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Summary 

The information developed is required for the determination of shear
stresses in the core and direct stresses in the facings of a sandwich
panel at points in the panel where the construction is changed or at
the edge of the panel. A mathematical analysis is given and verified
by test. Different results are obtained if the panel is held flat or
allowed to bend.

Introduction

When sandwich panels are used in structures, they are fastened in place
by attachments to their facings. Thus, the facings are loaded separately,
and transfers of load from one facing to the other by shear stresses in
the core may take place throughout the panel. The magnitude of these
stresses is the subject of this report. Strips of sandwich panels are
considered. The facings are loaded at the ends of the strips in directions

!This progress report is one of a series prepared and distributed by the
Forest Products Laboratory under U. S. Navy, Bureau of Aeronautics
Order No. NAer 01628 and U. S. Air Force. No. AF-18 (600)-102 and D)
(33-616)53-20. Results here reported are preliminary and may be re-
vised as additional data becomes available.

?Maintained at Madison, Wis., in cooperation with the University of
Wisconsin.
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parallel to their lengths as shown in figures 1 and 2. Figure 1 shows the
edge of a panel. Its facings are strengthened by doublers (extra thick-
nesses of facing material bonded to the facings), and its core is locally
strengthened by the insertion of a piece of stronger core material. This
is done so that either facing 1 or facing 2 can carry the major part of
the load and distribute it through the core to the other facing. Figure
2 shows a change in construction of a sandwich panel at a position remote
from its edge. Such changes are required in panels acting, in part, as
flanges of box beams. The bending moment changes along the beam so that
parts of the panel need not be so strong as other parts. In both figures,
the values of stresses in the cores and facings of the panels are required.

Discussion of Mathematical Analysis 

A mathematical analysis for the determination of these stresses is given
in the appendix. In this analysis, it is assumed that the core material
is so easily deformed in its own plane that the restraint imposed on it
in this direction by the facings causes the associated stresses in the
core to be negligible. This assumption is valid for the materials pres-
ently in use in aircraft construction. It is also assumed that the
curvatures of the panels are sufficiently slight so that certain compon-
ents of the forces acting in the planes of the facings may be neglected.
The neglected components are those acting at right angles to the original
position of the strip of sandwich panel.

The mathematical analysis leads to a linear differential equation of the
sixth order. Its solution involves, of course, 6 constants of integration
associated with the forces in the facings, bending moments, and shear
loads of the sandwich strip at its 2 ends. Fortunately it can be shown
(see appendix) that for usual sandwich constructions, 4 of these 6 con-
stants of integration are substantially zero. The resulting solution of
the differential equation is given in two forms by:

(f F
la 

- f1F2a) sinh ab - (f2Flb - f1
F

2b
) sinh as

a sinh ay

(f2Fla- f1F2a ) cosh alp - (f2Flb- f1F2b ) cosh as
a coshay (32)

(f1 + f2 ) sinh a(a - b)

=
(f1 + f2) sinh a(a - b)
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and the following that are associated with the span from y = a to y = b:

T = shear stress in the core in pounds per square inch.

y = coordinate parallel to the strip in its original position in
inches.

F
la 

and Fla = forces in facings 1 and 2, respectively, at station

y = a in pounds per inch of width.

F
ib 

and F2b = forces in facings 1 and 2, respectively, at station

y = b in pounds per inch of width.

f and £
2

 = thicknesses of facings 1 and 2, respectively, in inches.
1

C = core thickness in inches.

h = f
l

 + f
2

 + c in inches.

G = modulus of rigidity of•the core material associated with the
length and thickness of the strip in pounds per square inch.

E modulus of elasticity of the facing material associated with
the length of the strip in pounds per square inch.

• (1 - 1.1.xy ilyx ) where ilxy and 1.1.yx are the two Poisson's ratios of

the facing material that are associated with the length and
width of the strip.
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2Chance Vought Aircraft Company, "Load Transfer Between Metalite Faces,"
Chance Vought Aircraft Company Report No. 7446, 1948.

“
Sandwich Construction for Aircraft" ANC-23 Bulletin, May 1951 edition
and in the succeeding edition. Issued by the subcommittee on Air
Force-Navy-Civil Aircraft Design Criteria of the Munitions Board
Aircraft Committee.

It was found (see appendix) that, if the effect of the bending of the strip
is neglected, these same two equations are obtained except that:

This is the result obtained by the Chance Vought Aircraft Company and
reported in ANC bulletin 23, Part II.– Thus, two values of a are obtained,
one for strips free to bend and another for strips that are restrained
from bending. Neither is correct for a sandwich panel fastened in place
in a structure. An intermediate value should be used. If the strip of
sandwich is taken near the supported edge of a panel, the larger value of
a seems appropriate; if the strip is taken near the center of the panel,
the smaller value seems more appropriate.

Discussion of Use of Equations Obtained

Equations (32) and (33) can be used to solve any particular problem.
For example, consider the end of a very long strip of sandwich, with
the ends of the facings subjected to loads F1 and F2 . The origin is

taken at the end of the strip. The shear stress in the core decreases
continuously toward the interior of the strip; thus, the second term of
equation (33) is zero. F

lb and F2b are the forces in the facings a long

distance from the end of the strip; therefore,

f2 F
lb = f

1 F2b

Also, a is the value of y at the end of the strip which is taken to be
zero. Thus, equation (33) becomes:

f2F1 f
1

F2 -0Y
T = ae

f1 + f2

which becomes equation 6.141 (A) of ANC-23
4
– when y is pland equal to

zero. The other equations given in section 6.14 of ANC-23–.may be ob-
tained by the use of equations (32) and (33) by matching the forces in
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the facings and the shear strains in the core at the junction of adjacent
spans. Thus, equations 6.143 (A), (B), and (C) of the bulletin are ob-
tained by using equation (32) in the span o < y < a of figure 1 and equa-
tion (33) in the span a <:y < co and matching both equations at the station
y = a.

The strip of sandwich illustrated in figure 2 may be used for another
example. Equation (32) is used in each span. In the span o <: y < a,
equation (32) reduces to:

f
2a

F
la 

- f
la

F
2a aa s ink aayfla + f2a

(f
2a

F
la 

- f
la

F
2a

) cosh a
a
a - (

f	
F - f F )

2a la	 la 2a ala cosh ag(fia + f2a ) sink aaa

In the span a <: y <: b, equation (32) applies in the form in which it is
given. The right hand members of these two equations are equated when
y = a and values of Fla and Fla obtained with the help of:

F +F =F +F =F +F =F
10	 20	 la	 2a	 lb	 2b

where F is the total load on the ends of the strip. With these values
known, the shear stresses in the core in the first span can be deter-
mined by the equation above and in the second span by equation (32).

Description of Tests 

Specimens of the two types were tested. Figures 3 and 4 are sketches of
specimens of type A and B respectively.

Specimens of type A were clamped in the testing machine as shown in figure
5. Mirrors were mounted on the specimen as shown. One mirror of each
pair was bonded to the facing of the specimen by means of Duco cement.
The other mirror of each pair was clipped over the facings of the speci-
men as shown. Rotational changes in the positions of the mirrors during
test were obtained by the apparatus shown in figure 6. The lanterns pro-
jected shadows of hair lines on the mirrors. The mirrors reflected these
lines onto the scale shown. The shear strain in the core at each pair of
mirrors could be calculated from the relative change in the reflections
from the pair.

The testing machine was run continuously, and readings were taken at 25-
pound intervals of successive pairs of mirrors. Thus, 5 load-strain

Rept. No. 1846	 -5-
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curves were obtained plotted at 25-pound intervals. The plotted points
are shown in figure 7 for the two specimens tested.

Specimens of type B were clamped in the testing machine as shown in
figure 8. The movement of the two outer facings with respect to the
central facing was obtained by use of the Tuckerman strain gages shown.
These gages, arranged for 1/4-inch gage length, were mounted on the
specimen so that their stationary knife edges engaged the two outer fac-
ings and bridged the central facing. The movable knife edge engaged the
central facing only. The specimen was loaded a number of times, each
time with the gages mounted at a different station. The gages were set
to zero at a load of 100 pounds. The shear strains obtained from this
data are plotted in figure 9.

Specimens of type A had aluminum facings and cores of a cork board made
of finely ground cork and a protein binder. Specimens of type B also had
aluminum facings, but the double core was made of end-grain balsa wood.

The moduli of rigidity of these core materials were obtained from tests
made as described in Forest Products Laboratory Report No. 1555 12. start-
ing with paragraph 36, page 13. The core material for these tests was
matched to that of the specimens of types A arid B. The test is illus-
trated in figure 10. The measured moduli of rigidity were 330 pounds per
square inch for the cork board and 4,520 pounds per square inch for the
end-grain balsa wood.

The modulus of elasticity of the cork board in the direction normal to
its surfaces was obtained as described in Report No. 1555,2 starting with
paragraph 12, page 7. This test is illustrated in figure 11. The value
obtained was 520 pounds per square inch. A similar modulus of elasticity
for the end-grain balsa wood was taken from Forest Products Laboratory
Report No. 1528— consistent with the modulus of rigidity given above. It
was 80,000 pounds per square inch.

Discussion of Experimental Results 

The theory as developed in the appendix will be applied to the test
specimens and the results obtained compared with the results of the
tests.

5"Methods Methods of Test for Determining Strength Properties of Core Material for
Sandwich Construction at Normal Temperatures," Forest Products Labora-
tory Report No. 1555, revised September 1950.

6„
--Elastic Properties of Wood. The Young's Moduli, Moduli of Rigidity, and

Poisson's Ratios of Balsa and Quipo," Forest Products Laboratory
Report No. 1528, June 1945.
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The following values are appropriate for specimens of type A:

fl = f2 = 0.064 inch	 E = 107 pounds per square inch

c = 0.50 inch	 G = 330 pounds per square inch

b = 8 inches	 E c = 520 pounds per square inch

X = 0.91

If a force (F) of 950 pounds per inch width of strip is chosen, the
auxiliary equation of the appendix becomes:

x6 - 39.8 x + 91.3 x2 - 0.14 = 0

It is readily seen that:

x = /0.14 _ ± 0.0392
V 91.5

yields two roots of this equation to a reasonable accuracy. It follows
that equation (32) applies to the specimens of this type. In this equa-
tion, if the origin is chosen at the center of the specimen:

a = - b

Fla = F
2b 

= F

Fla = F
lb 

= 0

f
1
 + f2 =f

Making these substitutions in equation (32) yields:

Fa Binh ay 
T 

2 cosh ab

where a has the value that is dependent upon the value of F, the smaller
of the two values previously given. Because the value of a depends upon
F, the load-strain curves are not straight lines. These curves are plot-
ted in figure 7 with the experimental values obtained from tests of two
specimens. The experimental points agree reasonably well with the com-
puted curves. It will be noted that both the experimental and the computed
curves exhibit curvatures due to the change of the value of a with the load.
Figure 12 shows a plot of the shear strain against distance from the center
of.the specimen at a load of 950 pounds per inch of width of the strip.
Again, of course, reasonable agreement between the experimental points and
the computed curve is obtained.
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The following values are appropriate for specimens of type B:

f1 = f2 = 0.020 inch	 E = 107 pounds per square inch

c = 0.222 inch	 G = 4,520 pounds per square inch

b = 8 inches	 E = 80,000 pounds per square inch
c 

X = 0.91

These specimens are considered to be two specimens placed back to back.
Because of their symetrical construction they will not bend when they are
loaded. For this reason, equation (35) of the appendix is used. Using
the values given above, the auxiliary equation of equation (35) is:

x4 - 2160 x2 + 2160 x 0.1853 = 0

It is readily seen that:

x = ±-577:aj3 =±0.43

yields two roots of this equation to a reasonable accuracy. It follows
that the analysis of specimens of type B is the same as that of specimens
of type A except that the larger value of a is used. Thus a is independ-
ent of the load and the load-shear strain curves are straight lines. This
is shown in figure 9 in which the lines represent computed values and the
points experimental values for the two specimens tested. The experimental
values agree reasonably well with computed curves. Figure 13 is a plot
of the shear strain against distance from the center of the specimen at
a load of 800 pounds. Again, of course, reasonable agreement between
experimental and computed values is obtained.

Conclusions

The analysis presented in the appendix is verified to a reasonable degree
of accuracy by the results of the tests. It leads to design criteria
that do not involve the bending moments and shear loads but only the
longitudinal loads applied at the edges of the sandwich panel. Different
results are obtained depending upon whether the sandwich panel is allowed
to bend or is held flat. In previous work it• has been tacitly assumed
that the panel is held flat. The equations in section 6.14 of ANC
Bulletin 234 are found to be correct if the sandwich panel is assumed to
be held flat. They are correct also if the sandwich panel is allowed to
bend except that the parameters in the auguments of the hyperbolic or
exponential functions are defined differently.

Rept. No. 1846	 -8-



APPENDIX

Mathematical Analysis 

Consider a unit strip of a sandwich panel having each of its facings
loaded only at their ends. Each facing is subjected to these forces and
to the reactions between it and the core. Figure 14 is a sketch of the
differential elements of the two facings in their relative positions
showing the forces applied to each element. The y axis is horizontal
and positive toward the right in the figure, and the z axis is vertical
and positive upward. The facings.are considered to .be thin plates bent
to cylindrical forms as shown.

Analysis of the Core

It is assumed that the core material is easily deformed in its plane so
that the stress in the direction of the y axis is negligible. The shear
stress T associated with the y, z axes and the direct stress a associated
with the z axis satisfy the equilibrium conditions:

6T - 0
oz

T 4. a = 0
dy	 ()Z,

The first of these equations indicates that T is independent of z and,
therefore, does not vary through the thickness of the core. With v and w
the displacement components in the y and z directions, respectively, the
stress-strain relations are:

:hr 3v)
r = G	 +

a = E w6
c

where G is the modulus of rigidity and E c the modulus of elasticity of

the core. Equation (1) shows that a is linear in z so that

15
1
 -I- 0

1 
-

a = 	
2

-This analysis has been made in three dimensions by Goodier and Hsu
"Nonsinusoidal Buckling Nodes of Sandwich Plates," Jour. Aero. Sci.
Vol. 21, No. 8, Aug. 1954.

(2)

(3)
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where c is the core thickness and the subscripts 1 and 2 indicate position
at the top and bottom of the core respectively. Eliminating a between
equation (3) and the second of equations (2) and integrating

a1  a	 a 	 a2E w -	 2 z2+ 1 
z + E w2c	 2	 c o

where o is a function of y.

Using equation (4) in equation (2) and integrating

N z2	 ,/(T	 Na.(:\	 6(0.1+	 c12) z	 001- a2	 z 3
E c v = E - - --- z	 7- + E v	 (5)	c G dy /	 )y	 4 -	 6y	 oc	 c o

where vo is a function of y.

If z is placed first equal to 2 and then equal to	 equations (4) and (5)

• W •lead to four equations involving wl, 2, v
1 , 

and v
2 from which w

o 
and v

o
may be eliminated resulting in:

	

6(wl w2)	 c2	 - a2)
(6)2 (v1 -v 2 ) + c - 2 r 	

6Ec	 ay

2 Ec (w1 - w2) = c (al + a2)	 (7)

Using equation (3) in the second of equation (1)

al - a2 = c

and making this substitution in (6) and differentiating with respect to y:

dvi dv2 c d2w1 d2w2i c dT c3 d3T
[y	 dy	 2 dy2 dy2	G dy 6E dy	

(9)
c

Now if the radius of curvature of the sandwich strip is very large with
respect to its thickness

d2w1 d2w2 d2w

approximately2,_uy	 uy	 dy2

and equation (8) becomes

dvi dv2	d2w c dT c3 d3T
+ c	 = — -	 (10)

dy	 dy	 ay2 G dy 6Ec dy3

(10

6T
.337.

(8)
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Notching Strains at the Boundaries 
Between the Core and the Facings 

The longitudinal strains in the top and bottom surfaces of the core must
equal those in the bottom surface of the top facing and the top surface
of the bottom facing, respectively. From the elementary theory of bending
of the facings in plane strain:

2dv	 XF1 f1 d w1
- 2dy	 Efi 2 dy

dv2 XF
2 f2 d

2w

dy	 Ef
2
 2 ay2

where F1 and F2 are the longitudinal loads in the top and bottom facings,
respectively, 11 and f2 are the thicknesses of these facings, E their

modulus of elasticity in the y direction, and X unity minus the product
of two Poisson ratios. Substituting these values in equation (10)

X 

r
1 Foi h+c d2w c dr c3 d3T

  (11)E 1 12	2 dy' G dy 6E0 dy3

where h = f
l + f2 + c

Equation (11) will be used with the equilibrium equations of the facings
to obtain a differential equation in T and y.

The Equilibrium Equations of the Facings 

The equilibrium equations of the facings obtained from figure 14 are

dM1	 1 4,
dy	 '1 T ql =

dM2 l
dy
	 f2 T c12 =

dql	 F
1 

=0'dy	 flR
1 2
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dq2	 F
2 

f2 
+ a

2
 = 0

dy
Rn + --
c 2

dFl

dy

	

	 f1
 T =

R 1 -

dF2	 q- 	 T =
dy

R 2 +

If the radius of curvature of the sandwich panel is very large compared
to its thickness, these equations may be written:

3 3w 	 ,	 (12)
y12X•  

f
1 (71 7 211 T ql =

E 3 	 1

	

1 2 -3	 f2	 q2 = °
12X	 dy	 2

dqld2w

	

+ F	 a = 0	 (14)
1	 1

dy	 dy2

dq2	d2w
+ F2 --7 a2 = 0

dy	 dy'

T = 0
dy	

ql dy
2

dF2	d
2w

q2 T =
dY	

dy

ql , q2, al , and a2 may be eliminated from the first four of these equa-

tions by combining the differential of the sum of the first two with the
sum of the second two and using equation (8). The resulting equation is:

E (f 3 4. f 3, d4w	 d2w 	 + c dT0 ) --7 - (F1 + F2) ---- -h
	 - 0	 (18)

12X 1	 ' dy'	 dy-	 2 dy

This equation will later be used with equation (11) to form a differential
equation in T and y.

(1 3)

dF1	 d2w

(15)

(16)

(17)
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It is now proposed to neglect the terms in equations (16) and (17) that
contain ql and q2 . These terms are those that are neglected in the usual

engineering analysis of a column and, therefore, may be neglected here
if the radius of curvature of the sandwich is very large compared to its
thickness. These equations become:

dFi 
T = 0

dy

+ T = 0

Their addition shows that

F 1 + F2 = F is a constant

The Differential Equation in T and
Its Solution

The substitution of (19) and (20) in the differential of equation (11)
yields:

d3w 	 1  r c 3 d4T 2c d2T 2X (1	 ]
— 2 -  

	 + - T	 (22)
dy3 h + c L 3Ec dy	 G dy	 E \f1 f

Equation (22) is substituted in the differential of equation (18) to obtain
the differential equation sought. This equation is:

d
6'
	 d2Tm-7 + n -	 pT 0	 (23)

dy	 dy	 dy
7

where m = a
l
 + a2

n = al (a2 a3 + a14)

p = a
l a2 a3

6Ec
al - 2Gc

12%F a2 =
E(f

1
3 + f

2
3)

dF2
dy
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a3 cE	 f

GX (1 	12)

12kG 	 (h + c)2 
°4 

cE(f1 3 + f2

The auxiliary equation of this differential equation is:

x6 _ mx4 nx2 p = 0

It has six real roots. For usual sandwich constructions two of the roots
are so small that their values may be found to a reasonable accuracy by
the approximate equation

and the other four roots are sufficiently large so that they can be found
from the approximate equation

x - mx2 + n = 0

or

x =+ i 0)27	 - n

Let

=i 	 -1(111)2

7	 f	 n

Then the solution of equation (23) may be written in two ways convenient
for different boundary conditions:

T = Al sinh ay + B1 sinh py + C1 sinh yy + A2 cosh ay + B2cosh py

+ C
3 

cosh yy	 (24)

and

T = A1 e -aY + B e -PY + C e -7Y + A2 ea7 + B2 ePY + C2 e7Y
1	 1

(25)
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(30)

(31)

The constants of integration are, of course, determined by the boundary
conditions in either case.

Equation for the Determination of the 
Constants of Integration 

An expression for the second derivative of w may be found by eliminating
the fourth derivative of w between equation (18) and the derivative of
equation (22). The resulting equation is

d2w	 h + c d5T h + c d3T a
3
 +a h+c dT

dy2 la4F dy' 2a4F dy3	a4	 2F dy

A useful equation is obtained by substituting this value in equation (11).
It is:

d5T	 d3T	 dT+ n	 P	  [f2F1 - f1F2 ] = 0m
dy5	dy3	 dy f1 + f2

If the proper derivative of T obtained from equations (24) or (25) are
substituted in this equation with the approximate roots of the auxiliary
equation, it is found that the terms containing B 1 , C 1 , B2 , and C2 cancel

leaving the equations:

n2

J n'
- 14 +	 [A1 cosh ay + A2 sinh ay] = a f2F1 flF2	 (28)

f1 + f2
or

f2F1 flF2 n2 nm	 ay

-2
	 [-Al e -aY + A2 e	 -	 fl +f2n3 n'

Differentiation of these equations with respect to y and using equations
(19) and (20) yields:

(13

	

211
T = n3 - 2 + 1) (Al sinh ay + A2 cosh ay)

and
n2

T =	 -	 + 1) (Ai e -ay + A2 eaY)3 n2

Indicating that, for the approximate solutions of the auxiliary equation,
Bl = B2 = Cl = C2 = 0

(26)

(27)

(29)

Rept. No. 1846	 -15-



The constants of integration may be found from equations (28) and (29)
from the conditions that when y a, F1 = Fla and F2 Fla and when
y b, F1 = Fit and F-F	 The constants so obtained substituted in= -2b'
equations (30) and (31) result in:

T-
[f2F	 sinh at -la - flF2a ]	[f2Flb flF2b] sinh aa

(f1 + f2 ) sinh	 (a - b) a sinh ay

- flF2a ] cosh at -[f2Fla	 [f2Flb - flF2b ] cosh aa

(fl + f2 ) sinh a (a - b)	
a cosh ay (32)

T = -

-at
[f2Fla - f1F2a ] e 	 - [f F	 - f F 1 -2 lb	 1 ab-	 -ay

	  ae
( f	 f (e 2ab e-2aa)

2)'`

aa	 ab
[f2F

la - f1F2a e	 - [f2F
lb

 - f
1

F
2b

] e may

and

(fl	 f2 )(e2	 e	 )
aa	 2ab (33)

The Bending Neglected

If the bending is neglected the curvature is zero for all values of y

and equation (11) becomes:

	

d3T 	dT	 ala3
al — + f

2 +f1
 [f2F1 - f1F2 ] = 0	 (34)

	

dy3	 1_
dy 

The differential of this equation combined with equations (19) and (20)
yields:

	

r	
dy2T

2
T

—E 
al	+
al

ai T = 0
y 

The auxiliary equation of this differential equation is:

x4 - aix2 + al a3 = 0

It has four real roots. For usual sandwich constructions, two of the roots
are so small that their values may be found to a reasonable accuracy by:

3

(55)
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Let r =133 and ± s be the other two roots of the auxiliary equation.
Then the solution of equation (35) may be written in two ways convenient
for different boundary conditions:

T = Ri sinh ry + S1 sinh sy + R2 cosh ry + S2 cosh sy	 (36)

T = R 1
 e

-rY + S
1 e

-BY + R
2 e

rY + S
2
 eBY
	

(37)

If the proper derivatives of equation (36) are substituted in equation
(34) it is found that the terms containing S 1 and S2 cancel, leaving:

al - a3
[R1 cosh ry + R2 sinh ry]

al 	  [f2F1 f1F2 ] = 0	 (38)f2 + f1

The differential of this equation combined with (19) and (20) yields:

T - f11-112 [11 1 sinh ry + R cosh ry]a	 2
1

Values of Ri and R2 may be obtained from equation (38) if Fi and F2 are

taken equal to Fla and Fla when y = a and Fib and F2b when y = b. If

these values are substituted in equation (38) equation (32) is obtained
except that a is replaced by r. In the same way, equation (33) is ob-
tained if the derivatives of equation (37) are used, except that again
a is replaced by r.

( 39)
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Figure 5.--Details of test setup for specimens of type A.
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Figure 8.--Details of test setup for specimens of type B.
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Figure 10.--Shear test of core materials.
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Figure 11.--Compression test of core materials.
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