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The effects on the temperature microstructure of terrestrial

heat flow and heat flow anomalies at the ocean floor are discussed

on the basis of a simple heat diffusion model. The effects on the

temperature microstructure of layering of the thermal properties

of the ocean are investigated. This is done both mathematically and

graphically. The anomaly forms that are studied in detail are the

point source, the infinite line source, the distributed half plane

source, and the strip source. Except for the point source, consider-

ation is given only to the steady-state solutions of the diffusion

equation. The two layer diffusivity model that is used assumes a

contrast of the thermal diffusivities and is intended to be a simple

approximation of what has been experimentally observed. The graphi-

cal study has a two-fold purpose: First, the graphs provide a quick

means of comparing experimental data with the models that have
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been developed. Second, they provide a basis for predicting the

possibility of experimentally observing the different forms of

anomalies that are discussed.
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experimentally observed.
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ON THE INFLUENCE OF TERRESTRIAL HEAT FLOW
ANOMALIES ON THE TEMPERATURE

MICROSTRUCTURE AT THE OCEAN FLOOR

I. NATURE OF THE PROBLEM

The problem under consideration is the effect of the terrestrial

heat flow and heat flow anomalies on the temperature microstructure

at or near to the ocean floor. Terrestrial heat flow averages 0. 06

watts/rn . While this is a very small heat flow, its effects on the

temperature of the bottom water may be measureable over long

distances (e.g. l0-l0 meters). This is brought out more fully in

the work of the various researchers discussed below.

For the Pacific Ocean, Knauss (1962) has observed that the

Pcific Deep Water has its source in the Antarctic circumpolar

current below 2000 meters and south of the Antarctic convergence

(Antarctic Bottom Water) and may be traced to the North Pacific in

the vicinity of the ALutian Islands. He has noted that it is possible

to observe the changes this water mass undergoes during its north-

ward journey. Over this distance the temperature of this water mass

is being raised by 0. 55 to 0. 6°C. This temperature increase is due

to two factors; fhst, vertical mixing or eddy diffusion of heat

from warmer layers above, and second, by heat flowing from the

earth's interiors
Knauss comes to the conclusion that this first

factor is responsible for at least two-thirds of the change in



temperature whereas the remainder is due to heat flow through the

ocean floor. He has also noted the existence of a temperature

anomaly in deep waters in the eastern Pacific and suggests that this

anomaly is related to high heat flow on the East Pacific Rise.

Lubimova, etal. (1965) have observed superadiabatic tempera-

ture gradients in the central Pacific Ocean. The vertical range of

superadiabatic gradients was observed to occasionally extend for

considerable distances above the ocean floor to a maximum height

of about 50 meters. Usually the vertical extent was less than 25

meters above the ocean floor. The possibility was suggested that

these superadiabatic gradients were being caused by the heat flow

up through the ocean floor.

Bodvarsson, etal. (1967) have also observed gradients con-

siderably in excess of the adiabatic gradients. Gradients averaging

about -l03°C/m were observed off the coast of Oregon, while the

adiabatic gradient at this depth is of the order of -104°C/m. These

superadiabatic gradients are said to be indicative of the impedance

to the upward diffusion of the terrestrial heat entering the water

from below.

This thesis is concerned with a theoretical study of the influence

of certain forms of heat flow anomalies and bottom currents on the

temperature fields These will be the point source, the infinite line

source, the distributed half plane source, and the strip source.



Primary emphasis will be placed on the latter two source models

as they correspond more closely with what is experimentally observ-

able.. However, at large distances from the source, the point and

infinite line source models may become good approximations to

more realistic situations. The temperature microstructure due to

these source models will be investigated and then where there is

sufficient experimental data, comparisons will be made with these

mathematical models.
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II. HEAT TRANSPORT IN THE OCEAN
AND DIFFUSION PROCESSES IN GENERAL

Before proceeding with a mathematical discussion of diffusion

processes, it is necessary to discuss the mechanisms of heat trans-

fer in the ocean. These are principally advection, eddy diffusion,

and free convection, where eddy diffusion is sometimes referred to

as forced convection. All three of these mechanisms are active in

the bottom water. Free convection may exist on a small scale in

comparison with the other two mechanisms. There is very little

experimental data available on this subject. The possibility of con-

vective overturn on a larger scale of the bottom layer is put forward

by Lubimova, etal. (1965). If such large scale convective overturn

is neglected and simple eddy diffusion and advection are assumed to

be the main processes acting, then it is possible to estimate the

effects of terrestrial heat flow on the temperature microstructure

near the ocean floor.

Because of a lack of basic data and of mathematical complexity,

certain simplifying assumptions have to be made in order to arrive

at useful results. The simple diffusion model is therefore only a

crude approximation to reality. The eddy diffusivity, for example,

is a function of the scale of turbulence. The simple diffusion model,

as it is normally set forth, does not take this into account, but

usually the assumption is made that the diffusivity is constant or at



most a simple function of the coordinates. In reality, the diffusivity

is not constant as shown by the variation of the concentration of sus-

pended particles or by the temperature distributions This is clearly

evident in Ichiye's work off the east coast of the United States

(Ichiye, 1966).

Next, simple diffusion processes will be discussed in a general

way and then they will be applied to the area of heat flow and eddy

diffusion of heat that will be of interest here.

used:

In the forthcoming discussion the following symbols will be

s = concentration of the transported substance

(kg or joule)/kg

S density of the transported substance

(kg or joule)/m3

p = density of the solute, assumed constant

kg m

q flow of substance

(kg or joule)/m2sec

c = specific heat, assumed constant

jou1e/kg' C

k = conductivity

kg/msec or watt/mo C



1.1

a diffusivity
2m /sec

The relation describing simple diffusion processes that will

be used is

(1) q = -k. grad s

that is, q is a linear function of the gradient of the concentration.

In the anisotropic case, k becomes a diagonal matrix.

The above relation, (1), may be written in a different form

which assumes p constant:

(2) q = -k/p grad S -a grad S

where S = p s and a = k/p

Now, conservation of mass requires

(3) div q = - aS/at = as/at

hence, providing that k is a constant

(4) a = as/at, a = k/p

In the specific case of the diffusion of heat which will be used later,

we have s = cT and S = pcT with c always assumed constant

and hence
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(5a) q = -k grad T = -pca grad T

(5b) q = -pa grad cT = -pca grad T

In this case, the units for s and S are joule/kg and joule/rn3.

The general form of the equation of diffusion, allowing for

anisotropy and spatial variations in the coefficients (a, a, a), is

(Sutton, 1953)

3S a as a as a as
(6) -= (a)+(a )+---(aay yay z

For moving media, it is necessary to use the substantial derivative

instead of the partial derivative, that is

dS as as as as
(7) - = - + u + v +dt at ax ay

where u, v, w are the components of the flow velocity in the x, y, z

directions The first term on the right hand side represents the

rate of change in a fixed locality. The last three terms are together

called the advection term because they represent changes due to

cur r e ntS.

If the as are independent of x, y, and z, then

as a2s a2s a2s

(8) = a - + a - + a -at x ay2 z 2

This is the form of the diffusion equation that will be used in the
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sections that follow. The boundary conditions will specify either

the concentration, s, at the boundary, or the flow, q, normal to
the boundary.

In the case of the eddy diffusion of suspended material, the

equation

dS aZS
a2s as

(9) -= a +a +a +w -dt x 2 ay2 z 2 o9z

has been used to determine the vertical distribution of suspended

sediments (Ichiye, 1966), where w is the settling velocity. The

term w has been introduced to describe the suspended sedi-o8z
ments.



IL. EXPERIMENTAL DATA

Knauss !962) as stated earlier has pointed out that the Pacific

Deep Water has its origin in the Antarctic circumpolar current. This

water mass fills the Pacific at depths greater than 2 to 2. 5 km.

He estimates a mean northward speed of this water mass to be in

the range of 5 x 10 to l0 m/ sec. From the temperature iso-

therms plotted by Knauss it is shown that the temperature of the

Pacific Deep Water rises from 0. 55 to 0.6°C from the Antarctic

to the Aleutian Islands. This heating of the water is explained as

being due to two causes: the first being eddy diffusion of heat from

the warmer water above; the second being heat flow from the earth's

interior. Heating from above is the more important of the two

processes and appears to account for at least two thirds of the overall

temperature rise. As mentioned earlier, the existence of a large

temperature anomaly in deep waters of the eastern Pacific was

considered to have a possible connection with the high heat flow

of the East Pacific Rise.

There is very little direct data extant concerning the values of

the vertical diffusivity at or near to the ocean floor. Def ant (1961)

lists values that range from 2 to 4 x 10 m2/ sec. These values

were obtained in the Phillipine Trench (2-3. 2 x l0 m2/ sec) and

in the South Atlantic Ocean (4 x l0 m2/ sec). However, the
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accuracy of these values is small. Koczy (1958) calculated a range

of 0. 1 to 1. 0 x l0 m2/ sec on the basis of the diffusion of natural

radium from bottom sediments. The above data is indicative only

of the order of magnitude to be expected. Bodvarsson, etal. (1967)

have estimated values that average about 1O m2/ sec in the lowest

four meters from the bottom by use of temperature gradient and

heat flow data taken off the coast of Oregon.

Ichiye (1966) has used another method to study vertical eddy

diffusivity. A study of the density of suspended matter was made

by Ewing and Thorndike (1965) by use of optical methods and Ichiye

has used this data to compile a vertical profile of the eddy diffusivity.

This was done by using the curve obtained for vertical distribution

of suspended particles (See Figure 1). For the stationary case in

one dimension equation (9) may be written in the form

(10) w /a = -d(ln S)/dz
0 Z

By the use of this relationship, the vertical profile of the eddy dif-

fusivity can be determined by the use of the vertical profile of S

if w is assumed constant. In Figure 2, the values of a /w
0 Z 0

determined by use of (10) are plotted against distance from the

bottom. The value of the settling velocity, w, that was used in

plotting Figure 2 is 3 x l0 rn/sec. This velocity is for particles

averaging 0. 05 microns in diameter. These values were obtained
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- 4 -----------'-----------

pull"------ -----------I-
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Figure 1. Distribution of suspended particle concentration
(arbitrary unit) vs. distance from the bottom (meters).
Solid curve: Theoretical curve computed from equations (11),
(12), and (13). Portions of the curve designated with a, b, and
c correspond to (11), (12), and (13)(Ichiye, 1966).

A/w (IO'cm)

Figure 2. Broken curve: Vertical profile of eddy diffusivity
corresponding to the theoretical distribution of suspended
particles expressed with the solid curve in Figure 1. Portions
a, b, and c correspond to those of the solid curve in Figure 1
(Ichiye, 1966).
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from data tabulated by Arrhenius (1963). These results are very

important as they show the manner of variation of the diffusivity

with height above the bottom. At the bottom the observed concen-

tration, S., yields nearly vanishing values of w/a correspond-

ing to the condition of no vertical motion. This indicates a certain

inadequacy in equation (10) in determining a close to the bottom.

Ichiye has used a theory developed by Rossby and Montgomery

(1935) on turbulent shear flow in the lower atmospheric layer. In

this model, a is considered in three regions

(11) a a = constant, z > D
z 0

(12) a = aH(A_z)2(A_H)2, H < z < D

(13) a = aH(z/H) , 0 < z <H
z

where the origin of z is taken at the bottom. The constant A

is introduced to satisfy continuity of a at z D and is defined

from the relation

2 -2
a = a (A-D) (A-H)

o H

By use of the above diffusivity model and the experimental

data of Bodvarsson, etal. (1967) and of Knauss (1962) it is possible

to convert the relative values plotted in Figure 2 to estimates of

absolute values.
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By the use of the data of Bodvarsson, etal. (1967), the value

of a in the lowest four meters averages 6 x 106 m2/sec which

leads to aH = 3. 0 x l0 m2/sec, where H = 100 meters. By

use of (11) and (12) a value for A was determined to be 415.03

meters. By using this value and D 300 meters, we obtain

a 4 x l0 m2/sec for aH as above.

It should be cautioned that the numerical values of the diffusivity

listed are only approximate values as the various data were gathered

in different locations such that there is no guarantee of similarity

in detail. However, eddy diffusion is caused by turbulence in the

water. This turbulence in the bottom water is mainly due to cur-

rents caused by tides. For a long period it has also been believed

that the bottom currents are mainly tidal currents. The order of rnagni-

tude of such currents is easily estimated. The work of Isaacs, etal.

(1966) has supported this experimentally. They have shown that

bottom current velocities off the coast of Baja California average

1. 7 x io2 rn/sec. This value compares well with values computed

on the basi s of a simple theory of surface tides.

Even though the data used in deriving the above numerical

values (a, aH) were gathered in different areas, the work of

Isaacs, eta1 (1966) is indicative that these values are still signifi-.

cant and should not differ other than in a minor way from values

determined from data procured in one location.
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IV. TEMPERATURE MICROSTRUCTURE
AND ANOMALOUS HEAT FLOW

In this section and those following, simple eddy diffusion of

heat will be the only form of diffusion process to be considered.

First, consideration will be given to the effects of heat sources

at the ocean floor where the ocean above is treated mathematically

as an infinite half space. The additional effects on the temperature

microstructure due to the ocean being composed of layers of differ-

ing thermal properties will then be considered. The second of these

considerations is necessary in view of the work of Ichiye (1966) as

shown in Figure 2.

In addition, only the steady-state solution of the diffusion

equation for the various source configurations, other than the point

source, will be considered.

In the interests of simplification in the following work, v and

w (See equation (7)) will be set equal to zero in the following calcu-

lations as bottom currents are essentially horizontal with little or

no vertical component such that by suitable choice of coordinates

only u need be used.

The geometrical forms of heat flow anomalies that will be

under consideration are the point source, the infinite line source,

the distributed half plane source, and the strip source. The
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distributed half plane source is of special interest as this is appli-

cable to the situation of an area of uniform heat flow, thus providing

a means of calculating the temperature increase downstream due to

constant heat flow.

Point Source

Fundamental Solution

For the point source, it is of interest to solve first for the

instantaneous source in an unbounded medium and then to obtain the

results for the continuous source from this solution (Sutton, 1953).

Also, the solution is clearer if the system is solved first for no

motion as the effect of currents may be readily seen by comparison.

The differential equation to be used is on the form (8). It has

been modified with the assumption of isotropic diffusivity and

spherical symmetry.

a 8 28T '2 2 2(14) - (r -), r 'Jx+y+z
2 8rr

The initial condition is

T=0 as tO, r >0

In the neighborhood of r 0 the situation is governed by the

relation
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(15) T dxdydz = Q/pc, Q heat released by the source

that is, energy is neither created or destroyed in the diffusion

process. The solution is (Sutton, 1953)

2
Q r

(16) T(x, y, z, t)
8p cTrat)3I'2

exp I 3

If this solution is integrated over time with the limits of inte-

gration from t 0 to t =00, that is, an infinite succession of

sources, the following is obtained for the continuous point source

(Sutton, 1953)

Q(17) T(x,y,z) = 4irp car

This solution may also be obtained directly from (14)

Continuous Point Source

Isotropic Diffusivity1. In the situation where a unidirectional

current is present with v w = 0, the differential equation for

the steady-state case is

(18) u8T/8xa2T.

This form follows from (7) and (8) with a = a = a It is a veryx y z

simplified form as it assumes the diffusivity to be isotropic. It is
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worth considering because the more complex case of anisotropic

diffusivity may be derived from this case. When the following condi-

tions are applied the solution is obtained. In the neighborhood of

r= 0

q dA = Q, Q is the rate of heat production and the integral
A is over a surface enclosing the origin

T -'-0 as r-oo

The solution is then (Roberts, 1923)

Q {u(19) T(x,y,z) = exp -- (r-x)]4irp car 2a

Anisotropic Diffusivity. In the more general case the differen-

tial equation describing the diffusion again follows from (7) and (8)

with v = w = 0 as above.

a a2T a2T a2T(20) u = a - + a - + a
ax x 2 y0Z z 2

ax az

This differential equation is reduced to the simpler form (18) by

the following transformation

X _1___ 21 Z

1/6 ' 1/6 ' '[a 1/6x (aaa) y(aaa) z (aaa)xyz xyz xyz
U U

1/6x (aaa)xy z
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This yields the equation

&2T
+

a2T(21) U-- = (a a a )l/3[xyz 2 28ii
+

2

This equation has the same form of solution as (18). When the in-

verse coordinate transformation is applied, the following final solu-

tion is obtained (Roberts, 1923)

2 2

Wa aexpi- I I- + z x

Q x x y z x(22) T(x,y,z) 1/2 2 2 2 1/21+i+..lxyz La a a Jx y z

Continuous Infinite Line Source

If heat is emitted at a rate Q (watts/meter) along the line

defined by x = z = 0 in a current having velocity u in the x

direction, the solution may be simply obtained by integration of the

solution for a continuous point source in a moving medium (19).

The integration is between the limits y = - oc to y = o, that is

, u
rIT

2 2exp-- 1 +(y-y) +z -xQ (b 2a(23) T(x,z) dyt
4Trpca.)

I 2 (y yt 2 2
-00 ".Jx+ - )+z
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The transformation y-y' = pt sinh r gives

uxQ exp(--) rbOO____ /22(24) T(x, z) = 2rrp ca exp 2a coshr1 ) dr1 , p' = "I x +z

t,00

where exp(- coshTI) dr K(up'/Za)
0

K(v) is the modified Bessel function of the second kind. There-

fore, we have (Roberts, 1923)

uxQexp()2a {U 122(25) T(x, z) = K x +z }2iipca o 2a

This solution may be extended to the case where the diffusivity is

anisotropic in the same manner in which the point source solution

was extended to include this case. The same coordinate transforma-

tion is applicable and the final result is (Roberts, 1923)
uxQexp()

2 2 1/2
(26) T(x, z) X K {

U
) }2pcNfaa 0 a a

Boundary and Spatial C onsiderations

The point sourc and the infinite line source basic solutions

may be simplified to obtain approximations that are more convenient

to use. The first problem that is encountered is that the above

solutions are valid for an infinite medium. This is not the situation
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at the ocean floor-ocean boundary. The desired solutions are for a

bounded infinite half space. Later they will be extended for the case

of layering in the ocean. The infinite half space solutions are easily

obtained by using the method of images (Carslaw and Jaeger, 1959).

In the case of a source located on the boundary, the end result is that

the solutions arrived at for an infinite space are simply multiplied

by a factor of two for the infinite half space case. Secondly, these

solutions are usually rendered more tractable by some simplifying

assumptions concerning distance from the source.

Point Source

1953)

The exponential term (19) may be simplified as follows (Sutton,

I 22 22u(r-x) I y +z u(y +z
Za 2a [xi 1-

2 -xJ 4axx

This approximation is valid for the usual situation of interest where

measurements are made at distances such that x2> > y2+ z2.

Therefore, we have the point source solution for the isotropic

diffusivity case reducing to the form (Sutton, 1953)

22
Q(27) T(x, y, z) = exp [ u(y +z )

2irp car 4ax

This is often further simplified by substituting x for r
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when x>> y, z. This yields the most convenient form to work with,

namely (Sutton, 1953)

2 2Q(28) T(x,y,z) exp [ u(y +z )
2irpcax 4ax

For the anisotropic diffusivity case where x2/a>>y2/a+z Ia

we have similarly (Roberts, 1923)

2 2Q U vexp[--((29) T(x,y,z) 2pca a x 4x a ayz y z

Infinite Line Source

In the case of the infinite line source, if u(x2+z2)h/2/2a is

sufficiently large (as is the usual case), the asymptotic expansion

for K may be used, where omitting all but the first term

122 Iz 2
K [

u"Jx +z 2rra u'Ix +z
o 2a fz 2 exp[- 2au"I x +z

then by further neglecting squares and higher powers of

the solution for the isotropic diffusivity case becomes

2Q r(30) T(x,z) exp-- 3

pcIaux2+z2 4ax

2
Q Uz

pc\f 2iraux exp 1- I.
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For the anisotropic case, the resulting equation after all approxima-

tions are made is

2Q uz(31) T(x,z) pc'.I21Ta exp 4a x
z z

Distributed Half Plane Source

The distributed half plane source will have constant strength,

q, per unit area in the plane z=O from x=O to x= 00.

For the distributed half plane source, the following differential

equation and boundary conditions will apply for small horizontal

gradients in which it is assumed that the vertical gradient is large

enough that

a a2T/az2>> a a2T/ax2+ a a2T/ay2z x y

therefore

(32) uaT/ax = aa2T/az2

or

(33) DT/Ox ba2T/az2, where b = a/u
moreover

q _kaT/azI..o, k pca
z

T = 0 for x< 0

T = 0 as x, z oo
z >0
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where q is the heat flow (watts/rn2) and k is the thermal con-

ductivity (watt s/ m° C).

This differential equation, (33), is easily solved by using

Laplace transformation methods The transformed equation (with

respect to x) being

(34) pT bd2T/dz2

or, if the definition g2p/b is made

(35) d2T/dz2 - g2T 0

This equation has as its solution

(36) T = A exp(-gz) + B exp(gz)

but B0 in accordance with the condition that T0 as z oo.
The remaining constant of integration, A, is found from the condi-

tionat z=0 where qu(x)-kaT/az; q beingaconstantand
u(x) being the unit step function. When transformed this yields

the condition

q/p = -kdT/dz J=

Applying this condition yields

A = q/kgp



and therefore, we have

q(37) T=-3 exp(-gz) = exp(gz).kgp pcagp

When this solution for T is transformed inversely (by the use of

standard tables), we arrive at the solution for the distributed half

plane source

bx 2 z(38) T(x,z) q {2 - exp(-z /4bx)-z erfc - }pca Zbx
z

Zq Jierfcpca
z

This solution is of great interest because it provides a means of calcu-

latirig the temperature down current in a region of uniform heat flow.

Strip Source (Cross Current)

The description of this source is very simply obtained from the

solution for a distributed sources For a strip of width L parallel

to the y axis, the eqtation governing the temperature distribution

is found simply by subtracting a second distributed half plane source,

having a heat flow -q and originating at xL, from (38), that is

z(39) T(x, z) 2q i-: ierfc - 'ib(x-L) ierfc }pca 2b(x-L)
z
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Equation (39) is valid for x > L; for x < L equation (38) must be

used.

Diffusion in a Layered Ocean

The diffusivity profile that was determined by Ichiye (1966)

(See Figure 2) may be approximated by a two layer structure such

as that in Figure 4. By layering, it is meant that different thermal

diffusivities and perhaps different flow velocities are to be found in

each layer as depicted in Figure 3 where h denotes the height of

the boundary between layers from the bottom.

z

h

Figure 3. Two layer structure.

x

Although this model is greatly simplified, this layered structure is

a relatively good approximation of the diffusivity structure observed

in Figure 2.
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z

a2 a1

Figure 4. Two layer diffusivity

a
z

Figure 4 represents the two layer case and may be compared with

regard to structure to the variation with depth of the diffusivity

presented in Figure 2. By the proper choice of the values of a1

and a2 it is possible to have a close approximation of the experi-

mental situation that is within the range of reliability of the experi-

mental data.

The same geometrical source configurations will be treated as

for the unlayered case. However, the order of treatment will be

different. It will be advantageous to treat the distributed half plane

source first here because it may be handled in a straightforward

manner and from this case the form of the reflection coefficient

used in the method of images is readily found.

DistHbuted Half Plane Source

The same differential equation, (32), as used before will apply

here again for the case of small horizontal gradients. The sub-

scripts 1 and 2 as used here will denote the layers 1 and 2
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such that 1 refers to the region 0 < z <h, and 2 refers to

z > h (See Figure 3).

Therefore, the differential equations are

(40a) u1 aT1/ax =a1 a2T1/az2, 0 <z <h

(40b) u2 8T2/ax =a2 a2T2/az2, z>h

For the purpose of simplification the following definitions will be

made

p/b)1/2(41) b. a./u. and g. = ( , i 1,2
1 1 1 1

Therefore (40) becomes

(42a) aT1/ax = b1 82T1/3z2

(42b) 8T2/ax = b2 a2T2/3z2

Then applying the Laplace transformation with respect to x:

(43a) pT1 b1 d2T1/ dz2 or d2T1/ dz2 g12T1 = 0

(43b) pT2 = b2 d2T2/ dz2 or d2T2/ dz2 g22T2 = 0

The solutions to (43) are

(44a) T1 A exp(g1z) + B exp(-g1z)

(44b) T2 = C exp(-g2z) + D exp(g2z)
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but D=O in accord with the boundary condition at z= 00. The

boundary conditions are the same as for the unlayered case with the

additional requirement of continuity of tempe:atire and heat flow at

zh,

(45a) z 0: q/ p = -k1 dT1/ dz

(45b) z = h: T1T2

(45c) z = h: -k1 dT1/ dz = -k2 dT2/ dz

Therefore applying (44) and (45) to determine A, B, and C

(46) q/p = -k1g1(A-B) or B = A+q/(pk1g1), A = B-q/(pk1g1)

(47) A exp(g1h) + B exp(-g1h) = C exp(-g2h

(48) -k1g1(A exp(g1h) -B exp(-g1h)) k2g2C exp(-g2h)

dividing (48) by (47) we have

-k2g2 A exp(g1h) - B exp(-g1h)
(49) k1g1 Aexp(g1h) + B exp(-g1h)

or
-k2g2

(50) Aexp(g1h)-B exp(-g1h) k [A exp(g1h)+B exp(-g1h)J

hence
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k2g2 k2g2

(51) A(1 + k1g1 exp(g1h) = B(1 k1g1 exp(-g1h)

or finally
(l-k2g2/k1g1)

(52) A = B(l+kg/kg) exp(-2g1h)

here we define the reflection coefficient i as

(1-k2g2/k1g1)
(53) (i+k2g2/k1g1)

then (52) may be rewritten as

(54) A Bj.i. exp(-2g1h)

hence from (46) and (54)

(55) B-A = B{l-1j. exp(-2g1h)] = q/pk1g1

or

q(56) B pk1g1[l_ exp(-2g1h)i

qp. exp(-2g1h)
(57) A= pk1g1[l_i. exp(-2g1h)]

and therefore

q
exp(-g1z) + expjg1(z-2h)I

(58) l pk1g1 l- exp(-2g1h)



30

The factor [i_s exp(-2g1h)F' on the right hand side of (58) may

be developed into a series

q(59) T1 pk1g1 exp(_g1z)+.i. exp[g1(z-2h)]} { l+i. exp(-2g1h)

+ exp(-4g1h)+3exp(-6g1h)+ ...}

This may be simplified to

(60) T = q {exp(-g1z)+ exp{-+2I]+2exp[-g1(z+4h)]+...+
1 pkg

+ exp[g1(z-2h)] + 2exp{g1(z-4h)] + ...}

Now

(61) L'{ exp(-g1y)}2 2exp(-y / 4b1x)-y erfc 2b1xpg1

where the function defined in (61) may be redefined as

1 2(62) F(x,y) 2 exp(-y /4b1x)-y erfc 2b1x

= 2'jb1x ierfc 21x

hence
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(63) T1 { F(x, z) + F(x, z+Zh) + F(x, z+4h) + . . +
1

+ F(x, Zh-z) + 4h-z) + }

= { F(x, z) + {F(x, z+Znh) + F(x, Znh-z)J}

0 <z<h

which presents a sum over images.

Strip Source

Once the solution for the plane source is known, the strip

source solution for a strip of width L may be immediately written

down as in (39), (62), and (63).

(64) T1 = { F(x, z) nfF(X z+2nh) + F(x, 2nh-z)J

-F(x-L, z) + [F(x-L, z+2nh)+F(x-L, Znh-z)),

O<z<h, x>L

when x<L, then(63)mustbe used.
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Infinite Line Source

This case is also governed by the differential equations (43)

and the boundary conditions (45b) and (45c) together with

(65) Q -k dT1/ dz z0

These conditions give the same series (60) with the exception that

the factor 1/ p is not present. In this case we have

(66) L{ exp(-g1y)} = exp(-y2/4b1x) = f(x,y)J71x

The resulting series is then of the same form as (63)

(67) T1 {f(x, z) + [f(x, z+2nh) + f(x, Znh-z)}}

0<z<h.

Reflection Coefficient

as

The reflection coefficient as defined in (53) may be rewritten

k,.g. -k
(68) = k1g1 +k2g2

but g = Jp/ b., i 1, 2, so that
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j k/b - fk2/b2
(69) jk1/b1 + rk/b
also, b.a./u. and k. pca. such that b.k./pcu1, therefore

1 1 1 1

,J
p1c1k1u1 ,j p2c2k2u Z Z

(70) 2 12
p 1c1ku1 + ,,j

p c k u Z +12222 1 2

where Z '.ip cku is the characteristic impedance of the medium.

In the case of sea water it has been assumed that p 1c1 = p 2c2 so

that

- j k1u - j k2u
(71) -

J
k1u1 +

J
k2u2

andif

(72) =
--
-
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V. GRAPHICAL PRESENTATION

The following graphs are representative of the functions dis-

cussed in the previous sections and are meant to be a practical illus-

tration of the preceding theory. Use has been made of the experi-

mental data listed earlier in the plotting of these functions. The

vertical diffusivity value used here is 2 x l0 m2/sec for the case

of no layering and is used as the a1 value for the two layer case

(See Figures 3 and 4). For the two layer case a2 4 x 10 m /sec

and = 0. 382. Also, we have p = 1030 kg/m3 and

c = 4185 joules/kg°C. These functions were graphed separately for

current velocities of u = l0 rn/sec and u = io2 rn/sec. For

the two layer case the assumption was made that u1 = u2 (See

Figure 3). For each function and current strength two types of graphs

were made. The first of these plots the ratio of temperature to

source strength against horizontal distance for several fixed values of

the height, z, above the bottom. The second form of graph is a

plot of constant values of the temperature to source strength ratio

on an x, z graph.

These graphs were made to serve a twofold purpose. First,

they provide a quick means of comparing experimentally derived data
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with the models that have been developed. Secondly, they provide a

basis for making predictions concerning the possibility of experimental

observation of these types of anomalies.
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VI. EXPERIMENTAL OBSERVABILITY OF
TEMPERATURE MICROSTRUCTURE

It is now appropriate to discuss the precision of temperature

measurements. This is necessary in order that further discussion

of the anomaly patterns presented in Figures 5 to 28 may be related

to the observability of such temperature microstructures.

The two principal devices now in use for the measurement of

deep water temperatures are reversing type mercury thermometers

and thermistors. The reversing mercury thermometer may be read

to an accuracy of ± 0. 010 C. Most thermistors now in use are usually

calibrated to an accuracy of ± 0. 001 to ±0. 005°C. However, by

using extremely accurate calibration equipment, it should be possible

to increase this accuracy to ± 0.0001°C.

The next area of consideration is the actual measurability of

the types of temperature microstructures that have been plotted.

This may be considered in light of the three levels of precision

referredtoabove, thatis±0.01, ±0.001, and ±00001°C. For
purposes of calculation and discussion, it will be assumed that the

smallest measurable temperature value for each of the three degrees
-4 -3 -2of precision will be respectively 10 , 10 and 10 ° C. The

plotted distributions will be used to calculate the minimum source

strengths necessary to observe these temperatures for various
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distances from the source origin. This will provide the answer as

to what kinds of anomalies may be observed for the degrees of

measurement precision listed above. This is illustrated in the

following set of tables.

In Tables 1 to 4 it will be assumed that a = 2 x 10 m2/ sec,

h = 300 meters, L = 1O5 meters, and i = 0.382.

Table 1. Distributed Half Plane Source- - Unlayered Case
2q(watts/m

z(m) x(m) T104 102°C
u = 10 m/ sec

0 IO .0053 .053 .53

0 10 .00053 .0053 .053

300 10 .00077 .0077 .077

0 l0 .000053 .00053 .0053

300 1O7 ,000065 .00065 .0065

B. u 10 rn/sec

0 l0 .017 .17 1.7

0 10 .0017 017 17

100 10 .0028 .028 .28

0 .00017 .0017 .017

300 1O7 .00033 .0033 .033
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Table 2. Distributed Half Plane Source- - Two Layer Case
2q(watts/m

z(m) x(m) T104 1O 102 °C

A. u = 10 m/ sec

0 1O3 0053 053 53

0 10 .00053 .0053 .053

300 10 .0028 .028 .28

0 .000027 .00027 .0027

300 l0 .00003 .0003 .003

B. u = 10 m/ sec

0 .017 .17 1.7

0 10 .0017 .017 .17

100 10 .0028 .028 .28

0 .00011 .0011 .011

300 1O7 .00016 .0016 .016
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Table 3. Strip Source-.-Unlayered Case
2q(watts/m

z(m) x(m) T104 1O 102°C

A u 1O m/ sec

Q 2 x 1O5 .0013 .013 13

200 2 x 10 .0018 018 18

<200 106 .0034 .034 .34

<200 1O7 .015 .15 1.5

B. u 102m/sec

0 2 x 10 .0041 . 041 .41

100 2 x l0 . 01 . 1 1. 0

0 io6 .011 .11 1.1

100 106 .012 12 1.2

<200 .042 .42 4.2
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Table 4. Strip Source- - Two Layer Case

q(watts/ rn2)
z(rn) x(rn) T104 l0 iO3°C

A u = 10 rn/sec

0 2 x 10 .0013 .013 13

200 2 x 10 .0016 .016 16

<200 io6 .0023 .023 .23

<200 1O7 .0094 .094 .94

B. u = 102 rn/sec

0 2 x l0 . 0041 041 .41

200 2 x 1O5 012 12 1.2

0 io6 .011 .11 1.1

200 106
. 056 . 56 5. 6

<200 1O7 .031 .31 3.1
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For a practical discussion of anomalies and average heat flow,

it will be sufficient to discuss only the distributed and strip sources.

The distributed half plane source model with constant heat flow

is suitable for describing the case of average heat flow without

anomalies. This model may be used to describe the situation dis-

cussed by Knauss (1962) for the Pacific Deep Water that was related

earlier. It must be kept in mind that the distributed source model's

second layer (See Figure 3) was assumed to be of semi-infinite

extent. The fact that the ocean is of finite vertical extent means,

that at sufficiently large distances, that some error is introduced in

the results derived from this model. However, it may be calculated

by direct solution of the differential equation (See equation (32)) that

such error is unnoticeable for horizontal distances of less than

5 x lO meters. Therefore, since the graphical work does not give

consideration to distances greater than 1O7 meters, it is unnecessary

to have further concern for the finite thickness of layer 2. With

these considerations in mind, the distributed source model may then

be applied to the case of the Pacific Deep Water. This water mass

has its origin in the Antarctic circumpolar current and flows north-

ward with an average flow velocity of O 5 to 1. 0 x lO m/ sect

Most of this transport takes place in the western Pacific The over-

all distance this water mass travels is of the order of lO meters.

Using these facts and Figures 13 and 15, it is possible to calculate



the approximate change in temperature due to terrestrial heat flow

that should occurs Using this model for the unlayered case (Figure

13), a value of 0.11°C for z = 100 meters is the resultant tempera-

ture increases The two layer model (Figures 3 and 15) yields an

increase of 0.22°C for z = 100 meters. These calculations were

made by assuming the world average heat flow value of 0.06 watts/m

a current velocity of l0 m/ sec, all acting over a distance of 1O7

meters Knauss (1962) believed that about Q.2°C would be the

approximate temperature increase due to terrestrial heat flow for

this water mass after traveling this
distances The remainder of the

temperature increase was said to be due to diffusion with the waters

above. The above would suggest that the distributed source models

employed above are suitable to describe the type situation related

by Knauss, especially the two layer model. The effects ascribed to

this model may be observed for all three degrees of accuracy of

temperature measurement and for both current velocities that were

used in calculation

Positive heat flow anomalies range from just over the average

heat flow value of 0.06 watts/rn2 to 0.35 watts/rn2. Values greater

than 0. 2 watts/ m2 are usually found in areas of very limited

geographical extent.

In the case of a strip source, a limit of 0. 2 watts/ m2 may be

put on the strength of the heat flow used in calcu1ation Larger
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average values of the heat flow are not observed over such extensive

areas This will then mean that the anomaly range used in the calcu-

lations for this source will extend from 0 to 0. 15 watts/rn2 above

the average value of 0.06 watts/rn2. By use of this range it is

possible to look at the strip source and to note that for A in Tables 3

and 4 that the lowest level of precision of temperature measurement

(± 0.01°C) would not be adequate beyond 100 kilometers from the

edge of the strip, while all distances beyond the strip would be ade-

quate for measurement within the two increased degrees of precision.

In the situation denoted by B in Tables 3 and 4 the lowest level pre-

cision is unsuitable everywhere, while the next level (± 0. 001° C) is

adequate up to 900 kilometers from the strip. The third level

(± 0.0001°C) is adequate at all distances All of which indicates that

the strength of bottom currents plays a very important role in the

observability of the temperature effects of anomalous heat flow for

this type of source

Earlier, reference was made to the suggestion by Knauss (1962)

that the large temperature anomaly in the bottom waters of the south-

east Pacific might be due to the heat flow anomaly belt on the East

Pacific Rise. These anomalies have been said by Von Herzen and

Uyeda (1963) to be most likely due to near surface emplacement of

magmatic material in a long linear belt parallel to the crest of the

rise (See Figure 29). A tentative investigation of Knauss' hypothesis
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may be made by use of the strip source model (See equation (39)).

An order of magnitude calculation may be made to determine the

magnitude of the product au that is implied by Knauss' hypothesis.

(In (39) This yields the magnitude of this product

that will be necessary if the strip source model is to describe this

situation. The values of the parameters used in this calculation

are: T = 0. 2°C, q = 0. 1 watts/rn2, x = 1700 km, L 700 1cm,

p = 1030 kg/rn3, c 4185 joules/kg0C, and z = 300 meters. This

results in an azu value of 10 rn3/ sec2 If a is cI the order

of lO m2/ sec, then u must be of the order of l0 rn/ sec

This u value represents the steady time average current that is

implied by Knauss' hypothesis. While this value of u is low, it is

not an impossibly low value.



70

VII. SUMMARY AND CONCLUSIONS

Mathematical models of terrestrial heat flow anomalies have

been developed for the point source, the infinite line source, the

distributed half plane source, and the strip sources These models

were developed to cover the cases of a uniform diffusivity and of a

layered diffusivity structure. These models were then presented in

a graphical form for ease of comparison of mathematical model and

experimental observation. In addition, the graphical presentation

made possible the prediction of the conditions necessary for the

experimental observation of the effects of the anomaly models that

were derived mathematically. The material in this last section and

in the graphs underscores the fact that the bottom currents play a

very important role in the formation of a temperature microstructure.

Such currents influence both the geographical extent and the observa-

bility of such a temperature microstructure due to the above mo dels
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