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The capacity expansion investment decisions on the provision 

of municipal sewerage are the central aspects of this analysis. 

The purpose is to present a methodology, utilizing a dynamic demand 

and supply model of sewerage, for recommending a set of values for 

the investment and pricing decision variables.  The outcome of the 

investment decisions is an economically efficient time sequence of 

capacity expansions.  The pricing decisions involves a departure 

from an economically efficient set of user charges, i.e. from marginal 

cost pricing. 

The model consists of a cost function, i.e. amount of capacity 

and variable operating factors used per period times price; a set of 

production process equations transforming influent to effluent water 

quality standards; and a set of factors affecting influent, cost, and 



production.  The factors taken into consideration are:  Economies of 

size in capacity expansion costs, technological change, inflation, 

deterioration of capacity and economic life of capacity, discounting 

to present value, time horizon of model, changes in effluent water 

quality standards, and changes in the flow of influent due to an 

increase in users, price elasticity of the flow of influent and 

changes in water consumptive habits, formation of substitutes through 

technological change, as well as rainstorm drainage and infiltration. 

It is the investment decisions on timing of capacity expansions 

and mix of capacity types in each expansion which are of concern. 

These investment decisions must be considered simultaneously with 

those on economic amortization of capacity expansion costs and econ- 

omic life of capacity, as well as use of, variable operating factors 

in the production process.  Furthermore consideration for pricing in 

terms of user charges is given. 

By simultaneously solving a set of necessary marginal conditions 

associated with the investment decision variables and use of variable 

operating factors, the timing of capacity expansions and mix of 

capacity types in each expansion may be derived.  With the existence 

of several capacity types, several variable operating factors, numer- 

ous feasible times for a capacity expansion, and a set of complex 

equations representing the production process; the use of a simula- 

tion analysis is imperative.  Formulation of a simulation model,    , 

should be on the basis of the equations developed in this analysis. 

Though the values of the decision variables resulting from a Simula- 



tion analysis may not be optimal, i.e. minimize present value cost 

subject to a production output constraint, the present value cost 

for a set of feasible time sequence of capacity expansions may be 

compared under various influent, cost, and production conditions. 
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DYNAMIC INVESTMENT AND PRICING DECISIONS 
FOR MUNICIPAL SEWERAGE 

INTRODUCTION 

Statement of Problem 

Increasing strictness of water quality standards, growth and 

sprawl of urban population, as well as unpredictable inflation have 

created a predicament for municipalities in the provision of sewer- 

age.  These phenomena are requiring the construction of new sewage 

treatment plants (STP) and the expansion or renovation of existing 

facilities in an unprecedented manner. 

The leading issues confronting a municipality on expansion of 

a STP are: 

1) Type, amount, and timing of capacity expansions; 

2) Amortization of capacity expansion costs; and 

3) Formulation of user charges; i.e. pricing of sewerage 

Decisions on these issues, i.e. investment and pricing decisions, 

are to be made by a municipality in coordination with local land use 

plans and federal grant programs.  Public provision of sewerage in a 

municipality is essential due to market failures, externalities, in 

its supply by the private market system.  An externality exists in the 

potential health hazard from the improper disposal of sewage, and 

hence, the necessity for all members of a community to properly dis- 

pose their sewage.  The absence of viable substitutes for a central- 

ized STP of an urbanized region necessitates the use of a centralized 

public STP.  Of course if substitutes for a centralized public STP 
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are or become available through technological innovation, this situa- 

tion may be different. 

The timing of capacity expansions and the amount of capacity in 

each expansion are interdependent investment decisions.  The amount of 

capacity in an expansion depends on the expected time of the next 

expansion and the change in influent, cost, and production conditions 

within the time interval between expansions.  Standard engineering 

practice is to plan a capacity expansion with an arbitrarily chosen 

time interval between capacity expansions (Rachford, 1969; Berthouex 

and Polkowski, 1970; and Chi, 1972, p319).  For reasons to be dis- 

cussed this is not the best procedure available.  A more appropriate 

procedure is a 'dynamic investment plan' where the timing of capacity 

expansions is solved simultaneously with the amount of capacity in 

each expansion (Marglin, 1963)- 

It is not just the amount of capacity in an expansion which is 

of interest, but the mix of capacity types as well.  The same level of 

effluent water quality may be attained with a number of combinations 

of capacity types.  For example, there is a substitution relationship 

between the main treatment system, an overflow treatment system, and 

improvements on the worn out, obsolescent portions of the collection 

system.  The mix of capacity types in a capacity expansion and the 

timing of capacity expansions form the capacity expansion investment 

decisions. , 

Amortization of capacity expansion costs and formulation of user 

charges are subordinate issues to the capacity expansion investment 

decisions.  Even though there is an interdependence among the three 
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issues, the decisions on the amortization of capacity expansion costs 

and formulation of user charges are made after the capacity expansion 

investment decisions.  Capacity expansion costs which are not sub- 

sidized by federal grants requires the municipality to sell municipal 

bonds.  This leads to the difficulty of specifying the amortization 

scheme of municipal bonds used for pricing decisions and its relation- 

ship to the rate of depreciation of capacity expansion costs used 

for investment decisions.  The relationship, if any exists, is an 

aspect of the controversy surrounding the concept of amortization.' 

A clarification of the amortization concept in this analysis is 

essential due to its use in both investment and pricing decisions. 

It is only after an economically efficient time sequence of 

capacity expansions has been determined that the user charges may 

be specified.  If the capacity expansion cost to be recouped by the 

user charges is not the result of a minimum present value cost time 

sequence of capacity expansions then the user charges will be in- 

efficient, as a result of there being more cost to recoup than is 

necessary.  The distribution of capacity expansion costs among time 

periods and the distribution of total annual costs among users and 

new users in a time period are the essential aspects of the pricing 

issue.  If there is a price elastic flow of influent it should be 

taken into consideration in the investment decisions.  This is done 

through the equation representing the change in flow of influent 

over time. 



Purpose, Objectives, and Policy Tools 

This is a normative analysis which has the purpose of recommend- 

ing to the municipal planner a course of action which can be expected 

to serve its objectives better than any alternative actions.  Any 

policy conclusion necessarily rests on the development of a theory 

or hypothesis that yields valid and meaningful predictions about the 

consequences of one course of action as compared to another.  A theory 

is a conceptual world or abstract model simpler than the real world 

and containing only the factors that the theory asserts to be import- 

ant.  "It is an analytical simile" (Georgescu-Roegen, 1971, p332; 

Friedman, 1953 p2k,   57; Koopmans, 1957, pi 3*0 • 

The model presented below is to be used by a municipal planner 

for recommending a set of values for investment and pricing decisions 

on the provision of sewerage.  It is not intended for the model to 

replace a detailed engineering analysis of a STP, but to be used by 

the engineering firm in conjunction with the detailed analysis. 

The model is a dynamic demand and supply model of sewerage, 

referred to as the capacity expansion investment model.  It allows 

the investment decisions on the timing of capacity expansions and mix 

of capacity types in a capacity expansion to be made simultaneously. 

Furthermore it takes into consideration economic amortized cost of 

capacity, i.e. cost per period of capacity, economic life of capacity, 

use of variable operating factors, and pricing.  The components of 

the model are a cost function, a set of production process equations, 

and a set of factors affecting influent, cost, and production condi- 
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tions of the STP. 

It is the municipal planner who has the authority and responsi- 

bility to establish the investment and pricing plans for municipal 

sewerage.  For this analysis the objectives of the municipal planner, 

and, hence the model, is an economically efficient time sequence of 

capacity expansions and a departure from an economically efficient 

set of user charges. With the STP effluent water quality standards 

determined by state and federal government and not controlled by 

the municipality, the objective for the investment decisions is a 

minimum present value cost time sequence of capacity expansions 

subject to the effluent water quality standards being met at all 

times.  In other words, minimize present value cost subject to a 

production output constraint. 

An economically efficient procing scheme requires charging a 

user on the basis of the cost of receiving benefits from sewerage. 

Each user should pay an amount equal to the total cost of supplying 

it with sewerage.  With the existence of an annual budget constraint, 

decreasing average cost for a capacity expansion, and common cost 

it is necessary to charge a user more than the change in cost as a 

result of a change in the flow of influent from the user.  In other 

words it is necessary to depart from marginal cost pricing. 

The decision variables available in the model are: 

1) Timing of capacity expansions; ' 

2) Mix of capacity types in each expansion; 

3) Use of variable operating factors; 



k)       Amortization scheme and economic life of capacity; and 

5)  A set of user charges consisting of a connection charge, 
variable monthly charge, and constant monthly charge. 

Through the appropriate choice of values for the decision 

variables, the constrained cost criterion of the model may be mini- 

mized, resulting in an economically efficient time sequence of 

capacity expansions.  The purpose of this analysis is to recommend 

an appropriate set of values for the decision variables. 

Procedure 

The purpose of this analysis is to present a methodology, util- 

izing a dynamic demand and supply model of sewerage, for recommending 

a set of values for the decision variables which minimize the con- 

strained cost criterion of the capacity expansion investment model. 

The analysis proceeds in Chapter II by first stressing the need 

to consider the timing of capacity expansions as an investment deci- 

sion variable.  Following this, a review of a portion of the litera- 

ture on investment therory for capacity expansions is made.  The 

chapter than turns to a development of a capacity expansion invest- 

ment model.  This begins with a discussion on the components of the 

model, which includes the cost function, production process equations, 

and a set of factors affecting influent, cost, and production. 

Following this, the necessary conditions for an efficient mix of 

capacity types in one capacity expansion are derived through an 

analysis of the marginal rate of technical substitution between 

capacity types and variable operating factors.  It is then necessary 
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to bring into consideration the timing of capacity expansions, since 

the amount of each capacity type in an expansion depends on the 

expected time of the following capacity expansion. 

After formulating the capacity expansion investment model, a 

set of necessary conditions are derived for a constrained cost mini- 

mizing time sequence of capacity expansions.  Assuming two capacity 

expansions, a Cobb-Douglas production function with one capacity type 

and one variable operating factor, a simultaneous solution for the 

investment decisions on the amount of capacity in the first expansion 

and timing of the second expansion is developed.  A simulation 

analysis is necessary if a more complex situation is to be analyzed. 

The interdependence between the capacity expansion investment 

decisions, the amortization scheme of capacity expansion costs and 

the economic life of capacity, as brought out at the end of the 

second chapter, is developed further in Chapter III.  Following a 

short discussion of federal grants the concepts of depreciation and 

amortization are defined and analyzed so they may be included in the 

capacity expansion investment decisions. 

It is noted in Chapter III  that amortization takes on several 

practical connotations.  Where Chapter III  develops one useful for 

investment decisions, Chapter IV requires an amortization scheme 

useful for pricing decisions.  The formulation of user charges is 

the topic of Chapter IV.  After a general discussion of the distri- 

bution of costs amont users, an example is worked out using informa- 

tion from the Corvallis municipality.  The results are compared with 

those recently implemented, as discussed in Andrews (1976) and 
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Vars (1976). 

The final chapter provides a summary of results and suggestions 

for further research. 

It should be noted that specific results are not obtained for 

the capacity expansion investment decisions.  The reason is the 

unavailability of the production process equations for a STP.  This 

leaves the development of an operational simulation model for further 

research.  For a summary of the essential features in the capacity 

expansion investment model see Figure One. 
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II.  DYNAMIC INVESTMENT PLAN 

The planner for a municipal sewage treatment plant (STP) is 

confronted with the need to expand capacity immediately.  Though the 

investment is to be completed at the current point in time, it is 

imperative to take future expected influent, cost, and production 

conditions into account.  The amount of each capacity type to be 

expanded at the current point in time depends on the expected time 

for the next expansion and the expected change in conditions between 

expansions.  By determining an efficient time sequence of capacity 

expansions, an efficient current expansion may be specified. 

It is the objective of this chapter to formulate a model to be 

used by a municipal planner of sewerage for deciding upon an efficient 

time sequence of capacity expansions.  The useful result of the most 

efficient sequence is the amount of each capacity type to be expanded 

at the current point in time.  It is most likely that future capacity 

expansions of the most efficient sequence will need revision due to 

changes in the influent, cost, and/or production conditions not 

considered in the model but which actually occur as the time for the 

2 
next expansion is approached.  The model must be revised and applied 

1. Efficiency in context of investment decisions implies economic- 
ally eff i ci ent. 

2. It would be a mistake to conclude that the optimal time sequence 
of capacity expansions is the one which the municipal planner wi,ll 
actually follow.  The difficulty arises because it is only known 
that this is the sequence that should initially be followed.  It 
is the best investment plan at t=0.  At a later date t>0, the de- 
cision maker may reconsider the plan (Strotz, 1965, pl70; Turvey, 

1971, P53). 
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again to reflect this new information in planning the future 

expans ions. 

The model should be employed at a point in time, the present 

date, when an investment decision is to be made.  This will actually 

be prior to the expansion since there is a delay between the decision 

and the completion of the capacity expansion.  Discussion in this 

analysis will be in context of the first capacity expansion being 

completed at a specified current point in time.  Furthermore, there 

will be no delay between the decision and the completion of the 

capacity expansion. The absence of a delay may be corrected in an 

operational model as with the assumption of the first completion date 

being given. 

In outline, this chapter will proceed by first emphasizing the 

need for the timing of capacity expansions to be an investment 

decision variable.  A review of literature on investments for capacity 

expansions will be next.  Following this, it is necessary to define 

the cost function, production process constraint, as well as discuss 

a set of factors affecting the influent, cost, and production condi- 

tions over time.  This leads into the fifth section where the capacity 

expansion investment model is formulated and a set of necessary con- 

ditions for an efficient time sequence of capacity expansions are 

der i ved . 

Time Sequence of Capacity Expansions - An Investment Decision Variable 

The type, amount, and timing of capacity expansions is a leading 

issue facing the municipal planner of sewerage.  It is a problem of 
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dynamic investment planning where a decision variable is the timing 

of capacity expansions.  The mix of capacity types, particularly 

those which are substitutes such as the overflow treatment system 

and the main treatment system, also requires an investment decision. 

By making the decision on the timing of capacity expansions and the 

mix of capacity types simultaneously, the amount of each capacity type 

3 
to be expanded at each expansion may be specified. 

Allowing the timing of capacity expansions to be a decision 

variable is unlike a conventional static investment plan, for the 

latter only takes time into account by considering an investment 

alternative's costs and benefits over a specified time horizon 

(Marglin, 1963, p38, ftn.3)-  The static investment plan does not 

attempt to consider the time sequence of capacity expansions as a 

decision variable.  The possibility that the economic merit of an 

investment alternative can be improved by altering the time sequence 

3-   The amortization scheme and user charges, are treated as an 
integral aspect of the investment decisions.  The magnitude 
of the annual amortized cost and user charges varies with the 
investment decisions as well as influences them, but the 
formulas for calculating amortization and user charges are 
invariant.  For their specification and influence on the invest- 
ment decisions, see Chapters III and IV.  Note the amortization 
scheme involves two investment decisions, amortized cost and 
economic life of capacity. 

k.        An investment alternative is a program or set of interrelated 
projects, i.e. a time sequence of capacity expansions.  When 
an investment alternative is comprised of a time sequence of 
capacity expansions, it is imperative to consider the different' 
possible timing of expansions as different alternatives. 
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of capacity expansions is not considered.  For this reason, static 

investment decisions may allocate scarce resources and a limited 

budget inefficiently. 

To exemplify the inefficiency of static investment decisions, 

consider two sequences of capacity expansions as investment alter- 

natives.  Each with an expansion at the current point in time t(0); 

while the first sequence has its second expansion at t(l), the second 

sequence has its second expansion at t(2).  A static investment 

decision, the standard engineering practice, only considers one time 

interval between capacity expansions, say (t(l) - t(0)), (Rachford, 

et al., 1969; Berthouex and Polkowski, 1970; and*Chi, 1972, p319). 

If present value cost of the STP with the second sequence of capacity 

expansions is less than present value cost with the first sequence, 

given that the STP effluent water quality standards are met in both 

situations, then the first sequence is inefficient;  and hence, 

postponement of the second capacity expansion to t(2) reduces present 

value cost of the STP. 

Postponement of the capacity expansion is more efficient if the 

first period amortized cost of the capacity expansion at t(l) is 

larger than the reduction in variable operating cost due to the 

capacity expansion, i.e. the variable operating cost at t(l) without 

the capacity expansion less the variable operating cost with the new 

capacity in addition to the existing capacity (Smith, 1961, p296; 

Turvey, 1971, p69: Turvey, 1969, p291)-  As pointed out by Turvey 

(1969) this rule for an efficient time for a capacity expansion is 

equivalent to minimizing present value cost.  The relationship will 
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be more thoroughly developed below. 

An efficient solution to the investment decisions is to choose 

the time sequence of capacity expansions which minimize present value 

cost of the STP, subject to the constraint that the STP effluent 

water quality meet the standards.  Profits are not maximized since 

the means of production are publicly owned. 

Maximization of utility would be a viable criterion if the STP 

effluent water quality were a decision variable.  Since the standards, 

which are to be attained, are determined by state and federal govern- 

ment and for all practical purposes given to the municipal planner, 

minimizing cost subject to the water quality constraint is used as 

the criterion.  There is a hierarchy of decisions for the provision 

of sewerage.   The state and federal governments specify the effluent 

water quality standards, whereas the municipality determines the 

least cost technique of attaining the standards. 

Review of Literature 

The literature on investment theory for capacity expansions is 

voluminous, though much of it is limited in its applicability due to 

restrictive assumptions.  Two strands of literature are prevalent for 

which a synthesis is needed. 

One approach stems from the Chenery (1952)-Manne (1961)- 

Srinivason (1967) model of investment in capacity expansions.  It   , 

proceeds by assigning an exponential or linear growth in demand for 

a firm's product, a constant discount rate equal to the opportunity 

cost of capital, and an economies of size factor for capacity costs. 
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With an infinite time horizon, these factors interact to result in 

an efficient, minimum present value cost, constant time interval 

between capacity expansions.  From this calculated interval the 

amount of capacity in each expansion may be determined. 

Basically, the optimal capacity expansion equates the savings 

from the decreased per unit cost of treatment resulting from economies 

of size to the opportunity cost of capital investment in larger than 

necessary plant (Berthouex and Polkowski, 1970).  The larger the 

opportunity cost of capital for a given economies of size factor, the 

smaller will be the efficient capacity expansion.  Extensions of the 

model allow consideration for inflation, technological change and 

deterioration (Snow, 1975); uncertainty in demand (Berthouex and 

Polkowski, 1970); as well as a noninfinite penalty cost for exceeding 

capacity (Chi, 1972). 

There are two limiting aspects of this approach.  First, the 

time interval between capacity expansions is constant.  Second, a 

statistical cost function relating cost of output to amount of 

capacity in aggregate form is used.  Statistical cost functions for 

each capacity type are available but they, as well as the aggregate 

cost function, do not allow quantitative analysis of the possibility 

of substituting one factor for another. 

To correct for the constant time interval between capacity 

expansions, a dynamic programming approach has been taken by Riordan 

5-   See Appendix 1 for a formulation of the capacity expansion 
investment model as presented in Snow (1975)- 
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(1971) in a water supply model.  This model allows the installation 

of new capacity at any of N possible points in time within a specified 

time horizon.  In this approach, the timing of capacity expansions 

is solved simultaneously with the amount to be expanded. 

A similar approach is taken by Smith (1961) and is followed 

in this analysis.  There are several differences in the approach 

taken by Smith (1961) as compared with Riordan (1971).  First, Smith's 

approach is not specifically developed for solution with a dynamic 

programming algorithm, but is more attuned to a simulation approach 

where the outcome of various situations may be compared.  Second, it 

avoids the use of statistical cost functions as used by Riordan. 

Third, Smith minimizes cost subject to an output constraint rather 

than maximize utility. 

To overcome the limitation of an aggregate statistical cost 

function, a production process analysis may be used as in Smith 

(1961).  This comprises the second strand of literature.  A process 

analysis puts emphasis on describing the production process of the 

STP from engineering data.  Through an assumed optimization behavior, 

i.e. minimizing cost subject to an output constraint, the cost- 

output relationship for the STP may be derived (Griffen, 1972; 

Smith, 1961 ; Chenery, 19^9 and 1953).  From the derived cost-output 

relationship the marginal rate of technical substitution between 

inputs may be quantitatively studied in the model, allowing an 

efficient mix of capacity types in a capacity expansion to be speci- 

fied. 
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A synthesis of the literature on investment theory for capacity 

expansions determines the timing of capacity expansions, from any of 

N possible times within the time horizon, simultaneously with the mix 

of capacity types.  Furthermore, the synthesis relies on a production 

process analysis rather than a statistical cost function.  This allows 

an efficient, minimum present value constrained cost, time sequence 

of capacity expansions to be determined, and hence, an amount of each 

capacity type in each capacity expansion. 

Components of a Dynamic Investment Model 

The dynamic capacity expansion investment model consists of a 

cost function which is to be minimized subject to a production-output 

constraint.  The constraint consists of a set of production process 

equations portraying the actual production process of the STP, and an 

output constraint in that the STP effluent must be better than or 

equal to the STP effluent water quality standards.  In this analysis 

it is assumed that the output always equals the constraint.  This 

section provides a general discussion of the cost function, production 

process, and a set of factors affecting influent, cost, and production 

cond i t ions. 

Cost Function 

The cost function consists of price per unit input times the 

amount of each input in the production process.  There are more in- 

puts to the production process than are of concern to the investment 

decision, and hence, cost function.  Inputs pertinent to cost calcu- 
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lations for the investment decisions are variable operating factors 

and capacity types.  Other inputs are fixed noncapital factors which 

are assumed invariant to the investment decision and STP influent 

which is not purchased but transformed by the production process. 

For the variable operating factors, the cost per period is 

readily calculated by multiplying the amount used per period with the 

price.  The variable operating factors include chemicals, energy, 

maintenance, and labor for operation of STP. 

There are two approaches for including the cost of capacity in 

the cost funtion.  One approach takes the total cost of a capacity 

expansion and incorporates it into the cost function at the time of 

the expansion.  The other approach calculates the cost per period of 

capacity as economic amortized cost.  This requires an analysis of 

the decrease in value of capacity per period and the economic life 

of capacity, as discussed in Chapter 111.  It results in a price per 

period of capacity being equal to economic amortized cost divided 

by the amount of capacity available.  The appropriate choice for 

including the cost of capacity in the cost function is not apparent, 

so the analysis will proceed as if either will be used.  Capacity 

types include the collection system, overflow treatment system and 

main treatment system which includes primary treatment, secondary 

treatment, i.e. trickling fi1ter and activated sludge, secondary 

sedimentation, tertiary treatment, and sludge treatment and disposal. 

Production Process 

The production function of the STP is a combination of the pro- 
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duction process equations of the capacity types in a description of 

the "physical, chemical, and biological relationships governing the 

operation of waste water treatment processes" (Smith, 1969)-  The 

equations expressing the STP production process are equality con- 

straints on the design variables; i.e. physical dimensions of inputs 

such as capacity types, variable operating factors, and flow of 

inf1uent. 

For each capacity type, it is necessary to determine a set of 

equations describing its production process, i.e. transformation of 

influent to effluent for the capacity type.  These equations are to 

be combined, allowing for interdependence between capacity types, 

into a production function of the STP.  A description of the pro- 

duction process for primary treatment, trickling filter, and activated 

sludge may be found in Smith (1969), Chen, Fan, and Erickson (1972), 

and Berthouex (1975).  As Smith (1969, pll7) points out, "the 

techniques for calculating the performance of groups of processes 

working together are limited." This is the main obstacle to be over- 

come before the use of production process equations may replace the 

use of statistical cost functions.  This is a desirable property 

of a capacity expansion model in that it allows the efficient mix of 

capacity types to be quantitatively determined simultaneously with 

the timing of capacity expansions. 

A STP proeuction process is depcited in Figure 2 where Q(J,t) 

is the amount of capacity type J available at time t.  The terms 

z(k,m,t) for K=l , 2,..., 11 are intermediate flows of sewage, i.e. 

from one capacity type to another, with characteristic m; i.e. volume 
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of flow, BOD content, and SS content.   For K=12, 13 the term 

Z(K,m,t) represents the STP effluent; and for K=lit, it is sludge for 

reuse or disposal.  The term x(m,t) is the flow of influent from users, 

rainstorm draingage, and infiltration; with the m characteristics 

of influent flow. 

A systematic analysis of a STP production process is not readily 

available in the literature, though some work has been conducted on 

the situation where capacity type k,   5,   and 6 (as in Figure 2) are 

interrelated (Morsden, Pingry, and Whinston, 1972).  The inaccessi- 

bility of information on the STP production process prevents this 

analysis from being applied, though the theoretical economic analysis 

will be carried through. 

Factors Affecting Influent Cost and Production 

There are a set of factors which affect the influent, cost, and 

production conditions of the STP over time.  It is of interest to 

include these factors in the model equations so their expected effect 

may be accounted for in the investment decisions.  The factors include: 

1) Economies of size in capacity expansion costs; 

2) Technological change; 

3) Inflation; 

k)        Deterioration of capacity; 

5)   Discounting to present value; 

6.   BOD:  Biochemical oxygen demand 
SS:  Suspended solids 
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Figure 2:  Flow Chart of Sewage Treatment Plant 
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6) Time horizon; 

7) Taxation; 

8) Changes in STP effluent water quality standards; and 

9) Changes in flow of influent due to an increase in users, 
price incentives and consumptive habits, availability 
of substitutes, and rainstorm drainage and infiltration. 

A short discussion of each will be given. 

1)  Each capacity type has its own relation between cost and 

amount of capacity (VanNote, et. al., 1975; Monti and Silberman, 

197^; Peterson and Banker, 1971; and Smith, 1968).  A common feature 

among the capacity types is the existence of decreasing average cost, 

i.e. economies of size.  The price (R ) of capacity type J decreases 
J 

at a diminishing rate for larger amounts of capacity.  Economies of 

size combined with indivisibilities in capacity expansions and expected 

increase in the flow of influent results in excess capacity at each 

expansion to be efficient.  This excess capacity is diminished until 

the flow of influent to capacity relation requires an additonal 

capacity expansion. 

Decreasing average cost implies that the price of capacity pur- 

chased is a decreasing function of the amount purchased.  This has 

an effect on the derivation of the necessary conditions for an 

efficient mix of capacity types.  For instance, assume a simplified 

7.   Though common usage has it economies of scale it is actually   t 

economies of size which is of concern.  The distinction being 
that economies of scale is in reference to the same proportional 
change in all inputs, whereas economies of size is in reference 
to a change in one or several inputs (Heady, 1952, p3it9) • 
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constrained cost criterion with two capacity types as inputs Q. and 

Q2, X as the influent, Z as the STP effluent, and F as the production 

funct ion. 

V=R][(i]] Q1+R2[Q2] Q2+ X(Z-F[XJ(1],Q2]) 

Taking the partial derivative of V with respect to Q 
J 

Notice that: 

E  is the price flexibility of supply for input Q.  .      It is negative 
J J 

with decreasing average cost and larger than minus one (Carlson, 

1956, p31).  The term reflects the economies of size for capacity 

type J.  With a diminishing decrease in average cost, the price 

flexibility of supply for Q is a function of Q and eventually becomes 

zero.  The marginal rate of technical substitution is a function of 

E , and hence, it should be taken into consideration when determining 

the efficient mix of capacity types. 

2)  Technological change is a difficult factor to predict, and 

hence, represent in the model.  There is a decrease in the per unit 

capacity cost and/or per unit variable operating cost for the new 

vintages of capacity, i.e. embodied technological change.  This has 

two influences on the investment decisions: 

a)  It results in the cost of expanding capacity at the present, 

as opposed to postponing the expansion, to be larger due to the sacri- 
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fice of future improved technology.  Given expectations on future 

technological change, there is an incentive to postpone capacity 

expansions (Smith, 1961, pl^S); and 

b)  It results in the shortening of economic life of capacity, 

i.e. technological obsolescence, due to the existence of less costly 

capacity.  This acts as an incentive to expand capacity now rather than 

postpone.  These two influences oppose each other; but note that the 

first is the result of future expectations; whereas, the latter is the 

result of the current technological change. 

Technological change may be incorporated into the model by having 

the price of the capacity types and variable operating factors a 

function of time.  This calls for a specific influence on the prices 

to be given.  "It appears that the cost of building a particular type 

of plant has been reduced by about 2%  to 3%  per year.  These cost 

reductions have occurred through modest changes in design and operation" 

as opposed to technological breakthrough (Berthouex and Polkowski, 

1970, pi 193; Bowes and Bromley, 1975, p65)•  Furthermore, technolog- 

ical change in the area of advanced treatment appear to be imminent 

through innovation instigated by the heightened emphasis on water 

quali ty. 

3)  Inflation is also a difficult factor to predict, where an 

unexpected rise in inflation causes the actual construction cost to 

exceed the planned, expected cost.  There are indexes useful in repre- 

senting the trends of past inflation which may be used to predict 

an expected future trend, but any prediction is tentative. 

The index to use depends on the cost component of concern and 
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may vary according to the region, spatial location of the STP.  Two 

indexes used for construction cost or capacity expansions are: 

a) Engineering News Record construction cost index (ENR).  This 

is used by Monti and Silberman (197*0; another is: 

b) National average waste water treatment plant cost index 

which is used by VanNote, et. al. (1975)- 

For a comparison of these and other indexes, see Berthouex and 

Polkowski (1970). 

The effect of inflation is similar to that of technological 

change, but in the opposite direction.  These two factors have 

opposing effects.  Given current inflationary conditions and expecta- 

tions on future technological change, there is an incentive to post- 

pone expansion for a future date.  In the circumstance of expectations 

of future inflation dominating technological change, there is an 

incentive to expand capacity now.  The inflationary effect may be 

incorporated into the analysis by having price be a function of time, 

as with technological change. 

k)     Capacity deteriorates through usage or aging (Feldstein and 

Rothschild, 197*0.  Deterioration is a decrease in the productivity 

of the existing capacity, where the rate of decrease may be partially 

controlled through maintenance expenditures.  The larger the rate of 

deterioration, the shorter is the economic life of capacity which 

influences the capacity expansion investment decision, as will be 
4 

brought out in the next section and discussed further in Chapter III. 

In the capacity expansion investment literature, it is often 

assumed that there is no deterioration, and hence, an infinite econ- 
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omic life of capacity (Snow, 1975)-  In this analysis the expansion of 

capacity and replacement of capacity are treated as two interdependent 

investment decisions.  Where Chapter II is concerned with the expan- 

sion of capacity, Chapter III is partially concerned with the economic 

life of capacity, and hence, the replacement of capacity.  The rate 

of deterioration may be specified by the productive life of capacity 

and the proportion of capacity expansion cost distributed among the 

time periods of productive life in accordance to the utilization of 

capacity and intensity of utilization, i.e. flow of influent to 

hydraulic capacity ratio. 

5)  Converting future cost to present value is discounting.  To 

reduce the problem of finding a time path of capacity expansions to 

finding the present value cost, it is necessary to convert costs in 

different time periods to a comparable basis so they may be added. 

This is the purpose of discounting future costs to present value. 

"Future costs only enter into the present value of the [investment] 

plan at their discounted values," where it is the present value cost 

of the investment plans which is to be used to distinguish the optimal 

plan (Hicks, 1946, pl97). 

One justification for a chosen discount rate is "the existence 

of the opportunity to invest now and to secure a return on this in- 

vestment in year n. A dollar spent in year n should have a value of 

l/(l+r ) " where r  is the rate of return on the investment 
n n 

(Herfindahl and Kneese, 197^, p71)- This would call for a discount 

rate equal to the effective interest rate paid to the financiers of 

the capacity expansions. 
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A discount rate other than the above, which may be the above rate 

adjusted, is justifiable on the basis that the municipal decision 

maker and constituency have a "social time preference" other than that 

represented by the rate of return on the bonds (Prest and Turvey, 

1965)-  This adjustment is Bohm-Bawerk's "perspective shortening" 

which is the change in the value of cost in year n "as it appears 

when visualized from the present" (Frisch, 1964, p4l9)- 

Notice that the larger the rate of return on general obligation 

bonds and/or the larger the perspective shortening, the smaller will 

be the present value of future cost.  An increase in the discount 

rate will result in the shifting of capacity expansion cost towards 

the future, and hence, capacity expansions will be smaller but 

o 
closer together (Snow, 1975, p631; Marglin, 1963, p32). 

It is common for the discount rate to be equivalent to the 

interest rate on municipal bonds and for this to be constant over the 

time horizon.  As long as the social time preference of the community 

is adequately expressed by the interest rate, the first assumption is 

appropriate.  In this analysis the assumptions will be used; but for 

an operational model, the two rates may differ and need not be 

constant. 

In terms of Wantrup (1968, p98), an increase in the discount rate 
means a progressive decrease in the present value of future cost. 
The result will be an attempt by planning agents to change the 
time distribution of investment costs in the direction of the  ' 
future.  With the time distribution of revenue given and un- 
effected by the discount rate, an increase in the discount rate 
results in a policy of resource depletion.  Similarly, see 
Hicks (1946, p2l6). 
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6) The time horizon determines the number of time periods over 

which the constrained cost criterion is to be minimized. The choice 

has intertemporal equity implications in that any cost and use after 

the terminal date will not be considered. 

Essentially there is a need for two terminal dates, one for the 

last investment decision and another for the use of the last capacity 

expansion.  With a given economic life of capacity, the latter ter- 

minal date is specified by the chosen terminal date for which a capa- 

city expansion may be considered.  The need for the second terminal 

date is that the decision on the amount, type and timing of a capacity 

expansion depends on the value of marginal product of capacity 

accumulated over its economic life. 

The discount rate is the major consideration in choosing the 

terminal date for a capacity expansion investment decision.  Since 

it progressively diminishes the present value of future costs, it is 

possible to choose the terminal dates according to the allowable 

amount of error from not considering discounted cost beyond the 

second terminal date.  The assumption of an infinite time horizon 

"may be interpreted essentially as for 30 years or 40 years, as the 

present value of investments made that far into the future is small" 

(Berthouex and Polkowski, 1970, pi 197)• 

7) Taxastion is an important factor in the decision on the 

timing of capacity expansions for firms in the private market 

(Feldstein and Rothschild, 197^)■  It affects the net return on 

capital expenditures, and hence, the profitability of investments 

as well as the economic life of capital.  Since a public utility, 
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as in a municipal STP, is not taxed, this factor may be left out. 

8) The STP effluent water quality standards are determined by 

state and federal government for which the municipality must abide 

by or be penalized.  They influence the cost function by being a 

constraint on the STP effluent water quality, i.e. a constraint on 

the output of the STP production process. 

The standards in effect state that the maximum monthly average 

amount of BOD and SS allowed to enter the natural waterway are 3,760 

lbs/day and 2,200 lbs/day respectively.   Combined with this, EPA 

requires at least 85% removal of BOD and SS whereas DEQwill allow a 

maximum monthly average strength of BOD and SS of 20 mg/L to enter 

o 
the natural waterway.  These standards are in effect until 1980 

(±3 years) at which time DEQ plans to require a maximum monthly 

average strength of 10 mg/L and EPA plans to require the best avail- 

able treatment as yet undefined (Brown and Coldwell, 1973). 

9) The STP influent is not to be considered as demand but as an 

input to the STP production process even though it is controlled by 

the members of the community-region, and not the STP.  The influent 

is comprised of a set of characteristics such as volume flow of 

influent, BOD, and SS.  These characteristics of a users flow of 

influent are associated with the required amount of capacity types 

and variable operating factors, and hence, the cost of sewerage. 

9.   EPA:  United States Environmental Protection Agency 
DEQ:  State of Oregon Department of Environmental Quality 
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It is necessary to specify an equation to represent the flow of 

influent in the model.  There are four influences on the change in the 

flow of influent over time which need to be discussed.  These are: 

a) Increase in users; 

b) Price elasticity of the flow of influent and changes in 
consumptive habits; 

c) Technological change and the formation of substitutes; and 

d) Infiltration and rainstorm drainage. 

a) The increase in users may be represented by net population growth 

or the issue of building permits in terms of equivalent dewlling units, 

which will be defined in Chapter IV.  Excess capacity in the STP is 

planned according to the expected increase in users.  This requires 

a larger capacity expansion than would be necessary with an expected 

zero increase in users. 

With a compounding growth in users either an unlimited exponential 

equation (e  ) or a limited exponential equation (G(l-e 9 )) is 

appropriate, where G is the population at the terminal date.  If a 

constant growth in population exists, then a linear equation is 

appropr iate. 

b) The amount of influent from the users may be influenced by the 

variable monthly charge used to recover those costs which are variable 

with the flow of influent.  Furthermore, there may be a reduction 

(increase) in the flow of influent due to a change in consumptive 

habits of water. A user, by reducing its flow of influent, will 

decrease cost and hence, the variable monthly charge in two ways. 

One is a reduction in variable operating cost.  The other is a 



31 

reduction in the cost of capacity expansions, i.e. a savings from the 

need of fewer capacity expansions through a reduction in the use of 

capaci ty. 

It has been pointed out that the amount of influent from a user 

influences the variable operating cost and capacity expansion cost, 

and hence, the variable monthly charge.  To what extent will the 

variable monthly charge influence the amount of influent from a user, 

i.e. what is the price elasticity of demand for sewerage?  The 

capability of price to influence the amount of influent depends on 

the willingness of users to reduce their flow of influent and the 

availability of the means to do so. 

The price elasticity of demand for sewerage seems to be inelastic, 

using the estimates for the demand of water which is returned to the 

STP (Bowes and Bromley, 1975; Howe and Linaweaver, 1967)-  This may 

be due in part to the use of a small variable monthly charge, i.e. 

one which only considers variable operating cost at the neglect of 

the capacity expansion costs.  It is possible that if the variable 

monthly charge more appropriately reflects the costs which are vari- 

able, as discussed above, the price incentive to reduce flow may 

become prevalent.  This still requires the means of flow reduction 

to be ava ilable. 

Two possibilities in the area of reducing flow of influent 

exist.   One is in the reduction of wasteful practices in the use 

10.  This discussion does not consider the flow of influent from 
industrial users, an area of significant sewage waste and poten- 
tial for reduction in large industrial communities (Hanke and 
Davis, 1973). 
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of water as in dripping faucets and leaking toilets.  Another possi- 

bility is in the introduction of new devices for "waste flow reduction" 

(Cohn and Wa1Iman, 197*0 • 

Through a concerted effort by the members of a community, a 

significant reduction in the flow of influent could result.  This 

effort may be enhanced by the dissemination of information on the 

means of waste flow reduction.  Furthermore, the community could put 

on sale those devices which may help to prevent the waste of water 

and community or conservation groups could volunteer to help house- 

holds to install the devices. 

It is important to note that the immediate effect on price of 

reducing flow may be a deficit for the municipality.  This may result 

in the need to raise the variable monthly charge, or constant monthly 

charge, but the income spent on sewerage should be reduced, particu- 

larly if the long run effect of fewer or smaller capacity expansions 

is considered. 

c)  The flow of influent may alos be influenced by technological 

change resulting in the advancement of waste flow reduction devices 

and the development of substitutes for a centralized STP.  An example 

of a possible substitute for the future is the no-flush toilets which 

decompose sewage at the household and require no water (Sweden New. 3, 

1972; Oregonian, Northwest Section, Sunday, April 3, 1977)- 

The gradual change in the amount of influent from a user may be 

represented in the model by having the amount of influent per user 

change over time.  Radical changes in the amount of influent from 

technological breakthrough may not be adequately represented in the 



33 

model.  It is possible to observe the result of such change in the 

model but to predict its actual occurrence is difficult, 

d)  Infiltration and rainstorm drainage are two other sources of 

influent, the first being the flow of influent from users.  The amount 

of influent from these two sources may be related to the increase in 

users, given that the density of population throughout the community 

is known.  Furthermore, they are a source of seasonal fluctuation in 

the influent due to their direct relation to rainfall. 

Infiltration is the seepage of moisture from the ground into the 

sewer lines. The amount of infiltration is related to the type of 

sewer lines, i.e. new or worn out, outdated technology; the length 

of sewer lines in the community and hence, the population and density 

of population in the community; and the amount of water in the ground 

which is related to the amount of rainfall and has a seasonal fluctu- 

ation. 

Improvements in the collection system where outdated technology 

exists may reduce infiltration, and hence, the amount of influent 

going into the main treatment system and overflow treatment system. 

It is possible to substitute capacity of the main treatment system 

and overflow treatment system for improvements in the collection 

system.  In order to study this substitution, it is necessary that 

infiltration be given an appropriate representation in the influent 

equation. 

Rainstorm drainage is the main cause of seasonal fluctuation in 

the amount of influent, and hence, overflow of the main treatment 

system.  To compound the difficulties of what to do with the overflow, 
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many of the sewer lines in the community are combined with the rain- 

storm drainage system.  This results in the less costly to treat 

rainstorm drainage to be strengthened in its pollutant content, and 

hence, requiring a more expensive treatment. 

The construction of an overflow treatment system is a viable 

means of reducing the peak influent to the main treatment system. 

In this manner the main treatment system may be designed for a 

relatively steady amount of influent in a year.  The size of the 

overflow treatment system could be determined in an analysis of the 

marginal rate of technical substitution between the main treatment 

system, overflow treatment system, and improvements on the collec- 

tion system which would include separation of combined sewer lines, 

and hence, reducing the cost of treatment for rainstorm drainage. 

An equation for the flow of influent should allow the four in- 

fluences to be incorporated into the equation in a general manner so 

that specific details may be included when known.  The total flow of 

influent is the sum from the three souces, KA, i.e. user influent, 

infiltration, and rainstorm drainage.  It is of interest to treat the 

change in the flow of influent from each source separately and then 

sum over the three souces to get the total flow. 

The flow of influent equation is (See Figure 3): 

3 3 at 
Z  x(KA,m)t)= E  X(KA,m,t=0)f(KA,m,t,P)e

y 

KA= 1 KA= 1 

3 
+ I    A(KA,m,t) Sin(0t+e) 

KA=1 
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t(0)    t(0)-M 
_Time 
year 

Figure 3:  Flow of Influent. 
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The flow of influent X(KA,m,t) is comprised of the 'KA' sources 

of influent, each with the 'm' influent characteristics such as vol- 

ume of flow, BOD content, and SS content.  At any time 't' the flow of 

influent equals that at time 't=0'   multiplied by the increase in users 

e  .  A user is converted into quantities of the influent character- 

istics  for each source by f(KA,m,t,P).  For user sewage 'KA3!,' the 

function f(KA,m,t,P) allows the amount of the 'm  ' influent charac- 

teristic from a user to change over time and be influenced by the 

price of sewerage 'P.'  For instance, a user in terms of an equiva- 

lent dewlling unit is associated with 800 ft volume flow of influent 

per month (Andrews, 1976).  Over time, this may change due to a change 

in consumptive habits or price incentive.  For infiltration, the 

function f(KA,m,t,P) needs to take into consideration the relation- 

ship between an increase in users and an increase in infiltration, 

as well as the existing types of sewer lines and any changed occurring 

in them, such as improvements or deterioration.  As with rainstorm 

drainage, the function relates the increase in users with the amount 

of drainage. 

The flow of influent also has a sinusoidal fluctuation over a 

period of one year, primarily due to rainstorm drainage, but also 

contributed by infiltration as well as a seasonal migration of users 

and industrial influent.  Each characteristic from each source of 

influent has an amplitude of fluctuation A(KA,m,t).  Information re- 

quired to specify the amplitude is the peak and trough as well as 

average value on each source-characteristic combination.  The 'e' in 

the sinusoidal fluctuation denotes the phasing of the sine wave or 
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the value of '"C1 for which the first peak occurs.  With £= /2 the 

peak is at t=0 which should be at the height of the rainy season 

or approximately the first of January.  '0' represents the period or 

the range of 't' for which one cycle is completed, i.e. one year or 

twelve time units of one month (Allen, 1959, p91; Smith, 1961, 

p286). 

This concludes the section providing a general discussion on 

the cost function, production process, and a set of factors affect- 

ing influent, cost, and production.  This section has provided an 

acquaintance with several essential features of the capacity expan- 

sion investment model which is developed in the next section. 

Dynamic Investment Model 

The objective of determining the minimum present value cost STP 

production process whose output meets the standards throughout the 

time horizon can be broken down into two interdependent capacity 

expansion investment decisions.  First, it is necessary to determine 

the timing of capacity expansions.  Second, for each capacity 

expansion, the mix of capacity types must be chosen.  Discussion of 

the first decision is postponed to subsection 5-C. 

The first two subsections are concerned with the specification 

of an efficient, i.e. minimum present value cost, mix of capacity 

types for a single capacity expansion as well as an efficient use   ' 

of variable operating factors given the existing capacity types. 

This requires an analysis of the marginal rate of technical sub- 
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stitution (MRTS) among capacity types and variable operating factors. 

It is possible to substitute different amounts of various capacity 

types as well as variable operating factors and still obtain the 

same level of output.  For instance, instead of expanding the main 

treatment system to meet the standards during the peak flow rainy 

seasons it is possible to construct an overflow treatment system. 

In subsection 5"A the concept of MRTS is analyzed.  Subsection 

5-B is used to derive a set of necessary conditions for an efficient 

mix of capacity types in a capacity expansion. 

Marginal Rate of Technical Substitution (MRTS) 

The substitution of inputs may be ex ante or ex post to the 

completion of a capacity expansion.  Ex ante substitution is concerned 

with determining an efficient mix of capacity types for a capacity 

expansion.  Ex post substitution is where the use of capacity types 

and variable operating factors are substituted to obtain an efficient 

mix of inputs during the operation of the existing capacity types. 

In order to determine an efficient mix of capacity types for a capacity 

expansion, it is necessary to simultaneously consider an expected 

efficient ex post substitution of inputs. 

11.  It is not necessary for each input, i.e. capacity type or vari- 
able operating factor, to be treated separately.  It is possible 
to form composite inputs which allow the MRTS to be found between 
those inputs within a composite input independent of other inputs, 
and then the MRTS between the composite inputs and other inputs 
may be found.  This simplifies the specification of an efficient 
mix of inputs.  Further elaboration on composite inputs and the 
basis of their formation is in Appendix II. 
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It would not be necessary to distinguish between these two types 

of substitution except for indivisibilities in capacity expansions, 

and, hence the inability to instantaneously adjust the amount of 

available capacity types as is done with variable operating factors. 

If it were possible to contract or expand the amount of capacity 

types available in each unit of time, then an efficient ex ante sub- 

12 
stitution would be equivalent to an efficient ex post substitution. 

Both forms of substitution requie a similar analysis of MRTS where 

any difference may be pointed out. 

The different combinations of two or more inputs which yield the 

same STP effluent water quality forms an isoquant surface.  At each 

unit of time, there is a different surface, i.e. the shape of the 

isoquant surface changes over time.  The slope of the tangent to an 

isoquant surface at any input combination expresses the substitution 

relationship among the inputs at the particular input combination 

and unit of time.  For instance, assume a production function of the 

form: 

1)  J    (F[(i1(t),Q9(t),Q-(t),Y1(t),Y9(t),X(t)]-Z(t))dt=0 
t(0)    I    ^    3    1    ^ 

Where Q , Q , and Q are capacity types available at time t; 

12.  A period of time for which decisions on the timing of capacity 
expansions are made, is defined as one year.  A unit of time is 
defined as one month and is the length of time between the 
ex post substitution of inputs.  This will be further explained 
in section 5"C below. 
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Y. and Y- are variable operating factors used at time t; X is the STP 

influent at t; and Z is the STP effluent at t, which is assumed 

equivalent to the STP effluent water quality standards.  Taking the 

total derivative of Z and setting it equal to zero results in 

equation 2: 

T      T 

2) _/dZdt- /(f0 dQ.+f dQ.+f dQ, 
t(0)    t(0)  ^1  '  0-2 2 Q3 3 

+fv dY, + f dY,+f dx)dt=0 
M  1   Y * x 

where V^- J^'2^ 

ty%   9Y_ I  1,^ 
I      I 

and   fx= 3X 

In order to study the substitution relationship between capacity 

type one and two with the other inputs constant, let dQ,=0, dY =0, 

dY =0, dZ=0, and dX=0.  Equation two becomes: 

T      T T 

3) 0= J dZdt= J  fn dQ.dt+ Jfn.,d%dt. 
t(0)    t(0) Ul  '   t(0) U2 l 

Upon rearranging: 

T 

./fQ,dt 
k)     t(0) '] _^2 

T        dQ. 

t(0) Q2 

The amount of capacity types Q. and (L available change only once 
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at t when the capacity expansion takes place, and hence may be taken 

out of the integral, i.e. dQ and dQ are constants.  This results 

in the negative of the ratio of a change in capacity type 2 available 

to a change in capacity type 1 available being equal to the ratio 

of accumulated marginal product of capacity type 1 to accumulated 

marginal product of capacity type 2.  The marginal products of 

capacity have an endurance of the economic life of capacity, t  to 

T, where the length of this life is discussed in Chapter III. 

This equation does not express the slope of a tangent to an • 

isoquant surface for it extends over a number of time units.  By 

imposing that the output of the production function equal the STP 

effluent water quality standards each unit of time, equation 1 

becomes: 

5)  F[Q1(t),Q2(t),(l3(t),Y1(t),Y2(t),x(t)]-Z(t)=0 

Taking the total derivative of Z(t) and letting dQ =0, dY =0, 

dY =0, and dx=0; an equation similar to equation k  may be derived: 

•>>■> 

Along the contour line of the isoquant surface Z(t) for which 

Q , Y., Y„, and x are constant, the MRTS of Q. for Q  is expressed 

by the ratio of marginal products in a unit of time which is equal to 

the negative of the slope of the tangent to the contour line of the 

isoquant surface.  The dQ.'s   in equation 6 require a different inter-' 

pretation than in equation k.      In equation k  the dQ's represent a 

change in the capacity available for use, whereas the dQ's in equation 
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1 3 
6 represent a change in the use of capacity which is available. 

The difference in interpretation of equation k  and 6 is that the 

latter is concerned with the use of the existing capacity types in 

one time unit, i.e. a ex post substitution, whereas equation k   is 

concerned with the ex ante substitution of capacity types for a 

capacity expansion.  Ex ante substitution requires information on 

the accumulated marginal product of capacity. 

The change in the slope of the tangent to the contour line is 

2   2 
expressed by the derivative of the slope to the tangent, d Q„/d Q, 

(Carlson, 1956, p20).  This is expected to be negative with the 

implication that there is diminishing MRTS between Q. and Q .  As 

more substitution is carried out, the ratio of marginal products 

approaches zero or infinite, and hence, there is a region of sub- 

stitution as in Figure k.      In the situation where the capacity types 

are in a given proportion, the substitution region is a line.  The 

substitution region is a straight line, as OA in Figure 5, when the 

given proportion is constant for different levels of output 

(Carlson, 1956, p24). 

13-  By associating the use of capacity to the deterioration of 
capacity, dQ in equation 6 may be considered a change in the 
availability of capacity. 
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Q(J=2) 

Q(J=1) 

Figure h:     Substitution Region. 

Q(J=2) 

Q(J=1) 

Figure 5:  Constant Proportion. 



kk 

Efficient Mix of Capacity Types 

An efficient mix of inputs is the minimum present value cost 

combination.  In the case of a given proportion, there is no choice; 

but when the substitution region is more than a line, a decision on 

the mix of inputs must be made.  An efficient mix is found by sub- 

stituting one input for another as long as the ratio of per unit cost 

to per unit marginal product of the former input is less than the 

ratio of the latter input (Carlson, 1956, p32). A necessary con- 

dition for an efficient mix of inputs may be derived by stating the 

problem in terms of minimizing present value cost subject to an 

output constraint. 

Two forms of the cost criterion may be used, differing by way 

the cost of capacity is incorporated into the cost function.  The 

first approach discussed is where the total cost of a capacity 

expansion is used.  After which amortized cost is used. 

T 

7)  V=R1Q]+R2Q2+t(-^){e"
lt(W]Y1(t)+W2Y2(t)) 

-A(t)[F[C)],Q2,Y1(t))Y2(t) ,X(t)]-Z(t)]}dt 

V, the constrained cost criterion, consists of the cost of 

expanding capacity, RiQi"1" ^oQ?! the discounted variable operating 

cost, e   (W.Y.(t) +W»Y„(t)), integrated (accumulated) over the 

economic life of capacity, t  to T; and the production function 

constraint which is assumed to be binding each unit of time.  A(t) 

is the discounted marginal cost of production per unit time and 

includes both variable operating cost and capacity expansion cost. 
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Furthermore,   it   is  possible  for more  than  just  Q.   and  Q     to  be 

included   in   the  equations  as with  the variable operating   factors. 

Taking   the derivative of  V with  respect   to  Q.,   Q^,   Y.(t), 

and  Y   (t)   results   in: 

rt\l 8)     k-VtS)   ^Of^dt-O J-1,2 

9)    ^r   =    ye-'t w   .x(t)fY dt = 0 1=1,2 
8YI      t(o) ' Yi 

A necessary condition for an efficient mix of inputs is: 

R R Wle 

.o,    ^ Ji-   -    HSLl  
y x(t)fn dt    yA(t)fn dt     y*x(t)fY dt 

t(0)     ^1    t(0)    ^2     t(0)     1 

_ t(0) 

T 
yW.e"'' 

T 
yx(t)fY dt 

t(o)   Yi 

For each capacity type the ratio of its price to value of mar- 

ginal product accumulated over its economic life must be equal.  This 

must also equal the ratio of each variable operating factor's dis- 

counted price integrated over the units of time in capacity's 

economic life, to its value of marginal product integrated over the 

economic life of capacity.  Costs are discounted to t(o) the current 

point in time.  Notice that A.(t) the discounted marginal cost of 

production per unit of time converts the marginal products from 

physical units to value or money units. 



Equation 10 expresses a necessary condition for an efficient 

mix of capacity types in a capacity expansion, with only one expan- 

sion.  It is concerned with ex ante substitution of inputs.  No 

requirement is made on the productivity of inputs during a unit of 

time, but over the economic life of capacity.  In order for equation 

7 to be used to specify the efficient mix of inputs ex post to the 

investment decision, i.e. for the operation of the STP in a unit of 

time, the price per unit capacity must be given as price per unit 

capacity per unit time, r. rather than R , as derived from amortized 

cost (See Chapter III).  The constrained cost criterion becomes: 

11)  V= y {elt{rAt)(l.  +  r9(t)Q9+ W.Y.ft) + W9Y9(t)) 
t(0)       I    I    2   2   I !      2  2 

-A(t) [F[(l1,(l2,Y1(t)> Y2(t),X(t)]-Z(t)]}dt 

A necessary condition for an efficient mix of inputs is specified 

by: 

T T T 

12)  t(0)e"'trl(t)dt  t(0) e"'tr2(t)dt  t(0)e"'twidt 

T T T 
-A(t)fn dt      y A(t)fn dt   . yx(t)f. dt 

i t(0)    <*!      t(0)     Q2     t(0)    Y 

T 

T 
J  A(t)f dt 

t(0)     Y?. 

Equation 12 may replace equation 10 in specifying an ex ante 

efficient mix of capacity types for a capacity expansion.  The differ- 
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ence being the use of the price per period of capacity rather than 

price of capacity.  For an ex post efficient mix of inputs, the 

14 
equality in equation 10 must be true each unit of time and hence: 

e'^r^t)  e~'ltrAt)       e~ltU.       e~'l\ 

tQ1        ^2        
tYl     ^2 

To determine an efficient mix of capacity types in a capacity 

expansion, it is necessary to satisfy equations 10 and 13 or 

equation 12 and 13.  The information required is the inputs' margi- 

nal product as expressed in the production function and their price. 

Where equation 10 and 12 are concerned with the value of marginal 

product accumulated over the economic life of capacity, equation 13 

is concerned with the marginal product of inputs in one unit of time. 

It is necessary to simultaneously solve the ex ante and ex post sub- 

stitution since  the discounted marginal cost of production per 

unit of time is derived from the latter and used in the estimates 

of the value of marginal product in the former. 

A further point of interest can be seen from equation 12 and 8 in 

that: 

T T 

14)   -/e"ltr1(t)dt = J X(t)fn dt = R. 
t(0)    '      t(0)    yi     ' 

14.  With r At)   calculated for a period of time, i.e. one year, it is 

necessary to either subdivide it into a price per unit time or 

take the integral of e   W./fy, and fQ . over a period of time. 

This difficulty will be discussed further in section 5~C. 
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The price of capacity type J, R  is equal to the accumulated 

discounted price of capacity per period.  This has implications for 

amortized cost in that the present value, at t , of the sum of amor- 
o 

tized cost over the economic life of capacity equals the original 

cost of capacity.  For the appropriate definition of amortized cost 

and economic life see Chapter III. 

The above discussion of an efficient mix of capacity types and 

variable operating factors has been with the assumption that the 

influent and effluent are constant, i.e. dx=0 and dZ=0.  If the influ- 

ent and effluent conditions change over time, as they do, the effi- 

cient mix will not be the same at all times.  It is possible to 

adjust the use of variable operating factors every unit of time, but 

capacity may only be adjusted over an extended interval of time, i.e. 

at least a period of time.  The best that can be done with changing 

influent and effluent conditions is to determine an efficient mix 

of capacity types for a capacity expansion while giving considera- 

tion to the timing of capacity expansions. 

With the influent, cost, and production conditions for the STP 

changing over time, it is necessary to determine the timing of 

capacity expansions simultaneously with the mix of capacity types. 

This requires equation 7 and/or 11 to be expanded to 'nT' capacity 

expansions, the topic of the next subsection. 

Timing of Capacity Expansions , 

Changing influent, cost, and production conditions of the STP 

combined with indivisibilities in capacity expansions or the inability 



to instantaneously adjust the amount of capacity available, requires 

an efficient mix of capacity types to be determined simultaneously 

with the timing of capacity expansions.  A dynamic investment model 

may be used to accomplish this by simultaneously solving a set of 

marginal conditions derived from the constrained cost criterion of 

the model.  The result is an efficient, minimum present value cost, 

time sequence of capacity expansions. 

In this section the dynamic form of the constrained cost criter- 

ion will be put forth.  With several simplifying assumptions, a 

set of necessary marginal conditions for an efficient time sequence 

of capacity expansions will be derived.  The constrained cost criter- 

ion or capacity expansion investment model of the STP, which is to 

be minimi zed is: 

nt    t(n+l) .  n  CT 
15)  V = E    J*     {e'^i  E I       r(Q(J>L)t),t)(l(J,L,t) 

n=0 t(n)        L=0 J=l 

IT        n  CT 
+ Z       W(l,t)( I       I Y(J,L,l,t))] 

1=1       L=0 J=l 

+ X(t)[Z(K)m,t)-F[X(KA,m,t),Q(J,L,t),Y(J,L,l,t)]]}dt 

The constrained cost criterion is comprised of three terms: 

1) Present value of capacity expansion costs; 

2) Present value of variable operating costs; and 

3) STP production function constraint. 

15-  Equation 15 may be written with the price of capacity R(Q(J,L,t),t) 
rather than the price per period.  In this case, the first term 
should be outside the integral, for capacity costs only occur at 
the times t(n).  Similar results are obtained using either formu- 
lation, so the marginal conditions will only be derived with 
equation 15 as is. 
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A definition of variables, parameters, and subscripts will follow, 

but first the problem of how time is to be treated will be discussed. 

A period of time t to t+1 is of one year duration, but inte- 

gration is performed with a unit of time dt equal to one month. 

Error is generated into the results if the influent, cost, and pro- 

duction conditions of the STP are not constant during a unit of 

time or at least adequately represented by a monthly average.  For 

instance, if a unit of time is one year, then the average annual 

value for the volume flow of influent would be used in the calcula- 

tions.  This averages out the seasonal fluctuation which exists and 

influences the efficient mix of capacity types in that the cost of 

sewerage varies with the flow of influent as well as the ratio of 

flow to capacity.  The result is that the analysis may be biased 

towards an inefficient solution with a dt of one year rather than 

one month.  The selection of dt depends on the availability of data 

for parameter estimation and on the constancy of conditions during a 

unit of time or the error induced in the results from using an 

average for the influent, cost, and production conditions during the 

unit of time. 

The capacity expansion investment decisions may only be made at 

the beginning of each period, where t to t+1 signifies a period of 

one year duration. With integration taking place at unit intervals 

of one month, it is necessary that costs be measured on a monthly 

basis, and the STP influent-effluent be in terms of monthly 
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16 
flows.   Notice that an efficient sequence of capacity expansions 

may require different capacity types to be expanded at different 

times.  A limitation of the model is that the time phase of expansion 

among the capacity types must be known (Smith, 1961, p303)•  It will 

be assumed that all capacity types will be expanded at the same 

time, but in an operational model the time phasing may be adjusted. 

'n' signifies that a capacity expansion is to be completed at 

the beginning of period t(n), where t(n=0)=0 is the current point in 

time at which the first capacity expansion is completed and is 

assumed to be known.  It is possible for any number of time periods 

to exist in the interval t(n) to t(n+l).  In fact, this is the time 

interval between capacity expansions which is an investment decision 

vari able. 

It is possible to be in a situation where the date of the first 

capacity expansion is not known, and hence, is to be determined. 

By having the model initial conditions at the time of the previous 

capacity expansion, the time of the first capacity expansion may be 

specified.  In this case, the current point in time, i.e. the com- 

pletion date of the first capacity expansion, is at some unknown 

point in time after the initial conditions of the model.  The present 

16.  It may be of interest to leave the capacity expansion costs, i.e. 
amortized cost, as a cost per period rather than per unit of 
time.  This requires separating equation 15 into two integrals 
where dt for capacity expansion cost is one year but dt for 
variable operating cost and production function is one month. 
How this alters the marginal conditions derived below will be 
noted. 
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date, i.e. when the investment decision is made, is also after the 

initial conditions but is prior or equal to the current point in 

time.  If the present date is prior to the completion of the first 

capacity expansion, then the discount factor e   must be e 

where T is the number of periods between the investment decision and 

completion of the first capacity expansion.  As stated above, it will 

be assumed that the present date is at the current point in time, 

i.e. T=0, and is a known point in time for which the initial condi- 

tions of the model are given. 

The time horizon for the investment decision is some specified 

date.  This puts a restriction on the time for the last capacity 

expansion t(nT), but it is necessary for the calculations of the 

model to proceed beyond this date.  The terminal date for calcula- 

tions is t(nT) + EL where EL is economic life of capacity (see 

Chapter I I, Sec. 4-C6). 

An explanation of symbols will proceed by a discussion of each 

term.  The first term is the cost of capacity at time t, which is the 

price per unit time (period) r(Q(J,L,t),t) times the amount of capacity 

type J in vintage of capacity L, i.e. Q(J,L,t).  The price per unit 

time (period) times quantity is equivalent to amortized cost per 

unit time (period) as discussed in Chapter III.  The price per unit 

time (period) is a function of capacity due to economies of size 

(see Chapter II, Sec. ^-Cl). 

The second term is the variable operating cost at time t.  It 

consists of the price W(l,t) of variable operating factor I at time t, 
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multiplied by the amount of variable operating factor I used in 

capacity type J of vintage L at time t, i.e. Y(J,L,l,t). 

The third term is the constraint which consists of the STP 

output Z(K,m,t) and the production function.  The output is from the 

K STP outlets and is specified by the m characteristics, such as 

volume flow of water, BOD content, and SS content.  These are meas- 

ured on at least a daily basis and converted to monthly averages. 

The influent X(KA,m,t) is an input to the production function and is 

from the KA sources, as in users, infiltration, and rainstorm 

drainage (see Chapter II, Sec. k-ZS) . 

It is of interest to determine a set of marginal conditions of 

V with respect to the variable operating factors Y, capacity types Q, 

and timing of capacity expansions t(n).  To simplify the derivation 

of these conditions, it will be assumed that the indexes are: 

J = 1, 2, 3 : Capacity types 

1=1: Variable operating factor 

m = 1 : Influent-effluent characteristic, volume flow 

KA= 1 : Combined influent source 

K = 1 : Effluent outlet 

n : Index where t(n) is time of capacity expansion and t(nt) 
is time of final capacity expansion, n=0, 1, ... nt. 

L : Vintage of capacity L, = 0, ..., n. 

The variables are defined as: 

i : Rate of return on bonds and discount rate 

r : Price per unit time (period) of capacity 

Q(J,L,t): Physical quantity of capacity type J, of vintage L, 
at time t. 
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W(t): Price of variable operating factor 

Y(J,L,t): Physical amount of variable operating factor used 
in capacity type J of vintage L, at time t. 

Z(t): STP effluent, assumed equivalent to standards 

X(t): Influent to STP 

X(t): Marginal cost of production 

EL: Economic life of capacity 

With these assumptions, V in equation 15 reduces to: 

nt   t(n+l) _.   n  3 
16) V=Z   /   {e"'^ I       L    r(Q(j,L,t),t) (2(J,L,t) 

n=0 t(n)        L=0 J=l 

n  3 
+ W(t) ( I       I    Y(J,L,t))] 

L=0 J=l 

+ X(t)[Z(t)-F[X(t),Q(J,L,t),Y(j,L,t)]]}dt 

Taking   the  partial   derivative of  V with  respect   to Y   results   in: 

17) 3Y(j,L,t)   "  ^0     tfn)      
[e       W(t)-X(t)   3Y(j>L>t)   ]dt-0 

Assuming that the term in the bracket is not both positive and 

negative over the interval of time periods t(n) to t(n+l) then the 

value of marginal product of Y(J,L,t) at each unit of time equals the 

discounted price.  This is a necessary condition for an efficient 

sequence of capacity expansions and may be written as: 

18) e"^ W(t) = A(t) fy^L.!!)  f°r all J.L.t 

At each unit of time the value of marginal product of each vari- 

able operating factor used in each capacity type of each vintage 

must equal the discounted price of the variable operating factor. 
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This equation may be used in defining X(t) the discounted marginal 

cost of production by rearranging equation 18: 

e"ltW(t) 
19)  X(t) - aFLX.Q.Y]    for all J,L,t 

3Y(J,L,t) 

The partial derivative of V with respect to a capacity type J 

of vintage L is: 

nt  t(n+l) 

20> W^T nt0 /^  r(J,L,t)(UEj)-X(t) |^^]]. 

dt = 0 

Upon rearranging: 

nt  t(n+l) 

2!)  n=0 tOO ^'^  '-(^l->t)(l+EJ)]dt 

^t   tWT) 9F[X,Q,Y]  ~ 
2    X  [X(t) 3Q(J,L,t) idt 

=   1    for all J,L 

[X(t) 3Q(J,L,t) Jdt 

n=0  t(n) 

The value of marginal product, for each capacity type of each 

vintage, accumulated over the economic life of the capacity type 

should equal the accumulated discounted price per unit of time.  As 

noted in equation ]h  the discounted price per unit of time accumulated 

over the economic life of the specific vintage of capacity type is 

17-  Equation 19 expresses the marginal cost of production per unit 
of time.  It may also be of interest, for reasons discussed 
below, to express X(t) per period of time.  This results in: 

t+l_. 
X(t) = Jr[e"'t W(t)/OF[X,Q,Y]/SY(j,L,t))]dt 
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1 8 
equal to the price of the capacity type.   At the end of the economic 

life of a vintage of capacity type, it is replaced and hence, its 

marginal product is zero.  Making the substitution of R for r, 

equation 21 results in: 

7?)     e"
it(n)R(J)L=n,t(n))(l+E ) 

;     , vxP, — = 1      for all J,L 

t(^    [X(t) 3Q(j,L,t)]dt 

Equation 22 is also the result of using a cost criterion with 

price R rather than the price per unit time r.  Both equations 22. 

and 21 express a necessary condition on the value of capacity over 

its economic life.  It is also necessary for equation 20 to be true 

each unit of time (period).  This results in: 

23)       e",tr(J,L,t)(l+EJ) 
X(t) = 3F[X,Q,Y]/3Q(J,L,t)      forallJ.L 

Notice that both equations 19 and 23 define the marginal cost 

of production \{t)   and it is necessary for them to be equivalent for 

an efficient mix of capacity types.  Due to the seasonal fluctuation 

in the influent and the inability to instantaneously adjust the amount 

of capacity types available, it may not be possible for the equali- 

ties in equation 19 and 23 to hold each unit of time.  In place of 

this stipulation, it may be required that each period the marginal 

cost of production be defined as in equations 19 and 23. 

nt t(n+D  ,t _it(n) 
18.  E  J~       e ltr(J,L,t)(l+EJ)dt =    e 

lUn; 

n=0 t(n) 

R(J)L=n,t(n))(l+EJ) 
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The final set of marginal conditions of interest are the partial 

derivatives of V with respect to the timing of capacity expansions 

t(n): 

n-1  3 
?L)        9V , _ r-; -'t(n)   Z  £ [r(J,L,t(n))Q(J,L,t(n)) 
2k)     dTWT-   [   ie      L=0 J=l 

+ W(t(n))Y(J,L,t(n))] + X (t (n)) [Z (t (n)) 

- F[X(t(n)),Q(J,L,t(n)),Y(J>L,t(n))]]] 

n  3 

[-ie",LV'W   E   E [r(J,L,t(n))Q(j,L,t(n)) 
it(n) 

L=0 J=l 

+ W(t(n))Y(J,L,t(n))] + A (t (n)) [Z (t (n)) 

- F[X(t(n)),Q(J,L,t(n)),Y(J,L,t(n))]]] = 0 

Since the output of the production function at t(n) is the same 

using either the existing capacity or the existing capacity plus 

new capacity, the two production constraints are equivalent, and hence, 

cancel out.  Furthermore, the term -ie      cancels out.  The result 

i s 

;w    n"1  3 
25) TrnT=    l Z  [r(j,L,t(n))Q(J,L,t(n)) 

8t(n)   L=0 J=l 
n  3 

+ W(t(n))Y(J,L,t(n))] - Z       I [r (J , L, t (n) )Q(J , L, t (n)) 
L=0 J=l 

+ W(t(n))Y(J,L,t(n))] = 0 

This equation specifies a necessary condition for an efficient 

timing of capacity expansions.  It compares, for each unit of time 

(period), the amortized cost plus variable operating cost of meeting 

the standards when just the previously existing capacity is used, 
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with the amortized cost plus variable operating cost when new 

capacity is added to the previously existing capacity.  If the 

equation is negative, it is not worthwhile to expand capacity for 

it is less costly to use only the previously existing capacity. 

When the equation is positive, the use of just the previously exist- 

ing capacity to meet the standards is more expensive than to expand 

capacity (Smith, 1961, p296). 

Notice that investment decisions are not made at each unit of 

time, but at the beginning of each period.  Instead of comparing the 

amortized cost plus variable operating cost for a unit of time, it is 

necessary to compare them over a period of time, from t(n) to t(n) 

+ 1.  If the costs used in the calculations are per month, then it 

is necessary to integrate (sum) over the twelve month period. 

With the influent conditions changing over time, the variable 

operating cost with the existing capacity increases.  Eventually, the 

reduction of variable operating cost due to an expansion of capacity 

is larger than the change in amortized cost due to the addition of 

new capacity.  At this point in time, it is less costly to expand 

capacity.  Observing Figure 6, let the annual influent be x(t(n)) at 

time t(n), the variable operating cost of meeting the standards with 

just the previously existing capacity be VOC., and the variable 

operating cost with the new plus previously existing capacity be 

VOC,.  If t(n) is to be a time for a capacity expansion, the decrease 

in variable operating cost ab must be larger than the increase in 

amortized cost from adding new capacity (Chi, 1972, p333)- 

To determine the amount of capacity types in the first capacity 
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Figure 6:  Timing of Capacity Expansion 



60 

expansion Q(J,L=0,t) and the time of the second capacity expansion 

t(n=l), it is necessary to solve a system of equations simultaneously. 

The equations are the marginal conditions of the constrained cost 

criterion, i.e. equations 19, 22 and 25.  After making further 

assumptions, an example will be developed.  Assume only one capacity 

type and two capacity expansions, i.e. two vintages of capacity, 

where the first expansion occurs at t(n=0) = 0.  Further assumptions 

are no inflation, and no technological change.  Let the STP production 

function be represented by a Cobb-Douglas production function.  The 

output will be considered the influent less the STP effluent water 

quality standards, resulting in a sinusoidal output (see Chapter II, 

Section k-CS) . 

It is of interest to solve for the time of the second capacity 

expansion t(n=l).  With this information, it is possible to solve for 

the capacity expansion Q(L=0) at t(n=0).  When working through this 

example, note the interdependence between investment decisions on 

the amount of capacity in the first expansion, amount of capacity in 

the second expansion, timing of second expansion, economic life of 

capacity, and amortized cost of capacity, i.e. price per period of 

capac i ty. 

Rewriting equation 19: 

9^  W,N _ e~n  W for t(0)<t<t(l) 
26) XU) " 3F/3Y(L=0,t) 

27) *<*) -^VilL-l.t) = 3F/3Y<U,t)   ^r t(l)<t<t(l)+EL 
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Rewriting equation 22, for the first vintage of capacity L=0: 

t(0)       3Q(L-0.t) dt t^^0 3Q(L-0,t) dt 

For L=l: 

Rewriting equation 25: 

30) 0 = [r(L=0)Q(L=0)t(n=l))+ WY(L=0,t(n =1))] 

- [r(L=0)Q(L=0,t(n=l)) + r(L=l)Q(L=1,t(n=l)) 

+ W(Y(L=0,t(n=l)) + Y(L=l,t(n=l)))] 

The production function and its partial derivatives with respect 

to Q(L=0,t), (i(L=l,t), Y(L=0,t), and Y(L=!,t) depend on whether t is 

before or after the second capacity expansion at t(n=l).  When t>t(l), 

both vintages of capacity, L=0 and L=l, are involved in the equations. 

The production function and ratio of partial derivatives are (note 

that oc and B are the same for both vintages of capacity, due to the 

assumption of zero technological change): 

1 B   1 

31) F[Q(L,t),Y(L,t)] = Y( Z     Q(L,t)r ( Z Y(L,t)) 
L=0 L=0 

ZQ   (V(t)+A sin 0t) 

,7)     IL,   3F       = B Y(L=0,t)      () 
3Z;  3(l(L=0,t)/8Y(L=0,t)    - Q(L=0,t)   t<tU; 

1 
Z  Y(L,t) 

33) Wd-O.t)'  3Y(L=0,t) " -  1 t-UU 

Z  0.(1, t) 
1=0 
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34) 
9F 

-/ 
3F 

1 Y(L,t) 
=   B_    L=0  

aQ(L=l,t) ' 3Y(L=l,t)       «       1 
2 Q(L,t) 

L=0 

t>t(l) 

Solve  for  the  value of  Y(L,t)   in  equation   31: 

1/oc 

35)     Y(L=0,t)   =   (^) (Q(L=0)t))"B/cC(T(t)+A  sin 0(t))1/OC 

t<t(l) 

36)     Z       Y(L,t)  =   (^)   1/0C   (U(L,t))"B/0C 

L=0 Y L=0 

(y(t)+A sinO(t))1/oC t>t(l) 

Substitute equation 35 into equation 32, and equation 36 into 

equation 33 and 3^-  Since the latter two substitutions result in 

the same equation, only one will be written. 

,  9F/9C)(L=0,t) _ B  fZoJ/- f ,    «" 
37)  3F/3Y(L=0,t) " -  ^    ^IL-O.^J 

oc+B 

(y(t)+A sinGt) 1A t<t(l) 

38) 
3F/3Q(L=0,t) = 
3F/3Y(L=0,t) 

3F/3Q(L=l,t) 
3F/3Y(L=1 ,t) t>t(l) 

I  (^),/tX ( I     (l(L,t))-(^i) 
L=0 

(vF(t)+A sinGt) 1A 
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Next, substitute the values of A(t) from equations 26 and 27 

into equation 28 and 29: 

t(1)e"itW8F/8Q(L=0(t) 
39)  R(1+E)= J 3F/3Y(L=0,t)  dt 

t(0) 

EL 
. f     e 'tW9F/aQ(L=0,t) 
7       3F/3Q(L=0>t) 

dt 

t(l) 

40)     e"it:(,)   RH+E)   =        f    e"it:W3F/a(l(L=l,t) 40J     e RU+Ej J 3F/3Y(L=l,t) 

t(l)+EL 

'' t:uair/an ^i =i t-t 
dt 

t(l) 

Substitute equation 37 and 38 into equation 39 and 40: 

«!)  R(l+E)=^(^) '/-((KL-O.t))"^) 

tj') -it 1/oc 
^T  e ,i:(Y(t)+A sin 0t)   dt 

t(O) 

^^'W    Q(L,t))-(^) 
Y     L=0 

t(l)+EL  . 1/cc 
y    e   (^(tJ+A sin 0t)   dt 

t(l) 

1,2,  e-'^^Rd + E) - ^^^(iQd.t))-^ 
'     L=0 

t(l) + EL  . 1/oc 
f z (f(t)+A sin Ot)   dt 

t(l) 
From equations k\   and kl,   solve for Q(L=0,t) and Q(L=i>t).  This 

is accomplished by solving kl  for Q(L=l,t) in terms of Q(L=0,t) and 
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43) 
t(l)  : -i t l/« r   e  L(>F(t)+A sin 0t)   dt 

t(0) 

EL 
44)  I, = 

/ 
e"il: (y(t)+A sin 0t)1/oC dt 

t(l) 
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t(l)+EL  . ,, 
45)  l2 =  r    e   (¥(t)+A sin 0t) ^  dt 

t(l) 

The solution for Q(L=0,t) reduces to: 

46)  (i(L=0,t) = 

"(HE)^^)"",, .^.-itO), 

a+B 

The equation for the amount of capacity to expand at t(0) 

involves the time of the second expansion t(l) and the economic life 

of capacity, both investment decision variables.  The economic life 

of capacity will be left as an unknown until Chapter 111.  The time 

for the second expansion may be incorporated into the analysis by 

substituting equation 35 and 36 into equation 30, the marginal con- 

dition on the timing of capacity expansions.  The result is: 

47)  r(L=l,t(l))Q(L=0>t(l))+W(4
£)1/OCCi'(t)+A sinOt(l))

,/a 

Y 
■B/a 

(Q(L=0,t(l)))   = r(L=l,t(l))K1+W(^)
,/cE 

(T(t)+A sin 0t(l))1/cK K^67' 
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where   K. = 

WB , Zo, 1 /<x 

2  «  Y 

e-it(1)R(l+E) 

oc+B 

Equation 47 expresses Q(L=0,t(l)) as a function of the time for 

the second expansion t(l), the economic life of capacity EL, and the 

1 8 
price per unit time of the new capacity r(L=l,t(l)).   An equation 

for t(l) as a function of EL, and r(L=l,t(l)) may be obtained by 

substituting equation kS   into kj.     Using the information on EL and 

r(L=l,t(l)) in Chapter 3, it is possible to solve for t(l), either by 

an iterative estimation procedure, i.e. Newton's method, or by trial 

and error.  After solving for t(l), equation 46 may be used to solve 

for Q(L=0,t).  These calculations will not be carried through. 

From this example, the interrelationship among investment 

decision variables becomes apparent.  It is necessary to solve simul- 

taneously the equations on the use of variable operating factors per 

unit (period) of time, the amount of capacity in an expansion, the 

timing of expansions, the price per unit time (period) of capacity, 

and the economic life of capacity.  The latter two investment decision 

variables are the topic of the following chapter.  The example has 

been simplified through a number of assumptions, such as only two 

capacity expansions, one capacity type, one variable operating factor, 

18.  If r(L=l,t(l)) is price per period rather than unit of time, it 

t(,)+1 l/« 
is necessary to use  X (^(tJ+A sin Ot)  dt  in place of the 

t(l) 
unintegrated term presently in the equation. 
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no inflation, and no technological change.  The use of a computer 

simulation model is necessary to allow these assumptions to be dropped, 

resulting in the general form of the model.  With a simulation model, 

the present value cost for a predetermined (by the municipal planner) 

set of feasible time sequence of capacity expansions may be calculated 

and compared. 

For a summary of the capacity expansion investment model, see 

below: 

SUMMARY:  CAPACITY EXPANSION INVESTMENT MODEL 

A) Capacity Expansion Investment Decisions on: 

1) Timing of Capacity Expansions; 

2) Mix of Capacity Types in Each Expansion. 

B) Constrained Cost Criterion: 

Minimize cost of inputs, i.e. capacity types and variable 

operating factors, subject to production output constraint. 

C) Specify necessary conditions for attainment of criterion 

minimum with the three sets of marginal conditions: 

1) Amount of each capacity type in each expansion; 

2) Use of variable operating factors; 

3) Timing of capacity expansions. 

D) Simultaneously solve the three sets of marginal conditions 

to determine function for efficient time of second capacity 

expansion and amount of each capacity type in first expansion. 

E) Solutions for Step D are a function of capacity replacement 

investment decisions on economic life of capacity and econo- 

mic amortized cost of capacity, as discussed in Chapter III. 
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F)  Derive pricing decisions with user charges, as discussed 

in Chapter IV. 
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III.  DEPRECIATION, AMORTIZATION, AND THE ECONOMIC 

LIFE OF CAPACITY 

The role played by federal grants in the cost analysis of capa- 

city expansions is the initial topic of this chapter.  Following 

this, the investment decisions on the price per unit time (period) 

of capacity and the economic life of capacity are developed.  These 

are interdependent capacity replacement investment decisions, where 

the former is the result of an amortization scheme of capacity 

expansion costs.  The latter is developed from capital replacement 

theory.  In summary of this chapter a distinction between amortiza- 

tion for investment decisions is made with amortization for pricing 

deci s ions. 

Federal Grants 

"Grants in aid are a type of leverage the federal government has 

employed to modify the actions of state and local government toward 

more consistency with national goals."  (Muskin and Cotton, 1968, p31) 

They amount to the subsidization of local users of a STP by revenue 

generated from the federal tax system. 

An efficient federal grant program should have each user group, 

i.e. municipality and federal government, paying an amount equal to 

the total cost of supplying them with the benefits received from the 

19 
production of the STP.   Furthermore the sum of the local share and, 

19-  Production of the STP is the reduction in pollution, i.e. reduc- 
tion in BOD content and SS content, of the water from the munici- 
pality entering the natural water way. 
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national share shall equal the total cost of the STP unless there are 

state and/or county contributions.  If the cost per unit benefit of 

supplying national benefits is the same as supplying the local bene- 

fits then the federal government should subsidize that portion of 

total cost which is equal to the proportion of benefits received on 

the national level as compared to the local level (Marshall and 

Broussalion, 1972). 

Efficiency in federal grants requires measuring benefits of 

controlling municipal water pollution as well as identifying the 

recipients.  Examples of potential benefits are:  value of recreational 

opportunities gained; reduced costs of purifying water supplies to 

meet drinking water or other standards; value of gains from enhanced 

commercial and sport fisheries; reduced costs of processing water 

for production purposes; reduction of potential health hazards; 

improved esthetic values; and value of useful by-products recovered 

from raw sewage (Marshall and Ruegg, 197^, p57; Kneese and Bower, 

1968, p31; and Howe, 1971 , p38). 

Despite the difficulty of quantifying benefits of water pollu- 

tion control and identifying the recipients the federal government 

has set out to subsidize 75% of construction costs as of the federal 

water pollution control act amendments, 1972 (United States Code). 

The costs eligible for subsidization are those capital expenditures 

for the STP capacity expansion and portions of the collection system 
4 

expenditures, i.e. the interceptors but not sewer mains or laterals. 

The legal distinction between interceptors and sewer mains, or that 

portion of the collection system costs which may be subsidized has 
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not been clearly defined. 

An additional stipulation is that 50% of grant funds allocable 

to industrial use must be reimbursed to EPA over a period no longer 

than 30 years of the life of the project.  Of the remaining 50%,   80% 

must be put into a waste water capital improvement fund to be used 

for future expansion.  The use of the balance has no stipulation 

(Brown and Caldwell, 1973). 

Federal grants do not subsidize all inputs to sewerage alike. 

Such costs as operation and maintenance cost and portions of the . 

collection system cost are unsubsidized.  This may result in the 

municipality over investing in a capital intensive STP, neglecting 

the upkeep of existing facilities, and making inadequate expenditures 

on the collection system (Marshall and Broussalian, 1972; USRE, 1971)- 

When federal grants do not subsidize all inputs which are sub- 

stitutes for providing a given level of STP effluent water quality in 

an equal percent, the relative unsubsidized cost of the substitutes 

is altered.  With the municipality making investment decisions on 

the basis of unsubsidized cost an efficient minimum cost capacity 

expansion for the municipality is not efficient in terms of both 

unsubsidized cost and subsidized cost, and hence, nationally ineffic- 

ient investment decisions may be made by the municipality.  For this 

reason federal grant programs should subsidize all inputs of a STP 

which may be substituted in an equal percent unless the resulting 

bias in inputs chosen is desired for the sake of national goals 

(Marshall and Ruegg, 197^, p51)- 

If the municipality makes investment decisions on the basis of 
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both subsidized and unsubsidized cost then this difficulty would not 

appear, but then federal grants would not be useful in modifying the 

actions of municipalities toward more consistency with national goals, 

they would just reduce the local cost share.  For instance leaving 

the sewer mains of the collection system unsubsidized is consistent 

with a national goal of reducing urban sprawl.  An example of an 

inconsistency in the federal grants is the absence of subsidization 

for operation and maintenance cost.  This may result in less use of 

labor which is contrary to the national goal of reducing unemployment. 

The investment decisions of the municipality should be on the 

basis of unsubsidized cost so that the effects of decisions may be 

modified towards more consistency with national goals by federal 

grants.  Any inconsistencies created by the grants should be corrected 

through the federal grant program.  With the federal government sub- 

sidizing 75% of capacity expansion costs it is only necessary for 

the municipality to finance 25%.  This is accomplished through the 

selling of municipal bonds. 

Amortization for Investment Decisions 

Introduct ion 

This section is concerned with specifying the price per period 

of a capacity expansion, which is used in the investment decisions 

on the type, amount, and timing of capacity expansions as well as in 

the formulation of user charges.  The price per period of a capacity 

expansion times the amount of capacity in the expansion is equivalent 
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20 
to amortized cost of the period. 

In order to finance the local share of a capacity expansion a 

municipality normally must resort to borrowing the money, most com- 

monly through the selling of general obligation bonds.  The purchasers 

of the bonds are repaid over a specified maturity period, i.e. pay- 

off period specified prior to the selling of the bonds, with a speci- 

fied time stream of repayments, i.e. amortization scheme. 

There are several approaches to the specification of the maturity 

period and amortization scheme.  The business practice of a short 

pay-off period, i.e. a maturity period less than the economic life of 

capacity, results in a scheme defined as financial amortization.  The 

other approach stems from capital replacement theory where the maturity 

period is the economic life of capacity.  This results in a scheme 

defined as economic amortization (Smith, 1961, Ch. 5 and 9)• 

This section will proceed by first analyzing the concept of de- 

preciation and economic amortization, where economic amortized cost 

is defined to be depreciated cost plus interest cost (Turvey, 1969, 

p291, and 1971, p68; Baumol, 1971, p6A0, ftn 3)-  Following this the 

relation between economic amortization and financial amortization 

will be d iscussed. 

20.  For its, r(j,t), influence on the investment decisions see 
Chapter I! equations 20, 23, and 25-  As for the user charges 
see Chapter IV.  The discussion in this chapter will proceed 
as if there is one composite capacity type, J=l.  Furthermore, ' 
amortization will be per period rather than per unit time. 
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Rate of Depreciation 

The rate of depreciation, i.e. time stream of depreciated cost, 

is an aspect of "capital replacement theory" (Smith, 1961, pl28; 

Preinreich, 19^0, pl2).  The decrease in economic value of a vintage 

of capacity in a period, i.e. depreciated cost, is instrumental in 

determining the economic life of capacity as well as amortized cost 

or price per period of capacity, both investment decision variables. 

It is necessary to determine the replacement policy of capacity 

simultaneously with the investment decisions on the mix of capacity 

types and timing of capacity expansions due to their interrelation- 

ship with the rate of depreciation.  Notice there are two investment 

timing decisions in the replacement of capacity and the expansion of 

capacity.  They are distinct but interrelated decisions (Smith, 1961, 

pl32).  Where Chapter II is concerned with capacity expansion decis- 

ions, this section is partially concerned with replacement of capacity, 

i.e. economic life of capacity, in order to specify the rate of 

deprec iat ion. 

It is the opportunity cost of utilizing capacity in a period 

which depreciation is to represent.  This is equivalent to the decrease 

in economic value of a vintage of capacity in a period of time.  For 

instance, if V  is the value of a vintage of capacity at the beginning 

of year t and V  . the expected value at the beginning of year t+1, 

depreciated cost as calculated at the end of year t is V -V  . 

(Boiteux, I960, plSO-  Letting V be the residual value, resale 

value, of capacity at the beginning of period t, depreciated cost at 
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the end of period t is the decrease in residual value over the 

period of time t to t+1, where residual value is the cost of re- 

placing capacity less the value of previously deteriorated capacity. 

Residual value is generally taken to be equal to the discounted 

value at t of the vintage of capacity's remaining net returns 

(Baumol, 1971, p639).  This is not always equivalent to the cost 

of replacing capacity less the value of previously deteriorated 

capacity, and hence the former is not an appropriate definition of 

residual value (Turvey, 1969, p29'4. ftn.l).  For instance, if the STP 

effluent water quality standards are too rigorous, i.e. marginal 

benefits are less than marginal cost of water quality control, then 

the remaining value of output is less than the value of product from 

the vintage of capacity in its best alternative use, i.e. opportunity 

cost of capacity.  In this case the replacement cost of capacity 

less the value of previously deteriorated capacity, which is equal 

to the opportunity cost of the vintage of capacity, is larger than 

the remaining net returns of the vintage of capacity.  It will be 

assumed that marginal benefits equal marginal cost of water quality 

control so this difficulty is not of concern. 

With the residual value of a vintage of capacity equal to 

the cost of replacing the vintage of capacity less the value of 

previously deteriorated capacity, depreciated cost for the period 

t to t+1 is the value of deteriorated capacity in the period plus th6 
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change in replacement cost of capacity during the period.   Estima- 

tion of these two terms comprising depreciated cost requires infor- 

mation on the rate of deterioration of capacity, i.e. the rate of 

increase in real resource cost as capacity is used; the rate of 

technological obsolescence, i.e. the fall in the real resource cost 

on new vintages of capacity; and the fluctuation in the market 

value of new and used capacity, i.e. the rate of inflation 

(Feldstein and Rothschild, 197*0 • 

The rate of deterioration is proportional to the time stream, 

of utilization of capacity as approximated by the time stream of STP 

21.  Depreciation is the change in residual value.  Define: 
D = depreciated cost for period t to t+1 at the end of period t; 

V = residual value at t; R = cost of replacing capacity; and 

Det. = value of deteriorated capacity in period j; then: 

t-1 t 

WVi = (Rt-j=t0  
Detj)-^t+rJt0 ^V "* 

t-i        t-i 
= -  l     Det.+ E Det.+Det +R -R.  -*• 

J=t    J J=t    J   t     t     t   ] J t0     J-t0 

DtEDett+(Rt-Rt+1). 

These two terms correspond to the concepts of "user cost" and 
"supplementary cost," respectively (Keynes, 1935)- 
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influent and the intensity of utilization as expressed by the ratio 

of STP influent to hydraulic capacity.  The relationship is an 

empirical issue which may be analyzed through information on the 

time stream of maintenance expenditures, variable operating costs, 

utilization of capacity, and intensity of utilization.  A common 

assumption in capital replacement therory is that the utilization of 

capacity is constant at full capacity use and the rate of deterior- 

ation is a constant proportion of utilization.  If the utilization 

of capacity increases exponentially over time, starting at less than 

full capacity use, and if deterioration is a constant proportion 

of utilization then deterioration increases exponentially.  Further- 

more, it is possible that the proportion changes according to the 

intensity of utilization (Smith, 1961, pplS^t, 1^2, and 165; Stahl, 

1976, p506). 

Technological "obsolescence occurs because the incumbent 

[capacity] must compete with new [capacity] exhibiting progress- 

ively lower and lower operating cost performance per unit of 

[capacity]," as well as a decreasing price of capacity (Smith, 1961, 

pl63; Turvey, 1969, p291; Alchian, 1952).  There is a larger use of 

resources from relying on existing capacity rather than replacing 

it due to technological innovation.  The cost of these resources 

should be included in the rate of depreciation, but it is only     , 

the steady expected technological improvements which are to be 
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included (Smith, 1961, p\hk;   Turvey, 1969, p295).   The rate of 

technological obsolescence is discussed in Chapter II for which a 

linear or exponential representation may be used. 

Expected inflation should be considered in the rate of deprec- 

iation "for if consumers of the goods or services to be produced 

with the aid of the investment are unwilling to pay in real terms 

the opportunity cost of obtaining the asset [capacity] in question, 

then construction of the asset [capacity] by definition represents 

a wasteful use of resources" (Baumol, 197', p&bl).     For simplifi-- 

cation either a linear or exponential representation of the expected 

rate of inflation is used. 

Estimation of depreciated cost in a period requires giving a 

value to the deteriorated capacity, i.e. estimate user cost, as well 

as associating  the change in replacement cost to the expected rate 

of inflation and technological obsolescence, i.e. estimate supple- 

mentary cost.  The rate of depreciation will be different according 

to there being excess capacity or not, for there is an additional 

cost to be included in the rate of depreciation when there is not 

any excess capacity.  Discussion of the additional cost will be 

next followed by an explanation of user cost and supplementary cost. 

With the existence of excess demand, or in the case of a STP, a 

22.  Consideration for subjective expectations on radical technolog- , 
ical breakthrough will not be included in the rate of deprecia- 
tion nor economic amortization, but will be discussed under 
financial amortization. 
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flow of influent for which the effluent will not meet the standards 

given the level of hydraulic capacity, a cost should be assessed to 

the users in addition to the variable operating cost, maintenance 

cost, user cost and supplementary cost.  It is to act as an incen- 

tive to reduce excess demand as well as a signal or measure for the 

need to expand capacity.  The latter task is accomplished by includ- 

ing the cost with the rate of depreciation in making capacity 

expansion decisions.  Assuming an elastic demand, the additional 

cost assessed to the users in a period should be large enough to 

eliminate the excess demand.  The additional cost may be associated 

to "the amount the public is willing to pay for increased capacity 

in that period" (Baumol, 1971, p^^7)■ 

In the case of a STP, where the amount of influent may be 

inelastic to price changes and where the situation of excess demand 

is not always persistent enough to be predictable, the use of the 

additional cost as a means to eliminate excess demand is not always 

feasible.  By associating the additional cost to any fines imposed on 

the municipality, whose effluent does not meet the standards, or 

the social  damage caused by the effluent exceeding the standards, 

it is possible to include this additional cost with the rate of 

depreciation so as to influence the capacity expansion decisions. 

It remains to explain the concepts of user cost and supplementary 

cost in order to specify the rate of depreciation.  User cost takes 

into account "the discounted value of the additonal prospective 

yield which would be obtained at some later date if [capacity] were 

not used now" (Keynes, 1935, p70).  It is the reduction in all future 



79 

periods output due to deterioration of capacity in a period, i.e. the 

value of deteriorated capacity or the cost of replacing deteriorated 

capac i ty. 

If there is no excess capacity in a period and replacement is 

to occur at the beginning of the following period then user cost is 

calculable in reference to the amount of deterioration in that period 

and the replacement cost at the beginning of the following period. 

With excess capacity or when replacement is not to take place in the 

following period but some subsequent period, user cost is the amount 

of deterioration in the period times the replacement cost as calcu- 

lated from the time for which replacement is to occur, discounted 

back to the end of the period of concern (Keynes, 1935, p70; 

Baumol , 1971 , p6i47) . 

Supplementary cost is the change in replacement cost during a 

period of time.  Even if there is no deterioration of capacity there 

is a change in the residual value of capacity in a period due to 

inflation and technological obsolescence.  It is calculated in 

reference to the original cost of capacity, the time of installation, 

the time period of concern, and the expected inflation and technolog- 

ical obsolescence (Keynes, 1935, p56) . 

Further discussion on the rate of depreciation for a vintage 

of capacity over its economic life will proceed under the assumption 

of no excess demand, and hence, depreciated cost is the sum of user , 

cost and supplementary cost.  It is of interest to express depreciated 

cost as a function of known parameters and a set of investment deci- 

sion variables, in order to easily calculate the rate of depreciation 
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for various situations.  To accomplish this, depreciation, an unknown 

to be solved for is expressed as a function of original cost of a 

vintage of capacity, C  , installed at time t with an economic life 
o 

of EL periods in years.  Notice that C   is an outcome of a capacity 
o 

expansion investment decision at a known date t .  The economic life 
o 

of capacity is a result of a capacity replacement investment decision. 

In relation to the economic life of capacity is a known salvage 

value, which may be taken into consideration by having the replace- 

ment cost of capacity net of salvage value from the previous existing 

capaci ty. 

Depreciation D  is calculated for an arbitrary time period t to 

t+1 in terms of the value of money at t+1.  The calculation requires 

information on the cost of replacement at the time of replacement, 

tR equal to (t +EL), which may be expressed as a function of the 

original cost of capacity C  , the expected rate of inflation m, the 
o 

expected rate of technological obsolescence h, and the rate of dis- 

count i.  The values of m, h, and i are assumed known and are 

expressed as either a constant proportion of Ct , i.e. a linear 
o 

function, or a constant percentage of C^ , i.e. an exponential 
o 

funct ion. 

The rate of deterioration, k or e , may be treated as either a 

parameter or an outcome of an investment decision.  The latter is a 

result of treating maintenance expenditures as an investment decision 

variable for which there is a choice or trade-off, i.e. marginal rate 

of technical substitution, between maintenance and deterioration 

(Feldstein, Rothschild, 1971*, p33^) ■      It is assumed that the rate 
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of maintenance expenditures and rate of deterioration are given 

parameters and that specification of the present value cost mini- 

mizing combination is a separate problem not to be discussed (Alchian, 

1952, p2). 

Using the last equation in footnote 21, depreciated cost for a 

vintage of capacity in period t to t+1, as calculated at t+1, is: 

D :  depreciated cost for period t to t+1, at end of period. 
t-1 

V^:  residual value at t (=Rt_-   E  Det.) 
t 
o 

1 j=t   ;■ 
R :  replacement cost at t. 

Det.:  value of deteriorated capacity at time j. 

C  :  original cost of a vintage of capacity installed at time 
o  t , where t = 0. 

o       o 

tD:  time of replacement, where tD=t +EL, with EL the economic 
1ife of capacity. 

m:  rate of inflation, 

h:  rate of technological obsolescence, 

i:  rate of interest on bonds and discount rate, 

k:  rate of deterioration, 

I :  interest cost of period t to t+1, as calculated at t, 

EA :  economic amortized cost of period t to t+1. 

W)  Dt=Dett+(Rt-Rt+1) 

Letting the value of deteriorated capacity, i.e. user cost, be 

the cost of replacing deteriorated capacity as calculated from the 

time of replacement and the supplementary cost be the change in 

replacement cost during the period t to t+1, equation ^8 
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23 

49)  D =C  (l + (m-h)(t -t0))K((t+l)-t)e"
i(V(t+1)) 

o 

+C ,((h-m)((t+l)-t)) 
o 

The first term on the right hand side is the cost of replacing 

deteriorated capacity where C  (1+(m-h)(tD-t )) is the replacement 
t0        R o 

cost of capacity at t  the time of replacement, and K ((t+l)-t) 
K 

is the proportion of deteriorated capacity in period t to t+1.  The 

value of replacement cost at t+1 as calculated at tD is the dis- 
K 

counted replacement cost at tD, and, hence the term e   R      . 
K 

Note that since both m and h are nonnegative the value of deteriorated 

capacity increases with inflation and decreases with technological 

obsolescence.  If h>m such that (m-h) (t -t )<-l , then the value of 
K  O 

deteriorated capacity is negative.  In other words, if technological 

obsolescence dominates inflation to a large enough extent then the 

existing capacity which deteriorates from use has negative value, due 

to the availability of new less costly technology. 

23-  Equation ^9 may be written in terms of exponential rates of 
deterioration, inflation, and technological obsolescence: 
Note t  is assumed zero, 

o 

)  D.= C  e(m-h) VS>V{(t+1)~^UK(t-S>Vi{V(t+1)) 

o 

+C  (e^Ht-V-e^^
1)"^) 

o 

D =C  [e(m"h)tR eKt(eK-l)e"i(V(t+,))+e
(m-h)t(l-e(ni"h))] 

50, 
o 

t  t 
o 
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The second term is the change in replacement cost during the 

period t to t+1.  The reason inflation is subtracted from technologi- 

cal obsolescence, contrary to the first term, can be seen with 

equation 48.  If h>m, then R >R  ., i.e. replacement cost decreases 

due to technological innovation, which results in a positive supple- 

mentary cost.  For the second term in equation two to be positive 

with h>m it must be (h-m). 

An explanation of why supplmentary cost is positive when replace- 

ment cost decreases can be given in context of its effect on the rate 

of depreciation.  First it is necessary to recognize that the rate of 

depreciation, i.e. decrease in economic value of capacity, is a measure 

of demand for capital investments.  Not that investment decisions are 

made solely on the basis of depreciation for there are other costs 

which must be considered, but these will be discussed below.  Further- 

more, when comparing the effect of different sum totals of inflation 

and technological obsolescence on the rate of depreciation there are 

two effects which must be considered.  First the value of (m-h) 

changes.  Second the time of replacement, tD, changes.  In other words, 
K 

2k.     Subtracting the two replacement costs: 

Rt"Rt+l = [Ct +Ct (m-h)(t-t0)]"[
C
t 

+C
t (m-h) ((t+1)-to)] 

o  o o  o 

= Ct (m-h)(t-(t+l))  ••• 

o 

= Ct (h-m)((t+l)-t). 

o 
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the economic life of capacity which is an investment decision variable 

is influenced by the rate of inflation and technological obsoles- 

cence.  There is an interdependence of the rate of depreciation with 

the economic life of capacity, which is the topic of capital replace- 

ment theory to be discussed below. 

When technological obsolescence dominates inflation there is a 

decrease in replacement cost which means there is a cost involved by 

not replacing capacity.  The residual value of capacity decreases as 

represented by a positive depreciated cost.  The more expected 

technological obsolescence dominates expected inflation the larger 

will be the depreciated cost and the shorter will be the economic 

life of capacity (Turvey, 1969, p295).  From equation kS  or 50 it can 

be seen that the second term increases the more dominant is technolo- 

gical obsolescence over inflation while the first term decreases, 

but note that the decrease in the first term is actually smaller than 

if tD did not decrease.  Depreciated cost is larger when technolo- 
K 

gical obsolescence dominates inflation.  This occurs by supplementary 

cost being positive when h>m. 

When inflation dominates technological obsolescence depreciated 

cost is less than in the opposite situation discussed above.  It is 

even possible that the depreciated cost is negative in times of high 

inflation and low technological obsolescence.  This corresponds to an 

increase in the value of capacity despite deterioration, but do not 

confuse this with the absence of cost for possessing the capacity for 

interest cost has not been included as yet. 

A few observations from Table 1 are in order before discussing 
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interest costs.  By comparing the fraction of depreciated cost for one 

particular time, say t=l with the linear equation, it can be seen 

that depreciated cost is larger the more dominant is technological 

obsolescence.  Making the same comparison at t=15 results in the 

same observation but the difference in depreciated cost is less.  This 

can be accounted for by the first term in equation kS.  With the value 

of parameters given it is positive and increases with t because of 

the discount factor.  The first term is larger for a given t and 

increases with larger increments, when inflation dominates technolog- 

ical obsolescence. 

Table 1:  Fraction of original cost depreciated in period t to t+1; 

with t =0,i=.06,K=.05,t =20, and (m-h)=.03, 0.0, and -.03-  Using 
O K 

equation ^9 (L) and equation 50 (E) . 

Dt/C 
'to  .03(L)  0.0(1)   -•03(L)    ■03(E)   0.0(E) -.03(E) 

0 -.ookk +.0160 +.0364 -.0005 +.0164 +.0385 

1 -.0028 .0170 .0368 +.0020 .0183 .0386 

5 +.0045 .0216 .0386 .0165 .0284 .0410 

10 .0166 .0291 .0417 .0898 .0493 .0489 

15 .0329 • 0393 .0457 .1080 .0854 .0657 

19 .0500 .0500 .0500 .1879 .1326 .0895 

In other words the value of deteriorated capacity, as represented by, 

the first term, increases as t approaches the time of replacement and 

increases more rapidly when inflation dominates technological obsoles- 

cence.  Whereas in any one column the change in replacement cost, 
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the second term, is constant but smaller the more dominant is 

inflation.  The net result of the two terms is a depreciated cost 

which increases with t and increases more rapidly when inflation 

dominates technological obsolescence.  With depreciated cost start- 

ing at a larger fraction when technological obsolescence dominates 

inflation the difference in depreciated cost between the various 

sums of inflation and technological obsolescence diminishes as t 

approaches tD.  Where replacement occurs immediately after deter- 

ioration, i.e. tR=t+l, and the sum of inflation and technological 

obsolescence is zero, depreciated cost is equal to the rate of 

deterioration times the original cost of the vintage of capacity. 

If the rate of deterioration is a constant proportion of C  then 
o 

the rate of depreciation is uniform. 

As for the exponential form of equation 49 similar results can 

be observed in regards to the domination of technological obsolescence 

over inflation for the smaller t's.  Due to the compounding growth 

of an exponential equation, depreciated cost with m-h=.03 surpasses 

that with m-h=-.03 as t approaches tD.  This takes place through K 

the same process as occurs in the linear form but the increase in 

the rate of depreciation is with larger increments. 

Interest Cost and Economic Amortization 

Economic amortized cost of period t to t+1 is defined as depre- 

ciated cost plus interest cost (Turvey, 1969, 1971, p68; Baumol, 1971) 

Interest cost is the return on residual value of the vintage of 

capacity in its best alternative use.  This is defined to be equal 
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to the interest rate on the bonds times the residual value of the 

vintage of capacity at the beginning of the period.  Residual value 

is the replacement cost of capacity as calculated at the beginning of 

the period less the value of previously deteriorated capacity.  At 

t=t =0 the interest cost reduces to iC  , since there is no previously 
O t r i 

O 

deteriorated capacity.  Notice that the interest cost is calculated 

at the beginning of a period whereas depreciated cost is calculated 

at the end of the period, and, hence they cannot be directly added 

without consideration for the rate of discount.  The interest cost. 

25 for   period   t  to  t+1   is: 

t-1 

51)     't-V
i[Vj=t    Detj] 

o        J 

=i{[Ct   (l+(m-h)(t-t0))] 
o 

-[C       (l+(m-h)(tR-t  ))(     Z     K((J+l)-J)e"i(tR"(J+1)))]} 
^ R    0       J=t 

o 

Using the same example as in Table 1 the fraction of original 

cost as interest cost for six time periods has been tabulated in 

Table 2.  As is expected the interest cost decreases over time. 

25-  In Exponential Form: 

52)  I -IC  [e<m-h><t-td) 

o 

V^V^V e^ ' )e-i(V(J+1))] 
J=t, 
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Where inflation (m) dominates technological obsolescence (h), the 

decrease is more gradual and is even absent in the early time periods. 

The more dominant inflation is over technological obsolescence the 

less does residual value of capacity decline, and, hence the less 

does interest cost decline. 

The interest cost can be related to the rate of depreciation. 

The smaller depreciated cost is in a period the larger is the interest 

cost and vice versa.  Observing the fraction of interest cost for 

the linear equation at t=l, it can be seen that the more dominant is 

technological obsolescence the smaller is the interest cost, whereas 

the depreciated cost is larger. 

Table 2:  The fraction of original cost as interest cost at the beginn- 

ing of period t to t+1 with t =0, i=.06, K=.05, t =20 and m-h=.03> 0, 
O K 

and -.03-  Equation 51 (L) and equation 52(E). 

m- 

to 
L 

-h=+.03 

to 
L 
0.0 

to 
L 

-.03 

to 
E 

+ .03 

to 
E 

0.0 

to 
E 

-.03 

t=0 .0600 .0600 .0600 .0600 .0600 .0600 

t=l .0602 .0590 .0578 .0600 • 0590 • 0577 

t=5 .0603 .05^3 .0488 .0584 .0538 .0482 

t=10 .0576 .0472 .0369 .0501 .0429 • 0351 

t=15 .0508 .037^ .0239 .0293 .0241 .0186 

t=ig .0366 .0240 .0114 -.0175 -.0084 -.0036 
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Table 3-     Fraction of original as economic amortized cost, i.e. equa- 

tion 53- 

(m-h)= 
L 

=+.03 
L 

0.0 
L 

-.03 
E 

-.03 
E 

0.0 
E 

-.03 

t=0 .0559 • 0750 .0942 .0595 .0754 .0962 

t=l • 0576 • 0750 .0924 .0619 .0762 .0940 

t=5 .0645 .0746 .0851 .0739 .0805 .0867 

t=10 .0732 .0746 .0761 .1345 .0895 .0811 

t=15 .0817 • 0743 .0669 .1308 .1044 .0804 

t=20 .0836 .0710 .0584 • 1591 .1162 .0805 

Economic amortized cost at the beginning of period t to t+1 is 

defined as: 

53)  EAt = D^"' + lt 

Table 3 portrays the values of economic amortized cost.  From 

this can be seen that economic amortization varies according to the 

combination of expected inflation and expected technological obsol- 

escence as well as if the equation is linear or exponential.  The 

more dominant is inflation the larger are the payments in the future, 

i.e. delayed economic amortization.  As for the linear equation 

economic amortization is virtually uniform when inflation and tech- 

nological obsolescence cancel each other.  The more dominant technol- 

ogical obsolescence is over inflation the larger is economic amortized 

cost in the early years, i.e. accelerated economic amortization.  The , 

exponential equation results in a delayed economic amortization scheme 

even when inflation and technological obsolescence nullify each other, 



90 

though it becomes accelerated as technological obsolescence surpasses 

inflation. 

Caution should be used in interpretation of these tables for 

the value of tR the time of replacement was assumed to be 20 years. 

Furthermore, specific values for the parameters representing the 

rate of inflation, technological obsolescence, deterioration, and 

interest have been assumed.  Further analysis on the sensitivity of 

economic amortized cost with respect to these parameters is of 

i nterest. 

Note that the sum of present value economic amortized cost 

should equal the original cost of capacity less scrap value, "if no 

unforseen changes in prices and technology occur during the life of 

an asset" (Turvey, 1969, p298; Baumol, 1971, p64l).  So long as the 

parameters in the equation for specifying economic amortization por- 

tray the actual occurrance of inflation, technological obsolescence, 

and deterioration the sum of present value economic amortized cost 

should equal original cost less scrap value.  If unforseen conditions 

occur no stipulation can be made. 

Specification of economic amortization requires information on 

the original cost of a vintage of capacity C  and the time of 
to 

replacement tD, both outcomes of investment decisions.  There is an 

interdependence among the capacity expansion investment decisions 

on the type, amount, and timing of capacity expansions with the 

capacity replacement investment decisions on the economic life of 

capacity and economic amortized cost.  The value of C   in the 

o 
equation for economic amortized cost corresponds to the cost of 



91 

the capacity expansion at t .  In fact there should be an equation 

for each capacity expansion as determined in Chapter II. 

For each capacity expansion there is a sequence of replacements 

where the number of replacements depends on the economic life of 

capacity and the time horizon of the model.  "If the firm's planning 

horizon extends beyond the life of a single replacement, then [tD] 

cannot be evaluated independently of the economic life of future 

replacements" (Smith, 1961, pl36).  Specification of a sequence of 

replacements is the topic of capital replacement theory.  It remains 

to discuss capital replacement theory in order to specify the economic 

life of a vintage of capacity which will allow economic amortized 

cost to be calculated. 

Capital Replacement Theory and Economic Life 

Capital replacement theory is merely one facet of investment 

theory which determines an economic life for a vintage of capacity 

with a minimum present value cost time sequence of replacements.  It 

is conceivable that a vintage of capacity may minimize present value 

cost "until the moment when it suddenly falls to pieces, like the 

late Justice Holmes' famous 'one-hoss shay"1 (Preinreich, 1938, 

pl60).  In such cases replacing capacity has a physical rather than 

a value or cost aspect, and, hence the economic life of capacity is 

the productive life of capacity which ought to be known from experi- 

ence. 

A common situation is where operating and maintenance costs 

directly connected with the operation of capacity gradually rise to 
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prohibitive levels, such that replacement takes place prior to the 

end of capacity's productive life.  This results in a replacement, 

policy with an economic life shorter than the productive life of 

capaci ty. 

Identification of the cost components directly connected with 

the operation and replacement of capacity is the next task in the 

formulation of a capacity replacement policy.  The costs which must 

be considered are (Alchian, 1952, p7): 

1) Cost of operating and maintaining the present capacity as 
well as new replacement capacity. 

2) Cost of replacing capacity. 

3) Depreciation or change in residual value, i.e. loss in 
salvage value, from further use of capacity, and 

4) Interest cost on residual value of capacity. 

Each of these cost components changes over time in accordance to 

the utilization of capacity, rate of inflation, rate of technological 

change, and replacement policy chosen.  It is the objective to deter- 

mine the replacement policy, i.e. time sequence of replacements for 

capacity, which minimizes present value cost while taking into con- 

sideration the cost components expected change over time. 

The cost of operating and maintaining capacity once it has been 

installed increases with the utilization of capacity, cummulative 

use, intensity of utilization, and the rate of inflation.  The rela- 

tionships may be reduced to one with time by assuming a particular 

time pattern of utilization and inflation, though the relationship is 

an empirical issue.  Several general forms are a linear function, an 

exponential function without a limit, and a limited exponential 
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function (Smith, 1961, pl35; Alchian, 1952, p9) 

OMC = A + bt    or 
t   o 

= A e 
o 

bt 
or 

"bt. 
= A + B (1-e UL) 
00 

For this analysis the unlimited exponential equation is used. 

The operating and maintenance cost at the time of installation is 

A and the percent increase over time is represented by b.  Due to 

technological change the initial operating and maintenance cost of 

new capacity declines.  Letting z represent the percent decline in 

initial operating and maintenance cost and tD be the date of replace- K 

ment, the operating and maintenance cost equation is: 

for R=0,1,...,RT. 5k)     OMC = A e"Zt* eb{t't^ 
t   o 

The cost of replacing capacity increases with inflation and 

decreases with technological change for which the combined effect 

may be represented as a function of time and original cost.  The 

cost of replacing capacity C.   at time tDj. is: 
tR=0        R+] 

C    = C  (l+(m-h)(tR+1-to)) 
R+l    o 

or 

for R=0,1,... ,RT. 

The exponential form of the equation will be used below.  Depre- 

ciation, i.e. decline in residual value or decrease in salvage value, 

is included in the analysis by making the cost of replacing capacity 

net of salvage value from the previously existing vintage of capacity. 

The salvage value, being equivalent to residual value V , is the cost 

of replacing capacity less the value of previously deteriorated capacity. 
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V =C -     r   Detj- dJ for  R=0>1 ,.. . ,RT. 
tR+l R+l        J 

Vl 

The cost of replacing capacity net of salvage value from the 

previously existing capacity reduces to the value of previously 

deteriorated capacity.  Using an exponential form of the equation: 
tR+l 

55) CN    = C    - V    = r  Det
t
dt    &=0,1,...,RT. 

R+l    ^R+l    R+l  -J Z 
tR 

-C  e^^^R+l"^ S^   ekt(ek-i)e-i(t^l-t)dt 

The remaining cost to discuss is the interest cost on residual 

value of capacity.  It takes the form: 

t 

t " t ' "-"t 
56) l^iV^i [C,.- r  Det.dj 

= iC   [e(m-h) (t-t0)_e(m-h) (tR+1-to)y ekj ^k^j 

e-i(tR+l-j)dj] 

The next task is to combine equations 5^, 55, and 56 into one 

equation for the present value cost of a capacity expansion and its 

time sequence of replacements.  Note that all costs are discounted to t 

57) E-AJ i[/R+\e-Z^eb^  e^^'^dt] 
R=0  'R    0 

+ [C  e^) (tR+l'to)  r   e  (e -l)e   K+1  0 dt] 
to ^ 

+ t>+,e-i(t-to)i cf [e^X*-^ J to 
tp> t 

:(m-h)(tR+1-t0) jr    [ekJ(ek_1)e-i(tR+1-j)dj]]dt} 

:R 

By taking the derivative of E with respect to t  it is possible 
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to find a minimum present value cost time sequence of replacements 

as a function of C  the original cost of the capacity expansion as 
o 

well as the parameters m, h, k, and i.  The value of tD with R=l 

is used in equation k3  and 51 to solve for the depreciated cost and 

interest cost in each time period.  These costs are then used to 

find the price per period of a capacity expansion by dividing their 

sum, i.e. equation 53, by the amount of capacity in the expansion. 

After completing this for the capacity expansion at t  it is necessary 

to go through the same procedure for the other capacity expansions. 

The derivative of E with respect to tD is a complicated equation 

for which either an iterative solution technique is required or a 

trial and error method.  Basically as the time of replacement is 

postponed there is an increase in the operating and maintenance cost 

with the existing capacity as well as a decline in salvage value. 

Eventually these costs in a period become equal to or exceed the 

per period cost of replacing capacity plus the new operating and 

maintenance cost, at which time replacement should take place 

(Smith, 1961, pl^O).  "The replacement criterion 'replace when 

running cost of the old machine exceeds the first year running cost 

plus amortization of a new machine' is equivalent to the present 

worth criterion 'time replace so as to minimize the present worth 

of all future costs'" (Turvey, 1969, p291).  This criterion of 

replacement is similar to the one for a capacity expansion (see ch. 2, 

equation 25).  A distinguishing characteristic is that the operating 

and maintenance cost are effected differently according to whether 

there is a need to expand capacity or replace capacity.  Furthermore 
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salvage value is a consideration in the replacement of capacity and 

not in the expansion of capacity. 

Summary 

In summary of this chapter the relation of economic amortization 

and financial amortization is developed and a decision on which to use 

in the investment decisions and in the formulation of user charges 

is made. 

Economic amortization distributes the cost of a capacity expan- 

sion, less final salvage value, over its economic life in accordance 

to the change in residual value, i.e. resale value, in each period. 

It also includes interest cost on residual value in each period.  The 

change in residual value in a period is represented by the value of 

deteriorated capacity plus the change in replacement cost.  The value 

of deteriorated capacity is estimated by the cost of replacing deter- 

iorated capacity at the date of replacement which may be several 

periods after the actual deterioration.  Estimation of these costs 

requires information on the original cost of the capacity expansion, 

the rate of inflation, the rate of technological obsolescence, as 

well as the rate of utilization of capacity so that the rate of 

deterioration may be calculated. 

Even though a vintage of capacity may be productive beyond its 

economic life it is often economical, i.e. less costly, to replace it 

prior to the end of its productive life.  The objective of capital 

replacement theory is to specify the economic life of capacity which 

minimizes the present value cost of a time sequence of replacements 
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for a capacity expansion.  The solution requires information on the 

operating and maintenance cost of capacity, the rate of deterioration, 

interest cost, rate of inflation, rate of technological obsolescence, 

and the timing and amount of capacity in the original capacity 

expans ion. 

The capacity replacement investment decisions are interdependent 

with the capacity expansion investment decisions.  Both of these 

capacity expansion investment decisions depend on amortized cost as 

does amortized cost depend on the amount and timing of the capacity 

expansion and the economic life of capacity.  For the investment 

decisions it is economic amortized cost which is to be used since it 

is an integral aspect as well as result of the investment decisions. 

While financial amortization "is determined by some simple rule - 

straight-1ine, diminishing balance, etc. - and by an arbitrary choice 

of life," economic amortization "is the result of an explicit optimi- 

zation calculation" (Turvey,  1971, p68; also see Littlechild, 1970, 

P329). 

Financial amortization is for the purpose of formulating the 

user charges and the actual financing of capacity expansions, whereas 

economic amortization is for making investment decisions.  Justifi- 

cation of a pay-off period for the bonds which is less than the 

economic life of capacity may be made on the basis of financial 

liquidity of the municipality, uncertainty in future technology in 

sewage waste treatment, uncertainty in future inflation, and possible 

exorbitant interest cost on the bonds with a maturity period equiva- 

lent to economic life of capacity. 
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A municipality must consider the amount of bond debt it possesses 

in selling more bonds, and, hence financial liquidity is a concern in 

the choice of maturity period on new bonds.  Furthermore, a munici- 

pality does not want to be paying back bonds on technologically 

obsolete capacity.  Realizing the uncertainty in future technological 

change, particularly radical technological breakthrough, a pay-off 

period shorter than the economic life of capacity is appealing. As 

for the investors they do not want to take the chance of future 

unexpected inflation devaluing the returns on investments. 

The interest cost on the bonds given the maturity period 

depends on whether a delayed, uniform, or accelerated financial 

amortization scheme is used.  The type of financial amortization 

scheme to use is discussed in the next chapter on the formulation 

of user charges. 
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IV.  FORMULATION OF USER CHARGES 

The intent of this chapter is to determine a distribution of 

annual expenditures of a STP among the existing users and new users 

through a departure from an economically efficient set of user 

charges.  This requires the distribution of capacity expansion cost 

between periods, i.e. financial amortization, as well as the distri- 

bution of costs associated with a period among the existing users and 

new users.  An economically efficient set of user charges assesses 

a cost from each user on the basis of the cost of receiving benefits 

from sewerage.  The user is asked to pay an amount equal to the 

total costs of supplying it, (Coase, 19^6, pl73)- 

The change in total cost of sewerage due to the flow of influent 

from a new user or a change in the flow of influent from an existing 

■ r i •  i 26    . .       . . 
user is the cost or supplying a user with sewerage.   Assessing this 

cost from an existing user or new user is equivalent to marginal cost 

pricing, both short run marginal cost and long run marginal cost as 

will be discussed below. 

The short run marginal cost plus long run marginal cost assoc- 

iated with an existing user's flow of influent will comprise the 

variable monthly charge.  The long run marginal cost associated with 

a new user's flow of influent forms the connection charge. 

26.  Existing users are those present at the beginning of a year.  A1J 
new users' will be assumed to begin contributing sewage at the 
end of each year.  This assumption will result in the user charges 
being over estimated since there will actually be more users to 
distribute annual costs among than specified in the calculation of 
user charges.  This error will be accepted as a margin of safety. 
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With the existance of an annual budget constraint, decreasing 

average capacity expansion cost, and common cost it is necessary to 

depart from having the user charges at marginal cost.  The basis of 

departure requires equity consideration by the community and results 

in an additional means of recouping cost from members of the commun- 

ity.  This may be accomplished by either a constant monthly charge, 

property tax, or income tax.  In this analysis a constant monthly 

charge is used. 

By focusing attention on user charges this analysis neglects 

the use of a property tax and an income tax.  In choosing the form 

of pricing it is of interest to associate a characteristic of a user's 

flow of influent to the cost of sewerage.  How this is accomplished 

with the user charges is discussed below.  As for the income tax 

there is no relation between a user's income and the cost of sewerage, 

but for the purpose of equity it is a feasible form of pricing. 

Since equity may be considered with the user charges the income tax 

is left out of the analysis.  A property tax does relate a character- 

istic of a user's flow of influent to the cost of sewerage in that 

rainstorm drainage and infiltration are in proportion to the area of 

land within the municipality.  By determining the cost of sewerage 

due to rainstorm drainage and infiltration a cost per unit area may 

be specified and implemented in the pricing scheme as a property 

tax on land.  Furthermore the value of property within a community 

is enhanced by the provision of sewerage.  This form of pricing will 

not be developed, leaving it for further research. 

This chapter is divided into three sections.  The first concerns 
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the association of cost components to user charges.  The second section 

is about the distribution of costs associated to each user charge 

among the existing users or new users on the basis of a character- 

istic common among the users flow of influent.  The final section 

provides an example calculation of user charges. 

Association of Cost Components with User Charges 

The annual cost of sewerage is divided into three cost components. 

These are: 

1) Variable Operating Cost, \IOC(t); 

2) Annual capacity expansion cost, ACC(t); and 

3) Noncapital Overhead cost, NOC(t). 

The three user charges which these cost components are associated 

wi th are: 

1) Variable Monthly Charge, VMC(t); 

2) Constant Monthly Charge, CMC(t); and 

3) Connection Charge, CC(t). 

With the existence of an annual budget constraint the annual revenue 

must equal annual cost.  This is expressed in the following equality 

where N.(t) is the flow of influent from the existing users, N„(t) is 

the number of existing users in year t, and g(t) is the number of new 

users at the end of period t. 

58)  V0C(t)+ACC(t)+N0C(t)=N1(t)[VMC(t)]+N2(t)[CMC(t)]+g(t)[CC(t)] 

It is necessary to subdivide the cost components such that they 

may be associated with the user charges.  This will proceed by dis- 

cussing each user charge and determining which subcomponents of cost 
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they are associated with. 

The variable monthly charge is per unit flow of influent where 

the unit of measurement will be discussed in the next section.  The 

costs which vary with the flow of influent from the existing users 

is to be recouped through the variable monthly charge.  The \/MC(t) 

is the short run marginal cost plus long run marginal cost associated 

with the flow of influent from the existing users.  Short run marginal 

cost is the variable operating cost per unit flow of influent, and 

includes the cost of chemicals and electrical power. 

Long run marginal cost is the increase in cost per unit increase 

in capacity.  The amount of capacity in an expansion depends on the 

expected change in the flow of influent due to an increase in users 

as well as the need to meet the effluent water quality standards 

■with the flow of influent from the existing users.  Furthermore a 

portion of noncapital overhead cost changes according to the amount 

and type of capacity in use, and, hence is a component of long run 

marginal cost.  There are two parts of long run marginal cost, one 

associated with the existing users and the other with the expected 

increase in users.  Each part is comprised of two cost components, 

one from capacity expansion cost and the other from noncapital over- 

head cost. 

Long run marginal capacity expansion cost for the existing users 

is a cost component associated with the variable monthly charge. 

The amount of capacity in an expansion necessary for the existing 

users depends on their flow of influent, and, hence the marginal 

capacity expansion cost associated with the existing users should be 
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assessed from the existing users on the basis of a characteristic of . 

the existing users flow of influent, in conjunction with the variable 

monthly charge.  The other part of long run marginal capacity expansion 

cost, that which is associated with the expected increase in users, 

should be collected from the new users through the connection charge. 

The total capacity expansion cost will not be recouped by the 

variable monthly charge and connection charge.  Because of decreasing 

average cost for capacity expansions there is a deficit at setting 

the user charges at marginal cost.  The capacity expansion cost not 

recouped by the variable monthly charge and connection charge should 

be collected through the constant monthly charge. 

The portion of noncapital overhead cost which varies with the 

amount and type of capacity is a part of long run marginal cost.  It 

is associated with the variable monthly charge and connection charge. 

The proportion collected by each depends on the proportion of the 

capacity expansion associated with the existing users as compared 

to the expected increase in users.  The noncapital overhead costs 

which do not vary with the amount of capacity should be collected 

by the constant monthly charge.  The noncapital overhead cost 

includes such items as administration, labor and maintenance, where 

the last two vary with amount and type of capacity. 

Theoretically the association of the variable operating cost 

and noncapital overhead cost with the user charges is straight 

forward.  The capacity expansion cost is more intricate.  A more 

detailed analysis of this cost component and its association with the 

user charges will be given in reference to Figure 7. 
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In Figure 7, LMC is the long run marginal capacity expansion 

cost curve and LAC is the long run average capacity expansion cost 

curve.  The fact that they decline reflects the decreasing average 

cost for capacity expansions.  The amount of capacity in the actual 

expansion with the expected increase in users is Q..  If there were 

a zero increase in users the capacity expansion would be Q..  The 

area 0beQ„ is the total capacity expansion cost of which it is of 

interest to divide into components and associate with the user 

charges. 

The first question which arises is whether Figure 7 is in ref- 

erence to the total capacity expansion cost or that portion amortized 

to one period.  In fact the figure can be interpreted in either case. 

It will be assumed that Figure 7 is in reference to amortized cost 

in one period, using the first period as an example.  Specification 

of the financial amortization scheme will be postponed until the next 

sect ion. 

When the variable monthly charge is set at long run marginal cost 

with the actual capacity expansion, i.e. where LMC=d, the area oafQ. 

is the cost which is recouped from the existing users in the first 

period.  Assuming new users enter the system at the end of each year, 

they pay no variable monthly charge the first year.  If there is no 

expected increase in users the capacity expansion would be Q., and, 

hence LMC would be at C.  There is a decrease in LMC from c to d 

with the larger capacity expansion as compared to the smaller due 

to decreasing average cost for capacity expansions. 

There are three alternatives to specifying LMC as incorporated 
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into the variable monthly charge.  One choice is to set it at d and 

leave it there for the repayment period of bonds.  Another choice is 

to set it at c and leave it for the repayment period.  The third 

choice is to set it at c in the first year and adjust it each year 

towards d along the LMC curve.  The adjustment should be in accordance 

to the utilization of capacity.  When full capacity use is reached 

at Q. , LMC should be d. 

A shortcoming with the first choice, i.e. LMC=d, is that over 

the repayment period of capacity expansion costs the portion which is 

variable with the flow of influent, will not be recouped through the 

variable monthly charge.  If LMC=c over the repayment period more than 

the portion of capacity expansion cost which is variable with the 

flow of influent will be recouped by the variable monthly charge. 

Setting LMC at c in the first year and adjusting it towards d, as full 

capacity is approached, allows the variable monthly charge to just 

recoup the capacity expansion cost which is variable with the flow of 

influent.  Furthermore, by having LMC=c in the first year, the initial 

existing users have to pay the variable capacity expansion cost which 

would be incurred if the capacity were only expanded by Q..  In the 

following years the initial existing users benefit from a decreasing 

LMC.  The benefits are attributable to the increase in users and the 

existence of economics of size in capacity expansion costs. 

The next step is to determine that portion of 0beQ„ which is 

associated to the connection charge in the first year.  This should 

be Q.cdQ , the area under the LMC curve and associated with the 

capacity expansion larger than that necessary with a zero increase in 
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users.  The area Q.cdQ represents the capacity expansion cost which 

is variable with the expected flow of influent from the new users. 

The remaining capacity expansion cost to be recouped in the first 

year is associated to the constant monthly charge.  With LMC=c the 

cost represented by the area hbedc should be collected through the 

constant monthly charge.  If LMC=d then the cost represented by abedcf 

should be recouped by the constant monthly charge. 

Because of the increase in existing users over time the user 

charges specified for recouping capacity expansion costs in the first 

year will result in more than the total capacity expansion costs to 

be recouped over the repayment period.  It was suggested that the 

LMC associated with the variable monthly charge be adjusted downwards 

over time from c to d.  The same can be done with the constant monthly 

charge.  The amount to adjust the constant monthly charge may be 

determined by imposing a restriction on the total revenue, to be 

recouped by the user charges associated with the capacity expansion 

cost, over the repayment period. 

As for adjusting the amount of capacity expansion cost to be 

collected by the connection charge, it is necessary to consider the 

expected change in the increase in users.  If the increase in users 

is to increase over time, i.e. exponential increase in users, the 

cost to be collected by the connection charge should increase as well. 

This requires a delayed amortization scheme of capacity expansion cost 
1 

which results in a larger interest cost than a uniform amortization 

scheme, as will be discussed below. 

For a constant increase in users the cost collected by the 
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connection charge each year may either be constant or increase.  A 

reason for its increase is that the more excess capacity there is 

for future users, the larger will be the interest cost. The further 

in the future a user connects with the sewerage system the larger is 

the interest cost.  The adjustment of the connection charge requires 

consideration for the additional interest cost of a more delayed 

amortization scheme as well as the expected increase in users. 

It is possible to express annual capacity expansion cost in an 

equation, from which the long run marginal capacity expansion cost 

may be estimated.  This provides a means to associate the capacity 

expansion cost to the user charges as discussed above.  For instance 

let annual capacity expansion cost be: 

59) ACC(t)=aQ for b^ (economies of size factor). 

Long run marginal capacity expansion cost is: 

60) LMC = ba Qb~] 

Long run average capacity expansion cost is: 

61) LAC - aQ13"1 

The ratio of LMC to LAC is 

62) LMC/LAC = b 

By multiplying the value of LAC by the economies of size factor 

b, the LMC of a capacity expansion may be calculated.  This may seem 

an indirect method of calculating LMC, but its usefulness may be seen 

in the following situation.  First it must be realized that the 

economies of size factor b and LAC are pieces of information readily 

available in the literature for the various capacity types (see 

references in Ch. 11, Sec. ^-cl). 
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It is of interest in the capacity expansion investment model to 

include the effect of the user charges through the price elasticity of 

the flow of influent.  With information on b and LAC the user charges 

for different capacity expansions may be easily estimated prior to the 

knowledge of the actual capacity expansion cost.  This allows the 

effect of the user charges to be readily included in the capacity 

expansion investment model, so long as the price elasticity is known. 

The association of capacity expansion cost to the user charges 

has been elaborated on over the last few pages.  Each user charge 

is to be used to assess a portion of capacity expansion cost.  It was 

pointed out that the user charges may need to be adjusted over the 

repayment period of capacity expansion cost, primarily due to the 

increase in users.  Before making any final conclusions on the 

adjustment of user charges it is necessary to express them in a more 

general form which includes the variable operating cost and noncapital 

overhead cost. 

From equation 1 it is of interest to express each user charge in 

terms of the subcomponents of the three cost components.  Starting with 

the variable monthly charge: 

63)  VMC(t)=SMC(t)+LMC1 (O+MNOCj (t) 

The variable monthly charge is assessed from the existing users 

on a per unit flow of influent basis.  Note that both sides of equation 

63 are multiplied by N.(t) the total flow of influent from the existing 

users in one year.  This does not include the flow from rainstorm 

drainage or infiltration.  The first term on the right hand side is 

the short run marginal cost which is the variable operating cost 
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per unit flow of influent.  The term LMC. (t) is the long run marginal 

capacity expansion cost associated with the existing users.  For the 

first period it is estimated by either c or d in Figure 5.  This 

may be estimated with the economies of size factor b and the LAC 

at a capacity expansion of either Q. or Q .  The third term MNOC.(t) 

is the marginal noncapital overhead cost associated with the flow of 

influent from the existing users. 

As for the change in the variable monthly charge over the re- 

payment period of capacity expansion costs it is necessary to consider 

the net effect of the three cost components.  The SMC(t) will increase 

with inflation.  It may also increase with the flow of influent to 

capacity ratio.  The LMC.(t) may decrease from c to d as pointed out 

above.  The MNOC^t) will increase with inflation but should be 

invariant to the flow of influent.  The net change depends heavily on 

the rate of inflation.  With current trends in inflation it is most 

probable that \/MC(t) will increase. 

The connection charge is: 

67)  CC(t)=LMC2(t)+MN0C2(t) 

The connection charge is assessed to a new user.  The first term 

LMC„(t) is the long run marginal capacity expansion cost associated 

with the expected increase in users.  g(t)LMC„(t) should equal the 

area Q.CdQ9 in Figure 7-  The second term MN0C„(t) is the marginal 

noncapital overhead cost associated with the flow of influent from the 

expected increase in users.  The cost associated with the connection 

charge is distributed among the new users each year on the basis of 

the expected flow from each new user.  How this is accomplished will 
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be discussed below.  There is reason for the first term of the 

connection charge to increase over time as discussed above.  The 

second term will also increase due to inflation.  The net result is a 

connection charge that may increase over the repayment period of 

capacity expansion costs. 

The constant monthly charge is: 

65)  N2(t)[CMC(t)]={[ACC(t)-[N1(t)LMC1(t)+g(t)LMC2(t)]] 

+ [N0C(t)-[N (t)MN0C1 (t)+g(t)MN0C2(t)]]} 

The constant monthly charge is comprised of two terms.  The first 

is the annual capacity expansion cost minus that portion associated 

with the \/MC(t) and CC(t).  The second term is the noncapital over- 

head cost minus that portion associated with \/MC(t) and CC(t). 

This user charge is per existing user since it is invariant to the 

flow of influent.  As for its change over time the first term may 

decrease whereas the.second term will increase if inflation exists. 

The association of cost components with the user charges has 

been accomplished.  The next task is to determine the bases for dis- 

tributing the costs associated with each user charge among the exist- 

ing users and new users.  This is the topic of the next section. 

Bases of Distributing Cost Among Users 

Specification of the basis for distributing the cost components 

associated with each user charge among the existing users or new 

users is the topic of this section. The choice of basis for each 

user charge will be discussed below. 

The variable monthly charge is to recoup those costs which vary 
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with the flow of influent from the existing users.  It is per unit 

flow of influent.  The basis of distributing the costs associated with 

the variable monthly charge is some measurable characteristic of the 

flow of influent.  Possible characteristics are volume flow of influent, 

BOD content, and SS content.  Since the cost of sewerage varies with 

all three characteristics it would be ideal to distribute the costs 

which vary with the flow of influent on the basis of all three. 

The cost of obtaining measures for a user's flow of influent 

for the latter two characteristics is prohibitive, except in the case 

of excessively strong BOD content and SS content as from industrial 

27 
users.    It is prohibitive in the sense that the benefit from obtain- 

ing the measures is less than the cost of obtaining them, where the 

benefits are from a more efficient pricing scheme and investment 

plan which utilizes the information.  By measuring BOD content and SS 

content of a user's flow of influent at negligible price more econ- 

omically efficient prices could be determined in that the total cost 

of supplying a user with sewerage could be more accurately assessed. 

These characteristics of a user's flow of influent may be associated 

to capacity expansion cost and variable operating cost, as well as 

household devices and practices as in the use of garbage disposals 

(Byrd, 1961, Roderick, 1962; Brown and Caldwell, 1973, Table 9-17; 

Berthouex and Polkowski, 1970). 

27-  In the case of industrial users, the cost of sewerage should be ' 
determined separately and appropriately treated in a combined 
or separate facility (Maystre and Geyer, 1970). 
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It is assumed that all users' flows of influent have equivalent 

BOD content and SS content per unit volume of flow.  This leaves the 

volume flow of influent as the characteristic to be used as the basis 

for distributing those costs of sewerage which vary with the flow of 

influent from the existing users. 

Actually metering the volume flow of influent is too costly 

but an adequate surrogate in the water volume used is commonly metered. 

Of course caution must be used in making this substitution or else 

error may arise.  When all the water volume used is returned as sewage 

waste it makes an accurate surrogate for volume flow of influent. 

There are situations where water is not returned as sewage, particu- 

larly in the summer months when water is used for irrigation and other 

outdoor activities.  This source of error may be compensated by using 

an average of the winter months water volume used as an approximation 

to the summer months volume flow of influent.  As for the winter, the 

monthly volume of water used is adequate as a surrogate for volume 

flow of influent.  Those special circumstances where a considerable 

portion of water volume used is not returned as sewage, the user may 

directly meter the volume of water not returned as sewage.  This is 

the plan recently implemented by the Corvallis municipality (Andrews, 

1976). 

Given a measure for the annual volume flow of influent from each 

user and the number of users it is possible to determine the variable 

monthly charge per unit volume flow of influent which will recoup the 

costs associated with the variable monthly charge. 

The connection charge is to collect the costs which vary with the 



flow of influent from the new users.  It is necessary to specify 

a basis to distribute the costs associated with the expected increase 

in users.  This relies on the expected volume flow of influent from 

each new user and the number of expected new users each year. 

The expected volume flow of influent from new users cannot be 

a precise figure, since the figure is needed prior to their actually 

using the STP.  What can be done is classify the new users into n 

types of users; such as single family dwellings, multi-fami1y dwell- 

ings, commercial establishments which may be further classified, gov- 

ernment or public facilities, and industrial users if they are not 

treated separately.  From the various types of users it is necessary 

to choose one to be a common unit, such as the single family dwelling, 

and assign a typical or average volume flow to the unit.    It is then 

necessary to convert the other users types into an equivalent number 

of the common units. 

The common unit is referred to as an equivalent dewlling unit 

(EDU).  The connection charge per EDU, is found by dividing the cost 

to be collected through the connection charge by the number of 

expected new EDU's. 

The constant monthly charge is to collect the cost of sewerage 

which does not vary with the flow of influent.  It includes a portion 

of capacity expansion cost because of decreasing average cost, as well 

as a portion of noncapital overhead cost which is a common cost, i.e. 

a "fixed cost which must be paid but cannot be associated with any 

28.  The average monthly volume flow for single family dwellings in 
Corvallis is 800 ft3 (Andrews, 1976). 
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production operation" (James and Lee, 1971, p528).  The cost compon- 

ents associated with the constant monthly charge must be distributed 

on an equity basis since they are not related to a change in the 

flow of influent. 

With the variable monthly charge set at short run marginal cost 

plus long run marginal cost, which is an economically efficient form 

of pricing in that it associates the change in total cost from 

sewerage due to a change in the flow of influent from an existing 

user.  The constant monthly charge causes a deviation from marginal 

cost pricing.  When it is necessary to deviate from marginal cost 

pricing it should be done on an equity basis.  It is of interest to 

determine the basis for distributing the costs associated with the 

constant monthly charge which results in a politically expedient 

departure from marginal cost pricing. 

There are two potential bases for distributing the costs assoc- 

iated with the constant monthly charge among the existing users. 

One approach entails measuring for each existing user the loss in 

utility from an additional user charge which causes a deviation of 

the user charges from marginal cost.  The other approach requires 

specifying the alternative with minimum cost of supplying each user 

with the identical service. 

The objective of the first approach is to distribute the costs 

such that the loss in utility to each existing user is equivalent. 

A first approximation to this outcome is accomplished by determining 

the distribution of costs among the users which minimizes the total 

loss in utility, assuming a constant marginal utility of money which 
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is equivalent to all users.  In essence, this approach approximates 

the change in utility due to a change in the cost assessed from a 

user by the change in the flow of influent it creates.  The less 

change in the flow of influent the smaller is the loss in utility. 

In an attempt to minimize the loss in utility the costs associated 

with the constant monthly charge should be distributed among the users 

n proportion to the users' inverse price elasticity of influent flow, 

.e. price flexibility.  The less price elastic is a users flow of 

nfluent the larger should be its share of cost.  If all users' pr.ice 

elasticity is the same, then the costs should be distributed unifonmly 

among the user, i.e. equal share for all,  (Baumol and Bradford, 1970). 

Three shortcomings to using the inverse price elasticity of a 

users flow of influent as a basis for distributing the costs associ- 

ated with the constant monthly charge are: 

1) The lack of equity consideration in that the marginal 
utility of money may not be a constant or the same for 
all users (Feldstein, 1972). 

2) It may be an objective to instigate a reduction in the 
flow of influent through the user charges, in which case 
the price elasticity should be used as a basis rather than 
i ts i nverse; and 

3) The inability to obtain a reliable measure of the price 
elasticity for the flow of influent may be prohibitive 
in us ing thi s bas i s . 

The other approach to distributing the costs associated with 

the constant monthly charge is the alternative cost less separable 

cost of supplying the users with the identical service (James and Lee', 

1971, p533)•  The absence of viable substitutes for a centralized 

STP results in the alternative cost being the same for all users. 
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This means the costs should be distributed on the basis of an equal 

share for all. 

A constant monthly charge of an equal share for all may be alter- 

ed by further equity consideration.  Equity may be taken into consid- 

eration by implementing a form of price discrimination between the 

types of users and/or with a user type.  This may be done for the 

reason of a users ability to pay.  There is no objective economic 

criterion as to how much price difference there should be in the price 

discrimination or if any should exist.  The decision is up to the city 

council and the political process.  Price discrimination may also be 

in the form of a different variable monthly charge per unit volume 

flow of influent for different users and/or at different levels of 

flow.  The connection charge may also be adjusted for different users. 

The constant monthly charge is assessed per user.  A user may be 

interpreted as an EDU as defined under the discussion of the connec- 

tion charge.  Another possibility is to define a user as a billing 

unit.  The difference being that multifamily dwellings and commercial 

establishments are only one billing unit but are comprised of 

several EDU's. 

An additional cost component which has not been considered is 

for the collection system.  This cost component is quite often included 

with the noncapital overhead cost (Andrews, 1976).  To distribute 

them separately requires an additional basis.  The proportion of 

collection system cost to be associated with a user depends on the 

users spatial location relative to the STP.  This includes consider- 

ation for distance as well as elevation change due to possible pumping 
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requirements.  This aspect of pricing will be left for further research. 

It remains to discuss financial amortization before making the ex- 

ample calculation of user charges.  Financial amortization is to distri- 

bute the capacity expansion costs among the time periods within the mat- 

urity period of the bonds used to finance the capacity expansion. 

Three basic forms the amortization scheme may take are:  1) acceler- 

ated, larger annual payments in the early years; 2) uniform, equal annual 

payments; and 3) delayed, larger annual payments in the later years.  The 

more delayed less accelerated the amortization scheme the larger is the 

interest cost. 

The amount of capacity expansion cost set aside for amortization each 

year should be in proportion with the expected flow of influent (Boiteux, 

I960, pl60; Littlechild, 1970, p330).  With an expected increase in the 

flow of influent the amortization scheme should be delayed.  The cost of 

utilizing capacity increases as the flow of influent increases, primarily 

due to deterioration.  In trying to charge the user the total cost of 

supplying it with sewerage the amortization scheme should be delayed. 

Examples of a uniform and delayed amortization scheme will be given 

which will demonstrate the difference in interest cost.  A uniform scheme 

specifies an equal annual amortized cost.  Its cash flow diagram as in 

Figure 8.  Using the capital recovery 

factor for 20 years, with an effective 

interest rate of .0637, and a capacity 

expansion cost, i.e. principal on the 

bonds, of $2,600,000; the amortized 

cost is (Grant and Ireson, 1970): 

A 
P=$2,600,000 

Figure 8:  Uniform Amorti' 
zation Scheme 
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A = P l(i±J^_ = $2,600,000  •0637(1 + -^)20 

(l+r)n-l (1+.0637)20-l 

A = $233-000 

The uniform annual cost times the 20 year maturity period of the 

bond results in a total cost of: 

nA = 20($233,000) = $k,666,600 

The interest cost is: 

nA - P = $i»,666,600-$2,600,000 = $2,066,000 

A delayed amortization scheme consists of a uniform amortized 

cost plus a constant increase each year, i.e. a uniform gradient. 

The uniform gradient takes into consideration the initial excess 

capacity and increase in EDU's by making the future amortized cost 

larger than the present.  Since the bonds are amortized over 20 

years, but full capacity use is expected to be attained over some 

shorter period, say 10 years, it is appropriate for the gradient to 

be effective for only the first 10 years.  The cash flow diagram for 

this amortization scheme is presented in Figure 9- 

.  P = $2,600,000 

20 years 

By setting up an equation for 

the principal of the bond P in 

terms of the first year amor- 

tized cost A and the uniform 

gradient G it is possible to 

solve for A , and, hence all 

Figure 3:     Delayed Amortization 
Scheme 

subsequent annual payments. 

From the sum total of annual payments the interest cost may be calcu- 

lated.  This requires using the compound interest tables for the 



120 

present worth factors (P/F,r,n), and P/A,r,n) as well as the present 

worth of a gradient series (P/G,r,n); (Grant and Ireson, 1970). 

P-  Ai(J.r,n10) + G(|,r,n10) + A10(J,r,n10) (f.r.n^) 

where A  = A.+9G, so that: 

P = A1(x'
r'nio)+G(t r'nio)+Ai(f'r'nio)(F'r'nio) 

+9G(^,r,n10)(f,r,n10) 

solv i ng for A. 

A =   
P"G[(^r'n10) + 9(I'r'nl0)(f'r'n10)] 

[(I'r'nio) + (^r'nio)(F'r'nio)] 

Let;   (|-,.0637,10)=28.4137;  (^ , .0637 ,10)=7 .236; and 

(£,.0637,10)=.5399 

. _ $2,600,000-G(63.5734) _ $233,330-6(5-7054) 
1 "     11.1427 

Substituting for G=gA1=.036A1  where g is the expected growth rate 

in population. 

A = $193,570  and, hence  G - $6,969 

Summing the annual payments for 20 years results in a total cost 

of $4,812,215 and an interest cost of $2,212,215.  This results in an 

additional interest cost of $145,615 from using a delayed amortization 

scheme for the first ten years.  In specifying the amortization scheme 

there is a trade-off between amortizing cost according to the increase 

in use of the STP and a larger interest cost of a more delayed 

amortization scheme. 
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Example Calculation of User Charges 

This example uses the cost information in Andrews (1976) on 

noncapital overhead cost and variable operating cost for the Corvailis 

municipal STP in 1977"1978.  It also relies on the capacity expansion 

cost with a zero increase in users as well as an expected three 

percent increase in users as discussed in Vars (1976). 

The actual capacity expansion cost, with an expected three per- 

cent increase in users, amounts to $8,800,000 whereas the capacity 

expansion cost with a zero increase in users is estimated at $'4,580,000. 

Only a fourth of these costs need be included in the user charges 

since the federal government finances three-fourths.  This results in 

a local share of the capacity expansion costs of $2,200,000 and 

$1,145,000. 

The capacity expansion cost must be divided into cost components 

to be associated with the three user charges.  Following the division 

of capacity expansion cost each cost component will be amortized. 

By amortizing each cost component separately it is possible to use a 

different type of amortization scheme for each cost component. 

Long run marginal capacity expansion cost for the existing 

users, which is associated with the variable monthly charge, is equal 

to the economies of size factor times the capacity expansion cost 

29 
for a zero increase in users.   With an economies of size factor 

29.  The economies of size factor is an estimate of the combined econ- 
omics of size for the several capacity types making up the capac- 
ity expansion.  Since the actual cost information is available 
the long run average cost is not needed in the calculations. 
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.8 the result is: 

20 
E  N (t)-LMC (t) = .8($1)1A5,000) = $916,000. 
t=l  ' 

Using a uniform amortization scheme over a twenty year period 

and with an interest rate of six percent the capital recovery factor 

is .08718.  For this example a uniform amortization scheme will be 

used with all cost components, thi s results in equal annual payments 

to be made with respect to each cost component. 

The capacity expansion cost to be collected by the variable 

monthly charge in the first year is: 

N1(t)-LMC1(t) = .08718($916,000) = $79,856 

Estimation of long run marginal capacity expansion cost for the 

expected increase in users requires multiplying the difference be- 

tween the two capacity expansion costs by the economies of size 

factor.  This cost component is to be associated with the connection 

charge. 

20 
T.       g(t)'LMC (t) = .8($2,200,000-$! ,1^5,000) = $8^,000 
t=l 

The annual capacity expansion cost to be collected by the 

connection charge is: 

g(t)-LMC2(t) = .08718($8^,000) = $73,579 

The remaining capacity expansion cost (RCC(t)) is associated 

with the constant monthly charge.  It is the difference between the 

total capacity expansion cost and the other two cost components. 
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20 

£  N (t)-RCC(t) = $2,200,000-($916,000+$81»<M00) = $^0,000 
t=l 

The annual capacity expansion cost to be collected by the constant 

monthly charge is: 

N2(t)RCC(t) = .087l8($ititO,OO0) = $38,359 

The next task is to divide the noncapital overhead cost into three 

cost components to be associated with the three user charges.  The 

non capital overhead cost amounts to $963-55^ which includes $337,000 

for the collection system (Andrews, 1976).  It has been estimated that 

approximately $100,000 should be associated with the connection 

charge.  Since about half of the capacity expansion is for an increase 

in users and half for the existing users, approximately the same 

$100,000 should be associated with the variable monthly charge.  This 

leaves $763,55** to be recouped by the constant monthly charge. 

The variable operating cost amounts to $35,000 and should be 

associated with the variable monthly charge.  Now that the annual 

cost components have been associated with the user charges it is 

necessary to specify a basis to distribute the costs with each user 

charge.  First the variable monthly charge will be analyzed. 

VMC(t) = [N (t)SMC(t)+N (t)LMC1(t)+N](t)MN0C1(t)]/N](t) 

= [$35,000 + $79,856 + $100,000]/^ (t) 

The variable monthly charge is per unit volume flow of influent, 

and, hence N (t) is the volume flow of influent.  Notice that if N.(t) 

is the existing volume flow of influent then LMC^t) is at c in 

Figure 5, but if N^t) is the volume flow of influent is at Q9 
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then LMC.(t) is at d.  The former will be used in this analysis. 

With the existence of 18,660 EDU's and an expected volume flow 

of influent of 800 ft3 per EDU.N^t) should be 1 .49xl07f t3.30 

VMC(t) = $21M56/[(14,900,000 ft3/mth) (I2mth/yr) ] = $.0012/ft3 

3 
This is a variable monthly charge of 12 cents per 100 ft .  The 

connection is calculated next.  It is per new EDU.  Over the ten year 

period 1965 to 1975 there has been an average increase of 485 EDU's. 

This is a 2.6 percent increase in EDU's for 1977-1978 which is a 

conservative estimate of 3 percent.  A three percent increase is 

560 EDU's.  Using the conservative estimate the connection charge is 

CC(t) = [g(t)LMC2(t)+g(t)MN0C2(t)]/g(t) 

= [$73,579 + $100,000]A85 EDU's 

= $357/EDU 

The constant monthly charge may either be per EDU or billing 

unit.  Using the former the result is: 

CMC(t) = [$38,359 + $763,554]/(l8,660 EDU's)(12mth/yr) 

= $3.58/EDU-mth. 

For each EDU a user is equivalent there is a constant monthly 

3 
charge of $3-58.  For each 100 ft  there is a variable monthly charge 

of 12 cents.  These two user charges result in a cost of $/4.54 for 

800 ft3. 

The monthly charges recently implemented by the Corvallis muni- 

30.  There were 17,827 EDU's at 1974 and an increase of 303 and 530 
in 1975 and 1976 respectively, resulting in 18,660 EDU's at 
the beginning of 1977 (Bortle Wells, 1975, Table 8). 
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cipality as discussed in Andrews (1976) assess the constant monthly 

charge per billing unit at $3-50.  The variable monthly charge is set 

7. 7 
at zero for the first hOO  ft and at 30 cents per 100 ft for the 

3 3 
next hOO  ft .  This results in a cost of $^4.70 for the first 800 ft 

for all billing units.  A form of price discrimination is practiced 

3 
for volume flow of influent larger than 800 ft  in that single family 

3 
dwellings pay 30 cents per 100 ft whereas multi family dwellings 

3 
and commercial establishments pay 55 cents per 100 ft . 

The cost assessed from a user is quite similar in the two plans 

except in the case of a user who has a flow of influent larger or 

smaller than the number of EDU's it is classified as.  For instance 

if a user is classified as one EDU and has a flow of influent of 

1200 ft3 then in the example the user  is charged $3-58 + 12($.12) 

or $5.03.  in Andrew's plan the user is charged $3-50 + 8($.30) or 

$5.90 if the user is a single family dwelling. 

The connection charge implemented by the Corvallis municipality 

is $288/EDU (Vars, 1976).  This is smaller than the $357/EDU deter- 

mined in the example above.  Note that the amount is sensitive to the 

noncapital overhead cost associated with the connection charge and 

the number of expected new EDU's.  Furthermore all the user charges 

are sensitive to the economics of size factor chosen. 

Federal grants have a significant effect on the magnitude of 

user charges.  Without the 75 percent subsidization of capacity 

expansion cost, the connection charge would be $8l3/EDU.  The variable 

3 
monthly charge would be k2  cents per 100 ft and the constant monthly 
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charge would be $4.10/EDU.  Because the federal grants, the actual 

cost of sewerage is not placed directly on the user.  This limits the 

usefulIness of price incentives to reduce the flow of influent. 
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V.  SUMMARY 

The capacity expansion investment model is the central aspect of 

this analysis.  The purpose of the model is to provide a means of 

recommending an economically efficient choice of values for the invest- 

ment decision variables.  It is the capacity expansion investment 

decisions on the timing of capacity expansions and mix of capacity 

types in each expansion which are of interest.  Actually it is only 

the mix of capacity types in the first capacity expansion and the 

timing of the second expansion which are useful. 

The capacity replacement investment decisions on economic 

amortization of capacity expansion costs and on economic life of 

capacity are interdependent with the capacity expansion investment 

decisions, and, hence must be made simultaneously.  In addition 

to these four investment decisions it is necessary to specify the 

use of variable operating factors in the production process of the 

STP as well as the values for the user charges. 

The analysis proceeds by resolving the neglect of the timing of 

capacity expansions as an investment decision variable.  This requires 

the use of a dynamic demand and supply model of sewerage, which allows 

the timing of capacity expansions to be solved simultaneously with 

the mix of capacity types.  The model consists of a cost function, 

a set of production process equations, and a set of factors affecting 

influent, cost, and production. * 

The cost function requires information on the price of inputs, 

the amount of inputs used, and a discount factor. An aspect of the 

cost function in need of further research is the choice of using 
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either price per period of capacity or the price of capacity, where 

the former is the result of an economic amortization scheme over 

the economic life of capacity. 

A large portion of the capacity expansion investment literature 

utilizes an aggregate cost function equation rather than a set of 

production process equations.  The cost function has the advantage 

of readily available information, but is inadequate when the analysis 

of the mix of capacity types is of interest.  Through the use of 

production process equations in the model it is possible to study 

the substitution relation between capacity types as well as with 

variable operating factors.  This allows the mix of capacity types 

to be an investment decision and not just the amount of capacity. 

The availability of information on the production process of a STP 

is limited.  There is a need of further research, such that equations 

representing the production process may be used in the model. 

Specification of the factors affecting influent, cost, and pro- 

duction is instrumental in the formulation of a dynamic investment 

model of sewerage.  The appropriate values for these factors are not 

known.  Using the best information available it is important to 

test the results with a sensitivity analysis, particularly with such 

factors as inflation, technological change, changes in the flow of 

influent, and the rate of deterioration.  Specification of the para- 

meters as probability distributions provides an interesting extension 

of the analysis.  This results in a dynamic investment and pricing 

model under conditions of uncertainty. 

The values for the investment decision variables which optimize 
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the criterion of the model are the results of interest.  Essentially 

.the model is a constrained cost criterion of which it is of interest 

to minimize.  By simultaneously solving a set of marginal conditions 

corresponding to the investment decision variables and use of 

variable operating factors, the time of the second capacity expansion 

and mix of capacity types in the first capacity expansion may be 

derived.  With the existence of several capacity types, several 

variable operating factors, numerous feasible times for a capacity 

expansion, and a set of complex equations representing the production 

process of the STP; the use of a simulation analysis to derive the 

results is imperative.  Though the problem may be setup in terms of 

optimal control theory the calculations necessary may render the 

approach impractical.  The simulation analysis may be used to compare 

the present value cost of a set of feasible time sequences of capacity 

expansions under various influent, cost, and production conditions. 

In Chapter II the capacity expansion investment model is formu- 

lated and the marginal conditions specifying the timing of capacity 

expansions and mix of capacity types are derived.  The marginal 

condition on the timing of a capacity expansion states that the 

amortized cost of the capacity expansion be less than or equal to 

the reduction in variable operating cost as a result of the capacity 

expansion.  This results in the capacity expansion investment deci- 

sions being a function of the economic amortization scheme and 

economic life of capacity.  The development of these two capacity 

replacement investment decisions is the topic of Chapter III.  It 

is here that the distinction between economic amortization used in 
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investment decisions is made with financial amortization used in 

pricing decisions as discussed in Chapter IV. 

Economic amortized cost in a period is depreciated cost of 

capacity during the period of time plus the interest cost on residual 

value, resale value, of capacity at the beginning of the period. 

Depreciated cost is the change in residual value of capacity during 

the period.  Residual value is the replacement cost of capacity less 

the value of previously deteriorated capacity.  This results in 

depreciated cost being the change in replacement cost plus the value 

of deteriorated capacity in the period.  The value of deteriorated 

capacity is the cost of replacing the deteriorated capacity as calcu- 

lated at the time of replacement which may be several periods after 

the capacity is deteriorated. 

This amounts to the definition of economic amortized cost in 

terms of the replacement cost of capacity, the time of replacement, 

i.e. economic life of capacity, the rate of deterioration of capacity, 

and interest rate.  Assuming specific time patterns for inflation, 

technological change, and utilization of capacity; economic amorti- 

zation can be represented in terms of the original cost of capacity, 

economic life of capacity, rate of deterioration, inflation, technol- 

ogical change and the interest rate. 

As tabulated in Table 3 (Chapter III) the more dominant is tech- 

nological change the larger is economic amortized cost in the early 

years, i.e. accelerated amortization. When inflation dominates 

technological change, economic amortization is delayed, i.e. larger 

amortized cost in the latter years of economic life for capacity. 
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The sensitivity of these results to different time patterns of 

inflation and technological change is in need of further research. 

Economic amortized cost is a function of the economic life of 

capacity, an investment decision variable.  Economic life of a vintage 

of capacity is an outcome of minimizing the operation and replacement 

cost of a time sequence of replacements for a vintage of capacity. 

This may be represented as a function of the original cost of a 

capacity expansion, inflation, technological change, deterioration of 

capacity, and the rate of interest.  It is also necessary to con- 

sider the variable operating cost, maintenance cost, and scrap value 

of capacity.  The economic life of a vintage of capacity under 

various influent, cost, and production conditions is in need of 

further research.  Furthermore, there is not a forthright distinc- 

tion between replacement of capacity and expansion of capacity.  How 

the cost of sewerage is affected differently by these two sets of 

interdependent investment decisions is a topic for further research. 

Of particular interest in studying the economic life of capacity 

is its relationship to the maturity period of municipal bonds used to 

finance a capacity expansion.  Whether the pay-off period used in a 

financial amortization scheme is significantly different from economic 

life and whether it should be significantly different are two inter- 

esting questions in need of further research.  The appropriate 

distribution of capacity expansion cost among time periods for pricing 

decisions is in need of further research. 

Specification of a politically expedient deviation from an 

economically efficient set of user charges is the topic of Chapter IV. 
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This requires the distribution of capacity expansion cost between 

periods as well as the distribution of costs associated with a period 

among the users and new users.  The change in total cost of sewerage 

due to the flow of influent from a new user or a change in the flow 

of influent from an existing user is the cost of supplying a user with 

sewerage.  Setting the user charges at this level is equivalent to 

marginal cost pricing an economically efficient form of pricing. 

With the existence of an annual budget constraint, decreasing 

average capacity expansion cost, and common cost it is necessary to 

deviate from user charges at marginal cost.  The deviation is to be 

accomplished in accordance with equity consideration by means of 

either a constant monthly charge, property tax, or income tax as 

advised by the political process of the community.  In this analysis 

the constant monthly charge is used. 

The user charges derived in this analysis are comparable to those 

derived in Andrews (1976) and Vars (1976), though not exactly similar. 

The user charges actually implemented rely more on the variable 

monthly charge whereas the user charges in the example puts emphasis 

on the constant monthly charge per EDU. 

As for the influence of the user charges on the investment 

decisions it is possible to take the price elasticity of the flow of 

influent into account.  This operates through the flow of influent 

equation.  The difficulty in taking the influence of pricing on 
4 

investment decisions is specifying the price elasticity of the flow 

of influent. This is an aspect of pricing and investment decisions 

in need of further research. 
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Throughout the summary the areas in need of further research 

have been pointed out.  It is also of interest to consider a network 

of STP's where the location and maximum capacity are decision 

variables.  The occurrance of radical technological breakthrough in 

the form of substitutes for a centralized STP, though difficult to 

predict, would provide an interesting state of affairs for testing 

the model.  Furthermore the model may be used for public utilities 

or private firms other than a municipal STP.  It is only necessary 

to replace capacity type by production unit and alter the cost 

function and production function. 
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Appendix I:  Capacity Expansion Investment Model with Statistical 

Cost Funtion. 

The calculation of the interval between expansions and the amount 

of capacity in an expansion proceeds as follows (Snow, 1975). 

Assume at 

t(n=o) capacity and 

the flow of influent 

are equal at K .  The 
o 

x(t) flow of influent 

AK=change in capacity 

flow of influent 
x(to) = Ko 

n=o x  1 11 me 
increases at an 

exponential rate g, 

The discount rate is r, the economics of size factor is a, and the 

timing of expansions is with an interval t(n+l)-t(n), i.e. an expansion 

occurs every x years.  It is of interest to solve for x. 

The amount to expand at the first expansion is: 

,9X_ .9*. 1)   K es -K =K (ey -1)E E(x) 
o    o o 

In general the expansion at n is: 

ON   „     (n+l)gx ,. ngx   ngxri. / gx ,%■,   ngx r,   s 
2) K ev   3 -K e 3 = e a [K (ea -1)] = e a  E(x) 

o        o o 

The present value cost of an expansion is: 

,\ rt     \        or n9xc/ \-\a     -rnx       arrt   ^a -n(r-ag)x 
3) c(xn) = 

B[e  E(X)J  e    = B[E(x)]  e 

The sum of C(x ) over an infinite time horizon is the present 
n 

value cost of a time sequence of capacity expansions.  It is: 

00 OO       _   /       \ 

4) C(x) = E  C(X ) = B[E(x)]a Z       e"nU"ag;x 

n=0   n n=o 
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Note that the sum of an infinite geometric series results in 

(Allen, 1938, pkkl): 

r,       <?       -n(r-ag)x       ,/r.     -(r-agJxT r ^- 
5) I     e 3/     =   l/[l-e a     ] for   r-ag>0 

n=o 

Substituting  equation  5   into  equation  4  gives: 

6) C(x) = B[E(x)]a/(l-e"(r"a9)x) 

Taking the derivative of the logarithm of equation 6 with respect 

to x, results in an equation for an optimal time interval between 

capacity expansions, x: 

7) dMM= d[alnB[E(x)]-ln[l-e-(r"a9)X]]/dx = 0 
dx 

/   \ 1 ^ "(r-ag)x (x)  _ (r-aq)e 
(r-ag)x 

8)   dC(x)_=c(x)  aWEU! _ U-ag      
dx BE (x)    ,  - "" " " 

I -e 

Substituting for C(x) from equation 6, E(x) from equation 1, and 

dE(x) = gK e9X. 3 o 

9)   B[Ko(e
9X-l)]a 

(l-e"(r"a9)x) 

Simplifying equation 9: 

age 
gx 

(e9X-l) 

(r-ag)e 
(r-ag)x 

1-e 
(r-ag): 

= 0 

10) aqe9X   (r-aq)e"(r-a9)x 

eOX^ " 1.e-(r-ag)x 

Letting h=(r-ag}>0, equation 10 reduces to: 

11) ag(ehx-l) = h(l-e"9X) 
i 

Solve equation 11 for x by using a polynominal approximation to 

the exponential terms or by trial and error.  Notice that the time 

interval of capacity expansions, x, is a function of the economics of 
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size  factor a, the increase in the flow of influent g, and the 

discount rate r.  Using the value of x found in equation 11 in 

equation 2, the amount of capacity in each expansion may be determined. 
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Appendix II:  Functional Separability and Composite Inputs 

A composite input is where a set of inputs; such as primary 

treatment, secondary treatment, secondary sedimentation, tertiary 

treatment, and sludge treatment and disposal; may be considered as 

one composite input, i.e. main treatment system.  This simplifies 

the analysis of substitution among inputs and the specification of an 

efficient mix of inputs.  It allows the MRTS of inputs within the 

composite input to be determined independent of all other inputs and 

then for the MRTS of the composite input as one entiety to be found 

with the other inputs. 

Justification of forming a composite input relies on the concept 

of functional separability.  Two inputs, say primary treatment Q. 

and secondary treatment Q. are functionally separable of capacity 

type Q, , the overflow treatment system, if the derivative of the 

ratio of marginal products, i.e. MRTS for Q. and Q., with respect to 

Q, is zero (Leontief, 19^7; Green, 1964).  If two inputs, once again 

Q. and Q.. , are in a given or fixed proportion they will be function- 

ally separable of Q, when the fixed proportion is invariant to the 

amount of Q, . 

"If such separability is permissible production decisions on 

relative factor intensities [mix of capacity types and/or variable 

operating factors] can be optimized within each separable subset, 

and then optimal intensities can be attained by holding fixed the 

within subset intensities and optimizing the between subset intens- 

ities" (Berndt and Christensen, 1973, p^Ol)•      If the inputs compris- 

ing the main treatment system are functionally separable of the over- 



flow treatment system and improvements of the collection system then 

the main treatment system may be considered a composite input.  In 

this case the mix of capacity types within the main treatment system 

may be determined after which the efficient mix among the overflow 

treatment system, main treatment system, and improvements on the 

collection system may be determined. 

Within the capacity type of secondary treatment there is a 

choice between activated sludge and trickling filter.  As long as 

the choice of one or the other or a mix of the two is independent 

of the other capacity types in the main treatment system, i.e. if 

they are functionally separabl e, the mix of the two may be determined 

prior to the mix of capacity types within the main treatment system. 

To be more realistic there is a variety of techniques for each capac- 

ity type within the main treatment system.  If the choice of an effi- 

cient variety for a capacity type is functionally separable of certain 

other capacity types, but not all others, then the main treatment 

system may be divided into subsystems for which an efficient mix 

within each subsystem may be determined and then between subsystems. 

As yet nothing has been said about the variable operating factors 

in the specification of composite inputs.  It may be possible to sub- 

stitute capacity types for a larger reliance on the different variable 

operating factors.  If the substitution between a capacity type or 

subsystem of capacity types and variable operating factors is function- 

ally separable from other capacity types then the efficient mix may 

be determined for the capacity type or subsystem with the variable 
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operating factors independent of the other capacity types.  It may 

also be possible to substitute among variable operating factors used 

with a capacity type for which a similar analysis may be made. 

By treating a composite input as one input, it is of interest 

to determine an efficient mix of capacity types for a capacity 

expansion through an analysis of the MRTS among capacity types and 

variable operating factors within composite inputs and then between 

compos i te i nputs . 


