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AN ECONOMETRIC ANALYSIS OF CROP RESPONSE
FUNCTIONS AS RELATED TO SOIL TEST MEASUREMENTS

CHAPTER I

INTRODUCTION

'tflizer Discover

We often pa no attention to a healthy plant, It is
when a plant fails to grow vigorously that the farmer be-
comes concerned, A plant wiU slow down in its normal
rate of development or will show other signs of trouble
whenever an one of the many main factors that contribute
to its wellbeirig gets out of balance. The African learn-
ed that burying a fish under a corn hill produced better
plants, and that corn grew better where a brush pile had
been burned. The African did not realize that he ferti-
lized the soil with nitrogen and phosphate from the fish
nd with potash from the wood ashes. Other necessary

elements also were provided by the fish and askes,

1.2 The Concept of Ideal Rate of Plant Nutrient

It iB helpful to think of plants as things that have
taken a long time to develop. They arc complex systems
of life that have evolved slowly from n;ore simple forms,
In Nature's laboratory plants had to adapt themselves to
competition from other species, as wel]. as to fit
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themselves in with a lot of external forces such as soil,
temperature, light and disease conditions. Through breed-

ing, man has intensified certain aspects of the plant, but
basically as it now exists a plant will grow at an ideal
rate when every external factor is most favorable for the
job the plant has to do within itself. It is this ideal
rate we want for the plant. Any departure from this ideal
rate concerns our economic interest. Therefore, it is not
only shortages or excesses of the vital plant-nutrient
elements that concern us, but also any other factors1 af-
fecting plant growth. Most of the intensive studies on
the fundamental nature of nutrition have been made in
greenhouses. Field experiments have been used chiefly

for testing the practical and economic aspects of fertIl-
izers.

1.3 The Nature of Interest of Agricultural Economists
in Fertilizer Use

In the past, research in fertilizer experiments and
application have been designed and conducted primarily by

agronomists, but little interest has been taken by agri-
cultural economists in this type of research. This recent

Some of the factors which contribute to the environment
of the plant are root zones, temperatures, supply of
soil moisture, insects, diseases, mechanical injury,
and soil acidity or alkalinity.



increase in interest by agricultural econorsts results
from the growing importance of fertilizer as a factor of
agricultural production. The interest of the agricultur-
al economists is emphasized upon the economic aspects of

fertilizer use and on development of techniques for de-
termining the optimum application in helping farmers to
make better management decisions.

1. Philosophy of Fertilizer Use

There La a difference between the philosophy of fer-
tilizer placement tn an effort to produce the greatest
yield with the allest aiount c' fertilIzer and that of
building up the fertilIty to axIium levels and. malntain-

ing the soil in a ferti].e condition, even thouh they
both may have their place. 3oil lIke the Florida sands,
incapable of holding the added fertLlizer, need not only
constant additions but also placement iCthod3 where poe-

sible. Soils with only a small capacitj to absorb nutri-
ent can lose theae nutrients readily throuh leaching
and may also require placement methods. With soils being
capable at absorbInj arid storing all the nutrIents except
nitrate and water, one has a choice of building up the
soil or using placement methods to increase the efficien-
cy of smaller amounts of added fertilizer.



1.5 Trend and Utilizatlon of Fertilizer in the United
States and Oregon

The noad for commercial fertilizers to supplement the
soil supply of available nutrients for crops has been
amply demonstrated by agronomic research. Recognition of

this need, alone with many other factors, has caused a
tremendous increase in fertilizer use in the last few dec-
adea. Prom 1910 to 1959, total V. S. consumption of ter-
ttlizer and lime increased from $152,000,000 to
$i,Wt,000,000 (21). From 1909 to l954, total Oregon con-

sumption of commercial fertilizer increased from $68,557

to $11,674,079. For agricultural lime materials2 total
U, S. consumption increased from 9)46,000 tons in 1910 to

20,600,000 tons in 1953 (78). Total Oregon consumption

increased from 2,000 tons in 1930 to 80,200 tons in 1950.

1,6 Reasons for Increased Fertilizer Use

Three primary reasons for the rapid increase in the
use of commercial fertilizers: ±irst, plant nutrients
have become much less expensive in relation to most other
farm inputs mainly because of a reduction in bulk and form.

24

The Aafsociation of Official Agricultural Chemists (30:
895) and the Association of American Fertilizer Control
Officials (28:18) define agrIcultural lime material as
"material whose calcium and magnesium content is capa-
ble of neutralizing soil acIdity."



Excluding transportation costs, the l9-55 price of a

unit of nitrogen was only about one-third of the adjusted

1920 price. Auntt of K20 was only one-fifth of the ad-

justed 1920 price in l95-5, while the adjusted price of

a unit of P.O5 decreased about 27 per cent during this 3-
year period. Second, more information is no available

concerning the yield benefits of variou crops from appli-

cations of primary plant nutrients. This information has

come in increasing quantities from different sources.

Experimental results from agricultural experiment stations

and private fertilizer companies have been utilized by

farmers. Agencies and organizations such as the Federal

Extension Service, the Tennessee Valley Authority) the

National Plant Food Institute, and others have aided in

providing farmers with educational materials and demonstra-

tions of the effects of fertilizer on crop yields. In

addition, farmerst experiences and those of their neighbors

with the use of commercial plant nutrients have caused much

of the increase In fertilizer use. Third, more intensive

cropping and higher yields have resulted in a real need f or

supplying additional plant nutrients to the soil because of

the high removal rate.



Two Objectives in Fertilizer-yield Research

Two objectives characterize the rajority of papers
that have been published by agronomists and agricultural

economists on the relationship between crop yield and
fertilizer use, Ftrst, they record for a particular a
and crop the kind and amount of fertilizer required to
produce maximum yield. Second, from this experimental

data, they attempt to determine what rates of fertiliza-
tion would yield maximum net revenue (or economic optimum

from the orops.

Using either or both of these criteria as a basis
for evaluation, both agronomists and agricultural econo-
mists, after many years of careful field experimentation,
have learned that fertilizer efficiency and economic use
are influenced br number of factors. Some of these in-

volve soils and their management, crops and their sequence,
climate (including son moisture supply), systems of farm-
ing, prices of input factors and products, These factors
may vary from one locality to another, from farm to farm,
and even from field to field,

The further discussions of these factors3 as related

to fertilizer efficiency are considered equally important
as technIcal analysis developed In the foLlowing chapters.

3 Fctore considered in this chapter are from aronomic
point of view only.

6



1,8 Some So11 Mariaement Concepts

Although crops differ in their needs for nutrient
elements, their fertilizer requirements depend larEely on
the soil. The native rtutrient-supplying power of the soil
in turn is dependent upon the chemical coiposlton of the
parent rook meterial froni which the sOil is derived, arid
the conditions of climate and vegetation under which it is
formed. For example, the highly weathered soils of the
eastern United States presently receive about three times
as much phosphorus and ten times as much potassium per

acre annually as do the less weathered soils of the Pacific
Southwest, On the other hand, soils of each of these areas
receive from five to sIx tImes as much nitrogen fertilizer
per acre as do the rich prairie soils of the Middle West.

A number of methods can be used to assess the fertfl-
izer requirements of different soils; such as soil tests,
tissue teats, quick tests, pot tests, and bioluical te&ts
but the moat reliable method for eatablLhLng the efficient
use of fertilizers is "fteld experiiientation." This know-

ledge gained by field trials on particular types of soil
can usually be extended to individual farms and fields on
similar soils by the use of soil maps, soil analyses, or
other fertility appraisal techniques, and by general cx-

rienos with local soils. Although fertilizer

7
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requirements vary with different soil types, past manage-
mzit practices of soils also have a great influence on
these requirements.

Soil management includes not only fertilizing, manur-

ing, and crop rotation, but also cultural practices,
drainage, irrigation, and water conservation. Management

of the soil may alter its properties to such an extent
that two fields with the same type of soil, but under dif-
ferent management, may require very different fertilizer
treatment. Per instance, one field has been used to grow
cereal crops for many years without manure or fertllizer.
An adjacent field with the same acid soil type has been
used over the same period of years under a system of man-

agement which included a rotation of legumes and cereal

crops and the use of manure and fertilizer. When the time

comes to devise an identical cropping system for the two
fields with a suitable rertilizer proiram, it is obvious
that treatments for the first field will differ from those
of the second. Let us consider another example, two fields
of the same soil type, with similar slope and drainage.
One has been well managed to prevent loss of soil by ero-
sion; the other through mismanagement has lost a good

portion of its original surface soil. A much more rigorous

program of soil management and fertilizer dressings Is
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required on the eroded field to restore it to usefulness
than on the field Which has been consistently well handled.

1.9 Crop end Plant Nutrients

Experience and research show that different crops
differ in the amounts of several plant nutrients that they
need end in their sensitivity to deficiencies. Some crops

are better 'toragers for the plant nutrients already in
the soil and respond less to these nutrients in fertiliz-
ers than ethel' crops on the same soil; some crops, also,
are shallow rooted while others take nutrients from a con-
siderable depth. Recognition of these specific require-
ments is important to the efficient use of fertilizers.
In general, the grasses and cereals show greater response
to nitrogen than to the other plant nutrients. Under most

conditions, grasses should be grown in legume mixtures,

this praoUe improves the quality of the forage, reduces
the need ror nitrogen fertilizer arid, if the deeply rooted
species are used, aids in maintenance of soil structure.
The successful growing of these legumes often reduces the
need for nitrogen but increases the need for minerals,
espsctali phosphorus, potassium, and calcium.

Excessive applications of nitrogen in fertilizer or
manure to cereal crops often cause lodging, which leads to
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decreased yields. In contrast to the grasses and cereals,
legume hay crops need little, if any, nitrogen from fez'-
tilizers, except perhaps a little when sown, but require
potash, phosphate, and often calcium. Under favorable

soil cQrittons they ottain their nitrogen from the abun-

dant supplies in the air if the seed is inoculated with
the proper bacteria.

1.10 Crop Rotations a Rates of Application

The place or the crop in the rotation often determines
whether nitrogen fertilizer is required it systematic crop

rotations are followed. For example, if corn or small
grains follow legumes, they may obtain all or most of their
nitrogen needs from the decomposing roots and residues of
the legume crops. If they are grown the second or third
year aLters legume crop, they may require a relatively
large quantity of nitrogen fertilizer. If a crop in the
rotation is heavily fertilized, there may be some phosph

us a potassium not usc by the crop, and this residual
oral may help to meet the fertilizer requirements of

he following crop. Residual effects are not common with

chemical nitrogen fertilizer, since this form of nitrogen
it not used by the crop, is readily leached out of the
soil.



p Responses to Animal Manures

most farms there is not enough manure available

to permit an adequate application to each field each year.

In a rotation the emphasis should be given to the use of
manure on the more valuable crops which respond well to

applications of plant nutrients and to improved soil struc-
ture and also on those with a long growing season. The

plant nutrient content of manure naturally depends on the
kind and amount of feeding stuffs and litter and on the
way the manure Is made and used. The use of manure affects
the rates of fertilizer application. When manure is ap-

plied, loss quantities of fertilizer may be needed.

The amount of fertilIzer used C or varIous crops is
also Influenced to a large extent by the acre value of the
crop. The crop of highest acre value generally receives
the bulk of the fertilizer. While the practice of giving
preferential treatment to high-value crops i sound, there
is sometimes a tendency to use such large amounts of fer-

tilizer on these crops as to be uneconomic, while other
crops on the farm are slighted. From the agronomic point

of view, uneconomic use of fertilizers results from either
too larg. or too small applications. Because the response
of crops per unit of fertilizer applied diminishes as the
quantity f fertilizer is increased beyond that needed for



a good crop On the other hand, in soils quite deficient
in some nutrient, enough must be applied to provide normal

growthj smaller amounts may be essentially wasted. From

the eoonie point of view, the farmers problem is to
find the rate of fertilization that will provide the great.
eat net return rather than the greatest yield, considering
the whole rotation of crops and the long-run productivity
of the soil

12 Climate and Soil !4oistur

Differences in sot]. moisture greatly modify fertiliz-
er requirements. Generally, soils in dry regions are not
so leached as those in humid regions, and contain more
nutrients. Moisture supply in these regions is usually a
greater limiting factor than the nutrient supply. But

irrigation may change the fertilizer need completely.
Under dry farming, fertilizer application nay not increase
crop yield, but crops may respond wonderfully to nitrogen
and phosphorus on the same sot], under irrigation. To

utilize high fertility levels effectively in the soil,
irrigated crops may respond to additional irrigation over
those growing on soils of low or medium fertility. Also

abundant fertility reduces water requirements of plants.
Only factors that inhibit normal growth, nutrient



deficiency, drought, or d±sea8e control of runoff water
ough terraces may so improve sofl-moiature conditions

fertilizer', will provide good responses where they
did not bfo. Ceteris paribus, the more favorable the
environmental oonditions for producing high yields, the
greater is the quantity of fertilizer that can be used to
advantage.

Heavy applications of nitrogen encourage a heavy top

growth and tend to delay ripening of crops, make the crop
more susceptible to disease, and reduce the mineral con-
tent of th. plant0 For these reasons it may be necessary
in a cool, moist climate to limit the rate of nitrogen ap-
plication. Oertainly high amounts must not be used when

the mineral elements are deficient. On the other hand,

phosphates help to promote root development and encourage

early maturity in crops. With a short crowing season and

especially those with a moist climate, phosphate ferti-
lizez'a are used to hasten the maturity of the crop.

.13 Systems of Farming

The system of farn]in determines to a considerable
extent the kind and the rate of fertilizers that should
be applied. Fertilizer traatment of crops depends upon
whether manure is used. It is evident that fertilizer
practices on livestock farms should be somewhat different



from those on farms where little or no livestock is kept

and no manure is used. The fertilizer practice used by a

mirket gardener growing his crops intensively must be

quite different from those of a farmer growing similar

crops extensively. The dry-land farmer uses fertilizers

at quite a different rate of application than does someone

on an irrigated farm, even though soil types of the farms

are nearly the same,

For each system of farming which depends on soil,

climete, crop, kinds and rates of fertilizer applied and

equipment available, there are many ways of fertilizer

application which affect fertilizer efficiency signifi-

cantly. The choice of the proper method of application

is as important in determining fertilizer efficiency as

applying the right kind and amount of fertilizer. No

single fertilizer-placement pattern has been found that
is superior for all crops and under all conditions.

It is obvious that the efficient us of fertilizers
is influenced by many factors. As agronomists strive

for greater fertilizer efficiency, it will be necessary
for them to give more and more attention to those factors
which supplement the soil's inherent ability to give up

nutrients to crops. As we move in this direction, it is
becoming evident that the soil becomes more and more a



k Cf. definition of agricultural lime material, . cit.
5 Fertilizer nutrients are generally compounds consiEt

ing of nitrogen, phosphorus and potassium alone or
in combination.

15

medium through which oxygen, water and nutrients are con-

veyed to plant roots, and less and less the direct source
of plant nutrient.

1.1k The Effectiveness of Liming Acid Soils

Lime contains calcium and magnesium. These nutrients
re as essential to plant growth as are fertilizer nutri-

ents5 such as nitrogen, phosphorus and potassium. Lime

reduces acidity, whIch makes it possible to establish a
re favorable soil condition for bacterial activity and

better legume stands. The result is more phosphorus and

nitrogen released from the soil organic matter for use by
growing crops. The proper pU (measure of acidity) also

helps to keep the inorganic phosphorus of the soil in a
more available condition.

For the general conclusion of the reasons for the
effectiveness of liming acid soils (96, p. 4-5) are: (A)
the effect of pH on the availability of Fe, Al, Mn, P, K,
N, ar Mo; (B) the removal of a Ca deficiency; (C) the
effect of pH on the breakdown of aofl organic matter.
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The soil management practice proved by time is the
ue of lime on acid soils. Its use where needed will not
only bring about an increase in yield of all crops, but
also may increase the effectiveness of fertilizer appli-
cation.

15 Remarks on Application of

The soil should be tested to make sure that lime is
needed before Itme is applied. A check should then be

made on the relative quality of limestone available. The

quality of a given limestone is determined by its calcium
carbonate equivalent and the fineness of grind. Nothing

can be done about the calcium carbonate equivalent content

of the limestone, but the limestone can be ground more

finely. The finer the limestone, the more quickly it will
reduce the acidity of the soils Coarse lImestone will

last a long time in the soil and will not do a good job of
neutralizing the acidity.

Lime can be applied any time trucks can et over the
land without damaging the soil structure. Application a
year or two ahead is highly desirable to assure that acid-
ity will be reduced by the time the seeding is made. Other

crops grown on the land in the interval will benefit from
the application.
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Be sure that the lime is spread uniformly over the
soil and thoroughly mixed with it by either p1owin or
disking.

A question often asked is whether fertilizer should
be used if lime is needed but for some reason cannot be
applied that year, The answer is yes. Use fertilizer
unless the soil is so acid that le;une establishment will
be difficult or impossible because of the acidity,

1.16 Criteria and Requirements for .Succeasful Soil Test
Measurements

As mentioned in the other section, plant-tIssue tests
have been used in verifying starvation symptoms and soil
tests have been helpful in diagnosing nutritional deficien-
cies. One early idea in soil test was to measure the
Iavai1ab111ty of an available form," which was basically

unsound and resulted in lIttle progress in soil fertility,
A more modern concept in soil testing Is to measure the
total amount of the available nutrient, and the crop must
be allowed to indicate the 8inifIcance of that amount in
terms of growth and response to the added nutrient. Soil-
testing methods which allow varIable soil properties to
influence the amount of the nutrient extocted can never
have a "universal" application, SufficIently strong cx-
tractthg solutions are the key to successful soil-test
correlations.



To be successful, a soIl test must use an extracting
solution that meets the following requirements: First, it
DU8t extract the total amount (or a proportionate amount)
of tM available form of the nutrient from soils with
variable properties. Second, it must measure with reason-
able accuracy the amount of the nutrIent ifl the extract.
Rowever, it is of little value to use a highly accurate
procedure on the extract if the solution does not meet re-
quirement one. Third, Its action must be fairly rapid,
Accuracy, however, can not be sacrificed f or speed. Be-

fore the same solution is used to extract more than one

nutrient, it must meet requIrements one and two. Although

exchangeable bases and nitrate nitrogen can all be removed
with the same extractth. solution, rlecessitatinR only one

extraction, a separate extraction or extractions for other
nutrients way be necessary (52, p. 59).



CHAPTER II

THE PROBLEM SITUATION

2.1 Oenerai. Discussion

Initial research in fertilizer is usually planned to
determine whether there is a response of crop yield to ap-
plicatton or fertilizer. If responses have been found to

exist, fertilizer application has to be considered with
other resources and practices in the farmer's management

decisions. Though the physical benefits of using cominer-

cial fertilizer in crop production are widely recognized,
its economical use has not been adequately studied. The

productive contribution of fertilizer depends on the
amounts and ratios of nutrients used. Efforts to make the
use of fertilizer more profitable have been made for many
years, with the problem becoming more important as the use

of this resource has increased.
Maximization of yields is not necessarily desirable.

For the commercial farmer, a major concern is profit maxi-

mization. Maximum yields are seldom associated with maxi-

mum profits. Economically, h1her yields are desirable to
the extent that they can be secured at an added coat less
than their added value.

19



2.2 The Basis for Current Fertilizer Recommendations

2,2.1 The Nature and Limitations of Current Reco

mendationa: In the past and to a major extent at present

not enough systematic effort has been made to incorporate

economic considerations into the fertilizer recommendations

of agriculturists, This circumstance was brought on by

several factors: (1) a primary concern of agriculturists

has been to motivate farmers to use fertilizer in any

quantity with only minor concern given to economic consid-

erations, (2) agronomists have had a primary interest in

variance type studies for investigating responses to dis-

crete treatments and the relation of such responses to

sot]. characteristics rather than deriving response esti-

mates to which economic interpretations might be attached,

(3) until recently, fertilization experiments have been

designed and conducted primarily by agronomists with econ-

omists taking little interest. Consequently, the economic

aspects of fertilizer use have not been emphasized, and

techniques for determining the optimum application have

been applied slowly.

Customarily, fertilizer recommendations to farmers

have been based upon the results of field trials. The use

of these trials has the limitation that recommendations

are derived from experiments performed on only a partial

20
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list of the many soil types that may exist in a state.
In Oregon, about 500 such types have been recognized, arid

it is a physical impossibility to test crops on al]. 80118.
Therefore, recommendations made for all soil types must be

generalized from experiments on only a few types. Fortu-

nately, field trials have not been the only basis for rec-
ommendationa. Other factors such as differences in crop-
ping practices, past fertilization, the practicability and
availability of the fertilizer recommended are commonly

taken into account. Because the most profitable amount of

fertilizer is not always used as a result of risk and un-
certainty6, such considerations also condition recommends-

tion made to rarmers. These arid other factors less known

to agriculturists7 make it necessary for recommendations
to be based on general experience and judgment, as well as
experimental evidence.

In 1932, Van Slyke (86, p. 39) suggested that, t11n
every nature of the case, the questions of quantities and

6 A recent example of an empirical verification of this
commonly believed notion. Cf. Myron E. Wtrth. Pro-
duction Responses to Agriculture Controls in Four Mich-
igan Farming Areas in 195g. Unpublished M.S. Thesis,
Dept. of Agricultural Economics, Michigan State Univer-
city, 1956. p. k6.

7 The term "agriculturist" will be used in this study to
refer to the contributors to the solution of the prob-
lem made by both the agronomist and economist. It is
used because it expresses the interdependence of the
two disciplines in the solution arrived at.
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proportions of plant food to be used must always remain
more or less a matter of individual experience and obser-
vatton." He stated further that each farmer should regard
each fertilization as an experiment which should be re-
pasted continuously until the most economical use of plant

food is reached. This general trial and error su.estion
has changed little through the years. In 1955, Ceilings

(13, p. £192) wrote, "the kinds of fertilizer a farmer
should apply, and the most profitable amounts for him to

use are always somewhat of a guess, even though his prac-

tice might be based on results of fertilizer test plots,
field observations and use of improved soil testing tech-
niques and leaf analysis methods." While such hit-or-miss

recommendations have undoubtedly resulted in increased

profits for those following them, they will seldom result
In the maximum economic returns possible.

2.2.2 TheEmpirical Basis: Present and past recom-

mendations are often based on experiments which vary one

variable nutrient or nutrient ratio at a time. Other var-

iables are held constant at some level well above that at
which deficiencies occur. This procedure usually either

assumes that the response to the experimental variable is
the same regardless of the level of the nonexperimerita].
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variable or, if this is riot so, that farmers are Interest-
ed only in the response relationship associated with the
fixed levels of the other variables. Thus, the interac-
tion of responses to the different nutrients as factors of
production are somewhat undereniphasized through many ex-

perimenta show the importance of this phenomenon,

2.3 Statennt of the Problem

There has been considerable attention given to the
economic analysis of yield-fertilizer data as well as a

great deal of research by agronomists dealing with plant-

nutrient relationships. However) much of the economic

analysis has been based upon yield-predicting equations

in terms of applied fertilizer only; consequently, these

analyses have neglected many important plant-nutrient re-

lationships. Similarly, much of the study by agronomists

and aol]. acintists has not been of a nature which could

be utilized directly for economic analysis. Therefore,

there is a need for research which will integrate the
basic physical relationships with economic analysis.

The problem which initiated this study arose from

interest in the economic interpretation of data from soil
testing Yneasurements and fertilIzer experiments in alfal-
fa production. Both the agricultural economists and soil
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scientists have been interested in an interpretation di-
rected towards incorporating soil teat readlngs into crop

response functions and formulating recormendations from

an economic as we].]. as technical basis. Iiore specifical-
3.y, the economic aspect of this problem was to establish
the rates of lime fertilizer which would maximize returns
to alfalfa production in Oregon. The related aronomic
aspects of the probler w to evaluate different sot]. test-
ing methods for determthirg the nutrient level of the soil.
Since the two questions are interrelated, it was necessary

to tnveatigate the physical relationships in order to
treat the economic problem.
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CHAPTER III

SCOPE, OBJECTIVES AND PROPOSED HYPOTHESES OF THE STUDY

1 Scope

Theoretically, a man's height is influenced by the
heights of parents, grandparents, climate, daily nutri-
tional statue, exercise, emotion effect, the type of cc-
cupatiori, etc., to the infinite number of factors. Simi-

larly for crop yield which is also influenced by infinite
number of factors such as climate, plant nutrient level,
available moisture in soil, the inherent ability of the
plant, etc. For fertilizer efficiency and economic use,
we may also consider them as influenced by infinite num-
ber of factors; some of them have been discussed back in
Chapter I and wifl be discussed more generally in the
functional relationship section. For the purpose of prac-

tical and efficient study, we should isolate the signifi-
cant factors which are considered moat important in re-
search. The selection of the number of factors depends

upon the purpose and use to be made of the study. For ex-
ample, due to the objective of the study, financial re-
strictions, and limitations of computational facilities,
only the parents' heights and nutritional status might be
considered in predicting a man's height. Similarly, plant
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ogical, social, iristitu-
aspects of the problem will remain un-
considering the economic aspects, it is
1.fy their consideration by defining the
of the studyb.

The problem now focuses on the economic factors gov-

erning the fertilizer application, In order to reduce the
problem to manageable proportions, and at the same time

lay the foundations for further Investigations in this
field, it is necessary to assume that some of these fac-
tors remain constant.

As already stated, the Initial impulse for this study
came from the objective of evaluating soil testing methods
with regard to fertilizer efficiency from an economic point
of view It is, therefore, proposed to orient and limit
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nutrients and clImatic factors might be the only factors
which would be considered in predicting crop yields,

Since a wide variety or factors do have a bearing on
the basic problem, it will be shown why certain aspect
are abstracted to limit the scope of the study;

First, all those aspects which cannot be empir y

measured must either be assumed constant or allowed to
ry only with specifically defined limits. It is neces
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the study along these lines. Thus, the scope of the study
is restricted to the consideratioj of those measurable
economic and aronomic factors involved in crop (alfalfa)
production through fertilizer application.

3.2 Objectiv

deals with the basic agronomic and eco-
nomic relationships of fertilizer ue. Its objectives are;
(A) to apply research techniques in incorporating soil test
readings into crop response functions, (B) to incorporate
economic considerations into fertilizer recommendations

with profit maximization as the criterion, and (C) to point
out possible further methods and techniques which could be

applied in this area of research.

3.3 Proposed Hypotheses

Within the limits outlined above arid with the four
baste assumptions: First, responses in crop yield with
the application of fertilizer have been found to extat.
Second, the incorporation of soil teat readings Into crop
response functions will make these functions more gener-
ally valid over a wide range of soil situations. Third,

the crop responses to varying rates and combinations of
plant nutrients under different soil conditions can
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generally be. determined. Fourth, the amount of a given

nutrient in the soil and the amount of this nutrient need-

ed for specified crop yields can be ascertained by well-

designed field experiments and soil test measurements.

The hypotheses which form the basis of this study may

be stated as follows:

To yield more thforrnatlon for predicted crop pro-

duction, the best soi2. testing method can be cIeterrined by

using statistical techniques and data from soil test

meesureertts.

The incorporation of soil test readings of plant

nutrients into crop response functions will provide more

and better information for fertilizer recommendations.

Optimum levels of fertilizer and optimum ratios

of plant nutrients, where profit maximization is the cr1-

tenon can be efficiently determined if fertilizer-yield

information is provided in the form of incremental response

data9.

9 Incremental reaponse data show the successive additions
to yield resultIng from successive fertilizer applica-
t ion.
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44 3. introduction

The determination of profitability of using ferti-
lizer requires knowledge of the physical response to fer-
tilizer, prices of factors and products and comparative
returns to all factors when devoted to alternative enter-
prteea, This chapter presents a brief summary of some of

the research findings and theories on soil tests and plant
response to nutrients, and statistical interpretation of
these responses.

k.2 Fitting a MathematIcal Production Function to Experi-
mental Data

Historically, attempts to relate fertilizer inputs to
yield responses were in the direction of the formulation
of "natural laws." There are infInite numbers of mathe-

matical functions which might express the functional rela-
tionship between yields and fertilizer applications. Thus,

the problem becomes one of choosing a function that is in
some way beat or better than others for the purpose of
characterizing the data produced in a fertilizer experi-
ment.

29



k.2l Two Criteria Used in the Choice of a Function:

Hutton (111, p. 15) sets down two criteria which may be used
in choosing one function that "best explains the situation"
from the infinite number of possible models to fit to em-

pirical data. These criteria are: (3.) that the function
not violate biological laws, insofar as they are under-
stood, (2) that the function pass certain tests of statis-
tical logic. On the problem of what violates biological
aws there is a wIde variety of opinion among soil scien-
5t3.

Early major concepts on the relationship between plant
growth and soil nutrients were summarized by Bray (52,
p. 53-5k); (1) "The availability concept" which recogniz-
es that different forms of nutrients in soil vary in their
availability, and that it is often the relatively small
amount or a rather highly available form which has the most
.nfluence on crop growth.

(2) tiLiebigis law of the minimum" which states that
the yield of a crop is governed by the quantity of the most
limiting factor which is at the minimum and that as incre-
ments of this limiting factor are added, yields increase in
direct proportion to the additions of this factor until an-
other factor becomes limiting. This concept holds that
yields thex'eaae as a linear function of' the limiting fact,
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and that factors of production are perfect complements.
The economics of such situation are i:i,orisequent1al; if
it pays toadd any of the riinL'ium factor, it pays to add
that factor to the level at which there is no longer lini-
iting. The concepts of the law of the mir!imu have an

influence on agriculturists even now, s witnessed by

various illustrations such as a water 'arrel with staves
representing the different factors of profitable produc-
tion.

Liebigs idea of simple proportional relationships
has been refuted primarily on the grounds that it does not
conform to empirical evidence.

(3) "The law of diminishing returns." As developed

by Spiliman (77, p. 1-77) for plant growth, which states,
in effect, with each additional lrtcrernent of a fertilizer
the increase in yield diminishes. Furthermore, instead of
th assumed linear relationships (Lieblg law), the law
of diminishing returns bases on observations of curvilinear
relationships and holds that the addition of a variable
input to fixed inputs results in total returns which first
increase at an increasing rate, then increase at a decreas-
tug rate, and finally decreese.

In most agronomic experimentation, the portion of the
law stating that total returns increase at an increasing
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rate is not relevant, due to the presence of nutrients in
the soil. In some extreme cases additions of an input may

initisily decrease total returns. This law has resulted
from empirical observations which have it to be a nearly
universal condition of production. It Is essentially a
modification of Liebig's original formulation, made neces-
aary by empirical observation.

(lê) Baule percentage yield concept (77, p. lk-
1k5), which states that the final yield Is the product of
eli the factors in yield, and not a result of a minimum
factor as asserted by Liebig. Baule's concept is a modi-
fication of the Mitseherlich formula. Baule expressed each

nutrient level in terms of abIlity to produce a certain
percentage of the maximum yield; that is, each amount of

a nutrient possesses a certain sufficiency in terms of per-
centage yield.

(5) "The elasticity or mobility concept developed by

'ay himself (8), which states, in effect, that the avail-
able soil nutrients have a variable availability which de-
pends on the mobility of the nutrients in the soil and on
the nature of the plant.

In addition to these concepts, IVItscherlIch has ad-
vanced a proposition, 'law 01' diminishIn soil yield,"
which assumes the existence of some maximum yield to occur



when all conditions of growth are optimum and yield de-

ficiency, short of the maximum, is brought on by shortages
of esentia1 growth factors. This function also states
that the yie2d increase which occurs from additions of
this factor is proportional to the original shortage of
the factor,

Wilcox (93, p. 527-530) (94, p. 38-39) also suggested
two concept

The tnverse nitrogen law, which states the yields
of all. agrotypes are inversely proportional to the per-
centage of nitrogen in their whole, dry, aboveground sub-
stance.

The concept of the nitrogen content (90, p. 36-48)
which states that when plants are normally grown under

optiium conditions of all growth factors, they absorb a
constant 318 pounds of nitrogen per acre in a stnle growth
cycle. But Black (87, p. 310-314) and Kempthorne (5,

p. 303-309) disagreed with Wilcox (91, p. 315-328) (92,
p. 499-502) over some specific relationships of growth

factors in plant yields, particularly over certain appli-
cations of the Mitacherlich formula (6, p. 497-498).

Throughout the literature on this subject the only
generally accepted concept appears to be that of diminish-
ing marginal returns to nutrient inputs over all but the
lowest range of nutrient uptake. Thus from this it might



be concluded that from a bioloieal standpoint all statis-
tical functions are equally good if they permit decreasing
marginal returns. However, there are exceptions to this
conclusion for statistical reasons.

The second criterion, stated by Hutton, in selecting
a functIon is that it should pass certain tests of stat
tical logic. $uch tets may show that a function which
does not have diminishing marginal returns, such as a lin-
ear equation, may give the line of best fit. These func-

tions would not necessarily be in conflict with the bio-
logical theory in those cases where the range of experi-
mental data is relatively narrow, so that the difference
in marginal returns is so slight as to be readily explained
by experimental error.

Hutton (1l, p. l-l7) in his appraisal of statistical
measures of a function, such as correlation coefficient,
or standard deviation of actual from estimated values,
points out that by increasIng the degree of a functional
polynomIal equation It Is possible to eliminate the devia-
tions of actual from observed values. However, the desire

to obtain a relatively wide application of the experimental
results would discourage the choice of such a function;
also, equations above third degree would be difficult to
justify in terms of biological law.



The conclusion from this is that statistical tests
limit the number of alternative equatIons to be consider-
ed, but having obtained these alternatives, thex are no
tests which allow one to assert conclusively that any one
function is the best interpreting the experimental dat
unless a large amount of data is available.

in any mathematical formulation of bioloica]. re-
sponses, perhaps the most distinctive characteristic which
appears is that descrIbed by a function which either pass-
es through a maximum or approaches some lImiting value.

.2.2 Three Forms of Mathematical Production Func-

tions: Mathematical production functions whIch have been

used in analysis of fertilizer experimental data fall into
three main classes; the exponential, the power or lOg
ritheic, and the polynomial,

(1) The Exponential Function. This form of the
function is consistent with the general principle of dim-
inishing increments. The development and apolication of

this function is attributed largely to the work of Spill-
man (76), Mitsotterlich (59, p. L.l3428), Hartley (27,
p. 321&5), ar aule (2, p. 363-385). Applied to fert
lizer, this function states that as fertilizer Is added in
units of uniform size, with other factors unchanged, yields
increase at a diminishing rate In such a way that the ratio

35



10 Cr. (27, p. 314)

of each yield incret.;ent to t precedln re me nt,

R, is constant for all inc :rt3 of e pticular experi-

mental function. Exponential functions have been applied

to fertilizer-yield data in a nurfUer of different forms,

the most commonly kucn bein the pi1ian function. This

has the form Y = - A t.,.r, Ia the yield obtained

when x unite of the oth factor re plied in fertliz-

era, the unit being any convenient quantity of the factor.

M is the limit approached by Y as x increases indifinitely,

or the theoretical maximum yield possible with any number

of units of the growth factor. A is the theoretical maxi-
mum increase in yield due to successive unit increments

where x is the quantity of fertilizer and H is a constant

having a value between 1 and 0, This procedure provides

3.eaat-square estimates of the constants in the .xponcntial

form of the function, but estimates cannot be made of the

standard errors of these constants, To overcome this limi-

tation, Irtley (27, p. 32-45) developed a varIation which

may be solved by the use of Internal least squares, This

xponentia1 law of diminishing returns is y = I

whore y is the calculated yield, is the limiting response

to fertilizer, f is a constant of integration, e is the

base of natural logarithms, Ic is the exponential curvature

(-k - 2tanh )10
and x is the fertilizer input.
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The essentials of Mitacherlich's formulation are
given by c(A - Y), where A is the maximum possible

yield and o is the effect factor. Wilcox, a proponent of

Nitacherlich's findings, has maintained that the slope of
the response curve is the same regardless of soil condi-
tions, as given by this equation. in the original formu-
lation by Ml.tacherlich, the yield increases brought about
additions of one factor were riot modified by the levels of
the other growth factor. Bau].e, a German mathematician,

collaborating with Mitacherlich, recognized this shoz'tcom-

ing and modifted the equation to include an interaction
effect. This was done by making yield a product of the

effect of all growth factors working together. This modi-

fied yield equation is

7 A(l
10-C1X2)

(3.
10_C2X2) .... (1

where A is the maximum yield, the the effect factors
and the Xj the variable growth factors. The reasoning be-

hind this formulation brings to light the basis for the
high degree of cornplementarity which appears to exist among

nutrients.
For one independent variable function, in both

Spillman: 7 - M - AR" arid Iitscherlich: 7 A(l
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equations, A is the maximum yield attainable and ek can be

shown to be equal to R, which makes the equations equival-
ent (95). An important difference between the two formu-

lationa is that the proportionality factor (R) In Spill-
manes formula 13 assumed to be dependent upon the condi-
tions encountered in the experimentation from which the

observations were obtained, while the proportionality
factor (ek) of the Mltscherlich equation is considered to
be constant and Independent of such conditions. While the

Mltsch.z'lich equation has received wide attention, it has
few followers, owing primarily to a common rejection of

the universality proposition of the effect factor. The

Spiliman function, on the other hand, Is regarded as a
valuable equation for expressing certain types of relation-
ships.

iman function expressed In the general case
Y M(l R1) (a X2)

(1
Xfl) is still used

present, partly as a holdover from past studies, but
also because of its usefulness for describing relationships
present in certain data. The Spiflman function has limita-
tions when more than one fertilizer variable 18 incorporat-
ed into the design as it allows for only a constant rate
of interaction to occur. It has the additional disadvan-
tages, for some purposes, of (a) being difficult to fit,
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(b) taking on a value of zero when any of the Independent
variables Is zero, (c) having certain rigidities of elas-
ticity of output with respect to Inputs, (d) being unable
to reflect decreasing positive incremental returns to in-
cremental inputs, arid (3) approaching a maximum output

asymptotically.
Although the polynomial regression method has been

widely applied, there yet exists a large number of regres-
sion problems for which they are not suitable, either be-
cause the polynomial curve, in fact, does not provide an
adequate graduation of the data or because the curve is
capable of taking a form which must be rejected Intui-
tively. Perhaps the most frequently encountered type of

problem for which a polynomial regression Is clearly un-
suitable is one in which the value of the dependent vari-
able, y, steadily approaches an unknown asymptotic value,
as x passes to infinity. In dealing with this type of
problem, Stevens (80) developes a very useful formula:
Asymptotic Regression," y(p1o)c

where 0<1a<,

this equation contains three parameters: <' is the asymp-

totic value of y, fi is the change in y when x passes from
o to + and is the factor by which the deviation of y
from its asymptottc value Is reduced every time when a
unit step along the X-axis is taken.



Pasohal and French (65, p. 9-11) have used an itera-
tive procedure, developed by Stevens (80), for obtaining
a least-squares solution which provides estiniatee of the
standard errors. French (25) has used another exponential

(n 1X)
expression, with the (Gompertz) form y He

found that in some cases this gave a better fit than the
Spillman function.

The limitations in using the exponential function to
characterize the yield response to fertilizer are:

This function approaches asymptotically the max-

imum possible yield, thus eliminating the possibility of
Its representing diminishing yields, practica1ly the level
at which this function na be inaccurate, however, gener-
ally involves rates of apo].ication beyond the economically
feasible range.

Although the mathematIcal least-squares method

of estimating constants for the exponential function pro-
vides standard errors of each constant, the samoling dis-
tributions of the constants have not been discovered (80).
Nevertheless, the standard errors make it possible to
evaluate these constants in terms of the varIability of
the experimental data. These characteristics must be kept
in mind in using this equation.
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(2) The Power Function. As Tthtrier (J4, p. i)
atatea, one of the great pioneers in econometrics, Pro-
fessor Paul H. Douglas of the thiive'sity of Chicago, first
applied the power function to prOduction data. The equa-

btion most often used is of tne lorm y ax , or in the
general case, axlx2 .... is linear when trans-
formed to logarithmic form, commonly known as the Cobb-

Douglas function (19, p. 139-145), where is the predict-
ed yield, x1 are the fertilizer inputs, a and b1 are
parameters. This linearity characteristic sImplifies the
estimation of paranieters by least squares. In Tintherts
evaluation of this type of fnction, he also points out
that the major advaritae of Douglas-type is that it per-
mits the phenomenon of decreasing returns to come into

evidence with the use of the least complicated function
(84, p. 54)4 Johnson (49, p. 520) states that a disad-
vantage of this function is when b (or b1) > 0, the equa-
tion implies a continually increasing yield reaching
neither a maximum nor a limiting yield, and this seems
hazly reasonable, particularly ifl the case of only one
input varied. Such an implication is inconsistent with
biological logic at high levels of nutrient uptake by
plants. A variation of the Cobb-Douglas function has been
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investigated by Wifliam a. Brown. This variation takes
the form - abXx and has the advantage that it may be

fitted to the declining phase of input-output data. The

Cobb-Douglas function also displays constant elasticities

with respect to all input variables. For functions dis-

playing constant elasticity, a given percentage increase

in an input brings about the same percentage increase in
output regazless of the level of input and output. In

addition, this function has the disadvantages of (a) tak-

Ing on a value of zero whenever any input is zero, and (b)

an inability to describe more than one or the following:

increasing positive, decreasing positive; or negative in-

crementa]. returns to incremental inputs. To overcome these

disadvantages, Carter (11) modifies Cobb-Douglas function

to the form of

b" xry - ax1J.c1Lx2c,

This function also recuLs a io.caritho:c transforma-

tion before fitting. WIth a ::oc.ification of the CoLb-
DoUglas, this function alow o'c-.: fleIb,L2itr in t;he shape

of the function without certain Itportant properties of
expediency and sirplIcity of paraieter etinat;ion. The

&mportant advantage of this ftnctior I it; flexibility,

which Is greater than. that of the i..nioif!eci Cobb-Douglas.

Agricultural EconomIst ri State Co12
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Offsetting this advantage is the necessity of estimating
two parameters for each variable included, which is more
than required for the Cobb-Douglas. Another disadvantage

is the greater complexity encountered in locating various
economic optima. For the Carter's function to conform to
that portion of the law of diminishing returns usually en-
countered in fertilizer studies, the b11s and c1's should
be positive and less than 1. The function will then indi-
cate a total product increasing at a decreasing rate and
eventually decreasing.

(3) The Polynomial Function. Heady, Fesek and Brown

used two types of polynomials in the analysis of fer-
zer data: (a) Quadratic square-root equation, with

the form a + bx + c4 , which produces a curve that
turns down more slowly than the parabola (regular quad-
ratic equation). However, in experiments reported by

Heady, Pesek and Brown, this function was found to give

better results, particularly in the case of multiple in-
puts, Ibach (k2, p. 14) also states that the quadratic
square-root and parabola equations would have an advantage

over the exponential funCtiOn to provide for calculating
reduced yields, after the maximum attainable from ferti-
lizer has been reached, as more fertilizer Ia added.
Franok (25) indicated that the square-root fori was more
generally applicable than the parabola.
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(b) Regular quadratic function (or the simple para-
I:)bola), with the form o y = a + bx + c;, whicli expresses

as a differential equation the rate of e hane in response,
is linearly related to the independent variable, i.e.,
dy/dx b + 2cx. Johnson (249, p. 5ao-29) eoncludes that

this is one of the simplest forms to fit nd for purposes

of interpolation it gives results in many cases equally as
satisfaCtol7 as other more copllcated expressions. Wider-

son (24, p. 199) also poirits out that from an estimation and
testing point of view the polynomial models are much sim-

pler than the asymptotic mools; it would be advisable to
use the Bimpler polynomial type if there is no theoretical
reason for preferring the asymptotic. Johnson (49, p. 520)

points out the disadvantage of the polynomial is the diffi-
culty of imputing any biological significance to either the
squared or square-root term. However, Black has stated

that such terms are not contrary to biological theory.
Hutton (241, p. 17) concludes that for the range of data
normally covered by fertilizer experiments it would be dif-
ficult to justify biologically the use of equations great-
er than of the second degree, except where experiments are
run under unusual conditions where the nutrient content of
the soil is so low that increasing returns to inputs may
be possible over a limited range of application. Anderson
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indicates another aspect of' quadratic function fitting to
the diminishing returns part of the response curve:

(y)a+bx-cx2sx 1

and this quadratic function,

(y) a' + b'x + c'x2, x 1

for the other section. Of course, the two curves inter-

s.ctatxl,hence,a+b-ca'+b1+C'. Ifone
used observations at x 0, 1, 2, ....., he would need at
least a "cubic" equation to fit all the data.

With the present knowledge of fertiltzer-ye1d rela-
tionship, the usual method of choosing a function is to
use one out of a limited number of' different alternatives
which appear to best fit the experimental observations.
There are gaps in both biological and statistical theory
without which it is impossible to set down compreiiensive

rules on the selection of a function. The best that can

be done lB to use what criteria are available to narrow
down the choice, and the final selectIon may require re-

searcher's judgments. Thgse judgments as to which is best

are not made by highly objective rules or statistical
tests. Such judgnerits rest, instead, primarily upon the
researcher's experience and familiarIty with the nature of

data.
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In addition to statistical techniques, which play
the moat important role in the research of this field,
(a) plotting the functions or 3ub-portion.s thereof on a
graph along with a scatter diagram of the observations,
ar (b) a study of expected biological relationships may
alao be helpful to the choice of a function. Mathematical

knowledge of help in choosing functions includes: Knowl-

edge of the shape various functions take on with different
valuea of the parameters and the knowledge that the ex-
pected ehape of a response function, through moat of the
relevant range, is convex from above



CHAPTER V

SOURCE OF DATA

Introduction

In recent years, field experiments have been design-

ed to produce data to which the newer analytical techniques

can be used, The project which produced the data on which

this thesis i.e based was initiated jointly by the Depart-
ment of Soils and Department ol' Statistics at Oregon Agri

cultural Experiment Station. The field experiments were

designed specifically for the purpose of producing data t

be used in estimating the crop production function for fer-

tilizer and lime uses.

5.2 General Characteristics of Appropriate Experimental
Designs

Experimental designs which yield adequate data $Uit-
able for economic analysts are necessarily more extensive

than many past designs. More information is needed to

fit mathematical functions which represent larger portions

of the fertilizer-yield surface. For functional analysts

it is important that the extreme combinations and rates of
fertilizer be included in the design along with the ob-
aervations close to the expected "practtcal range.

47



When only one factor of production is being thvest

gated, the problem is relatively simple. An experiment

can easily be designed to cover the entire range of re-
sponse including enough rates, properly distributed, to
permit estimation of a continuous function.

Investigation of two or more factors of production
ases the problem a provisions for measuring inter-

n must be made. Before interaction can be measured,

yields must be observed for many more combinations and

rates of fertilization thafl have generally been included
in past fertilization experiments. Multi-variable, in-
complete factorial layouts involving several rates of ap-
plication of each variable are used. It is usually desir-
able to increase the number of rates without using all of
he possible combinations of the rates rather than using

a complete factorial desIgn with fewer rates, This design

technique produces information needed for measuring inter-

action terms while keeping the size of the experiment with-

in reason, This procedure becomes even more important as

he number of variables is increased. Though this proced-

ure yields information about many more points on the
function, less reliability can be attached to yield esti-
mates for a specific point than would be produced by ex-

naive replication of the fertilizer treatment represented
that point.
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A field of high uniformity is enerafly selected.
Generally speaking, the more uniform a field is the more

unique it is and the smaller the range of farm conditions
represented by it. There is a real conflict between the
need for uniformity arid the need for representativeness.

In addition to controls imposed by the soil charac-
teristics1 management practices are used that are both de-
sirable for, and attainable by, the farm operators expected
to use the results. Unless moisture level is included as
a separate variable, it is usually held constant for all
treatments either through irrigation or more commonly by

prevailing weather conditions. Other factors over which

controls can be extended are usually controlled. If con-
trols are impossible but measures can be made, increasing
attempts are being made to incorporate them in the analy-
ala. Such incorporation often requires extensive use of
agronoinic principles and concepts. Other factors over
which neither controls nor measurements can be made are

allowed to vary and are assumed or made to behave random-

ly. It this assumption is met and/or randomization
attempts are successful, the effects cf such variables
can be averaged out by statistical procedures.



5.3 Experimental Derin Used

eld experiments were established in 3.956 on the

Mutherabaugh, Lloyd, Red Soils Experiment Station arid

Hyalop Agronomy Farm locations. These sites were selected

on the basis that they are partially representative of the

soil of the region and that the owners of the farms would

be good cooperators (96, p. 22). This characterization

should provide a means for projecting the research infor-

mation and also give a better basis for understanding the

responses obtained to the various plant nutrients applied,

The original experimental design used in this project

nai.ated of a central composite design with three factors

of lime, potassium arid magnesium. The yield response sur-

face would be approximated by the following quadratic poly-

nomial:

'1 - b0 + b3.x1 + b2x2 b3x3 + l2l2
+ + b22x b33x

where:

the predicted yield for a particular
combination

the predicted yield at the center of
the composite design

50



12 Yields' response to different levels of lime is the
primary interest of this study.

= tb estimated sson coefficIents
describing the linear change in yield
tith rezpeet to e1sncr in applied
lime, magnesium and potassium, respec-
tively.

x, x2, (3 the coded trertrent levels of lIme,
tnesIum and potassium, respectively
the estimated regression coefficients
descrIbing the lime x magnesium lime
x potassium, and magnesium x potas-
iun intercctIonz, resnectively

b , = the estmatcd reesion coefficients22 describing the curvature in the yield
response of lime, ;nesium and potas-
slum.

A three dtmensional model of the composite design used In

the field experiments at the Lloyd and Muthe:sbaugh loca-

tions was shown on (96, p. 31). The general statistical
features of the central composite design have been describ-
ed by Cochran and Ccx (12, p. 32-3k9) and Yahner (96,

p. 102-105).
In order to serve the purpose of this study, actu-

ally the experimental design is considered as an incomplete
randomized block design, with five rates (0, 2, 4, 6, 8
tons per acre) of lime and three replications for both
?4uthersbaugh and Lloyd locations. For Olympic and

Willamette soUs are three rates (0, 3, 6; 0, 2, 4 tons
per acre for Olympic and Willamette, respectively) with
four replications.



The crop being studied in this proJect is alfalfa;
teld values were obtained from an incomplete randomized

block design of the nature indicated in Table I.
The yield data from Red Zeus Experiment and yslop

Agronomy Farm locations are based on potassium rates at

100 and 0 pounds per acre per year, respectively. The

years covered by the yield data n this study are two,
three, tour, and three, for Muthersbauh, Lloyd, Red Soils
and Hyslop Agronomy Farm experiments, reapectvely. The

data of line response and five different methods of soil
teat values for four experiments are given in Table 2;
yield data used in fittirii production function sre the
average value of each respective number of years. It has
been shown tha.t the averae production function would be
the "best single estimate for maximtztng profit over time
if there were no "advance information' as to the type of
response to expect in a part.u.ul3: year-.

13 Cf. W. G. Brown and M. M. Oveson, ?roduetion Functions
from Data Over a Series of Years. Journal at Farm
Economics O:15l-57. May 1958.



PtTX 43
pOWçqQea IUOJJ (pTjTPO)u&wTJadxO T12Sa

'TteqmJo S9flAGe4GA8
øqnq 'oid eutuT1xdxeou()

pEUqOnqzn(ØA
ptppz wo.xjotd euosxdeLxx qaa pue
otdu9tuTxQdXusxdox'I

00
0

00 t
0
5:

0

90

uo



* Woodruff Method
** m.e /100 g Soil m.e. millieqtuvalent)

Table 2.

Lime Response and Eoil Test Values

(4)
Yield (tons/acre)

year
2 3

Location 1: Muthersbaugh (Cascade Soil)

1 0 42 5.9 4.02 2.5 5.6 1.88 3.59
2 0 42 6.1 3.99 2.8 5.7 1.41 2.57
3 0 47 6.4 3.95 2.6 6. 8 0.70 1. 75
I 2. 69 6.5 5,05 1.5 10.3 3.58 4.15
2 2 79 6.6 5.06 1.4 11.8 3.35 3.89
3 2 77 6.6 4.92 1.5 11.2 3.64 3.78
1 4 83 6.6 5.13 1.3 12.3 3.62 4.25
2 4 87 6.6 5.11 1.4 13.5 4.00 4.58
3 4 89 6.7 5.07 1.4 13.6 3.33 4.14
1 6 137 6.9 5.74 0.7 20. 5 3. 92 4.22
2 6 126 6.9 5,56 1.0 17.5 3.88 4.29
3 6 102 6.7 5.34 0.9 15.3 3.82 4,21
1 8 159 6.9 5,89 0.5 23.8 3.29 4.49
2 8 148 6.8 5.84 1.0 21.9 3.52 4.60
3 8 147 6.9 5.87 1.0 22.8 3.29 4.24

Location 2: Lloyd (Cascade Soil)

1 0 31 5,.8 3. 50 2. 8 4. 5 1. 8 1. 95 2. 34
2 0 41 5.9 3. 99 2. 4 6. 0 1. 64 2. 28 2. 38
3 0 28 5.7 3.56 3.0 4.0 2.11 1.64 1.86
1 2. 56 6.2 4. 43 2. 0 8. 3 4. 52 4. 05 4. 05
2. 2 62 62 4.51 2.0 9.0 4.23 4.15 4.15
3 2 68 6.5 4.66 1.9 10.2 4.52 3.98 4.26
1 4 84 6.5 4.87 1.5 13.2 4.04 4.61 4.52
2. 4 76 6.5 4.86 1.6 11.6 4.28 3.91 4.75
3 4 86 6.5 5. 24 1. 3 13. 8 4. 32 3. 70 4. 17
1 6 108 6.8 5. 57 0. 8 16. 8 4. 40 4. 14 4. 61
2 6 103 6.8 5. 61 0. 9 16.4 4. 22 4. 11 4. 33
3 6 118 6.8 5. 47 1. 1 18. 3 4. 64 3. 82 3. 92
1 8 137 7.0 5. 50 0. 5 21. 7 4. 46 4. 39 4. 55
2. 8 108 6.7 5. 50 1. 0 19. 2 4. 46 4. 77 4. 42
3 8 93 6.7 5. 33 1.0 15. 1 4.93 3.82 3.70

Location 3: Red Soils Experiment Station (Olympic Soil)

1 0 35 5.3. 375 3.6 5.0 0 0 2.79 2.32
2 0 32 5.2 3.65 4.5 4.4 0 0 1.57 0
3 0 30 5.2 3.70 5.0 4.3 0 0 1.17 0
4 0 36 5.4 3. 81 4.0 4. 9 0 0.66 2.60 2.37
1 3 56 5 8 4 36 2 5 9 2 2 57 3 87 4.84 4 00
2 3 65 6 1 4 35 2 4 10 0 1 75 3 57 4 49 4 82
3 3 55 5.7 4 28 3.0 9 1 2 90 2. 23 3 7J 3 38
4 3 82 6 1 4 84 1.9 13 1 0 92 4 06 3.91 4.42
1 6 89 6.2 5 00 1 9 14 2 2 16 3 83 4.60 3 87
2 6 183 6.6 5.88 0 8 26 4 1 65 3 94 4 23 4.45
3 6 86 6.4 5 34 1 5 13 1 2 8 3 71 4.28 4 33
4 6 105 6.5 5.47 1.5 17.5 2.07 4.17 4.60 4.86

Location 4: Hyslop Experimental Farm (Willan-iette Soil)

1 0 54 5.5 3.80 3.9 9.0 2.92 3.73 4.96
2 0 56 5. 5 3. 74 3. 5 9. 8 4. 07 4. 69 6. 94
3 0 51 5.4 3.70 3.5 8.4 2.16 3.12 4.74
4 0 49 5.5 3.73 3.s 8.0 3.07 3.67 5.54
1 2. 67 57 394 30 104 444 472 623
2 2 67 5 9 4 07 2 5 11 0 61 4 81 6 76
3 2 58 57 405 23 10 430 467 647
4 2 64 6.1 4.21 2.4 11.8 4.69 5.26 6.70
1 4 70 61 433 19 123 604 4.9 716
2 4 77 6. 2. 4. 57 1. 5 12. 7 5. 38 4. 89 6. 77
3 4 66 5.9 4.24 2.5 11.7 4.95 4.98 7.09
4 4 65 6. 0 4. 22 2. 5 11. 5 4. 87 5. 57 6. 66

(1) (2) (3) Soil Tests
Repli- Lime (a) (b) (c) (d) (e)
cation Rate To Base pH Su- pH - 1/2 p Lime Re- Ca + Mg

Saturation pension (Ca + Mg) quirernent* **



CHAPTER VI

METHODS OF ANALYSIS

6,i Concept of Scientific Research

It is the generally recognized purpose of scientific

research procedure to establish and verify relationships

that are universal to some popuiatior?4. When relatth

various phenomena tn the real world, such as fertilizer-

crop yield relationship, two dimensions of such relation-

ships are subject to variance. First, the relationships

may vary in the reliability of empirical estimates which

can be derived or established for them, i.e., variance in

the reliability dimension. Second, the size of the popu-

lation to which such derived relationships are universal

may vary considerably, i.e., variance in the application

dimension. One would not expect, for instance, to estab-

lish relationships between plant nutrients and crop yields

as accurate or as general as those established between the

volume and pressure of gas, such as Boyle's law. However,

if we believe that logical, systematic, and describable

relationships exist between plant nutrient and crop yields,

55

111 Moat of these relationships are probability statements
about relationships. Thus, the universality referred
to here does not imply absoluteness of the relationship
specified, but rather implies universal applicability
to some population of the deductions and inferences
made.
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researchers must postulate the structure of these rela-
tionships and obtain empirical estimates of the relation-
ships. In doing so, an optimum level of accuracy in
estimates can be defined by equating the cost of obtaining

accuracy with its value.
Failure to structure and quantify relationships

systematically, when such action is possible, is likely
to result in failure to make the best use of scientific
procedure in developing a body of information useful to
researchers worktng on this and related problems of soil
fertility and/or farm management.

6.2 The Meaning of Econometrics

From the above discussion of scientific research, it
readily seen that there is a need for concrete formula-
ii and measurement in economics and for more intensive

tistical research, econometrics attempts to realize a
mutual influence of these two branches of science on each

other. Econometrics is not what is commonly known as math-

ematical economics15, although the mathematical formulation

of properties from economics is also essential to

15 Mathematical economics formulates economic theory in
mathematical terms and uses the methods of mathematics
to derive economic relationships from certain basic
assumptions or axioms, e.g., from certain ideas about
maximization. In detail, of. Tintner (8k, p. 14),
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conometrics, whether theoretical or empirical economet-
rics or a ecmbination of both types. It is not easy to
develop an elegant definition of econometrics in a single
sentence ox' paragraph. It seems to me, Tinbergen (83,

p. 10) gives the most satisfactory definition of Econo-

metrics," in which he states that Econometrics is "statis
tical observation of theoretically founded concepts, or

alternatively-, "mathematical economics working with

measured data."

6,3 The Role of The y

Basically, a theory contains three sets of elements:
data which play the role of parameters and are as-

autned to be given from outside the analytical framework;

variables, the magnitudes of which are determined

within the theory; and, (a) behavicr assumptions or postu-
latee which define the set of operations by which the
values of the variables are determined.

From these elements it becomes easier to comprehend

the function of theory. Explanation and prediction are
the two important goals of economics as well as most other
sciences. Both theoretical analyses and empirical investi-
gations are necessary for the achievement of these goals.
The two are usually inextricably intertwined in concrete
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examples of research; yet there is a real distinction be-
tween them. Theories employ abstract deductive reasoning

whereby conclusions are drawn from sets of initial assump-

tiona. Purely empirical studies are inductive in nature.
The two approaches are complementary, since theories pro-

vide guides for empirical studies and empirical studies
provide tests of the assumptions and conclusions of theo-

ries. Rowever, the conclusions of a theoretical argument

are always of a "what-would-happen-if" nature.

6i The Role of Econometrics in Agricultural Economics
Research

The discussion of econometric methodology is often

ocused on two issues: (A) the role of economtc theory

in econometric inquiry, and (B) the treatment to be accord-

ed to disturbances or residuals. The attitudes of econo-
metricians toward economic theory may range widely, from

one extreme of adopting a wholly dependent position by

defining the task of econometrics as mere passive quanti-
fication of the abstract schemes provided by the economic

theorist, to the opposite extreme of completely disregard-
ing existing economic theory.

The disturbance may be viewed as: (i) attaching it-

self to one variable of the set of variables considered by
the investigator--the aggregative effect on the selected
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variable or a host of minor variables not individually

considered in the arLalysis; (2) being present in each vari-

able or most variables in the set--error of measurement;

(3) a combination of (i) and (2); (L) attaching itself to

the equations of the iodel with which the ecoriometrician
is operating, but gericrated by the neglect of many minor

influences; (5) a combination of (2) and (L) (57, p. 131-

132).

However, from the role of theory stated in the pre-
ceding section, it is Gpprently seen that the purely

theoretical approach to econometrics may be envisioned as

the development of that body of knowledge which tells us

how to go about measuring economic relations. Th1 theory

is often developed on a fairly abstract or general basis,

so that the results may be applied to any one of a variety

of concrete problems that ay arIse. The empirical work

In econometrics deals with actual data and sets out to

make numerical estimates of economic relationships. The

empirical procedures are direct applications of the methods

of theoretical econometrics.

By virtue of the foregoing discussion, we may now

proceed to a more explicit statement of the role of the

model in econometric research.

(A) Econometric models and the underlying economic

theory indIcate significant interrelationships among



ation differs from the optimum,

--in cases where it is possible
search so as to answer specific
Econometric models indicate the

native means or programs. This

tive role of econometric odels

moat significant conti2ibution to the study of policy.
Generally, an ecoiioietrictan's job is to expre

economic theories in iatheiatcal terms in order to verity
them by statistical methods, and to reasure the 1ipact of
one economic variable on another so as to be able to pre-
dict future events or advise that econoiic policy should
be followed when such such s result is desired. This
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economic variables in the real world. Such knowledge 18

necessary in understanding the way the economy actually
functions. In this context econometric models add to our
theoretical insights about the economy. (B) The model

constitutes a well-defined statement of our economic
hypothesis or hypotheses and enables us to state, and to
employ, sU of our ri information on the problem at
band. (C) The use of an econometric model renders explicit
the assumptions on the basis of which the investigation
proceeds. (D) Econometric models are of assistance in de-
termining or verifying the reasons why a particular situ-

arid also make it possible
at all--to orient our re-
questions of policy. (E)

probable effects of alter-
is the essentially predic-
which may represent their
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deacribes econometric methodology serving eatination, yen-
ticatton and prediction, three major functions.

Econometric models have only recently been explicitly
introduced into agricultural economies rearch. Such

models may well represent a eonsiderabe itep forward,
providing us with new and iore exact knowledge of the
basic economic characteristics of agriculture and its re-
lations with the rest of the economy,

In general, it ay be said that there are three types
of baste relationships that describe the economIc struc-

ture of an economy.. These structural relationships de-
scribe: (a) human behavior, such as eotmut;ers demand;

(b) technological conditions, such as production funetion I

and (c) institutional arrarents, such as tax systems
and debt policies. Ali eeorocetric model delineates the
economic structure as it has existed in some past histori-
cal period. A policy that ch.aries structure itplies that
a new set of structural relationships are requircu to
describe the future. Consequently, new and improved knowl-

edge of the econoriiic structure will help greatly in formu-
lating the most appropriate policy. But econometric models
cannot be used to deteriine directly the effect of the
policy. In the case of any policy, certain Judgments with
respect to ends and optiui; conditions, normative elements,



and inatitutionaL limitations must be made. In the case

of policiea that result in a break in structure, quali-
tative Judgments not statiticaUy verifiable are required.

6.5 Concept of Furictiona

Crop production i co;plex procez Lnvolving a

great many variables other than fertllLer ruti&nti. An

early concept of a production function i. indeated in
Liebig's 'Law of the ML!u which has had ouch influence

On the thinking in apronoi.iy perhaps in ajr1(u1tural
economics. Aronoiet ye iypothesiz2d the t plant nu-

trienta and crop yLel functIonally lated. These

functional relations Liowever, have not, been readily

identified nor easily isolated. The cinplexity of these

Te 1 at

functional relationships can reedil

ionahtps

be eertaIned by

yieldsexamining the total p ctio f cion for cr
of which the plant nutrient-crop yield relationship is
only a subfunction0

The yield of a particular crop (Y) in a iVCCj. time

period (t) is considered as a function of a number of fac-
tars. Some of the factors are: (A) the inherent ability
of the plant, (B) tha eliatIc fctors or those which act
upon the plant throu'h the aLnozphere, (C) the edaphic
factors or those operatiu through the sOIi nd (D) the

biotic factors or th:. iaultIn fro: the asociati
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3.6 The nature of ted
cussed by William

cal complementarlty has been dis
Brown (9, p.

63

ith other plants or animals. Since these groups of fac-
a are eomplementaryl6, the influence of one group on

yield will depend upon the level at which the other groups

exist. Furthermore, this general relationship may be
specified below:

genetics, energy, nutrients)

It can readily be verified from experience that num-

erous components of the three categories affecting yields
are interdependent or interact with each other. For in-
stance, the growth characteristics of a plant (classified
as genetic) affect the exposure of the plant to sunlight
(energy) and tts ability to contact and utilize moisture

and plant food (nutrients). There are an infinite number
of ways in which components of these growth factor groups

can be combined to produce varying quantities of product.

However, there has been quite a difference of opinion
among agronomists as to which factors influence yields and
to what extent their influences may be exerted.

The over-all function is far too complex and exten-
elve to be dealt with and must be reduced to manageable
sub-functions. This sub-function involved in producin



one crop may be written in the form:

Yield - f (plant nutrient, air, moisture, soil
properties, temperature, x ...

where (X .,. X) represents all other growth factors,
The complexity of even this function exceeds our present
mental and computational capacities. Therefore, in order
to be able to obtain useful measures of the effects of
varying quantities of lime, or the three primary plant
nutrients, it is necessary to fix the non-studied growth

factors at specific conditions or levels.

Yield of alfalfa

symbolic

lime J initial plant nutrients,
temperature, moisture, Xx)

6k

Y - f(X1 I X, , X4, .,., X

This more specific function states that the yield of al-
falfa is dependent upon lime which is a studied variable,
with non-studied variables; initial plant nutrlents, tem-

perature, moisture arid all other growth factors fixed at
specific conditions and levels.

?uz'thermore, if all factors that affect crop yields
cannot be isolated and specified, we say,

Y-g(X1 x2, u



in which "u" is an error term representing an influence on

yields of the uncontrolled and unstudied variables present

or the unexplained variance of (observed yield) from (pre-

ducted yield), The causes of the u's, and hence the u's

themselves, are assumed to be randomly and normally inde-

pendently distributed with respect to the studied variables

(in this case x1). If these assumptions17 are met, the

effect of these uncontrolled and unstudied variables can

be "averaged out" with statistical proceduresl8.

The specification of the functional relationship be-

tween plant nutrients and crop yields is commonly called
a production function. As stated before, Justus Van

Liebig's Law of the Minimum" was an early attempt to

pecity the form of fertilizer production functions, This

formulation postulated that crop yields increased in di-

rect proportion to additions of the nutrient that limited

plant growth. Thus, other production factors were assumed

to be perfect complements of the limiting factor19. This

formulation of the fertilizer-crop yield production func-

tion baa been rejected because researchers have observed

17 ct. Sections 6.7 and 6,8,

18 The expected value (or mean) of "u" is zero.

19 Cf. Liebig'a 'Law of the Minimum" in Chapter IV,
Review of Literature.
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(A) production factors are not perfect complements,

i.e., a given crop yield may be produced with varytng
quantities and combinattons of applied N, P205, K20, lime,

water, etc., provided some minimum quantity of each neces-

sary to produce that crop yield is available, and () ad-
itional inputs of a factor that limits crop yields do not

typically result in linear additions to crop yields;
rather, they result in diminishing additions to crop
yields for a time, and eventually further additions of
the factor cause an actual decrease In total yield20.

6.6 ChoosIng Appropriate Production Function Formulations

Although there are numerous types of mathematical

functions which might express the functional relationship
between yields and fertilizer applications, none has been
accepted as "best"21. Thus, the problem becomes one of

choosing a function that is in some Way best or better
than other8 for the purpose of eharacterisinw the data pro-
duced In a fertilizer experiment22. There are, however)

20 Cf. "The Xw of Diminishing Returns" (77).
21 Adequate discussion of these various functions has been

stated in Chapter IV, Review of Literature.
22 This discussion is limited, generally to the continuous

function analysis which at this time appears to be the
most promising. An approach involving experimentation
at discrete points with use of linear programming tech-
niques may be of eventual value. A serious limitation



several crtteria that aivat be tiafied by a erticular
function if they are to provide a realiitc f:lction of
the input-output relationships between fertilicr inputs
and crop outputs. The fnotio aho:ld be c.;bl of re-
fleeting successively the following yicld respo-s to
added inputs of plant nutrient;: (A) yiel!a ceas1ng
at a diminishing rate and total yields
In addition, if inta'action between plant nut:ients :L ex-
pected, the formulai;iou '.....ii 1uatI viri
ables to cpecify t1is interction24,

Final selection of the proper functional form can be
facilitated by stat1sticl reesuros of the oodncss of fit
of the various functions to the observed data. These tests
are essentially of two types: (A) coefficients of multiple
correlation and multiple determinatjn ox' other meazx'es

of this method appears to be the inability to deter-
mine accurately the yield at these discrete points.Cf. (35).

23 Hutton (41, p. i,) aets down twu enaral criteria forselecting a function.
24 Such interaction ay be incorpox'ate into the function-al relationship in several ways. In a sense, it is

automatically incluod in a roduction fvction of
product form such as an exponential. The point of im-portance is that it ba included so that rtial deriv-atives of yield with respect to indiv±dual plantnutrients will reflect the level at which other inter-acting nutrients are cons±dered,
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that compare the amount of variance explained by regres-

sion with the total amount present in the yield data, and
(B) standard errors of the parameters and of the predtc-
tion equation, These measures provide not only a measure

of reliability of these statistics, but also some insight
as to the reliability of derivatives of the functions
which are necessary in estimating optimum and maximum

quantittea of plant nutrient inputs. These objective
tests may be supplemented by the researchers examination

of the magnitude and distribution of residuals of observed
from predicted yield values, and his general familiarity
with the data,

Some statisticians would contend that statis
estimating procedures are improperly used. when the statis-
tics derived are used to compare two or more functions in
order to choose the best alternative. They would argue

that the proper functional form should b established a
priori to the fitting by utilizing theory, logic, and ex-
perience, and the statistical estimation should be used
only to estimate the parameters of the equation of proper
form.

If the theory of fertilizer input-output relations
were sufficiently developed so that the proper function-
al form of the production function could be deduced,



25 On the mathematical foundations of theoretical ata-
tistio&' Philosophical Transactions of the Royal
Society of London. 222:309, 1922,
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statistical estimation of the production function would be

greatly simplified. The statistical task would then be
that of estimatinc, parameters for the variables in the
functioa1 relationship and obtaining reliability measures
for these parameters. However, lacking a precise theory
as to the proper functional form, chooain one specIfic
function from the array of possibilities becones a major
problem. The "true relationships" are complicated by a
multiplicity of factors of a chemical, physical and bio-
logical nature, whose influence on production are as yet
very poorly understood. Presently such choIces are nde
largely on a trial an error basis with exoerlerzce, judg-
ment, insight, and familiarity with other results leadin,g
to decisions as to the most appropriate func *

The conclusive test of whether or not a particular
production function formulation is appropriate is its
predictive ability over time.

6.7 The Equivalence of Maximum-Likelihood and Least-
Squares Estimates of Regression Coefficients

The maximum-likelihood method of estimation was in-

troduced by R. A. Fisher in 1922.25 The principle of
maximum..ljljhood essentially assumes that the sample is



26 - + fi X where u is the error term, a sub-
script t serves to indtate the various values of' the
error term.
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representative of the population, and the method of least-
squares bear's an analogy to mthimum)(2. However, the max-

imum-likelihood method leads to least-squares estimates

only when a normal universe is assumed and this assumption

will be implicit in all that follows. In order to be able

to show easily how a stochastic specification and an eati-
mating criterion lead to a specific estimate of a para-

meter rather than to some other estimate, Valavarits (85,
p. 9-17) gives the six simplifying assumptions about the

error term. These assumptions are: (A) 26 is a random

real variable, (B) Ut, for every t, has zero expected

value, (C) the variance of Ut 1 constant over time, (D)

the error term is normally distributed, (E) the random

terms of different time periods are independent, (F) the

error is not correlated with any predetermined variable,

thematioal statement of these six assumptions has been

shown on (85, p. 17-18). In addition to these main assump-

tions, it is pointed out that the random term1 u, appears

in a stochastic model, such as shown in footnote, as an

"additive't term. This fact rules out interaction effects



between u and X. However, these six assumptions are 
sufficient but not necessary conditions for least squares. 

It all these six assumptions are satisfied, the least- 
squares method of estimating and , in the form of 

7 - + X + U, yields maximum likelihood, unbiased, 
consistent, efficient, and sufficient estimates of the 
parameters. This result can be generalized in a variety 

of conditions. Por example, the generalization can be 

applied to a model of the form, 

) 

where Y is the endogenous variable and the X'S are 
exogenous variables. Least squares yields maximum like- 

lihood, unbiased (biased if some of the X's are lagged 

values of y), consistent, sufficient, but inefficient 
estimates if the variance of Ut is not constant but varies 

systematically, either with time or with the magnitude of 
the exogenous variables. Such systematic variation of its 

variance makes "u" heteroskedastic. The maximum likeli- 
hood method is the most fully worked out estimation pro- 

ceduz'e for linear models, for it wil give at least con- 
aistent estimates of identifiable structural parameters 

+ u( 

27 Absence of interaction effects means that, no matter 
what the level of plant nutrient X may be, a random 
term of a given magnitude always has the same effect 

on yield 1. Its impact does not depend on the level 
of plant nutrient. 
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(and asymptotically efficient estimates if the disturb-
ancea are indeed normal)3 which will yield estimates where

indirect least-squares methods will not, and which 18 flex-
ible in terms of the amount of a priorl information that
it presupposes or utilizes. More advanced theory between

maximum-likelihood method and least-squares estimates has

been discussed by Koopmaris and Hood (37, p. 112-196).

6.8 The Ximum-Likelihood Method of Estimation

Zn this section, attention is focused on the approach
followed in maximum-likelihood estimation of the parameters
of econometric models which proceeds a follows: (A) Re-
gard the random disturbances in an equation system as fol-
lowing a joint normal distribution with zero means and

unknown but constant variances and covarlances. (B) The

structural equations serve as transformation functions,
allowing one to express the endogenous variables in terms
of the disturbances and the predetermined variables,
(C) Using this set of transformation equations, we derive
the Joint distribution of the endogenous variables, and
this dXatributjon will depend on the structural parameters
of the model, (B) Then form the likelihood function from

28 Endoenoue and exogenous variables have been discussed
in detail by Koopmans (54, p. 393-409).



the joint probability distribution of the endogenous van.

ablea and maximize the likelihood with respect to the un-
known parameters. The set of maximizing equation enables

us, under some restrictions, to solve for the estimated
parameters in terms of sample observations,

Due to the complications of mathematical derivations

and manipulations, let us apply the maximum ltkelihood

estimating teohnique only to the main production function,
y P(x), problem. Let us consider x and y as the bivari-

ate normal distribution, and the problem of interest is to
estimate the following five parameters: c ,

, and Where are true means arid
are standard errors for x arid y, respectively, and is

the correlation between and

This bivartate normal form is

J. exp
2T (a 2(1

t0(x -°) ( _fl
+ :112J dxdy

It will be found that the partial differential coefficient
of log L yield, on solution, the estimators

' fi' I,
(cc = L(z-f), -
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so that
variance

ing perame'

To evaluate the sampling varianc

we have to evaluate the following type of integrals:

detormi

/

Q( /-/'1)

or simultaneous estimation the sample means,

0

ovariances are estimates of the correspond-

(/0 in tha
t in the form of

0

0

/ 1oi

\ oj

0

arid covariances

order and find the Hessian's

0

/0

711

The preceding integrals wi give us the functions of
moments in ditferent orders. If we take the parameters

log
)

29

/ 0



shown in appendix 1.
29 The necessary information for the evaluation of these

integrals
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This cor a what we know already) that the distribution
of means is independent of variances and covarlarices, We

may conaider the 2 X 2 block in the top left-hand corner
and the 3 X 3 block in the bottom right-hand corner separ-
ately. If the determinants of these blocks are

L, and L2 , we have

1

4



The minors will be found to be given by

0

Hence we find

These results are unbiased estimates which are already

cça-(/- 4)

&J0.

it 9
V(0) ,L

1?

0

0
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cQ(

*10 0
;3J (i-

-

0 C

Hence the correlation between a; ,and a; (0 , and

that between and , or , is

)

familiar. have further:
coy ( ci::, ç)
CoV (9, f)cov(,cr) /°



6.9 Produetton Functions Used in This Analysis

As mentioned earlier, the yield response to the plant

nutrients for a specific soil type and a particular local-

ity should be predicted more accurately by incorporating

soil test measurements into the fertilizer-yield production

functions30. The problems involved in this analysis can

be treated as a two-stage experiment: one, it is

assumed that the amount of the total nutrient available in

the soil is some linear function of the initial nutrients

in the soil and the amount of nutrient added artificially.

It can be written ratherriatically.

Xma+bLcWe
where X total nutrient available in the soil

L - lime added artificially

W - initial nutrient in the soil

a, b, c parameters

e - a random disturbance.
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30 Actually, appreciable additional precision can be ob-
tained by introducing the soil test values, X, only
when X contains much information ifl regard to Y not
already available in L and We Statistical theory
behind this problem has been discussed by Cox (15,
p. 174).
Spiliman (76, p. 3.6) expressed the amount of a plant
food element available in the soil nithout any
fertilizer application in the fol1owin form

lo, M - 10 A



Parameters for the variables are estimated by least-squares
method. The nature of this equation reflects the general
linear relationship between total nutrient and initial-
added nutrients. This model becomes inefficient if the
nature of experimental data shows the insignificance of the
a-value or more variation. In other words, the effects of
some unmeasured factors, such as plant nutrient from air32,
the effects of chemical nature on soil test, etc., may be
insignificant under the experimental conditions. In this

case, it will be more efficient if we consider the a-value
to be equal to zero. Furthermore, for some conditions and

studies33, it may be necessary to force a C and b = 1,

However, the selection of these three possible equations:

Xa+bL+cW+e1
when a 0:

XbL+cW+e2
when a - 0, b 1:

X-L+cW+e3
depends upon the compatibility of the experimental data

and underlying assumptions.

32 The amount of plant nutrients from ar are excluded
from soi3, test measurements. The total nutrient
values obtained from the soil test will show some
deviations from actual nutrients available to plant.

33 Hildreth (, p. 179-186) uses the "Concentrated like-
lihood function" method for the estimation of.
(Rate of substitution between initial and added



wher'

Y yield
X - total nutrient in the soil
u - uncorrelated random quantities with

zero mean and constant variance

- parameter's

The problem of interest is to determine the regression
of Y on g (L, W). It is reasonable to assume from general
knowledge that L, W may affect X but that L, W can only

affect 7 through the value of X. After the total nutrient

Y

nutrients) when soil teat values are not available.
Due to the complex procedures of estimation and re-
strictions on some parameters, he forces a = 0 and
b 1,

314 The third model showed a very poor fit to the ex-
perimental data tsc. in t1'is stua. Fir2t equation
indicated an insignificant improvement of fit by
including the fla" term.
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It was found that the second model,3 X bL + ow,

save the best fit to the experimental data hi this analy-
ala, Stae two, in order to incorporate the soil test
measurement into the crop response function and then to

determine economic optimum in lime use, the regular quad-

ratic (or parabola) form which characterizes these two
features is selected for this analysts



Which might be writter

(L i
Maximum-likelihood or least-squa iehod?-' can be

used to estimate the parameters in the last equation ex-
cept that there are restrictions on some of the parameters:

C

Pa J1 -

An alternative approach can be made to this problem.
The supplementary equation, X f(L, w), and the produc-
tion function, Y P(x), are each fitted separately. Then

the supplementary equation can be substituted into the
math production function to give Y g(L, w). This ap-
proach provides a check against the previous method of
estimation and its underlying restrictIons. There is some
inflexibility i.n selecting appropriate variables if some
variables should be excluded from the production function,
y - g(t, w). For instance, the ranE;es of soil test values

35 Both methods will coincide if "u" is normal. Cf.Section 6..

linear equation is eatiyiated In o and then substi
tuted into the above production function, It becomes



are so narrow that the correlation between W and W' is
extremely high, which causes much difficulty in the in-
version of the matrix and introduces a great deal of
variation into the function if the term is included
in the model. On the other hand, the exclusion of w2
term makes it difficult to interpret the biological mean-
ing and explain the restrictions on the parameters.

610 Determining Economic Optima

6.io.i Sthgle-Variab].e Case: The coal in develop-
ing an appropriate function is to be able to make more
efficient recommendations for the economic use of ferti-
lizer. With the production relationship expressed math-
ematically the rates of fertilizer application which
maximize profits are easily detertnined.

To determine an optimum application, the price per
unit of the fertilizer (input), and the price per unit
of the crop grown (output), and the marginal product of
fertilizer in production of the crop (i.e., the partial
derivative of yield with respect to the fertilizer
nutrient involved) are needed.

For a single nutrient or single combination of
nutrients, the optimum rate is attained arid profits are
maximized when the cost of adding another unit of the
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nutrient or nutrient combination is Just equal to the
return derived from Its use. This can be defined as the
application fox' which the marginal value product of the

input ( . P) equals the cost of using another unit of
the input (usually the input price), provided the iargin-

a). value product is diminishing (I.e., that. the second
derivative of the production be neative at this point.)
The optimal point can also be stated as bei the output
where a rising marginal cost per unit of product equals
marginal revenue (product price).

The optimal application then Is the rate of applIca-
tion where the margInal phsical product, multiplied by
the price, is equal to the cost of adding more lime,

MPPT)

or

Since the marginal physical product is dternined
from the derived yield equation, as the derivative, the
optimal condition can be written as:

Substituting appropriate prices for lime and alfalfa-
ay and solving for L determines the most profitable amount



of the nutrient to apply. It may be pointed out that
maximum yields would result whe'e the MP? is equal to
zero.

6.10,2 Mu1ti-ariab1e ae: To det mth the opti-
mal fertilization prorarn when more than o iiput i&

being used involves the simultaneous Qetermintjon of
the most profitable amounts of this combination to use.
These ijitjon are determined when the ratio of the
marginal value product of each nutrient to it coat is
the same for afl nutrients and eaual to one, under perfect
competition, az homoeneouz proc.uct with an unlimited
capital condition. Under capital restrictions these
ratie are based on an opportunity cost, which is the
return that could be made on the investment if used
elsewhere in the business.

For a threenutr&ent case with interaction, these
relationships can be made operational by sett1n the
marginal ph&ical produet;o, or partial de.iv t , for
each nutrient equal to their price ratios and solving
the three equations airiiultanoousiy for the quantities
of the three nutr'ierzt3 to apply for iaximu profits, The

mathematical details are shown as follows.



deacribea the relation of yield to the three plant nutri-

ent5 X1, X2, X3.

Taking the partial derivatives of the three nutrients

with reapect to yield gives:

b1 + 2b2X1 + b7X2 + b8

=b +2bX3

+ 2b6X3 b8X

Setting each partial derivative equal to zero and solving

the three equations simultaneously gives the combination

ot plsnt'nutrjenta that will produce the maximum crop

yield, To obtain the economically optimal combination of

plant nutrients, the prices of plant nutrients, Px1, where

i - 1, 2, 3, and the product price, Py, need to be con-

sidered. These are considered in the profit equation in

which 7T indicatea profit, which follows:

YPy - X1Px1 - X2Px2 - X3Px3 - PC

8



b1 + 2b2X

2b4X2

+ 2b6X3

7X

b8X1

Px1

Py

Py

P

Py
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This equation sets profit equal to the value of the pro-
duct less the cost of the plant nutrients less fixed costs.
When utIlizing unlimited resource3, the high-profit corn-
binstion of plant nutrient occurs when the marginal value
product of each nutrient, which is the value of the pro-
duct produced by an additional unit of the nutrient input,
Is just equal to the cost of the nutrient input, i.e.,

This OCCUrS where Y PxI

Dividing by P gives Y Px1

Py
ubish is the equational form of the partial derivatives
that can be used readily in eolvthg for high-profit plant
nutrient inputs. Utilizing the partial derivatives of
the previous examples gives:
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Solving these three equations simultaneously gives

the optimal combination of plant nutrients for a given

set of product and plant nutrient prices. A second order

condition is necessary to insure that the comb±nation of
nutrients is indeed an optimal one, i.e., one that raxi-

mizea profits, The second partial derivatives of yield

with respect to the various nutrients, X, considered

singly and in aU possible combinations, must be negative
indicating that the marginal value productivity of eseb

of the nutrients was decreasing at the point of optimal

oombinitjo. Attainment of these second order physical

conditions are assured by the law of diminishing returns.

In order to assure that these relationships are true in

the value dimsnaion as well, we assume the P x1 are con

tanta as in P y.



CHAPTER VII

FUNCTIONAL ANALYSIS OF EXPERDUNTAL RBSULTS

7.1 Results of Function Fitting

Aa mentioned in the precediri chapter, the ranges of

soil teat values are so narrow that the term has to be

excluded from the model Y = F(L, w). DiffiCUlty of in-

verting the matrix which results from the nature of the

experimental data also discourages the use of the first

approach. The alternative approach which is used in this

analysis satisfactorily approximates the experimental

data. The coefficients and H2 values for the supplemeri-

tary equation and the main production function in the four

locations with the five different soil tests are given in

Tab3..s 3 az k respectively.

7.2 Selection of the 1Best Functions

Attez' fitting these two equations, X f(L, w) and

- F(X), to a number of sets of the experimental data,
the choice of functions that most accurately represent
the ezieting relationship between: (A) total nutrient and
initialadded nutrients, (B) total nutrient and yield,
Ma to be made. As previously noted, there are no purely
"objective" criteria f or making this selection. Reliance
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(3) *Olympic
b c 1t b

(4) *Wiiamette
C R2

* Muthersbaugh (Cascade Soil), Lloyd (Cascade Soil), Red Soils Experiment Station
(Olympic Soil), Hysiop Experimental Farm (Willamette Soil).

** Indicates the sign for the coefficient is contrary to logical expectations.

% Base
Saturation

pH of
Suspension
pH- 1/ Zp(Ca+Mg)

13.7981

1.3365
0.2828

0.8925

-0.0804

0.9891

0.9138

0.6502

0.9974

4.2354

0. 1436

0. 1496

1. 0200

1. 0054

1. 0021

0. 9983

0. 9996

0. 9993
Lime Requirement
(Woodruff Method) -0.4559 0.9465 0.9670 - 0. 3728 0.9701 0. 9867

Ca + Mg
m. e. /100 g. Soil 2.2336 0.9137 0.9376 0.8349 1.0133 0.9961

Table 3: X=bL4+cW

(1)
Muthersbaugh*

b c It2 b

(2)
Lloyd*

C

% Base
Saturation

pH of
13.2229 0,9724 0.9909 10.8835 1.0580

Suspension 0.0895 1.0180 0.9989 0,1256 1.0234
pH- 1/Zp(Ca+Mg) 0.2147 1.0662 0.9984 0.2324 1.0585
Lime Requirement
(Woodruff Method) -0.2094 0.8619 0.9661 -0.2323 0.9136

Ca 4 Mg
m. e. /100 g. Soil 2.0164 0.9892 0.9900 1.8604 1.0229

R2

0. 9759

0. 9992
0. 9955

0. 9674

0.9816



'0
-1. 1319

% Base
Saturation

pH of
Suspension
pH - 1/Zp

(Ca + Mg) 23. 1850
Lime Requirement
(Woodruff Method) 3. 5070

Ca + Mg
m.e./lOOg. Soil -0.5902

% Base
Saturation

pH of
Suspension
pH - l/Zp
(Ca + Mg)
Lime Requirement
(Woodruff Method)

Ca+ Mg
m.e./lOOg. Soil

Table 4 Y + (31X+ 2x2

ebaugh (2) LI
/3 f2 9 R

1 iz i-'o r'z

7.3027

810
-1.7923

-11.6788

-37.2680

3. 5842

4.5564

* Muthersbaugh (Cascade Soil), Lloyd (Cascade Soil), Red Soils Fxperiment Station (Olympic Soil),
Hyslop Experimental Farm (Wilamette Soil).

** indicates the sign for the coefficient is contrary to logical expectations.

0.0917 -0.0004 0.9880 .0.3426 0.0937 -0.0004 & 9920
** **

-3.2915 0.4124 0.9872 -126.3076 39.1612 -2.9347 0.9766

9.8797 -0.8959 0,9947 -20.1071 9.3716 -0.8964 0.9929

1.1634 -0.6572 0.9928 3.5812 1,5787 -0.7444 0.9916

0.5444 -0.0153 0.9875 0.0542 0.5496 -0.0169 0.9907
*(3) Olymp (4) Willamette*

/3(2 0 l 2

0.1002 -0.0004 0.9675 -154137 0.5869 -0.0041 0.9954
**

2.4430 0.0001 0.9587 -18.5366 5.6183 -0.2660 0.9884

16.0820 -1.5634 0.9974 -70.5740 34.8240 -3.9691 0.9802

0. 4968 -0. 2516 0.9837 4. 3138 1.6379 -0. 4638 0. 9928

0.6309 -0.0168 0.9753 -8.9819 2.2396 -0.0845 0.9976



must tead, be put on rather indirect and subjective
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measures of "goodness of fit." Anong these are such sta-
ttetios as the coefficient of multiple correlation,
magnitudes of residual variance quantities not associated
with the regression, logical expectations, and knowledge
of the technical relationship Inherent In the data. Such

measures usually help to isolate that function which is
"more reasonable" than the others. The basic statistics
relating to these two models fitted in the study are
given in Tables 3 and i4 The large variances inherent
in the data are evidenced by the low coefficients of
multiple determination (n2) which denote the proportions
of the total variance "explained by" or associated with
the changes in the dependent variables. Difficulty in
determining the "best fit" arises from conflict between
each pair of R2'-values. For Instance, on Mutherabaugh

experiment with "pH - - p(Ca + mg)" soil test has shown

that both R12 : X = f(L, w), and H22 : y = F(x) are more

superior than the other four methods of soil tests. Let

us examine Lloyd location, the highest R1-value is "pH
of Suspension," but "pH - p(ca + mg)" has the highest
R2-value. the Willamette farm an even more complex

situation occurs. Since there is still no theoretical
basis for weighting H1 and Ft2 values, therefozie, the com-

puted sum of squared deviations from predicted is neceg-



This function is obtained from substituting (a) into
(b), and expressing the yield in terms of lime and
initial nutrient thatead of total nutrient.
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further test for determining the "beat fit,"
From the authors experience, B12 has more influence on
the magnitude of the resIdual variance quantity, After

careful examination, the 1o11owin four functions are
considered the "best fit" on the different four experi-
menta:

(1) Muthersbaugh experiment; "pH -p(Ca +

soil test is considered as the "best" method to measure
the relationship between plant nutrient and yield re-
sponse. The estimated supplementary equation and main

production function are shown below:

) Supplementary

X 0,2147 L + 1.0662 W

(b) Production function (I)
Y - 23. 1854 + 9.8797 X - 0.8959 X2

(c) Production function (11)36

Y - 23.1854 + 2.1216 L + 10.5337 W
- 0.0413 L2 1.0184 W2 - 0,4102 LW

procedure i used to derive these three equations
for the other three experiments.

(2) Lloyd experiment; from ues, "pH of Sua-

pension" and "pH - p(Ca + mg), two soil tests are
selected for further test. After two computed sums
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squared deviations from predicted37 were calculated, in

aregate, the "pH of Suspensionu has smaller variance

is considered for the 'best fit" in this experiment.

The estimated functiona are given as follows:

) Supplementary

X 0,1256 L + 1.0235 W

(b) Production function (I)

Y - 126.3076 + 39.1614 X - 2.9347 x2

(c) Production function (II)

Y - 126.3076 + 4.9204 L 40.0805 w

- 0.0464 L2 - 30741 W2 - 0.7548 L

(3) Olympic experiment: In this experiment, the "pH

of Suspension" has the signs for the coefficients contrary

to logical expectations. On the other hand, the "pH -

(ca + mg)" arid the "Lime Requirement (Woodruff method)"

were chosen for the preliminary comparison. After further

test was made, the "pH - p(Ca + mg)" method has shown

much better' fit38 in this location. The estimated equations

are shown below:

(a) supplementary

X 0.2826 L 0.9891 W

37 " 3.6236 " and 4.4791 " are two computed sums of
squared deviations from predicted for "pH of Suspen-
sion" and "pH - p(Ca + nig), respectively,

38 The computed sums of squared deviations from predicted
are " 1.1956 and 3.1182 for the "pH - *p(Ca +
mg)" and "Lime Requirement (Woodruff method) respec-
tively.
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Froduction function (I)

Y = - 37.2683 + 16.0819 X - 1.5634 x2

Production function (II)

Y - 37.2683 + 4.5474 L + 15.907]. W

- 0.1251 L2 - 1.5297 W2 - 0.8746 LW

(k) Wlllaniette experiment: The ease Saturation",

*p(ca + u)t, and "Ca + mg m.e./100 . soil" are se-

lected tor turther examination. Their computed sums of

squared deviations from predicted are 1.6176, 2.2507, and

1.6212, respectively, Apparently the "Ca + m m.e./l00 g.

801111 test has the smallest variance, and itS predicted

equations are given as follows:

Supplementary

X 0.8349 L + 1.0133 w

Production function (I)

y - 8.9819 + 2.2396 x - 0,0845 X

Production function (II)

y - 8.9819 + 1.8698 L 2.2694 w

- 0,0589 L2 - 0,0868 W2 - 0.1430 LW

7,3 Maximum Yields and Optimum Inputs of Plant Nutrient

In order to be able to calculate the economic optimum

ot lIme application and maximum yield from production func-

tion (II) which was shown in the preceding section, it is

necessary to assume some constant value for initial



mmediate1y by taking the first
poet to lime ( ) and set itdL
price ratio The cost of
hay are assumed $15 arid $20 per

should be pointed out that lime
five-year period with a constant rate
ratio of ahoula tnen oe equal to

Py

equal

lime

ton,

is as

As soon as the optimum lime-rate

then the most profitable yield can be

lated by substituting this value into
production function, Yjj F'(L).

The predicted optimum inputs of

0.4863 - 0.0826 L

to lime-alfalfa hay
and twice of alfalfa
respectively. It
swned to last in a

Actually, the

value is obtained
immediately ca].cu-

reduced form of

lime and moat profit-
able alfalfa-hay yields for' the four experiments are shown
as follows:

(i) *thersbaugh; pH - p(Ca + mg).

2.6231 + 0,4863 L - 0.0413 L2

nutrient. It is re-aaon.able to assign t nut lent
to be equal to averae initial nut.cien; ( After set-
ting W, in production function (II), equal L.

production function reduces to the for of =

we can calculate the optiLuni rate of lime application

derivative of Y with res-



Olympic; pH - -p(Ca + rng)

0.771k + 1.2873 L - 0.1251 L

1.2873 - 0.2502 L

L - 4.5456 tons/acre

4.0381 tons/acre

Wfllamette; Ca + rn rn,e./100 . soil

4.2670 0.6114 L * 0.0589 L2

dY 0,6114 - 0.1178 L

L - 3,9168 tons/acre

5,7581 tons/acre

L 4.0714 tons/acre

* 3.9184 ton/aere

(2) Lloyd; p11 of Su$pensiorl

2.7466 + 0.5426 L - 0.0464 L

- 0.5k2 - 0.)92.3 L

Where are 3,9867, 58, 3.7275, and 8,8 for Muthersbaugh,

Lloyd, Olympic, and Wi.11atriette experiments, respectively.
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L - 4.2306 tone, acre

- 4.2116 to
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Their optimum predicted yields as calculated from these

reduced forms of production functions are 3.9184, k.2U6,

4.0381, a 5.7581 totis per acre which are achieved by

applying 4.0714, 4.23O6 LL546, and 3.9163 tons of 11
The alfalfa.hay yield responses to soil testing readings
and lime application for these experiments are given in
the following figures. From these yield response graphs,

it is readily seen that the quantities of lime which pro-
duce the maximum alfalfa-hay yields on the first two loca-
tions are almost identical wIth those of the average
treatment levels in the experiments, but for the third
and fourth experiments are with those of higher treatment

levels.

7.4 Interpretation of Results Obtained for Farmers

Though, in general, re&ults obtained from this an-
La may not be too well used for future crop years,
have some important implication.s for farm operators.

First of all, from arid R22 values listed in Tables 3

4, it is obvious that the "pH - p(Ca + n2)" ha

hown the best soil test method through the four differ-
ent experiments, while the "pH of Suspension" indicated
the poorest method of soil test. Except for the Lloyd

experiment, the signs of the regression coefficients for
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this method are contrary to logical expectations. As far
as the magnitudes of the computed sum of squared devi.a-

ttons from the predicted, (Y - Y, Willamette experiment
has shown the smallest size. Itth the assumed Itme cost

of $15 and alfalfa-hay price of $20 per ton,39 the net re-
turns to farmers from the application of lime for these
tour locations are $14, $17, $52, and $18 per acre, if re-
spective optimum lime rates are exactly applied. The

differences in the net returns from various optimum rates
of lime applications may be caused from the failure in in-s
corporating soil test measurements into the predicted
equations, different weather conditions, variation in soil
fertility, and some other factors.

The importance of applying the optimal amounts of

fertilizer can easily be seen from the standpoint of the
farm operator, What level of fertilization represents
the optimal level for the average year or other kinds of
years is not known at this time. Further experimentation
is needed for making such determinations. It will also
be necessary to have a probability distribution of returns
secured from different years if the farm operator is to
adjust hIs soil fertility program to his particular

39 The price of alfalfa was as
ton and alfalfa-hay price o
Ing $5 per ton for harveati
originsi price.

umed originally at $25 per
$20 is obtained by deduct-

g labor cost, etc., from
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capital position in view of the risks and uncertainties
involved. This is the main reason f or the author to take
the average-yield data over a number of years to "average
out" the risks as well a experimental error, It is im-
portant for farmers to know something about the probabili

ty distributions of these functions over time, A farmer

may choose to invest in alternative enterprIses in which
the certainty of the desired return Is greater, or con-
versely, he may be In a position to 'splay the odds" for
greeter' gain.

75 Significance of Results from an Economic Standpoint

The results obtained from the present analysis have
determined the optimal lime rates for the two, three, four
aM three crop average-year on Mutherabaugh, Lloyd, Red

Soils, atHyelop Agronomy farm experiments, respectively.

These results constitute from two to four years observa-

tiorz of the total number to be obtained from which a prob-
ability distribution of these years' yields and returns can
be computed. Por the time being, lack of returns to Muth-
ersbaugb farm can be considered due to the failure of in-
corporating soil test measurements or the unfavorable weath-

er experienced. However, a very high response shows up in

a large percentage of the (four) years on the farm with



103

Olympic soil wh.ch ha very reel and 1:portant economic

consequence in terrs of prcf it mexiiiaton.
The possibility of oppotunity costs mast also be

considered from an economic standpoint bfor the ecorn-

mendations can be us y £urie. nd t ual capital

situations of most f.crs t is posible exjrdi-
tures in alternative tpoes, withi is )usine88, and

realize varying rates of returns. Expenditures on ferti-

lizer must return a rate which is at least as great as that

for any other possible oxpenditures if profits for tiiC
whole farm unit arc to be 'xmized. Mentioned earlier,
the optimum condition, wIthout capial restrictions, was
stated as the application where the marginal product mult:
plied by the product price is equal to the cost of adding
another unit of input. In this case, the cost wa consid-

ered to be the price of a unit of input. When opportunity

costs are being considered, the prtce of the input is
earning power In the highest alternative use.

y6 $igrziticance of Results from an Agronoiic Standpoint

The results obtained from the field experiments of
primary agronomic interest are the high response to lime

of the Olympic soil on the Red Soils Experiment Station and

the lack of response on the Muthersbau.t1 experiment. A



further agronomic consideration is the extent that the
soil teat results are associated with yield responses.
The results of this study point out the need for the im-
provement of soil test measureronts of plant nutrients.
The pH - p(Ca + me)" soil test appeared to be the best
single method to use. The pi-T of suspension" method has

shown very poorly on three experiments but very well or

the Ilo farm, which indicates more study is needed to

be able to evaluate this method adequately. Also shown

to be needed are improved measures of the various factors

which contribute to the unexplained variations in yields.
As yet the factors of production are relatively poorly
understood There is need for more abstract thinking, to
develop more fully these relationships and the implica-

tions of them,

7.7 $igniticance of esults from a Statistical Standpoint

The outstanding statistical characteristic present in
the experimental data is the fairly small unexplained van

This was evidence of a satisfactory choice of
the mathemsttcal production function used to express the

1O4

In comparison to some other models such as Hartley's
internal least squares, and stevens' Asymptotic Re-
greasion methods, the regular quadratic function used
in this study indicated relatively small unexplained
variances.
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existing relationships. This model characterizes the
nature of the law of diminishing returns which Is also
significant to the economie analysis or optimum lime ap-
plication, profit maximization as a criterion.



CHAPTER VII

SUMMARY AND CONCLUSIONS

Current fertilizer recommendations often reflect in-
adequate attention to economic consIderations. Although

much research has been carried on in the past to promote
the efficient use of fertilizer, some neglect of economic
considerations remains, Many of the past efforts have
been direated toward the maximization of yields (physical
output), which is usually inconsistent with the more im-
portant concern of maximizing prorit. Profits are in-
creased only so long as the cost of adding fertilizer
input is less than the added return derived frot their
use,

The primary objectives of this study wcre: (1) to

incorporate the measurements of soil characteristics into
the crop yield-fertilizer predicting equation, (2) to de-.

rive from given experimental data the parameters of physi-

cal production functions, and with these derived functions

ar1 particular price relationships, to determine the opti-

mum economic rate of lime application.

Four field experiments were conducted by the Depart-

ment of Soils, Oregon State Agricultural Experiment Sta-

tion, on the Muthersbangh, Lloyd, Red Soi].s Experiment
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Station, and Ialop farm locations. These experiments

were used to evaluate: (1) Base Saturation, (2) pH of

Suspension, (3) pH - ;p(Ca + ms), (4) Lime Requirement

(Woodruff' method), and () Ca + rng m.e./100 . soil, as
five different soil test measurements to be incorporated
into the crop response functions at various levels of
plant nutrient (lime).

The original experimental design was a central corn-

poette design, and the treatments were lime, potassium

and magnesium. For the efficiency of this atudy, only
the incomplete randomized block design with lime treat-

ment was considered, Each block was replicated three

times for fluthersbauh and Lloyd experiments arid £our

times for the Red Soils Statton and the Hjalop Farm. Lime

was applied at the rates of 0, 2, 4, 6, and 8 tons per
acre for the first two experiments, 0, 3, 6 tone per acre
and 0, 2, 4 tons per acre for the last two locations,
respectively. Yield data for four locations are based on

2, 3, 4, and 3 years experiments. The crop studied was

alfalfa.
Inadequacies of past empirical work on the determina-

tion of optimum amount3 of fertilizers include: (1) study-

ing only one nutrient or ratio of nutrients at a time,
(2) using rates of application too low to locate the point
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at maximum profit which may range up to the point beyond

which total product does not increase as more fertilizer
s applied, and (3) the emphasis on studies for liwesti-

gating responses to discrete treatments and relating
these treatments to soil characteristics, rather than on
continuous response surfaces.

The analysis of these data are based on the concept
continuous inathcrratical production function. Accord-

ing to this concept, yIeld response to different levels
at lime can b described by a continuous mathematical

function which shows yield to be dependent upon the levels
of the variable fertility nutrients. The optimum appli-

cation occurs where the value of a decreasing marginal
product (first derivative of yield with respect to an in-
put) is equal to the cost (price, under perfect competi-
tion) of adding another unit input.

The polynomial (quadratic) function was fitted to
the experimental data most satisfactorily. Two stages are

involved in estimated procedure.

x L, w)

F(X)

y

where Y is yield; X, L. re total, added and initial
nutrients, respectively. Where the coefficients of Eq. 3
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subject to certain restrictions and it is assumed

L and W affect Y only through X.

The need for considering fertilization of a crop in

view of the interactions within rotations and chanin

fertility levels Is known, but economic study of these

oonsiciorations has been often overlooked,

The problem of choosing a particular mathematical

function to fit involves some objective tests or criterIa

but rests importantly on the experience and judgment of

the researcher. This weakness in functional analysis

points out the need for theoretical statistical work.

Other mathematical work is needed on appropriate functions

to describe the experimentally derived production relation-

ships Also, statistical work is needed on the problem of

placing confidence limits on (1) the derivatives of these

functions, and (2) the economic optima determined with

derivatives.
The solution for the optimal quantities of lime to

apply was shown to be dependent upon the prices of' both

lime and alfalfa-hay. For the profit-maximizing applica-

tion, the partial derivative of yield with respect to lime

is equal to the price ratio of the lime and alfalfa-hay.

Solutions for such optima, presented for a wide range of

location variations1 were found to vary from a low of 3.9
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tons to a high of L5 tons per acre wIth net returns $18
and $52 per acre on locations with Willamette and Olympic
soils, respectively.

An empirical production relation on which to base
fertilizer recommendations should be based on experimental
data for a period of years. Such data would permit an

average production function to be derived, which would
"average out" between year variations. Such data would

also make it possible to estimate the probability of devi-
ations from expected returns, as well as expected devia-
tions from the recommended amounts of fertilization program

to their particular caoital positions in view of the risk
and uncertainty involved.

Large variances in some experimental yield data not
associated with the independent variables were experienced.

Statistical and experimental procedures are needed to over-

come the effects of large variances. Among the procedures

holding some promise are (1) use of more replications or
of larger experimental plots to average out the causes of
variance, (2) measuring or studying the causes of variance
and Incorporating this information into the analysis, (3)
selection of form free functions as a means of avoiding
the difficulties brought on by large variances, and (4)
placing more stringent controls in experimental procedures
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on the cauaesot variance. Soil tests and their place in
the atud of unexplained variance are very important

aspects of the problem. Also needed, In this connection,

is a better underatandin of the technical relationships
that exist between various factors of production.

Another problem in recsrch underway in fertility
studies is the represents tivenesi of experimental fields
in terms of applicability of the results obtained. This

problem is closely related to the variance problem. Each

experimental field iS more or less unique to itself and
each farm to which the results are applied has various
characteristics that differ from those o. the experimental

field. It appears that if larger experimental fields
and/or more than one field were used, tore of the varia-
bility known or assumed to exist within the farm fields,
to which the results apply, would be eneotapassed tthin

the experiment. The experiment would then averae OUtU

a range of differences re comparable to the ran'e exist-

in on the farm fields, itin the derived production

function to have a wider range of application. The prac-

ttoabt]ity of these considerations, in view of the in-
creased variances which would probably be encountered, is

in need of empirical investigation.
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APPENDIX

This appendix summarizes the necessary information

(omitting mathematical proofs) for evaluating the inte-
grals shown on page 7.

Theorems (1) If the frequency function
f(.X.., &) is continuous in x, and

(2) if in a certain iriterva. containing the
true values & &o.... â,, t is continuous in
& for every X , X approaches a conttnuous function
'I i_f

of for large n, and does not vanish in some
interval, then n CoV(ji Jhere is the (Hessian) de-

I

)c
)dX
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and Lj,i the minor of the Jth row and kth column. When

p - I this reduces to the case of a single parameter.
As ii tends to infinity the Joint distribution of the

maximum likelihood estimators tends to the form

+ K exp{jj(6 O)(&K &)J

Ioj-f Iojf
'i9jo c?&,( )&( dA'




