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assimilation techniques. The second chapter of the thesis presents the development and

application of generalized inversion to a simple dynamical model of Lake Kinneret. The

intent was to develop the necessary tools to implement variational assimilation scheme

in the realm of a simple model and data set. We were able to determine the spatially

nonuniform wind pattern and distinguish it clearly from the effect of assuming a spatially

uniform wind. We present statistical evidence for our finding that the two layer model

contained sufficient detail to describe the physics of internal waves and residual circulation

embedded in the data. We were also able to determine the time and location of an

outcropping event that resulted in a fish kill event. The third chapter presents an in

depth study of the multiple steady states of the Kuroshio south of Japan using a limited

area 2 layer quasigeostrophic model. This study enabled us to understand the possible

nature of the transitions and the dynamical nature of the steady states. The last chapter

is a refinement of the understanding of the Kuroshio using the assimilation of satellite

data to explain the recent transition from a non-large meander to a large meander and its
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opposite. The assimilation procedure can be seen as the test of a null hypothesis consisting

of a prior estimate of the model and data discrepancy. The result of the assimilation gives

us posterior statistics that permit us to draw error bars on the model dynamics. From

these posterior statistics, we can determine if the model contains sufficient dynamics to

explain physics present in the altimetry data.
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MODELING STUDIES OF OCEAN CIRCULATION USING

INVERSE METHODS AND BIFURCATION THEORY

1. INTRODUCTION

The goal of this thesis is to study the nonlinear behavior of the Kuroshio south

of Japan. The Kuroshio is the western boundary current associated with the strong

northwestern component of the subtropical North Pacific Ocean gyre. It exhibits multiple

stable paths: One with a meander centered at 138E, one without the meander following a

straight path and a third with a large meander centered at 135E upstream of the Izu ridge.

We studied the physics of the different stable paths as multiple equilibria of a limited area

quasigeostrophic model and studied the nature of the transitions, using our model and

altymetry data from TOPEX/POSEIDON.

Due to the complexity of the variational assimilation algorithm that is used for

the study of the Kuroshio, the second chapter of the thesis presents the development

of the variational assimilation tools in the context of a simple model of Lake Kinneret

and thermistor-chain data. In this study we developed a suite of models ranging from

simple linear layer type of dynamics to the implementation of the Princeton Ocean Model

[Blumberg and Mellor, 1987]. Assimilation was used as hypothesis testor for a nonlinear

2 layer model that showed good agreement with the thermistor chain data. From the

assimilation of a meager data set, we were able to reproduce the observed daily mean

divergent pattern of the wind as well as the observed residual circulation of the lake. We

also located an outcropping of the pycnocline that resulted in a fish kill event.



The assimilation of data into a model requires the in depth understanding of the

model itself, thus, chapter 3 of this thesis concentrates on the behavior of the baroclinic

quasigeostrophic equations. A bifurcation diagram and stability analysis of the corre-

sponding steady states was performed. The leading eigenvectors appeared as Rossby

wave like perturbations, similar to the meso-scale eddie activity observed south off Japan.

In chapter 4, we present the assimilation of altimetry data into the above quasi-

geostrophic model. In that study, we implemented the indirect representer method [Ben-

nett, 2002] to solve the inverse problem. We assimilated data for 21 days, during the

formation of a small meander south of Kyushu. The inverse solution at the last day of

the assimilation was used to initialize the forcast model. The forecast followed closely

the data for about 450 days, predicting the formation and decay of the large meander

observed in 2004/2005.
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2.1. Abstract

We investigate the validity of a two layer model of lake Kinneret by applying a weak

constraint variational assimilation method to thermistor chain data and a two layer model

selected from a suite of models of the lake. We chose an error model that reconciles the

depth of the 19°C isotherm and the dynamics of the layered model. With this simple

model and meager data set, we were able to determine the spatially nonuniform wind

pattern and distinguish it clearly from the effect of assuming a spatially uniform wind.

We present statistical evidence for our finding that the two layer model contained sufficient

detail to describe the physics of internal waves and residual circulation embedded in the

data. We were also able to determine the time and location of an outcropping event that

resulted in a fish kill event.

2.2. Introduction

Lake Kinrieret, Israel's only fresh water lake, is a monomictic warm lake , i.e., one

period of complete mixing each year, separated by one period of thermal stratification,

with maximal north-south and east-west extents of 21 and 12 km, respectively, and a

maximal depth of about 55 ni. During the stratified period from late spring (May) to early

fall (September), the lake exhibits low horizontal mode diurnal and semidiurnal motions

(Serruya, 1978) in response to the diurnal prevailing westerly winds. Rotation is expected

to be dynamically important since the first internal radius during the stratified period

is about 5 km. The strong daily sea breeze generates a vertical mode 1 internal Kelvin

wave and basin scale internal Poincare waves of vertical mode 1, 2 and 3 (Antenucci et al.,

2000). Serruya (1975) was the first to study the internal wave activity in Lake Kinneret.
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The diurnal and semidiurnal periods were found to dominate the internal wave dynamics

with the diurnal mode propagating counterclockwise and the semidiurnal mode attributed

to a free oscillation. The diurnal mode was later identified as a vertical mode 1 Kelvin

wave and the semidiurnal mode as a vertical mode 1 horizontal mode 1 standing wave

(Ou and Bennett, 1979) . More recent studies by [Antenucci et al., 2000] and Hodges

[Hodges et al., 2000] showed the presence of a vertical mode 1 Kelvin wave and basin-

scale internal Poincare waves of vertical modes 1, 2 and 3. However, Pan et al. (2002)

showed that the counterclockwise propagation of the thermocline is not systematic and

mainly responds to the time-dependent wind stress.

Previous modeling studies of the internal dynamic of the lake usually included the

comparison of data sets to models, ranging from simple analytical models (Antenucci and

Imberger, 2001) to complex numerical models (Pan et al., 2002 and Laval and Imberger,

2003). We have constructed a suite of models in which we have found that the nonlinear

two layer model on boundary fitted coordinates (Thompson et al., 1985) compares well to

the thermistor chain data at two different locations. In this study, we want to investigate

the validity of this simple nonlinear 2 layer model by regressing the model onto thermistor

chains data. We use a weak constraint variational assimilation method with the thermistor

chain data and the nonlinear two layer model to show that the data set and the model

can be reconciled, i.e. the model contains sufficient dynamical detail to describe the data

set. The thermistor chain and wind stress data are described in the following section. The

choice of the two layer model with boundary fitted coordinate from a suite of models is

presented and analyzed in section 2.3.. The inversion algorithm is detailed in sections 2.4..

The dynamic of the lake estimated by the inverse calculation and a forecast experiment

based on our inversion appear in section 2.5..
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2.2.1 Data

Thermistor chain data were collected from moorings at station F (XF, YF) and K

(XK, YK) (see figures 2.1 and 2.2) . The chains are composed of 12 thermistors placed

vertically every 2 meters, collecting temperature measurements every minute (see figure

2.2) during the summer of 1999.

20

18

16

14

>-10

6

2 4

X[krnj

10 12

FIGURE 2.1: Curvilinear grid with bathymetry in meters below the surface. Location of
station F, K, Tabha, Ein-Gev are indicated.



From these measurements, we extracted the depth of the 19°C isotherm. The re-

sulting time series was then low pass filtered using a running mean average with a 3 hour

bandwidth (shown as heavy black lines in the two top panels of figure 2.2). The assimila-

tion scheme that will be described in the following sections uses the filtered depth of the

19°C isotherm binned every 3 hours. Wind speed measurements were obtained (see the

bottom panel of figure 2.2) for the same period at Tabha. We use the wind at Tabha as

a prior estimates of the forcing of the lake. The bathymetry and the geometry of the lake

are shown in figure2.1.



28°C

23°C

-20-
146 148 150 152

18°C

13°C

9

146 148 150 152 154 156

Julian days

FIGURE 2.2: From top to bottom: Thermistor chain data at station K. Thermistor chain
data at station F. The heavy black line depicts the depth of the 19°C isotherm. Wind
stress at Tabha. The solid line is the x component of the wind stress, the dashed line is
the y-component of the wind stress.
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2.3. A Suite of models of the lake

We have constructed a suite of models of varying complexity, from simple linear mod-

els to an implementation of the Princeton Ocean Model (Blumberg and Mellor, 1987), a

high resolution sigma-coordinate model which includes parametrization of turbulent fluxes

by the Mellor-Yamada level 2.5 scheme (Mellor and Yamada, 1982). Increasingly complex

models provide the capability of reproducing in greater detail the observed features of the

response of the lake to variations in wind and heat flux, at a cost of increasing demands on

computing resources and difficulty in interpretation of results. The simplest of our models

is a layer type model with linear dynamics, implemented on a rectilinear grid. The lake

bathymetry is smoothed and artificially modified so that the minimum depth is 20m, in

order to avoid the well known problems of density interfaces meeting sloping boundaries.

Characteristics of our three models, the linear layer model (MI), nonlinear layer

model on a curvilinear grid (MIl) and the Princeton Ocean Model (MIII) are summarized

in Table 2.1. Each model uses the same surface wind forcing.

2.3.1 The linear two-Layer model (MI)

The input of momentum to the mixed layer by the diurnal wind is significant for

times greater than a quarter of the period of the second mode seiche (12 h). This implies

that the baroclinic pressure gradient needs to be accounted for (Monismith, 1985) . A

simple model that allows baroclinic phenomena and the effect of bottom topography is

a linear two-layer primitive equation model (Pedlosky, 1979). The MI is a linear two-

layer model on the f-plane discretized on a Cartesian grid, in which the upper layer of

temperature T1 overlies a layer of temperature T2. The interface between the two layers

represents the 19°C isotherm. We use spatially uniform wind forcing with amplitude
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TABLE 2.1: Explanation of Model's name.

MI MIT

Model type Linear two-layer Nonlinear two layer

Model grid Cartesian grid Curvilinear grid

Lateral boundary No slip Free slip

conditions

MIII without surface MIII

heating

Model type Primitive equation Primitive equation

with turbulence with turbulence

closure scheme closure scheme and

surface heating

Model grid Cartesian grid and Cartesian grid and

sigma-coordinates sigma-coordinates

Lateral boundary No slip No slip

conditions
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taken from measured time series at Tabha (bottom panel of figure 2.2). The wind is

mostly westerly during the afternoon and reaches speeds of about 15 m/s. The rest of

the time, the forcing is weak. The origin of the coordinate system associated with the

model is determined by the intersection of an east-west and a north-south line tangent

to the southernmost and westernmost points of the lake, respectively. The bathymetry is

artificially truncated to be effectively a vertical solid wall all around the lake. The fluid

is assumed hydrostatic, homogeneous and incompressible in each layer. Heat transfer,

friction between layers and advection terms are neglected. The spatial resolution is 50Dm

and the time step is 20 seconds. The Coriolis parameter has a value of about 7.8 x 105s1

at 32° north. The space and time discretization is achieved using the two-step version of

the Lax-Wendroff scheme (e.g. Richtmyer and Morton, 1967).

2.3.2 The nonlinear two-Layer model (Mu)

The model Mu is a nonlinear version of the model described in the previous section

with boundary fitted coordinates. Unlike the linear model, a free slip boundary condition is

used at the boundary of the lake to reduce the total amount of diffusion. The discretization

is performed as follows: The lake is mapped into a uniform Cartesian space (or logical

space) using an elliptic transformation (e.g. Thompson et al., 1985). The resulting grid

is curvilinear (see Figure, 2.1), non overlapping and smooth in the sense that there are

no sharp gradients in cell area and the metrics of the transformation (Castillo, 1991)

Curvilinear grids have been preferred to Cartesian grids for applications such as this one

because of the straightforward application of the boundary condition and more faithful

representation of the shore line. The bathymetry used is the same as the one used in

the Cartesian linear layer model and is shown superimposed on the grid in figure 2.1.

The system of equations have to be transformed into the logical space to be solved. The
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problem is still of the same type (hyperbolic) but complexity is added by the introduction

of the metric coefficients defining the transformation. The space and time discretization

is achieved using the two-step version of the Lax-Wendroff scheme (e.g. Richtmyer and

Morton, 1967). The spatial resolution is about 450rn and the time step is 20 seconds.

2.3.3 The sigma-coordinate model (MIII)

The most complex of our three models is an implementation of the Princeton Ocean

Model (see Blumberg and Mellor, 1987 and Mellor and Yamada, 1982). This is a three

dimensional primitive equation model with sigma coordinates in the vertical and Arakawa

C grid in the horizontal directions. The model includes complete thermodynamics and

the Mellor-Yamada level 2.5 turbulence closure scheme (Mellor and Yamada, 1982) In

our application, we use 18 sigma levels and a split external/internal time step of 3/90

seconds. Spatial resolution is on the order of 250 m. The constant used in the Smagorinsky

diffusivity is 0.01m2s1. Bathymetry for the MIII was derived from binned sounding

data, to which a 2D Hanning filter was applied. The mean boundary depth for three grid

intervals along the shore was calculated and imposed on the grid to mitigate the sigma

slope problems at the boundary. Initial data consisted of the 14-day mean of thermistor

data, extended to a depth of 45m from the results of Serruya (Serruya, 1975). Thermal

forcing was computed from meteorological data gathered at the on-lake station (about 1

km east of Tabha).

2.3.4 Model comparison

We compare in this section the vertical displacement and estimated spectra of the

observed 19°C isotherm to the predicted vertical displacement and spectra of the same

isotherm predicted by models MI, MIT and MIII at stations F and K (see figure 2.1 for

the locations of these stations). Spatially uniform wind forcing is used to force the three
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models (see figure 2.2).

The wind is mostly westerly during the afternoon and reaches speeds of about

15m/s. The rest of the time, the forcing is weak. Results at station F (see figure 2.3)

show a reasonable improvement, in the time domain, when proceeding from the simple

MI, to the more complex MIII.

ES
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E5

-5

Isotherm 19°C at station F

Llneer nlodel. r0 56162 r.42488

146 149 150 152

Tinle daysi

Nonhnear rIwdel, r=O 57295

MIII without hoe5ng, r=O.68

Period Ihouwl

r0 47047

E

Period 500,81

=0 37172

145 148 150 152 0 10 20 20 40
Tirrre days Period [IwursI

FIGURE 2.3: Left panels: Comparison of the time series of modeled and observed depth
anomaly of the isotherm 19°C at station F. Right panels: Spectra of the time series.
Dashed lines are the model predictions, solid lines are the data.
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The correlation coefficient increases, respectively, from a value of 0.56 to 0.66. How-

ever, this behavior is not reproduced at station K (see figure 2.4) where the simplest model

seems to better reproduce the displacement of the isotherm.

Isotherm 19°C at station K

S

2

E

0

tjnear model, r 58908 r=035243

146 148 150 152
Time [days)

Nonlinear model. r=0 48967

148 148 150 152
Time [days)

MIII w9hoot heating, r=0.43149

Pedod [hears)

r=0.41 627

Penod room)

r=0 33829

148 148 150 152 0 10 20 30 40
Time days) Period (tours)

FIGURE 2.4: Similar to figure 2.3 but for station K.
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All models predict a high variance for the 12 hour period harmonic, in agreement

with the observed variance of the same harmonic. The variance of the diurnal harmonic

is underpredicted by MI and MIII without heating at both locations.

Comparison of thermistor chain observations from station F with results of a series

of numerical experiments with the MIII without thermal forcing and MIII are shown in

figure 2.5.

-5

a,

-15

-20

-5

I10

-20

-5

-15

POM without heat

POM with heat

Insitu temperature at station F

31

0

2
a
F
aH

IJ

147 148 149 150 151 152
Time [days]

FIGURE 2.5: Evolution of the isotherms depths at station F. From top to bottom: MIII
predictions without diurnal heating and cooling. MIII predictions with diurnal heating
and cooling. Observed isotherm depths. The shading scale is indicated on the right panel.
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The MIII model, driven by observed winds from Tabha, but no heat flux, was

intended for comparison to the layer model runs. Differences between this run and the

layer model runs should reflect differences in the hydrodynamic models alone, and provide

a test of the dynamical significance of surface heat flux. As expected, comparison of the

top panel of figure 2.5 with the bottom panel of the same figure shows that cooler water

comes closer to the surface in the numerical simulation, while warmer water penetrates

deeper in the observed data. The diurnal heating cycle is evident in the bottom panel of

figure 2.5.

The middle panel of figure 2.5 shows the result of MIII driven with observed winds

and heat flux. This model run is obviously more faithful to the observations from station F

than the simulation without heat flux. The variability of the upper stratification is better

represented by this run than it was by MIII with no heating. The pattern of downward

penetration of warm water is especially noticeable at the middle of the run of MIII (upper

6 meters of the middle panel of figure 2.5 between Julian days 146 and 150), and is nearly

absent in the prediction of MIII without heating (top panel of figure 2.5). However, the

lower stratification of the lake (around the 19°C isotherm) is very similar between MIII

with and without heating.

Both models predict an outcropping of the 25°C isotherm at the end of day 146

and day 150 (see figure 2.5). These two events are not present in the data. This might be

the result of using a spatially uniform wind forcing (measured at Tabha) which is an over

simplification (e.g., Pan and Avissar, 2002). The relatively high correlation coefficient in

the time domain for all models at the two locations gives us the confidence that none

of the models misses important physical properties. We may, therefore, assume that the

three models faithfully represent the major physical features of the real lake.

Results from MIII did not show significant improvement over MI and MIT in recre-



ation of the dynamics of the lake iii the case where the heating/cooling cycle was ne-

glected. When heat transfer is introduced, the upper stratification of the lake is better

represented. The layered model MI and MIT and the sigma-coordinate model MIII without

heating failed to faithfully reproduce the motion of the upper isotherms. However, they

showed high correlation with the observed deep isotherm (such as the 19°C isotherm). As

expected, the heating/cooling cycle is of importance only for the upper isotherms (above

about 27°C) and can be neglected for the lower isotherms. From the above comparison,

it is tempting to think that MIT is sufficient to represent the motion of the 19°C isotherm

on scales comparable to the deformation radius. Next, we will use generalized inversion

to test this claim

2.3.5 Forward model

Following what we have learned from the suite of models, we propose to test a

modified version of MIT using generalized inversion as hypothesis testing. As opposed

to MIT, we use a no slip boundary condition at the shore of the lake. The equations

are discretized on an A grid using a third order accurate finite difference formulas. The

time integration uses the explicit fourth order Runge-Kutta method. Every term in the

equation is treated explicitly. The grid (shown in figure 2.1) selected for this application

consists of 20 x 20 grid points with average spacing of about 450m, restricting the time

step to 20 seconds. The horizontal diffusivity coefficient was chosen to be constant over

the entire grid with a value ofAH = 500m2s'. We use a fourth order numerical diffusion

scheme (Xue, 1999) in order to stabilize the computation.

The two layer shallow water equations:

Du')
fv') + g(h' + + D) AHV2U1 = (2.1)

Dt Dx pHi
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Dv(') I-u

+ + g(h' + h2 + D) AHV2v11 (2.2)

Dt

+ (u')h(')) + (v(1)h(1)) = 0 (2.3)
3x ay

Du2 (2) g(h(1) + h21 + D) + + D) AHV2U2 0 (2.4)fv +
Dt

Dv2 (2)
a

Dt
+ fu + g(h' + h2 + D) + gF(h(2) + D) AHV2v21 = 0 (2.5)

3h2
+ (u(2)h(2)) + (v(2)h(2)) = 0 (2.6)

a ay

for (x,y) c l and t [0,T], with the initial conditions

(k) (x y, 0)
1(k)

y)

v(x,y,0) Iv(k)(x,y) k 1,2 (2.7)

h(k)
h((x,y,O) = I (x,y)

for (x, y) E and the boundary conditions

y, t) = v(x, y, t) = 0
(2.8)

ah(k)
-----(x,y,t) = 0

for (x, y) e ac and t e [0, T]. where rX and are the prior estimate of the forcing, l is

the interior of the lake, including the boundaries, a is the shore line of the lake.

and h(', are, respectively, the zonal and meridional speeds of the top layer, the thickness

of the top layer. and are, respectively, the zonal and meridional speeds of

uvh(k) .the bottom layer, the thickness of the top layer. I (x, y) is the prior estimate of the

initial conditions.

2.4. Inverse Model

We now assume that there are errors in the dynamic of the two layer model and

initial conditions. The true circulation of the lake satisfies:
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fv' + g_(h(1) + h2 + D) AHV2U1 = fU (2.9)
Dt pH1

Dv')
+ fu(1) + g(h(1) + h2 + D) AHV2 jv") (2.10)

Dt pHi

ah(1 a
(1)h(')) + .(v(1)h(1))+ (u (2.11)

a
Du2 fv(2) + g(h' + h2 + D) +

/ ag (h2 + D) AjqV2u2 u(2) (2.12)
Dt ax

Dv2 (2)+ fu a
+ g(h' + h2 + D) + g/(h(2) + D) AHV2V2 fv(2) (2.13)

Dt

ah(2) a (2 a
+ (u h(2) + (v(2)h(2))

fh(2) (2.14)
ax

for (x,y) e 1 and t E [0,TJ, with the initial conditions

u (x, y, 0)
1u(k) (x, y) + (x, y)

v((x,y,0) (x,y) + jv(Xy) k = 1,2 (2.15)

y, 0)
1h(k)

(x, y) +
h(k)

(x, y)

for (x, y) E l and the boundary conditions

u(k)(x,y,t) = v(x,y,t) = 0

ah(k)
(2.16)

(x,y,t) = 0

for (x,y) E ac and t E [0,T}. As before rx and 'r1' are the prior estimate of the forc-

ing. (x, y) is the prior estimate of the initial conditions. fu,v,h are,

respectively, the error of the prior forcing and error of the prior estimate of the initial

conditions.

The measurements are:

dmh1(XF,yF,tm)+Em for m=1,...,50

dm = h'(XK,yK,tm)+m for rn = 51,...,M = 100 (2.17)

tk=(k*3 hours) for k=1,...,50.
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where dm is the measurement of the depth of the 19°C isotherm at station F and K and

Em the measurement error.

2.4.1 The tangent linear model and the cost function

Since the above problem is underdetermined, we seek a solution that minimizes the

sum of the squares of the residuals. However, the resulting Euler-Lagrange equations are

nonlinear and unfit for the representer method (Bennett, 2002) we propose to use. We

need to linearize the two layer model and iterate on the nonlinearity. Linearizing about

(1) (1) (1) (2) (2)a prior estimate of the state of the lake, Ui = (u_1, v1, u1, v_1, h1), the

forward tangent linear equations are (see scheme B in Bennett (2002)):

(1)

+ u2vu' + (u
8t

a x
(2.18)

fv' +g(h' + h1 + D) AHV2U' =

(1)

(1)+ uVv' + (u1 u21)Vv21
(2.19)

+ + g(h' + + D) AHV2V'
pHi

-
+ h' 1Vu + u1.Vh fh (2.20)

(2) 'S

Dun (2) -, (2)
+u21Vu + (u u_1)vu1 fv)

+ g(h + + D) + g'(h + D) AHV2u
JU(2)

(2) 'S

avfl (2) (2)

+ + (u u1)Vv_1 + fu

+g(h +h +D)+g'(h +D) AHV2V jv(2)

'S

+ hVu + u1.Vh (2.21)
at

for (x,y) e l and t E [0,T]. where the initial and boundary conditions are the same as

in the nonlinear case (see equations 2.15 and 2.16). is the velocity vector.
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We define the penalty functional,

J(U) = Jmod(U) + Jdata(U) (2.22)

2

Jmod(U) =
fU +

jv(k)
WfV(k)

fV + W1 fh +
k=1

w .u(k) .v(k) v(k .h(k)
o W.h(k) 0 i (2.23)(k) 0Z +i (k) O i

i' iv

where the W's are the inverses of the covariances of the dynamical and initial conditions

errors (Bennett, 2002). For example,

f dti ff dxidyi f dt2 ff
dx2dy2

ju(k)
(x1, Yi, t1) WfU(k) (x1, P1, tl, X2, P2, t2)f0 (x2, P2, t2).

Jdata(U) = TC_ie

where c is the vector whose components are m, C is the observation error covariance

matrix, including representative errors, estimated as

= C exp(
(t ti))

for t E [0, T], i = 1, ..., M
Tda

U=

T T

.=fdtffdxdY o=fJdxdy, *=fdt.
0 0 0 0
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2.4.2 The linearized Euler-Lagrange equations

We define the adjoint variables by

D1i')
Au(l) = Wf (1) f +g((1) + (2) + D) AHV2u'

u Dt ax
(2.24)

Di')
= W1v(l) + fü +g((1) + (2) + D) AHV21 (2.25)

Dt

and so forth.

We use the calculus of variations (Courant and Hilbert, 1962) to find a minimum

of J. Let U be a minimum. Taking the first variation of J yields the Euler-Lagrange

equations (ELE) for a local minimum of J:

aAu(') (1)

- AU(l)
U_1

at + V(1421) a (2.26)

+ h21(' + - jv(') + AHV2X') = o

aAv(1)
+ V('u'21) u(1)

(2.27)

1) a+h_1(' +2)) +f' +AHv2x') = o

aAh) +
+u21.VA' +gV(A1 +2)) = ciE (2.28)

at

a2 (2)

+ V(
2))2)

at ax (2.29)

h2
ax

f)V(2) + AHV2)2) =n-i

(2)

+ v(AV(2
)

a_1
at ay (2.30)

a.V2
+ h21 ay

+ + AHV2A') = 0

aAh(2)

at + u'21.V' + gV(A' + Au)2)) + (2.31)
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for (x,y) E and t e [O,T], with the initial conditions

y, T) = 0 X = h'1, h2 (2.32)

for (x, y) c ft with the boundary conditions

Ax(xyt)=O, X=h',h21
(2.33)

(x, y,t) = 0 X (i) U2 V2
Dn

for (x,y) E 31 and t c [0,T].

Assuming a weak constraint on the top layer momentum equations and a strong

constraint on the continuity equations and momentum equations of the bottom layer (i.e.,

fv(2) jh(2) = 0) yields the tangent linear forward system:

(1)

+ u1Vu + (u u1)Vu'1
t (2.34)

+ g(h' + h + D) AHV2U' = (Cc .Au('))

av1 'S (1) (1)

at
+ + (u1

(2.35)
Ty

+ fu + g(h + + D) AHV2V' = (C1

ah
+ + u'1.Vh = 0 (2.36)

at

(2)
OUn (2)

+ + (u (2) (2)u-1)Vn_1 fv

+ g(h + h + D) + g'(h + D) AHV2U =0

(2)
DVn (2)

+
,'

+ ()
5'

(2) (2)
+ fu)

+ g-(h + + D) + g'-(h + D) AHV2V = 0

+ h1Vu + u1.Vh = 0 (2.37)
at
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for (x,y) e and t e [0,T], with the initial conditions

u(x,y,0) = I(x,y) + (C o Au))(xy0)

v(x,y,0) = I(x,y) + (C a )(x,y,0) k = 1,2 (2.38)

h(x,y,0)
Ih( k) (x y) + (C o

for (x, y) E , with the boundary conditions

u$(z,y,t) = v(x,y,t) = 0 V(x,y)
(2.39)

(x,y,t) = 0
an

for (x,y) E 3 and t E [0,T].

2.4.3 The null hypothesis

Following [Chua and Bennett, 2001], the hypothesized error covariances, C, C

and Cf, are assumed to be only spatially dependent and Gaussian in shape (Egbert and

Bennett, 1994). The convolutions in equations 2.34 and 2.35 can be written as:

T
(xx')2+(y--y')2 (tt')2

c1 = Cfdt'ffdx'dy'exp(_ )exp(

o o
(2.40)

and

o (x, y, 0) = C9 ff dx'dy' exp(
(x x')2 + (

p1)2

)X(x y', 0), (2.41)
L2

ci

where AX is one of the adjoint variables. The values of the parameters defining the error

covariances are in table 2.2.

From the observed depth of the 19°C isotherm, we can approximate the value of

the residual baroclinic pressure gradient: From table 2.5 and the distance between station

F an K (about 10 km), the residual pressure gradient is 4.8 x 106ms2. Assuming that
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TABLE 2.2: Error model or null hypothesis.

Error in the wind stress C112 0.075N/m2 (about 25% of the max

of the wind stress)

Decorrelation length scale L 10 km (East-West span of the lake)

Decorrelation time scale y1 2 hours

Error in the initial condition C° 5cm/s for the velocities, +/-3m for

the layer thickness

1/2Measurement error Cf 50cm

Decorrelation time scale for the 1 hour

measurement errors Tdata

the velocities of the bottom layer are a lot smaller than the velocities of the top layer, we

have,

+ h2 + D)M g'V.(h(2) + D)M 4.8 x 106ms2. (2.42)

Since the prior estimate of the residual pressure gradient is about 0, the error in the

prior estimate of the pressure gradient is defined by (2.42). We have assumed that the

dynamical error in the forward model is solely due to errors in the wind stress, thus, a

proxy of the error iii the wind stress is defined by,

a(HI) 4.8 x 106ms2, (2.43)
pHi

which correspond to about 25% of the maximum windstress. The decorrelation length

scale L has been chosen to be about 1/2 of the North-South span of the lake.
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2.4.4 Generalized inverse

We use the representer method, described in [Chua and Bennett, 2001], to solve the

ELE for each step of the iteration. The inverse estimate at iteration level n is written as

the sum of the first guess solution plus a linear combination of representers. There are

as many representers as data assimilated. The formula is identical to the 4 dimensional

optimal interpolation method (page 40 of [Bennett, 2002]).

(k) -1 u(k)
i4(x,y,t) F

(x,y,t)+hT(R+C) Tn (x,y,t) (2.44)

_i v(k)
14(x,y,t) = VF (x,y,t) + hT(R+ Cf) r (x,y,t) (2.45)

y, t) = y, t) + hT(R + Cf)1
h(k)r (x,y,t) (2.46)

with k=1,2. 11 is the representer matrix, h is the difference between the data and the

prior estimate of the lake circulation, (x, y, t) are the representer functions for layer

k at iteration level ii. The problem being only weakly nonlinear, convergence is achieved

at the second iteration.

2.5. Results

We form an hypothesis on the form of errors in the dynamics of the model, the

forcing, initial conditions and measurement errors (see table 2.2). We then use inversion

to test that hypothesis (Bennett, 2002). In the following, we show the results of two

successful inversions.

2.5.1 Error model and statistical test

The error model described in Table 2.2. defines the cost function. The hypothesis is

not rejected if J(U), where U is the generalized inverse, is x2 distributed with M = 100



TABLE 2.3: Statistics. JF is the prior value of the cost function. Jmod is the model
penalty Jdata is the data penalty. J is the value of the penalty functional. The error
bounds represent the 95% confidence intervals.

Expected Actual

JF 7832 3688

Jmod 89 ± 13 94

data 11±2 9

J 100±14 103

degrees of freedom (Bennett, 2002) Table 2.3 shows that J(U) is within one standard

deviation of the expected value which is consistent with the desired x2 distribution. We

therefore cannot reject the hypothesis on the errors described in table 2.2.

The expected value of JF = J(UF) where UF is the forward solution, is 2.12 times

larger than the actual value, meaning that the forward model is better than expected but

still much larger than the expected x2 value to be acceptable. We overestimated the scale

of the residuals in the momentum equations 2.9 and 2.10. On the other hand, Jmod and

data are within one standard deviation of their expected value. The result of the statistical

test implies that we cannot reject the null hypothesis of table 2.2. In other words, the

assumptions on the errors in the dynamics, initial conditions, measurements, and so forth

was was consistent with the observations. In the next sections, we show that we have

learned something new about the relation between the forcing and the general circulation

of the lake. The results in table 2.3 and 2.4 give us confidence that the dynamics of the

lake is reproduced within the assumed error bars of table 2.2. Using the same error model,

we have assimilated data from a different period (from Julian day 150 to 156). The values

of the reduced penalty are shown in table 2.4. Again, J is consistent with a x2 distribution
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TABLE 2.4: Statistics. JF is the prior value of the cost function. Jmod is the model
penalty Jdata is the data penalty. J is the value of the penalty functional.The error
bounds represent the 95% confidence intervals.

Expected Actual

JF 8170 3842

Jmod 89 ± 13 89

data 11±2 7

J 100±14 96

with 100 degrees of freedom. This shows that the error model holds for this different data

set as well. In the next sections we analyze the inverse estimate of the circulation of the

lake.

2.5.2 Comparison at stations F and K

We have assimilated the depth of the 19°C isotherm over a period of 6 days. Figure

2.6 shows a comparison of the depth of this isotherm measured at station F and K to the

forward model and the inverse estimate. At both stations, the inverse estimate fits the

data within the error bars. We define the correlation coefficient (CC) by,

N
h(')(t) + h(1)(t))(d(t)

(2.47)IIi=1(

/>i (h(')(t) + h(1)(t))2/1 (d(t)

where d(t) is the observed depth of the 19°C isotherm at station F or K at time t,

h(')(t) is the model depth of the 19°C isotherm at station F or K at time t, N=148,

t1 = Ohr, t2 = lhr, ..., tN = l48hrs.

As expected from the assimilation, the CC have increased in the inverse calculation

at both stations. At station F, the CC for the forward model is .50, and the assimilation

improves it to .97. At station K, the CC for the forward model is .52, the assimilation
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TABLE 2.5: First and second moment of the depth (in meters) of the 19°C isotherm.

h(') at F a(h(')) at F h(') at K a(h(')) at K

Observed -16.33 2.79 -12.48 2.17

Forward -13.72 2.44 -13.75 2.89

Inverse -16.34 2.68 -12.6 2.18

improves it to .98. Note that at both stations, the inverse estimate of the depth of the

19°C isotherm (see figure 2.6) fits within the error bars. In the same manner, the rms

error decreases at both stations, from 2.9m to 0.5m at station F and from 2.19m to 0.52m

at station K. The first moment of the observed mean depth of the 19°C isotherm (see

table 2.5) is different at station F and K, implying a nonzero residual pressure gradient

between the two stations. The forward model, depicted as the thin dashed line in figure

2.6 predicts a vanishing pressure gradient, .i.e., the mean depth of the 19°C isotherm is

the same at F and K. This discrepancy will be analyzed in section 2.5.4. On the other

hand, the inverse estimate, depicted as a solid black line in figure 2.6, predicts a residual

pressure (deeper at F as in the data) gradient similar to the one observed. As shown

by [Pan Ct al., 2002] and [Laval et al., 2003], this bias is due to the neglect of the wind

curl in the forcing of the model. This suggests that the corrected forcing includes a

non vanishing curl. We will investigate this claim in section 4.3. The variability of the

forward model is similar to the observed variability of the 19°C isotherm. This result is

in agreement with [Laval et al., 2003] who showed that a simulation using uniform winds

showed good agreement of the second moments and a poor prediction of the first moment

of the isotherm depth.
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FIGURE 2.6: Depth of the 19°C isotherm at (a) Station F, (b) Station K. Hypothesized
error bars are only shown for the assimilated observations.
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We now look at the term by term budget of the x-momentum equation (2.9). Panel

(a) of figure 2.7 represents the balance of the terms in (2.9) at station F in the case of

the inverse estimate. The pressure gradient and the Coriolis term have opposite signs at

all time. The pressure gradient is always positive, a result of the westerly winds that pile

up water on the eastern shore of the lake. The Coriolis term shows a strong southward

residual current, which is what is expected at this location. During periods of strong

forcing, the tendency term is in phase with the wind stress; when the forcing is weak, the

tendency is out of phase with the pressure gradient. Panel (b) of figure 2.7 represents the

balance of the terms in the case of the prior estimate of the state of the lake (results from

the forward model, i.e., with fu(1) and 1V(1) set to zero). Note that the Coriolis, tendency

and the pressure gradient are weaker than in the previous case. As opposed to the inverse

estimate of the circulation, this case is not geostrophically balanced; the tendency terms

and Coriolis term tend to balance the pressure gradient during periods of weak forcing.

During periods of strong forcing, the wind stress seems to be balanced by the other terms.

A budget of the balance of the dynamical terms of the x and y momentum equation (see

equations 2.9 and 2.10) has shown similar balances at several different locations other

than station F.
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FIGURE 2.7: Term balance of the x-momentum equation at station F. (a)Inverse estimate,
(b) First guess or forward estimate. The advection and diffusion terms are weak at all
times and are omitted.
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2.5.3 Mean winds

The wind stress used to drive the forward model is assumed to be uniform in space

(see right panel of figure 2.9). It is extrapolated from wind speed measurements at Tabha

(see figure 2.1 for the location of Tabha). The forcing is strong in the afternoon and weak

the rest of the time. The direction of the wind is mostly from the west. The inversion

provides an estimate of residual errors on the x and y momentum equation. These error

fields are a combination of dynamical errors and errors in the forcing, in this case, the wind

stress. The diverging pattern observed in the corrected mean afternoon wind (see left panel

of figure 2.9) is qualitatively similar to calculations performed by Pan and Avissar(2002)

shown in figure 2.8 and windfield measurement by [Laval et al., 2003]. This means that

during the afternoon, most of the error in the model is in the forcing and not the dynamics

of the two layer model. From 100 thermistor chain data and wind measurements at Tabha,

we have been able to reproduce a qualitatively correct mean afternoon wind pattern.
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FIGURE 2.8: (With permission of Dr. R. Avissar). Simulated (a) mean winds from 14:30
to 22:30, and (b) daily mean wind.
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FIGURE 2.9: Left panel: inverse estimate of the mean afternoon wind field. Right panel:
mean afternoon wind field used to drive the forward model.
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2.5.4 Residual circulation

In this section, we examine the residual circulation in the top and bottom layer of

the lake. Since we have assumed that the curl of the first guess of the wind stress to be

uniformly zero, the vorticity of the top layer is mostly induced by the bottom topography

and horizontal boundary of the lake (see panel (a) and (c) of figure 2.10).
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FIGURE 2.10: Daily mean current and daily mean layer thickness, (a) top layer simulated
by the forward model, (b) top layer simulated by the inverse model, (c) bottom layer
simulated by the forward model, (d) bottom layer simulated by the inverse model.
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The forward model predicts a central cyclonic gyre in both layers, the resulting

residual flow is mostly barotropic and the model is not able to reproduce the non zero

pressure gradient observed in the data (see figures 2.2 and 2.6). On the other hand, for

the top layer, the inverse model predicts a anti-cyclonic gyre on the northern part of the

lake and an cyclonic gyre on the southern part of the lake (see panel (b) of figure 2.10),

the two gyres structure is similar to that observed by Serruya, 1975 and Pan and Avissar

2002. The dynamics of these gyres are clearly geostrophic, as shown in figure 2.10, and a

result of the nonzero corrected wind curl (see figure 2.11).

(a) curl r-r (b)

FIGURE 2.11: Inverse estimate of (a) Curl of the daily mean wind stress, (b) daily mean
vorticity of the top layer. Dashed lines represent negative values, solid lines represent
positive values.
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To reinforce our claim of residual geostrophic balance, we looked at the daily mean of

the terms in the momentum equation of both layers. The leading terms of the momentum

equations are the pressure gradient and the Coriolis term. They closely balance as shown

in figure 2.12. Therefore, the residual circulation is mostly geostrophic.

<g <-1 VW>

1Lk11 2x1O5 m's2

<g (h(1)+h(2)+D)
(1)>

- -2x105

FIGURE 2.12: Mean value, for 6 day time series, of the pressure gradient and the Coriolis
term. Left column is the pressure gradient, right column is the Coriolis term.



39

The bottom layer circulation predicted by the inverse model is similar to that of

the forward model results (panel (c) of figure 2.10) where the daily mean current follows

the contours of isobath. In both cases, the bottom circulation is much smaller than the

top layer circulation. The double gyre structure of the inverse estimate of the top layer

is similar to the structure of the daily mean wind curl (see figure 2.11). As suggested by

Pan and Avissar (2002), the gyres are induced by the curl of the wind stress.

2.5.5 Transient circulation

Internal waves are routinely observed during the stratified period of the lake (Ser-

ruya, 1975, Antenucci 2000, Laval et al. 2003). The last representer of the second iteration

correspond to the last observation at station K (Julian day 150 at 15:00) is plotted in fig-

ure 2.13. It exhibits a counter clockwise wave (see figure 2.13) of period of about 24 hours.

The deflection of the interface is similar to that of a Kelvin wave; this deflection rotates

counterclockwise and reaches a full revolution at Julian day 147 at 13:00 hours. In figure

2.14 we show the residual circulation of 6 different representers. Representers correspond-

ing to the observation at the beginning of the time series (panels (a) and (d) of figure 2.14)

exhibit small residual currents and isotherm deflection. Representers 25 and 50 (panels

(b) and (c) of figure 2.14) exhibit strong residual currents and large residual isotherm

displacement. In both cases, the circulation is clockwise. Similarly, representers 75 and

100 (panels (e) and (f) of figure 2.14) exhibit as well strong residual currents and residual

isotherm displacement, however, the circulation is counterclockwise. The forcing of each

representer comes from its corresponding adjoint representer equations. The forcing for

the representers corresponding to the observation at the beginning of the time series is

weak since the impulse for the adjoint equation is at the end of the integration. This

weak forcing explains the absence of residual circulation in the representers corresponding
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to the observations at the beginning of the time series at station F and K. The strong

residual circulation observed in the representers corresponding latest observation is due

to the strong forcing coming from the adjoint representer equation. Our reconstructed

inverse estimate is a correction of the forward model by a linear combination of these

representers and therefore a projection onto a basis formed of forced Kelvin and Poincare

type waves and steady state solutions.

day 146 at 13:00 day 146 at 19:00 day 147 at 1:00

day 147 at 7:00 day 147 at 13:00

FIGURE 2.13: Evolution of the interface depth (in meters) of the representer correspond-
ing to the first data point at station F (m=1). The solid line is the -14.25m contour. The
dashed line is the -6.25m contour and the dashed dotted line is the -22.25m contour.
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depth (in meters) and top layer velocities of the representer
corresponding to: (a)data point 1 at station F (Julian day 144 at 11:00), (b) data point
25 at station F (Julian day 147 at 13:00), (c) data point 50 at station F (Julian day 150
at 15:00), (d)data point 51 at station K (Julian day 144 at 11:00), (b) data point 75 at
station K (Julian day 147 at 13:00), (c) data point 100 at station K (Julian day 150 at
15:00).
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Figure 2.15 shows a comparison of the estimated spectra of the observed 19°C

isotherm to the spectra predicted by the forward model and the inverse estimate. Due to

the smearing effect of short time series (only 149 hours long) ,we have no confidence for the

projection onto the diurnal mode and modes with periods greater than a day, but we can

still study the semi-diurnal mode. Both the forward and inverse estimate predict a high

variance for the 12 hour period harmonic, in agreement with the observed variance of the

same harmonic. The forward model underpredicts the amplitude, and as expected, the

inverse calculation corrected the underprediction. This mode was attributed to a Poincare

wave by Antenucci et al. (2000).
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FIGURE 2.15: Fourier analysis of the time series at station F.
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2.5.6 Forecast experiment

Dead fish where found around the lake during Julian days 148 and 149. Fish killing

events are usually due to the anoxic lower layer reaching the surface of the lake. Such an

event is predicted by the inverse model at Julian day 147 at 7:00pm. At this time, the 19°C

isotherm is only a few meters from the surface (see figure 2.16) on the northwestern part

of the lake (see the right panel of figure 2.17). Note that the location of the outcropping

is away from either station i.e., the event is not present in the data. The forward model

fails to predict such an event.
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FIGURE 2.16: The thick black line is the minimum depth of the 19°C isotherm. The
dashed line is the depth of the 19°C isotherm at station K. The dotted line is the depth
of the 19°C isotherm at station F. The shaded area depicts the times at which dead fish
where found around the lake.
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15m

N E N E

FIGURE 2.17: Interface depth at Julian day 147 at 5:00pm predicted by the forward
model (left panel) and inverse model (right panel). The top grid is the surface of the lake.
The middle grid is the interface and the bottom grid is the bathymetry.
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We have carried out a simple forecast experiment in order to determine if our simple

model could predict such an event. We first assimilate the data for 24 hours starting from

Julian day 146 which is about 43 hours prior to the fish kill event. We then use the

inverse solution at Julian (lay 147 at 0:00 hours as initial condition for a forecast and

run the forward model for 26 hours as an initial boundary value problem with no forcing.

The skill score (SS) at station F or K, with respect to the mean square error (MSE) of

a reference forecast that is the mean of the observed 19°C isotherm at F or K (denoted

here as MSEc ), can be written as

where the MSE1 is

SS 1
MSE1

(2.48)
MSEC

N
1

MSE1 = I(h(')(x, y, t) O(x, y, t))2 (2.49)N
i=1

and IL1 (x, y, t) and O(x, y, t) are the forecast and observation, respectively. Correspond-

ingly, the MSEC is defined by the substitution for the forecast h(1)(x, y, ti) by the observed

mean depth of the 19°C isotherm at station F or K in 2.49,

MSEC = (O O(x, y, t))2 (2.50)

where O is the observed mean thickness at statioii F or K. The skill score defined by

2.48 is 1.0 for perfect forecasts, 0.0 for forecasts that are only as accurate as the reference

(defined in 2.50), and negative for forecasts less accurate than the reference.

In figure 2.18, we show the SS with respect to the length of the forecast. The

shortest forecast is 1 hours and the longest is 26 hours. The SS is greater than 0 at

both location until 9 hours of forecast, at which point the model becomes worse tliaii the

reference forecast. We were not able to predict the event 19 hours in advance. A better
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guess on the forcing is probably needed in order to successfully predict the fish kill event.

A mean wind derived from the inverse calculation did not improve the forecast. The skills

at F and K are greater than .8 up to a 9 hours forecast. Our simple forecast machinery

can predict the fish kill up to 9 hours prior to the event.
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FIGURE 2.18: Skill of the forecast at station F and K.
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2.6. Summary and conclusion

We have assimilated the depth of the 19°C isotherm in a two layer model of Lake

Kinneret. We have placed our estimate of the lake circulation in the realm of regression

analysis and used the inversion as hypothesis testing. This enabled us to estimate error

bars on the dynamics of the lake. Since the hypothesis could not be rejected, we can now

argue that most of the dynamic embedded in the data is represented by the physics of the

model. Further more, the data available to us are insufficient to distinguish between our

simple model and a more detailed one; this fine distinction would require more data.

The residual pressure gradient observed in the data was not predicted by the forward

model but was corrected after inversion. We further more found that this residual pressure

gradient was balanced by the Coriolis term, i.e., the mean flow is geostrophic. One can

interpret the residuals of the x and y momentum equations of the top layer as a correction

to the forcing. This corrected forcing was qualitatively similar to winds observed on the

lake. We therefore concluded that most of the residuals are indeed corrections to the

wind rather than corrections to the dynamics. We then looked at the inverse solution and

described the physics of the lake and showed that it was much similar to other studies.

The essential elements for producing the observed internal seiche are: a detailed wind

forcing, not only temporal, but also spatial since it will determine the residual circulation

of the lake (Pan, 2002 and Laval, 2003), and a baroclinic phase speed consistent with the

observed seiches. The two layer frame work used in the study could further be simplified

by neglecting the advection terms in the momentum equations.

We have also used the inversion as a nowcast tool where we have been able to

identify the location and time of one fish killing event. We have also successfully carried

out a forecasting experiment, predicting the outcropping 9 hours prior to the event. A



mean wind forcing derived from the inverse calculation did not improve the forecast, a

more detailed knowledge of the forcing would be required to increase the forecast skill.
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3.1. Abstract

The Kuroshio south of Japan exhibits multiple stable paths: One with a meander

centered at 138E, one without the meander following a straight path and a third with a

large meander centered at 135E upstream of the Izu ridge. We have computed the bifur-

cation diagram of a limited area 2 layer quasi-geostrophic model (QGM) of the Kuroshio

south of Japan. The bifurcation diagram was computed for a wide range of Reynolds

numbers. It shows multiple stable and unstable steady solutions. The three typical paths

of the Kuroshio appear as stable solutions. The nature of the unstable paths, and their

role in the transition from one stable solution to another, is investigated by analyzing

the leading stable and unstable modes of perturbations about the steady solutions. The

structure of the leading (i.e., slowest decaying) mode of growth of perturbations about at

least one of the stable steady states evolves in a pattern similar to that of the observed

sea surface height (ssh).

3.2. Introduction

The Kuroshio is the western boundary current associated with the strong north-

western component of the subtropical North Pacific Ocean gyre. The Kuroshio exhibits

multimodal stationary flow patterns [Kawabe, 1985]: About 40% of the time it takes a

large meander path (LM) far from the coast. The rest of the time it flows near the coast

with a non-large meander path (NLM), very close to the Japanese coast from Kyushu

to the south of the Ku Peninsula. The Kuroshio in a NLM path can take a nearshore

NLM path or an offshore NLM path. The Kuroshio taking the LM path flows off shore

and through the gate formed by the Boso Peninsula and the Izu-ridge. The paths of
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the Kuroshio can stay in one state for a few years but the transition from one state to

the other only lasts a few months [Kawabe, 1987]. These switches seem to be caused

by changes in current velocity and volume transport of the North Equatorial Current

that are associated with variations in the trade-wind intensity in the eastern equatorial

North Pacific Ocean ([Nitani, 1975]; [White and McCreary, 1976]; [Saiki, 1982]; [Masuda,

1982]; [Yasuda et al., 1985]; [Akitomo, 1991]). [Kawabe, 1985] investigated the cause of

the transitions using tide gauges data. The Kuroshio path was discovered to be depen-

dent on the characteristics of the volume transport at the Tokara Strait. Many numerical

and analytical studies of the cause of the transitions have concentrated on the relation

between the meander formation and the volume transport ([White and McCreary, 1976];

[Masuda, 1982]; [Chao, 1984]; [I. et al., 1985]. More recently, using a two-layer primitive

equation model, Qiu and Miao (2000) suggested that the accumulation of low potential

vorticity in the recirculation region of the Kuroshio could inifuence the path variability.

This was a change from the idea that the meander formation and decay is solely a local

nonlinear effect. With the availability of altimeter-derived sea surface height data (ssh),

the Kuroshio path was related to the mesoscale eddy activity south of Japan ([Mitsudera

et al., 2001]; [Ebuchi and Hanawa, 2003]; [Waseda and Mitsudera, 2003]; [Miyazawa et

al., 2004]). Ebuchi and Hanawa (2003) used altimety data to suggest that the short term

LM events observed from 1993 to 1999 were triggered by anticyclonic/cyclonic eddies.

Numerical experiments have also shown that anticyclonic eddies inserted in the initial

condition of a numerical ocean model could trigger a transition to the offshore NLM path

[Mitsudera et al., 2001] as well as the LM path ([Akitomo and Kurogi, 2001]; [Endoh and

Hibiya, 2000]).

The formation of a LM begins with the generation of a smaller meander southeast

of Kyushu. This smaller meander is advected eastward to the Ku peninsula upstream of
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the Izu-ridge and remains at the position of a LM. A small meander is always generated in

a nearshore path and this generation seems to be correlated with a maximum of current

velocity of the Kuroshio. The velocity at the Tokara strait decreases after its formation

and remains small throughout the period of propagation of the small meander and for

several months after the formation of the large meander.

Decay of the large meander seems to be associated with large transport in the

Kuroshio, particularly for the process of eastward advection of the large meander to lie

over the Izu ridge. Moreover, [Kawabe, 1995] found that the large meander formation and

decay is strongly associated with the position of the Kuroshio in the Tokara Strait south

of Kyushu. The transformation of a LM into a NLM was found to be associated with the

upstream position of the Kuroshio with a time lag of about four months.

We are interested in modeling the bimodal nature of the Kuroshio in terms of

multiple equilibria of a simple limited area 2 layer quasigeostrophic model (QGM). Sim-

ilar bifurcation diagrams have been computed for a regional barotropic quasigeostrophic

model [Kumaran and Miller, 1995] and for an equivalent barotropic basin scale model

[Schmeits and Dijkstra, 2002]. Since we can calculate the steady states of the QGM ex-

plicitly along with their stability and growth modes, we can form a qualitative picture

that is not practical to compute using a GCM. In a CCM, steady states may not exist,

would be hard to compute due to the high number of degrees of freedom and may be hard

to interpret. The bifurcation analysis allows us to characterize the steady states as LM or

NLM and further distinguish them within those categories.



3.3. The quasigeostrophic model
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FIGURE 3.1: Model geometry. Curvilinear grid and contours of the 2000 m (brown line)
and 3000 m (blue line) isobath are shown.

The model equations are the quasigeostrophic equations for a two-layer ocean in the

3 plane under the rigid lid approximation ([Pedlosky, 1979]) . The system of equations is

given by:

+ 'i)) = J(f + V2O1,1) ILJ(&i,2) + AhV41 (3.1)
g'H1



by:

(V22 2(2 mi)) = J(f + V22, 2) J(i, 2)

hb) rV22 + AhV42 (3.2)
H2

i and V-'2 are the stream functions of the upper and lower layer, respectively, defined

&,i 8b,
for i=1,2 (3.3)(u,v) = (---,--

where (Ui, Vi) and (u2, v2) are the horizontal velocity components of the upper and lower

layer, respectively. The undisturbed thickness of the upper (lower) layer is Hi = 700 ni

(H2 = 4000 m). The dissipation in the model is represented by horizontal eddy vis-

cosity with a coefficient Ah = 400 m2s1 and bottom friction with a coefficient r =

3.2 x 10-6 s_i. The Jacobian operator of two arbitrary functions f and g is defined by,

J(f,g) = The current is driven on the upper layer by imposing an inflow

at the western boundary and an outflow at the eastern boundary. We impose a free slip

boundary conditions at the southern boundary of the domain,

= RFSOUth,2 = 0, = 0 for (x,y) E acsouth and i = 1,2. (3.4)

where = is the vorticity; i determines the net transport of the Kuroshio,

F30th = 1 is the normaized shape of the upper layer stream function at the southern

boundary 3cl30h. These conditions constrain the flow to be parallel to the boundary.

The model is forced through the upper layer by imposing an inlet current profile at the

western and eastern boundaries,

= F8(x,y,t), = 0 for (x,y) E 311 east (3.5)

a2,i
I'i = /iFwet(X, y, t), = 0 foT (x, y) E 311west (3.6)
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Feast ,west ,north,south are normalized functions that represents the shape of the upper layer

stream function at the boundaries ô1east,west,north,south (see figure 3.2 for definition of

8east,west,north,south and Feast,west,nth,sth).
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FIGURE 3.2: The top panel represent the shape of the normalized functions
Feast west ,north,south The bottom panel shows the boundaries 01east,west,n,,th,sth, and
the domain ft

A no slip boundary condition is assumed on the northern boundary of the domain,

= 0, = 0 for (x,y) E 811north
an

ab2
LJ2 = 0, = 0 for (x,y) E 811nt,th

an

where represent the partial derivative normal to the boundary.
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Equations 3.1 and 3.2 are nondimensionalized using the following scales:

= Uti, v = = ULb, = ULH11T,

f=fof, x=L±, y=L, t=, hb=(Hl+H2)hb

where the hat variables are nondimensional. The velocity scale U represent a typical

value of the velocity observed at the Tokara straight, U = 0.6 rn/s. We set the length

scale L as the half width of the Kuroshio, L = 75 krn. The Coriolis parameter is

fo = 7.73 x i0 s. H1 = 700 rn is the mean depth of the top layer, H2 = 4000rn

is the mean depth of the bottom layer. Dropping the hat notation, the scaled form of

equation 3.1 and 3.2 is:

+ 2 bi)) = -ET- + J(V21,1) J(i,2) + (3.9)

U L(V22(2?/'1))-

+J(V22,O2) £J(12) - H1±H2J(2hb)

P2 + P2 (3.10)

where Re = is the Reynolds number, = is the Rossby number, R for

i=1 and 2 and = g' = 0.02 rrt2/s is the reduced gravity.

We are mainly interested in computing the steady states and the evolution of the

transition for a range of different inflow conditions determined by varying ji. Stable steady

states can be obtained by integrating the transient equation forward in time. The unstable

ones are obtained by using continuation method [Legras and Ghil, 1985J. In the following

we describe the discrete problem.



3.4. Numerical techniques

Here, we present the techniques used to solve the transient problem, the steady

equations and their stability.

3.4.1 Solving the transient equations

The continuous problem consisting of equations 3.9 and 3.10 is coupled in the time

derivative through the vortex stretching term h = This coupling is broken by

solving the following set of partial differential equations (PDE):

L2 L2(V2h
( + )h) = G2(1,2) G1(1,2) (3.11)

V2x = RG1(1,2) + RG2(1,2) (3.12)

where x = R1 + RL2. Gi, G2 are the right hand sides of equations 3.9, (3.10) respec-

tively.

In semi discrete form, the system of PDEs 3.11, 3.12 can be written as:

L2 L2 tflf-1 ftl
V2h (f + )h j (G2('1,/'2) Ci(i,52))dt (3.13)

R1 R2
,,

rt,,+i

[v2x]1
J

(RG1(O1,2) + RG2(bi,2))dt (3.14)
tfl

Application of the Adams-Bashforth predictor [Abramowitz and Stegun, 1972] to

the right hand side of 3.13 yields the semi discrete equation:

L2 + )h' = V2h" L2 L2+ )h'+V2h1
R t

Lt (3(G&1,2) G1,2)) (G'(&1,2) G'(1,2))) (3.15)
2
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where superscripts are time levels, for example, h' = h(..., ta). Similarly, the semi discrete

form of 3.12 is,

V2X11 = V2

Lt
+ (3(RG(1,v'2) +RG/i,V'2)) (RG'(l,V'2) +RG1(1,/'2))) (3.16)

Equations 3.15 and 3.16 are elliptic in the unknown variable h' and x"1 The

spatial operators are discretized onto the curvilinear grid of figure 3.1 [Thompson et al.,

1985]. The discretization technique is described in Appendix A. The elliptic equation is

solved using a multigrid technique [Adams, 1991].

3.4.2 Solving the steady equation

In this section, we describe the computation of steady states without integrating

in time. Dropping the tendency terms in equation 3.9 and 3.10 yields the steady state

problem:

ET + j21,1) j1,2) + = 0 (3.17)
3x

L2 1H1+H2
H28x

+ V4b2 =0 (3.18)

and the non dimensional form of the boundary conditions 3.4-3.8. After spatial discretiza-

tion, solving 3.17 and 3.18 is equivalent to solving the nonlinear system of equations:

f(X,p) = 0 (3.19)
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11 NN 11 NNwhere X = (' , ..., /'' 2 ), p is a parameter that defines the inlet and

outlet conditions according to 3.4, and f is the discrete analogue of 3.17 and 3.18. The

superscript represents the position on the logical grid. We use a continuation method to

compute the branches of solutions of 3.19. The algorithm is similar to a pseudo-arc length

continuation method [Legras and Ghil, 1985] with a parallel projection. That is, we solve

3.19 for a set of fixed values of j. The continuation algorithm is started using a stable

steady state found by integrating the transient equation 3.15 and 3.16 with a constant

value for /2.

3.4.3 Stability analysis of the steady solutions

The linear stability of the steady solution is obtained from a generalized eigen-

value problem (see [Sheremet et al., 2002] and [Molemaker and Dijkstra, 2000] for exam-

pie). Linearizing 3.9 and 3.10 about a steady solution (, ) (where the superscript

denotes a steady state) and assuming the perturbation (5', 6b2) is of the form,

= exp(at) (3.20)

= 2 exp(at) (3.21)

we obtain the generalized eigenvalue problem:

+ J(V2?,1) + J(V21,?)

L2
(J(, 2) + J(1, )) + =

Re

L2a [v + (2 &)j (3.22)



a2
+ J(V2, 2) + J(V22, )

ax
L2 (J()?,2) +

1 H1 + H2 J(2 h5) - + =
H2

L2
(2 i)j
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(3.23)

and the non dimensional form of the boundary conditions 3.4-3.8 with Fsoh = Fnor,h =

Feast = Fwest = 0. We use the notation,

and

= c1rl,2 + iil,2 (3.24)

a = or + ZUi (3.25)

The nature of the stability of a given steady state is determined by the sign of the real

part of the leading eigenvalue (eigenvalue with largest real part). A leading eigenvalue

with positive (negative) real part defines an unstable (stable) mode. A steady state is

said to be unstable if it has at least one unstable mode. We analyze the nature of the

eigenmode by looking at its real part,

Note that:

and

Re{'/'i,2} =Re{exp(apt)(çfir1 2 + i1,2) exp(iat)} (3.26)

= exp(art){qr12 cos(o-t) i1,2 sin(at)} (3.27)

= 0 (T))} = (3.28)

T= (T))} = i1,2 (3.29)
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T = is the period of the eigenmode. Thus, the real part determines the circulation at

time t = 0 (T) and the imaginary part at time t = (T).

3.4.4 Discretization of the eigenvalue problem

The generalized eigenvalue problem can be written as:

= aB4 (3.30)

where a is the eigenvalue and the eigenvector. The matrix J represents the left hand

side of 3.22-3.23 including the non dimensional form of the boundary conditions 3.4-3.7,

with F50th = Fnorth = Feast = Fwest = 0. J is referred to as the Jacobian of 3.22-3.23.

The product J4 is the functional derivative, or tangent linear model of 3.22-3.23. The

matrix B represents the right hand side of 3.22-3.23 including boundary conditions. B is

invariant to the steady states for which the eigenvalues are computed, however, J is not

and has to be computed for every steady states. The entire spectrum of eigenvalues is

computed using the LAPACK library [Angerson et al., 1990]. Since we are only interested

in the leading eigenvectors, we use a technique known as inverse iteration to compute a

single eigenvector corresponding to the eigenvalue of interest [Press et al., 1986].

3.5. Steady solutions

Three branches, representing four qualitatively different states of the Kuroshio, were

found using the continuation method described in the previous section. For ease of inter-

pretation, the x-axis of the bifurcation diagram of figure 3.3 is expressed in term of the net

transport ULH1i. The continuation algorithm was started using steady states found by

integrating the transient model until a quasi-steady state was reached. The large meander

starting steady state was obtained by solving the transient equation for a fixed value of j.
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A NLM steady states supperposed with a mesoscale eddy were used as initial condition

(see [Akitomo and Kurogi, 2001]), this model setup converged to a LM steady state.

FIGURE 3.3: Bifurcation diagram. The thin lines depict stable steady states, the thick
black dashed line depicts unstable steady states. The Kuroshio axis is defined as the
maximum distance between the coast and the half maximum upper layer stream function.
The transport is defined as ULH1a.

Branch I of figure 3.3 represents a NLM between 0 and about 12 Sv. From 12 Sv

to the turning point of the branch (at 20.2 Sv), a dipole develops with positive vorticity

located on top of the Izu-ridge and negative vorticity just west of the Izu-ridge. In this

state, which has been described as the oNLM (offshore non-large meander) [Kawabe, 1985],

the Kuroshio flows along the coast of Japan until about 138E. At this longitude, it develops

a meander that has a radius of about 170 km. A linear stability analysis of this branch

shows that it is stable from 0 to the turning point at 20.2 Sv. At 20.2 Sv, a real eigenvalue
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crosses the imaginary axis (see figure 3.4) and thus the branch becomes unstable with one

real eigenmode. The point on the bifurcation diagram at which branch I turns back on

itself at around 20.2 Sv is a saddle node bifurcation. The leading eigenvector represents

3 growing stationary gyres on top of the Izu-ridge (figure 3.5). Branch I is unstable to

one eigenmode from 20.2 Sv down to 16.1 Sv. At 16.1 Sv, the real eigenvalue crosses the

imaginary axis again and branch I becomes stable from this second turning point at 16.1

Sv up to 20.3 Sv. At 20.3 Sv, a conjugate pair of eigenvalues cross the imaginary axis.

This is the Hopf bifurcation. The corresponding unstable eigenmode is depicted in figure

3.6.
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FIGURE 3.4: Spectrum of 3.17-3.18 near the turning point of branch I at 20.2 Sv. The
left half plane represent stable modes, the right half plane represent unstable modes. The
black stars are the eigenvalues of the steady state at 20.1827 Sv. The circles are the
eigenvalues of the steady state at 20.1807 Sv.
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FIGURE 3.6: Steady states and leading eigerivector near the hopf bifurcation of branch
I. The top panel is the steady state upper layer stream function.

Branch II of the bifurcation diagram represents the nearshore NLM states. The

stable branch (denoted as IT-a) only differs from the unstable (IT-b) one by the intensity

of the recirculating gyre located near the eastern boundary of the model. A turning point

occurs around 21.1 Sv. This is the point at which a real eigenvalue crosses the imaginary

axis (see figure 3.7). The complex leading eigenmode of the stable branch IT-a (see figure

3.8) between 23 Sv and 47 Sv only differ in the growth rate. The shape of the eigenmode

remains similar. They represent westward propagating phases with periods of 170 days

(see figure 3.8). The second leading mode of TI-a is similar in shape to the first leading

mode of TI-b. Integrating the transient equation starting with an unstable steady state
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from branch IT-b, the model reaches the stable steady state of Il-a corresponding to the

same transport. Branch Il-b is unstable to one real eigenvalue.

Finally, branch III depicts the typical LM state of the Kuroshio, with a maximum

meander amplitude of about 360 km. We define branch ITT-a as the stable part of branch III

and branch Ill-b as the unstable part (refer to figure 3.3). Note that the large meander

of branch Ill-b is always larger than the meander of Ill-a. The leading eigenmode of

branch Ill-b has a period of 181 days. It represents a westward propagating anomaly on

the southern part of the domain. Advection is predominant close to the current on the

northern part of the domain (see figure 3.9). The stable periodic orbit arising from the

Hopf bifurcation is studied in section 3.7..
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FIGURE 3.7: Eigen spectrum around the turning point of branch II. The left half plane
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FIGURE 3.8: Steady state and complex leading eigenvector of the stable branch TI-a.
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FIGURE 3.9: Steady state and leading eigenvector of the stable branch Ill-b.

3.6. Dynamical Analysis

In this section we look at the term balance of the baroclinic QG equation. Since

= 0 for all the steady states of the bifurcation diagram of figure 3.3, they are character-

ized by a three way balance between the beta effect (eT51 /ax), advection of vorticity

(J(i, V21)) and dissipation (1/ReV41'1). The dynamical balance for the stable LM

state is depicted in figure 3.10. It shows that the beta term mainly balances the advection

term in the region of the LM. Away from the LM, the balance is between the advection

term and the dissipation term. This balance is observed for all of the steady states of the
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bifurcation diagram. Such a balance suggests that the large meander is a lee Rossby wave

[Chao, 1984]. We next look at the term by term balance of the eigenvalue problem to shed

some light on the nature of the instability. The term balance of the leading eigenvector

of branch TI-a at 35 Sv is shown in figure 3.11. On the southern part of the domain,

the major balance is between the tendency, the beta term and dissipation. This balance

would suggest that Rossby waves are a dominant factor in the nature of the instability

away from the Kuroshio. On the northern part of the basin (close to the Japanese coast),

advection of vorticity is balanced by dissipation.
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FIGURE 3.11: Upper layer dynamical balance of the leading eigenvector of branch Il-a
at 35 Sv.



3.7. Unstable steady states
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FIGURE 3.12: Evolution of the top layer stream function of the unstable LM state at
22.4 Sv.

The LM state of branch Ill-b is unstable to a conjugate pair of eigenvalues, It

has sufficient verticai shear to be baroclinically unstable (Pedlosky, 1979]. The nonlinear

model 3.9-3.10 is integrated over 2900 days using the unstable LM steady state at 22.4 Sv

as initial condition. The evolution of the unstable LM is shown in figure 3.12. An eddy is

created at the southern tip of the LM, breaks off after day 224 and propagates westward.

This cycle has a period of about 180 days which is the period of the leading eigenvector of

that steady state (see figure 3.9). The phase diagram of figure 3.13 shows the phase plot of
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the nondimensional stream function at the grid point depicted as a red cross in figure 3.1,

plotted against the nondimentional stream function at the grid point depicted as a green

cross in figure 3.1, over a period of 2900 days. The limit cycle is stable and orbits about

an attractor (red dot of figure 3.13) that correspond to the steady state solution. The

period of the cycle is about 181 days. In this case, the linear stability analysis predicted

_l._-_ :l:1.. _..11 - k ase.
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FIGURE 3.13: Phase plot of the top layer nondimensional stream function of the unstable
LM state at 22.4 Sv. The red dot represent the initial condition.

In the next section, we investigate the possibility of a transition from a stable

perturbed NLM to a stable tLM.
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The transition from NLM to tLM was explained in terms of mesoscale eddies by

Akitomo (2001) in the realm of a two-layer primitive equation model. It is also observed

in satellite altimetry (Ishikawa (2003), Miyazawa (2004), Ebuchi (2002)).

The initial condition used in this test is a linear combination of a NLM steady state

solution in a multiple equilibrium regime and the leading eigenvector of the steady state.

The eigenvector is similar in shape to the observed anomaly that creates a transition in

Akimoto (2001). The train of mesoscale eddies depicted in the panel titled 0 days of figure

3.14 propagates westward until it reaches the Kuroshio. Once in the Kuroshio, they are

sheared and advected eastward. The prominent feature that develops the large meander is

an anomaly of negative vorticity that propagates eastward to eventually develop the large

meander. Since the eigenmode used to create the transition was chosen to be baroclinicaly

unstable, the cause of the transition is a baroclinically unstable anomaly.

3.9. Comparison to data

The altimeter products were produced and distributed by Aviso, as part of the

Ssalto ground processing segment [Traon et al., 1995]. Rossby waves are observed in the

satellite derived ssh. The threeleft panels of figure 3.15 show a westward propagation of

phases east of the Kuroshio axis at lines Li, L2 and L3 of figure 3.16. The phase speed is

about 4.0 km/day, similar to the phase speed of the waves observed in most eigenvectors.

The shift from non-large meander to a large meander state is clearly observed in the

Hovmoller plot of figure 3.15 at location L3, beginning in June 2004. A Fourier analysis

in the zonal direction (figure 3.17) at the center of line Li shows that the dominant wave

length is about 800 km for the observed ssh.
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FIGURE 3.15: Panels labeled Li, L2 and L3 are the time-longitude diagram at the lines
Li, L2 and L3 of the dynamic topography data. The right panel is the time longitude
plot of the eigenvector of figure 3.8 at location L2
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A Fourier analysis in the time domain also shows similarities in the dominant modes

between the data and the eigenvectors of type I. The spectra of the dynamic topography

data is dominated by modes of periods between 150 and 200 days. Figure 3.18 shows

a histogram of the period of the leading eigenvectors (6820 eigenmodes). Most of the

eigenvectors have periods in the range of the one observed in the satellite altimetry data.

3.10. Summary and conclusion

The multimodality of the Kuroshio south of Japan was investigated by calculating

the bifurcation diagram of a baroclinic quasigeostrophic model. The stable non-large and
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large meander states are present in this simple model, as well as unstable intermediate

states. A further analysis of the stability showed the presence of Rossby wave like per-

turbations that have a structure similar to the mesoscale eddies observed in the dynamic

topography data when the Kuroshio switches from a non large meander state to a large

meander state. This later results shows that the limited area type of models contain more

information than just the nonlinear dynamic of the current. More precisely, the observed

mesoscale eddie activity appears in the QG model as leading eigenmodes of the steady

states. We have explained the transition from NLM to LM using a NLM steady state

perturbed with its leading eigenmode. This permitted us to isolate the cause of the tran-

sition and get a simple physical picture of the mechanism of the transition. We have also

illustrated an example of a periodic orbit that is in agreement with the Hopf bifurcation

theorem.
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4.1. Abstract

We have assimilated remotely-sensed dynamic topography data into a baroclinic

quasigeostrophic model of the Kuroshio south of Japan. The validity of the model is

investigated during the 2004-2005 transition from nearshore non-large meander state to

typical large meander state, and the more recent 2005 transition from typical large mean-

der to the offshore non-large nieander. The assimilation enables us to quantify error bars

on the dynamics of the model and the altimetry data. From the dynamical interpolation

of the data, we can infer the cause of the transitions. We were successful in forecasting the

transition from NLM months in advance to LM using the result of a 20 days assimilation

as initial condition.

4.2. Introduction

It has been shown that the Kuroshio path variation is influenced by the meso-

scale eddie activity south of Japan ([Mitsudera et al., 2001]; [Miyazawa et al., 2004];).

Ebuchi and Hanawa (2003) used altimety data to suggest that the offshore non-large

meander (oNLM) observed from 1993 to 1999 was triggered by anticyclonic and cy-

clonic eddies. Numerical experiments have also shown that anticyclonic eddies inserted in

the initial condition of a numerical ocean model could trigger a transition from a NLM

to the offshore NLM path [Mitsudera et al., 2001] as well as the large meander (LM)

path ([Akitomo and Kurogi, 2001]; [Endoh and Hibiya, 2000]). Qiu and Miao (2000) sug-

gested, based on experiment with a two layer primitive equation model, that the accumu-

lation of low potential vorticity in the recirculation region of the Kuroshio could influence

the path variability. This was a change from the idea that the meander formation and



decay is solely a local nonlinear effect.

In January 2004, a small cyclonic meander formed southeast of Kyushu (see upper

left panel of figure 4.1). This small meander propagated eastward until September 2004,

creating a LM. It remained as a LM until march 2005. From March 2005 to July 2005,

the meander propagated further to the east to create what is known as an oNLM (offshore

nonlarge meander). We intend to test a limited area quasigeostrophic model during the

time spanning the two recent transitions (from NLM to LM and from LM to oNLM). The

parameters defining the null hypothesis of the assimilation of dynamic topography data

are adjusted so that the value of the cost function is consistent with a x2 distribution with

a number of degrees of freedom equal to the number of data assimilated. The assimilation

spans 20 days during the presence of the small cyclonic meander south of Kyushu. The

result of the assimilation is used to initialize the quasigeostrophic model. The model is

integrated over 450 days and successfully forecasted the transition.

The altimetry data is described in section 4.3.. The model is the one described in

the previous chapter. Details of the specific implementation for this problem appear in

section 3.3. The variational method used for the assimilation is described in section 4.5..

The results of the assimilation and forecast are presented in section 4.6.. The conclusion

is in section 4.7.

4.3. Data

The altimeter products were produced and distributed by Aviso, as part of the

Ssalto ground processing segment [Traon et al., 1995]. The data span 2 years and contain

3 major events. The first event is the creation of a small meander south of Kyushu between

January and March 2004 (see top panels of figure 4.1). The second remarkable event is



the eastward advection and growth of this small meander that creates the LM path during

September to February 2005. The third event is the reverse transition from the LM path

to the NLM path that takes place between February 2005 and July 2005.

3/1/2004

35
30
25

120 130 140 150
12/6/2004

120 130 140 150
20/11/2004

25 -. -100

24/3/2004

Er.
120 130 140 150

1/9/2004

30 -25'
120 130 140 150

9/2/2005

120 130 140 150 120 130 140 150

30/4/2005 23/7/2005

120 130 140 150 120 130 140 150
FIGURE 4.1: Absolute sea surface topography relative to the geoid in cm.

4.4. Model geometry

The reader is referred to the previous chapter for the presentation of the quasi-

geostrophic equations. The model geometry is shown in figure 4.2. The boundaries of the

curvilinear grid of figure 4.2 was created using the freeware tool Seagrid Orthogonal Grid
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Maker For Matlab (see http: //woodshole.er.usgs.gov/staffpages/cdenham/publicJitml/

seagrid/seagrid.html). The interior distribution of grid points was determined by solv-

ing an elliptic grid generation problem with a clustering of the grid points towards the

Japanese coast [Thompson et al. ,1985]. The clustering of the points toward the boundary is

chosen so that at least 3 grid points are within the Munk boundary layer 5M (4)h1'3

34km (see figure 4.3) and 9 within the inertial boundary layer öj = (!1)(1/2) = 173km.

The bathymetry was acquired from the ETOPO5 5 degres resolution bathymetry data set

[Smith and SandWell, 19971.
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FIGURE 4.2: Model geometry: Curvilinear grid and contours of isobath (in meters).



26

24

>-

+ 22
><

90

0 100 200 300 400 500 600 700 800
Distance away from the Northern boundary

FIGURE 4.3: The black dots represent the average grid size. The Munk boundary layer
thickness is shown in blue. The inertial boundary layer thickness is shown in red.

4.5. Inverse model

We present the implementation of variational assimilation using the iterated indirect

representer method (Egbert et al., 1994; Bennett et al.,1997). The method is applied to the

nonlinear system by mean of fixed point iteration of a linearized version of the nonlinear

quasigeostrophic model.
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4.5.1 Tangent linear model (TLM)

Consider the 2 layer quasigeostrophic model presented in section 3.3. [Pedlosky, 1979].

The tangent linearization of the model (Lions, 1971; Le Dimet and Talagrand, 1986) is:

3 L2
+ =

J(1, V2) J(, V2') + J(1, V2')

(J(-',) + J(,-1) J(-',-')) + (4.1)

L2
)) =

2

J(',V2) J(,V21) +
L2
(J(v);',) + J(,') J(-',--1))

1 H1 + H2
J(, hb) + (4.2)

H2 Re

where Re = is the Reynolds number, e = is the Rossby number, R = for

i=1 and 2 and T = . The superscript represents the iteration level. (',')

is a prior estimate of the circulation at iteration level n 1. The standard method for

finding the fixed point of a contraction map is known as Picard iteration or relaxation.

It has been found that this method becomes unstable for large time integration, that is,

the tangent linear model is no longer a contraction mapping and the fixed point iteration

will not converge to the solution. One way to recover a contraction mapping is by the use

of underrelaxation [Bennett, 2002], after each iteration. We rewrite the prior estimate of

the circulation in the following way: (1', ') = (1 r)(', '') + r(2, _-2)

where 0 < r < 1 is the relaxation parameter. With r = 0 we recover the Picard iteration

scheme.
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Testing the TLM

In this section we test the convergence of the TLM. The nonlinear solution is oh-

tamed by solving the nonlinear model described in Chapter II. The model is integrated

over 100 days. We start the iteration with (, ) = (0, 0) and test the method for 4

different relaxation parameters, r = 0 (test RU), which is the fully relaxed method, r = 0.5

(R5), r = 0.7 (R7) and r = 0.9 (R9). A relaxation parameter close to zero means fast

convergence but poor stability, a relaxation parameter close to 1 means poor convergence

but good stability properties. The goal is to find a best compromise between stability and

convergence.

We define the convergence rate as:

N N N
1

6(n)2
i i

IeL
fl+1)2

+ (L
fl+1)2 (4.3)2NNNt

j=1 j=1 k=1

and the error between the nonlinear solution and the tangent linear approximation by:

Nr N N
1 ::n n12=

2NNN 1 1 ) + (2
fl1)2 (4.4)

i=1 j=1 k=1

where is the nonlinear solution. The convergence rate ö(n)2 and the error (n)2 are

computed for a value of N corresponding to 40 days. The fully relaxed test RU and the

underrelaxed tests R5 and R7 eventually become unstable. Test R9 is stable but converges

slowly. Test R5 is illustrated in figure 4.4, the top panel shows that the iteration becomes

unstable after the forth iteration. The error and the convergence rate 5 are only computed

over 40 days, when all the iteration are stable. The test R9 is illustrated in figure 4.5, the

upper panel shows that all the iteration are stable, however, the convergence rate (bottom

panel of figure 4.5) is much smaller than the convergence rate of test R5.

In the following experiment, we start the iteration using the solution of the nonlinear

model as prior. The relaxation parameter is 0.8. The convergence is shown in figure 4.6.
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As opposed to the previous test where the prior was assumed to be uniformly 0, the large

meander appears in the tangent linear solution at the first iteration. An acceptable level

of convergence is reached at iteration 4. In all subsequent tests, the prior estimate of the

circulation at the first iteration will be the solution of the fully nonlinear model.
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FIGURE 4.4: Test R5 with relaxation parameter r = 0.5. Top panel: The green solid
lines represents the top layer stream function of the intermediate iterations of the TLM
at grid point (45,30). The black line is the last iteration (n=20). The red line is the top
layer stream function of the nonlinear model. Middle panel: convergence rate as defined
in 4.4. Bottom panel: Error as a function of the iteration level as defined in 4.3.
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FIGURE 4.6: Error as defined in 4.4 as a function of the iteration level. The relaxation
parameter is set to 0.8. The prior at the first iteration is the nonlinear solution.

4.5.2 Heuristic linearization

The tangent linearization of the QG equation is unique but it introduces linear

instabilities that can be overcome by the use of under-relaxation as shown in the previous

section. The drawback of this method is an increase of outer iterations (iteration on the

nonlinearity) and thus of computing time. In the following we present a linearized version

of the QG equations that is suboptimal but has shown good stability properties for our

case study. The major differences lie in the way the Jacobian is linearized. For example,

the unique tangent linearization of the advection term about n-1 is:

J(, V2O) J(1, V2b)+J(b, V2&1) J(1, V2 11)+O( 1 )2 (4.5)

where n denote the outer iteration level. The last two terms were identified as the sources

for the instability and removed from the linearization to give the following heuristic lin-



earization of the Jacobian:

96

J(,V2) D J(n1,V25n) (4.6)

This linearization is consistent with the nonlinear advection term. It is simply the ad-

vection of vorticity V2 due to the background flow determined by In the same

manner, the vortex stretching term is linearized by removing the source of instability from

its tangent linear version, we have:

J(12) (4.7)

Using the above formulas, we write the linearized version of the baroclinic quasigeostrophic

model:

L2
+ )) = Dx

J(-', V2)

(J(', ) + J(, ')) + (4.8)

L2
)) =

Dx

J(', V2)

L2 J(',) + J(,1))

- 1 H1 + H2
J(, hb) + (4.9)

e H Re

Testing the linearized model

In this section, we compare the linearized model (LinM) 4.8 -4.9 to the tangent

linear model (TLM). The relaxation parameter is set to r = 0 in both cases. Table 4.1
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TABLE 4.1: Error as defined in 4.4 for the TLM (ETLM and for the LinM (cLnM)

Iteration 1 2 3

TLM 1.13 x101 1.9 x iO4

LjnM 1.58 X i0 2.7 X i0 5.0 X i0

shows the error as defined in 4.4, as a function of the iteration level. Note that both

methods diverges, however, the error of the LinM at the first iterate is relatively small

(see table 4.1). It takes more than 15 iteration (see figure 4.6) of the relaxed TLM to

achieve the same level of accuracy.

4.5.3 Linear measurement functional

Assume geostrophy:

g 3du=I (4.10)

g 3d
(4.11)

where d is the sea surface height and u,v are the geostrophic component of the velocity.

The vorticity of the top layer is

Therefore,

3v
(4.12)V

0x Dyfo

10
d = L,i + constant; (4.13)

the measurement functional 4.13 transforms the stream function into ssh (sea surface

height). We write,

dm = + constant + m (4.14)



where dm d(xm, Ym, tm), /'1m = /)i(Xm, Ym, tm) and m = 1, ..., M. M is the number of

data points. The constant is adjusted so that the data and the model have same mean. Em

is the measurement error. For ease of implementation, the data are interpolated onto the

model grid. The spatial interpolation uses cubic splines. The altimetry data are available

every three days.

4.5.4 Euler-Lagrange (EL) equations

We now assume imperfections in the model equations, initial conditions and bound-

ary conditions:

subject to:

L2
+ )) + J(', V2) +

ax

+ (J(',) + J(,')) = f(x,y,t) (4.15)

)) + V2)
ax

L2
+ (J(',) + J(,')) + lH1±H2J(h)

= f(x,y,t) (4.16)
Re

b(x,y,t =0) = I(x,y)+i(x,y,) V(x,y) EQ (4.17)

(x,y,t) = B(x,y,t) V(x,y) E 9Q t E [o,T] (4.18)

0 V(x, y) e aQ05 U t E [0, T] (4.19)
an

0 V(x, y) E DQeast U aQwest t E [0, T] (4.20)

V2(x,y,t) = 0 V(x,y) E arl0h t E [0,T] (4.21)
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for k = 1,2. T is the final time of the integration. Equations 4.25-4.30 represent the

adjoint model. It is integrated backward in time. Equations 4.31-4.37 represent the

forward model.

Following [Bennett, 2002], the cost function to be minimized is,

G(, ) = Wfk f + i o Wik o i + b * Wbk * b} + cTwc (4.22)

Where W112 ,W12 ,Wb12 are positive weights, inverses of the hypothesized covariances (see

[Chua and Bennett, 2001] for the definition of the covariances. The inner products a,

and * are defined in chapter 2. The first variation of C is:

where,

= A + a Wik a i + * Wbk * b} + öcTwc (4.23)

= Wfk fkm (4.24)

Finally, the Euler-Lagrange equations are:

- (V2 + A) V2J(',A)
R2

L2
+ J(A,') + =

Re

M
W ()'(xm, Ym, t) dm)(x Xm)(y ym)8(t tm) (4.25)
m=1

- (V2)
+

) V2J(L',A) IT
Dx

+ J(,') J(A,') + = 0 (4.26)
Re



subject to,

and

100

Ai,2(x,y,t = T) = 0 V(x,y) C (4.27)

1,2
---(x, y, t) = 0 V(x, y) C 91east U 1west, t C [0, T] (4.28)

a2 A 1,2

an2
(x, y, t) = 0 V(x, y) C aceast U 1west, t C [0, T] (4.29)

V2Ak(x,y,t) = 0 V(x,y) e a1south t C [0,T] (4.30)

+
)) + J(', V2) + CT ax

L2
+ (J(',) + J(,')) = f(x,y,t) (4.31)

(V2b L2- ) + J(', V2) +
2 ax

(J(', ) + J(, ')) +

Hi + H2
J(, hb)

H2

= f(x,y,t) (4.32)
Re

subject to,

=0) = Ik(x,y)+i(x,y,) V(x,y) C (4.33)

= B(x,y,t) V(x,y) C aci t C [0,T] (4.34)

= 0 V(x, y) C acieast U ci8 t C [0, T] (4.35)
an

0 V(x, y) C acicast U ciwest t C [0, T] (4.36)
an2

V2(x,y,t) = 0 V(x,y) C aci30h t C [o,T] (4.37)

fork = 1,2.
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The EL equation previously described are linear but subject to a background flow

that corresponds to the prior estimate of the generalized inverse. The flow can be de-

composed into three typical regions (see figure 4.7). Region A of figure 4.7 contains the

narrow Kuroshio flowing eastward south of Japan. In this region, the advection term of

the top layer QG equation is predominant. In this region, a correction to a data point will

have to be coming from upstream. Such a case is illustrated in figure 4.8. In region C,

the background flow is weak resulting in the predominance of Rossby wave-like solutions

where the leading terms are the tendency of vorticity and the "/3" term. In this region,

the correction to a data point will be comming from the east (illustrated in figure 4.9).

Finally, region B is a transition between the two types of dynamics.
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FIGURE 4.7: Schematic of the three typical regions. The red arrow represents the direc-
tion of the current in region A. The black arrow represents the direction of propagation
of the Rossby waves.
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region C on day 100.
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4.5.5 Null hypothesis

Using the assumption that the covariances are bell-shaped in space and time ([Eg-

bert et al., 1994]; [Bennett, 2002]), the null hypothesis is fully determined by the decorre-

lation length scale L0, the decorrelation time scale T and the covariances C101, C2, C29, Cb°

and C. In the following, we describe the algorithm used to compute the convolutions.

Spatial covariance

I the following, we describe the algorithm used to compute the convolution that ap-

pear in the computation of the cost function 4.22. The method presented below only differs

to the method presented in Bennet (2002) by the treatment of the boundary conditions.

We write the spatial covariance,

The convolution

x'2C(X,X') = Coexp(
L2

(4.38)

b(X) = C(X, X') o a(X') (4.39)

where X = (x,y), is computed using the pseudo heat equation ([Egbert et al., 1994];

[Bennett, 2002]; [Ngodock, 2005]). See chapter II for the definition of the inner product.

Following Egbert et al. (1994), the pseudo heat equation for 9(x,y,$):

subject to,

and

=V2O (4.40)

O(x, y, s = 0) = a(x, y) V(x, y) e (4.41)

O(x, y, s) = a(x, y) V(x, y) E 31 and s > 0. (4.42)



For solution at s = L2/4,
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L2
b(X) = CoO(x, y, -i--) (4.43)

The pseudo-heat equation 4.40 is discretized in space using finite difference in curvilinear

coordinates and an implicit scheme in the pseudo-time coordinate. The semi-discrete form

of 4.40 is:

9n+1 = O + AsV28' (4.44)

subject to the boundary condition defined in 4.41. Since this method is unconditionally

stable, only one pseudo-time step is necessary to find the solution at s = L2/4.

L2
O(x, y, ) = a(x, y) + V28(x, y, ) (4.45)

The linear system arising from 4.45 is solved using multigrid method [Adams, 1991].

Temporal convolution

The temporal covariance is:

t'I

C(t, t') = exp( ) (4.46)

The convolution
fT j.T

b(t)

J dt J
dt'C(t, t')a(t') (4.47)

0 0

is computed by solving the corresponding Langevin equation (see [Egbert et al., 1994];

[Bennett, 2002]; [Ngodock, 2005])

Choosing the weights

The decorrelation length scale L is chosen by examining at the spatial distribution

of the correlation coefficient of the time series of observed dynamic topography. The top

panel of Figure 4.10 shows the spatial distribution of the correlation coefficient for a point
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located close to the Japanese coast. The length scale is anisotropic and skewed toward

the zonal direction. The zonal length scale of the contour of the .5 correlation is about

250km. The bottom panel of figure 4.10 shows the spatial distribution of the correlation

coefficient for a point away from the Japanese coast. At this location, the correlation

is more or less isotropic. The .5 correlation contour has a length scale of about 220km.

Based on these observation, we set L from 4.39 at 220km.
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FIGURE 4.10: Linear correlation of the time series of dynamic topography at the black
cross and the surrounding location. The black line is the contour of the .5 correlation.

Similarly, we base the value of the decorrelation time scale by looking a the time

lag cross correlation of the observed dynamic topography at the locations shown as black

dots in figure 4.11. The red line is the bell shape correlation as defined in 4.46 with a

decorrelation time scale r = 3 days. The error bars represent the standard deviation of
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the time lagged auto correlation. The dynamical weights defining the cost function 4.22

appear in table 4.2.
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FIGURE 4.11: The bottom panel shows the time lag auto correlation at the locations
shown in the top panel.

4.5.6 Iterated indirect representer method

We write the data missit as,

L(d(Xm, 1im,tm)) ,L4(Xm, Ym, tm), (4.48)

is a vector of size M (the number of data assimilated), ii is the outer iteration level (cor-

responding to the iteration on the nonlinearity) and L the linear measurement functional

as defined in 4.5.3 At each outer iteration, one needs to solve the following linear system:

P13 = (RTh + C)f3 = (4.49)



TABLE 4.2: Error model or null hvDothesis.

Error in the dynamics of the top

layer C°1

0

Error in the dynamics of the bottom

layer C1°2

0

Decorrelation length scale L 220 km

Decorrelation time scale v 3 days

Error in the initial condition (C°)'/2 28, 180m2s1
(

25 % of max(1))

Error in the boundary condition Cb° 0

Measurement error C'2 22, 500m2s1 (+/- 17 cm)

where R is the representer matrix and Cf is the data error covariance matrix. Storing

the full representer matrix R might bring memory issues, however, in our case, M is small

enough for R to be stored in the memory. Computing all the components of R takes M

integration of the adjoint model (4.25-4.30) and M integration of the forward model (4.31-

4.37). Such a method can be computationally slow for large values of M. An alternate

solution is to seek an approximate solution of 4.49 using conjugate gradient techniques.

The number of integration of the adjoint (4.25-4.30) and forward (4.31-4.37) model can

be reduced to only a few iterations. The only thing that needs to be known is the effect

that P has on some random vector 4. Conjugate gradient methods are only applicable

to symmetric, positive definite matices, since we have coded the discrete form of the

continuous adjoint, the representer matrix is not symmetrical to the computer roundoff

error as it would be if we had derived the adjoint of the discrete equations. The GMRES

[Barret et al., 1994] method is suited for this kind of problem. This is the method we use
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to solve 4.49.

4.5.7 Preconditioner

The number of iterations required by GMRES to solve 4.49 to obtain a satisfactory

result can be large and a preconditioning technique is required to increase the rate of con-

vergence. This rate depends on the ratio of the largest to the smallest eigenvalue (condition

number) of the matrix associated with the problem. The purpose of the preconditioner is

to reduce this ratio.

There are two main approaches for preconditioning the linear system 4.49. One is

by defining the preconditioner as a coarse version of the model [Bennett et al., 1997], the

other is by calculating only a few representers [Egbert et al., 1994]. In our case, we define

the preconditioner as a simplification of the LinM. Assuming that the model (4.16-4.21)

depends weakly on the bottom layer stream function, all the terms involving the bottom

layer stream function have been neglected. This method is similar to that of coarsening

the model grid. The preconditioner is defined by:

subject to,

subject to

_V2A1 v2J(L',Ai) ETA = L(X) (4.50)

.X(x,y,t=T)=0 V(x,y)EQ (4.51)

(x,y,t) = 0 V(x,y) e O, t E [0,T} (4.52)
On

V2 + J(',V2) ' = 0 (4.53)+ ET
Ox Re

=CoA(x,y,t=0) V(x,y)E (4.54)
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(x, y, t) = fTC!, * A(x, y, t) V(x, y) E 3l t E [0, T] (4.55)

The action of the preconditionerM on a vector X is:

MX = (4.56)

The GMRES iterates are constructed as follows:

= + (4.57)

where the coefficients o minimize M1h M'Pi3()U. In the case where in = M, the

method has the same computational cost as the direct representer method. It converges

exactly in M steps. It has been shown [Saad and Schultz, 1986] that the method can

stagnate for m 1 steps and converge at the mth step. Trial and error is the only method

to determine m. Depending on the rank of P, we have found that a value of m between

30 and 100 would lead to convergence in our special case study.

The preconditioner was tested in the case of a strong constraint assimilation. We as-

sumed that the error in the model only comes from the initial conditions and the boundary

conditions. The solution of the nonlinear baroclinic QG model was used as background

flow for the first outer iteration. Table 4.3 and 4.4 show the results of two different assim-

ilations solved with and without the use of the preconditioner. One evaluation ofM4

requires roughly half the number of operations that it takes to evaluate P4. In the test

of table 4.3 the assimilation using the preconditioner is 2.62 times faster than without.

Lengthening the assimilation span to 20 days and increasing the number of data assimi-

lated decreases the efficiency of the unpreconditioned GMRES algorithm (see table 4.4).

The preconditioned GMRES algorithm is at least 4 times faster in that case.

The next assimilation test spans 20 days and uses the preconditioned GMRES al-

gorithm. Data are assimilated once per day starting at the third day of the simulation.
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TABLE 4.3: Number of data assimilated M=11O; Assimilation span: T=4 days

M.4 P4

17 6

0 38

TABLE 4.4: Number of data assimilated M=220; Assimilation span: T=9 days

M4 P.

5 11

0 50

The spatial distribution of the data is shown in figure 4.12. The total number of data as-

similated is M = 756. The GMRES algorithm converges in an average of 27 iteration per

outer iteration (27 integration of the adjoint and 27 integration of the forward model). A

reasonable convergence was obtained after 9 outer iterations (see figure 4.13). The results

of the assimilation are shown in figure 4.12.
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FIGURE 4.12: The left panels are the observed dynamical topography data transformed
into nondimensional stream function data. The middle panels are the prior estimate for
the nondimensional stream function. The right panels are the inverse solution. The green
dots represent the data assimilated.
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Span of assimilation, T=20 Days
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FIGURE 4.13: Data penalty as a function of the outer iteration. M is the number of data
used.

4.6. Results

4.6.1 Forecasting the 2004-2005 transitions

Here we present the results of an assimilation and forecast experiment that spans

the transition from NLM to LM and the reverse transition.

Assimilation

We assimilated 21 days of altimetry data from March 10, 2004 to March 31 2004.

216 data are assimilated every 3 days, which sets the total number of degrees of freedom

to M = 1512. The spatial distribution of the data is depicted in figure 4.14. The prior

estimate of the circulation (4), ,(0)) is set to a quasi-steady states that represents a NLM.
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The residuals of the top and bottom layer of equations 4.15 and 4.16 are set to zero. Such

a scheme is referred to as a strong constraint assimilation, or 4DVAR [Bennett, 2002]. The

value of the cost function is O = 1602 which is consistent (within 2 standard deviation)

with a x2 distribution with 1512 degrees of freedom. This gives us the confidence that

the null hypothesis defined in table 4.2 cannot be rejected. In other words, the dynamics

embedded in the data during this specific period can be represented with the QG model

within the error bars defined in table 2.2.

10/3/2004

-'

;r'

çL1ç J>_i'!i
31/3/2004

FIGURE 4.14: From left to right: Nondimensional stream function data, the spatial
distribution of the data point assimilated are depicted as black dots; Inverse solutions
for the top layer stream function; Inverse solutions for the bottom layer stream function;
Prior estimate for the top layer stream function; Prior estimate for the bottom layer
stream function; The color scale for the data stream function and the top layer stream
function is on the left; The color scale for the bottom layer stream function is on the right.
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The results of the assimilation are shown in the right panels of figure 4.14. The

small meander, observed in the altimetry data south of Kyushu, is not present in the prior

(see figure 4.14), but is represented in the inverse solution. The strong shear between the

two layers suggests the presence of a baroclinicaly unstable flow.

Forecast experiment

We use the inverse solution of March 31, 2004 to initialize the nonlinear QG model

and run it forward for 450 days The forecast ends August 20 2005. The results are shown

in figure 4.15. We were successful in reproducing the observed transition from NLM to LM

and from LM to offshore NLM. The propagation speed of the meander is in good agreement

with the observations (see figure 4.15). Between day 0 and day 150, the altimettry data

show that the small meander south of Kyushu (the blue contours of the left column at

day 0 and day 150 of figure 4.15) propagated eastward to form the LM state. This is well

resolved by the model (see the middle panel of figure 4.15 at day 0 and day 150). The

Kuroshio remains in the LM state until day 300. After day 300, the Kuroshio switches

to an offshore NLM state. This is also well represented in the forcast. The top panel of

figure 4.16 shows a comparison of the Kuroshio axis calculated from the data and from

the forecast experiment. We define the deviation of the Kuroshio axis from the coast as

the amplitude of the meander. The correlation coefficient between the observed kuroshio

axis and the forecasted one is 0.63. The skill score S(t) with respect to the mean square

error (MSE) of a reference forecast that is the mean distance between the coast of japan

and the 1/2 stream function can be written as

S(t) 1
MSE1

(4.58)
MSEre1
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N
1

MSEf(tN) = (d(t1) 0(t1))2 (4.59)
i= 1

and d(t) and 0(t1) are the forecast and observation, respectively. Correspondingly, the

MSEref is defined by the substitution for the forecast d(t1) in 2.49 by the mean distance

between the coast of Japan and the 1/2 stream function observed in a quasi-steady state

representing the NLM.

MSEre1 = (d o(t))2 (4.60)

The skill score defined by 4.58 is 1.0 for perfect forecasts, 0.0 for forecasts that are only

as accurate as the reference (defined in 4.60), and negative for forecasts less accurate than

the reference.

The skill of the model is above 0.8 from August 2004 to the end of the integration.

This certainly suggests that the simple QG model has sufficient physics to reproduce the

2004-2005 transition from NLM to LM. We were not successful in forecasting the LM

when the assimilation spanned 10 days or less of altimetry data. In this test, the inverse

solution for the top layer was very similar to that of the assimilation described in 4.6.1,

but the bottom layer stream function did not contained the details necessary to create

the transition. This strongly suggest that the vertical shear is of critical importance to

predict the correct trajectory of the initial conditions for the forecast.
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FIGURE 4.15: The left panels are the nondimensional stream function data. The middle
panels are the forcasted solutions for the top layer stream function. The right panels are
the forecasted solutions for the bottom layer stream function. The color scale for the 2
left columns is on the left. The color scale for the bottom layer stream function is on the
right.
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Far1004 Ju10304 0ct2704 Feb2305 Jun1805
FIGURE 4.16: Evaluation of the forecast experiment. Top panel: The red line is the
Kuroshio axis calculated from the forecast experiment. The black line is the Kuroshio
axis calculated from the data. Bottom panel: skill score.

The dynamical balance of the top layer QG model is plotted in figure 4.17 for the

first 100 days of the forecast. It shows a three way balance between the tendency of

relative vorticity, advection and the beta term. This simply shows that the quantity
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V21(x,y,t) + f(y) is more or less conserved. We assume that the large meander is a

Rossby wave subject to a uniform zonal flow of 0.1 ms1 due east. In such a case, the

phase speed of the meander is [Pedlosky, 1979]:

(4.61)

where U is a typical speed of the Kuroshio and A is the size of the meander. The typical

speed U of about 0.1ms1 is chosen as the temporal and spatial average of the simulated

velocity. With this choice of parameters, the meander propagates eastward for A less than

about 450 km, is stationary for A 450 km and propagates westward for A greater than

450 km. A typical length scale for the fully developed large meander predicted by our

model and the data is about 300 km. This suggests that the propagation of the meander

will be eastward at about 0.0544ms1. It would take roughly 300 days for the meander

to propagate from the south of Kyushu to the Izu-ridge. This is in agreement with the

observed propagation of the meander during 2004-2005 (see figure 4.1).
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FIGURE 4.17: From top panels to bottom panels: dynamical balance at days, 1, 30, 60
and 100 of the forecast experiment.

We have also estimated the Kuroshio transport through the ASUKA line (see figure
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4.18) during the forcasted period. The mean transport is 66 Sv which is in agreement with

other calculations of the observed eastward flowing mean transport [Imawaki et al., 20011.

Between days 200 and 300 of the forecast, the transport increases from 58 Sv to about 69

Sv.
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FIGURE 4.18: The blue line is the northern boundary of the model. The thick dashed
black line is the ASUKA line. The red arrow is the scale for the velocity, it is perpendicular
to the asuka line. The black arrows are a snapshot (05/22/2004) of the velocity vectors
along the ASUKA line.
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FIGURE 4.19: Transport computed along the ASUKA line from the forecast experiment.

4.7. Conclusion

We carried out a 4DVAR assimilation of altimetry data between February 10 2004

and March 10 2004. We found that the value of the cost function 4.22 was consistent with

a x2 distribution with 1512 degrees of freedom. This implied that the null hypothesis

described in 4.5.5 could not be rejected. This gave us confidence that the dynamics of the

QG model 3.9-3.10 was correct within the tolerances defined in table 2.2. The results of the

inverse solution in March 10 2004 was used to initialize the forecast model. The forecast

experiment predicted the formation of the LM and its decay with remarkable similarity

with the observed altimetry data. This enabled us to conclude that the limited area QG
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model contains sufficient details to reproduce the major physics of the last transitions from

LM to NLM and the reverse transition. We have also found that in order for the forecast

to recreate the transitions, the assimilation needed to span more than 10 days of data.

The differences in the inverse solutions between an assimilation spanning less than 10 days

and one spanning 20 days was mostly confined to the lower layer. This strongly suggests

that the vertical shear is of critical importance for correct forecast of the trajectory of the

model since it determines the condition for the instability , which we believe is essential for

the transition. We unsuccessfully used a strong constraint assimilation to try to recreate

the formation of the small meander south of Kyushu. This small meander was observed

between December 2003 and March 2004 and triggered the formation of the large meander.

A weak constraint assimilation of the same period successfully interpolated the data,

however, the magnitude of the residuals was of the same order as the terms in the QG

model in places were the dynamic was expected to be mostly inertial. We concluded that

the QG model is missing a critical phenomenon for this specific period.

4.8. Acknowledgments

The discussion with Mr. Masao Kurogi from Kyoto University is greatefully ac

knoledged.

BIBLIOGRAPHY

Adams, 1991. Adams, J. (1991). Multigrid software for elliptic partial differential equa-
tions: Mudpack. Technical Note 357+STR, NCAR.

Akitomo and Kurogi, 2001. Akitomo, K. and Kurogi, M. (2001). Path transition of the



124

kuroshio due to mesoscale eddies: A two-layer, wind-driven experiment. Journal of

Oceanography, 57:735-741.

Barret et al., 1994. Barret, R., M.Berry, Chan, T. F., Demmel, J., Donato, J., Dongara,
J., Eijkhout, V., Pozo, R., Romine, C., and der Vorst, H. V. (1994). Templates for the
Solution ofLinear Systems: Building Blocks for Iterative Methods. SIAM, Philadelphia,
PA.

Bennett, 2002. Bennett, A. F. (2002). Inverse Modeling of the Ocean and Atmosphere.
Cambridge University press.

Bennett et al., 1997. Bennett, A. F., Chua, B. S., and Leslie, L. M. (1997). Generalized
inversion of a global numerical weather prediction model, ii: Analysis and implemen-
tation. Meteorology and Atmospheric Physics, 62:129-140.

Chua and Bennett, 2001. Chua, B. and Bennett, A. F. (2001). An inverse ocean modeling
system. Ocean Modeling, 3:137-165.

Egbert et al., 1994. Egbert, C. D., Bennett, A. F., and Foreman, M. G. G. (1994).
Topex/poseidon tides estimated using a gloval inverse method. Journal of Geophysical
Research, 99:24821-24852.

Endoh and Hibiya, 2000. Endoh, T. and Hibiya, T. (2000). Numerical study of the gen-
eration and propagation of trigger meanders of the kuroshio south of japan. Journal of

Oceanography, 56:409-418.

Imawaki et al., 2001. Imawaki, S., Ichikawa, H., Fukasawa, M., ichiro Umatani, S., and
the ASUKA Group (2001). Satellite altimeter monitoring the kuroshio transport south
of japan. Geophysical Research Letters, 28(1):17-20.

Mitsudera et al., 2001. Mitsudera, H., Waseda, T., and Yoshikawa, Y. (2001). An-
ticyclonic eddies and kuroshio meander formation. Geophysical Research Letters,
28(10) :2025-2028.

Miyazawa et al., 2004. Miyazawa, Y., Guo, X., and Yamagata, T. (2004). Roles of
mesoscale eddies in the kuroshio paths. Journal of Physical Oceanography, 34:2203-
2222.

Ngodock, 2005. Ngodock, H. E. (2005). Efficient implementation of covariance multipli-
cation for data assimilation for data assimilation with the representer method. Ocean
Modeling, 8.

Pedlosky, 1979. Pedlosky, J. (1979). Geophysical Fluid Dynamics. Springer-Verlag.

Saad and Schultz, 1986. Saad, Y. and Schultz, M. (1986). Gmres: A generalized minimal
residual algorithm for solving nonsymmetric linear systems. SIAM J. Sci. Statist.
Comput., 7:856-869.



125

Smith and SandWell, 1997. Smith, W. H. F. and SandWell, D. T. (1997). Global sea
floor topography from satellite altimetry and ship depth sounding. Science Magazine,
277.

Thompson et al., 1985. Thompson, J. F., Warsi, Z., and Martin, C. W. (1985). Numer-
ical Grid Generation Foundation and applications. North-Holland.

Traon et al., 1995. Traon, P.-Y. L., Blanc, F., Dorandeau, J., Gaspar, P., Sicard, P.,
Stum, J., , and Vincent., P. (1995). Aviso user handbook: Sea level anomaly files.
Technical report, Centre National d'Etudes Spatiales.



126

5. CONCLUSIONS

In this thesis, we have presented the application of generalized inversion to a simple

model of a lake and a meager data set obtained from thermistor chain measurements.

This simple problem was used to develop the software necessary to minimize nonlinear

cost functions. The major tools consisted of a tangent linear forward model that simulates

the observation, an adjoint model that was derived from the Euler-Lagrange equations and

the fast computation of the temporal and spatial convolutions arising from the definition

of the inner products used to compute the penalty functional. In our case, the adjoint

operator was obtained from the discretization of the continuous adjoint. It is an approxi-

mation of the transpose of the linear forward operator with respect to the inner products

defined in section 2.4.1. The Euler-Lagrange equation were solved using the direct it-

erated representer method [Bennett, 2002]. This method is based on the application of

the Riesz representation theorem [Riesz, 1907]; [Fréchet, 1907] which, in our framework,

states that the generalized inverse solution lies in a finite dimensional space with dimen-

sion equal to the number of data points used for the assimilation. The proof of this later

point can be found in the proof of the representer theorem by Kimeldorf and Wahba

([Kimeldorf and Wahba, 1970]). The nonlinear solution is approximated by solving a se-

quence of linear problem that converges to the nonlinear solution. The application of this

theorem greatly reduces the computation time necessary to minimize the cost function

since in general, the data space is much smaller ( 102) than the state space ( 106). The

assimilation was used as hypothesis testor and permitted us to test a null hypothesis con-

sisting of assumptions on the accuracy of the model dynamics and measurement errors.

The inverse solution provided a posterior estimate of the dynamical residuals that repre-
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sented a daily mean wind that had a similar pattern to that of the observed daily mean

wind. The inverse solution contained information that were not present either in the data

or in the prior solution. For example, the location of a fish kill event, or the presence of

a strong residual circulation.

We next applied the same technique to a quasigeostrophic model of the Kuroshio

current south of Japan. The multiple equilibria [Kawabe, 1985] were found in the model's

steady states solution using a continuation method [Legras and Ghil, 1985]. Some of the

eigenvectors resulting from the linear stability analysis of the steady states were found

to have similar phase speed and shape to that of the anomalies observed in the absolute

dynamic topography data. The evolution of a transition from one state to an other was

explained by using initial conditions that consisted of a linear combination of a steady

state and an eigenvector.

We then applied the inversion algorithm as a means for forecasting the transi-

tions from NLM to LM and the reverse transition observed in 2004-2005. Although

the algorithm was similar, the implementation was slightly different. The representer

matrix was never computed, but instead, the indirect representer method was applied

[Chua and Bennett, 2001], in which we only had to compute the influence of the repre-

senter matrix on a random vector. This allowed the efficient use of conjugate gradient

algorithms, in which we solved for a proxy of the linear system instead of an exact solu-

tion. To accelerate the convergence of the conjugate gradient algorithm, a preconditioner

was derived. The preconditioner used in this study corresponds to a simplified version of

the tangent linear 2 layer quasigeostrophic equations in which we had neglected the lower

layer stream function. It proved to considerably reduce the number of matrix-vector mul-

tiplications required to solve the linear system for a given accuracy. The data used to

for the assimilation were obtained from AVISO [Traon et al., 1995]. We assimilated 216
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data per day, every three days and used the inverse solution at the end of the assimila-

tion to initialize the evolution model. Two assimilations and forecasts experiment were

performed. The first forecast used the initial condition from an assimilation of 10 days of

data. This forecast did not reproduce the 2004-2005 transitions. The second experiment

assimilated 20 days worth of absolute dynamic topography data. The forecast reprodused

the 2 transition with skill over 450 days. The major difference in the two initial states

was in the bottom layer stream function, leading us to believe that baroclinic instabilities

play a major role in the dynamics of the transition.
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A APPENDIX Spatial transformation

Let (x, y) be the nonorthonormal non uniform physical space (see right panel of

figure 0.1) to be transformed to the orthogonal computational space (, j) (left panel of

figure 0.1) by the direct transformation:

x

15

5

Logical space

ii = (x,y)

Direct

0.8

0.6

0.2

Inverse

Physical space

5 10
(x,y)

FIGURE 0.1: Example of transformation.
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x(,)

(A.1)

(A.2)

Applying the chain rule to the generic dependent variable f(x, y) yields,

Df Df af-x+11x ( .3)
ax a a

aj Df 3f
(A.4)

where the derivatives
, ,

i and r are the metrics of the transformation. In our case,

the metrics of the direct transformation are not known, but the metrics of the inverse



transformation (xe, x,, y, y) are. The inverse transformation is:

Differentiating A.6 yields:
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x = (A.5)

y = y(, ij) (A.6)

dx =xd+xd?1 (A.7)

dy =yd+ydy (A.8)

which in matrix form is equivalent to:

x x d dx
= (A.9)

y y dij dy

Solving A.9 for d yields,

dx x,

dy
1

= -1(ydx xedy) (A.1O)

where is the Jacobian of the inverse transformation. Solving for in A.1O and

letting dy = 0 yields,

similarly,

Finally, we have:

= (A.11)

1 1 1= 7x, = ij = xe (A.12)

9f 1

= yf11) (A.13)

af 1
= j(_xf + x.f) (A.14)
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similarly, the Laplacian is:

V2f = + 2(xx17 + + (A.15)




