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The nonlinear static and dynamic analyses of threedimensional,

singlyconnected cablebody systems are presented in this study.

Nonlinearities of the systems include large displacements, material

characteristics, nonconservative fluid loadings, and nonlinear

boundary conditions describing interactions of cables and

intermediate and/or boundary bodies.

The governing equations of motion of a cable continuum are

derived to form a nonlinear twopoint boundaryvalue problem. The

equations of motion of boundary bodies serve as the boundary

conditions of the boundaryvalue problem. The equations of motion of

intermediate bodies are considered as the internal boundary

conditions of the boundaryvalue problem. These nonlinear dynamic

boundary conditions are solved with the aid of kinematic boundary

conditions. Both cables and bodies are assumed to be small bodies.

The generalized Morison equation, considering relative velocity,

acceleration, and cable orientation, is employed. Since solutions in

the timedomain are sought, all the nonlinearities are preserved.

The solution algorithm is a semianalytical method. The

boundaryvalue problem, posed by a set of nonlinear partial
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differential equations, was first transformed into an iterative set

of quasilinearized boundaryvalue problem. The quasilinearized

boundaryvalue problem is then further decomposed into a set of

quasilinearized initialvalue problems so that numerical integration

may be performed along the cable from one end to the other. The

solutions to each of the quasilinearized initialvalue problems are

recombined so as to satisfy the boundary conditions. The Runge

KuttaGill method is adopted for the numerical integration in the

spatial coordinate. The implicit timedomain integration is based on

a backward finite difference formula.

Numerical examples are presented to demonstrated the validity

and capability of the present model and solution techniques.

Application of the present solution scheme to solve a multileg

mooring system is also shown. The comparisons of the results

obtained by the present study and those obtained by experimental and

other mathematical models are in good agreement. The proposed model

and solution technique were proved to be an efficient and useful tool

for the analysis of cablebody systems.
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NONLINEAR HYDRODYNAMIC RESPONSE

OF

CURVED SINGLYCONNECTED CABLES

1.0 INTRODUCTION

A flexible cable is a structural element that ideally supports

tension loads only. It is often assumed that compression and shear

stresses cannot be resisted and, therefore, bending and torsional

resistance are small and usually neglected. A cable typically

connects two or more objects. Such a cable system has been employed

in a wide variety of applications in the ocean (Knapp, 1987). A few

examples include the use of suspended cables in rescue and salvage

work; towed sensors in the search for underwater resources; moored

cablebuoy systems to measure surface and subsurface environmental

data; and umbilical cables to remotelycontrolled underwater

vehicles. The subject of the present study is to investigate the

nonlinear static and dynamic responses of threedimensional, singly

connected cablebody systems under hydrodynamic loadings.

The behavior of cable systems is highly nonlinear. In the

analysis of cable systems, one of the most challenging tasks to

structural engineers is to deal with geometric nonlinearity in which

the stiffness of a cable system depends on the displacements of the

system. In other words, the stiffness of a cable system varies with

its configuration: for a cable system in a slack configuration, the

stiffness of the system may nearly vanish, and its behavior becomes
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highly nonlinear. Because of the nonlinearity involved, the

principle of superposition is not applicable.

Ocean cable systems are especially difficult to analyze. In

addition to the geometric nonlinearity, additional nonlinearities are

introduced because of drag force which contributes nonlinear terms

due to cable orientation to the relative flow as well as a nonlinear

magnitude dependence on the relative flow. Further, hydrodynamic

forces are positiondependent and therefore nonconservative. Other

nonlinearities may result from material properties, and boundary

conditions which describe the interaction between a cable and its

attached body.

Analysis and design techniques for oceanic cable systems are

primarily based on experimental tests (Kern Jr. et al., 1977; Yashima

et al., 1989) or mathematical models (Webster and Palo, 1982; Lo,

1982; Tuah, 1983). The mathematical models usually result in

extensive computer programs that require large computer facilities

and high computational costs (Leonard and Nath, 1981; Lo, 1982; Palo,

1985). Experimental tests, although invaluable to validate and

provide data for mathematical models, require considerable time and

expense (Yashima et al., 1989).

Because of increasing engineering applications of cable systems

in deep water (Rajabi and Mangiavacchi, 1988), the ability to analyze

these systems under the excitation of dynamic loadings is essential

It is hoped that the present work will provide an alternative model

for effective but efficient analysis of cable systems in deep water.

After a brief review of the previous studies on this subject, a
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description of thesis objectives and scope will follow.

1.1 Review of Previous Studies

As noted previously, the behavior of cable systems under

hydrodynamic loadings is characterized by geometric, material,

loading and boundary condition nonlinearities. Various aspects of

cable problems have been investigated by a variety of approaches.

The most desirable techniques to solve a cable problem may be the

analytical methods since they give an explicit expression of the

solution. Analytic methods refer to those methods that can be

applied to obtain a closedform solution. Unfortunately, only

relatively simple problems can be solved by the available

mathematical tools to give an analytical solution (Rayleigh, 1945;

Leonard, 1988).

Three classes of numerical modeling of the cable are commonly

used for the formulation of cable problems. The first replaces the

cable by a series of lumped masses which are used to model the motion

of the cable. This model is called the lumped parameter method (Liu,

1982). The second is to treat the cable to be composed of a

combination of finite segments. This model is named the finite

element method (Lo, 1982; Leonard, 1988). The third is based on

considering the cable as a continuum. This model is usually referred

to as semianalytical method (Tuah, 1983). Selection among these

models depends on the type of cable system, the environment, and the

objectives of the analysis.
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Lumped Parameter Methods. A lumped parameter method

approximates the continuous cable by a series of straightline

elements. Furthermore, it assumes that a typical length of the cable

can be approximated by a lumped mass that represents the motion of

the cable. The constitutive relationships of the cable can be

incorporated into the massless spring and dashpot systems between the

masses. The hydrodynamic forces are calculated and lumped on the

concentrated masses. Applying Newton's second law of motion or

Hamilton's principle (dough and Penzien, 1975), ordinary

differential equations for the motion of each lumped mass are

generated. These differential equations are then numerically

integrated in time.

An application of this method to the cabletowed acoustic arrays

has been considered by Delmer et al. (1988). Their model is fully

dynamic in that inertia forces are included, while Sanders (1982)

assumed mass times acceleration is negligible. There are other

applications of this method to ocean cable dynamics (Thresher and

Nath, 1975; Leonard and Nath, 1981; Liu, 1977, 1982). This method

has been shown to be roughly equivalent to the finite element method

with straightline elements. The comparison of lumped parameter and

finite element methods has been reported by Leonard and Nath (1981).

Typical numerical implementations are inferior to finite element

method in topology, computational flexibility, and completeness

(Webster and Palo, 1986).

Finite Element Methods. This method has become the most general

tool available to model ocean cable systems since it was introduced
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(Migliore and Webster, 1979; Webster and Palo, 1986). The finite

element method is a numerical method by which the structure or

continuum is subdivided into interconnected finite segments. The

physical behavior within and around a typical element is

characterized by the behaviors of its nodes (Cook, 1981). The finite

element method offers a variety of element forms and solution

strategies for cables (Lo, 1982; Leonard, 1988). However, the

flexible capabilities of the method also places a heavy burden of

judgement on the user to understand, select from, and properly

control all of the options. The cable elements are commonly assumed

to be straightlines (Leonard and Recker, 1972; Webster, 1975).

Accuracy is then dependent on the number of elements. However,

curved cable elements have been shown to be more accurate than the

straightline element (Leonard and Recker, 1972) when continuity of

slope across nodal points is enforced. Lo (1982) utilized

isoparametric elements to model cables and their interaction with

membrane structures was investigated. Tuah (1983) used a wake

oscillator model to study cable strumming effects: linear elastic

and viscoelastic materials are also incorporated into his model.

A computer program called SEADYN (Webster, 1975) has been

developed for the analysis of underwater cable structures. SElWYN is

a finite element model which accepts general configurations of cable

structures and arbitrary environmental loads.

An interesting application of the finite element method is

reported by Delmer and Stephens (1983, 1989) for the analysis of

towed cable dynamics. They named it as the method of line which is



the simplified form of finite element method. The model allows the

construction of complex cable systems and permits structural

redefinition during the simulation by a set of generic elements and

an event detector. With such a capability, they simulated a broken

cable problem by an event detector that monitored the tension on each

cable element. Once the tension exceeded a specified tensile

strength, the timeintegration halted. The affected element then was

replaced by two distinct elements before the timeintegration was

resumed. They also applied their model to solve an oscillating towed

cable in a current and simulated nonlinear behaviors beyond the reach

of traditional linear models.

SemiAnalytical Methods. With these methods, an infinitesimal

element of the cable is considered on which all of the forces are

acting. Newton's second law of motion is applied to derive the

governing equations of motion of the cable in the form of partial

differential equations. The semianalytical methods are those

solution methods which use numerical procedure to obtain solutions of

the governing partial differential equations. One of the popular

techniques in this class is the method of characteristics (Wilson and

Garbaccio, 1969; Nath and Felix, 1970). These methods transform the

nonlinear partial differential equations of cable motions into a set

of ordinary differential equations which can be integrated

numerically.

A somewhat different approach to the solution of the static

equations of underwater cables using a NewtonRaphson method are

reported by Leonard (1979) and Chiou (1985). The nonlinear governing
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differential equations are solved by successive iterations. Simpson

and Leonard (1987) used a shooting method algorithm and direct

numerical integration of the governing differential equations to

investigate oceanic cables under the combined effects of tension and

torsion. Yoon and Leonard (1987) used a similar approach to

calculate natural frequencies and mode shapes of a cable in a

current. All of these models neglected wave effects and bodies along

the cable scope. This method is appealing for its simplicity of

problem formulation, ease of numerical implementation, and

preservation of physical insight. The present study is based on this

solution approach due to these attractive reasons.

After the formulations of cable problems are carried out by a

selected numerical model such as those described previously, there

are two basic numerical approaches to the dynamic solutions of the

resulting governing equations. Namely, they are the method of modal

superposition in the frequency domain, and the method of direct

integration in the time domain (dough and Penzien, 1975; Shugar and

Armand, 1987; Leonard, 1988). The modal superposition method

requires linearized governing equations. The calculation of natural

frequencies and mode shapes are conducted associated to small linear

deformations about some equilibrium configuration, presumably the

initial equilibrium configuration previously calculated by a static

analysis. By using the mode shapes as a set of linearly independent

base vectors, time domain simulation can be derived by the coordinate

transformation and principle of superposition (Burgess, 1985).

It is often assumed that modal superposition method is
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inapplicable to nonlinear problems because of the assumption of small

deformations and the use of superposition. However, nonlinear

problems can be accommodated by an alternative procedure to

approximately update the natural frequencies and mode shapes (Akkari,

1983).

Unlike modal superposition method, the method of direct

integration solves the governing equations directly. No

transformation of the governing equations into a different form is

required. Direct integration methods are either explicit or

implicit. Explicit schemes find the solutions from the governing

equations expressed at the previous time step, while implicit schemes

find the solutions from the governing equations written at the

current time (Bathe, 1984; Leonard, 1988).

Usually, explicit schemes require a small time step but generate

equations that are cheap to solve. In contrast, implicit schemes

allow a large time step but produce equations that expensive to

solve. By considerations of accuracy rather than stability, most

explicit schemes are conditionally stable, while most implicit

schemes are unconditionally stable (Cook, 1981; Leonard, 1988).

Implicit solution schemes for the cable systems have not been used

extensively (Webster and Palo, 1986).

1.2 Thesis Objectives

The main objective of this study is to develop an algorithm for

the nonlinear static and dynamic analyses of a singlyconnected

cablebody system in the ocean. The cable segment is modelled as a



continuum from which the governing equations of motion are derived.

The body is assumed to be a small body compared to wave length and

only three translational degreesoffreedom are assumed. The

resulting governing equations formulated from the model are then

solved numerically by a combination of incremental and iterative

methods.

Most of the numerical models for cable problems adopt spatial

discretization such as finite element methods or lumped parameter

methods. The explicit schenies for the timedomain integration are

usually used. Therefore, a large computer system is generally

required. In the present study, a numerical model based on spatial

integration and an implicit scheme of the timedomain solution will

be developed. Only a relatively small amount of variables need to be

kept in the computer memory. The solution for a large set of

simultaneous algebra equations, as generated by lumped parameter

methods or finite element methods, can be avoided. The present model

will then be able to perform an efficient analysis of the cablebody

systems on personal computers.

The objectives of the study are then summarized as follows.

1) To develop an implicit algorithm of the nonlinear numerical

integration of cables which allows long duration simulations

in the timedomain. Timedomain simulation offers attractive

advantages (Hooft, 1986) such as i) the formulation of the

mathematical model can be kept practically simple; ii) no

restrictions need to be placed upon the nonlinearities

involved; iii) the results provide valuable information and
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the application is simple. An implicit integration scheme

allows larger time steps to be selected, which is beneficial

when a simulation is required for a long duration.

2) To investigate the nonlinear interactions between long cable

segments and attached bodies. To date, there has been no

study reported on this subject.

3) To adopt spatial integration scheme rather than spatial

discretization as in the finite element or lumped parameter

methods so that extensive computer memory is not required.

This feature will benefit the onboard, realtime operations

where a large computer system is not available.

4) To demonstrate the use of the developed model of cablebody

dynamics by application to prediction of the dynamic response

of a multileg mooring system.

1.3 Thesis Scope

In this work, an algorithm using spatial integration is

developed which is capable of simulating the nonlinear static and

dynamic responses of a singlyconnected cablebody system in three

dimensions. The configuration of the cable system may consist of

multiple segments (multiple materials) of cables, inline buoys and

clumped weights. The algorithm uses the NewtonRaphson method of

gradient scaling for nonlinear firstorder differential equation. An

incremental/iterative technique is used in which the load may be

applied in steps with a full NewtonRaphson iteration to convergence

at each step. The necessary spatial integrations along the cable are
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performed numerically by the RungeKuttaGill method. The computer

program based on the proposed algorithm is implemented in FORTRAN on

a typical personal computer.

The dynamic responses of the cablebody systems are solved in

the timedomain. The governing equations of the systems are posed as

a combined boundaryvalue and initialvalue problems because of time

evolution. By introducing velocity as a new variable, the problem is

transformed into the phase domain as a boundaryvalue problem at a

discrete time. The timedomain discretization is an implicit scheme

based on a backward finite difference formula.

Nonlinearities of the systems include material characteristics,

large displacements, nonconservative fluid loadings and boundary

motions. Cable segments are considered to be extensible. The

spatial variation of fluid loading is also addressed. The

hydrodynamic forces from waves and subsurface currents are calculated

by the generalized Morison equation that considers relative velocity,

acceleration, and cable orientation. Waves and subsurface currents

may travel in arbitrary directions to allow general application.

System responses to an excitation from the boundary is also

considered. Since solutions in the timedomain are sought, all the

nonlinearities are preserved.

The governing equations of motion of a cable are derived to form

a nonlinear twopoint boundaryvalue problem. Kinematic conditions

at the ends may be imposed, or the equations of motion of a body at a

boundary may serve as the boundary conditions of the boundaryvalue

problem. The equations of motion of intermediate bodies are
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considered as internal discontinuity conditions of the boundaryvalue

probl em.

In Chapter 2, formulations of the governing equations for the

static and dynamic problems are presented. Numerical techniques for

solving both static and dynamic problems are given in Chapter 3.

Example problems are presented in Chapter 4 to validate the proposed

model developed in the previous chapters. The application of the

present model to the analysis of a multileg mooring system is shown

in Chapter 5. Chapter 6 contains a summary and conclusions of the

present study.
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2.0 DEVELOPMENT OF THE GOVERNING EQUATIONS

The statics and dynamics of cable systems are in general very

difficult problems to solve from a structural analysis point of view.

When they are analyzed in the hostile ocean environment, they are

highly nonlinear from both a structural mechanics point of view and

from a hydrodynamics point of view. In order to deal practically

with either analysis or design problems it is necessary to make

certain simplifying assumptions. The objective of this chapter is to

set assumptions and to derive the governing equations.

A number of ocean cable systems are configured with a series of

cable segments connecting discrete packages. This type of cable

system has no branches. Such a configuration is common because of

its ease and simplicity of design, analysis, fabrication, and

deployment. Typical examples include towed cable systems, suspended

cablesensor systems, power/control cablesubsea wellhead systems,

and mooring systems. As pointed out by Palo (1985), an arbitrarily

configured mooring leg under arbitrary loading is the necessary model

for a generalpurpose mooring analysis capability. Arbitrarily

configured means multisegment with different materials and inline

bodies such as sinkers and buoys in three dimensions. Arbitrary

loading refers to the presence of a subsurface current profile and

surface waves from arbitrarily directions.

The general definition sketch of the cable system in this study

is shown in Figure 2.1. The X1 (i =1, 2, 3) frame is a global

coordinate system, and S is the local coordinate along the cable

scope. Let be an arbitrary material point on the cable at some



//=// // ////
Figure 2.1 Genera' Definition Sketch
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distance S from one end of the cable, and let dS be an infinitesimal

arc length along the cable. The position coordinates, X1(S, t) and

the tension components, T(S, t) are desired under the hydrodynamic

loadings from surface waves and subsurface current in time domain, t.

Throughout the study, the term "boundary body't is used when referring

to the discrete package at either end of the singlyconnected cable

system. The term "joint" is used when referring to the point where

two adjacent cable segments meet each other. The term "intermediate

body" is used to refer to a package at a joint.

In this chapter, the basic assumptions of the present model are

listed in Section 2.1. A model of the cable materials is introduced

in Section 2.2. Section 2.3 contains the descriptions of the

external loads on the cablebody systems. The governing equations for

the cable segments, intermediate bodies, and boundary bodies are

derived in Section 2.4. The particular set of governing equations

for the static problem is summarized in Section 2.5. The dynamic

problem is presented in Section 2.6 and a special treatment of the

time derivatives is introduced.

2.1 Basic Assumptions

The cablebody systems in this study are subjected to the

following assumptions:

1) The cable segment is cylindrical in shape and is assumed to

be a small body compared to the incident wave length. Thus,

calculation of the hydrodynamic forces by the Morison

equation is valid.
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2) The cable segment has no flexural or torsional stiffness.

Therefore, only uniaxial tension is considered.

3) Only small elastic strains of the cable are considered.

4) Hydrodynamic coefficients for the cable are assumed to be

functions of Reynolds number only and to be independent of

orientation of the cable (Sarpkaya and Isaacson, 1981).

5) The cable segment may be curved in three dimensions.

6) No cablebottom interaction is considered. In other words,

the cable segment is assumed to be in the fluid domain at all

times except at the anchor.

7) The seafloor is assumed to be flat and impermeable in order

to use linear wave theory.

8) Intermediate and boundary bodies are assumed to be spherical

in shape and small bodies such that the Morison equation is

applicable and hydrodynamic coefficients are the same in all

directions.

9) Only translational degreesoffreedom (surge, sway and heave)

of the bodies are considered.

10) All cable segments are attached to the centers of gravity for

the bodies.

2.2 Cable Material

Cables are commonly made of steel and synthetic fiber.

Synthetic ropes are constructed primarily from four types of

material: polyamid (nylon), polyester, polypropylene, and aromatic

polyamid (Kevlar). Materials typically used in modern design exhibit



17

linear stressstrain relationships over only a portion of their

usable strength. Beyond the proportional limit, the linear

relationships do not hold.

It should be noted that the design of cable systems is most

often aimed at elastic response to the applied loads. In this study,

nonlinear elastic behavior is assumed with a tensionstrain

relationship of the form

C

= C1(T T0)
2 (2.2.1)

where is cable strain, T is magnitude of cable tension, T0 is a

reference tension at which no strain exists, and C1 and C2 are

constants which describe the material characteristics. For a

linearly elastic cable material with modulus of elasticity E and

crosssectional area A, the constants C1 and C2 are 1/EA and unity,

respectively. Equation (2.2.1) also allows one to describe a

nonlinear tensionstrain relation by only two variables C1 and C2.

Typical values of C1 and C2 have been given by Wadsworth (1982). The

behaviors of plastic or viscoelastic cable materials are not

considered in this study.

2.3 Loads

In the study of fluidstructure interaction, there are two broad

classifications of structures according to their sizes relative to

incident wave length. If the structure has no sensible effect on the



wave field and waves passing the structure remain essentially

unmodified by the presence of the structure, the small body, or

FroudeKriloff, theory can be used. If, however, the structure has

significant effects on the incident wave field, and a new wave field

may be observed radiating away from the structure, the large body, or

diffraction, theory should be used (Sarpkaya and Isaacson, 1981; Dean

and Dalrymple, 1984). Since boundary bodies, intermediate bodies,

and cable segments are all assumed to be small bodies, diffraction

theory is not applicable and will not be described here.

In addition to dead loads due to gravity, a submerged cable

system is subjected to environmental loadings from buoyancy,

currents, waves, tides and a variety of live loads peculiar to its

application. Only loads due to gravity, buoyancy, currents and waves

are considered in this study.

Gravity and Buoyancy. The buoyancy force is assumed to act in

opposition to the forces due to gravity. Assuming a completely

submerged cable system, both gravity and buoyancy forces are

uniformly distributed along the arc length of the cable segment. If

only this type of load is present, it leads to the classical catenary

solution (Leonard, 1988).

Wave Forces. Hydrodynamic loadings on a submerged cable segment

considered in this study consist of two types of forces: drag forces,

inertia forces. Drag forces are due to skin friction and form drag.

Skin friction is a drag force due to a real fluid viscosity. Form

drag results from flow separation and wake formation behind the cable

segment (Sarpkaya and Isaacson, 1981; Chakrabarti, 1987). For the
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accelerating fluid, the combination of the drag force and inertia

force is calculated using a generalized form of the Morison equation.

The Morison equation as originally proposed by Morison, O'Brien,

Johnson, and Schaaf (1950) for the estimation of the horizontal wave

forces on a fixed vertical pile is expressed as

irD2

F=---pDCdIQIQ+ 4pC1u (2.3.1)

where F is the hydrodynamic force per unit length of pile, p is the

mass density of fluid, D is the pile diameter. The horizontal fluid

particle velocity Q, and the horizontal fluid particle acceleration ü

perpendicular to the fixed pile are determined using an appropriate

wave theory. The parameter Cd is the empirical drag coefficient and

C1 is the inertia coefficient. Both coefficients are usually

specified from governing design criteria or determined from

experimental data. A vast library of experimental data on Cd and C1

is available from numerous laboratory and field tests (Sarpkaya and

Isaacson, 1981). The original Morison equation is empirical. The

equation, however, has been widely used and proven reliable in

accurately predicting wave forces on small offshore structures.

This equation has been extended to threedimensional

applications of submerged arbitrarilyoriented cable segments. To

calculate the forces on an inclined cable segment the Morison

equation needs to be modified to account for the orientation of the

cable axis relative to the water particle velocity and acceleration
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vectors (Sarpkaya and Isaacson, 1981; Chakrabarti, 1987). The water

particle velocity and acceleration vectors are first decomposed into

a component tangent to the cable and a component perpendicular to the

cable (in the plane formed by the cable segment and the relative

fluid velocity vector). These components of water particle

kinematics are then substituted into the original Morison equation.

Inertia force due to the tangential component of acceleration is

neglected. This has been shown to be acceptable by Berteaux (1976).

However, the tangential drag term is retained due to the possibility

of deep water application: for a long cable segment in deep water,

the tangential drag force may contribute a significant effect on the

response of the cable and should not be neglected. The equation may

thus be written in vector component form as

F1=---pDC II O+-pDC 1t1 Qi

,
CI

'?

= 1, 2, 3

(2.3.2)

where F1 is the ith component of hydrodynamic force per unit arc

length of cable segment, and the superscripts t and n indicate flow

tangent to, and normal to the cable axis, respectively.

Equation (2.3.2) must be further modified to account for the

motion of the cable in the fluid. For an oscillating cable in

oscillatory flow, the inertia coefficient, C1 is often expressed as



two terms: 1) the added mass coefficient, Ca; and 2) a term due to

the pressure gradient of the oscillatory flow. The added mass term

is the amount of fluid mass which must be accelerated at the same

rate around the cable to preserve an uniform flow field. In ideal

flow its value can be shown to be unity for a cable, but real fluid

effects usually reduce this value to less than unity. The term due

to the pressure gradient of the oscillatory flow may be calculated

from the Bernoulli equation and is found to be unity. Thus

Ci= Ca + 1
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(2.3.3)

when the oscillatory flow is accelerating past the oscillating cable.

When the cable is oscillating in still water

CI = Ca (2.3.4)

Using the added mass coefficient rather than the inertia coefficient,

the modified Morison equation in terms of relative velocity and

acceleration is written as

F= p D C jr-. ni (Q ) + p D
1_ (Q'

t)

irD2 irD2
+

p (Ca+ 1) u p Ca X. (2.3.5)

where and are the components of cable velocity and acceleration

normal to its axis, is the component of cable velocity tangent to
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its axis. Based on experimental evidence, Sarpkaya, et al. (1984)

recommended the use of the Morison equation modified to account for

relative velocity as in Eq. (2.3.5).

Effects of Current Forces. In the evaluation of fluid forces

acting on the cable system, it is necessary to consider the effects

of currents as well as waves (Leonard et al., 1981; Hudspeth, 1983).

Currents can have a rather significant effect on the total

hydrodynamic loads and, therefore, should be accounted for properly.

In the ocean, current direction may be arbitrary and may vary with

depth. The current speed may also change with depth. A current

profile which may vary in magnitude with depth is considered. The

current is assumed to be steady and uniform in planform, and to have

no vertical component.

Having specified the magnitude of the design current and its

direction, it is necessary to include this component of velocity in

the wave force calculations. It has been a common practice to simply

add the currentinduced velocity to the waveinduced velocity before

squaring the result in the drag term in the Morison equation, rather

than sum the separately computed drag forces. If the drag forces due

to wave velocity and current velocity are calculated separately and

the resulting forces summed, the total force is in error on the low

side. Thus, it is important that the currentinduced velocity be

added vectorially to the waveinduced velocity before the sum is

squared. Although there are more complicated alternative methods

(Peregrine, 1976) for modeling the nonlinear interaction of the

current and wave motion, they are unsuitable for the purpose at
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hand. When the drag force is properly accounted for the equation of

the combined hydrodynamic forces becomes

- - -*

F= p D C
JQfl+ \ffl ;flJ (Qfl +

_4- -+1.

--pDirC IO(.+L( (O+)

irD2
+ 4

p (C+ 1) u p Ca X1 (2.3.6)

in which ' and are the normal and tangent components of current

induced velocity.

In this form of the equation, criteria are still lacking for the

selection of the appropriate drag force coefficient to use with this

wavecurrent model. Experimental results currently available for the

selection of hydrodynamic coefficients were obtained from two types

of tests. The first type consists of fixed members in oscillating

fluid, such as Utube tests (Sarpkaya, 1976). The second type

consists of oscillating members in still water (Garrison, et al.,

1977). The application of these experimental results to the case of

members free to oscillate in the presence of waves and currents is

questionable. However, one of the common way to select C, C, and

Ca values from these experimental data is to use Reynolds numbers

calculated using I(') + and
1(t) where

and (t)max are respectively the maximum normal and tangent

fluid particle velocity due to wave. That is,
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Re" = D (2.3.7)max
V

Ret
1(t)

D (2.3.8)max
V

where Re and Ret are the normal and tangential Reynolds numbers, and

v is the kinematic viscosity of the fluid.

Concentrated Loads and Body Excitations. To permit some

versatility in loading, provision is made for the use of both

concentrated loads and body excitations. The concentrated loads,

both time dependent and time invariant, may be applied in arbitrary

directions anywhere within the cable scope. Body excitations may be

imposed as prescribed timedependent functions in arbitrary

directions, but only on boundary points. Both concentrated loads and

body excitations may be specified as sinusoidal functions or as time

histories.

The option of having concentrated loads and body excitations may

ease the limitations that result from the assumptions listed in

Section 2.1. For example, the interaction of a large body with the

cable system may be analyzed in an approximate manner by replacing

the large body excitations by timedependent concentrated loads or

body excitations.
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2.4 Governing Equations of the Cable System

The complete description of the nonlinear hydrodynamic analysis

of the cable system, as shown in the general definition sketch,

Figure 2.1, requires governing equations for the cable segments,

intermediate bodies, and boundary bodies. The nonlinear interactions

between these components of the cable system will be described

subsequently.

Cable Segment. The equilibrium equation of dynamic forces on an

infinitesimal length dS at an arbitrary material point along the

cable segment may be written in a vector form (Ablow and Schechter,

1983)

s

1 1

(1+f)
Wb + F + I = 0 (2.4.1)

(1+f)

where the independent variable S is the arc length along the

stretched cable, I is the tension, Wb is the buoyant weight per unit

length of unstretched cable, F is the hydrodynamic loads per unit

stretched length as given in Eq. (2.3.6) in vector component form, T

is the d'Alembert force due to the cable acceleration per unit

unstretched length, and e is the strain.

Assuming small strain, one may relate the stretched differential

arc length, dS, to the unstretched differential arc length, dS0 by

0S
as0

= 1 + (2.4.2)



Applying Eq. (2.4.2) to Eq. (2.4.1), one may obtain the equilibrium

equation in vector component form as

3T
1

p D C (1+) (Q +

- p D ir (1+)
1+

(Qit +

irD2 irD2
4

p (C+ 1)(1+) u
+

p Ca(l+f) X

Wb&lj + m
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(2.4.3)

where 6, is the Kronecker delta, S, = 1 if I = 1, otherwise = 0 and

m is the mass density of the cable per unit unstretched length.

Now, consider the kinematics of the cable differential segment.

Let be the position vector for the material point at e on the cable

segment

= x. . (2.4.4)

where , i = 1,2,3 are the unit base vectors for global cartesian

coordinates. Note that the summation convention over repeated

subscripts has been adopted. Differentiating the position vector

with respect to the stretched arc length of cable, one obtains

-, ax.
1 -

as as
e1 (2.4.5)
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where is the unit vector tangent to the cable at material point .

Since the tension vector T is directed along the unit tangent vector,

it can be rewritten in two forms as

T = T = T1
i

(2.4.6)

Combining Eqs. (2.4.5) and (2.4.6) and applying Eq. (2.4.2) to the

resulting equation, one obtains

aX. T.

= (1 + (2.4.7)

The tangent and normal components in Eq. (2.4.3) can be

calculated by

-. - - -
'+

5= ( + ) + ( ) ] (2.4.8a)

- -
t

[( + ). ] (2.4.8b)

-4 -4

u = u (u r) T (2.4.8c)

=
( . (2.4.8d)

Applying Eqs. (2.4.6) and (2.4.8) to Eq. (2.4.3), one obtains

3T.

as
a1(1 + )

Qfl

Q a2(1 + E)
Qt Qt



where

+ c) U1 + a4(1 + c) X1 Wb611 + mX. (2.4.9a)

I, k = 1, 2, 3

a1 = 0.5 p D C (2.4.9b)

a2 = 0.5 p D C (2.4.9c)

a3 = 0.25 p D2 (C + 1) (2.4.9d)
a

a4 = 0.25 p D2 Ca (2.4.9e)

T. T
i k

(Uk+ Vk_ Xk) 8ik 2
(2.4.9f)

T

I. T
i k (2.4.9g)(O+ "k Xk)
T2

n nfl
J I

(2.4.9h)

t itt=
J k k

(2.4.91)

Uk 6ik
TITk

(2.4.9j)



= Xk 8ik

TiTk
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(2.4.9k)

Intermediate Body. Assuming a small spherical body for the

intermediate body, the Morison equation is used to calculate

hydrodynamic forces due to waves and currents. See a free body

diagram given in Fig. 2.2 in which I is the d'Alembert force due to

the acceleration of the mass, F is the hydrodynamic loads due to

currents and waves, bT ar. are cable tensions. Since there are two

cables attached to the intermediate body, the left superscript 'b"

indicates the cable "before" the body if one assigns a direction

along the scope of the cable segments, while the left superscript "a'

denotes "after" the body. The equilibrium equation of dynamic forces

on the free body in the translational degreesoffreedom may be

presented in component form as

(M + p CAy) + (CA+ 1) p V u+ $ q P(t)

+ P .+ W 61j K (X_ X) - bT+ aT 0 (2.4.10)
01

i = 1, 2, 3

where M = total mass of the intermediate body,

W = wet weight of the intermediate body,

V = volume of the intermediate body,

CA = added mass coefficient (same in all directions),

q = +
;

ith component of relative velocity,
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Figure 2.2 Free Body Diagram for the Intermediate Body
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q = (qk qk), k = 1, 2, 3,

$ = 0.5 p A0 CO3

A0 = drag area of the intermediate body (same in all

directions),

C0 = drag coefficient of the intermediate body (same in all

directions),

K = stiffness constant of the spring that may be attached to

the intermediate body,

X = coordinate where the spring is unstretched,

P1(t) = timedependent concentrated load,

P01 = constant concentrated load.

Equation (2.4.10) was derived assuming two cables attached to the

center of gravity for the body so that kinematic compatibility

conditions would be automatically satisfied. However, the nonlinear

interactions between the body and the cables still needs to be

addressed.

Boundary Body. The same assumptions as those for an

intermediate body are made, so that similar equilibrium equations are

derived for the boundary body

(M + p CAV) + (CA+ 1) p V u+ $ q P(t)

+ P .+ W S .- K (Xi X) ± T= 0 (2.4.11)
01 ii

i = 1, 2, 3
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There is only one cable attached to the boundary body. Thus, the

only difference between Eqs. (2.4.10) and (2.4.11) is that Eq.

(2.4.11) has one reaction force of cable tension acting on the body.

The selection of the sign of T1 depends upon where the boundary body

is located. The positive sign will be chosen if the body is located

at the starting end of the cable segments relative to the assigned

direction of the cable scope coordinate. The negative sign will be

used the case when the body is located at the terminal end of the

cable segment. Again, the nonlinear interactions between the body

and the cable needs to be addressed.

2.5 Static Problem with Boundary Conditions

One of the primary interests in solving the static problem of a

cable system is to provide a stable starting configuration for

solution of the dynamic problem, although static analysis is

important on its own. The dynamic response is generally considered

as a disturbance from the static configuration.

Since there is no time evolution in the static problem, the

inertia of the cable system will not appear in Eqs. (2.4.7), (2.4.9),

(2.4.10), and (2.4.11), and these partial differential equations will

become ordinary differential equations. Moreover, timevariant

forces, such as wave forces, should not be included. Thus, the

governing equations for the cable segment in the static problem of a

cable system are



and
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dX1
= (1 + E)

T1

dS0 T

= f1(S0, T) (2.5.la)

I, j = 1, 2, 3

dT
a1(1 + E) a2(1 + c)

¶t ,t

dS0

= g1(S0, T) (2.5.lb)

1, j = 1, 2, 3

T. Tik
"k ik 2

k= 1, 2, 3 (2.5.lc)
T

;t= TjTk
1 k

T2
(2.5.ld)

(2.5.le)

J
(2.5.lf)

and f, g denotes the right hand sides of Eqs (2.5.la,b). From Eq.
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(2.4.10), the equilibrium equation for the intermediate body is

reduced to

1/2

$ (Vk Vk) v.+ P .+ W 81i K (X_ X) - bT+ aT 0 (2.5.2)
1 01

I, k = 1, 2, 3

Similarly, the equilibrium equation for the boundary body is

simplified from Eq. (2.4.11) to have the form

1/2

$ (VkVk) v.+ P .+W6i_K (XX) ±T= 0 (2.5.3)
1 01

i, k = 1, 2, 3

In the general threedimensional case, Eqs. (2.5.1) constitute

six firstorder nonlinear ordinary differential equations for the

three coordinates and three tension components at any material point

along the cable segment. To solve the problem as a twopoint

boundaryvalue problem, two sets of three boundary conditions at each

end are required. The boundary conditions of the static problem are

specified by the prescribed coordinates of the cable ends, if a

boundary body does not exist. Force equilibrium equations governed

by Eq. (2.5.3) are used as the boundary conditions, if there is a

boundary body. Closed form solutions to Eqs (2.5.1) are rare. In

general, the simultaneous differential equations must be solved by a

numerical method such as is described in Chapter 3.
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Because of the presence of the intermediate bodies, the cable

configuration is discontinuous at the intermediate bodies. The

solution strategy to handle intermediate bodies is to treat Eq.

(2.5.2) as an internal boundary condition (Press et al., 1986) to the

problem. The numerical integration of Eqs. (2.5.1) along the cable

must be interrupted at the intermediate body. The unknown values of

can then be related to the known values of LT by Eq. (2.5.2).

The numerical integration resumes after the values of aT. are

calculated. The techniques of treating the discontinuity will be

described in more detail in Chapter 3.

2.6 Dynamic Problem with Boundary Conditions

and Initial Conditions

The governing equation of cable dynamics, Eq. (2.4.9), derived

in Section 2.4 is a secondorder partial differential equation with

independent variables of unstretched cable arc length, S0 and time,

t. The secondorder partial differential equation, Eq. (2.4.9), can

be rewritten as a set of two firstorder partial differential

equations

3xi (2.6.la)
at

3T.

as0
a1(l + E)

Qfl

? 2(1 + e)
Qt Qt
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a

a3(1 + ) ü + a4(1 + c) ' Wb6lj + m (2.6.lb)

at at

i = 1, 2, 3

Taking a derivative of Eq (2.6.la) with respect to S0 allows one to

combine the resulting partial differential equation and Eq. (2.4.7).

Thus, one may obtain

a ax a

as0 at as0
[(1 + E) 4] (2.6.2a)

T. 8 T 2 a
T. 1

1 1

at J at [

= __ (1 + e) Ii Cos

8T1

as0 i(1 + )

Qn Qfl
a2(1 + )

Qt Qt

a.
a3(1 + ) ü + a4(1 + E) WbSji + m (2.6.2b)

at at

i = 1, 2, 3

where a new variable of cable velocity k is introduced to the

governing equations. This is a combined boundaryvalue problem and

an initialvalue problem because of time evolution. The initial

conditions for the problem require specification of all dependent

variables as function of S0. Two sets of three boundary conditions

at each end are also needed at all times.
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In order to convert from a combined initialvalue and boundary

value problem to a discrete boundaryvalue problem at each time, a

conventional temporal integration based on the backward difference

formula (Gerald and Wheatley, 1984) is adopted. Also, the dynamic

problem may then be treated as an equivalent static problem at an

instant. Approximate time derivatives by

1 - cP) (2.6.3a)
at

---cos
T1

1
T T

1cos_1(_i) - COS'(_i)] (2.6.3b)

at
At [ T

T

ax 1 P) (2.6.3c)
at At i

where At is the step size of numerical integration in time, and the

superscript, p, indicates known values at a prior time step.

The above approximations of time derivatives lead to an implicit

method. The solution will then be stable for time steps much larger

than those permitted by explicit methods (Cook, 1981; Bathe, 1984).

The approximation is a process of numerical differentiation that is

less accurate than numerical integration. Moreover, since the

results of these numerical differentiation are to be substituted into

the governing equations and boundary conditions of the dynamic

problem for further computations, the accuracy of the numerical

differentiation is of great concern. Although the central difference

formula has better accuracy than the adopted backward difference, it



cannot be applied to the current problem when an implicit temporal

scheme is sought. In selecting the time step, it is necessary to

consider a type of numerical instability that is related to the form

of the governing equations. For the present condition, the value of

At should not be too small because it actually serves as an

amplification factor when performing the numerical differentiation on

values that are themselves subject to some error. The truncation

errors of the dependent variables during the process of the numerical

solution are amplified by 1/(At), grow rapidly and sometimes lead to

numerical instability if a very small At is chosen.

Fortunately, for a singlyconnected cablebody system, the

stiffness is relatively small compared to other type of ocean

structures, and the mass may be large because of attached buoys or

clumps. Since the natural frequencies are proportional to the square

root of the stiffnesstomass ratio, the natural frequencies of this

type of cable systems can be expected to be low. In other words, the

natural periods of the systems are long. In addition, hydrodynamic

loadings are generally low frequency forces (Sarpkaya and Isaacson,

1981). Thus, without losing the characteristics of dynamic analysis,

the size of At may not be necessarily very small.

There are three types of boundary conditions considered in the

dynamic problem: hinged boundary condition (stationary in time),

kinematic (moving) boundary condition, and force boundary condition.

For the hinged boundary condition,
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(t) = 0 (2.6.4)

is specified at the boundary at all times. For the kinematic

boundary condition,

*
dX (t)

i
(t) = _______ (2.6.5)

dt

is specified at the boundary where X(t) is the prescribed time

varying position of the boundary. For the force boundary condition,

free body equilibrium requires

(M + p CAy) i + (CA+ 1) p V u+ $ q P(t)
at

+ P . W S .- K (X1 X) ± 0
01 ii

i = 1, 2, 3

(2.6.6)

on the body at the boundary. This is identical to Eq. (2.4.11) by

which the nonlinear interactions between a cable segment and boundary

body are described. At the intermediate body, the differential

equation of motion, as described by Eq. (2.4.10), of the body is

(M + p CAV) i + (CA+ 1) p V $ q P1(t)

at
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+ P .+ W 8._ K (X. X) - bT+ aT 0 (2.6.7)
01 1 1 1 1 1

i = 1, 2, 3

Also, compatibility relationships of the kinematics between cable

segments and both intermediate and boundary bodies require

icab1e ibody
(2.6.8)

Applying Eq. (2.6.3) to Eqs. (2.6.2), (2.6.6), and (2.6.7), one

obtains the governing ordinary differential equations at any time for

cable segment, boundary body, and intermediate body as follows.

Cable Segment.

d. 1 T. 2 r 1 T. 1 T 1

1 - (1+) Ii - (_i) 1 cos (

1

dS0 At J T T
T

+
T (E_P)

At T

= f1(S0, T)

dT

dS0 + )

Qn
Q 2(1 + E)

Qt Qt

a3(1 + c)
? +

a4
(1 + (_ n

At

WbSlj+
m

(2.6.9a)



= g(S0
,

T,)

i, j = 1, 2, 3

Intermediate Body.

(M + P CAy) (_ ) + (C+ 1) p V u+ $ q P(t)
At
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(2.6.9b)

+ P . W 6 .- K (X. X) - bT aT.= 0 (2.6.10)
01 ii 1 1 1 1

i = 1, 2, 3

Boundary Body.

(M CAV)
+ (C+ 1) p V u+ $ q P(t)

At

+ P .+ W 8 .- K (X. X) ± T. = 0 (2.6.11)
01 11 1 1 1

I = 1, 2, 3

In this form, the governing equations of the dynamic problem

present a boundaryvalue problem in the spatial coordinate at some

discrete time. In the next chapter, a solution algorithm will be

presented to solve the problem at discrete times At apart.
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3.0 METHODOLOGY

The implicit time integration method described in the previous

chapter allowed the treatment of a dynamic problem as an equivalent

static problem at each instant. Thus, the nonlinear behavior of the

singlyconnected cablebody system, expressed either by Eqs. (2.5.1),

(2.5.2), and (2.5.3) for the static problem, or by Eqs. (2.6.9),

(2.6.10), and (2.6.11) for the dynamic problem, poses a twopoint

boundaryvalue problem. There are two traditional numerical methods

for solving twopoint boundaryvalue problem, namely, shooting method

and relaxation method (Press et al., 1986). Using these methods to

solve this problem are not likely to be successful because of the

nonlinearities and discontinuities at the intermediate bodies (Ablow

and Schechter, 1983).

The proposed computational scheme is to first quasilinearize

the differential equation by the NewtonRaphson method so as to

convert the nonlinear boundaryvalue problem into an iterative set of

linear boundaryvalue problem. For an iterative approach, trial

solutions are substituted into the governing equations and error

functions generated to evaluate the quality of the trial solutions.

The successive iterates are obtained by gradient scaling of the

previous iterate based on the error functions so as to reduce them.

Gradient scaling based on error functions accelerates the convergence

process and has been successfully applied to static cable analysis by

Leonard (1979) and Chiou (1985).

The quasilinearized twopoint boundaryvalue problem can be

further decomposed into a set of initialvalue problems so that
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numerical integration of trial solutions may be propagated from one

end to the other rather than set up numerous simultaneous algebraic

equations. A sufficient number of initial condition for the initial

value problems are required to start the numerical integration.

Unfortunately, not all the required initial values are known in

typical cases. The strategy to alleviate this difficulty is to

assume the linear boundaryvalue problem as a linear combination of

the initialvalue problems. Since each of the iterative set of

boundaryvalue problems is linear, the principle of superposition may

be applied within each iterate such that boundary conditions may be

always satisfied. Therefore, it is possible to select a set of

initial values that satisfy the quasilinearized boundary conditions.

By an iterative solution approach, the nonlinear boundaryvalue

problem can then be solved. It is the purpose of this chapter to

convert the mathematical model of the cable systems to a numerical

model from which a computational algorithm may be generated.

3.1 NewtonRaphson QuasiLinearization

Given a coupled set of nonlinear firstorder differential

equations, such as those given by Eqs. (2.5.1), (2.5.2), and (2.5.3)

or Eqs. (2.6.9), (2.6.10), and (2.6.11), it is possible to develop a

convergence acceleration procedure of successive iteration upon

quasilinear equations. In this section, the conversion of a

nonlinear twopoint boundaryproblem into an iterative set of linear

twopoint boundaryvalue problems is presented.
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Assume a set of 2N nonlinear firstorder differential equations

I dY

dS
}

{
, Y) } i, j = 1, 2, ..., 2N (3.1.1)

with N nonlinear boundary conditions at boundary S = 0

{ h(Y) } { 0 }
k = 1, 2, ..., N

and N nonlinear boundary conditions at boundary S = L0

{ h(Y) } { 0 }
k = 1, 2, ..., N

where S is the independent variable (e.g., cable arc length), (Y)

are the 2N dependent variables (e.g., tension components, location

coordinates, or velocity components), {f(S, Y)) are nonlinear

functions of (Y) (e.g., hydrodynamic forces), and (hk(VJ)) and

(hk(YJ)) are nonlinear functions of (YJ) at S = 0 and of (Y) at S =

respectively (e.g., hydrodynamic forces on the boundary body).

Let (Y'} denote a trial solution vector in the neighborhood of

the true solution vector (Y). The (Y') and (Y') are corresponding

boundary values of {Y') at S = 0, and S = L0 respectively. In the

following, primes will be used to indicate functions calculated from

a trial solution. The nonlinear functions (f1(S, Y)), (hk(YJ)), and

(hk(YJ)) can then be written as truncated Taylor series expansions

about (Y'), {Y') and (Y') as
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{ f(S, Y) } { f(S, Y) } + 1

[{
v}

{
v}] (3.1.3)

ii j

I, j = 1, 2, . . ., 2N

{ h(YJ) } { } +
[5]

[{
j}

{ }]

{ h(Y) } { } + [] [{ } {
v}]

k = 1, 2, . . ., N

where the summation convention from 1 to 2N on repeated indices has

been adopted, [J] is the square Jacobian matrix of order 2N x 2N

for the gradient of the nonlinear forcing function

HJ]
[ j ] evaluated at (Y) = (Y)

(3.1.5)

And, [k] and are the rectangular Jacobian matrices of order N

x 2N for the gradients of the nonlinear boundary conditions

[

:
] evaluated at (Vi) =

(3.1.6
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[
:

I evaluated at =

(3.1.6b)

Upon substitution of Eqs. (3.1.3) and (3.1.4) into Eqs. (3.1.1) and

(3.1.2), the boundaryvalue problem can thus be written as

J
dY

}=[aj]{Yj}{b} (3.1.7)
dS

i, j = 1, 2, . . ., 2N

with boundary conditions at S = 0

[j] {}{}={o} (3.1.8a)

and boundary conditions at S = L0

where

k = 1, 2, .. ., N

[] {}+{}={o}
k = 1, 2, ..., N

[a] = (3.1.9a)

{ b } { f(S, Y) } [' 1

{ v}
ii j
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[] =
[ I

{d}={)}- {} (3.1.9d)

[j] [3] (3.1.9e)

{}={) }- [j] {} (3.1.9f)

Equation (3.1.7) with boundary conditions (3.1.8) and coefficients

defined by Eqs. (3.1.9) constitutes a linearized boundaryvalue

problem for (Y1). An iterative procedure can be applied to solve Eq.

(3.1.7) for (Y1) in terms of S and (Y'1). Starting with a set of

trial solutions, further improved solutions are obtained by

successive iterations in Eqs. (3.1.5) through (3.1.9) with (Y),

(Y'1} and (Y'1) replaced by (Y1}, (Y1) and (Y1) generated by the

previous iteration. The iteration process continues until the

difference between (Y1) and {Y} is less than a stipulated error

tolerance. The trial solutions usually converge quadratically to the

true solution such that each iteration approximately doubles the

number of digits of accuracy (Lee, 1966).

In the calculation of the numerical results which will be

displayed in chapter 4 and 5, a relative error at each integration

point is calculated by



,

2

error

j

1
I = 1, 2, ..., 2N (3.1.10)

L J

1

and iteration continues until error is less than tolerance at every

integration point.

3.2 Decomposition of QuasiLinearized BoundaryValue Problem

A linear twopoint boundaryvalue problem such as that posed by

Eqs. (3.1.7), (3.1.8) and (3.1.9) can be solved by first decomposing

the problem into a set of initialvalue problems and then recombining

the solutions to each initialvalue problem to satisfy all boundary

conditions (Lee,1966; Leonard, 1979; Chiou, 1985). The advantage of

using this method for solving a twopoint boundaryvalue problem

rather than a finite difference method is that large sets of matrix

coefficients need not be generated, stored in the computer memory,

and solved simultaneously. Only a small number of coefficients at

boundaries need to be considered. The solution to each one of a

linear set of 2N firstorder differential equations can be considered

as a linear combination of the solutions of N + 1 initialvalue

problems, hereafter called partial solutions.

Assume the solutions to Eq. (3.1.7) can be written as

{v}={z?}+ [Zik] {ck}

I, j = 1, 2, . . . , 2N

k = 1, 2, .. ., N

(3.2.1)
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where (ck) are undetermined parameters and (Z) and [Z1k] are partial

solutions associated with particular and homogeneous solutions,

respectively, of Eq. (3.1.7). Substituting Eq. (3.2.1) into Eq.

(3.1.7), one obtains a particular differential equation for (Z?) and

N homogeneous differential equations for {Zk] as

and

I dZ

}=
[a] {z}{b} (3.2.2)

dS

dZjk

}=
[a;] {zJk}

dS

I, j = 1, 2, ..., 2N

k = 1, 2, ..., N

(3.2.3)

To solve the decomposed linear boundaryvalue problem, as shown

in Eqs. (3.2.2) and (3.2.3), by a spatial integration along the

independent variable, the set of simultaneous ordinary differential

equations has to be treated as an initialvalue problem. In other

words, a set of initial values to Eqs. (3.2.2) and (3.2.3) is

required such that partial solutions can be obtained by numerical

integration. Since the original problem is a boundaryvalue problem,

the known values of dependent variables are located at both

boundaries. Rather than use a set of blindly guessed initial values
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as that by the shooting method (Press et al., 1986), it is possible

to obtain a set of initial values that satisfy the original boundary

values. To obtain the initial values for the partial solutions, let

{c] and {Y) in Eq. (3.1.8a) be partitioned as

= Ckfl Ckfl ]
(3.2.4a)

[ J] [I_I II'

['nm1 {cm}+
Znm] {II I

(3.2.4b)

j= 1, 2, . . ., 2N

k, m, n = 1, 2, . . . , N

where left superscripts, I and II, represent partition I and

partition II, respectively. Both (Y) and [c] are rearranged and

partitioned such that ("(n) represents either the known or assigned

linearly independent initial values to the boundaryvalue problem

posed by Eq. (3.1.7). The unknown initial values of the partial

solutions, ("Z°.) and {"Z], to the initialvalue problem posed by

Eqs. (3.2.2) and (3.2.3) may then be determined by substituting Eqs.

(3.2.4) into Eq. (3.1.8a) as

1 1

{II } [IIn] [In] {I } ['((n] { Iir; }
(3.2.5a)

and
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1
['nm] ['in] ['I(n] [] (3.2.5b)

Equations (3.2.5) can not be applied to the case of kinematic

boundary conditions since the inversion of ["c is not defined.

However, in this case the determination of the initial values of the

partial solutions is relatively straight forward. The initial values

of the partial solutions for Z) and [Zk] of Eqs. (3.2.2) and

(3.2.3) for both kinematic and dynamic boundary conditions will be

derived in Section 3.4 for cable problems.

Having defined N + 1 linearly independent initialvalue

problems, each of which satisfies the actual boundary conditions at

the starting end, numerical integration may be performed to obtain

the partial solutions at the terminal end. These partial solutions

at the terminal end are then used to determine the appropriate

parameters, (ck} in Eq. (3.2.1) for the linear combination of

partial solutions. The boundary conditions expressed by Eq. (3.1.8b)

at the terminal end can be expressed in terms of partial solutions as

[.] [{} Ic }] {}={o} (3.2.6)
[ .jmj ( m

j= 1, 2, ..., 2r4

k,m=1, 2, ...,N

where (Z} and [Zjm] are the partial solutions at the terminal end.

The product of [c] and {ZJm] is a square N x N matrix and thus (cm)
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may be determined by

1

{cm}= [[] [Jl]] [{}+ [] {}] (3.2.7)

j= 1, 2, .. ., 2N

k, 1, m = 1, 2, ..., N

With {cm) determined, a final integration of Eq. (3.1.7) can be

performed with determined initial values

{i }={?} [ik] {ck} (3.2.8)

j= 1, 2, .. ., 2N

k = 1, 2, ..., N

3.3 QuasiLinearizations of the Governing Cable Equations

With the methodology previously described in Section 3.1, the

nonlinear firstorder differential equations of the governing

equations for cable problems derived in Section 2.5 and 2.6 will be

quasilinearized in this section using the NewtonRaphson method.

The quasilinearization will be applied to governing equations of

each cable segment, intermediate bodies, and boundary bodies for

static problems as well as for dynamic problems. The Jacobian matrix

for the governing equations is derived by differentiation of the

nonlinear functions with respect to each of the dependent variables

in turn.

Static Problem. Since the governing equations of both boundary
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bodies and intermediate bodies are linear, they require no quasi

linearization. Thus, the quasilinearized boundary value problem can

be derived from Eqs. (2.5.1), (2.5.2), and (2.5.3) as follows.

Cable Segment:

where

d ax

dST 8g
0 1 I 1

L

3f

1 {xx'1 11
1J

(3.3.1)

3g

j
T T

3T

1, j = 1, 2, 3

T
f = (1 + E') 1 (3.3.2a)

1
T'

g = - a1(1 + e') a2(1 ') W8 (3.3.2b)

and thus

af
1

= (3.3.3a)

3X'.

T' T'133f (1 + ')
[

T' T0 3C1
c2]

3T T' C1 T

T
1 (3.3.3b)

L T'2(T'



54

3g
= (3.3.3c)

3g'
a1(1 + E')

[

n1[
T T T

T'2
A4S1 2A4

T'23T

fl'
1

+ , ( A4 '+ 2A4 A TJj

/ T T T'.
1 J ____- a2(1 + ')

[ T'
+ X4S. 2A4

T'2

V t/ 1

+ , ( A6 + A4 2A4 A6 T)] (3.3.3d)

E/C a1- +v V.] [IIIJQ3C1
2 1

C1 3T + 2]
1

T1
T'(T' T0)

in which

A4=
T'2

(3.3.3e)

T'
A5=

T'2

(3.3.3f)
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T

'6
T'2

(3.3.3g)

Intermediate Body:

$ Vk) .+ P . W
6ii

K (Xi X) - bT. aT.= 0 (3.3.4)
1 01

i, k = 1, 2, 3

Boundary Body:

, ) '.+ p .+ w K (X. X) ± T= 0 (3.3.5)
k 1 01

1, k = 1, 2, 3

Dynamic Problem. Since the governing Eqs. (2.6.9), (2.6.10),

and (2.6.11) for cable segments, intermediate bodies, and boundary

bodies are all nonlinear, the quasilinearization has been applied to

all of them so as to transform them into an iterative set of linear

boundaryvalue problem. The results of this process are shown as

follows.

Cable Segment:

[3f af
1

I f'd_J 3 3T fi T+
}

(3.3.6)
dS0t. T J Og 3gj [ T T J t. g

3T j

i, j = 1, 2, 3



where

f' =
T' 2 1 1 T 1 T?

(1+') - (.._i)
Lc0s (

1) cos (

1)]

At T' T'
T

1T
+ 1 (' - P)

At T'

nI nI t' t'
g

i(1 + ') Q Q1 a(1 + c') Q Q1
1

a3(1 + ')
a4

(1 +
fl

1

At

W6 m

b ii

and thus

äf
1 =0

3f 1 + 2E' f
6
ii,

3T T'At

1 J1(c' e)

Es

Th T
or =

T'At ' +

if T = T';

56

(3.3.7a)

(3.3.7b)

(3.3.8a)

T' T0 8C

T'At C1 3T
2]
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2
T T rTfl

(T'-T0)
[

T' J

T

T] I
.

1
1

(1 + T T I T

U i2
1 + i-'i 1

] - -'I
]]

+
L T

L
LTI

T

T/j 1

2

a4 r
T T'

= 6. + (1 + E') [6.
__1

At At

if T T' (3.3.8b)

T' T'.
Qrl

T'2
Qfl'

[Q A5]]+ a1(l
1 -i +

t'
T T'. Q1 T

+ a2(1
_1 J +

T'2
'6 Qt

T'
j

(3.3.8c)

/ TT'3g a1(1 + E')

[

Qfl'[
8. .+ 2A

1

]T'2T'



Q'
[- A4 Q A5 Q + 2A4A5

T
11+

Qfl
T' Jj

T Ta2(1 + E')

[

Qt[ T

+
2A4

T'2T' T'

t,

+
,

[ A Q+ A6 Q 2A4A6
T

ii

T' Jj

a (1 + e') [ T u. T T
13 I

1 A7 8+ 2A7
T'2 jT'

[

T'

a4(1 + c')
[

T (
Th T'. 1

+ - ------ A 8. + 2A8_!___j
T'

[

T'At
8 ij

ad
' ' a3u. c'-

[ a1Q
Q + a2Q Q +

1

At

+c
I' T0 3C1

(3.3.8d)

3T T0)

in which

T Q
(3.3.8e)

T'

T Q

T'

(3.3.8f)
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T
k (3.3.8g)

6
T'

A
Tk Uk

(3.3.8h)

T'

TI( C J

A8-.

T' At

(3.3.81)

Intermediate Body: The governing equations of the intermediate

body are treated as internal boundary conditions. In order to deal

with discontinuities imposed by the presence of the intermediate

bodies, let Eq. (2.6.10) be rearranged as

aT. bT.+ (M + CAV)
)

(C + 1) p V Q. q q. P.(t)
A 1 1 1

At

w S+ K (Xi X)

=
bTJ

I, j = 1, 2, 3

(3.3.9)

such that the unknown values of
a- can then be related to the known

values of bT. during the numerical integration along the cable scope.

Then,



where

[ au au
{J( bT} 1 1

X

L

abT/] {bT b11} + { i } (3.3.10)

j
b (M + P CAV)

) (CA+ 1) p V u $ q'q P(t)
1 1

At

P .- W 6 .+ K (X X) (3.3.11)
01 ii 1 1

and thus

3U
1 (M + CAV)

+ [q'1
q1

(3.3.12a)

3X, At q' -

1
= (3.3.12b)

3 T'.

Boundary Body: Let Eq. (2.6.11) be represented as

(M + P CAV) (_ ) + (CA+ 1) p V u1+ $ q q1+ P1(t)
At

+ P . W 8 .- K (X. XS) ± T.
01 ii 1 1 1

= h1 (, TJ (3.3.13)

1, j = 1, 2, 3



Then,

where

T)}= I__ 3h1
L3X

aTj

h =
(M + P CAV)

( + (CA+ 1) p V + $ q'q
At

and thus

+ P.(t) + P .+ W K (Xi X) ± Th
11 01

L_ (M+pCAV)
sij $ [q'8+

q q

At q'

ah

3T

3h

3T,

if boundary body located at S0= 0
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(3.3.14)

(3.3.15)

(3.3.16a)

(3.3.16b)

if boundary body located at S0 = L0 (3.3.16c)

The quasilinearized twopoint boundary problems that are

derived in this section will be further decomposed into a set of

initialvalue problems in the next section so that a solution

algorithm can be developed.
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3.4 InitialValue Problem and Partial Solutions

Using the solution scheme presented in Section 3.2, the quasi

linearized twopoint boundaryvalue problem derived in Section 3.3

will be further decomposed into a set of initialvalue problem in

this section. The following will summarize the initialvalue

problems and their corresponding initial partial solutions and the

intermediate partial solutions for the static problem as well as for

the dynamic problem. Two types of boundary conditions for the static

problem and three types of boundary conditions for the dynamic

problem will be considered. The undetermined parameters for the

linear combination of partial solutions will also be presented

accordingly.

Static Problem.

InitialValue Problem: Equation (3.3.1) may be decomposed into

the following set of initialvalue problem according to the solution

scheme described in Section 3.3.2.

[3f 3f' 1
1 1

°X' If'd X 8X 3T X

}

(3.4. la)

dS{ T? I ag 8g T T j g

3T j

and



[!i
d I Xik

1

dSJTikJ

63

afj
1

0T
f Xjk 1 (3.4.lb)

3g TjkJ

3T J

i,.j, k = 1, 2, 3

where {X?), (T), [Xk], and [TIk] are partial solutions of (Xi) and

(T1).

Initial Partial Solutions: The following initial partial

solutions are required to start the numerical integration of the

initialvalue problem posed by Eqs. (3.4.1). Two types of boundary

conditions are considered.

1) Hinged (Stationary) Boundary Condition:

(3.4.2a)

[ik] = [o] (3.4.2b)

{}={o} (3.4.2c)

[ik] [I]
(3.4.2d)

i, k = 1, 2, 3

where (Xi) is the known coordinate vector at S0 = 0, and [I] is an

identity matrix.
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2) Force Boundary Condition:

{ } { 0 }

[ik] [I I
(3.4.3b)

{ ? } { ( Vk) i.+ P . W K X }1 01

[ik] = K [i] (3.4.3d)

i, k = 1, 2, 3

Intermediate Partial Solutions: In order to continue the

numerical integration of Eqs. (3.4.1) across an intermediate body,

the partial solutions have to be updated according to the following

relations.

{ao}{bo} (3.4.4a)

1a 1

L
Xjk] [

bXik
]

(3.4.4b)

{aTo}{bTo}{ .WS .KX}
k 1 01 11

+ K {
bxo

} (3.4.4c)

[
aT

] [
bT] + K

[
bx]

1, k = 1, 2, 3



where left superscripts, b and a, represent the partial solutions

'before" and "after" the intermediate body if one follows the

direction of spatial integration.

Determination of (CkI: Let Eq. (3.2.7) be written in a

simplified form as [Ask] (ck) = {B). The coefficients of [Alk] and

(Br) may be determined as follows according to the boundary

conditions at the terminal end. Then., (ck} can be readily

determined.

1) Hinged (Stationary) Boundary Condition:

[Alk] [ik]

B } {

where (X1) is the known coordinate vector at the terminal end.

2) Force Boundary Condition:

[Alk] [ik] +K [ik]

{ B1}= {sk ".+P .W8 .+KX}
k 1 01 ii 1
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(3.4.5a)

(3.4.5b)

(3.4.6a)

(3.4.6b)



Dynamic Problem.

InitialValue Problem: Equation (3.3.6) may be decomposed into

the following set of initialvalue problems.

afj c9f

d (
? 1

3T
I

f )

hF.

T J [3g 3g

}

{T T g J

3TJ
i

and

[3f.8f
1

d {ikU 3 3T
jkl

dS0 Tik J 8g'1 3g t Tik J

[3 3T j

I, j, k = 1, 2, 3

(3.4.7a)

(3.4.7b)

where (), (T), [k]' and {Tk] are corresponding partial solutions

of () and (Ti):

Initial Partial Solutions: The following initial partial

solutions are needed to start the numerical integration of the

initialvalue problem posed by Eqs. (3.4.7).

1) Hinged (Stationary) Boundary Condition:

{}={o} (3.4.8a)
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[ik] = [o] (3.4.8b)

{}={o} (3.4.8c)

[ Tik I [' I

i, k = 1, 2, 3

where [I] is an identity matrix.

2) Kinematic (Moving) Boundary Condition:

{k?}={1} (3.4.9a)

[k I
= [o] (3.4.9b)

{}={o} (3.4.9c)

[ Tik I [' I

i, k=1, 2,3

where () is the known velocity vector at the starting end.

3) Force Boundary Condition:

(3 .4. lOa)

[ Xik I [' ]



{ T
}

3h 3h

}
{

(, T)} (3.4.lOc)
-

1 1 J

[a dT] {T

[ ]

(M + p CAV)
8ik +

[q'sjk+
q1

1 (3.4.lOd)

At q' -

I, j, k = 1, 2, 3

where the calculation of the Jacobian matrix may by found in Eqs.

(3.3.16).

Intermediate Partial Solutions: In order to continue the

numerical integration of Eqs. (3.4.7) across an intermediate body,

the partial solutions have to be updated according to the following

relations.

{ao}{bo} (3.4.11a)

r a

]

[b
]L

ik

I 8I{aTo}IbTol+ i {bo}+{ji (, b}
I_ 'J

I_3I._ 0I
1

[a bT

j

bT
I

(3.4.11c)

I 3I 1

[
a-i-

] [

bTik
] +

___!_J
[

b

]

(3.4.11d)
L 1k [3XJ]

i, j, k = 1, 2, 3



where left superscripts, b and a, respectively represent the partial

solutions "before" and "after't the intermediate body if one follows

the direction of spatial integration. The calculation of the

Jacobian matrix may be found in Eqs. (3.3.12).

Determination of k':
Let Eq. (3.2.7) be written in a

simplified form as [Alk] (k) = (B1), the coefficients of [Alk] and

(B1) may be determined as follows according to the boundary

conditions at the terminal end. Then, (ck) can be readily

determined.

1) Hinged (Stationary) Boundary Condition:

[Ak I [ik]
(3.4.12a)

{
B}=-{?}

2) Kinematic (Moving) Boundary Condition:

[Aik] [ik]
(3.4.13a)

{
B}={}

.nown velocity vector at the terminal end.
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3) Force Boundary Condition:

[Alk]
1 [j] [ik]

(3.4.14a)

3ji

I
1 J{B }={}- 1] {}+

r3 3h 1 (i'.

[3X
L

0T] T J

{h (, T)}

1, j, k = 1, 2, 3

(3 .4. 14b)

where the Jacobian matrices are derived as shown by Eqs. (3.3.16).

3.5 Algorithms

Static Problem. The computational steps involved in the

analysis of a static problem may be ordered as follows:

1) input the required data,

2) compute trial solutions of (X1) and (T1) by catenary

Equations (Chiou, 1985 and Leonard, 1988),

3) compute/select partial solutions {X?}, [Xlk], (T'}, and [Tk]

according to Eqs. (3.4.2) or (3.4.3),

4) assign (X1) and (Ti) to (X1') and (T) respectively,

5) obtain (X?), EXIk], {T?), and {Tjk] by numerical integration

of Eqs. (3.4.1). The RungeKutta--Gill method is used for the

numerical integration. The coefficients of Eqs. (3.4.1)

are calculated by Eq. (3.3.3) using (Xi') and (T),
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6) compute partial solutions at the intermediate body by

Eqs. (3.4.4) during step 5), if encountered

7) calculate [Alk] and (B1) by Eqs. (3.4.5) or (3.4.6),

8) compute undetermined parameters (ck) of Eq. (3.2.1),

9) combine partial solutions by Eqs. (3.2.8) to obtain (X1)

and (T1),

10) perform another numerical integration with the initial values

calculated from step 9)

11) check the convergence criteria by Eq. (3.1.10) for (X1) and

(X1'), {T1) and (Ti'),

12) repeat steps 3) through 11) until the stipulated convergence

criteria is met,

13) print the convergent solutions of (X1) and (T1).

Dynamic Problem. The computational steps involved in the

analysis of a dynamic problem may be ordered as follows:

1) input the required data,

2) compute initial accelerations of cable segment, boundary

body, and intermediate body,

3) compute trial solutions (') and (T1') using linear

projections of the values calculated by step 2),

4) proceed one step At in time,

5) assign {k1) and {T) to (') and (T11) respectively,

6) compute (X1) by numerical integration of Eq. (2.5.la),

7) compute () by the formula on the right hand side of Eq.
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(2.6.3c),

8) obtain (} [J ()' and (TIk) according to Eqs.

(3.4.8), (3.4.9), or (3.4.10),

9) compute water particle kinematics {Q1), (U1) by linear wave

theory and {) by the input current profile,

10) obtain (X), [Xlk], (T), and [TIk] by numerical integration

of Eqs. (3.4.7); The RungeKuttaGill method is used for the

numerical integration; The coefficients of Eqs. (3.4.7) are

calculated by Eq. (3.3.8) using () and (T');

11) compute the updated partial solutions by Eqs. (3.4.11) if an

intermediate body is encountered during step 10),

12) calculate [Alk] and (B1) by Eqs. (3.4.12), (3.4.13), or

(3.4.14),

13) compute undetermined parameters {ck) of Eq. (3.2.1),

14) combine partial solutions by Eqs. (3.2.8) to obtain () and

15) perform another numerical integration with the initial values

calculated by step 14),

16) check the convergence criteria by Eq. (3.1.10) for () and

(), (T1) and (T'),

17) repeat steps 5) through 16) until the stipulated convergence

criteria is met,

18) print the convergent solutions of {X1), {), () and (T1),

19) compute initial guessed value of () for the next time step

by central difference,

20) assign () and (T1) to () and {T) respectively,
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21) repeat steps 4) through 18) until the prescribed number of

time steps are finished.
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4.0 EXAMPLE PROBLEMS

The validation of the proposed algorithms for both static and

dynamic analyses of a singlyconnected cablebody system will be

demonstrated in this chapter by a series of example problems. The

numerical computations were performed by a computer program which was

developed based on the algorithms presented in the previous chapter.

There are five examples presented in this chapter. The first

example is intended to demonstrate the ability of the solution

algorithm to simulate the steadystate and transient responses of a

suspended cable. Example 2 considers a towed cable subjected to an

oscillatory excitation at the towed point. The transient responses

of two buoy relaxation problems are selected as Example 3: high

quality experimental data is available for comparisons. The data was

collected by the Naval Civil Engineering Laboratory with an aim to

evaluate mathematical models of cables. Example 4 is the

hydrodynamic response of a singlepoint multisegment mooring to wave

loadings. The last example shows the dynamic response of a single

point multisegment mooring to a concentrated sinusoidal force.

4.1 Example 1: Suspended Cable in a Current

This example is intended to show the validity of the present

solution algorithm for the cable segment and the nonlinear boundary

condition at the boundary body. The problem was used by Wang (1977)

to demonstrate the finite difference program, CABUOY, for the dynamic

analysis of twodimensional cable systems. As shown in Figure 4.1, a

linearly elastic cable is initially vertical and suspended in the
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1,2,or 4

Figure 4.1 Suspended Cable in a Current
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water channel. In the presence of channel current speeds of 1, 2,

and 4 knots, the final steadystate configurations and their

deployment histories are to be calculated. The cable and boundary

body at the lower end have the following properties:

Cable:

Unstretched length = 12 ft.

Mass = 0.0002 slugs/ft.

Weight in fluid = 0

Diameter = 0.12 in.

Tangential drag coefficient = 0.02

Normal drag coefficient = 1.4

Added mass coefficient = 1.0

C1 = 0.05 1b1

C2 =1.0

Boundary body:

Drag area = 0.05 ft2

Volume = 0.00841 ft3

Weight in fluid = 2.0 lbs.

Drag coefficient 1.0

Added mass coefficient = 1.0

Fluid density = 1.94 slugs/ft3

The numerical integration along the cable was performed in twentyone

steps. A nondimensional error tolerance of 0.001 was chosen for the

convergence criteria. The results are presented in Sections 4.1.1



77

and 4.1.2.

4.1.1 SteadyState Response

The results of the steadystate analysis of the problem are

presented here. The purpose of this analysis is to provide

information that to be used in the evaluation of the transient

solution when the deployment reaches its steadystate condition. The

transient response will be shown in the next section. In addition,

the algorithm of the steadystate problems can be verified by this

example.

Figure 4.2 shows the steadystate configurations, obtained in

the present study, compared to Wang's (1977) results. It can be seen

that the configurations of the cable by the present study are almost

identical to Wang's model. The displacements of the boundary body,

tension at the fixedend, and number of iterations required for

convergence are shown in Table 4.1. It should also be noted from

Table 4.1 that it took only six iterations to converge for the case

of 4knot current. The solution algorithm may be considered quite

efficient. Finally, it is worthwhile to mention that the

displacement and tension responses, as shown in Table 4.1, are not

linearly proportional to the current speeds.

4.1.2 Transient Response

The transient response of the problem is considered here to

demonstrate the validity of the present solution scheme and the

ability to treat nonlinear boundary conditions. The response of the
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Current
(knots)

Displacement (ft)
Horizontal Vertical Tension (ibs) Iteration

1 2.174 0.221 2.0056 3

2 6.784 2.254 2.1036 4

4 11.438 6.787 3.2740 6

Table 4.1 Results of SteadyState Response



problem for the first twenty seconds after the deployment was

simulated. The size of the time step used was 0.1 second.

Figures 4.3 through 4.5 show the configuration of the system at

various times during deployment for current speeds of 1, 2, and 4

knots, respectively. The response of large displacements relative to

the initial configuration is observed. These figures indicate that

approximately eight to ten seconds are required to reach steady

state. It is intuitive to anticipate that the transient response of

deployment reaches the steadystate solution as presented in Section

4.1.1. The expectation can be seen quite obviously from the figures.

It is also of interest to notice that, because of its large inertia,

the boundary body characteristically lags during the initial instants

of deployment. Particularly, this phenomenon may be seen clearly in

the case of a 4knot current. The configurations of deployment

obtained in the present study are compared with those obtained by

Wang (1977). A close agreement between the two models is

demonstrated.

The time histories of total velocity at the boundary body are

shown in Figure 4.6 for the three current speeds. This figure shows

that the maximum response of velocity at the boundary body occurs at

about 0.9 second for all three cases. The values of maximum velocity

are, respectively, 0.974, 2.50 and 6.08 ft/sec for the cases of 1,

2 and 4knot current speeds. The ratios of the maximum response of

velocity to the current speed are 57.6%, 73.8% and 89.9%. These

numbers indicate the nonlinear response of velocity to current

speeds. Figure 4.7 shows the time histories of the tension at the



0

i

-8

-9-

8.3 SEC

PRESENT STUDY
**.*STDy_STATE

.0 SEC 40 SEC CABUOY

0.5 SEC

I I

0 1 2 3 4 5 6 7 8 9 1011 12

X-2 COCFDiNATE (FT.)

Figure 4.3 Configuration during Deployment
(1 knot)



8 \
\\ \\

:

I
\\

15 SEC

Z .8.0 SEC
4.0 SEC

2 0 SEC PRESENT STUDY
*** STEADY-STATE

lL 1.0 SEC - CABUOY
0.5 SEC

-13-
I I

0 1 2 3 4 5 6 7 8 9 1011 12

X-2 COORDINATE (PT.)

Figure 4.4 configuration during Deployment
(2 knots)



;SEC

2.0 SEC

-o-

0.5 SEC
LO SEC PRESENT STUDY

STEADY-STATE
0 EC - CABUOY

-13-

0 1 2 3 4 5 6 7 8 9 1011 12

X-2 COORDINATE (FT.)

Figure 4.5 Configuration during Deployment
(4 knots)



a

L.)

Ui

4

I.-

U
a
Ui
>

a

a 2 4 5 2 O 12 14 16 19 22

(aEC

2 K'X3T5 0 4 KDTS

Figure 4.6 Velocity at the Body



1

0

2.SJ /

2.ej I

2.

2 2

a 2 4 3 10 12 4 1 18

TR4E EC)

I CT 2 <TS o 4 KDT

Figure 4.7 Tension at the Suspension Point

20

I1



suspension point. A spike between 0.5 to 1.0 seconds is present.

This is caused by the impact of the current drag forces in the

initial instants of deployment. The cable responds to the impact

forces by increasing tension before changing its configuration. The

magnitude of tension drops slightly when the body start moving and

increases immediately as the drag forces continue to act on the cable

and the body.

Figure 4.8 shows the results of the parametric study for the

case of 1knot current. The parametric study used three different

step sizes of spatial variable and various sizes of time increment.

The abscissa is the ratio of the spatial step size to the time step

size for the numerical solution. The ordinate is the difference in

percentage of the horizontal location of the body at the steadystate

compared to that obtained in the previous Section. It is noted that

a good prediction of the horizontal location of the body is obtained

even when the ratio of the spatial step size to the time step size is

large. However, the better prediction may be obtained when the ratio

is about one, i.e., using the same step size for the spatial and time

variables.

Numerical instability was encountered during the analysis of

this example when a small value of time step, At, is chosen. The

instability apparently is related to the form of the governing

equations after numerical differentiation with respect to time is

replaced by a backward difference. Consequently, the errors of the

dependent variables during the process of the numerical solution are

amplified by a factor of 1/At. The consequence of this error
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amplification is divergence of the numerical solution. For the

numerical solution of nonlinear partial differential equations, the

convergence criteria has to be determined by numerical

experimentation. The smallest value of time step to have a

successful numerical solution was found to be 0.02 second for both

cases of 2 and 4knot current and 0.07 second for 1knot current.

4.2 Example 2: Oscillating Towed Weight

This example will investigate the behavior of a weight towed in

a vertical plane and subjected to a transverse motion at the

towpoint. The example was chosen to demonstrate the capability of

the present model to perform dynamic simulations of long duration and

to analyze cablebody systems under the influence of an oscillating

boundary.

Figure 4.9 illustrates the problem of an oscillating towed

weight. A constant tow speed of 2.5 rn/sec in the negative X2

direction is replaced by a subsurface steady, uniform current

profile in the positive X2 direction and the towpoint was initially

fixed at the origin of coordinates. The towpoint oscillation, a pure

sine wave, is imposed transversely in the X3 direction after the

displaced quasistatic initial configuration was determined. Other

data about the problem are as follows:

Cable:

Unstretched length = 1000 m

Weight in fluid = 1.02 kgs/rn
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Towed Weight

Figure 4.9 Oscillating Towed Weight



Diameter

Tangential

Normal dra

Added mass

Cl

C2

Weight:

= 0.03 in

drag coefficient = 0.001

coefficient = 1.07

coefficient = 1.0

=0

= 1.0

Diameter = 1 m

Weight in fluid = 3400 kgs

Drag coefficient = 0.

Added mass coefficient = 0.

Fluid density = 1025 kg./m3

Oscillation:

Amplitude = 10 m

Period = 133 seconds

The number of integration steps along the towed cable is sixteen.

The nondimensional error tolerance is 0.01 and a time increment of

six seconds is selected. The results of dynamic simulation are

desired for a total of 1095 seconds. This data is similar to, but

not exactly the same as, data used by Delmer and Stephens (1989) in

the study of a towed cable due to the transverse oscillation. In

their study the mass of the towed body was not included.

Additionally, they assumed linear vibrations added to the nonlinear

static solution.

Figure 4.10 gives the initial steadystate configuration of the
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towed system in the X1 X2 plane. The displaced initial

configuration, with only steady current acting on the system, was

first obtained by a nonlinear steadystate static analysis similar to

Example 4.1.1. Then, the dynamic response of the system due to the

oscillation at the towpoint is simulated. The results of the

simulation are shown in Figures 4.11 through 4.14. Also, shown in

Figure 4.10 is the quasi steady configuration in the vertical plane

after 1095 seconds of simulation.

Time histories of the coordinates at the weight are displayed in

Figures 4.11 through 4.13. These figures indicate that the

oscillating towed system approximately reached its oscillatory

steadystate 900 seconds after the oscillation at the towpoint is

imposed. At the oscillatory steadystate, migrations of the weight

position away from the initial steadystate can be seen in Figures

4.11a and 4.12a: 40.11 meters in the X1 direction and 40.45 meters

in the X2 direction. The migration of the towed weight is due to

three effects. First is the 'waterpulley" effect in that the

transverse oscillation repeatedly introduces an outofplane normal

drag force and thus causes a shortening in the X2 scope. Secondly, a

larger magnitude of relative tangent velocity causes the migration in

the X1 direction. Thirdly, the curvature of the cable near the

towpoint is decreased because of the additional normal drag forces

due to increased velocity magnitudes from transverse oscillation, as

in strumming. Since there is no drag force at the towed weight the

slope of the cable at the weight must be vertical. Therefore, the

only way to accommodate a reduced curvature near the towed weight is
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for the towed weight to migrate left and down. In the study by

Delmer and Stephens (1989), only minor migrations, 0.6 meters in the

X1 direction and 0.2 meters in the X2 direction, were calculated.

However, their dynamic model was linear in nature and they did not

include inertia forces from the towed body.

Oscillations in the vertical plane about the mean path are very

small as shown in Figures 4.11b and 4.12b. The transverse amplitude

of X3oscillation shown in Figure 4.13 is about 1.1 meters, i.e. much

larger than oscillations in the vertical plane. This is because the

driving oscillation occurs in the X3 direction at the towpoint. The

ratio of the response amplitude at the weight to the oscillation

amplitude at the towpoint was found to be 11.0% compared to 5.4%

found by Delmer and Stephens (1989). This difference is due to the

inclusion in the present model of inertia forces on the towed body.

The period of the transverse X3oscillation in Figure 4.13 is

seen to be the same as the driving period at the towpoint. However,

the periods of the X1 and X2oscillations shown in Figures 4.11b and

4.12b appear to be only half of the driving period. This nonlinear

effect may be explained as follows. Due to the 'waterpulley"

effect, the towed cable is bent to cause a shortening in the X2 scope

when the towpoint oscillation moves away from the origin.

Conversely, the towed cable tends to lengthen in the X2 scope when

the towpoint oscillation moves toward the origin. The towpoint moves

away and toward the origin twice during each cycle of its

oscillation. Consequently, shortening and lengthening of the X2

scope happens twice in each period of the driving at the towpoint.



Thus, the period of the X2oscillation at the weight is halved. The

period halving in the X1oscillation may be viewed as the consequence

of the coupled effects of X1 and X2 responses.

Figure 4.14 shows the time histories of X3displacement at four

different integration points evenly spaced along the cable scope.

From the largest to the smallest curve, these time histories,

respectively, represent the X3displacement at the 1/4, 2/4, and

4/4 cable scope from the towpoint. In other words, the smallest

curve is identical to Figure 4.13 that represents the X3displacement

at the weight. The figure illustrates the amplitude variation and

phase delay as the disturbance caused by the towpoint oscillation

propagates along the cable from towpoint to the weight in an

attenuated form. Results obtained by Delmer and Stephens (1989) for

maximum steady X3oscillations at the quarter points are compared in

Table 4.2 to results from the present study. It can be seen that at

the 1/4 point quite similar results are obtained. The discrepancy

increases dramatically toward the point at the towed body. This

again is ascribable to the inclusion of the inertia effects of the

towed body in the present study.

4.3 Example 3: Buoy Relaxation

The Naval Civil Engineering Laboratory had recognized the need

for reliable methods of numerical simulation for predicting the

motions of underwater cable systems. To accomplish this goal

several smallscale experiments were conducted (Meggitt, et a].,

1978) for the purpose of validating numerical models of cable



Locations
Delmer and Stephens

(1989)

(m)

Present Study
(m)

1/4 point 5.59 5.84

2/4 point 2.36 3.21

3/4 point 0.78 1.76

4/4 point 0.54 1.10

Table 4.2 Maximum X3 Oscillations at Quarter Points
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systems. Some of the problems have also been successfully simulated

by finite element models SEADYN computer program (Palo, 1979) and

Lo's computer program (Lo, 1982), by lumped parameter model - SNAPLG

computer program (Palo, 1979), and by finitesegment model UCIN

computer program (Kamman and Huston, 1985). By selecting these

problems for validation, the capability of the present model to

simulate underwater cable dynamics will be justified based on the

comparisons of results with both highquality experimental data and

other numerical models. The transient response of the relaxation of

a twodimensional singlepoint mooring is demonstrated in Section

4.3.1 while the relaxation of a threedimensional twoleg mooring is

shown in Section 4.3.2.

4.3.1 TwoDimensional SinglePoint Mooring

The experimental model of this example consisted of a submerged

spherical buoy anchored to the bottom by a single cable. The buoy

was statically displaced to a specified position and then released.

The dynamic responses of the mooring system were recorded. The

displaced initial configuration of the cablebuoy mooring system is

shown in Figure 4.15, and the properties of the cable and buoy are

Cable (Silicon cable with wire core):

Unstretched length

Weight in air

Weight in water

Diameter

= 72 in.

= 11.443 x i0 lb/ft.

= 2.381 x iO lb/ft.

= 0.163 in.
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xi

Figure 4.15 Single-Point Mooring Relaxation



Tangential drag coefficient = 0.02

Normal drag coefficient = 1.2

Added mass coefficient = 1.0

C1 = 0.2083 lbs1

C2 = 1.0

Buoy

Diameter

Weight in air

Weight in water

Drag coefficient

Added mass coefficient

Fluid density

= 2.0 in.

= 0.025 lbs.

= 0.121 lbs.

= 0.5

= 0.5

= 9.3605 x i0 slugs/in3

102

The numerical integration along the cable was conducted in

thirteen steps from anchor to the buoy. A nondimensional error

tolerance of 0.001 was selected for the convergence criteria in the

iteration process. The displaced initial configuration was obtained

by the static analysis prior to the dynamic analysis with both ends

of the cable fixed in space. The release of the buoy was simulated

by removing the static restraints at the buoy. The response of the

mooring system during the first ten seconds after release was

calculated. The size of the time step used was 0.1 second. The

results of the simulation are displayed in Figures 4.16 through 4.21.

As shown by the Figures 4.16 and 4.17, displaced configurations

calculated at various times by the present model compare favorably

with both experimental and other numerical models. It can be seen in
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Figures 4.18 and 4.19 that the present model provides very good

estimates of the horizontal and vertical positions of the buoy in

comparison to experimental results. In these figures one can see the

effect of including cable elasticity. Plotted in Figures 4.18 and

4.19 are coordinate histories of elastic and inextensible cables.

The time history of total velocity of the buoy is shown in Figure

4.20. The velocity comparison shows excellent agreement of the

present model with SEADYN. However, the present model as well as

other numerical models seem to overpredict the velocity and show much

smoother response in time than the experimental results. The

situation was also noticed in Figures 4.16 and 4.17. The difference

is likely due to the inadequacy of the drag coefficients.

The tension history at the anchor is shown in Figure 4.21. The

tension comparison shows. that the present model underestimates the

tension in general, especially the initial tension spike, but does

reach a steadystate response. Although SEADYN predicted the initial

tension spike, tension response did not smooth out over time. The

effects of the hydrodynamic damping and numerical damping may have

caused the smooth but steady response of velocity and tension

histories. The existence of the numerical damping was noted during

the experimentation of the present model when the hydrodynamic

damping force was neglected. Numerical damping usually results from

the error pertaining to the approximation of velocity term in the

numerical models. The investigation of the numerical damping will be

left for future study.
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4.3.2 ThreeDimensional TwoLeg Mooring

The experimental model of this test was composed of two cables

that were attached to a common point on a buoy while the other ends

of the cables were anchored to the bottom at separate points. The

buoy was displaced out of the vertical plane to a specific position

and allowed to return to equilibrium after release. The dynamic

response of tensions at anchors was recorded. This problem was

selected to validate the capability of the present model to handle

internal boundary conditions that were imposed by the presence of an

intermediate body, i.e., buoy. The ability of the present model to

analyze a threedimensional underwater cable system is also

demonstrated.

A definition sketch of the problem is given in Figure 4.22. The

data of cable, buoy, and fluid are the same as those of Example

4.3.1. The numerical integration along the cable scope was performed

from one anchor to the buoy and then to the other anchor. The buoy

governed the internal boundary conditions and stationary anchors

provided the boundary conditions due to the selection of the

integration procedure. Thirteen integration steps along each cable

were chosen. The nondimensional error tolerance of the iteration

was 0.001.

The displaced initial configuration was obtained by separate

static analyses for each leg prior to the dynamic analysis with one

end of the cable fixed at one of the anchor locations and the other

fixed at the specified buoy location. Figures 4.23 through 4.25 show

the displaced initial configuration of the twoleg mooring in the
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planes of X1X2, X2X3, and X1X3, respectively. From such an initial

configuration, the dynamic response of the twoleg mooring was

simulated for the first eight seconds after the release of the buoy.

The release of the buoy was simulated by the removal of static

constraints at the buoy. Three different sizes of time increment

were employed. Time increment of 0.1 second for the first two

seconds, 0.2 second for the next four seconds, 0.4 second for the

last two seconds were used. The results of the simulation are

presented in Figures 4.26 through 4.30.

The deployed configurations at various times are shown in

Figures 4.26 through 4.28. Since no experimental data was available

for the comparison of deployed configurations, "initial' and final

were labelled in these figures merely to indicate the initial

configuration and configuration at eight seconds, respectively. The

relaxation of the twoleg mooring approximately reached its steady

state condition at eight seconds. The final configuration is nearly

taut since the buoyancy of the buoy is in excess of the selfweight

of the two cables. No vibration of the buoy was noticed.

The time history of total velocity of the buoy is shown in

Figure 4.29. The buoy reached a maximum velocity of nearly 16 in/sec

in the first 0.2 seconds. However, buoy velocity dropped sharply to

nearly zero at eight seconds. One may notice that the maximum

velocity of the buoy in this example is smaller than that of the

singlepoint buoy relaxation. This is probably due to the additional

weight and hydrodynamic damping imposed by the extra mooring cable.

The only experimental data available for validation in this example
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Figure 4.26 DeplOyed Configurations
(X1 X2 Plane)
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Figure 4.27 Deployed Configurations
(X2 - X3 Plane)
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Figure 4.28 Deployed Configurations
(X1 X3 Plane)
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Figure 4.29 Total Velocity of the Buoy



120

Figure 4.30 Tension at the Anchor
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are the tensions at the anchors. The time histories of the predicted

and experimental tension at one anchor are shown in Figure 4.30.

Although a discrepancy is noted in the comparison, the results of the

present model are believed to be correct. The confidence of this

conclusion was based on the fact that fixedend tensions of the

present model reached a steadystate value that satisfied the static

equilibrium of the steadystate. The vertical reaction at the

anchors is expected to be 0.046214 lbs., from the calculation of the

experimental data, compared to the estimate value of 0.046362 lbs. by

the present model. The additional confidence arises from the

observation that responses of displacement, velocity, acceleration

and tension are symmetric in two mooring cables at the corresponding

integration steps. No comparisons with other numerical models were

available. This was because that SNAPLG could only solve two

dimensional cable systems (Liu, 1982) while SEADYN never converged to

a stable steadystate value for this problem (Palo, 1979).

4.4 Example 4: Wave Forces on a SinglePoint

MultiSegment Mooring

This example is used to demonstrate the algorithm for a system

consisting of a multiple of singlyconnected cables and bodies under

wave forces. The example, as depicted by Figure 4.31, involves a

singlepoint mooring which is composed of a series of singly

connected cable segments. Four buoys are located at the joints of

the cable segments. To prevent abrasion of the cable on the sea
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Figure 4.31 A Single-Point Multi-Segment
Mooring
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floor, a small length of chain near the seafloor is employed. The

singlepoint mooring is anchored to the seafloor and is initially

vertical due to the excess buoyancy from the buoys. A tenfoot wave

with twelvesecond period is applied to the system. The cable, chain

and buoys have the following properties:

Cables:

Mass = 0.0216 slugs/ft.

Weight in fluid = 0.551 lbs/ft.

Diameter = 0.057 ft.

Tangential drag coefficient = 0.02

Normal drag coefficient = 1.2

Added mass coefficient = 1.0

C1 = 4.6507 x i0 lbs

C2 =1.0

Chain:

Buoys:

Mass = 0.13 slugs/ft.

Weight in fluid = 4.0 lbs/ft.

Diameter = 0.06 ft.

Tangential drag coefficient = 0.1

Normal drag coefficient = 1.5

Added mass coefficient = 1.0

Cl = 0.

C2 =1.0

Diameter = 1.5 ft.



Weight in air

Weight in fluid

Drag coefficient

Added mass coefficient

Fluid density

= 16.1 lbs.

= 94.3 lbs.

= 0.5

= 0.5

= 1.94 slugs/ft.3
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Numerical integration along the mooring system was performed from the

anchor to the buoy at the top. The numbers of integration steps

along the chain and each segment of cables were three and five,

respectively. The time increment of 0.5 second for a total duration

of sixty seconds was selected for the dynamic simulation of the

system. The results of the simulation are presented in Figures 4.32

through 4.44.

Time histories of the vertical and horizontal displacements of

the buoys are displayed in Figures 4.32 and 4.33. Figure 4.34 shows

the trajectory of the fourth buoy at the top. It is to be noted from

these figures that the response frequency is double that of the wave,

i.e.,period is halved, in the vertical vibration and a net offset of

horizontal vibration from the vertical equilibrium position occurs.

Although the phenomenon of frequency doubling is similar to that

observed in Example 2, the cause is different. In the present case,

the horizontal velocity of the water particles causes the mooring

cables to curve such that the buoy is forced to move downward (see

Figs. 4.39 to 4.44). The buoyancy of the buoys tends to stretch the

mooring cables so as to impart an upward motion to the buoys when the

horizontal velocities of the water particles change directions.
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Since the horizontal velocities of the water particles change

directions twice during each period of the wave motion, the frequency

of the vertical vibration of the buoy is thus doubled.

Although the horizontal vibration of the buoy has the same

period as that of the wave motion, an offset of the vibration is to

be noted in Figures 4.33 and 4.34. This offset is due to the fact

that hydrodynamic forces are positiondependent implying that

hydrodynamic forces on the system are nonzero mean processes. In

other words, the offset is due to nonzero mean forces from the

hydrodynamic wave loads. A similar phenomenon was noted by Shields

(1983) for a floating body.

Figures 4.35 and 4.36 show the vertical and horizontal responses

of the top buoy in the phase planes. These figures indicate that the

system approaches steadystate after five cycles of wave forces are

applied. Frequency doubling in the X1vibration may be easily

recognized in Figure 4.35.

Tension responses at the anchor and at the top buoy are

presented in Figures 4.37 and 4.38. Figure 4.37 shows the time

history of the horizontal component of tension at the anchor and at

the top buoy. A phase delay can be seen in the tension response at

the anchor as the initial horizontal vibration mainly occurred near

the water surface. Figure 4.38 indicates that responses of the

tension resultants at the anchor and at the top buoy have the same

phase.

Figures 4.39 through 4.41 show lateral profiles of the system

during the first cycle of wave forces while Figures 4.42 through 4.44
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show the lateral profiles during the last cycle of wave forces near

the end of the simulation. The vertical and horizontal scales are

different in the figures. These figures display discontinuities in

the profiles due to the presence of the intermediate bodies.

4.5 Example 5: Sinusoidal Force on a SinglePoint

MultiSegment Mooring

This is the identical problem to Example 4 except that the

excitation force is a prescribed sinusoidal force rather than wave

forces. The capability of the present model to treat a concentrated

timevariant forcing function is demonstrated. Secondly, this

example is intended to further test the hypothesis, which was raised

in the previous section, that the offset in the horizontal motion is

caused by a nonzero mean process. If the offset does not exist when

the mooring system is subjected to a zeromean process, the

hypothesis will hold.

The properties of cables, chain and buoys and numbers of

integration steps are the same as those of Example 4. A sinusoidal

force of amplitude fifteen pounds with a period of twelve seconds is

applied to the buoy at the top in the horizontal direction. The

dynamic simulation is obtained for 180 seconds with a time increment

of 0.5 second. The results of the dynamic simulation are shown in

Figures 4.45 through 4.48.

The time histories of the vertical and horizontal displacements

of the buoy at the top are shown in Figures 4.45 and 4.46. Figures

4.47 shows the trajectory of the buoy. These figures verify the
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hypothesis in that the offset in the horizontal vibration dies out

with time. The conclusion can be made that the offset was caused by

the positiondependent hydrodynamic forces due to waves. The

frequency doubling of the vertical vibration is similar to that in

the Example 4.

Time histories of the horizontal components of tension at the

anchor and at the top buoy are shown in Figure 4.48. These time

histories have a zero mean value since there is no offset in the

horizontal vibration. The applied force was partially resisted by

the inertial force and the hydrodynamic damping force of the buoy.

Thus, the force transmitted to the cable at the top buoy was less

than that applied to the buoy. Due to the same effects on each cable

segment and each subsequent buoy, the horizontal component of tension

is steadily decreased until at the anchor. The horizontal reaction

is far less than the applied horizontal force on the buoy. An

initial phase delay of approximated 3600 is noted as in Example 4.
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5.0 NONLINEAR MULTILEG MOORING SYSTEM

AN APPLICATION

A multileg mooring system provides efficient restraint in all

directions to a moored object. In the design and analysis of a

multileg mooring system for a moored object, it is not an easy task

to determine the tensions of each mooring leg. With the finite

element method, a large band width is present in the solution

algorithm and numerous elements and degrees of freedom are needed to

simulate each leg.

In the case of dynamic analysis of a moored object to

hydrodynamic loads, the analysis is not only indeterminate if the

number of mooring lines is more than the degrees of freedom at the

moored object being considered, but also nonlinear due to the

nonlinear hydrodynamic forces acting on the moored object. Due to

these difficulties, different simplifications have been made so as to

solve a multileg mooring problem. Ansari (1980) presented an

analysis to determine the tensiondisplacement characteristics of a

slack mooring line made up of anchors, clump weights, chains, and

cables and showed how the effects of cable behavior can be included

in the dynamic analysis of a moored offshore vessel. His analysis

addressed the dynamics of the mooring system in a static manner

whereby a static equilibrium state is assumed at each time step.

Khan and Ansari (1986) improved Ansari's model to include mooring

line dynamics. They formulated and numerically solved the equations

of motion of a mooring line with the intent to develop tension

displacement characteristics, which can be utilized in providing
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nonlinear restoring forces in the equations of motion of a moored

object. Basically, this is a decoupled method based on the principle

of determining the mooring line tension in advance as a function of

various mooring leg configurations and parameters of interest, such

as displacement at the ends of the lines (Hooft, 1986). During the

simulation process, the line tension is then determined by means of

an interpolation procedure as a function of the actual values of the

parameters considered. In a complex systems, this method requires

large capacity computers to store all the data that might be needed

during the simulation. The advantage of this method follows from the

fact that the tension for a specified situation is calculated only

once and does not need to be recalculated when that situation is

encountered repeatedly. The disadvantage of this method follows from

the fact that the tension must be calculated for many conditions

which may not occur during the simulation.

It is a very important consideration to include the mooring line

dynamics in the evaluation of the dynamic response of a moored

object. In this chapter, an algorithm to solve a nonlinear multileg

mooring system will be presented. It is an extension and application

of the algorithm previously developed. The nonlinear equations of

motion of the moored object will be treated directly so as to include

the effects of the mooring line dynamics and to address the nonlinear

interaction between the moored object and arbitrary number of mooring

legs. An example of a sixleg mooring system subjected to wave

forces will be used to demonstrate the solution algorithm.
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5.1 Descriptions of the Problem

The general configuration of a multileg mooring system is shown

in Figure 5.1 and 5.2. The system consists of a moored object that

is completely submerged, and arbitrary number and orientation of

mooring legs that are each composed of a series of cable segments,

and the inline buoys or clump weights. Each cable segment may have

different lengths and material properties. Waves and currents may

propagate in arbitrary directions independently. Although the

assumed configuration of the multileg mooring system is kept as

general as possible, the following assumptions are made.

1) The moored object is assumed to be a small body so that the

Morison equation may be applied to calculate hydrodynamic forces.

2) All the mooring lines are attached to the center of gravity of the

moored object so that only surge, sway, and heave motions are

necessarily to be considered.

3) Cablebottom interactions of the mooring leg are not addressed.

4) The contour of the seafloor is assumed to be flat.

5) Anchors are fixed on the seafloor and zero motions are assumed.

As demonstrated in the previous chapter, the solution schemes

and algorithms for a singlyconnected cablebody system may be

applied to each mooring leg for a numerical solution. As long as the

boundary condition at the moored object can be successfully treated,

the multileg mooring system may be solved readily. The proposed

solution strategy to solve a multileg mooring system is that

numerical integrations are performed from each anchor to the moored

object for each mooring leg so that partial solutions may be obtained
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Surface Wave

Figure 5.1 Vertical View of a 3-0 Multi-Leg Mooring
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Figure 5.2 Plan View of a 3-D Multi-leg Mooring
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at the moored object. The partial solutions are then recombined to

satisfy both kinematic continuity and dynamic equilibrium conditions

at the moored object.

Let NL be the total number of mooring legs of a multileg

mooring system. In a threedimensional case, there are six partial

differential equations identical to Eq. (2.6.9) for each of the

mooring legs. To solve the whole mooring system as a boundaryvalue

problem, a (NL+1)point boundaryvalue problem that has totally 6(NL)

governing equations may be formed. For each anchor that is fixed on

the seafloor, there are three kinematic boundary conditions. Thus,

there are a total of 3(NL) kinematic boundary conditions at the

anchors for a NLleg mooring system. At the moored object, there are

three dynamic boundary conditions that require the equilibrium of

dynamic forces in the degrees of freedom of surge, sway, and heave.

In order to make this boundaryvalue problem represented by 6(NL)

governing equations solveable, an additional 3(NL-1) boundary

conditions are required. Using the second assumption listed

previously, one can write 3(NL-1) compatibility equations of

kinematics that require all mooring legs and the moored object to

have the same velocity at the interconnection point. These dynamic

boundary conditions and kinematic compatibility conditions are

presented in Sections 5.2 and 5.3 respectively.

5.2 Dynamic Boundary Conditions

The moored object interacts with its mooring legs in a

complicated manner. The motions of the moored object causes the
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mooring legs to change their configuration. Consequently, changes in

configurations of the mooring leg will result in changes of the line

tensions which affects the motions of the moored object. The

interactions between the moored object and its mooring legs are

highly nonlinear and coupled in addition to the nonlinear

hydrodynamic forces acting on the moored object. Some researchers

(Kern et al . 1977) have used experimental models to estimate the

complicated relations of the interactions. In the present study,

however, nonlinear interactions between a moored object and its

mooring legs are solved through the boundary conditions of a

boundaryvalue problem.

Assuming the moored object to be a small body compared to the

incident wave length, the equation of motion of the moored object may

be derived by the generalized Morison equation as

+ pCAV) + (1 + CA) pi +

= NL
+ P.(t) + Po. + W811 K(X. X) kT = 0 (5.2.1)

1 1

k=1

i = 1, 2, 3

The equation adopts the same notations as those in the previous

chapters except the last term on the lefthand side where the left

superscript, k, refers to the kt mooring leg and NL represents the

number of mooring lines. This is a nonlinear boundary condition. By

satisfying the above equation, the nonlinear interaction between the
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moored object and its mooring legs may be solved. As in the previous

chapter, one can use a backward difference approximation to the

acceleration term and find the dynamic boundary conditions as

(M + p CAV) (- ) + (C+ 1) p V u1+
+
P(t)

At

= NLk_
+ P .+ W & .- K (X. X) T. = 0

(5.2.2)

i, j = 1, 2, 3

k = 1, 2, ..., NL

where h denotes the left hand side of the equation.

5.3 Kinematic (Compatibility) Boundary Conditions

Since anchors are assumed to be fixed on the seafloor, the

conditions

X1
NL

0 (5.3.1)

I = 1, 2, 3

k = 1, 2, ..., NL

are required, where left superscript, k, denotes the kth mooring leg.

The equation imposes 3(NL) kinematic boundary conditions to the

boundaryvalue problem.

As mentioned in Section 5.1, there are 3(NL-1) kinematic
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boundary conditions that have to be formed at the moored object in

order to solve the boundaryvalue problem. With the assumption of

having the NL mooring legs meet each other at the center of gravity

of the moored object, it is necessary for the ends of the mooring

legs to have the same velocity as the moored object. In other words,

the following kinematic compatibility equations must hold.

1i
2i

k NL (5.3.2)

i = 1, 2, 3

k = 1, 2, ..., NL

The above compatibility relationships impose another 3(NL-1)

kinematic boundary conditions to the boundaryvalue problem. Thus,

Eqs. (5.2.2), (5.3.1) and (5.3.2) give a total of 6(NL) boundary

conditions such that the boundaryvalue problem is wellposed.

5.4 QuasiLinearized Boundary Conditions

and Partial Solutions

In order to solve the boundaryvalue problem of a multileg

mooring system by the algorithm previously developed, the nonlinear

governing equations for the cable segments, intermediate bodies, and

moored object (boundary body) have to be quasilinearized as those in

Section 3.3. The quasilinearized governing equations and their

Jacobians for the cable segments and intermediate bodies are

identical to those derived in Section 3.3 and will not be repeated

here. The kinematic boundary conditions at the anchors given by Eq.
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(5.3.1) and at the moored object by Eq. (5.3.2) are already linear.

No further quasi-linearization is needed. Special attention is given

to the transformation of the nonlinear dynamic boundary condition at

the moored object, Eq. (5.2.2), to the quasi-linearized boundary

condition as

- = k-
3h 3h Bh

t.
i j j J

, 1j,

where

1'

k k'

NL7 INLT'

j j

1:1 k='h1( X, T) (5.4.1)

I, j = 1, 2, 3

k = 1, 2, ..., NL

(M+pCAV)
(q'6

q

(5.4.2a)
1 At ij ij

a x

= -
5. . (5.4.2b)

k'
3 T.
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Let the partial solutions for velocity and tension of each leg at the

moored object be written as

and

{
1i

I { '? I + ['in] { 'c }

{k
}

{ko}
+ [kin] {kc}

(5.4.3a)

{

NL

} {

NLO
}

[NL
]{

NLç

}

{'I
{1o}

+ ['1 {'cn}

{k
}

{ko}
+ [] {kc}

(5.4.3b)

{

NL

} {

NL9
} + [

NL

] {

NLç

}

i, n = 1, 2, 3

k = 1, 2, . ., NL

where the left superscript, k, denotes the leg number and the same

notations have been adopted as those in Section 3.4. The

relationships between
(kç}

k = 2, 3, ..., NL, and (1c) may be
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determined from Eq. (5.4.3a) as

{kc} [k ]1{10 ko} [k]_1[1] {lç}

i, n = 1, 2, 3

k = 2, 3, ... NL (5.4.4)

Applying Eqs. (5.4.3) and (5.4.4) to Eq. (5.4.1), one can arrange the

resulting equation in a simplified form as

with

and

[A1
]

{ 1c } {
B

}
(5.4.5)

i, j = 1, 2, 3

[A
I

[

:
I

['ni I I

k2

[k
]

[k
][ ]

(5.4.6a)

n = 1, 2, 3

B} =-{ }+[
]

{T'}
axj
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k2

[k] [k]{1oko}

ki {

k' ko
}

(5.4.6b)

Thus, (1c) may be determined by Eq. (5.4.5).

Following the same algorithm as described in Chapter 3,

numerical integration, starting from the anchor, may be performed

along each mooring leg to obtain partial solutions (kg?), [kg.],

(ki?) and {kT] Using these partial solutions, the undetermined

parameters (1c) and
(kç) may be determined by Eqs. (5.4.5) and

(5.4.4), respectively. The solutions to the boundaryvalue problem

can be obtained by combining partial solutions according to Eq.

(5.4.3). The nonlinear boundaryvalue problem can then be solved by

an iterative process, as described in Chapter 3, until the

differences between (') and (k) and between (kT/1) and (kT1) become

sufficiently small at every integration point.

5.5 Example: ThreeDimensional Response of

a SixLeg Mooring to Wave Loads

The validation of the proposed solution algorithm for the

hydrodynamic responses of a multileg mooring system will be

demonstrated in this section. The example considered is a sixleg
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mooring systems subjected to wave loadings. The mooring

configuration, physical properties and hydrodynamic forces are

selected to be symmetric.

In this example, three dimensional responses of a sixleg

mooring to wave forces are investigated. The initial configurations

of the problem are given in Figure 5.3 and 5.4. The number of

integration steps along each mooring leg was eleven. The non

dimensional error tolerance was 0.05 and a time increment of one

second was selected. With these parameters, it took approximately

four iterations to converge in each time step. This example required

thirtyseven minutes of execution time on a Compaq personal computer

386/20 for the numerical responses of sixty seconds in real time.

The properties of each inextensible mooring leg, of the moored

object, and of the wave field are as follows.

Mooring leg:

Unstretched length = 115 rn

Mass = 57.5 kg/rn

Weight in water = 346 Newton/rn

Diameter = 0.26 m

Tangential drag coefficient = 0.02

Normal drag coefficient = 1.2

Added mass coefficient = 1.0

Moored object:

Mass = 2000 kg



-10 -

-20 -J

-30

-40

-70

-20

-00

- 100

-70

159

/

/

/

/1

-30 -10 10 30

X-2

o LEG1 - LEG2 LEGJ
LEG4 >< LE3S 7 LEG5

Figure 5.3 Initial Configuration (Vertical
View)

70



50

50

30

20

5 10
Li

ii

0

-10

-20

-30

-40 -

-50

-u -

160

-70 -50

G LEGI
LEG4

7

7'
//

I
/

-30 -10 10

X-2 (rnJ
-1- LEG2
x LEGS

LEG3
7 LEGS

Figure 5.4 Initial Configuration (Top View)

50 70



Wave:

Buoyancy 2.85 x Newton

Diameter 1 m

Drag coefficient 0.50

Added mass coefficient = 0.50

Direction 00

Period = 12 seconds

Height 8 m

Water depth = 100 rn

Water density 1025 kg/rn3

Gravitational constant = 9.8 rn/second2
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The results of the simulation are shown in Figures 5.5 through

5.12. The example was selected to have symmetric geometry and

loading so that the responses are expected to be symmetric. It can

be seen in Figures 5.5 and 5.6 that the time history of tension

forces at anchors of legs 2 and 6, and of legs 3 and 5 are identical,

as anticipated. The same phenomena were also observed for the time

histories of tension forces at the moored object. It can also be

seen that the tension responses at the anchor and at the moored

object for each mooring leg have about the same phase. The responses

of the moored object in the degree of freedom of surge are shown in

Figure 5.7 through 5.9 and the degree of freedom of heave are shown

in Figure 5.10 through 5.12. The responses of surge and heave
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motions are compared with those obtained using the finite element

program, SEASTAR which was developed by PMB Systems Engineering Inc.

(1989).

The agreement in the magnitude of surge motion is quite

acceptable even though a phase shift is noted. However, error

accumulation seems to cause a numeric drift of the heave motion.

This may be explainable as follows. In the present treatment of

dynamic cable motions, a transformation to the phase plane is made.

Velocity variables rather than coordinate variables are used as

dependent variables in the boundaryvalue, problem. The coordinates,

e.g. heave, are derived variables obtained by numerical integration

of Eqs (2.5.la) along each leg. Therefore, there is no direct

control on error magnitude in coordinates as there is for tensions

and velocities. Note in Figures 5.11 and 5.12 that the velocity and

acceleration responses do not have the trouble of numeric drift: they

are more accurate than coordinate predictions. Although the present

solution algorithm provided an acceptable prediction of the tension

and velocity responses of a multileg mooring system, further study

is needed to control the numeric drift.
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6.0 CONCLUSIONS

6.1 Summary

A numerical algorithm for the timedomain simulation of the

nonlinear response of a cablebody system under nonconservative fluid

loadings is presented in this study. A computer program based on the

solution algorithm has been developed to perform the numerical

computations. The computer program has the capability to perform

nonlinear static, nonlinear steadystate and also dynamic analyses of

a singlyconnected cablebody system. Numerical results are compared

and validated with both experimental data collected by the Naval

Civil Engineering Laboratory and with other numerical models based on

the finite element method or the lumpedmass method. The proposed

model and solution scheme proved to be an efficient and useful tool

for the analysis of a cablebody system.

After showing the capability of the present solution scheme, it

was extended and applied to a threedimensional, multileg mooring

system. The loadings on the system may include both surface wave and

subsurface current that travel in arbitrary directions. The mooring

legs may consist of cable segments that have different geometry and

material properties. Inline buoys and/or clump weights are also

included in the model. Results of a sixleg mooring were presented.

The numerical results are in good agreement with those obtained by a

finite element program.

The governing equations of motion of slender cable segments

modelled as a curved continuum are derived so as to form a combined

initialvalue and boundaryvalue problem. Assuming small bodies, the
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governing equations of motion of the intermediate and boundary bodies

are derived. In addition to selfweight and buoyancy, the external

loadings include hydrodynamic forces from subsurface currents and

linear surface waves. The generalized Morison equation, considering

relative velocity and cable orientation, is employed.

The equations of motion of boundary bodies serve as the boundary

conditions of the boundaryvalue problem. The equations of motion of

intermediate bodies are considered as internal boundary conditions

for the boundaryvalue problem. The nonlinear, indeterminate dynamic

boundary conditions are solved with the aid of kinematic boundary

conditions. Since solutions in the timedomain are sought, the

nonlinear interactions between cable segments and bodies are

preserved.

An implicit time integration method is adopted based on a

backward finite difference formula: this transforms the combined

initialvalue and boundaryvalue problem into an equivalent "static"

nonlinear boundaryvalue problem at every time instant. The

kinematic equations were transformed into phase space and an

auxiliary variable of cable velocity was introduced in order to

balance the accuracy of the kinematic and dynamic equations when

discretized in time.

The spatial solution algorithm is a semianalytical method. The

boundaryvalue problem, posed as a set of nonlinear partial

differential equations, was first transformed into an iterative set

of quasilinear boundaryvalue problems. The quasilinear boundary

value problem is then further decomposed into a set of linear
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initialvalue problems so that numerical integration may be performed

along the cable from one end to the other. The solutions to each of

the initialvalue problems are recombined so as to satisfy the

boundary conditions. The nonlinear boundaryvalue problem is then

solved by successive iterations.

The application of the solution algorithm to a multileg mooring

problem is quite similar. The extra computation required are that

numerical integration has to be performed along each mooring leg.

Solutions to the initialvalue problems for each leg are recombined

to satisfy both compatibility conditions and dynamic equilibrium

equations at the interconnection point. The RungeKuttaGill method

is adopted for the numerical integration in the spatial coordinate.

6.2 Discussion

The present model has provided an alternative solution algorithm

for effective but efficient analysis of singlyconnected cablebody

systems in the ocean. The inherently dynamic nature of the problems,

involving large displacements and positiondependent nonlinear

hydrodynamic forces, are accounted for in the present model . The

formulation of the present model is relatively easy and simple, as

shown in Chapter 2. The numerical technique of spatial integration

adopted, as described in Chapter 3, in the present model requires

only a small amount of computer memory compared to finite difference

or finite element techniques. This feature will benefit the onboard

realtime operations where a large computer system is not available.

The present model generally provides very good predictions of
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the static, steadystate and dynamic behaviors of cable systems, as

demonstrated by example problems in Chapter 4. However, some

difficulties were encountered during the test of the computer program

that is based on the present model.

The most sensitive factor causing numerical difficulties to the

present model is the selection of time step. It is particularly

difficult to simulate a highfrequency forced vibration when smaller

time steps are required to predict a reasonable response. This is

due to the form of the governing equations which contain time step in

the denominator of some terms. A small time step is nearly

prohibited as it will cause amplification of errors. However, the

implicit integration scheme allows larger time steps to be selected,

which is beneficial when a simulation is required for a long

duration. This advantage has been demonstrated in Example 2.

Numerical damping was noticed during the numerical

experimentation of Example 3, buoy relaxation, when hydrodynamic

damping was set to zero and amplitude of the vibration of buoy

decayed with time. The existence of numerical damping was the reason

the method failed to predict the initial spikes of velocity and

tension observed in experiment. However, it is believed that

numerical damping has contributed to the steady response of the time

history of tension.

Numerical drift due to the consequence of error accumulation was

noted in the heave response of the moored object in the example of

the sixleg mooring system. This was explained as that velocity

variables rather than coordinate variables are used as dependent



175

variables in the boundaryvalue problem for the dynamic problems.

The coordinates are derived variables obtained by numerical

integration along each mooring leg. Therefore, there is no direct

control on error magnitude in coordinates as there is for velocities

and tensions. Although the present solution algorithm provided an

acceptable prediction of the tension and velocity responses of a

multileg mooring system, further study is needed to control the

numeric drift.

6.3 Areas of Future Research

Several areas of future research are possible to extend the

present study. The following is a list of the important areas where

research is needed:

1) Numerical damping usually results from the approximation of

velocity terms in the numerical models. An investigation on

how to reduce the effects of numerical damping is suggested.

2) Largescale experiments need to be conducted. This will

allow the validation of computer models. Generally, it is

not possible to satisfy all the appropriate scaling laws

simultaneously. Thus experimental data from a scaled test

can not be used confidently in comparison with the computer

model of the fullsize structure.

3) Mooring cables often lie partially on the seafloor during

their service life. Cablebottom interaction is one of

the strongest nonlinearities in the analysis of cable

problems. Successful simulation of this phenomenon would
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benefit the design of mooring systems and anchors.

4) Under actual deployments of cablebody systems, the

operations of reelin and payout are often encountered. The

simulation of these operations are necessary and can be

developed as long as the reelin or payout velocity are

known. This is due to the characteristics of the present

model that cable velocity is a dependent variable of the

dynamic problem. However, a revised formulation of the

governing equations is required to account for the varying

cable scope.

5) Due to their random nature, dynamic loadings from wind and

waves can only be described realistically in statistical

terms. Algorithms for nonlinear analysis of cable and

mooring systems under nondeterministic loads would be a

valuable addition to the existing computer program. In the

stochastic analysis of a truly random sea, the ocean surface

and its corresponding wave forces may be synthesized from an

infinite number of sinusoids of all frequencies with random

phase angles.

6) The subsurface current may contribute to the dynamic

response of the cable or mooring systems by inducing high

frequency strumming of the cables. The addition of lift

force models and strumming effects of the cables is

suggested.

7) Only the fluid kinematics were needed in the hydrodynamic

force model in this study. It is possible to include a
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nonlinear wave model to the present computer program when

needed.

8) As with most numerical solution techniques, numerical

instability was occasionally encountered during the test of

the computer program. A continuous effort is required to

improve its performance.

9) The inclusion of cable dynamics to the largebody mooring

problem is highly desirable in the analysis and design of

mooring systems. The investigation into this possibility

will be an essential part of research to develop a better

model for the mooring system. Currently, large bodies and

cables of the mooring system are analyzed separately in a

simplified manner.

10) Different shapes of buoys, such as ellipsoidshape buoy,

discus hull, spar, etc., should be included.

11) Extend the methodology described in Chapter 5 so as to treat

multiple interconnected bodies and develop a "super element"

for use in a finite element code for multiple connected

cabl ebody systems.
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