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Toughened ceramics, or bridging ceramics, are being developed in an attempt 

to widen the application base of traditional ceramics, which are brittle and have low 

resistance to crack extension. The crack growth resistance of these extrinsically 

toughened ceramics has been shown to increase with crack length, and unlike 

traditional ceramics, toughened ceramics are susceptible to fatigue failure (failure 

below fracture strength after repeated loading and unloading). 

Many ceramic applications, especially those in the aerospace or automotive 

industries, require components to be designed for infinite life since fatigue crack 

growth can lead rapid failure. The current methods for predicting and preventing 

fatigue failures are unsuitable; most were developed for metal alloys, which behave 

very differently than toughened ceramics. Damage tolerant design takes into account 

that most engineering structures are inherently flawed, thus a method is needed that 



 

 

ensures an existing flaw will not propagate to failure within foreseen in-service 

lifetimes. Such a method has been proposed for making fatigue reliability predictions 

in bridging ceramics. 

Fatigue crack growth experiments were performed on 99.5% pure 

polycrystalline alumina. The fatigue behavior was characterized as a function of crack 

size using a fatigue threshold R-curve, similar in principal to a fracture toughness R-

curve. A bridging stress profile, the relevant material property, was both calculated 

using the R-curve and measured directly with fluorescence spectroscopy. The fatigue 

threshold R-curve was used to make predictions of fatigue endurance strength based 

on an initial minimum detectable flaw size. These endurance strength predictions were 

validated with small crack fatigue failure experiments. 
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Development and Validation of a Fatigue Reliability Method for Bridging 

Materials 

1 Introduction 

Ceramic materials have many attractive properties that lead to applications in 

technical areas, including: 

• low electrical conductivity 

• low thermal conductivity 

• low density 

• high strength at high temperatures 

• wear resistance 

• corrosion resistance 

Many advanced applications take advantage of these properties, for example 

the protection tiles on the Space Shuttle, cutting tools, roller bearings, nuclear fusion 

technology, and engine components. 

Although ceramics have been used for centuries, they have been limited by 

some of their more unfavorable properties. Ceramics have strong atomic bonding, 

which leads to high stresses for the motion of dislocations. As a result, ceramics are 

brittle (they fail before any measureable deformation) and have a low resistance to 

crack extension. The absence of local deformation leads to failure at locations of high 

local stress, such as at notches, at contacts between different materials, or during 

thermal shock [1]. 
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Ceramic materials have only been applied in cases where the positive 

properties prevail over the negative properties. In an attempt to widen the application 

base for ceramics, many techniques have been developed to improve their fracture 

resistance. As a result, a new class of materials that behave very differently from 

traditional ceramics has been created. The crack growth resistance of these 

extrinsically toughened ceramics has been shown to increase with crack length, and 

unlike traditional ceramics, toughened ceramics are susceptible to fatigue failure 

(failure below fracture strength after repeated loading and unloading). 

The current methods for predicting and preventing fatigue failures are 

unsuitable because toughened ceramics behave so differently from the metal alloys for 

which most methods were developed. Because crack growth resistance increases with 

crack extension, it is important to understand crack size effects in fatigue. Crack size 

effects have been recognized as a problem in predicting fatigue, but little progress has 

been made toward quantitatively incorporating these effects into rational tools for 

making reliability predictions that are suitable for engineering design purposes. Many 

ceramic applications, especially those in the aerospace or automotive industries, 

require components to be designed for infinite life since fatigue crack growth can lead 

rapid failure. Damage tolerant design takes into account that most engineering 

structures are inherently flawed, thus a method is needed that ensures an existing flaw 

will not propagate to failure within foreseen in-service lifetimes. 
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The ultimate goal of this research is to develop a new micro-mechanics based 

approach for incorporating crack size effects into fatigue reliability predictions while 

also addressing the inherent difficulties encountered during fatigue testing at small 

crack sizes. The fatigue behavior of a simple, extrinsically toughened ceramic (Al2O3) 

will be characterized as a function of crack size using a fatigue threshold R-curve. A 

fatigue threshold R-curve, similar in principle to a fracture toughness R-curve, allows 

predictions of fatigue endurance strength based on an initial minimum detectable flaw 

size. In addition, the validity of this method will be tested in small crack fatigue 

experiments. 

2 Background 

2.1 Ceramic Toughening 

Demand for high-performance, high-temperature structural materials has lead 

to extensive research on methods to improve the fracture resistance of ceramics. 

Toughened ceramics have better crack growth resistance properties than more 

traditional, brittle ceramics. Toughened ceramics tend to exhibit increased crack 

growth resistance with increasing crack length, which is displayed in a rising R-curve, 

or resistance curve [2]. A resistance curve, shown in Figure 1, plots the crack growth 

resistance, or fracture toughness, as a function of the crack extension. 
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Figure 2.1 R-curve schematic for an ideally brittle ceramic, where toughness is 
independent of crack extension, and for a toughened ceramic, where toughness 
increases with crack extension. 
 

The stress intensity factor, K, is a measure of fracture toughness and is a 

function of the applied load, the loading mode, the specimen geometry, and crack 

length. 

 K = Yσ πa  (1) 

Y is a dimensionless constant that depends on the geometry and the mode of loading, σ 

is the characteristic stress, and a is the crack length. The fracture toughness is defined 

as the stress intensity below which cracks will not propagate. R-curves are useful in 

determining characteristic toughness for a specified range of flaw sizes. 
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The increase in toughness with crack length in ceramics is due to the 

impedance of crack growth by crack tip shielding in a process known as extrinsic 

toughening. The crack driving force for crack propagation is the stress intensity. 

However, the actual stress intensity experienced at the crack tip may be less than 

expected for the applied loading due to stress shielding by extrinsic mechanisms 

acting in the wake of the crack. The local near-tip stress intensity, Ktip, can be 

expressed as  

 Ktip = Kapp − KS  (2) 

where Kapp is the applied stress intensity, and KS is the stress intensity due to shielding 

[3]. Under cyclic fatigue loading, either the stress intensity range, ΔK, defined as the 

difference between the maximum applied stress intensity, Kmax, and the minimum 

applied stress intensity, Kmin, or the maximum stress intensity can be considered the 

driving force for crack propagation. Both the stress intensity range and the maximum 

stress intensity at the crack tip, ∆Ktip and Kmax tip respectively, can be expressed in 

terms of the applied stress intensity range, ΔKapp, or maximum applied stress intensity, 

Kmax app, and the stress intensity due to shielding. 

 ΔKtip = ΔKapp − KS  (3) 

 Kmax tip = Kmax app − KS  (4) 
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2.1.1 Classes of Crack Tip Shielding 

Crack tip shielding is often the result of crack deflection, where deviations in 

the crack path from the surface of maximum tensile stress reduce the local crack tip 

stress intensity [3]. For example, the toughness of zinc oxide is reported to increase by 

a factor of 3 with the incorporation of monoclinic zirconia particles into a ZnO matrix 

[4]. This increase in toughness is attributed to crack-particle interactions, associated 

with the deflection of the crack by the strain field around the monoclinic ZnO2 

particles. In addition to crack deflection, crack tip shielding can also come from zone 

shielding (dilation), contact shielding, or a combination of both. Zone shielding 

includes transformation and microcrack toughening, where inelastic zones are created 

that surround the crack wake and apply a closure force to the crack surfaces [5, 6]. 

Contact shielding, or crack bridging, is caused by physical contact between mating 

surfaces of a crack. A bridge can be any microstructural element that provides a 

closure force in the wake of the crack. Closure forces in crack tip shielding are defined 

as closing tractions that act perpendicular to the crack interfaces and reduce the crack 

opening displacement (COD) [6]. Some examples of crack tip shielding are shown in 

Figure 2. 
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Figure 2.2 Schematic of crack tip shielding classes: crack deflection (a) and 
meandering (b), zone shielding by transformation toughening (c) and microcrack 
toughening (d), and contact shielding from ligament or fiber toughening (e) and 
sliding crack surfaces (f). 
 

Bridges can be classified into three categories: elastic, frictional, and elastic-

frictional. Intact ligaments from unbroken microstructural elements form elastic 

bridges. In composites and laminates, these ligaments are commonly fibers or other 

reinforcement phases. In ceramics, these ligaments can be interlocking grains, a 

second phase grain, or even elongated grains with crack propagation along a weak 

second phase boundary. Intact bridges store increasing amounts of elastic energy with 

increased crack opening and tend to fail catastrophically. After failure, an intact bridge 

may possibly become a frictional or mechanically interlocking bridge. Frictional 

sliding bridges rely on an element of friction from crack surfaces rubbing together. 
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The friction between the crack surfaces transforms a shear stress to a normal stress. 

Frictional bridges continuously dissipate energy with increasing crack opening [6]. 

Frictional bridging is an ideal case since it is not common to have pure frictional pull 

out. In order to have pure frictional pull out, the interlocking grain would have to be 

oriented perpendicular to the direction of crack propagation. 

Bridging can also be a combination of elastic and frictional. Mechanical 

interlocking involves a build up of elastic energy while still releasing frictional energy 

at a continuous rate. Broken ligaments can bridge the crack wake by becoming locked 

in place, or wedged. This could occur if the crack segment forms a sharp angle with 

the crack plane. The broken ligament has some component of frictional bridging, but 

because it is wedged, it also acts as an elastic bridge. A schematic of various bridging 

configurations is shown in Figure 3. 
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Figure 2.3 Schematic of possible bridge configurations: Intact elastic bridges (a) and 
(b), different geometries for frictional sliding bridges (c) and (d), and mechanically 
interlocked bridges (e) and (f). 
 

2.1.2 Shielding Mechanisms in Bridging Ceramics 

The R-curves for non-transforming systems, such as in situ toughened silicon 

carbide (SiC), silicon nitride (SiN), and alumina (Al2O3), derive from the development 

of a bridging zone behind the crack tip, which reduces the driving force at the crack tip 

and impedes further crack extension. 

Using yttria and alumina sintering agents, dense silicon carbide ceramics with 

heterogeneous microstructures can be tailored for higher toughness. The process 

creates coarsened and elongated grains and an intergranular second phase. Crack wake 

bridging occurs as the crack follows a deflected path along the interphase boundaries, 
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where the elongated grains form bridges in the wake of the crack. In contrast, a 

homogeneous silicon carbide exhibits a straight, transgranular crack path with no 

indication of crack bridging [7]. However, it has been shown that ceramics with large 

amounts of yttrium aluminum garnet, or YAG, tend to display poor strength 

properties, leading to different approaches to toughening silicon carbide. Another 

method is to process high-toughness silicon carbide with small additions of aluminum, 

boron, and carbon (ABC) as sintering aids. In situ toughened silicon carbide with ABC 

additions has plate-like α grains due to lower β to α-SiC transition temperatures. The 

plate-like grains promote crack deflection and grain bridging [8]. Sintering with rare 

earth oxide additives is a toughening method for silicon nitride. In situ reinforced 

monolithic silicon nitride derives its toughness from crack deflection and bridging by 

whisker shaped β silicon nitride grains. Multiple fractures of bridging grains and 

microcracking in the matrix adjacent to the grain have been observed and show that 

the toughened silicon nitride has a strong resistance to frictional pullout [9]. 

Alumina is among the monolithic ceramics that display a rising R-curve, which 

is due to the predominance of intergranular microfracture. The mechanism for 

bridging in alumina is interlocking and serrated grains, and observations show 

evidence of grain-localized bridges at newly formed crack interfaces behind the crack 

tip [10-13]. Effective bridging in a monolithic system like alumina depends upon both 

sufficiently weak grain boundaries and thermal expansion anisotropy of the grains. 

The anisotropy in thermal expansion causes residual stresses in polycrystalline 



 

 

11 

materials with non-cubic crystal structures, such as Al2O3. Thermal mismatch 

leaves some grains of a polycrystalline material in a residual compressive state after 

cooling from processing, and a crack will tend to deflect around the grain into the 

surrounding tensile zones upon encountering such compressive zones [1, 11]. An 

intact grain is thereby left traversing the crack faces to act as a local bridge. Bridging 

sites, uniformly distributed in the projected fracture plane, are left behind and provide 

a closure force which must be overcome in order for failure to occur [12]. Toughening 

results from closing tractions acting across the crack faces initially as the grains 

debond and later with frictional grain pullout [11]. 

2.2 Fatigue Failure of Ceramics 

Monolithic and composite ceramics can now be processed with toughnesses up 

to an order of magnitude higher than was available 20 or so years ago. It is ironic then 

that whereas glasses and untoughened ceramics are essentially immune to cyclic 

fatigue [14], toughened ceramics are susceptible to premature fatigue failure under 

cyclic loading [5]. The immunity of traditional ceramics to fatigue damage under 

cyclic loading is justified by the low mobility of dislocations in ceramic materials and 

the corresponding lack of crack tip plasticity [11]. Many projected applications for 

ceramics will involve oscillatory loading, vibration, and thermal cycling [8]. It is 

therefore vital to understand the mechanisms for premature fatigue failure in 

toughened ceramics. 
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Crack growth rates for grain bridging ceramics under cyclic loading have 

been shown to significantly exceed those under monotonic loading at equivalent stress 

levels [8, 11, 15-17]. The mechanism for crack advance, though, is the same for cyclic 

and monotonic loading. In both cases, the crack advance mechanism is the breaking of 

atomic bonds at the crack tip when the intrinsic crack tip toughness, K0, is exceeded. 

Increased fatigue crack growth rates are due to additional mechanical degradation of 

the material and the suppression of crack tip shielding [8, 11, 18-21]. 

Debris found at bridging sites on fatigue fracture surfaces, as well as chipping 

and fracture of intact and interlocked bridges, suggest repetitive sliding wear of the 

bridges. Repetitive sliding wear progressively diminishes frictional tractions, resulting 

in premature debonding and reduced frictional pullout [8, 18, 20]. This indicates that 

the interlocked bridges that are responsible for the rising R-curve in bridging ceramics 

can progressively degrade after repeated loading and unloading. 

Fatigue crack growth behavior is found to be sensitive to the load ratio, R, in 

silicon carbide, silicon nitride, and alumina [8, 15]. The load ratio is defined as 

 R =
Kmin

Kmax

 (5) 

Growth rates are accelerated with decreasing load ratio when plotted in terms of Kmax 

[15, 22, 23]. This effect is consistent with an increase in the sliding distance along the 

grain/matrix interface, leading to more degradation in shielding per loading cycle. 

Crack growth rates for fatigue have also been found to depend more on Kmax than on 
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ΔK [8, 15, 19, 22]. The dependence of fatigue crack growth rates on load ratio and 

Kmax is due to the identical crack advance mechanism for both cyclic and monotonic 

loading, i.e. when Kmax = K0 [8, 11, 15, 22]. The small dependence of fatigue crack 

growth rate on ΔK reflects the cyclic loading induced decay in crack bridging behavior 

behind the tip from frictional sliding along the grain/matrix interface. Grain bridging is 

progressively diminished and the driving force is enhanced, which accounts for the 

faster growth rates under cyclic loading [11, 15]. 

2.3 Crack Size Effects in Fatigue 

It was once thought that the stress intensity range, ΔK, and the load ratio, R, 

were sufficient to describe the growth rate for any crack of a given material. However, 

it has been shown that short cracks tend to grow faster than long cracks at equal stress 

intensity levels and that crack growth rates decrease with increasing crack length in 

fatigue crack growth experiments [23, 24]. Above a certain length, the crack will 

either arrest or begin to exhibit long crack behavior. Long cracks are believed to have 

steady state bridging zones, where bridges are created and destroyed at a roughly 

equal rate and crack growth rates become constant. It has also been observed that short 

cracks can propagate at progressively decreasing growth rates below the so-called 

fatigue threshold stress intensity range, ΔKTH, and that those cracks can either arrest or 

grow to failure. The fatigue threshold is the stress intensity range below which cracks 
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are presumed not to propagate. Figure 4 shows a schematic comparing the growth 

behavior of long and short cracks. 

 

Figure 2.4 Schematic of short and long fatigue crack growth curves. 
 

A fundamental principal of traditional fracture mechanics is the concept of 

similitude, that cracks subjected to the same stress intensity will behave the same 

regardless of specimen size and geometry. The implication is that for two different 

sized cracks subjected to equal stress intensity values, crack tip plastic zones will be 

equal in size and the stress and strain distributions along the borders of these zones 

will be identical. The concept of similitude is violated, though, when crack sizes are 

comparable with the extent of local plasticity or wake shielding, or approach local 

microstructural dimensions [25]. 
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Cracks are considered short when in one dimension, i.e. the crack length, 

they are comparable to the size of the plastic zone ahead of the crack tip 

(mechanically), comparable to the extent of the zone of crack-tip shielding behind the 

crack tip (functionally), or comparable to the characteristic dimensions of the 

microstructure (microstructurally). Small cracks meet these criteria in two dimensions, 

such as a semi-elliptical surface crack, and are consequently short as well. 

Mechanically short cracks have a linear-elastic limitation that is associated 

with the region of dominance of the linear-elastic stress intensity factor, K. Anomalous 

behavior of short cracks is often due to difficulties in identifying an appropriate 

fracture mechanics driving force parameter [25]. In metals, if crack sizes are on the 

order of the plastic-zone size, a linear elastic parameter is inappropriate. This is not a 

problem in brittle solids because of the negligible amount of crack tip plasticity. 

Functionally short cracks have a similitude limitation that is associated with the fact 

that short cracks may have a higher local near-tip stress intensity because the bridging 

zone is not yet fully developed [23]. Crack growth resistance is limited for shorter 

cracks because the actual size of the wake is limited, resulting in less bridging. 

Microstructurally short cracks have a continuum limitation that is associated with the 

fact that a physically small crack will seek out the weakest regions of the 

microstructure. Local tensile residual stresses resulting from thermal expansion and 

elastic anisotropy will dominate the extension of microstructurally small cracks [26]. 
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Once the crack exceeds several grain diameters, the equally prevalent compressive 

regions balance the tensile fluctuations in this field. 

Short crack behavior in grain-bridging ceramics is reasoned to be associated 

with the similitude limitation where the crack is comparable in size to the bridging 

zone length, and/or to the continuum limitation where the crack is comparable in size 

to the grain size [26]. Crack growth resistance for long cracks is higher than for short 

cracks in toughened ceramics showing a rising R-curve [23]. The R-curve is steeper 

where the crack extension is less than several bridge spacings and levels off with 

further extension beyond the size where the net residual stress field averages to zero 

and the bridging zone is fully developed. 

The fatigue threshold stress intensity range, ΔKth, is used as the characteristic 

value to determine propagation/non-propagation of existing flaws due to crack tip 

shielding. For bridging ceramics, the threshold for crack growth increases with 

increasing crack extension until it reaches a constant value. Similar in principal to a 

fracture toughness R-curve, the fatigue thresholds can be plotted versus crack length to 

form a fatigue threshold R-curve. For ceramic materials, though, Kmax is often 

considered the more appropriate characterizing parameter due to the dependence of 

crack growth rates on Kmax. The increase in the threshold value with crack length is 

due to the build up of crack tip shielding [27]. Like with traditional R-curves, short 

fatigue cracks have demonstrated lower fatigue resistance than long cracks. Short 



 

 

17 

fatigue cracks have lower fatigue thresholds and higher crack growth rates at the 

same applied stress intensity, and after some extension, the growth rates merge with 

those of long cracks [28]. 

2.4 Bridging Stress Profiles 

The R-curve, and correspondingly the fatigue threshold R-curve, is not a 

unique material property. R-curves depend on multiple factors including the specimen 

geometry, the initial crack length, the loading type, and the crack propagation 

conditions. For the case of R-curves caused by bridging effects, the increase in crack 

resistance can be described by the relation between the bridging stress, σbr, and the 

crack opening displacement, δ, which is considered the relevant material property. In 

order to find this relation, known as the bridging stress distribution, it is necessary to 

quantify the bridging effects in a material. Bridging stress distributions have been 

measured directly using both destructive techniques, such as multi-cutting compliance 

measurements [28-30] and post-fracture tensile tests [31-34], and non-destructive 

techniques, such as Raman or fluorescence spectroscopy [35-41] and weight function 

calculations [28, 42-46].  

Weight functions are simply first-order tensors that depend only on the 

geometry of the cracked body [47]. The weight function procedure developed by 

Bückner [48] simplifies the determination of stress intensity factors. If the weight 

function is known for a crack in a component, multiplying this function by the stress 
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distribution and integrating it along the crack length will yield the stress intensity 

factor. Weight functions are determined from the crack opening displacement, vr(x,a), 

under any arbitrarily chosen loading and the corresponding stress intensity factor, 

KIr(a), according to  

 
h1 x,a( ) = E '

KIr a( )
∂vr x,a( )

∂a
 

(6) 

where E’ = E for plane stress and E’ = E/(1-ν2) for plane strain conditions and the 

subscript r stands for the reference loading case [49]. To derive the weight function 

using Eq. 6, crack opening profiles can be numerically determined and approximate 

methods are often used to minimize numerical effort. 

Once a bridging stress distribution is determined for a material, R-curves for 

different crack body geometries can be found, again using appropriate weight 

functions [42].  
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3 Fatigue Threshold R-curve Behavior of Grain Bridging 
Ceramics: Role of Grain Size and Grain Boundary Adhesion 

3.1 Abstract 

To better understand the role of grain size and grain boundary adhesion on the 

fatigue threshold R-curve behavior of grain bridging ceramics, a study was conducted 

on the fatigue threshold behavior of 99.5% pure polycrystalline alumina with two 

different microstructures (fine and coarse) and in two different environments (moist 

air and dry N2). The fine-grained microstructure showed higher fatigue thresholds at 

short crack sizes, while the coarse-grained microstructure demonstrated higher fatigue 

thresholds at long crack sizes. The former effect lead to slightly higher fatigue 

strengths being predicted and was attributed to the crack stalling process that leads to 

earlier elastic bridge formation in that microstructure. The latter effect is attributed to 

toughening that is dominated by frictional and mechanical interlocking bridges at 

longer crack sizes where the larger grains are able give more bridging. By testing the 

coarse microstructure in a dry environment, a higher K0 was achieved for the glassy 

grain boundaries giving a higher R-curve at short crack sizes and higher calculated 

fatigue strengths. 

3.2 Introduction 

High toughness structural ceramics generally utilize extrinsic toughening 

mechanisms, such as grain bridging or transformation toughening, that act around and 
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behind the tip of the advancing crack. Such mechanisms introduce a new length 

scale associated with the size of the bridging or transformation zone. Accordingly, the 

fracture resistance is a function of crack size in such materials, and it is commonly 

characterized by a fracture resistance curve, or R-curve, that gives the stress intensity 

to grow a crack, KR, as a function of crack extension, Δa. Cracks propagate more 

easily at small crack sizes, and the resistance to crack propagation increases with crack 

extension, possibly reaching a plateau, or steady-state value, at longer crack lengths 

where the cracking resistance becomes independent of crack length. 

The strength of the R-curve methodology lies in its capabilities for predicting 

and understanding strength and flaw size relations. The applied stress, σapp, equals the 

fracture strength for an initial flaw size of ai when the following two conditions are 

satisfied:
 
 

 Kapp = Yσ app πai = KR  (1a) 

 dKapp

dΔa
=
dKR

dΔa
 

(1b) 

where KR is the fracture resistance from the R-curve and Y is a geometric factor. Based 

on Eq. 1b, the shape of the R-curve is extremely important in determining the strength 

of the ceramic. In general, R-curves that rise steeply at small crack sizes give the best 

strength and flaw tolerance. It has been demonstrated that the fracture strength can be 

accurately predicted as a function of initial flaw size using R-curves carefully 
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constructed to correctly give the initiation, or intrinsic, toughness and short crack 

rising portion [50]. However, if care is not taken in measuring the early part of the R-

curve, the behavior of natural flaws may not be well predicted [50, 51]. 

One consequence of making high-toughness ceramics has been that such 

materials are susceptible to fatigue failure due to progressive degradation of the 

toughening under cyclic loading [52-55]. This is in contrast to untoughened ceramics, 

which are essentially immune to cyclic fatigue, unless they experience 

environmentally assisted sub-critical growth during cyclic loading [56]. Fatigue-crack 

growth rates for ceramics with fully developed (steady-state) toughening zones tend to 

follow the classical Paris power-law relationship for a given load ratio (R = Kmin/Kmax): 

 da dN = A ΔK( )m  (2) 

where A and m are scaling constants specific to the material and test conditions, da/dN 

is the growth rate, ΔK is the stress-intensity range (Kmax – Kmin), and Kmax and Kmin are, 

respectively, the maximum and minimum values applied during a loading cycle.1 

However, as with the fracture resistance, the fatigue resistance is also a function of 

crack extension for cracks smaller in size than the steady-state toughening zone size. 

As cracks propagate easier at small crack sizes, this is of utmost importance for 

understanding the reliability of ceramics under cyclic loading. 

                                                 
1 Alternatively Eq. 1 can be rewritten to separate the effects of ∆K and Kmax on the fatigue crack growth 
rate, as da/dN = A’(∆K)p(Kmax)n

, where A’ = A(1-R)n and (n + p) = m. With brittle materials such as 
ceramics, n >> p [5]. 
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One approach to characterizing such behavior is to assess the fatigue crack 

growth resistance in terms of the amount of crack extension, i.e., a fatigue resistance 

curve. For a fatigue R-curve, the increase in cracking resistance should be considered 

only at one particular crack growth rate. A fatigue threshold R-curve is a simple 

extension of this concept whereby the fatigue threshold is plotted as a function of 

crack extension, ΔKTH(Δa) [57-60]. Since the Paris law exponent is typically very large 

for ceramics, e.g., m ~ 15-100, propagating fatigue cracks quickly grow to failure 

unless they are in a decaying ΔK field. Accordingly, the fatigue threshold, ΔKTH, 

below which cracks are presumed not to propagate under cyclic loads, is often 

considered as the most critical parameter in the fatigue of ceramics. The operational 

definition of the fatigue threshold commonly used in experiments is the stress intensity 

range at which cracks propagate at growth rates ≤ 10-10 m/cycle, thus the fatigue 

threshold R-curve may be operationally defined as the fatigue R-curve for da/dN ≤ 10-

10 m/cycle [60]. 

It follows that the fatigue limit, or endurance strength, for the penny shaped 

flaw case may be similarly predicted from the fatigue threshold R-curve: 

 ΔKapp = YΔσ app πai = ΔKTH Δa( )  (3a) 

 dΔKapp

dΔa
=
dΔKTH Δa( )

dΔa
 

(3b) 
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where Δσapp is the applied stress range. Furthermore, similar microstructural 

parameters are expected to govern the fatigue threshold R-curve shape, endurance 

strength, and flaw tolerance under cyclic loading. 

In grain bridging ceramics, it is well known that several microstructural 

parameters can affect the fracture R-curve, including grain size, shape, size 

distribution and boundary adhesion. For example, recent studies on fracture strength 

behavior have shown that the optimal window for grain-boundary adhesion in bridging 

ceramics is small; if the boundaries are very tough/strong, transgranular fracture leads 

to low toughness and strength, but when boundaries are very weak/brittle the R-curve 

rises more shallow, giving lower toughness, strength, and fatigue resistance [50, 61]. It 

should be expected that fatigue threshold R-curves will be similarly effected by 

microstructural factors; however, currently there is very little experimental data in this 

regard. Accordingly, this paper explores how grain size and boundary adhesion effect 

the fatigue threshold R-curve behavior of bridging ceramics by comparing new and 

published previously [62] fatigue threshold data for 99.5% pure grain-bridging 

alumina. Such results are interesting in two regards. First from the perspective of 

understanding and predicting fatigue performance of alumina ceramics subjected to 

fatigue loading conditions. However, recognizing that higher toughness ceramics are 

more likely to be used in mechanical fatigue situations, it is important to observe that 

trends in fracture R-curve behavior with changing grain-boundary toughness seen in 
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alumina agree well with trends seen in high strength, high toughness ceramics such 

as Si3N4 [50, 61]. Because the bridging zones are much longer in alumina, it is easier 

to study as a model material while it is expected that the fatigue threshold R-curve 

results will also provide insight into the behavior of higher performance ceramics. 

3.3 Procedures 

3.3.1 Materials 

Commercial 99.5% pure alumina (AD995, Coors Technical Ceramics Co., Oak 

Ridge, TN) was chosen as a model material due to the fact that it exhibits large steady-

state bridging zones (~ 2 mm) near the fatigue threshold when tested in room air [54]. 

This permitted direct measurements of fatigue thresholds over a range of crack sizes 

that were under transient conditions, i.e., where the bridging zone was still being 

developed. Two different microstructures were used, one relatively coarse-grained and 

one relatively fine-grained. The different microstructures resulted from two different 

vintages of AD995 procured at different times. Micrographs of each microstructure 

were obtained from diamond polished (1 µm finish) and thermally etched (20 minutes 

at 1500°C) samples using a scanning electron microscope (SEM), and grain size 

distributions were determined using the software, ImageJ. 
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3.3.2 Fatigue Threshold Experiments 

Fatigue-crack growth experiments were conducted using standard compact-

tension, C(T), specimens (width, W ≈ 17 – 19 mm; thickness, B ≈ 3 – 3.5 mm) in 

general accordance with ASTM standard E647 [63]. Complete details of the fatigue-

crack growth procedures are in Kruzic et al. [54], while a brief summary of issues 

pertinent to the measurement of fatigue thresholds is presented here. Fatigue cracks 

were initiated from straight machined notches (length ao ≈ 4 – 5 mm) under cyclic 

loading conditions (ν = 25 Hz frequency sine wave, load ratio, R = 0.1), after which 

the cracks were grown to a specified length, as monitored using back-face strain 

compliance methods [64], Notch root radii, ρ, ranged from ~ 10 – 150 µm, with the 

sharpest notches used for the smallest crack sizes. In all cases, data collection did not 

begin until the amount of fatigue-crack extension from the notch, Δaf, exceeded ρ, at 

which point the influence of the notch field on the stress intensity could be considered 

to be negligible [65, 66]. 

In order to measure the fatigue threshold, the applied stress-intensity range was 

reduced at a roughly constant ΔK-gradient (= [dΔK/da] /ΔK) of -0.08 mm-1. Based on 

previous results [54], this ΔK-gradient was low enough in the coarse-grained AD995 

alumina to achieve steady-state bridging zones for cracks with Δaf > 2 mm in the 

range of growth rates from ~ 10-8 to 10-10 m/cycle. In such manner, the fatigue 



 

 

27 

threshold was measured as a function of crack extension for Δaf ranging from 46 

µm to 8.8 mm, with the threshold operationally defined as the lowest stress intensity at 

which the fatigue-crack growth rate could be measured and does not exceed ~ 10-10 

m/cycle. After each fatigue threshold test, the exact crack length was measured using 

optical microscopy. 

3.3.3 Testing Environments 

To ascertain the effects of changing grain boundary adhesion, fatigue threshold 

data for the coarse grained material is compared from tests conducted at 25ºC in i) 

moist room air with relative humidity of ~20 to 50% and ii) flowing dried nitrogen 

gas. This approach was used because fatigue cracks propagate predominantly along 

the glassy grain boundary phase, and it is well known that the presence of moisture 

serves to lower the intrinsic resistance to crack advance in silicate glasses at sub-

critical velocities [67-69]. Thus, by testing in a dry environment one is able to study 

two different levels of grain boundary adhesion without any changes in 

microstructure. 99.999% pure N2 was passed through a commercial purifier 

(Gatekeeper, Aeronex, San Diego, CA) rated to purify to sub parts per billion (ppb) 

levels of moisture, and then through a carefully baked out stainless steel and 

aluminum test chamber. Full details on the test chamber bake-out and gas drying 

procedures are reported elsewhere, and in that study the H2O content of the nitrogen 

gas was estimated to be < 50 ppb [61]. 
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3.3.4 Bridging Stress Distribution Determination 

As R-curves are known to be highly dependent on sample geometry [10], a 

more geometry insensitive parameter to evaluate materials is the bridging stress 

distribution, σbr(δ), where δ is the crack opening displacement. From this function, the 

R-curve for other geometries may be determined. The detailed procedure for 

determining σbr(δ) from the R-curve is outlined elsewhere [70], while a brief summary 

is given here. 

From the measured R-curves, the bridging stress intensity factor, Kbr, can be 

determined because: 

 KR = K0 − Kbr , Kbr < 0  (4) 

where (K0 = crack-tip toughness). Using the weight function representation, the 

bridging stress intensity factor can be represented by the distribution of bridging 

stresses, σbr, acting in the wake of the crack: 

 
Kbr Δa( ) = h r,a( )σ br δ r,a( )( )dr

0

a0 +Δa

∫  
(5) 

with the fracture mechanics weight function h, the distance r from the tip, the initial 

crack length a0 free of bridging, and the crack extension Δa = a - a0. The bridging 

stresses depend on the actual crack opening displacements δ. 
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The total displacements in the presence of bridging stresses result from: 

 δ = δapp − δbr  (6a) 

 
δbr =

1
E '

h r,a '( )da '
a− r

a

∫ h r ',a '( )σ br δ r ',a( )( )dr '
0

a '

∫  
(6b) 

with the plane strain modulus E' = E/(1-ν2) and the “applied displacements” (the 

displacements under same the load in the absence of the bridging stresses): 

 
δbr =

1
E '

h r,a '( )Kapp a '( )da '
a− r

a

∫  
(7) 

The applied stress intensity factor Kapp is given in fracture mechanics 

handbooks for various test specimens. The system of Eqs. (5) and (6) can be solved by 

iterative method of “successive approximation” until a converged solution is reached. 

More details are provided in Fett and colleagues [70, 71]. 

3.4 Results 

Micrographs of each microstructure can be seen in Fig. 1 and both 

microstructures had wide grain size distributions (Fig. 2). Although the majority of 

grains for the fine microstructure had areas < 63 µm2, it is interesting to observe that 

there is considerable overlap in the distributions over the range of grain areas from 

~125 – 313 µm2. Indeed, roughly the same fraction of grains, for both microstructures, 

falls in that range. 
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Figure 3.1 Micrographs for both the fine-grained (a) and the coarse-grained 
microstructures of the 99.5% pure alumina ceramics used in this study. 

 

Figure 3.2 Grain size distributions for both the fine-grained (a) and the coarse-grained 
(b) microstructures. 
 

Fig. 3a shows a comparison of the fatigue threshold R-curve for both the fine 

and coarse-grained microstructures of AD995 alumina. Figure 3b shows a comparison 

of the fatigue threshold R-curve for AD995 alumina in both the dry and moist 

(a) (b) 
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environments. Part of the coarse microstructure, moist air environment data was 

presented in a previous study [60], while additional data was collected for this study. 

As the coarse samples were from the same lot of material, the data are grouped. 

 

Figure 3.3 Fatigue threshold R-curves for alumina plotted in terms of the maximum 
stress intensity at a load ratio of R = 0.1 and frequency of ν = 25 Hz. The coarse-
grained (square symbols show combined data from this study and Kruzic[62]) and the 
fine-grained (diamond symbols from this study) microstructures are plotted in (a). The 
coarse-grained, moist air data and the dry nitrogen data (circular symbols from this 
study) are plotted in (b). Lines were hand drawn to guide the eye. 
 

Since Kmax is more dominant in controlling the fatigue crack growth behavior, 

the R-curves are plotted in terms of Kmax. Also by plotting the R-curves in terms of 

Kmax (∆a), each R-curve can be assumed to begin at zero crack extension, Δa = 0, at 

the intrinsic toughness of each material/environment combination, K0. Values of K0 
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were taken from a previous study to be 1.4 MPa√m for the most air case, and 2.0 

MPa√m for the dry nitrogen case [61]. 

Fig. 3a shows that while the R-curves for the two microstructures in moist air 

initially rise with the same steepness, the R-curve for the coarse microstructure begins 

to curve to a shallower slope at smaller crack extensions. Fig. 3b shows a similar result 

when comparing the moist air and dry nitrogen cases for the coarse microstructure. 

Using the results from Fig. 3, Eq. 3 was applied along with the correct geometrical 

function [72] to calculate the expected fatigue endurance strength as a function of 

initial flaw size for a semi-elliptical surface crack and a load ratio of R = 0.1. Those 

predictions are displayed in Fig. 4, comparing all three cases. 

 
Figure 3.4 Fatigue endurance strength predictions, calculated from Eq. 3 and the R-
curves in Fig. 3, over a range of initial flaw sizes for the fine and the coarse-grained 
microstructures, with the latter for both the moist air and dry nitrogen environments. 
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Fig. 4 shows only a small effect of the microstructural differences between the 

two materials (between 3% and 7% at crack sizes > 50 µm), and a stronger effect of 

testing environment and thus grain boundary adhesion (an average difference of ~ 

42%). Finally, the bridging stress distributions for each case are shown in Fig. 5. Here 

it is seen that the peak bridging stress is highest for the dry nitrogen condition where 

the R-curve rises the steepest and highest. 

 

Figure 3.5 Calculated bridging stress distributions for the fine and coarse-grained 
microstructures and for the latter both moist air and dry nitrogen environments. 
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calculated for one case (fine microstructure in moist air) to see the effect on the 

predicted fatigue endurance strengths. In Fig. 6, these new predictions are compared to 

those from Fig. 4 which used the measured R-curve for C(T) specimens. The 

maximum difference between the predictions is less than 2% at all crack sizes; thus, 

for this specific material those extra calculations were deemed unnecessary. 

 
Figure 3.6 A comparison for the fatigue endurance strength predictions from the R-
curve measured using compact tension specimens to those using an R-curve calculated 
for a semi-elliptical surface crack. This comparison was done only for the fine 
microstructure, moist air case. 
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3.5 Discussion 

3.5.1 Role of Grain Size 

It is commonly known that coarser grained ceramics lead to higher peak 

toughness but not necessarily higher strength [73, 74]. This is often, in part, attributed 

to the presence of larger initial flaws in coarser-grained materials; however, it is 

known that the intrinsic crack tip toughness and the initial slope of the R-curve also 

play a role in this difference [50, 74]. Based on the results in Fig. 3a, it is clear from 

the R-curve that the fine microstructure has higher fatigue crack growth resistance at 

short crack sizes (< 2 mm), while the coarse microstructure has higher fatigue crack 

growth resistance at large crack sizes (> 6 mm). 

The R-curve at short crack sizes will be the most important to determine the 

fatigue strength. At short crack sizes it is proposed that the difference in the fatigue 

threshold R-curves of the two microstructures may be explained by the difference in 

toughening mechanisms at different stages of bridging zone development. Both 

microstructures can be considered in terms of larger “bridging grains” that are 

reinforcing a matrix of smaller “matrix grains.” For cracks smaller than the average 

bridging grain diameter, Foulk et al. showed that the initial toughness rise should be 

due to crack deflection around the grain at point “a” in Fig. 7, followed by another 

toughness rise associated with stalling on the far side of the grain, near point “b” in 

Fig. 7 [75]. 
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Figure 3.7 (a) Schematic of bridging process. A crack will (A) kink along the grain 
boundary, (B) stall on the far side of the grain, and (C) either continue unstable 
propagation along far grain flank (frictional bridge formation) or reinitiate ahead of 
the primary crack tip (elastic bridge formation) depending on the applied load, grain 
geometry, and grain orientation. (b) Shows a crack deflection that roughly matches the 
shape of the schematic (outlined in black showing A-B progression). 

 

After a crack has kinked around an inclined grain, the biggest predicted jump 

in the driving force required to propagate the crack is in the stalling process. That 2-D 

model predicts that the crack will essentially arrest until sufficient loading is applied to 

cause reinitiation ahead of the primary crack tip, resulting in elastic bridge formation. 

(a) 

(b) 
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If we extend those results to 3-D, the possibility that the crack front propagates 

around the stalled crack location is also likely, again with the same end result of an 

elastic bridge. 

Because the increase in driving force required to stall and bridge is 

substantially greater than that required to initially kink, if the microstructure causes, 

on average, the crack front to reach that stage quicker, the initial rise of the R-curve 

should be steeper. Thus the initial, sharper increase in the fatigue threshold R-curve for 

the fine microstructure, shown in Fig. 3a, may be attributed to the crack stalling 

process occurring earlier for the smaller, on average, bridging grains. However, for an 

equivalent crack size in the coarse microstructure, a significant portion of the crack 

front will still be in the kinking portion of the bridging process, which provides less 

toughening. Thus the initial rise of the R-curve occurs more slowly as the crack front 

must extend farther to stall around the bigger, on average, bridging grains. 

Once crack sizes exceed enough grain diameters, any further toughening is 

dominated by the frictional and mechanical interlocking of the bridges. Larger grains 

will provide more resistance to crack growth as they can span a larger crack opening 

before failure, which is evident at larger crack sizes where the fatigue threshold 

plateaus for the fine microstructure and continues to increase for the coarse 

microstructure. 
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3.5.2 Role of Grain Boundary Adhesion 

From Figure 3b, it is clear that the fatigue threshold for the coarse alumina 

rises higher in the dry nitrogen environment at short crack sizes, but not at large crack 

sizes where the curves appear to cross, much like the fracture toughness R-curves in 

Kruzic et al. [61]. Differences in the R-curves may be attributed to both the 

differences in K0, which is roughly fixed at all crack sizes, and the differences in Kbr, 

which varies with crack size. When Kbr is calculated using Eq. 4, the difference in the 

bridging behavior becomes apparent (Fig. 8). In the present study, the Kbr data (Fig. 8) 

is clearly limited for the dry case at the smallest crack sizes; however, the single data 

point sits above the scatter in the moist air data. Also when comparing the bridging 

stress distribution, the peak bridging stress is clearly higher for the dry environment 

case. 
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Figure 3.8 Bridging stress intensity, Kbr, for the coarse alumina tested both in dry N2 
and moist air plotted as a function of crack extension at a load ratio of R = 0.1 and a 
frequency of ν = 25 Hz. 
 

While the present data is admittedly limited, when one considers the same 

trend of higher Kbr at the smallest crack sizes was seen in both fatigue crack growth 

data and fracture toughness R-curve data in Kruzic et al. [61], a clear trend emerges. 

The present results are in agreement with Kruzic et al. [61] and potent elastic bridges 

appear to develop more readily with better grain-boundary adhesion. The recent work 

of Foulk et al. [75] provides some explanation for this phenomenon that was not 

available at the time of Kruzic et al. [61]. Indeed, boundaries that crack less easily will 

tend to cause crack stalling more readily as the main crack tries to propagate around 

grains (Fig. 7). Thus, stronger boundaries lead to more numerous and/or stronger 
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elastic bridges, and since elastic bridging operates at the shortest crack lengths, this 

leads to higher overall strength (Fig. 4). However, it should be noted that for this 

alumina this effect of different Kbr on the strength appears to be secondary to the effect 

of a higher K0. 

When K0 is lower, as for the moist air case, it was clearly shown in Kruzic et 

al. [61] that more frictional bridges form for fatigue cracks, which are potent for 

toughening at large crack sizes. This is apparent in Fig. 8 where the value of Kbr 

continues to rise higher for the moist air case as a large frictional bridging zone 

develops. Unfortunately, bridging at such large crack sizes are of little use for 

promoting strength. Thus, generally a grain boundary phase with higher K0 can 

improve strength, as has been found recently for Si3N4 ceramics [50], provided the 

grain boundary phase remains sufficiently weakened to allow intergranular cracking 

and bridging formation. In short, this study agrees with the previously proposed 

concept that there is a small window for the optimal value of the boundary K0 for grain 

bridging ceramics [50, 61]. 

3.6 Conclusions 

Based on a study of the fatigue threshold behavior of 99.5% pure 

polycrystalline alumina with two different microstructures (fine and coarse) and in two 

different environments (moist air and dry N2), the following conclusions can be made: 
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1. The finer grained microstructure showed higher fatigue thresholds at short 

crack sizes, while the coarser grained microstructure demonstrated higher 

fatigue thresholds at long crack sizes. The former effect lead to slightly higher 

fatigue strengths being predicted for the finer microstructure. This effect is 

attributed to crack stalling and toughening occurring earlier for smaller 

bridging grains leading to earlier elastic bridge formation, which is a more 

potent form of bridging. The latter effect is attributed to toughening that is 

dominated by frictional and mechanical interlocking bridges at longer crack 

sizes where the larger grains are able give more bridging. 

2. Glassy grain boundaries are known to be tougher in the dry environment, 

leading to higher K0, a higher R-curve at short crack sizes, and higher predicted 

fatigue strengths. The present (limited) results also support previous studies 

that a secondary effect of better grain boundary adhesion (i.e., higher K0) 

causes stronger and/or more numerous elastic bridges. 
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4 Fatigue Reliability Predictions for Crack Bridging Materials 

4.1 Abstract 

Many modern materials are reliant on crack bridging to achieve adequate 

fracture resistance. As they are used in more cyclic loading applications, there is a 

need to make accurate fatigue reliability predictions. In bridging materials, the fatigue 

threshold, or stress intensity range below which fatigue cracks will not propagate, 

increases with crack extension in a manner similar to the fracture resistance. Thus, 

fatigue thresholds can be plotted versus crack extension as a fatigue threshold R-curve. 

The fatigue threshold R-curve was measured for a 99.5% pure polycrystalline alumina. 

Crack growth was initiated from razor micro-notches (ρ < 10 µm) in compact tension 

specimens at a loading frequency of 25 Hz and a load ratio of R = 0.1. The fatigue 

threshold was determined as a function of crack size by 1) decreasing the cyclic load 

until the crack growth rate slowed to less than 10-10 m/cycle and 2) using varying 

initial crack length and load combinations to get varying final crack sizes. Using the 

measured fatigue threshold R-curve and fracture mechanics weight functions, the 

bridging stress profile, considered a true material property, was calculated. The 

accuracy of the bridging stress profile was verified by direct measurement of the 

bridging stresses using x-ray fluorescence spectroscopy. From the bridging stress 

profile, the fatigue threshold R-curve was calculated for more technically relevant 

crack geometries, such as a semi-elliptical surface crack. Finally, fatigue endurance 
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strength predictions were made as a function of initial flaw size using the calculated 

fatigue threshold R-curve for a semi-elliptical surface crack. 

4.2 Introduction 

Demand for high-performance, high-temperature structural materials has lead 

to extensive research on methods to improve the fracture resistance of brittle and semi-

brittle materials such as ceramics and intermetallics. Furthermore, it is well known 

that microstructures that promote crack bridging have better crack growth resistance 

properties and exhibit increased toughness with crack growth (i.e., R-curve behavior) 

[2]. For example, titanium aluminide alloys, which are being implemented in the low-

pressure turbine section of the next generation of some turbine engines [76], are 

commonly toughened by crack bridging [77, 78]. 

Fracture toughness for a specific loading mode is measured by stress intensity 

factor (K), given in Eq. 1, which is a function of the sample geometric factor (Y), the 

applied stress (σ), and the crack length (a). 

 K = Yσ πa  (1) 

In bridging materials, some of the load is transferred to bridges spanning the 

wake of the crack, reducing the stress intensity at the crack tip by an amount Kbr. As 

the crack length increases, more bridges are formed increasing the crack growth 

resistance by further reducing the stress intensity at the crack tip. 
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Applications for many advanced materials toughened by crack bridging can 

be found in the aerospace industry, where components are also commonly subjected to 

cyclic loading. Crack bridging materials are generally susceptible to fatigue failure. 

Under cyclic loading, the bridges that serve to increase cracking resistance can be 

destroyed. Fatigue reliability prediction of such materials is tricky due to inherent 

short crack fatigue effects at crack sizes smaller than the fully developed bridging 

zone [11, 28, 57, 79]. 

Short cracks can propagate at loads below the presumed long-crack fatigue 

threshold [80-82]. As short cracks grow, they will either arrest or begin to exhibit 

long-crack behavior. For bridging materials, a long crack has a fully developed, steady 

state bridging zone where the bridges are being created and destroyed at a roughly 

equal rate and growth rates are independent of crack length. As a result, the fatigue 

threshold, or stress intensity range below which fatigue cracks will not propagate, 

increases with crack extension in a like manner to the fracture resistance [24, 62, 83]. 

Accordingly, the fatigue threshold can be plotted versus crack length, similar to a 

fracture toughness R-curve, in what is called a fatigue threshold R-curve. The purpose 

of this research is to develop a new methodology to characterize the fatigue behavior 

of and make fatigue reliability predictions for materials toughened by crack bridging 

using fatigue threshold R-curves. An outline of this methodology and experiments are 

below. 
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4.3 Material 

Fatigue experiments were conducted on a 99.5% pure commercial 

polycrystalline alumina, Coors AD995. This is considered an ideal model material 

because 1) the several millimeters long bridging zone gives short crack fatigue effects 

at relatively large crack sizes [28] and 2) the lack of plasticity makes the competing 

effect of crack closure negligible. There is also a large amount of fracture, fatigue, and 

strength data for this alumina available in the literature. Crack bridging in alumina is 

due to a predominance of intergranular microfracture along a weaker, glassy phase at 

the grain boundaries which leaves interlocked and serrated grains in the wake of the 

crack [10, 12, 13]. A micrograph of the microstructure can be seen in Fig. 1. 

 

Figure 4.1 Scanning electron micrograph of thermally etched surface of 
polycrystalline alumina used in this study, CoorsTek AD995. 
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4.4 Fatigue Experiments 

Fatigue thresholds were measured and plotted versus crack extension in what is 

known as a fatigue threshold R-curve. Crack growth was initiated in compact tension 

specimens from razor micro-notches having root radii of ρ < 10 µm. Once the crack 

length exceeded 10 µm, notch effects were assumed to be negligible [66]. Specimens 

were fatigued at a loading frequency of ν = 25 Hz and a load ratio of R = Kmin/Kmax = 

0.1, where Kmin and Kmax are the stress intensities calculated via Eq. 1 using the 

minimum and maximum force during the loading cycle, respectively. Crack length 

was monitored using back face strain compliance methods [84]. The fatigue threshold 

was determined as a function of crack size by decreasing the cyclic load at a constant 

K-gradient until the crack growth rate slowed to less than 10-10 m/cycle [85]. Varying 

initial crack lengths and load combinations yielded a range of final crack lengths. The 

measured fatigue threshold R-curve is plotted in Fig. 2. 
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Figure 4.2 Measured fatigue threshold R-curve. 
 

4.5 Bridging Stress Profiles 

R-curves and fatigue threshold R-curves are not material properties. They 

depend on sample geometry, loading type, and crack propagation conditions [10]. 

However, R-curves caused by bridging effects can be described by the relationship 

between the bridging stress and the crack opening displacement, and this bridging 

stress profile is considered a material property. Using the measured fatigue threshold 

R-curve and fracture mechanics weight functions, the bridging stress profile, 

considered a true material property, was calculated using the methods outlined in Ref. 

[46] and is shown in Fig. 3(a).  
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It is not feasible to measure fatigue threshold R-curves for materials which 

have very small bridging zones (e.g., <100 µm) making short crack fatigue 

experiments prohibitively difficult. However, for these materials it can be possible to 

directly measure the bridging stresses [86]. To demonstrate the equivalence of the 

techniques for alumina, bridging stresses were measured using optical fluorescence 

spectroscopy, where stresses are related to shifts in the characteristic optical 

fluorescence lines produced by the Cr3+ impurities in the alumina matrix [87]. The 

measured and the calculated bridging stress profiles, shown together in Fig. 3(b), were 

in very good agreement. 

 

Figure 4.3 (a) Calculated bridging stress profile (solid line) for AD995 with (b) 
measured bridging stresses (solid circles). 
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From the bridging stress profile, the fatigue threshold R-curve was 

calculated for more technically relevant crack geometries of a semi-elliptical surface 

crack, again using the methods of Ref. [46]. The newly calculated fatigue threshold R-

curve for a semi-elliptical surface crack is shown with the measured R-curve for a 

compact tension specimen in Fig. 4. 

 
Figure 4.4 Calculated R-curve for semi-elliptical surface crack plotted with measured 
R-curve for a compact tension specimen. 
 

4.6 Endurance Strength Predictions 

Fatigue endurance strength predictions were made as a function of initial flaw 

size using the calculated fatigue threshold R-curve and the following relations [62]: 

0

1

2

3

4

0 1 2 3 4

C(T)
Surface

!"
#$
%&
'(
)
*
+'
,*
-.
/
0(!

1
"2
(3
4
5
"6
1
7

8+"9:(;2#'<,$-<0(!"(3117

R = 0.1
"  = 25 Hz.



 

 

51 

 ΔKapp = YΔσ app πai = ΔKTH Δa( )  (2) 

 dΔKapp

dΔa
=
dΔKTH Δa( )

dΔa
 

(3) 

The applied stress intensity equation can be plotted with the fatigue threshold 

R-curve, offset by the initial flaw size, as shown in Fig. 5. The load that results in the 

two curves being equal and tangent at a point according to Eqs. 2 and 3 gives the 

fatigue endurance strength for that given initial flaw size. The fatigue endurance 

strength predictions for AD995 are shown in Fig. 6. 

 
Figure 4.5 Schematic for determining the fatigue endurance strength for a given initial 
flaw size. 
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Figure 4.6 Endurance strength predictions. 
 

4.7 Future Work 

Current work is focused on verifying the predictions in Figure 6. Moreover, it 
is expected that this methodology will be extendable to cover a wide range of 

materials toughened by crack bridging, including semi-brittle intermetallics, fiber 
reinforced composites, laminates, etc. The current research is being done on bridging 
ceramics, where lack of crack-tip plasticity make crack closure effects negligible. In 

addition to alumina, silicon nitride is also being studied [62], which has a much 
smaller bridging zone that makes direct short crack experiments impractical. Future 
work also includes the study of titanium aluminide, a material of interest for turbine 

applications, which has the added complexity of crack closure effects.
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5 Fatigue Threshold R-curves Accurately Predict Small Crack 
Fatigue Behavior 

5.1 Abstract 

Small crack fatigue is a widely recognized problem in the fatigue of materials; 

however, there has been limited progress in developing methods for accurately 

predicting small crack fatigue behavior. In this manuscript, small crack effects due to 

crack bridging are addressed. A fatigue threshold R-curve was measured for a 99.5% 

pure polycrystalline alumina using standard compact tension specimens and used to 1) 

determine the bridging stress profile for the material and 2) make accurate fatigue 

endurance strength predictions for realistic semi-elliptical surface cracks. Furthermore, 

is has been shown that the fatigue threshold R-curve can equivalently be determined 

by measuring the bridging stress distribution, in this case using fluorescence 

spectroscopy, using only a long crack compact tension specimen without the need for 

difficult small crack experiments. It is expected that this method will be applicable to a 

wide range of bridging toughened materials, including composites, toughened 

ceramics and intermetallics, and multi-phase materials. 

5.2 Introduction 

Short and small crack fatigue, where fatigue cracks grow faster at small crack 

sizes than expected based on conventional ASTM standard [88] crack growth 

experiments (Fig. 1), has been recognized as a significant engineering problem for 
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nearly three decades [80, 81, 89-92]. Despite that fact, there has been limited 

progress in developing methods for accurately predicting small crack fatigue behavior 

[57]. This is a significant concern because most cracks that ultimately cause a fatigue 

failure begin at a small size. 

 

Figure 5.1 Schematic of short and long fatigue crack growth curves. Short or small 
cracks may grow faster than long crack sand also below the long crack fatigue 
threshold, causing unexpected fatigue failures. 
 

One of the challenges in predicting the behavior is that there can be many 

different mechanisms causing the effect, including crack closure, crack bridging, 

transformation toughening, excessive plasticity, and inhomogeneity/anisotropy of the 

microstructure at microscopic size scales [80, 81, 89-92]. Accordingly, a one size fits 

all approach to short/small fatigue crack problems may not be appropriate [57]. 
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Furthermore, while significant attention has been given to predicting the effects of 

plasticity and crack closure [59, 93-97], relatively little research has been done on how 

to predict effects due to the other mechanisms such as crack bridging [62]. 

Cracks are generally denoted as “short” when the size is restricted in only the 

crack length dimension, a, but may have a long crack front, e.g., as with a short crack 

emanating from a notch. The term “small crack” is generally used when the size is 

restricted in all dimensions, e.g., as with penny or thumbnail shaped cracks. 

Furthermore, the size scale over which the effect is observed depends on the specific 

material and mechanisms involved. Generally a small crack effect will be observed 

when the crack size is on the same scale as 1) the relevant length parameter associated 

with the salient mechanism, such as the closure, bridging, transformation, or plastic 

zone size, and/or 2) the relevant microstructural length scale, such as the grain size, 

composite reinforcement size, etc. As such, these crack size effects may persist over 

10s of micrometers for some materials such as Si3N4 ceramics, and 10s of centimeters 

or more for others such as concrete or fiber reinforced composites, making the 

terminology of short/small crack sometimes misleading. 

To predict the fracture of materials, crack size effects are generally handled 

using a fracture resistance curve (R-curve) where the resistance to fracture is given as 

a function of crack size. It has been demonstrated that the fracture strength can be 

accurately predicted as a function of initial flaw size using carefully constructed R-
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curves [50]. Similarly, it has been proposed that fatigue threshold R-curves may be 

useful tools for explicitly incorporating small crack fatigue effects into fatigue failure 

predictions [24, 57, 62, 83]; however, to date no experimental validations of the 

accuracy of this approach have been conducted. A fatigue threshold R-curve is a 

simple extension of the R-curve concept whereby the fatigue threshold, or the stress 

intensity range, ΔK, below which cracks are presumed to not grow, is plotted as a 

function of crack extension, ΔKTH(Δa). Accordingly, it is the goal of the present paper 

to examine the ability of fatigue threshold R-curves to accurately predict fatigue 

failure caused by small fatigue cracks. 

5.3 Background 

Fatigue-crack growth rates for long cracks often follow the classical Paris 

power-law relationship for a given load ratio (R = Kmin/Kmax) [98]: 

 da dN = A ΔK( )m  (1) 

where A and m are scaling constants specific to the material and test conditions, da/dN 

is the growth rate, ΔK is the stress-intensity range (Kmax – Kmin), and Kmax and Kmin are, 

respectively, the maximum and minimum values applied during a loading cycle. 

Furthermore, there is often a well-defined fatigue threshold, ΔKTH, below which 

cracks are presumed to be dormant. In the case of small fatigue cracks, design based 
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on a fatigue life determined using Eq. 1 or based on a long crack fatigue threshold 

will be non-conservative (Fig. 1), leading to unexpected material failures. 

Of critical concern is whether a small crack will arrest and be effectively 

harmless or conversely whether it will grow into a long crack and cause failure (Fig. 

1). In this regard, the fatigue threshold R-curve should be able to predict the fatigue 

limit, or endurance strength, for a given initial crack size, ai, [62, 99, 100]: 

 ΔKapp = YΔσ app πai = ΔKTH Δa( )  (2a) 

 dΔKapp

dΔa
=
dΔKTH Δa( )

dΔa
 

(2b) 

where ∆σapp is the applied stress range and Y is the appropriate geometric factor. 

However, to date no experimental verification of this approach has been attempted. In 

conducting a first validation of this approach, a model material (polycrystalline Al2O3) 

has been chosen where the small crack fatigue effect occurs almost exclusively due to 

a crack bridging phenomenon. Specifically, fatigue cracks grow faster when the crack 

size is smaller than the steady state bridging zone size [28]. However, the general 

fatigue threshold R-curve concept is expected to be applicable to any situation where 

1) a fatigue threshold R-curve can be produced for the material and 2) the crack of 

interest is sufficiently large compared to the microstructure such that a continuum 

approach is appropriate. 
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5.4 Experimental 

5.4.1 Materials 

A commercial 99.5% pure Al2O3 (AD995, Coors Technical Ceramics Co., Oak 

Ridge, TN) was chosen as a model material due to the fact that it exhibits large steady-

state bridging zones (~ 2 mm) near the fatigue threshold when tested in room air [28]. 

This permitted direct measurements of fatigue thresholds over a range of crack sizes 

where short crack effects occurred, i.e., where a < 2 mm and the bridging zone was 

still being developed. Also, crack closure effects are considered negligible in this 

material because of its relatively low dependence of growth rates on ΔK compared to 

Kmax [19]. A micrograph of the microstructure, shown in Fig. 2, was obtained from 

diamond-polished (1 µm finish) and thermally etched (20 minutes at 1500°C) samples 

using a scanning electron microscope (SEM). Details on the grain size distribution 

may be found in Ref. [100], but in short the majority of the grains had areas < 63 µm2. 
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Figure 5.2 Scanning electron micrograph of 99.5% pure alumina, Coors AD995, used 
in this study. 
 

5.4.2 Fatigue Threshold Experiments 

Short and long fatigue-crack growth experiments were conducted using 

standard compact-tension, C(T), specimens (width, W ≈ 19 mm; thickness, B ≈ 3.5 

mm) in general accordance with ASTM standard E647 [88]. Complete details of the 

fatigue-crack growth procedures are in the appendix and Ref. [28], and a brief 

summary of issues pertinent to the measurement of fatigue thresholds is presented 

here. Fatigue cracks were initiated under cyclic loading conditions (ν = 25 Hz 

frequency sine wave with load ratio of R = 0.1) from straight, machined notches 

(length a0 ≈ 4 – 5 mm) that had been razor micro-notched to have root radii, ρ ≤ 10 
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µm. The cracks lengths were monitored using back-face strain compliance methods 

[84]. Data collection did not begin until the amount of fatigue-crack extension from 

the notch, Δaf, exceeded ρ, at which point the influence of the notch field on the stress 

intensity could be considered to be negligible [66, 101]. 

In order to measure the fatigue threshold, the applied stress-intensity range was 

reduced at a roughly constant ΔK-gradient (= [dΔK/da] /ΔK) of -0.08 mm-1. Based on 

previous results [28], this ΔK-gradient was low enough in AD995 alumina to achieve 

steady-state bridging zones for cracks with Δaf > 2 mm in the range of growth rates 

from ~10-8 to 10-10 m/cycle. In such manner, the fatigue threshold was measured as a 

function of crack extension for Δaf ranging from 46 µm to 5.7 mm, with the threshold 

operationally defined as the lowest stress intensity at which the fatigue-crack growth 

rate could be measured and does not exceed ~ 10-10 m/cycle. 

5.4.3 Bridging Stress Distribution Determination 

5.4.3.1 Bridging Stresses from R-curves 

R-curves are known to often be dependent on sample geometry [10]. Since the 

C(T) specimen is not a realistic crack geometry found in real applications, it is 

desirable to test the accuracy of the fatigue threshold R-curve methodology using a 

more realistic crack geometry. Accordingly, a better geometry insensitive parameter to 

evaluate bridging materials is the bridging stress distribution, σbr(δ), where δ is the 
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crack opening displacement. From this function, the R-curve for other geometries, 

such as small thumbnail shaped surface cracks in bending, may be determined. The 

detailed procedure for determining σbr(δ) from the R-curve is outlined elsewhere [46], 

while a brief summary is given here. 

From the measured R-curves, the bridging stress intensity factor, Kbr, can be 

determined since: 

 KR = K0 − Kbr , Kbr < 0  (3) 

(K0 = crack-tip toughness). Using the weight function representation, the bridging 

stress intensity factor can be represented by the distribution of bridging stresses, σbr, 

acting in the wake of the crack: 

 
Kbr Δa( ) = h r,a( )σ br δ r,a( )( )dr

0

a0 +Δa

∫ , 
(4) 

with the fracture mechanics weight function h, the distance r from the tip, the initial 

crack length a0 free of bridging, and the crack extension Δa = a – a0. The bridging 

stresses depend on the actual crack opening displacements δ. 

The total displacements in the presence of bridging stresses result from: 

 δ = δapp − δbr , (5a) 
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δbr =

1
E '

h r,a '( )da '
a− r

a

∫ h r ',a '( )σ br δ r ',a( )( )dr '
0

a '

∫  
(5b) 

with the plane strain modulus E′ = E/(1-ν2) and the “applied displacements” (the 

displacements under same the load in the absence of the bridging stresses): 

 
δbr =

1
E '

h r,a '( )Kapp a '( )da '
a− r

a

∫ . 
(6) 

The applied stress intensity factor Kapp is given in fracture mechanics 

handbooks for various test specimens. The system of equations (4) and (5) can be 

solved by iterative method of “successive approximation” until a converged solution is 

reached. More details are provided in Refs. [70, 102]. Similarly, once the bridging 

stress distribution is known the same system of equations may be used in reverse to 

determine the R-curve for other geometries by utilizing weight function, h, that is 

appropriate for the geometry of interest. 

5.4.3.2 Spectroscopy Experiments 

Fluorescence spectroscopy is a common method for determining stresses in 

Al2O3 by measuring the shift, from their stress-free position, in the characteristic R1 

and R2 Cr3+ optical fluorescence lines produced by ubiquitous chromium impurities 

[35, 87]. Bridging stresses were measured for a C(T) fatigue sample last tested near 

threshold and re-loaded in situ to ~95% of the Kmax value at the measured fatigue 

threshold,Kmax
TH . Specifically, a 488 nm laser was focused using an optical microscope 
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with a 10X objective to a ~6 µm spot size on the sample surface. Laser power at the 

surface was kept below ~3 mW to avoid effects due to sample heating. Emitted and 

scattered light was directed through a holographic laser line filter and into a 640 mm 

single spectrometer where 1 s exposures were collected using a liquid nitrogen-cooled, 

back-thinned CCD camera. Bridging stresses were measured along the crack wake at 6 

µm increments moving away from the crack tip. Effects due to ambient temperature 

variations and/or instrument drift were avoided by recalibrating after every ~10 

bridging stress measurements using an internal zero stress reference (a part of the 

sample far away from the crack). The zero stress peak position corresponding to each 

bridging stress measurement was determined by linear interpolation between the 

appropriate calibration points. Finally, a linear extrapolation was used to estimate the 

bridging stresses at 100% of the Kmax value at the measured fatigue threshold, Kmax
TH . 

5.4.4 Small Crack Fatigue Experiments 

Controlled small thumbnail shaped cracks were induced in beam specimens 

with dimensions 3 mm × 3.5 mm × 50 mm in general accordance with ASTM C1421-

01b sample preparations for a surface crack in flexure [103]. A Knoop indenter was 

used to indent the middle of the polished (1 µm diamond finish) surface of the beams 

at a load of 100 N and a full-force dwell time of 30 seconds. The specimens were then 

lapped using SiC and re-polished with diamond, removing ~70 µm of material so that 

both the indent and the residual stress field were eliminated leaving only the surface. 
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To accurately measure the cracks a fluorescent dye penetrant (Zyglo ZL-27A, 

Magnaflux, Glenview, IL) was applied to the induced cracks both before and after the 

indent was polished away. The cracks were then viewed and measured using a 

fluorescence microscope. Induced cracks had surface crack lengths ranging from c = 

102 µm to 224 µm (Fig. 3a). Based on examination of fracture surfaces in a scanning 

electron microscope (Fig. 3b) the exact determination of the ratio of crack depth to 

surface length was somewhat subjective; however, based on multiple observations, a 

value of a/c ~ 0.5 was considered to be reasonable. 

 

 

Figure 5.3 Schematic showing the crack shape for a semi-elliptical surface crack (a) 
and a micrograph of the initial crack shape after indenting and grinding the beam 
specimens (b). 
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The cracked specimens were fatigue tested in four-point bending using a 

computer controlled electro-magnetic test system (ElectroForce 3200, Bose 

Corporation, Eden Prairie, MN) using a support span of 55.9 mm and an inner loading 

span of 27.9 mm. A sine wave form was used with a test frequency ν = 20 Hz and load 

ratio R = 0.1. Cyclic stress levels were applied above and below the endurance 

strengths predicted using Eq. 2. Testing was suspended for samples not failing within 

107 cycles and those experiments were considered run-outs. 

5.5 Results 

Fig. 4 shows the fatigue threshold R-curve for AD995 alumina, measured from 

C(T) specimens. In bridging ceramics it is well known that Kmax is more dominant in 

controlling the fatigue crack growth behavior than ΔK [5]; thus, the R-curve is plotted 

in terms of Kmax. Furthermore, by plotting in terms of Kmax(Δa), the R-curve can be 

assumed to begin at zero crack extension, Δa = 0, at the intrinsic toughness of the 

material, K0 = 1.4 MPa√m, taken from a previous study [104]. 
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Figure 5.4 Measured fatigue threshold R-curve from compact tension specimens, 
plotted in terms of the maximum stress intensity, at a load ratio R = 0.1 and a 
frequency ν = 25 Hz. 
 

The calculated bridging stress distribution is shown in Fig. 5, along with the 

measured bridging stresses from the spectroscopy experiments. There is good 

agreement between the data from both methods suggesting either can be used 

equivalently to predict the fatigue threshold R-curve for sample geometries of interest. 

Using Eq. 4, with the weight function for a semi-elliptical surface crack and the 

bridging stress distribution from Fig. 5, the R-curve for a semi-elliptical surface crack 

was calculated to see the effect on the predicted fatigue endurance strengths. The R-

curves are compared in Fig. 6. 
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Figure 5.5 Bridging stress distribution for AD995 (solid line) calculated from weight 
functions and the fatigue threshold R-curve. Also plotted are bridging stresses 
measured using fluorescence spectroscopy (solid circles) with error bars indicating ±1 
standard deviation based on the standard deviation of the linear calibration fit. 

 

Figure 5.6 Measured fatigue threshold R-curve from compact tension specimens (solid 
line) compared with the calculated fatigue threshold R-curve for a surface crack 
(dashed line). 
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Using both the measured R-curve for C(T) specimens in Fig. 4 and the 

calculated R-curve for a semi-elliptical surface crack, Eq. 2 was applied along with the 

correct geometrical function [72] to calculate the expected fatigue endurance strength 

as a function of initial flaw size for a semi-elliptical surface crack and a load ratio of R 

= 0.1. A crack shape of a/c = 0.5 was assumed based on measurements of the crack 

shape on the fracture surfaces using the fluorescence microscope (Fig. 3). The 

predictions are displayed in Fig. 7, comparing both cases, C(T) and surface crack. The 

maximum difference between the predictions is less than 3% at all crack sizes; thus, 

for this specific material those extra calculations to convert from C(T) to surface crack 

were deemed unnecessary. 

 

Figure 5.7 Fatigue endurance strength predictions based off the R-curves for both C(T) 
specimens and surface cracks assuming a crack shape of a/c = 0.5. The difference 
between the predictions was < 3% at all points. 
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The results of the four-point bending small crack fatigue experiments are 

plotted in Fig. 8 with the predictions for crack lengths between 100 µm and 300 µm. 

Induced cracks were targeted for this region of interest because at these initial crack 

sizes the R-curve was observed to have a significant effect on the endurance strength. 

Samples tested at stress/crack length combinations below the line of predicted 

endurance strength exhibited no failures within 107 cycles, while those tested above 

the predicted endurance strength had a high number of failures (56%) within 107 

cycles. Thus, the fatigue threshold R-curve appears to be quite good at distinguishing 

the safe operating stresses for a given crack size. 

 

Figure 5.8 Results from the four-point bending fatigue experiments plotted with the 
fatigue endurance strength predictions for crack sizes from 100 µm to 300 µm. No 
failures occurred below the prediction line, and a high number of failures (56%) 
occurred above the prediction line. 
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5.6 Discussion 

5.6.1 Experimental Scatter and Failure Probability 

Although the fatigue threshold R-curve appears to be quite good at predicting 

the safe operating stresses for a given crack size, it is noted from Fig. 8 that not all 

samples tested above the predicted endurance strength failed within 107 cycles. 

Several factors may contribute to this discrepancy. First, to keep the time of the 

fatigue experiments reasonable testing was arrested after 107 cycles. Thus, it is 

impossible to say if those samples would have failed if cycling continued. Next, it 

must be noted that the endurance strength predictions are based off R-curve data that 

contains some degree of experimental scatter. Such scatter will exist whether the 

predictions are made from an R-curve that was measured directly using short crack 

experiments or from an R-curve that was calculated using a measured bridging stress 

profile (e.g., by spectroscopy). Because of inherent experimental scatter in the data, 

specimens should not be expected to consistently fail just at the predicted endurance 

strength; rather, there will be bands of failure probability around the prediction line. 

This further explains why some specimens did not fail when loaded above their 

predicted endurance strength (Fig. 8). 

From a practical standpoint the failure probability for applied stresses above 

the predicted endurance strength is very high, on the order of 56% in this study. Thus, 

engineering designers will need to use loads below the prediction line, with some 
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safety factor applied, to ensure the probability of failure is acceptably small. In this 

manner it is expected plots like Figs. 7-8 can be effective engineering design tools. 

5.6.2 Determining the R-curves 

It is noted that for the present Al2O3 material the difference between the 

endurance strength predictions from the R-curve for a compact tension specimen and 

the R-curve for a surface crack was negligible (< 3%). However, in general it is 

important to use the appropriate R-curve in order to make accurate predictions since R-

curves are dependent on the sample/crack geometry [10]. Such differences can lead to 

erroneous endurance strength predictions. In this regard the utilization of weight 

functions provides a straightforward mathematical way to transform data from a 

geometry that is convenient to test in a laboratory, e.g., compact tension, to one that is 

relevant to engineers, e.g., a surface crack. 

Similarly, in many materials the collection of short or small crack data can be 

difficult or inconvenient for all sample geometries. Thus, when possible it would be 

advantageous to deduce the small crack behavior based solely on long crack 

experiments. In this paper it is shown how a clear understanding of the 

micromechanics causing the small crack effects can allow the R-curve to be predicted 

from other methods, such as bridging stress measurements via spectroscopy combined 

with weight function calculations. The good agreement between the measured 

bridging stresses and the calculated bridging stress profile in Fig. 5 demonstrates the 
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possibility of using these methods equivalently to calculate an appropriate R-curve 

in materials where bridging is the dominant mechanism. Indeed, the same small crack 

endurance strength prediction in this study could have been arrived at from the 

spectroscopic data in Fig. 5 using only long crack experiments. Furthermore, a similar 

methodology can be extended beyond the case of bridging to other mechanisms, such 

as transformation toughening, that also may be modeled as a stress distribution in the 

crack wake. 

5.6.3 Combined Small Crack Effects 

Overall it is expected this methodology may be extended to incorporate 

multiple small crack mechanisms. For example, while crack closure is considered 

negligible in this model material [19], in other bridging materials, e.g., titanium 

aluminides [79], both crack bridging and closure simultaneously cause small crack 

effects. In a material where closure is also a concern and the R-curve can be measured 

directly, the effect of closure will be explicitly included in the above predictions. This 

holds for all continuum level mechanisms: crack closure, crack bridging, 

transformation toughening or excessive plasticity. In such cases, though, deducing the 

endurance strengths from independent measurements, such as spectroscopy to measure 

bridging stresses, will require independent measurements of each effect. However, a 

continuum-based approach like this would not be appropriate for small cracks on the 

size scale of the microstructural features. In such cases a probabilistic method will 



 

 

74 

likely be required to determine the probability of fatigue failure based on the 

likelihood of finding a crack in various locations and orientations within the 

microstructure. 

5.7 Conclusions 

Based on a study of the fatigue threshold behavior of 99.5% pure 

polycrystalline alumina and bridging stress measurements and validation study, the 

following conclusions can be made: 

1. The fatigue threshold R-curve accurately predicts safe operating stresses for a 

given crack shape, since no failures occurred within 107 cycles below the line 

of predicted fatigue endurance strength, and a high number of failures (56%) 

occurred within 107 cycles above the predicted endurance strength. 

2. Not all of the samples tested above the predicted endurance strength failed, 

though it is impossible to say whether those samples would have failed had 

cycling continued beyond 107 cycles. In general, however, bands of failure 

probability are expected around the prediction line since the predicted 

endurance strengths are based off R-curve data that contains some degree of 

experimental scatter. 

3. Accurate fatigue threshold R-curves can be deduced from methods other than 

direct measurement using only long crack experiments. In this case bridging 

stress measurements combined with weight function calculations were used. 
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Thus, small crack endurance strength predictions can be made from the 

measured bridging stresses with out the need for small crack fatigue 

experiments. 

4. It is expected that this methodology may be extended to incorporate multiple, 

continuum level, small crack mechanisms where the R-curve can be measured 

directly or where the effect of each mechanism may be measured 

independently. 
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6 Summary 

In order to develop a method for fatigue failure prediction in crack bridging 

materials that incorporates small crack effects, the fatigue behavior was characterized 

for a model bridging material: 99.5% pure polycrystalline alumina. Alumina is an 

ideal material because its long bridging zone makes short crack fatigue experiments 

feasible and its lack of plasticity makes closure effects negligible, isolating the 

bridging effect. Fatigue threshold R-curves were used to make fatigue endurance 

strength predictions for a relevant crack geometry, and the validity of those predictions 

were tested. 

Fatigue threshold R-curves were measured from compact tension specimens 

with two different microstructures (fine and coarse) and in two different testing 

environments (moist air and dry N2) in order to compare the effects of grain size and 

grain-boundary adhesion on the R-curve behavior. The fine-grained microstructure 

showed higher fatigue thresholds at shorter crack sizes, attributed to the crack stalling 

process and earlier elastic bridge formation, leading to higher calculated fatigue 

strengths. The coarse-grained microstructure showed higher fatigue thresholds at long 

crack sizes, attributed to toughening dominated by frictional and mechanical 

interlocking bridges where the larger grains give a stronger bridging effect. A higher 

K0 was achieved by testing the coarse-microstructure in the dry environment, giving a 

higher R-curve at short crack sizes and higher calculated fatigue strengths. 
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Bridging stress profiles, a material property, were calculated from the 

measured fatigue threshold R-curves using fracture mechanics weight functions. 

Bridging stresses were also measured in the fine microstructure using fluorescence 

spectroscopy, and the data showed good agreement with the calculated profile. The 

bridging stress profile was then used, in combination with weight functions, to 

calculate the fatigue R-curve for a semi-elliptical surface crack, and fatigue endurance 

strength predictions were made for surface cracks based off this relevant R-curve. 

Because of the good agreement between the calculated bridging profile and the 

measured bridging stresses, the same R-curve could have been calculated from 

spectroscopy data without the need for direct short crack fatigue experiments. 

The endurance strength predictions were then verified on surface cracks in the 

fine microstructure. Beam specimens with induced surface cracks were fatigue tested 

in four-point bending until failure occurred. Specimens not failing within 107 cycles 

were considered run-outs. No sample failures occurred below the predicted endurance 

strength line, and a high number of failures occurred on samples tested above the 

endurance strength. Bands of failure probability around the endurance strength 

prediction line are expected due to experimental scatter in the data. Also, for samples 

that did not fail when loaded above the predicted endurance strength, it is impossible 

to say whether those samples would have failed had they been cycled for longer than 

107 cycles. 
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In summary, a method has been developed to predict fatigue failure in grain 

bridging ceramics that incorporates small crack effects. It is believed that this method 

could be extended to cover multiple continuum level mechanisms where R-curves can 

be measured directly, and by characterizing other methods, like bridging stresses and 

weight functions, as long as each mechanism can be measured independently. 
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8 Appendix 

8.1 Fatigue Threshold Experiments 

Short and long fatigue-crack growth experiments were conducted using 

standard compact-tension, C(T), specimens (width, W ≈ 19 mm; thickness, B ≈ 3.5 

mm) in general accordance with ASTM standard E647 [88]. Both sides of the 

specimens were lapped flat and polished to a 1 µm finished on a Logitech PM5 

Precision Lapping Machine using diamond-polishing compounds so that cracks could 

be easily observed by means of optical and scanning microscopy. A razor micro-

notching technique was used to sharpen notches to have root radii of ρ ≤ 10 µm in 

order to reduce the influence of the notch on the crack growth rate for small cracks. 

The micro-notching technique involves repeatedly sliding a razor blade over the 

machined notch tip in the presence of a 1 µm diamond paste. Once crack extension 

exceeded ρ, the influence of the notch on crack growth was considered negligible [66, 

101] and data collection could begin. 

Fatigue cracks were initiated under cyclic loading conditions with a frequency 

of ν = 25 Hz sine wave and a constant load ratio of R = 0.1. The cracks length, a, was 

monitored using back-face strain compliance methods with the strain gage mounted to 

the center back face of the C(T) specimen. The strain increases linearly with a (or 

a/W) for constant K conditions, therefore the crack length, a, or the load, P, can be 

calculated if the other is known from the equation 
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 A∗ a /W( ) = [ BFS( ) P]BWE  (1) 

where B is the specimen thickness, W is the width, and E is Young’s modulus. 

A*(a/W) is independent of specimen dimensions and material for C(T) geometry [84]. 

The applied load was initially set sufficiently low to avoid crack initiation, ∆K 

= 1.5 MPa√m. Monitoring the specimen for crack growth at each load level for 1 hour, 

the load was increased incrementally by 0.1 MPa√m until crack growth occurred. 

Fatigue thresholds were determined by reducing the applied stress intensity at a 

constant ΔK gradient 

 
∇ =

1
ΔK

dΔK
da

 
(2) 

equal to -0.08/mm until the crack growth rate slowed to approximately 10-10 m/cycle. 

Once a threshold was reached, the crack length was verified in an optical microscope. 

The load was step increased again, and the process was repeated. Thus, fatigue 

thresholds were found for progressively increasing crack sizes. 

8.2 Fluorescence Spectroscopy Experiments 

Fluorescence spectroscopy is a common method for determining stresses in 

Al2O3 by measuring the shift, from their stress-free position, in the characteristic R1 

and R2 Cr3+ optical fluorescence lines produced by ubiquitous chromium impurities 

[35, 87]. Bridging stresses were measured for a C(T) fatigue sample last tested near 



 

 

89 

threshold and re-loaded in situ to ~95% of the Kmax value at the measured fatigue 

threshold, Kmax
TH . Specifically, a 488 nm laser was focused using an optical microscope 

with a 10X objective to a ~6 µm spot size on the sample surface. Laser power at the 

surface was kept below ~3 mW to avoid effects due to sample heating. Emitted and 

scattered light was directed through a holographic laser line filter and into a 640 mm 

single spectrometer where 1 s exposures were collected using a liquid nitrogen-cooled, 

back-thinned CCD camera. Bridging stresses were measured along the crack wake at 6 

µm increments moving away from the crack tip. Effects due to ambient temperature 

variations and/or instrument drift were avoided by recalibrating after every ~10 

bridging stress measurements using an internal zero stress reference (a part of the 

sample far away from the crack). The zero stress peak position corresponding to each 

bridging stress measurement was determined by linear interpolation between the 

appropriate calibration points. Finally, a linear extrapolation was used to estimate the 

bridging stresses at 100% of the Kmax value at the measured fatigue threshold, Kmax
TH . 

8.3 Small Crack Fatigue Experiments 

Controlled small thumbnail shaped cracks were induced in beam specimens 

with dimensions 3 mm × 3.5 mm × 50 mm in general accordance with ASTM C1421-

01b sample preparations for a surface crack in flexure [103]. A Knoop indenter was 

used to indent the middle of the 3.5 mm wide polished (1 µm diamond finish) surface 

of the beams at a load of 100 N and a full-force dwell time of 30 seconds. The 
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specimens were then lapped using SiC and re-polished with diamond, removing ~70 

µm of material so that both the indent and the residual stress field were eliminated 

leaving only the surface. To accurately measure the cracks a fluorescent dye penetrant 

(Zyglo ZL-27A, Magnaflux, Glenview, IL) was applied to the induced cracks both 

before and after the indent was polished away. The cracks were then viewed and 

measured using a fluorescence microscope. Induced cracks had surface crack lengths 

ranging from c = 102 µm to 224 µm. Based on examination of fracture surfaces, the 

ratio of crack depth to surface length, a/c, was approximately 0.5. 

The cracked specimens were fatigue tested in four-point bending using a 

computer controlled electro-magnetic test system (ElectroForce 3200, Bose 

Corporation, Eden Prairie, MN) using a support span of 55.9 mm and an inner loading 

span of 27.9 mm. A sine wave form was used with a test frequency ν = 20 Hz and load 

ratio R = 0.1. Testing was suspended for samples not failing within 107 cycles and 

those experiments were considered run-outs. 


