. In our study the parameters

can be classified into three main groups: line parameters, simulation parameters,

and Genetic Algorithm parameters. Although we don't want to discuss all the

parameters which were identified in this phase in detail, the virtually unlimited

multitude of potentially significant factors is illustrated through the Ishikawa

diagram in Figure 20.
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Figure 20: Potentially significant factors

4.2.2.3 Homing in

Although all of the identified parameters might influence the problem in some

way, it is practically impossible to consider all of them in the experimentation. The

limitations with respect to time and costs which are typically imposed on the

number of experiments that can be conducted, require a restriction on the most

important factors. Krottmaier (1994) compares this selection process to a funnel

which sifts out a small subset of important factors from a potentially large number

of parameters. For our evaluation of the GA we identified the following factors as

the most important ones and organized them into three categories:

Line length

Number of bottlenecks

Distribution of
processing times
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Efficiency
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GA Parameters Une Parameters



Table 2: Significant factors
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Unlike the line parameters and the simulation parameters, the Genetic

Algorithm parameters might not be intuitively understandable and are therefore

briefly discussed:

The population size is a typical GA parameter defining how many individuals a

GA generation contains. In many of the studies applying the GA, this parameter is

set on a 'reasonable' value on the basis of experience rather than parameter

optimization. The termination criterion we utilize, is the number of consecutive

generations with unchanged optimal solution, which is required for the algorithm to

terminate. The crossover probability pc and the mutation probability pm represent

the probability for the respective genetic operation. Since the crossover operation is

known to be the driving force of the GA, its probability should be higher than the

mutation probability. For reasons of simplicity, we set the crossover probability to

Pm := (1 - pc) throughout the screening experiment. Finally, we distinguish between

two types of genetic operations: The first type is the standard crossover/mutation

procedure. In the second type, the genetic operation is repetitively applied until an

individual which had not been evaluated before is generated. By this procedure, the

generation of new 'genetic material' is accelerated.

Line Parameters Simulation Parameters. GA Parameters

line length

degree of imbalance

number of buffers

work units simulated

number of replications

population size

termination criterion

crossover probability

type of genetic operation



4.2.2.4 Experimental design

In order to assess the impact of the set of potentially significant factors on the

performance of the Genetic Algorithm, we conduct a 29-2 fractional factorial

experiment on the basis of the following Coding Scheme:

Table 3: Coding Scheme for fractional factorial design
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Since we are performing a screening experiment, that is an experiment to find

out which of the factors are significant for our response variable, we consider only

main effects and two-way-interactions. If the main effect of a factor and its two-way

interactions are not significant it is very unlikely that any of its higher order

interactions is significant. As a result we do not need to perform a full factorial

design which would require 512 experiments. Instead we use a 29-2 fractional

factorial design and perform 128 experimental runs. With the chosen design two

main effects are confounded with five-way-interactions (± H = ACDFG, ± I =

BCEFG). None of the main effects and two-way-interactions are confounded with

each other. As response variables we chose:

low level high level
(-1) (+1)

Factor A Run Length 1000 2000

Factor B Number of Replications 7 14

Factor C Population Size 5 10

Factor D Termination Criterion 3 6

Factor E Genetic Operation type 1 type 2

Factor F Crossover Probability 0.6 0.8

Factor G Line Length 6 8

Factor H Degree of Imbalance 20 80

Factor I Number of Buffers 2 5



Table 4: Response Variables
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The response variable Y1 characterizes the computational costs associated with

the GA and facilitates the interpretation of its performance. Y2 represents the

relative difference in throughput between the best solution suggested by the GA and

the optimal solution identified by the exhaustive enumeration. If multiple optimal

solutions exist, the solution of the GA (RGA) is compared to the average of the

optimal solution of the exhaustive search (R0").

Ropt RGA

Y2 op, * 100 [To]

The detailed design of the fractional factorial experiment can be found in

Appendix H.

4.2.2.5 Experimentation

To facilitate the comparison of the numerical data with the results of the

exhaustive search, we study lines with two bottlenecks, the first bottleneck being at

the first station. The second bottleneck station is randomly assigned to any of the

remaining stations. After randomizing the experimental runs, the experiment is

conducted.

Response Variables
Y1 Percentage of evaluated Search Space
Y2 Relative Throughput Difference (in %)



Table 6: GA-Parameter Optimization (2)
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4.2.2.6 Data analysis

To give an impression of this experiment and its evaluation, the results for the

first five cases are presented in Table 5 through Table 9. The detailed numerical

results can be found in Appendix H.

Table 5: GA-Parameter Optimization (1)

Simulation :
Paraineters Parameters

ID Bottleneck Run
Positions Length

Runs
-

,Line '
Length

Degree of
Imbalance

Buffers

1 (1,2) 1000 7 6 80 5
2 (1,2) 2000 7 6 20 2
3 (1,2) 1000 14 6 20 2
4 (1,2) 2000 14 6 80 5
5 (1,2) 1000 7 6 20 5
... ... ... ... ... ... ...

GA Parameters
II:t

,

Population
Size

Termination
Criterion

Genetic:
Operations 'Probability

1 5 3 1 0.6
2 5 3 1 0.6
3 5 3 1 0.6
4 5 3 1 0.6
5 10 3 1 0.6
... ... ... ... ...



Table 7: GA-Parameter Optimization (3)

Table 8: GA-Parameter Optimization (4)

Table 9: GA-Parameter Optimization (5)
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,
- Meeults EhaüstiveEnuine,tión

ID , Optimal
, Siiffer '

Allocation

- Average '
_Optimal. -

Throughput

,Average
Throughput

'Variance

OF

41000 5.4548e-01 9.6068e-07 19
2 10100 6.6901e-01 2.0473e-06 19
3 10100 6.6895e-01 3.0188e-06 19
4 41000 5.4525e-01 1.2008e-06 19
5 11111 7.3829e-01 3.8745e-06 19
... ... ... ... ...

Results GA
ID Optimal

- Buffer
Allocation'

Optimal
Throughput

, .

Throughput
Variance'

.

OF Possible
Solutions

Evaluated
Solutions ,

21101 5.3917e-01 1.3537e-06 19 126 9

01100 6.6234e-01 3.4169e-06 19 15 5
3 10100 6.6893e-01 2.1026e-06 19 15 8
4 22100 5.3966e-01 7.4194e-07 19 126 10

12101 7.3093e-01 4.1735e-06 19 126 17
... ... ... ... ... ... ...

rl Y2

ID Search Space
Evaluated (in %)

Relative Throughput
. Difference (in %)

1 7.142857143 1.156083064
2 33.33333333 0.996698146
3 53.33333333 0.00243098
4 7.936507937 1.025745469
5 13.49206349 0.997257853
... ... ...
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To get a first idea about the numerical results of the experiment, the data can

be summarized as follows:

In 81 cases (a- 63.28%) the GA found the optimal solution

determined by the exhaustive search procedure.

In 6 cases 4.69%) the GA found a solution which is different

from the optimal solution identified by the exhaustive enumeration

procedure, but is not significantly worse (based on a 5%

significance level).

In 41 cases (-a- 32.03%) the GA found a suboptimal solution.

The reader is however warned, not to misinterpret these values since they are

very specific for the utilized test conditions and should not be generalized. For

further analysis, it is important to note that the throughput difference between the

solutions found by the GA and the exhaustive enumeration procedure consists of

two components:

random variation due to the stochastic nature of the simulation model

systematic difference due to the different buffer allocation

In the 81 cases, in which the GA found the optimal solution, we know that the

throughput difference is due to random variation. In these cases we could therefore

eliminate the random variation and set the throughput difference to zero. In the

remaining 47 cases however, we have no information about the random and

systematic component of the throughput difference. In order to maintain the

consistency among our numerical data, we chose not to make use of this knowledge

and base our analysis on the throughput difference proposed by the experiment. To

further analyze the numerical results of our experiment, we calculate the classified

empirical distribution function. As suggested by (Arnold, 1995) we assign the 128

observations to



k =1_5*log nJ =1_5*log 128] = 10

where

k = number of classes

n = number of observations

classes. The resulting empirical distribution functions for the response variables Y1

and Y2 are displayed in Figure 21 and Figure 22.
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Figure 21: Empirical distribution function for Y1

The empirical distribution function for Y1 does not suggest any general rule for

the percentage of the search space which the GA evaluates. Apart from an increased

number of observations in the lowest two classes (0 - 17.4%), the values are

relatively equally spread over all classes.

0-

8.7

20

14

9 9 10
7

9
6 5



Y2 - Relative Throughput Difference

87

80

Number of
60

Classified Relative Throughput Difference (in %)

Figure 22: Empirical distribution function for Y2

The empirical distribution of the relative throughput differences indicates that

in this screening experiment the GA found almost always an optimal or near-

optimal solution, that is in 68% of the cases the throughput deviation from the

optimal solution was below 0.15% and in 98% of the cases below 1.65%. In my

view this result strongly supports the applicability of the GA as a heuristic method

for solving the buffer allocation problem in practice.

To further analyze the impact of the factors and interactions on the response

variables Y1 and Y2, we perform a multiple linear regression using least squares

for each of the three response variables. The fitted multiple linear regression

models for Y1 and Y2 are included in Appendix H. On the basis of these regression

models, the residuals are calculated and the respective Analysis of Variance

(ANOVA)-Tables are generated. These ANO VA-Tables are also presented in

Appendix H, but an excerpt is shown in Table 10.
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Table 10: Excerpt of ANOVA-Table for Y1

ANOVA Table Evaluated Search Space (Y1)
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The p-Value, displayed in the last column of the ANOVA-Table indicates how

large the error probability is if we assume that the respective main effect or

interaction has an impact on the response variable. For an error probability of up to

five percent (0.05), we consider the respective factor 'significant' and for a p-Value

of up to one percent (0.01) the factor is said to be 'highly significant'. The

calculation and interpretation of effects plays a central role in the analysis of

designed experiments. An effect of a factor is defined as the change in the response

variable as we move from the 'plus level' to the 'minus level' of the factor:

effect(Y) := - 7
where

: average response for the plus level of the variable

average response for the minus level of the variable

Source of Degrees of Sum of Mean F-Ratio p-Value
Variation Freedom Squares Square

Main effects
A 1 0.93 0.93 0.0325 0.8574

1 27.75 27.75 0.9693 0.3277
1 5861.80 5861.80 204.7774 0.0000
1 1.52 1.52 0.0533 0.8181
1 1874.68 1874.68 65.4903 0.0000
1 338.12 338.12 11.8120 0.0009
1 4898.25 4898.25 171.1165 0.0000
1 224.40 224.40 7.8394 0.0064
1 61726.30 61726.30 2156.3590 0.0000

Two-way-
interactions

AB 1 0.18 0.18 0.0065 0.9362
AC 1 39.75 39.75 1.3885 0.2421
AD 1 102.43 102.43 3.5782 0.0621
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For our screening experiment, all significant and highly significant main effects

and two-factor interaction effects with regard to Y1 and Y2 are presented in Figure

23 and Figure 24.

Main Effects and Two-Factor Interaction Effects for Y1
(in decreasing order of significance)

Factor/ Interaction

Figure 23: Main Effects and Two-Factor Interaction Effects for Y1

Main Effects and Two-Factor Interaction Effects for Y2
(in decreasing older of significance)

Factor / Interaction

Figure 24: Main Effects and Two-Factor Interaction Effects for Y2

Using the relative throughput difference to the optimal solution (Y2) as

performance measure, the following conclusions can be drawn from the numerical

analysis of the screening experiment.
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4.2.2.6.1 Simulation parameters

From the two simulation parameters 'run length (A)' and 'number of

replications (B)' only the second parameter appears to be somewhat significant.

Run length is not significant which is not surprising considering the fact that the

system had been warmed up to its steady-state condition before starting the data

collection. A prolongation of the simulation duration should not and did not have

any significant impact on the results. Hence the shorter simulation duration can be

used for the further analysis. Although the main effect of the number of replications

is not significant, its two-way interaction with the line length (G) appears to

significantly influence Y2. To analyze this impact in more detail, we will consider

the number of replications in the further optimization process.

4.2.2.6.2 Genetic Algorithm parameters

Among the Genetic Algorithm Parameters, the population size (C) and the type

of genetic operation (E) appear to be significant, while the termination criterion (D)

and the crossover probability (F) have no substantial impact on Y2. For the further

analysis we set factors D and F to the values which led on average to slightly better

results. These are for the termination criterion 6 generations with unchanged

optimal solution and a crossover probability of 0.6. Since the second type of genetic

operations performed significantly better we will use it despite the significantly

higher computational costs associated with it. To find a 'good' value for the

population size we will perform a second experiment.

4.2.2.6.3 Line parameters

89

For the line parameters line length (G) and number of buffers (I) the screening

experiment suggests the following relationships:
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The performance of the GA increases with increasing line length.

The performance of the GA decreases with an increasing number of buffers.

This finding is to some extent counterintuitive, since an increase in either

factor enlarges the solution space, but only an increase in the number of buffers

impairs the performance of the GA, whereas an increase in line length has the

opposite effect. The influence of the line length can only be explained by the

assumption that the impact of a single buffer on the line throughput decreases with

line length as has been conjectured in hypothesis 7. This screening experiment is

therefore in my view a first affirmation of hypothesis 7. The third line parameter,

the degree of imbalance (H) is, with a p-value of 0.075, not significant based on the

5% significance level. Nevertheless there is a clear tendency, which is that the

performance of the GA increases with increasing degree of imbalance. With the line

parameters not being part of the algorithmic parameters, there is no need to

optimize them, although the conclusions drawn from this first experiment should be

kept in mind when applying the GA.

4.2.2.7 Optimization

Since the results of the screening experiment propose the two factors 'Number

of Replications' and 'Population Size' for further analysis, we design a second

experiment to optimize those two factors. In a first step we define the range of

possible values for both factors considering aspects like the computational

complexity and requirements of the GA as:

Number of Replications E [4; 20]

Population Size E [4; 20]

Having restricted the potential parameter values in this way, we can use a

design with five levels for each of the two factors covering the entire range of

possible values:



Table 11: Factor Levels
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To abstain from extraneous sources of variation we randomize the factors

'bottleneck positions', 'line length', 'degree of imbalance', 'total buffer capacity'

and the order in which the experiments are performed. As in the screening

experiment, we use the percentage of search space evaluated (Y1) and the relative

throughput difference from the optimal solution (Y2) as performance measures.

The detailed design and the numerical results of the experiment can be found in

Appendix H. A multiple linear regression analysis (see Appendix H) proposed the

following relationship between the factors and the response variable Y2:

Y2 = - 0.356834 + 0.0537601*A + 0.0622096*B - 0.0049379*A*B

The associated R2 statistic indicates that the model as fitted explains only

3.81% of the variability in Y2. In the resulting ANOVA table all P-values are

greater or equal to 0.3833, suggesting that there is not a statistically significant

relationship between the variables at a 90% confidence level. As a result we

conclude that this multiple regression model is not a suitable basis for parameter

optimization. Therefore, we select the following parameter values on the basis of

the Tables of Means (Table 12 and Table 13) and additional considerations as:

Population Size : 12 individuals per generation

Number of Replications: 4 replications of each replication

Levels
3

Number of Replications (A) 4 8 12 16 20
Population Size (B) 4 8 12 16 20



Table 12: Table of Means - Population Size

Table 13: Table of Means - Number of Replications

Levels''
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In summary, the parameter optimization process proposes the following values

for the studied factors:

Simulation Parameters

Factor A: Run Length 1000 work units

Factor B: Number of Replications 4

GA Parameters

Factor C: Population Size 12

Factor D: Termination Criterion 6 generations with unchanged

optimal solution

Factor E: Genetic Operation type 2

Factor F: Crossover Probability pc = 0.6

These parameter settings are used throughout the following experimentation to

evaluate the performance of the GA.

Levels
Population Size 4 8 12 16 20
Number of Observations 5 5 5 5 5

Average Y2 0.0662 0.8031 0.1591 0.4650 0.1254

Number of Replications 4 8 12 16 20
Number of Observations 5 5 5 5 5

Average Y2 0.1466 0.4656 0.1443 0.8475 0.0147



5 MODEL VERIFICATION

Verification and validation are essential parts of each modeling approach.

While the model validation ensures that the assumptions and results of the model

are an accurate representation of the real manufacturing system, the verification

phase attempts to prove or at least reason that the model results are correct for the

assumptions made in developing the model (Buzacott and Shanthikumar, 1993).

The buffer allocation problem is very well established in the literature and

most of the studies that deal with it use a common set of model assumptions. As a

result we consider the model that is defined by this set of assumptions as being

sufficiently validated by the existing literature (El-Rayah, 1979b, Mak, 1986,

Daskalaki and Smith, 1988, Hendricks and McClain, 1993). In using this existing

model, we therefore assume that it is an appropriate representation of the real

manufacturing system.

In the model verification we distinguish between several parts of the model

which build upon each other. These entities which are illustrated in Figure 25 are

successively verified according to their logical order.

5.3 Exhaustive Search

5.2 Simulation Model

5.1 Random Number
Generation

5.4 Genetic Algorithm

Figure 25: Objects of the verification process
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For the different parts of the model we apply specific verification strategies to

prove or at least to reason their correctness.

5.1 Verification of the Smalltalk random number generator

The random number generation in Smalltalk is performed by the two methods

'initializeSeed' and `zeroOneUniformRV' which are given in Figure 26.

IntializeSeed
!tempi
temp:. (16807 * ((self class) getLastSeed)) rem: 2147483647.
(self class) setLastSeed: temp.
seed:= temp rem: 65535.
^self

zeroOneUniformRV
ltempl

seed:. 13849 + (27181 * seed) bitAnd: 65535.
[0 = (temp := seed / 65536.0)]
whileTrue: [self initializeSeed].
^temp

Figure 26: Random Number Generation

With the creation of a new instance of the random number generator, the

initialization routine `initializeSeed' is executed and calculates a new sequence

seed from the most recently used sequence seed which is stored in the class variable

LastSeed. For this calculation a linear congruential generation rule is used. The

actual random number generation based on the new seed value is performed by the

`zeroOneUniformRV'-method. This method does not use a linear congruential

random number generator to calculate the next random number, but substitutes the

modulo operation by a bit operation, which essentially cuts of all but the 15
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leftmost bits. This operation ensures that the resulting number is smaller than 216.

To determine the statistical behavior and the performance of this random number

generator, we perform several empirical tests:

X2-Test of Uniformity

Serial Test (two and three dimensions)

Kolmogorov-Smirnov Test

Runs-up Test

Correlation Test

Since a detailed discussion of the test results would certainly exceed the scope

of this study we focus in the following on a brief summary and the derived

conclusions.

The utilized random number generator has two main characteristics. The first

one is that its statistical properties are good, although there are other more

sophisticated random number generators which exhibit even better statistical

properties. On the other hand, its bit-operations are extremely fast and outperform a

linear congruential random number generator by far in its runtime efficiency.

Therefore, this random number generator is a good choice for applications where

both, appropriate statistical behavior and runtime efficiency, are critical.

5.2 Verification of the simulation model

The objective of the simulation model verification is to prove that the

simulation model accurately represents the behavior of the specified manufacturing

system. In our study, the key points of the model specification are the number of

sequential work stations, their processing time distributions and the interstage

buffer capacities. The system behavior is characterized by the average line

throughput in steady state. Apart from informal analysis techniques like code walk-
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throughs and informal reasoning we mainly rely on testing to verify the model. In

order to evaluate our test results we utilize theoretical properties as well as

analytical and simulative results which have been published in previous studies.

5.2.1 Evaluation of test results using the reversibility property

One way of verifying the correctness of our model is to take advantage of the

reversibility property. From the reversibility property it can be deduced that if in a

symmetrical line a buffer allocation is asymmetrical, its mirror buffer allocation has

the same line throughput. We make use of this relationship to verify our simulation

model by examining two mirror buffer allocations for 50 symmetrical line

configurations. Although this test is not a comprehensive proof for the correctness

of the simulation model, it is likely to indicate potential problems by causing a

statistically significant difference between equivalent configurations. We compare

equivalent line configurations which should have identical means by a hypothesis

test (t-test) for differences in means. Some of the results are displayed in Table 14.

The entire set of data can be found in Appendix C.

Table 14: Verification of the simulation model using the reversibility property

Processing -

Time Means
Buffer

Allocation
Line

Throughput
, Buffer
Allocation

Line , ,,

Throughput
a

(in %)
(1.4-1-1-1.4) 1-0-0 0.625114 0-0-1 0.625260 79.09
(1.5-1-1-1.5) 1-0-0 0.599617 0-0-1 0.599785 73.13
(1.6-1-1-1.6) 1-0-0 0.574091 0-0-1 0.574091 100
(1.7-1-1-1.7) 1-0-0 0.549124 0-0-1 0.549255 74.00
(1.7-1-1-1.7) 1-0-2 0.573775 2-0-1 0.573673 82.65
(1.8-1-1-1.8) 1-0-0 0.525086 0-0-1 0.525186 78.17
(1.8-1-1-1.8) 1-0-2 0.544297 2-0-1 0.544266 93.88

... ... ... ... ... ...
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The reassuring result of this experiment is that none of the 50 simulated line

pairs indicates a statistically significant difference between equivalent

configurations. In all of the cases the significance level a, which represents the

probability of making a mistake if we chose to reject the hypothesis that the means

of two equivalent line configurations are identical, is relatively high (ocmin = 41.2%).

Therefore we conclude that this test does not produce any statistical evidence

contradicting the hypothesis that our simulation model works correct.

5.2.2 Comparison of test results with analytical results

Solving the buffer allocation problem analytically is extraordinary difficult and

feasible solution procedures are only known for special cases like for lines with a

balanced allocation of work. Therefore there are but a few publications with

analytically derived numerical results. One of the them is the study of Boling et al.

(1993), where optimal buffer allocations and the associated line throughput is given

for a set of balanced n-station lines with exponentially distributed processing times.

We compare some of these results with those obtained by our simulation model.

The selected cases are displayed in Table 15.

Table 15: Verification of the simulation model with analytical results

Processing Buffer
Time Means Capacity

Buffer
Allocation

Line Throughput
(reported)

Line Throughput
(our model)

(1-1-1-1) 1 010 0.5589 0.5558
(1-1-1-1) 2 011 0.5897 0.5864
(1-1-1-1) 3 111 0.6312 0.6287

(1-1-1-1-1-1) 1 00100 0.4960 0.4931
(1-1-1-1-1-1) 2 01010 0.5222 0.5197
(1-1-1-1-1-1) 3 01110 0.5486 0.5458

(1-1-1-1-1-1-1-1) 1 0001000 0.4648 0.4625
(1-1-1-1-1-1-1-1) 2 0010100 0.4855 0.4833
(1-1-1-1-1-1-1-1) 3 0101010 0.5034 0.5011
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As can be seen from Table 15, there is a very close agreement between the

reported results and our simulation model. We consider this to be a clear indication

for the correctness of our model.

5.2.3 Comparison with other simulative results

Lacking the ability to solve the buffer allocation problem analytically, several

simulative evaluations of unbalanced production lines have been conducted and are

reported in literature. We use some of the numerical results presented by Powell in

two of his publications (Powell (1994) and Powell et al. (1996)) to verify our

simulation model. As in our study, Powell assumes the processing times of the

work stations to be distributed according to a lognormal distribution. The

comparison of the numerical results of both simulation models are given in Table

16.

Table 16: Verification of the simulation model with simulative results

The comparison with selected results from other simulation models does not

indicate any significant deviation. Since none of the three verification strategies for

the simulation model was capable of identifying any potential problems we from

now on assume our simulation model to be correct.

Processing
Time Means

.

, Buffer Buffer
Capacity Allocation

,
Line Throughput Line Throughput

(reported) (our model)
(1-1-1-1) 0 000 0.6804 0.6812
(1-1-1-1) 1 010 0.7307 0.7320
(1-1-1) 0 00 0.7202 0.7202
(1-1-1) 1 10 0.7734 0.7737
(1-1-1) 2 11 0.8423 0.8440
(1-1-1) 3 21 0.8649 0.8669
(1-1-1) 4 22 0.8911 0.8929
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5.3 Verification of the search algorithm

In a third step we finally attempt to verify the correctness of our simulation-

based exhaustive search procedure. Therefore we once again make usage of the

reversibility property and compare our results to those obtained by other

simulation- or queuing-theory-based studies.

5.3.1 Evaluation of test results using the reversibility property.

From the reversibility property we know that if in a symmetrical line an

optimal buffer allocation is asymmetrical, its mirror buffer allocation is equally

optimal and has the same line throughput. Our verification strategy is to study 50

cases in which the line is symmetrical and the optimal buffering pattern is

asymmetrical. We modify our exhaustive search procedure in such a way that all

line configurations are evaluated, even if we already know their line throughput due

to an equivalent line which has been evaluated previously.

For these cases we examine if our exhaustive search procedure identifies

equivalent mirror buffer allocation as being optimal. The detailed numerical results

can be found in Appendix C. From the 50 line configurations considered, 49

asymmetrical buffer allocation pairs were identified as being optimal. In a single

case, only one of the two mirror buffer allocations was found. For the selected line

configurations, the results were consistent with the reversibility property in 98% of

the cases. The remaining 2% deviation appear to be very reasonable given the 95%

significance level on which the statistical comparison in our solution procedure is

based. Overall, the consistency of our numerical results with the reversibility

property suggests that our model and its implementation are correct.
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5.3.2 Comparison of test results with analytical results

As previously discussed (see 2.2.1.2) Boling et al. (1993) proposed a queuing-

theory based algorithm which is capable of comprehensively solving the buffer

allocation algorithm for balanced lines. Although the practical applicability of this

algorithm is limited by its restrictive assumptions (balanced work allocation and

exponentially distributed processing times), it is a valuable measurement, against

which our simulation-based solution procedure can be compared. For all of the test

cases (see Table 15), our search procedure identified the reported optimal solutions

as being optimal. Although this is of course not a formal proof of correctness, the

test failed to produced any evidence contradicting the correctness of our

implementation and thereby supports the assumptions of its correctness.

5.3.3 Comparison with other simulative results

In a recent study of Powell and Pyke (1996) optimal buffer allocations are

reported for a number of unbalanced line configurations. These results, which were

generated on the basis of a simulation model are used in the following to verify our

search algorithm. In Table 17 to Table 19 the optimal buffer allocation identified by

our algorithm are compared to the reported optimal solutions.



Table 18: Optimal buffer patterns for a 6-station line with a single bottleneck at
station one
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Table 17: Optimal buffer patterns for a 4-station line with a single bottleneck at
station one

Total
buffers

Bottleneck
mean '

Optimal buffer allocation
our study ' '

according to
Powell and Pyke

1 1.0-1.1 0-1-0 0-1-0
1.2-2.0. 1-0-0 1-0-0

2 1.0 1-1-0/0-1-1 1-1-0
1.1-1.5 1-1-0 1-1-0

1.6 2-0-0/1-1-0 2-0-0
1.7-1.8 2-0-0 2-0-0
1.9-2.0 2-0-0/1-1-0/1-0-0 2-0-0

3 1.0-1.3 1-1-1 1-1-1
1.4-1.5 2-1-0 2-1-0

1.6 2-1-0/3-0-0/2-0-1 2-1-0
1.7 3-0-0/2-1-0 3-0-0

1.8-1.9 3-0-0/2-0-1 3-0-0
2.0 3-0-0/2-0-1/2-1-0/1-2-0 3-0-0

Total
buffers

Bottleneck
mean

Optimal buffer allocation
our study

according to

Powell and Pyke
1 1.0-1.1 0-0-1-0-0 0-0-1-0-0

1.2-1.3 0-1-0-0-0 0-1-0-0-0
1-4-2.0 1-0-0-0-0 1-0-0-0-0

2 1.0-1.2 0-1-0-1-0 0-1-0-1-0
1.2-1.5 1-0-1-0-0 1-0-1-0-0
1.5-1.6 1-1-0-0-0 1-1-0-0-0
?-2.0 2-0-0-0-0 2-0-0-0-0

3 1.0 0-1-1-1-0 0-1-1-1-0
1.1-1.2 1-0-1-1-0 1-0-1-1-0

1.3 1-1-0-1-0 1-1-0-1-0
14 1-1-1-0-0 1-0-1-0
1.5 1-1-1-0-0 1-1-1-0-0

4 1.0 1-1-1-1-0/0-1-1-1-1 1-1-1-1-0
1.1-1.4 1-1-1-1-0 1-1-1-1-0

5 1.0-1.3 1-1-1-1-1 1-1-1-1-1
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Table 19: Optimal buffer patterns for a 8-station line with a single bottleneck at
station one

From the set of more than 75 line configurations our algorithm failed to

identify the reported optimal solution in one single case. In all other cases, the

reported optimal solution was confirmed by our results. The deviation for the

optimal buffer allocation of three buffers to a 6-station line with a 40% It-imbalance

at the first station may be due to the structure of our search procedure (multiple

hypothesis test) or it might be caused by inaccuracies in the reported results.

Nevertheless, it does certainly not question the general validity of our search

algorithm, which we find clearly confirmed by the above results.

5.4 Verification of the Genetic Algorithm

A comprehensive verification of our GA implementation by testing is mainly

precluded by two problems: The first one is the probabilistic nature of the search

heuristic which makes it impossible to predict the 'correct' behavior. The second

problem is that the performance of the GA might depend on several parameter

settings like the crossover probability or the population size. We therefore focused

on the thorough analysis of the program code and performed some initial

experiments which at least indicated the plausibility of the obtained solutions.

Total
buffers

Bottleneck
mean

Optimal buffer allocation
our study

according to
Powell and Pyke

1 1.0-1.2 0-0-0-1-0-0-0 0-0-0-1-0-0-0
1.2-1.3 0-0-1-0-0-0-0 0-0-1-0-0-0-0
1.4-2.0 1-0-0-0-0-0-0 1-0-0-0-0-0-0

2 1.0-1.1 0-0-1-0-1-0-0 0-0-1-0-1-0-0
1.2 0-1-0-0-1-0-0 0-1-0-0-1-0-0

1.3-1.4 1-0-0-1-0-0-0 1-0-0-1-0-0-0
1.5 1-0-0-1-0-0-0/1-0-1-0-0-0-0 1-0-0-1-0-0-0
1.6 1-0-1-0-0-0-0/1-1-0-0-0-0-0 1-0-1-0-0-0-0
1.7 1-1-0-0-0-0-0/2-0-0-0-0-0-0 ??



6 RESULTS AND ANALYSIS

In order to provide some guidance to the reader, we start this chapter by briefly

outlining the structure and content of the following section. At first, we present the

experimental results of our exhaustive search. In a second step, we then

characterize the performance of serial production lines by visualizing the optimal

line throughput as a function of the degree of imbalance and the number of buffers

to be allocated. On the basis of these numerical results, we then discuss the ten

hypotheses described in chapter 3, as well as several related topics. The chapter is

concluded by a discussion of our findings regarding the performance of the Genetic

Algorithm.

6.1 Experimental results of exhaustive search

In this thesis we solved the buffer allocation problem for a large number of test

cases with considerable computational effort. In particular, we studied more than

1500 production line configurations, most of which required multiple simulation

runs (up to 800). The scope of the numerical results of this exhaustive search is

immense and we consider it inappropriate to include all of them in this section.

Instead, we give an overview of the studied line configurations and present some

examples of the numerical results. For the entire set of our experimental results, the

reader is referred to the respective appendix. As shown in Figure 27 below, the

studied lines can be categorized in three groups: A-unbalanced lines, a-unbalanced

lines and long lines. The studied line configurations for the three categories are

listed in Table 20 through Table 22.
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Figure 27: Studied Lines

Table 20: Ix-unbalanced line configurations
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Line Length s ',Buffers 130tilelleck
Positions

'b att (in %);

4 0-3 1 and 2 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
4 0-3 1 and 3 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
4 0-3 1 and 4 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
4 0-3 2 and 3 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 1 and 2 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 1 and 3 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 1 and 4 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 1 and 5 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 1 and 6 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 2 and 5 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
6 0-5 3 and 4 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 2 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 3 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 4 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 5 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 6 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 7 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 1 and 8 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 2 and 7 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 3 and 6 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
8 0-5 4 and 5 10, 20, 30, 40, 50, 60, 70, 80, 90, 100



Table 21: a-unbalanced line configurations

Table 22: long line configurations
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Before we give some of the result tables, we briefly describe their structure in

Figure 28:

Line Length Buffers Bottleneck Degree of
Positions ' Imbalance an %)

4 0-3 1 and 4 20, 40, 60, 80, 100
4 0-3 2 and 3 20, 40, 60, 80, 100
6 0-5 1 and 6 20, 40, 60, 80, 100
6 0-5 2 and 5 20, 40, 60, 80, 100
6 0-5 3 and 4 20, 40, 60, 80, 100
8 0-5 1 and 8 20, 40, 60, 80, 100
8 0-5 2 and 7 20, 40, 60, 80, 100
8 0-5 3 and 6 20, 40, 60, 80, 100
8 0-5 4 and 5 20, 40, 60, 80, 100

Line Length Bu fers Bottleneck
Positions

Degree of
Imbalance (in %)

3 0-3 2 0,100
5 0-3 3 0,100
7 0-3 4 0,100
9 0-3 5 0,100
11 0-3 6 0,100
13 0-3 7 0, 100
15 0-3 8 0, 100
17 0-3 9 0,100



average line
throughput

average
throughput

variance

optimal buffer
allocation

iteration of the
search algorithm

Figure 28: Description of result tables

In the result tables, the optimal solution is given for each of the studied line

configurations together with the respective average line throughput and the

throughput variance. In the last row the iteration at which the search algorithm

terminated (compare chapter 4.1.2) is listed. The '*' after an optimal buffer

allocation indicates, that the reverse buffer allocation is equally optimal. In the

example shown in Figure 28, the optimal allocation of two buffers is '011' and

'110'. For the first line configuration of Table 20, the numerical results are

displayed in Table 23 below. The entire set of results can be found in Appendix D.
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Buffer Capacity
Processin

ns 0 1 2 3

(1-1-143. 000 010 011" 111

--11` 6.8241e-01 7.3721e-01 7.7038e-01 8.1346e-01
- 4.9574e-05 3.7997e-05 3.8882e-05 2.9182e-05)
A. 1 1 1 1
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Table 23: Results for ag-unbalanced 4-station line with bottlenecks at positions 1
and 4

Buffer Capacity
Processing
Time Means 0 1 2 3

(1 -1 -1 -1 ) 000 010 011* 111

6.8241e-01 7.3721e-01 7.7038e-01 8.1346e-01
4.9574e-05 3.7997e-05 3.8882e-05 2.9182e-05

1 1 1 1

(1.1-1-1-1.1) 000 010 101 111

6.6091e-01 7.1268e-01 7.3982e-01 7.9006e-01
1.4087e-05 3.7247e-05 6.0857e-06 9.2349e-06

1 1 3 1

(1.2-1-1-1.2) 000 010 101 111

6.3929e-01 6.8332e-01 7.2485e-01 7.5638e-01
1.2851e-05 1.3138e-05 1.2998e-05 1.8707e-05

1 2 2 1

(1.3-1-1-1.3) 000 010 101 111

6.1638e-01 6.5024e-01 6.9428e-01 7.1906e-01
1.2183e-05 3.2690e-06 1.0197e-05 2.0765e-05

1 3 2 1

(1.4-1-1-1.4) 000 010/
100*

101 111

5.9334e-01 6.2461e-01/
6.2511e-01

6.6322e-01 6.7761e-01

1.0726e-05 2.7120e-06/
2.8597e-06

8.1765e-06 4.0943e-06

1 4 2 3
(1.5-1-1-1.5) 000 100* 101 111

5.7039e-01 5.9962e-01 6.3070e-01 6.4019e-01
9.1477e-06 2.2779e-06 7.6053e-06 3.3876e-06

1 4 2 3

(1.6-1-1-1.6) 000 100* 101 111

5.4786e-01 5.7409e-01 5.9856e-01 6.0657e-01
9.2245e-06 1.7923e-06 7.0544e-06 2.4972e-06

1 4 2 4
(1.7-1-1-1.7) 000 100* 101 111/

102*
5.2616e-01 5.4912e-01 5.6804e-01 5.7405e-01/

5.7377e-01
9.7331e-06 1.4394e-06 5.8403e-06 2.0594e-061

1.9557e-06
1 4 2 4



6.2 Characterization of optimal line throughput

In order to improve the understanding of the relationship between the optimal

line throughput and the bottleneck positions, the type and degree of imbalance and

the total buffer capacity we depict the optimal line throughput as a function of these

factors. This graphical representation is well suited to recognize certain properties.

The entire set of figures is presented in Appendix E, but two examples for

wunbalanced lines and long lines are shown in Figure 29 and Figure 30.
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'Buffer,Capacity
Processing
Time Means 0 1 2 3

(1.8-1-1-1.8) 000 100* 101 1111
102*

5.0533e-01 5.2509e-01 5.4109e-01 5.4442e-01/
5.4430e-01

9.2412e-06 1.1939e-06 3.3210e-06 1.6395e-06/
1.6395e-06

1 4 2 4

(1.9-1-1-1.9) 000 100* 101 111/
102*

4.8533e-01 5.0223e-01 5.1480e-01 5.1731e-01/
5.1724e-01

7.8371e-06 1.0026e-06 2.6457e-06 1.3506e-06/
1.4556e-06

1 4 2 4

(2-1-1-2) 000 100* 101 111/
102*

4.6615e-01 4.8070e-01 4.9060e-01 4.9253e-01/
4.9263e-01

6.1781e-06 8.5541e-07 2.0786e-06 1.1644e-06/
1.1097e-06

1 4 2 4
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Figure 29: Optimal throughput for selected tt-unbalanced lines

Optimal buffer allocation in a balanced n-station line Optimal buffer allocation in an unbalanced n-station line

Number of

0.9

0.8

Degree of Imbalance Number of Bufk

Figure 30: Optimal throughput for selected long lines
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6-station-line with bottlenecks at positions 1 and 6 8-station-line with bottlenecks at positions 1 and 8
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6.3 Discussion of hypotheses

The purpose of this section is to analyze the numerical results presented above

with respect to the ten hypotheses defined in chapter 3.1 that have been conjectured

by previous studies. Furthermore, we will turn to some interesting questions related

to these ten hypotheses with the intention to enrich the existing knowledge in these

areas.

6.3.1 Hypothesis 1 (symmetry property)

Hypothesis 1: The symmetry property does not hold without restrictions.

An important characteristic of a production line is whether its work allocation

is symmetrical or not. We refer to an n-station line as being symmetrical if the

stations i and (n-i+1) have identical processing time distributions V i = 1, 2, ...
2

The symmetry property, suggested by Conway et al. (1988), claims that the

optimal buffer allocation in symmetrical lines is always symmetrical if possible and

always asymmetrical in asymmetrical lines. Since we study only lines with an even

number of stations and consequently an odd number of interstage buffer locations,

every number of buffers can be allocated symmetrically or asymmetrically. The

doubts about the universal validity of the symmetry property registered in a recent

study of Powell and Pyke (1996) led to hypothesis 1 which states that the symmetry

property does not hold without restrictions. To verify this hypothesis we scrutinize

our numerical results with regard to the symmetry property, distinguishing between

lines with multiple .t- and a-bottlenecks.
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6.3.1.1 Lines with multiple pt-bottlenecks

The analysis of hypothesis 1 for this line type is based on the evaluation of the

following line configurations:

Table 24: Position of p-bottlenecks

Table 25 summarizes our numerical results with respect to the symmetry

property:

Table 25: Numerical Results with respect to the Symmetry Property (1)

4 stations 6 stations 8 stations
symmetrically p.-

unbalanced lines

1 and 4

2 and 3

1 and 6

2 and 5

3 and4

1 and 8

2 and 7
3 and 6
4 and 5

asymmetrically p,-

unbalanced lines -

1 and 2

1 and 3

1 and 2

1 and 3
1 and 4

1 and 5

1 and 2

1 and 3
1 and 4
1 and 5
land 6
1 and 7

Optimal Buffer
Symmetrical

Allocation is
Asymmetrical

No Classification
Possible

To

Line Symmetrical 243 100 67 410

Line Asymmetrical 76 451 33 560

Total 319 551 99 970
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As can be seen from these results, there apparently is a relationship between

the symmetry of a line and the symmetry of its optimal buffer allocation. There is,

however, no perfect correlation between both factors. To further simplify the

analysis we omit the cases in which no distinction between symmetrical and

asymmetrical buffer allocations is possible, that is all cases with multiple optimal

buffer allocations, in which at least one symmetrical and one asymmetrical optimal

buffer allocation was found. This leads to the results presented in Table 26

Table 26: Numerical Results with respect to the Symmetry Property (2)

For about 70% of the considered symmetrical lines, the optimal buffer

allocation is symmetrical. In the remaining 30% of the cases, however, an

asymmetrical buffer allocation turned out to be optimal. This represents a clear

violation of the symmetry property as stated by Conway et al. (1988). The results

for asymmetrical lines are similar: In 15% of the considered asymmetrical line

configurations the symmetry property is violated. Although this violation is

considerable, it is less significant than for balanced lines.

The numerical results of our study suggest that there is a strong relationship

between the symmetry of a line and the symmetry of its optimal buffer allocation.

This relationship is however not as simple as conjectured by the symmetry property,

Optimal Buffer
Symmetrical

Allocation is
Asynunetrical

Total

Line Symmetrical 243 100 343

(70.85%) (29.15%) (100%)

Line Asymmetrical 76 451 527
(14.42%) (85.58%) (100%)

Total 319 551 870

(36.67%) (63.33%) (100%)
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Figure 31: Relative Frequency of Symmetrical Optimal Buffer Allocations
(v.-unbalanced lines)
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which is extremely simplifying and thereby loses its universal validity. We

conclude that the symmetry property does not hold without restrictions as

conjectured in our first hypothesis.

Besides the symmetry of the line, other factors might influence the symmetry

of the optimal buffer allocation. Among them are the degree of imbalance, the

number and the position of bottleneck stations, the number of buffers and the line

length.

For that reason we want to examine if the degree of pt.-imbalance has a

significant impact on the symmetry of the optimal buffer allocation. In our analysis

we differentiate between symmetric and asymmetric lines. Without considering the

cases in which there are both, balanced and unbalanced optimal buffer allocations,

we obtain the following results.
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As Figure 31 indicates, the number of symmetrical optimal buffer allocations

seems to decrease with an increasing degree of wimbalance. According to my

understanding of the behavior of production lines this trend is very reasonable. In

production lines, there are two major forces which determine the optimal buffering

pattern. The first force is the storage bowl phenomenon that completely determines

the optimal buffering pattern in balanced lines. The storage bowl phenomenon

causes a relatively equal allocation of buffers along the line with preferential

treatment of the center stations. This allocation is typically symmetric or nearly

symmetric. In unbalanced lines, the bottleneck stations represent a second force that

decisively influences the optimal buffer allocation. Bottleneck stations tend to draw

buffers toward them, a trend which becomes increasingly dominant as the degree of

imbalance increases. Depending on the position of the bottlenecks, substantial

imbalances might, however, be necessary before the optimal buffer pattern is

changed due to the influence of the bottleneck stations. If, as in our case, a line has

an even number of bottleneck stations, the allocation of an odd number of buffers

tends to become asymmetrical as the degree of II-imbalance increases.

In summary, the storage bowl phenomenon that dominates in balanced or

slightly unbalanced lines tends to prefer symmetrical buffering patterns, while the

impact of bottlenecks in severely unbalanced lines tends to prefer asymmetrical

buffer allocations, especially if an even distribution of buffers among the bottleneck

stations is not possible.

In asymmetrical lines, the relationship between the degree of imbalance and the

symmetry of the optimal buffer allocation is particularly significant. The number of

symmetrical buffer allocations rapidly decreases, as the imbalances grow. At a 30%

imbalance more than 88% of the optimal buffer pattern are asymmetrical and even

the symmetrical buffer allocations are primarily determined by the bottleneck

stations.

A conclusion we draw from this analysis is that the characterization of

production lines in terms of symmetry or asymmetry is not very suitable, for it does
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not adequately represent the interaction between the storage bowl phenomenon and

the bottleneck stations. Slightly asymmetrical lines, as a 6 station line with

bottlenecks at position 1 and 5 for example behave very similar to symmetrical

lines while severely asymmetrical lines, as a 6-station line with the first two stations

being bottlenecks behave completely different from symmetrical lines.

For asymmetrical lines with bottleneck stations on one side of the center

station all optimal buffer allocations become asymmetrical at a very low degree of

imbalance, as shown in Figure 32.

Frequency of Asymmetrical Optimal
Buffer Allocations

100

>. 90

0 80-=
0'

° 70
II. E

60
50

cc
ao III

o 10 20 30 40 50 60 70 80 90 100

Degree of Imbalance (in %)

Figure 32: Relative Frequency of Asymmetrical Optimal Buffer Allocations

This statement is, however, intuitively clear and almost appears trivial if one

has a basic understanding of the role of bottleneck stations and the storage bowl

phenomenon.
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6.3.1.2 Lines with multiple a-bottlenecks

We now examine whether our findings for pt-unbalanced lines are also valid for

lines with a-bottlenecks. We therefore study the following line configurations:

Table 27: Position of a-bottlenecks

Since we consider only symmetrically a-unbalanced lines our evaluation of the

symmetry property is apparently limited to this line type. Without considering

optimal buffer allocations with multiple optimal solutions, from which at least one

is symmetrical and asymmetrical, we obtain the following results: In 87.27% (144

out of 165 cases) of the considered line configurations the optimal buffer allocation

is symmetrical. The symmetry property is consequently violated for the remaining

12.73% (21 out of 165 cases) of the test problems. This confirms our conclusion

drawn from the analysis of pt-unbalanced lines that hypothesis 1 is valid and the

symmetry property as proposed by Conway et al. (1988) is not generally valid.

6.3.1.3 Modification of the symmetry property

The evaluation of our numerical data with regard to the line symmetry

convincingly refutes the symmetry property as suggested by Conway et al. (1988).

However, it supports the conjecture that there is a relationship between the line

symmetry and the symmetry of the optimal buffer allocation. From our

4 stations 6 stations 8 stations

symmetrically
a-unbalanced

, lines

1 and 4
2 and 3

1 and 6
2 and 5
3 and 4

1 and 8
2 and 7
3 and 6
4 and 5
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understanding of the optimal buffering patterns we suggest two properties

characterizing symmetrical lines more appropriately.

Property 1 (Pi): For the optimal buffer allocation of a symmetrical n-station line

each of the quantities 1q2-qn1, 1q3-qn_1l, ... is less than or equal to

one, where qi is the buffer capacity between station (j-1)

and station j.

Property 2 (P2): For the optimal buffer allocation of a symmetrical n-station line,

the number of buffers allocated before and after the line center

differ at most by one. That is

The first property has been formally proved by Meester and Shanthikumar

(1990) for a balanced three-station line. Boling et al. (1993) used this property to

reduce the complexity of the solution space for balanced lines. This enabled the

practical application of the existing queueing approach and represented a

breakthrough in the analytical solution of balanced lines. In our opinion, a balanced

line is only a special case of the more general class of symmetrical lines. We

therefore believe that Property 1 is not only valid for the class of balanced lines but

also for the more general class of symmetrical lines. If it was possible to prove this

conjecture, the analytical solution procedure used for balanced lines could also be

applied to symmetrically unbalanced lines. This would mean a considerable

progress in the analysis of unbalanced lines providing the opportunity to

substantially increase the existing knowledge about unbalanced lines. The

evaluation of our numerical data with respect to the properties Pi and P2 are

summarized in Table 28.

n/2 n

- 1 , for n even
i=2 i=n/2+2

(n+1)/2

qi qi
5_ 1 ,for n odd

1=2 i=(n+ 3)/2



Table 28: Verification of property Pi and P2
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In 98.59% of the studied symmetrical line configurations, all solutions that

were found to be optimal satisfied the properties P1 and P2. In the remaining 1.41%

of the studied symmetrical line configurations, there were multiple optimal

solutions with at least one solution satisfying P1 and P2 and one or more solutions

violating the two properties. Among the almost 500 considered cases, every single

configuration had at least one optimal solution which satisfied P1 and P2. We did

not encounter any line configuration which strictly violated the two properties. We

therefore conclude that there is strong empirical evidence for the general validity of

the properties P1 and P2 for the entire class of symmetrical lines. Furnishing a

formal proof of the general validity of the P1 and P2 for the class of symmetrically

unbalanced lines is suggested for future research.

6.3.2 Hypotheses 2 and 3 (symmetrically unbalanced lines)

Hypothesis 2: Symmetrically placed bottlenecks have no effect on the buffer

pattern unless they are extreme, in which case buffering adjacent to

either is optimal.

Hypothesis 3: The closer bottlenecks are located to the center of a line, the less the

imbalance is required to move buffers to them.

P1 and P2
Satisfied -

No Classification
' Possible -

,P1 or P2 not

Satisfied

symmetrical p.-unbalanced lines 313 7 0

symmetrical a-unbalanced lines 160 0 0

symmetrical long lines 16 0 0

total 489 7

total (in %) 98.59 1.41 0
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The two hypotheses we discuss in this section have been proposed by a recent

study of Powell and Pyke (1996). While the validity of hypothesis 3 has been

supported by some empirical evidence for lines with a single bottleneck, hypothesis

2 has not yet been substantiated empirically. Assuming that hypothesis 2 were true,

we could allocate buffers in slightly or moderately symmetrically unbalanced

production lines as if they were balanced. To verify this claim, we examine the

degree of imbalance that is required in a symmetrically unbalanced line for the

optimal buffer allocation to deviate from the optimal buffer allocation of the

corresponding balanced line. By the degree of imbalance we mean the ratio of the

average processing time of the bottleneck station(s) divided by the processing time

mean of the non-bottleneck station(s). A degree of imbalance of 50% consequently

means that the processing of a work unit at a bottleneck station takes, on average,

50% longer than on another station. For the analysis we distinguish between and

a-unbalanced lines. The respective evaluations are given below.

Table 29: Degree of Imbalance (in %) required to change the optimal buffer
allocation in a symmetrically 11-unbalanced line

Total Buffer

2 3

Capacity

4 5
Line

Length
Bottleneck
Positions

4 (1,4) 50 10 >100 - -

(2,3) >100 50 70 - -

6 (1,6) 50 40 20 20 60
(2,5) 40 >100 30 20 >100
(3,4) >100 20 90 30 30

8 (1,8) 50 30 30 20 10

(2,7) 30 20 60 50 20
(3,6) 30 >100 30 >100 >100
(4,5) >100 20 10 10 40
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Table 30: Degree of Imbalance (in %) required to change the optimal buffer
allocation in a symmetrically a-unbalanced line

The numerical results do, in fact, support the claim that symmetrically placed

a-bottlenecks have relatively little impact on the optimal buffer pattern. For

unbalanced lines in contrary, we do not see this hypothesis supported by our data.

Although there are several cases in which extreme imbalances (more than 100%)

are required to change the optimal buffer allocation from the balanced case, there

are many cases in which even a 10% or 20% degree of imbalance is sufficient for a

respective change. As far as a-bottlenecks are concerned, it has been conjectured

(see hypothesis 8) and supported by limited empirical evidence, that imbalances in

variance generally have relatively little impact on the optimal buffer allocation.

Keeping this in mind, the relative insensitivity of the optimal buffer pattern with

regard to symmetrically placed a-bottlenecks does primarily support the limited

role of imbalances in variance in general rather than the special role of

symmetrically placed bottlenecks. We therefore conclude that symmetrically placed

bottlenecks have a considerable effect on the optimal buffer allocation, even if they

are not extreme. Hypothesis 2 is hence rejected for the lines under consideration.

Total Buffer Capacity

Line Bottleneck 1 2 ' 3 " 4
Length Positions

4 (1,4) >100 >100 >100 - -

(2,3) >100 >100 >100 - -

6 (1,6) >100 >100 60 60 >100
(2,5) >100 >100 >100 >100 >100
(3,4) >100 >100 >100 80 >100

8 (1,8) >100 80 >100 60 40
(2,7) >100 80 >100 >100 >100
(3,6) >100 >100 >100 >100 >100
(4,5) >100 >100 40 20 >100
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As mentioned previously, hypothesis 3 represents the attempt to transfer a rule

which has been shown to be valid for lines with a single bottleneck station to lines

with multiple bottlenecks. Its claim that 'the closer bottlenecks are located to the

center of a line, the less the imbalance is required to move buffers to them' might

appear reasonable at first, but cannot be supported by our numerical findings. In

Table 29 and Table 30 we have summarized all possibilities to symmetrically place

two bottlenecks in a four-, six- and eight-station-line together with the required

degree of imbalance to change the optimal buffer allocation. The relationship

conjectured by hypothesis 3 cannot be substantiated numerically. Indeed, there does

not seem to be any significant relationship between the distance of bottlenecks from

the line center and the degree of imbalance required to move buffers to them. We

hence conclude that hypothesis 3 is not valid for symmetrically unbalanced lines.

6.3.3 Hypothesis 4 (asymmetrically unbalanced lines)

Hypothesis 4: In the case of asymmetric bottlenecks, the one closer to the center

draws buffers toward it at moderate imbalances.

In our analysis of hypothesis 4, we consider only 1i-unbalanced lines with one

bottleneck on either side of the line center. Furthermore none of the bottlenecks

should be placed at the center of the line, that means in a n-station line with an even

number of stations (as in our case) the bottlenecks should not be located at position

n/2 or n/2 + 1. Otherwise the influence of the bottleneck at the line center and the

impact of the storage bowl phenomenon would confound and could hence not be

adequately analyzed. From our experiments, the following line configurations

satisfy these prerequisites:

Configuration 1: 6-station line with bottlenecks at positions 1 and 5

Configuration 2: 8-station line with bottlenecks at positions 1 and 6

Configuration 3: 8-station line with bottlenecks at positions 1 and 7



Table 32: Evolution of the optimal buffer pattern for Configuration 2

Total Buffer Capacity
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The evolution of the optimal buffer patterns for theses three configurations is

given in Table 31 to Table 33. In each column the change of the optimal buffer

allocation is shown as the imbalance increases.

Table 31: Evolution of the optimal buffer pattern for Configuration 1

12 3

Total Buffer Capacity
4 '

ow co 01 01 13 01110 (01111/11110) 11111
mow 10010(01110/10110) 10111 (11111/11021)

10110 (10111/11011) (20021/20111)
(10110/10011) (10111/20011/10021) (20021/20111/11021/21011)

10011 (10111/11011/20011) (20021/20111)
(10111/11011/10021)

1 2 3 4 5
0001000 0010100 0101010 0110110 0111110

(0001000/ (0010100/ (0101010/ 1010110 1011110
0000100) 0100100) 0100110) (1010110/ (1011110/
0000100 0100100 (0100110/ 1001110) 1101110)

1000100 1000110) (1010110/ 1101110
1000110 2000110) (1011110/

(1010110/ 1101110)
1001110) (1101110/
(1000210/ 1010210/
1010110) 1100210)

(2001110/
2010110)
(2000210/
2001110/
1101110)
(1100210/
2001110/
1101110)
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Table 33: Evolution of the optimal buffer pattern for Configuration 3

In Table 32 and Table 33 the case of five buffers and 100% imbalance is

omitted for reasons of clarity (there were at least five optimal solutions). The

optimal buffer allocations shown in the three tables above support the claim of

hypothesis 4 that the bottleneck which is closer to the center of the line (= 'center

bottleneck') draws buffers towards it at moderate imbalance. In all three considered

cases, the center bottleneck located in the second half of the line tends to draws

more buffers toward it than the bottleneck at the first station. For these cases the

optimal buffer patterns can be described by the rules given in Table 34, where q

denotes the total number of buffers to be allocated, B* the center bottleneck and B

the second bottleneck.

1

Total
2

Buffer Capacity

3 ' 4 5
0001000 0010100 0101010 0110110 0111110
(0001000/ (0010100/ 1001010 (0110110/ (0111110/
000010)0 0010010) 1000011 0101110) 1011110)
0000010 0010010 1010110 1011011

(0100010/ (1010110/ (1011011/
0010010) 1001011) 1010111)
1000010 (1001011/ (1010111/

1010011) 1101011)
(1001011/ (10101111
1010011/ 1100111)
1000111) (1100111/
(1000111/ 1100021)
1000021) (1100021/
(1000021/ 2000111/
2000011) 1010021)
(1000021/ (2000021/
1010011/ 1010021)
1000111)



Table 34: Buffer allocation rules
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Virtually all optimal buffer allocations follow these rules. This means that in

the considered cases, the center bottlenecks attract either the same number of

buffers as the second bottleneck or one additional buffer. In slightly or moderately

unbalanced lines, one buffer is frequently located at or near the line center.

Summarizing we can say, that our analysis supports hypothesis 4, which should be

understood as a description of a tendency rather than an exactly quantifiable rule.

6.3.4 Hypothesis 5-7 (long lines)

Hypothesis 5: The placement of few buffers in long lines is not critical.

Hypothesis 6: The impact of a bottleneck on the line throughput diminishes with

line length.

Hypothesis 7: The impact of a single buffer on the line throughput decreases with

line length.

The difficulties in determining optimal buffer allocations caused by the

computational complexity of the buffer allocation problem is a major obstacle for

q even

q
2

3--1
2

q
2

q
2

0

1

q odd
[Sili
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[5-11+1
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Figure 33: Optimal throughput of a balanced n-station line
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the analysis of long lines and the main reason that hardly anything is known about

the behavior of this line type. This lack of knowledge led us to pick out this area as

a central theme. Of course, we can not overcome the problems associated with

computational complexity and our analysis is therefore somewhat restricted.

Nevertheless we believe that the systematic evaluation of the computationally

feasible line configurations is capable of answering some of the questions and

conjectures posed by previous studies. The following analysis is particularly aimed

at characterizing the relationship between bottlenecks, buffers, buffer placement

and the line length.

At the outset we attempt to verify if our results follow the fundamental

relationship between line throughput and line length proposed by Baker (1992) for

balanced and unbalanced lines with or without buffers (compare Figure 5).

Therefore we depict the line throughput as a function of line length. We

differentiate between balanced n-station lines which are presented in Figure 33 and

unbalanced n-station lines with a single bottleneck at the center station, which are

shown in Figure 34.
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Figure 34: Optimal throughput of an unbalanced n-station line

While in unbuffered lines, or lines with a single buffer the relationship between

line throughput and line length follows the conjectured relationship, unbalanced

lines with more than one buffer exhibit a different behavior. In these lines, the

number of stations does not seem to have a significant impact on the line

throughput. On the basis of these results we therefore conjecture that the throughput

of unbalanced lines with a 'sufficient' number of buffers does not depend on the

line length. We realize that this conjecture is relatively general and should hence be

elaborated with regard to the degree and structure of imbalance as well as a

quantitative interpretation of the sufficiency of buffers.

We now address the conjecture formulated in hypothesis 7 that the impact of a

single buffer on the line throughput decreases with line length. With this aim in
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Figure 33 clearly indicates that line throughput decreases as a function of line

length for any of the studied number of buffers. For the unbalanced case, however,

our results stand at least to some degree in contradiction to the relationship

proposed by Baker (1992).
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Figure 35: Throughput increase through additional buffers in balanced lines

Except for three- and five-station-lines with three buffers, the results clearly

support hypothesis 7. The throughput increase through the introduction of an

additional buffer apparently decreases with line length. The comparatively small

throughput increase generated by the introduction of the third buffer in a three- and

five-station-line can be explained by the sufficiency of small numbers of buffers.

For these two lines, a total buffer capacity of two buffers is sufficient to recoup

much of the throughput that would otherwise be lost due to starvation and blocking.

We can assume that for any number of buffers larger than three the curve will have

a similar shape as for Q = 3, with an area of growing throughput increase, followed

by falling throughput increases. The conclusion we draw from this evaluation with

regard to balanced lines is that hypothesis 7 holds only for unbuffered lines or lines

with few buffers. In lines with a sufficient number of buffers, the throughput
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view, we scrutinize the impact of an additional buffer on the line throughput. The

corresponding data are illustrated in Figure 35 for the balanced and in Figure 36 for

the unbalanced case.
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Figure 36: Throughput increase through additional buffers in unbalanced lines

In the unbalanced case, the gain in throughput through the introduction of an

additional buffer behaves entirely different from what would be expected if

hypothesis 7 was valid. The impact of the first two buffers increases with line

length up to a certain point. After this point, line length does not seem to have a

significant impact on the effectiveness of the buffers. For a 'sufficient' number of

buffers, line length does not seem to impact the effectiveness of buffers at all.

Somewhat surprising is the fact, that not the first, but the second buffer causes the

highest throughput increase. Since the studied lines were considerably unbalanced

with a single bottleneck at the center of the line, the first buffer can only protect the

bottleneck from disruptions of either the input or the output side of the bottleneck.

The variability caused by the unbuffered side of the bottleneck does however

obstruct the efficiency of the bottleneck station and the first buffer. Another
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increase due to the introduction of an additional buffer increases up to a certain line

length and decreases for longer lines. The results for the unbalanced case shown in

Figure 36 don't support the conjecture of hypothesis 7 either.
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property which is convincingly supported by Figure 36 is the sufficiency of small

numbers of buffers. In the unbalanced case, the introduction of the third buffer

results only in a marginal throughput increase (below 0.2% for any of the studied

line lengths). Furthermore the results support the claim that the more unbalanced a

line is, the less effective buffers are. Summarizing the behaviors suggested by our

solutions, we can say that the impact of line length on the effectiveness of buffers

seems to be insignificant for severely unbalanced lines. This is an apparent

contradiction of hypothesis 7.

The next hypothesis we consider concerns the relationship between bottlenecks

and line length. Hypothesis 6 claims that the impact of a bottleneck on the line

throughput diminishes with line length. To analyze this conjecture we introduce a

severe bottleneck at the center of a balanced line and evaluate how the resulting

throughput reduction behaves as a function of line length. The corresponding data

are illustrated in Figure 37.

Figure 37: Throughput reduction through the introduction of a bottleneck station
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Our numerical results clearly support hypothesis 6. For any of the studied

number of buffers the impact of a bottleneck on the line throughput decreases with

line length.

Finally, the role of buffer placement is to be evaluated. Hypothesis 5 claims

that the placement of few buffers in long lines is not critical, which means that in

long lines no substantial throughput 'gain can be achieved by optimally placing a

small number of buffers. If this claim was true, there would be no point in

developing sophisticated heuristics to solve the buffer allocation problem for long

lines. After ascertaining the optimal solution for the considered line configurations,

we slightly modified our exhaustive search procedure to determine the worst

instead of the optimal buffer allocation. The difference in throughput between the

optimal and worst buffer allocation represents the maximum throughput gain which

can be exploited by an appropriate allocation of buffers. The results for the

balanced and unbalanced case are presented in Figure 38 and Figure 39.

Figure 38: Throughput increase through optimal buffer placement in balanced lines



Figure 39: Throughput increase through optimal buffer placement in unbalanced
lines

As can be seen from Figure 39, the impact of buffer placement on line

throughput does not decrease with line length. Instead the role of buffer placement

seems be independent of the number of stations or even to increase slightly.

Summarizing our conclusions with respect to hypothesis 5, we can say that in

balanced lines the impact of buffer placement seems to decrease with line length

but remains significant even for long lines. In unbalanced lines, line length does not

seem to have a significant impact on the effectiveness of buffer placement.
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In balanced lines the potential gain in throughput through an optimal allocation

of buffers seems to decrease slightly with line length. This tendency is however not

as marked that it would justify the conclusion drawn by hypothesis 5. If a line is

unbalanced, the relationship between buffer placement and line length is very

different.
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6.3.5 Hypothesis 8 and 9 (,uand c4inbalanced lines)

Hypothesis 8: Imbalances in means have a stronger effect on the line throughput

than imbalances in variances.

Hypothesis 9: The point at which the buffering pattern shifts may be relatively

insensitive to the coefficient of variation, at least within the range of

plausible values for reliable stations.

In this section we compare imbalances in means and imbalances in variances in

order to judge the two hypotheses stated above. According to our understanding,

imbalances in variance have in principle the same effect on the optimal buffer

allocation as imbalances in means, only in different intensity. In order to make both

types of imbalances comparable, we attempt to find equivalent g--imbalances, that

is imbalances in means and imbalances in variability which yield the same line

throughput. Since we increase the imbalance in means in 10%-steps and the

imbalance in variability in 20%-steps, we cannot determine the exact points at

which both imbalances are equivalent without performing extensive simulations.

Therefore, we apply a two-phase-strategy: For each of the a-imbalances, we

determine in the first phase the class to which the equivalent g-imbalance belongs.

In the second phase, we approximate the line throughput as a function of the degree

of p.-imbalance piecewise by a linear function that enables us to estimate equivalent

11-a-imbalances. The results of the first phase are listed in Table 35 below.
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Table 35: Equivalent p-a-imbalances
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Table 35 is to be read as follows: A a-imbalance of 60% had in 33 of the

considered cases the same impact as a p-imbalance of somewhere between 20 and

30%. This evaluation clearly confirms hypothesis 8, which claims that 11-

imbalances have a stronger impact on the line throughput than a-imbalances. At the

same time it also shows that a-imbalances have a significant impact on the line

throughput and should hence not be left out of consideration. To further analyze the

relationship between p- and a-imbalances, we attempt to model the point at which

both imbalances are equivalent more precisely. Therefore, we linearly approximate

the line throughput as a function of the degree of p-imbalance between each two

adjacent measurement points. To give an example, we assume that if a g-imbalance

of 20% yields a line throughput of 0.7 and a p-imbalance of 30% has a line

throughput of 0.65 then a p-imbalance of 25% yields a line throughput of 0.675.

Although this procedure naturally introduces a certain inaccuracy, we consider the

resulting model to be a relatively good approximation of the real throughput

function. The details of this approximation procedure can be found in Appendix G.

On the basis of this approximation we can calculate equivalent p,-a-imbalances and

perform a multiple linear regression to model the relationship between both types of

imbalance. In order to adequately assess the impact of line length we first
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distinguish between 4-, 6- and 8-station lines and finally develop an overall model.

The equations of the multiple linear regression models are given in Table 36 and

visualized in Figure 40 to Figure 43.

Table 36: Multiple Linear Regression Equations

Equivalent tx--imbalances in 4-station lines

20 40 60

a-imbalance

Figure 40: Equivalent !_t--imbalances in 4-station lines

4-station-line /1 = 0.371194*a - 0.00000504209* a3

6-station-line p" = 0.475795*a - 0.000983662*a2

8-station-line /I = 0.589427*a - 0.00155939*a2

overall ,u" = 0.517337*a - 0.00121848*a 2
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Figure 41: Equivalentg-a-imbalances in 6-station lines

Equivalent u-a-imbalances in 8-station lines

a-imbalance

Figure 42: Equivalent R-a-imbalances in 8-station lines

Equivalent g-a-imbalances in 4-, 6-and 8-station lines

Figure 43: Equivalent g-a-imbalances in 4-, 6- and 8-station lines
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The numerical models for the relationship between the two types of imbalance

undoubtedly confirm the assertion of hypothesis 8 that imbalances in means have a

stronger effect on the line throughput than imbalances in variances. Nevertheless,

imbalances in variance have a significant impact on the line throughput. In addition,

we can infer an interesting property from the figures above: All four linear

regression functions are concave, which means that an increase in a-imbalance has

a smaller influence on the line throughput than a respective increase in p.-

imbalance. If we consider for example a pair of equivalent p.-o'-imbalances and

decrease each imbalance by a certain percentage then the aimbalance will have a

higher impact on the line throughput than the p.-imbalance. On the other hand, the

p,-imbalance will dominate the a-imbalance if we increase both imbalances by the

same percentage. To illustrate the influence of line length on the relationship

between 11.- and a-imbalances equivalent pairs of 11- and a-imbalances are given in

Table 37 and Figure 44.

Table 37: Impact of line length on g-a-imbalances

4-station line

Equivalent

6-station line

p.-imbalance in a

8-station line overalla-imbalance
20% 7.38% 9.12% 11.16% 9.86%

40% 14.53% 17.46% 21.08% 18.74%

60% 21.18% 25.01% 29.75% 26.65%

80% 27.11% 31.77% 37.17% 33.59%

100% 32.08% 37.74% 43.35% 39.55%
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Figure 44: Impact of line length on tt-a-imbalances

As can be easily seen from the table and the figure above line length plays an

important role in the relationship between 1.t- and a-imbalances. With increasing

line length, the impact of imbalances in variability on the line throughput increases

as compared to the impact of imbalances in means. While for example in a 4-station

line an 80% a-imbalance is equivalent to a 27% It-imbalance the same a-imbalance

behaves like a 37%1i-imbalance in a 8-station line.

After modeling the relationship between and a-imbalances numerically, we

have to answer the question whether both types of imbalances affect the optimal

buffer allocation in the same fashion. A comparison of the optimal buffer

allocations for Ia.- and a-unbalanced 4-, 6- and 8-station lines (see Appendix F)

shows that j.t- and a-imbalances basically have the same effect on the optimal

buffer pattern, only in different intensity. Using the linear regression models

developed above the numerical results for 1.1,- and a-unbalanced lines suggest that

equivalent R.- and a-imbalances yield the same optimal buffer pattern. Although

this trend is clearly supported by our data it cannot by proved with any degree of

Equivalent we-Imbalances
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certainty without additional experiments. The empirical prove for this conjecture by

more specific experiments is therefore proposed for further research.

As far as hypothesis 9 is concerned, we believe it to be an acceptable rule of

thumb for a rough buffer allocation in practice. On the other hand, our analysis

reveals that the impact of a-imbalances on the line throughput and on the optimal

buffer allocation is significant, especially in long lines. This stands at least to some

degree in contrast to hypothesis 9. To give an example, in an 8-station line with

four buffers as little as a 20% a-imbalances is sufficient to change the optimal

buffer allocation. Weighing all arguments we cannot agree on hypothesis 9 from a

scientific point of view.

6.3.6 Hypothesis 10 (general lines)

Hypothesis 10: The build-up property is not generally valid.

The build-up property claims that the optimal allocation of n+1 buffers can be

directly built upon the optimal allocation of n buffers without moving any of the

first n buffers. In order to judge the validity of the build-up property, we examine

whether it is satisfied for our studied p.-unbalanced 4-, 6- and 8-station lines. The

respective data are given in Table 38 below.

Table 38: Validity of the build-up property (1)

Build-up
Satisfied

Property
not Satisfied

No
Decision

Possible -

Total

4-station lines 76 5 1 82

6-station lines 218 24 42 284

8-station lines 269 58 77 404
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Since the exhaustive search procedure identified in several cases multiple

optimal buffer allocations, it is not always possible to decide whether the build-up

property is satisfied or not. To facilitate the clarity and simplify the analysis, we

leave these cases out of consideration. This results in Table 39:

Table 39: Validity of the build-up property (2)

The first conclusion we draw from Table 39 is that the build-up property is not

generally valid, which confirms hypothesis 10. The validity of the build-up property

is influenced by several factors that deserve discussion.

At first glance, line length appears to have a significant influence on the build-

up property. A detailed analysis shows, however, that two other factors are mainly

responsible for the differences in the validity of the build-up property. The first

factor is the degree of imbalance and the second factor is the position of the

bottleneck station(s). The relationship between the degree of imbalance and the

build-up property is depicted in Figure 45.

. Build-up
Satisfied

Property

not Satisfied

4-station lines 93.83% 6.17%

6-station lines 90.08% 9.92%

8-station lines 82.26% 17.74%



The main aspect of Figure 45 is that the more unbalanced a line is, the higher is

the probability that the build-up property is satisfied. There is one exception to this

rule: When we transit from balanced to slightly unbalanced lines, the build-up

property tends to be less often satisfied. This is mainly due to the interaction of the

storage bowl phenomenon and the bottleneck station(s). In balanced lines, the

storage bowl phenomenon entirely determines the allocation of all buffers. When

the line becomes unbalanced, the bottleneck stations attempt to draw buffers

towards them and thereby change the buffer allocation of the balanced line. The

tension between the storage bowl phenomenon and the bottleneck station(s) is the

main reason that the build-up property is often violated in slightly unbalanced lines.

As the imbalance increases, the bottlenecks start to dominate the storage bowl

phenomenon and the build-up property is more and more satisfied. With a forty

percent imbalance for example the build-up property is satisfied in more than nine

out of ten cases.

The second factor we noticed in our analysis is the position of the bottlenecks.

In 6- and 8-station lines with bottlenecks at the first and the last station, the build-

Figure 45:
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up property is violated considerably more often than in other cases. This becomes

clear with a look at Table 40.

Table 40: Validity of the build-up property (3)

A bottleneck which is relatively far away from the center of the line draws

buffers towards it as the imbalance increases. These buffers typically take on

several intermediate positions on their 'way' from the balanced allocation to the

bottleneck. For this transition, the build-up property is usually not satisfied. An

example for this effect is an 8-station line with bottlenecks at first and the last

station and a wimbalance of ten percent. For the allocation of the first five buffers,

the build-up property is always violated as Table 41 shows.

Table 41: Validity of the build-up property (3)

6-station line with bottlenecks at positions 1 and 6 66.67% 33.33%

6-station lines overall 90.08% 9.92%

8-station line with bottlenecks at positions 1 and 8 41.67% 58.33%

8-station lines - overall 82.26% 17.74%

Buffer. Capacity
Processing
Time Means 1 2 3 4 5

(1.1-1-1-1-1-1-1-1.1) 0001000 0010100 0101010 0110110 1011101/
0111101*
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In summary, we conclude that the build-up property is not a generally valid

rule. Especially in slightly unbalanced lines and in lines where bottlenecks are

located far away from the center of the line it is often violated. Nevertheless the

build-up property holds in many cases. Its integration into a probabilistic search

heuristic might therefore lead to a gain in performance.

6.4 Evaluation of the Genetic Algorithm

The Genetic Algorithm is a probabilistic search algorithm which attempts to

determine a near-optimal solution with relatively limited computational effort. A

general drawback of probabilistic search procedures is that it is impossible to make

any reliable estimation about the quality of their solution. Furthermore the

performance of these. search algorithms is known to depend on the type of the

problem. One intention of this study is therefore to empirically determine whether

the GA is a suitable search algorithm for the buffer allocation problem.

To answer this question, we optimized in a first step the parameters of the GA

(see section 4.2.2). We then set up an experiment consisting of sixty test problems,

each of which represents a specific instance of the buffer allocation problem. After

solving the problems via exhaustive enumeration we apply the GA and compare its

results to the optimal solutions. The performance evaluation concludes with a

comprehensive interpretation of the results. The details of each step are given

below.

6.4.1 Generation of test cases

The generation of the test cases is characterized by two conflicting

considerations. The test cases should be as general and extensive as possible while

their computational costs need to be limited to a tenable amount. As a compromise

we decided to study lines with five to ten stations and a total buffer capacity
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between five and ten units. Furthermore we introduce the constraint that each test

problem must have between 50 and 500 possible solutions. This restriction

guarantees on the one hand that the test problems can be solved with a reasonable

computational effort while the problem size is on the other hand sufficient for the

GA to demonstrate its performance. The twenty test cases which satisfy the above-

mentioned requirements are listed in Table 42.

Table 42: Number of possible Solutions of the Test Cases

Total Buffer

120

330

165

495

For each of the twenty test cases we perform three experiments with different

processing time distributions resulting in a total of sixty test problems. For each test

problem we randomly generate the processing time mean and variability of its

stations according to a Uniform distribution (processing time mean U(1;2),

Processing time variability U(0.5;1)). The complete list of test problems can be

found in Appendix I.

- 4 - - 6'

56 84

6 70 126 210
7 56 126 252 462

8 84 210 462

*.:71 9 120 330
10 165 495
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6.4.2 Determination of the optimal buffer allocation

To determine the optimal buffer allocation we used the exhaustive search

procedure described in chapter 4.1.2. The results for the first eight test cases are

displayed in Table 43 while a table of all results is included in Appendix I.

Table 43: GA - Experiment (1)

In order to adequately assess the solution proposed by the GA, we do not only

need the optimal solution, but also some information about the distribution of the

throughput function. If we, for example, found out that the GA leads on average to

a solution within x-percent of the optimal throughput, we could not judge whether

this is good or not, unless we know the throughput distribution. We therefore

generated the empirical distribution function of the line throughput for the sixty test

problems. To make the distribution of the different line configurations comparable

we use the relative line throughput with respect to the optimal solution which is

calculated as follows:

throughput of solution i
relative throughput of solution i

throughput of the optimal solution

Results Exhaustive Enumeration
ID : Optimal ,

Buffer Allocation -
Average Optimal
Line Throughput

. Average Optimal
Throughput Variance

1 0221 0.553201 1.6589e-06

2 0221 0.494067 7.1829e-06

3 0122/0131 0.508701 2.3450e-06

4 1221/2211 0.479451 1.4061e-06

5 1131 0.656371 4.8683e-06

6 1221 0.639816 3.8741e-06

7 1132/1222 0.514546 2.3450e-06

8 1222 0.501808 4.5251e-06

... ... ...
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The distribution and the cumulated distribution of the relative line throughput

for the sixty test problems are shown in Figure 46 and Figure 47. The respective

distributions for each number of stations and each number of buffers are given in

Appendix I.



Table 44: Statistics of the Empirical Distribution Function

Impact of Line Length on the Line Throughput

4Average Relative
Line Throughput

Mnimal Relative
Line Throughput

Figure 48: Impact of Line Length on the Line Thoughput
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As the negative kurtosis indicates, the empirical distribution of the line

throughput is relatively flat as compared to the normal distribution. With 0.93 the

average relative line throughput is about seven percent below the optimal

throughput and only 3.4% of the solutions are within one percent of the optimal line

throughput.

To show the impact of the line length and the total buffer capacity on the

throughput distribution we illustrate in Figure 48 and Figure 49 the average and

minimal relative line throughput as a function of line length and total buffer

capacity.
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Figure 49: Impact of Buffers on the Line Throughput

An increase in buffer capacity typically leads to an optimal solution with a

higher line throughput. If, however, the buffers are not allocated effectively, the line

throughput will be not or only marginally higher than in the unbuffered case. The

minimal relative line throughput consequently decreases with an increasing number

of buffers.

6.4.3 Application of the GA

After solving the test problems via exhaustive enumeration we apply our GA

implementation with the optimized parameter settings. An excerpt of the results is

given in Table 45 below, for the complete results the reader is referred to Appendix

I.
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Figure 48 clearly indicates that with increasing line length the minimal and

average line throughput increases. The GA should therefore be able to find a good

solution even for longer lines.

7 8



Table 45: GA - Experiment (2)
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6.4.4 Analysis of results

To analyze the performance of the GA we primarily rely on the relative

throughput difference between the GA-solution and the optimal solution. At this

point, we should recall that the line throughput we obtain from the simulation and

consequently the throughput differences are estimated values associated with some

uncertainty. For this reason, a certain difference in throughput might occur even

between identical solutions. The relative throughput difference for the first eight

cases is displayed in Table 46 (for the entire table see Appendix I).

Table 46: GA - Experiment (3)

Results Genetic Algorithm
ID Optimal -

Buffer Allocation
Optimal Line
Throughput

Throughput
Variance -

%-Number of
Permutations

, Evaluated
Permutations

0221 0.552664 2.8009e-06 56 23
2 0221 0.492945 1.8135e-06 56 21

3 0131 0.508849 1.8240e-06 56 19
4 1221 0.479762 1.4892e-06 84 36
5 1131 0.656520 3.0322e-06 84 25
6 1221 0.639795 4.3849e-06 84 19
7 1141 0.514543 1.9981e-06 120 30

1222 0.502922 2.1438e-06 120 29
... ... ... ... ...

ID Percentage of
Search Space

Evaluated ,

Relative
Throughput -

Difference (iK%)

Optimal
Solution
Found

1 41.07 0.097003 yes
2 37.50 0.227054 yes
3 33.93 -0.029150 yes
4 42.86 -0.064921 yes
5 29.76 -0.022638 yes
6 22.62 0.003249 yes
7 25.00 0.000615 no
8 24.17 -0.222058 yes
... ... ... ...
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We begin our analysis by having a look at some overall statistics. In 33 out of

60 cases (55%), the GA found the optimal solution and evaluated on average

20.18% of the entire solution space. In the worst case, the GA-solution was 2.85%

below the optimal throughput. On average, the relative throughput was 0.39%

below the optimum. This means that on the basis of the empirical throughput

function for the sixty test problems only 1.36% of all possible solutions are better

than the GA-solution. The GA consequently found on average a solution that is

better than 98.64% of all solutions by evaluating only 20.18% of the solution space.

This is, in my opinion, a respectable result. In the following we discuss the

particulars of the results starting with the (cumulated) empirical distribution of the

relative throughput difference (Figure 50 and Figure 51).

Empirical Distribution of the
Relative Throughput Difference

0 0 0 57 57 lb 11)er ea c4 cl o v. ap

ci. cil r. '.-- Si csi citn in tn an tn tn tn
C, v: oa cs4 (c.t 4?o 0 6 .... cm cm

Relative Throughput Difference (in 96)

Figure 50: Empirical Distribution of the Relative Throughput Difference
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Figure 51: Cumulated Empirical Distribution of the Relative Throughput
Difference

The empirical distribution bears out what the average relative throughput difference

had already indicated. In the great majority of cases, the GA-solution is only

slightly worse than the optimal solution. In nine out of ten cases for example, the

throughput of the GA-solution is at most 1.25% below the optimal throughput. For

most practical purposes a solution of this quality should be sufficient.

In the next step we want to take a look at the quality of the GA-solution as a
function of the evaluated search space. In Figure 52, we have therefore depicted the

frequency with which the GA found a solution within x percent of the optimum as a
function of the evaluated search space. In this figure the data entry `thru: 0.95' for

example denotes all solutions with a throughput value of at least 95% of the
optimal throughput.
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Evolution of the be GA-Solution

Percentage of Search Space Evaluated

N---thru: 0.95

--36--thru: 0.98

-othru: 0.99
4thru: 1

Figure 52: Evolution of the Solution Quality

The concave frequency functions shown in Figure 52 illustrate the progress of

the search algorithm. In the early phases of the search, a better solution is found

relatively fast, but the longer the search takes, the more difficult it is to find a better

solution. If, for example, one third of the solution space is evaluated, the GA rarely

finds any better solutions. This supports the claim that the GA is capable of

determining a near-optimal solution with relatively limited computational efforts.

A central question in assessing the performance of the GA is its behavior in

more complex lines. Since the complexity of a buffer allocation problem is

determined by the number of stations and the total buffer capacity, we examine

whether these two factors have a significant impact on the solution quality. For this

reason the maximum and average relative throughput difference for each number of

stations and each buffer capacity are displayed in Table 47 and Table 48
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Table 47: Maximal Relative Throughput Difference (in %)

,Total tuffcr Ca**.
4 6

Table 48: Average Relative Throughput Difference (in %)

152

From the two tables above it is not possible to deduce any clear relationship

between the relative throughput difference and the two factors. To verify this

impression statistically we calculate the accompanying ANO VA-table (Table 49).

5 - - 0.2271 0.0032 0.0346 0.2364
, 6 - 0.4238 1.0652 1.8257 0.5153 2.8475

7 0.5028 1.4337 0.7483 0.2747 - -

4) 8 0.1890 1.6507 1.3194 - - -
5

s9 0.4587 2.4190 - - - -

10 0.6451 1.2412 - - - -

.4 ,

Total Buffer
5.

Capacity
. 6 ' - 7 8

- - 0.0983 -0.0281 -0.0623 0.0608
- 0.1105 0.4173 1.0770 0.1374 1.0837

7 0.1734 0.8938 0.3197 0.0826 - -

4.) 8o 0.0072 0.6785 0.5136 - - -

7:4 ,9 0.1132 1.2475 - - - -

10 0.2410 0.6376 - - - -
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Table 49: Multifactor Analysis of Variance Table for the Relative Throughput
Difference

The analysis of variance confirms our first impression. Since the P-values for

both factors are greater than 0.05, none of the two factors has a statistically

significant effect on the relative throughput difference at a 95.0% confidence level.

The important conclusion we draw from this analysis is that there are no indications

that the performance of the GA decreases in more complex lines. Although this is

of course no formal proof, this conclusion is the most an empirical study can draw.

In the last phase of our analysis we examine the relationship between the

number of evaluated solutions and the two factors 'line length' and 'buffer

capacity'. The respective data are given in Table 50.

Table 50: Evaluated number of solutions (average)

5

6
7

8

704 9
10

ANOVA Table - Relative Throughput Difference tin %
Source of
Variation

Degrees of
Freedom

Sum of
Squares

Mean
Square

F-Ratio p-Value

Main effects
Buffer Capacity

Line Length
5
5

3.25631
2.57363

0.651262
0.514727

1.77
1.40

0.1374
0.2422

Residuals 49 18.0661 0.368696
Total 59 23.978

314
, Total Buffer

5
Capacity

6 7 8

- - 21.00 26.67 29.33 34.33

- 22.00 22.67 27.00 32.00 26.67

26.00 33.00 30.67 36.67 -

30.00 37.33 41.67 - -

25.67 32.00 - -

26.67 46.00 - - -
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As expected, the number of evaluated solutions increases when the line length

or buffer capacity grow. The increase is however very moderate compared to the

magnification of the underlying solution space. This becomes especially apparent

when we have a look at the percentage of the solution space which the GA
evaluates on average as a function of line length and buffer capacity (Table 51).

Table 51: Evaluated percentage of the solution space (average)

These results clearly indicate that the GA terminates its search relatively fast

even in complex lines. Nevertheless, the resulting solution is on average a good

near-optimal solution (as has been shown above). We therefore conclude that the

GA implementation of Liu and Tu is a very suitable search procedure even for

complex buffer allocation problems.

37.50 31.75 24.44 20.81
31.43 17.99 12.86 9.70 5.39

46.43 26.19 12.17 7.94
35.71 17.78 9.02

9 21.39 9.70
10 16.16 9.29



7 CONCLUSIONS

The aim of this chapter is to summarize the conclusions of this study which are

mainly derived from the discussion of the ten hypotheses and the performance

evaluation of the Genetic Algorithm. The allocation of buffers to unbalanced lines

is to a great extent determined by the conflicting influences of the storage bowl

phenomenon and the bottleneck station(s). Most of the results obtained by this

study can be put down to these two factors.

One of the first outcomes of our analysis is the conclusion that there is a strong

relationship between the symmetry of a line and the symmetry of its optimal buffer

allocation. The symmetry property as suggested by Conway et al. (1988) has been

shown to be an inadequate description of this relationship. It is not a generally valid

rule, as hypothesis 1 had conjectured. In addition our analysis revealed that the

characterization of production lines in terms of symmetry or asymmetry is not very

suitable, for it does not adequately represent the interaction between the storage

bowl phenomenon and the bottleneck stations.

Based on our understanding of optimal buffer patterns we conjectured that the

two properties P1 and P2 (see chapter 6.3.1.3) are generally valid for the entire class

of symmetric lines. While P1 and P2 had been proved analytically by Meester and

Shanthikumar (1990) for balanced 3-station lines and substantiated empirically for

balanced lines in general by Boling et al. (1993) P2 had not been discussed before.

A balanced line is in our opinion only a special case of the more general class of

symmetric lines. The numerical results of our study give strong empirical evidence

in favor of this thesis. In more than five hundred symmetrical line configurations

we did not encounter a single case where either P1 or P2 were violated. The

extension of these two properties to all symmetrical lines results in a significantly

reduced problem complexity which dramatically facilitates the algorithmic analysis

of this line type.
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As far as hypothesis 2 is concerned, its claim that symmetrically placed

bottlenecks have no effect on the optimal buffer pattern, unless they are extreme,

could be clearly refuted. Symmetrically placed a-bottlenecks have relatively little

impact on the optimal buffer allocation, what we mainly attribute to the limited role

of a-imbalances in general. Imbalances in means on the other hand can have a

considerable effect on the optimal buffer allocation, even if they are not extreme.

Although we found several line configurations in which extreme imbalances are

required to change the optimal buffer allocation from the balanced case, in the vast

majority of line configurations slight to moderate g-imbalances (10 - 30%) are

sufficient for a respective change.

The relationship conjectured by hypothesis 3, that the closer symmetrically

placed bottlenecks are located to the center of a line, the less the imbalance is

required to move buffers to them, could not be substantiated by our results. Indeed,

there does not seem to be any significant relationship between the distance of

symmetrically placed bottlenecks from the line center and the degree of imbalance

required to move buffers to them. We therefore conclude that hypothesis 3 is not

valid for symmetrically unbalanced lines.

In asymmetrically unbalanced lines on the other hand, the distance of

bottlenecks from the center of a line has a significant impact on the optimal buffer

allocation. This assumption led to hypothesis 4, which conjectures that in

asymmetrically unbalanced lines the bottleneck located closer to the line center

draws buffers toward it at moderate imbalance. This effect is essentially supported

by our analysis, even though it is not always discernible. In many cases an equal

distribution of buffers among the bottlenecks showed itself to be optimal. If

hypothesis 4 is understood as the description of a tendency, we can fully agree to it.

As starting point of our discussion of the role of line length in the allocation of

buffers, we validated the fundamental relationship between line throughput and line

length proposed by Baker (1992) for balanced and unbalanced lines with or without

buffers (compare Figure 5). The somewhat surprising outcome is that the suggested
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relationship is disproved by our results under certain conditions. While in balanced

lines and unbalanced lines with up to one buffer our analysis confirms the

conjectured relationship, unbalanced lines with more than one buffer exhibit a

different behavior. In these lines, the number of stations does not seem to have any

significant influence on the line throughput, which leads us to the conclusion that

the throughput of unbalanced lines with a 'sufficient' number of buffers does not

depend on the line length.

Hypothesis 5 deals with the effectiveness of the allocation of buffers in long

lines. Its allegation that the placement of few buffers is not critical in long lines

means that the optimal placement of a small number of buffers does not result in a

substantial gain in throughput. In balanced lines the potential gain in throughput

through an optimal allocation of buffers decreases slightly with line length. This

tendency is however not as distinct as to justify the conclusion drawn by hypothesis

5. In contrast, in unbalanced lines the effectiveness of buffer placement seems to be

independent of the number of stations or even increase insignificantly. We therefore

come to the conclusion that hypothesis 5 is not valid and the placement of buffers

plays an important role in lines of any length.

The relationship between bottlenecks and line length described in hypothesis 6

is clearly confirmed by our study. For any number of buffers the impact of a

bottleneck on the line throughput diminishes with line length.

Furthermore, we examined the correlation between line length and the general

effectiveness of buffers. The thesis maintained by hypothesis 7, that the impact of a

single buffer on the line throughput decreases with line length could be

convincingly refuted by our study. Only balanced lines with no or very few buffers

(for the considered lines up to two buffers) exhibit the conjectured behavior. In

balanced lines with a 'sufficient' number of buffers, the gain in throughput due to

the introduction of an additional buffer increases up to a certain line length and

decreases for longer lines. For unbalanced lines we could not make out any specific

relationship between line length and the effectiveness of buffers.
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The analysis of long lines confirms in a remarkable clearness two properties

that had not been the subject of this study. The sufficiency of small numbers of

buffers (see 2.3.2.1) and the limited effectiveness of buffers in unbalanced lines

(see 2.3.3.3) became very obvious throughout our analysis.

Another main point of emphasis of our study is the comparison of imbalances

in means and imbalances in variances. According to our understanding, both

imbalances have in principle the same effect on the optimal buffer allocation, only

in different intensities. Although this trend is clearly supported by our data it cannot

by proved with any degree of certainty without additional experiments. In order to

estimate equivalent 11- and a-imbalances, we developed several linear regression

models which conclusively confirm the assertion of hypothesis 8, that imbalances

in means have a stronger effect on the line throughput than imbalances in variances.

Nevertheless, imbalances in variance have a significant impact on the line

throughput and should hence not be left out of consideration. As the numerical

models indicate, line length plays an important role in the relationship between p.-

and a-imbalances. With increasing line length, the impact of imbalances in

variability on the line throughput increases as compared to the impact of

imbalances in means.

As far as hypothesis 9 is concerned, we believe it to be an acceptable rule of

thumb for a rough buffer allocation in practice. From a scientific point of view we

can however not agree to its statement, that the point at which the buffering patterns

shifts is relatively insensitive to imbalances in variability. Our analysis reveals that

the impact of a-imbalances on the line throughput and on the optimal buffer

allocation is significant, especially in long lines. In some cases, even slight a-

imbalances are sufficient to change the optimal buffer allocation.

The analysis of our results with regard to the validity of the build-up property

clearly shows that this property is not a generally valid rule. Especially in slightly

unbalanced lines and in lines where bottlenecks are located far away from the
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center of the line, it is often violated. This conclusion confirms hypothesis 10,

which had questioned the general validity of the build-up property.

Besides the discussion of the ten hypotheses, the performance evaluation of Liu

and Tu's (1994) adaptation of the GA for the buffer allocation problem was a major

objective of this study. Since it is impossible to derive an analytical estimation

about the solution quality for any heuristic search algorithm, we intended to

empirically determine whether the GA is a suitable search algorithm for the buffer

allocation problem. In order to adequately assess the solution proposed by the GA,

we determined in a first step the empirical distribution function of the line

throughput for the considered set of test cases. The statistical evaluation of these

empirical distribution functions indicates that the minimal and average relative line

throughput increases with line length, but decreases with the number of buffers to

be allocated. This signifies that it should be 'relatively' difficult for the GA, or any

other search heuristic, to find a good near-optimal solution in lines with a large

number of buffers while this should be slightly easier in long lines.

For the given set of test problems, the relative throughput of the solution

proposed by the GA is on average 0.39% below the optimal throughput. On the

basis of the empirical distribution functions this means that the GA found on

average a solution which is better than 98.64% of all solutions by evaluating only

20.18% of the solution space. This is in our opinion a very good result. The

empirical distribution of the relative throughput difference between the GA-

solution and the optimal solution confirms this result. In the great majority of cases,

the GA-solution is only slightly worse than the optimal solution and requires

relatively little computational effort. For most practical purposes a solution of this

quality should be sufficient.

A central question in assessing the performance of the GA is its behavior in

more complex lines. Since the complexity of a buffer allocation problem is

essentially determined by the number of stations and the total buffer capacity, we

examined the influence of these two factors on the quality of the GA-solution.
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Since no such influence could be shown statistically, we come to the conclusion

that there are no indications that the performance of the GA decreases in more

complex lines.

In the last phase of our analysis we investigate how line length and total buffer

capacity affect the number of solutions the GA has to evaluates on average before it

terminates its search. As expected, the number of evaluated solutions increases as

line length or buffer capacity grow. The increase is however very moderate

compared to the magnification of the underlying solution space. In other words, as

the search space grows, the percentage of solutions evaluated declines.

In summary, we can say that the GA terminates its search relatively fast even in

complex lines. Nevertheless, the resulting solution is on average a good near-

optimal solution. We therefore conclude that the GA implementation of Liu and Tu

is a very suitable search procedure even for complex buffer allocation problems.



8 FUTURE RESEARCH

With this study, we were able to answer some of the current questions related

to the buffer allocation problem. Nevertheless, many aspects of this problem are

still largely unknown and should be the subject of future studies. In the following

we therefore give some of the questions future research could and should be

directed towards in our opinion.

As we set out in chapter 2.2.1.2, Boling et al. (1993) developed a queuing

approach based on property P1, which comprehensively solves the buffer allocation

problem for balanced lines. Since our study comes to the conclusion that P1 is not

only valid for balanced lines, but for symmetric lines in general, this approach

could be extended to symmetrically unbalanced lines. Like most queuing models

Boling's algorithm uses an exponential distribution to model the stochastic

behavior of the processing times. This is, however, not very realistic, since the

processing times have been shown to be approximately lognormally distributed in

reality. We therefore suggest the use of a two-stage Coxian distribution instead of

the exponential distribution to characterize the processing times. With the Coxian

distribution every other distribution type can be represented or at least

approximated. At the same time it possesses the Markovian property, which is a

requirement for its applicability in queuing models. Its integration into Boling's

approach would result in a more realistic model and consequently 'better' results.

Until today, no model could be presented which adequately reflects the

relationship between imbalances in means and imbalances in variabilities in serial

production lines. A better understanding of the interaction of these two factors is

however crucial to a comprehensive solution of the buffer allocation problem. In

comparing the influence of both types of imbalances on the optimal buffer

allocation, we conceive our study as a first step in the development of such a
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model. Our initial results should encourage researchers to further investigate the

relationship between these two types of imbalances.

Recently, a great effort has been made to extend the algorithmic methods for

the buffer allocation in serial production lines to the more general class of serial

assembly lines. Besides the generalization of the predominantly queueing network

based analytical solution procedures, future studies should clarify to what extent the

characteristics and properties of optimal buffer allocation in serial production lines

are applicable to serial assembly lines.

A key result of our study is that it undoubtedly confirms the validity of the

properties P1 and P2 for symmetric lines from an empirical point of view. A natural

derivation is to back up this empirical result by a formal proof. Due to the obvious

importance of this proof for the general acceptance of the two properties, we

suggest this theoretical challenge for future research.

As far as the Genetic Algorithm is concerned, our study also generated some

questions and ideas which could be taken up by future research. The most

promising concept to boost the performance of the GA probably is to incorporate

some of the existing knowledge about optimal buffering patterns into its search

strategy. In a slightly or moderately unbalanced 6-station-line with all bottlenecks at

the beginning of the line for example, the GA might suggest the solution '11102' as

an optimal buffering pattern, while the truly optimal solution is '11111'. Hence one

buffer is allocated suboptimally. It is relatively unlikely, or equivalently requires

many more evaluations for the GA to change the allocation of exactly this one

buffer unit. With a basic understanding of the behavior of the optimal buffering

pattern, however, it is obvious that the solution suggested by the GA is not optimal,

since no reason exists that could justify the allocation of two buffer units at the last

buffer location. If the human experience and understanding of the optimal buffer

allocation problem was described by a set of decision rules, this domain knowledge

could be used by the search algorithm to adjust its search strategy to the specific

structure of the buffer allocation problem and solve it much more efficiently. On
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the basis of our experience with the application of the GA to the buffer allocation

problem, this approach appears to be very promising and should hence be pursued

by future research.

Another interesting question is, how much the performance of the GA depends

on the specific implementation. During the last decade, many different types of

crossover and mutation operators as well as many alternative formulations of the

objective function have been proposed. Nagar (1996) for example suggests a

transformation of the objective function (max e line throughput,) for an application of a

GA-based heuristic to the flowshop scheduling problem in order to increase its

sensitivity. The true impact of such implementation details is essentially unknown.

Last but not least, it would be a valuable task to apply other heuristics like

Tabu Search or Simulated Annealing to the buffer allocation problem to compare

their performance to that of Liu and Tu's GA implementation.
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