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Summary

Lower quality wood and wood of weaker species may be used effectively
in high-quality laminated beams by incorporating it in the central region
that is subject to low flexure stresses. Equations are presented that
predict the stiffness and bending strength of two-species beams from
a knowledge of certain mechanical properties of the species.

Two-species beams were fabricated and tested to provide a check on
the theoretical analysis. Tension, compression, and shear tests were
made to determine the strength of the component laminations.

The stiffness equation yielded values averaging about 5 percent higher
than experimental results, and the bending strength expression gave
values averaging about 15 percent higher. Sources of variation and er-
ror are discussed.

Introduction

Current laminating procedures permit fabrication of large wood struc-
tural members from smaller pieces. One way the supply of high quality

-This paper is related to work done at Iowa State College in partial ful-
fillment of the requirement for the degree of Master of Science.

?Maintained at Madison, Wis. , in cooperation with the University of
'Wisconsin.
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wood may be used most advantageously is to place lower quality mate-
rial in the central portion of laminated beams, where the normal
stresses on a transverse plane are relatively low. The purpose of
this report is to describe analytically the stiffness and bending strength
for a laminated beam in flexure from a knowledge of the tensile, com-
pressive, and shear properties of the component materials. The
beam is of rectangular cross section and composed of two species of
wood that possess different mechanical properties. The species with
the lowest stiffness and bending strength will be used in the central
portion of the beam.

Early investigators (3, 5, 6) 3- used the method of transformed cross
sections to describe a "transformed" moment of inertia and a modi-
fied flexure formula. The modified flexure formula was used to compute
the modulus of rupture from a knowledge of the strength properties of
the materials.

Mori and Asano (7) developed a strength theory by equating the applied
moment to the internal resisting moment. It was assumed that tensile
failure could progress well into the beam, and the depth of tensile
failure was determined. On the average, the tensile failure was pre-
dicted to progress through about 10 percent of the depth of the beam.

Curry (2) made an investigation similar to that of Mori and Asano, ex-
cept that he assumed from the outset that, when the tensile strength of
the material was reached at the outer tensile fiber, failure of the beam
would occur. Up to 22 percent error was obtained experimentally using
that concept.

It is to be noted that none of the above investigators used a criterion of
failure which in any way involved the effects of variable span-depth
ratio. At best, it was assumed that the beams were sufficiently long
with respect to depth that the effects of horizontal shear were negligible.

Technique for Determination of Stiffness
and Ultimate Bending Strength

The equations and techniques for determining stiffness and bending
strength are discussed in this section. A list of symbols used is given
in Appendix I. Details of the mathematical analysis may be found in
Appendix II. All the assumptions inherent in the standard flexure

3—Underlined numbers in parentheses refer to Literature Cited at the
end of this report.
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(6)

(5)

formula are valid for the derivation except for the restriction that the
material must be homogeneous and isotropic. Dietz (4) and Stern (9)
have shown that this restriction may be relaxed. Dietz also found
that the modulus of elasticity in tension in Douglas-fir may be 4 to 5
percent higher than in compression. It is assumed in this report that
the modulus of elasticity in compression parallel to the grain equals
the modulus of elasticity in tension parallel to the grain.

The cross, section of the two-species beam is shown in figure 1. The
central portion is the core, and the two outer portions are facings. Be-
low the proportional limit the position of the neutral surface relative
to the bottom of the beam is:4

i = 3
— Eitidi

=1
= 	

= 3
Eiti

The stiffness of the composite beam is given by:

i = 3	 i = 3

EI = > b 2	 - do2
i	 = 1

where Ii denotes the moment of inertia of the i th lamination with respect
to its eentroidal axis. The flexure stress at any cross section and any
distance v from the neutral surface is:

My Ei
°r „ 	

EI

In a homogeneous beam, the horizontal shear distribution over a cross
section is parabolic. It is known to be zero at the top and bottom of
the cross section and has its maximum value at the neutral surface. The
shear distribution in a two-species beam must fit the same boundary
conditions, but is described by the following three parabolas:

—Formulas are from Appendix II.

(4)
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{E [x(ti 	-t 2 -	 - 1/2 {t1 2 - t 2 2 + (X - y)2]T = 
R

3 —
EI

+ E2 [xt2 - 1/2 (t 1 + t 2 ) 2 + 1/2t (12c)

R

Ti 
= — — (X2̀  - y

7
`)	 (12a)

EI 2

where
(X - t1 ) < y < X

T 2
	E [Xt

2	 Ti	 1	 1 t2	
+ E 2 [x(x y - t1 ) - 1/2 {(x - y) 2 -ti2}1.1

(12b)

where
(t1 + t2 - X) < y < (X - ti)

where
- (d - X) < y < - (t1 + t2 - X)

Wood is known to be perhaps two to four times stronger in tension paral-
lel to the grain than in compression parallel to the grain. A straight
beam may therefore be expected to fail in the compressive fibers first.
Figure 2 indicates an approximate flexural stress distribution contain-
ing compressive failure for a solid wood beam. In a two-species beam
(fig. 1), one of several conditions of compressive failure may conceivably
occur. These possibilities are:

(1) Some failure in the compression facing.

(2) Total failure in the compression facing and some failure in the core.

(3) Total failure in the compression facing but no failure in the core.

(4) Some failure in the compression facing and some failure in the core.

Table 1 shows that the ratio of bending modulus of elasticity to compres-
sive strength is very nearly the same for a number of common American
woods. This fact indicates that the terminal compressive failure or
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E2
(1 -	 ) (2t1	t2 - 2 14 t 2 + p.2

1

Cr 0

F	 [2dµ- p.2c3 - (1 - ;2) (2t1 + t 2 ) t2)
(15a)

"knee" may be considered a function of strain rather than material.
Thus, only possibilities (1) and (2) need be considered. Figure 3 shows
these possibilities.

Because of the nature of compressive failures, the beam may continue
to support yet higher loads. Bechtel and Norris (1) have shown that
beam failure will occur because of failure in tension or shear or a
combination of tension and shear. Determination of the moment at
failure involves an extensive iteration.

At stresses beyond the proportional limit, the following equations from
Appendix II may be employed. The outer tensile fiber stress as found
from horizontal equilibrium is:

where
(t 1 + t 2) < p. < d

or
El

Fc3 [2p.(t1 + t 2 +	 t3) - (1 -	 t12 -
(15b)   

(t1 - 2p.) (1 - mil ) t 1 + p.2
2

where
< (t1 + t2)

The position of the neutral surface is given by

(14)
Fe3

+l

O0

The shear distribution in the core is:

LD b E

6 Ma { 
[ 
E2

(X - t1 ) 2 - y2 + ti (2X - t i. )J [11 -- (1 - 
—2 

) t2 I

	

a	 i E1

E2
+2 [— (y + ti - X) - td[p. - X] [d - 1.1.1	 (21b)

Ei
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where
(ti + t2) <	 <d

E2E 2
 {(X t1 ) 2 - y 2 + (2X - ti )] [t1 (1 —) +E2

E 1	 El	 E1
T

2
 = 6 Mo

LD/3 b

E2
+ 2[	 (y +	 - X

El

where
p. < (t1 + t2)

In equation (21b)

E
- t1] [µ - x] [t 3 + (t 2 +	

2
— ]	 (22b)

1

Fc 	 E2
3d2 p. - X) +	 - 1] [(2t 1 + t 2 ) 3t2 X

b	 6(p. - X )

}
- (t 1 + t 2 ) 6t it 2 - 2t 23] (19a)

-p. + [1 —
2 

][	 + t 2 ) 6tit 2 + 2t2 - (2t1 + t 2 ) 3t2p.]
El

1	 3	 3

2E	 [ E2
+	 d - [1 - ----] t 2	2ii - 34 2 X - [1 - —][(ti + t2) 6t 1t 2/

El	 Ei

+ 21 2
3 - (2t1 + t2) 3t21.1.]

	
(21d)

In equation (22b)

=  
Fc3 

b	 6(p. - X )
2

(3X - 2t1 ) - 3t 3 (t 3 + 2t 2 + 2t 1 ) (p. - X)

E 2	3 2+	 [(p. - 344 + 2t1 3) - (p. -	 (2t1 + t 2 ) 3t2 
]E1

(19b)
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6 MR
[71/4

LD0 b

+ 2 [11 - x][Y - xll

- y2 ][ti (1 -	 ) E2
El

E2 
I

El
t 3 + (t2 + tl - (22a)

E2=D R [t 3 + (t2 +	 - p.) —] [ti (3p. - 2t1 ) + __E2 (p. 3 - 3p.t1 2 + 2t
1	 El

+	 t2 + t 3i [- E2 [2( 11 3 t13) 3i(µ2 - t12 )] + t1( 24 - 3X)
El

(22d)

The shear distribution in the tension facing is:

6 M	 E2a	 [X. - y2 ]	 - (1 - —)t 2 } + 2[p. - X] [y- Xj[d - ix])
LDa b

(21a)
where

+ t 2 ) < p. <d

)]

where
p, < (t 1 + t2)

The flexure stress in the core is given by:

0.2 = E2
E1	

o Y X

The flexure stress in the tension facing is:

a.°o 1 =	 y
X

(23b)

(23a)

The failure function used by Bechtel and Norris is:

4 =	 )Ft
( T )2
Fs
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where Ft and Fs are the tensile and shear strengths of the material, re-_
spectively.

The function, t, is defined for every point in the beam.

The value of moment per unit width, M/b,that may be expected for ulti-
mate failure is found in the following manner:

1 . Choose some arbitrary value for p, greater than t i but less than d
(fig. 3).

2. Solve equation (15a) or (15b), whichever is pertinent, for 0-0.

3. Determine X from equation (14).

4. Solve the applicable equation from (21b) and (22b) using the value of
X for y and compare with the shear strength of the core. If it exceeds
The shear strength, return to step 1 and choose a greater p.. If not, the
shear stress should be determined at several arbitrary points between
the neutral surface and the bottom of the beam, using the pertinent ones
of equations (21a), (22a), (21b), and (22b).

5. At the same arbitrary points, solve for the flexure stress from (23a)
and (23b).

6. At the same increments, determine (I) from the results of steps 4 and 5.
By inspection, or by curving versus y, the maximum value of t may be
determined. It is desirable that this value be unity. If it is greater than
one, return to step 1 and choose a greater value for 1.t. If it is less than
one, choose a smaller value for p.. If it is sufficiently close to unity, this
should be the point of failure according to the theory, and equation (19a)
or (19b) gives the failing moment per unit width. Representative curves
of versus y are shown in figures 4 and 5.

Discussion of Results

A total of 35 two-species beams were fabricated and tested to determine
the validity of the techniques. Figure 6 shows the six types of cross
sections used in these beams. Details of fabrication, testing, and
computing are given in Appendix III. Table 2 is a comparison of actual
and predicted stiffnesses. Table 3 is a comparison of actual and pre-
dicted moduli of rupture.
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It seems desirable to develop a measure of the ability of the equations
to predict any individual value of strength or stiffness. The mean
percent error, 5T, in values obtained by the equation as compared to
those obtained by experiment, has a sample variance s72 . The mean

is based on n observations. Then the next time the equation is used an
additional observation, the (n+l)th, is obtained. The value obtained by
the (n+l)th observation will not, in general, equal the mean, and the
difference will be

x	 xn+1

The variance of the difference will be

var [xn+1 5E] = var xn+i + var x

Under the assumption that the values obtained in all observations have
the same variance, the variance of the difference is estimated by

2	 s2

	

var x	 + var = s + —
n+1

A prediction interval is given by

	

t r	 (a )s	 1+n

where tn _i ( a) is a percentage point of Student's "t -distribution!' Accord-
ing to this statistical technique, 100(1-a) percent of the prediction in-
tervals so calculated do contain the (n+1)th observation. The 95 percent
prediction interval for the stiffness equation is +4.52+21. 70 percent
and that for the bending strength equation is +14. 76+22.59 percent. The
size of the interval is essentially the same for the two equations. This
fact indicates that the same sources of variation are probably active in
both cases. The general approach in the development of the stiffness
expression is well established and validated experimentally for solid
wood beams and to a lesser extent for two-species beams. In view of
the similarity in order of magnitude of variation for the bending
strength expression, possibly about the same degree of precision can
be achieved as with the stiffness expression.

It can be shown that the stiffness expression, equation (5), is mathe-
matically identical to the transformed cross section expression used by
earlier investigators. According to the method of transformed cross
sections, the cross section may be assumed to be that of an I-beam hav-
ing a modulus of elasticity equal to that of the core, and a flange width
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equal to the beam width multiplied by the ratio of the modulus of
elasticity of the facing species to that of the core species. The stiff-
ness data made available by this work add to previous data in vali-
dating the technique.

The slightly high average value of stiffness can in part be explained by
the lack of consideration of shear deflection. Timoshenko (10) discusses
an energy method of accounting for shear deflection. It is generally
assumed that the effects of shear become important only in beams of
very low span-depth ratio. Evaluation of these effects involves the
modulus of rigidity of the materials. Since no determinations of this
property were made, it was not felt practical to attempt to estimate
the effects of shear deflection. Consideration of any amount of such
deflection, however, would tend to bring the predicted values closer
to the actual values.

The bending strength equation gave values that averaged about 15 percent
too high. High theoretical values may be due, in part, to:

1. The original assumed stress distribution above the proportional
limit, which gives a higher bending moment than actually exists.

2. The assumption that modulus of elasticity is the same in tension as
compression, when existing evidence indicates the tensile value is
higher.

It can be shown that the various equations used in the theoretical develop-
ment above the proportional limit reduce to those used by Bechtel and
Norris if the amount of core is permitted to go to zero.

Theoretically, in all of the two-species beams, the failure knee was in
the core when the ultimate stress occurred. Visible compression fail-
ures usually occur after the ultimate stress is passed. No simple way
exists of actually checking the position of the knee.

Bechtel and Norris (1) found that, when the span-depth ratio in a solid
wood beam is lower than about 14, initial failure will occur by a combina-
tion of tension and shear somewhere between the outermost tensile
fiber and the neutral surface. It is difficult to predict a similar critical
span-depth ratio for two-species beams because of the infinity of com-
binations of properties that can occur. Beams VI A, VI B, VI C, and
VI D were tested over spans that resulted in span-depth ratios of 8, 9,
10, and 11, respectively. All of these beams theoretically failed in some
combination of tension and shear. The remaining 31 two-species
beams were tested with a span-depth ratio of 14. Beams I A, V D, and
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V F from the group of 31 had predicted failures in some combination of
tension and shear. The remainder were predicted to fail in tension at
the outer fiber. The failures by combined stresses may be easily ex-
plained in terms of, the relative properties of core and facing. For
beams I A and V D, the tensile strength of the facing was exceptionally
high--about twice that of the core. Moreover, in V D, the shear strength
of the core was below the average for the pieces of white fir used in this
study. In such cases, the tension term of the failure function becomes
less important than the shear term at any point in the facing (fig. 5). In
beam V F, the same situation existed, although less pronounced. The
tensile strength of the facing was 25 percent higher than that of the core,
and the core shear strength was relatively low.

For the 35 two-species beams, the facing averaged only 2 percent
stronger than the core in tension. In some cases, the core was some-
what stronger than the facing. Such was the case for beam III B. As
shown in figure 4, the failure function becomes relatively quite large in
the facing and almost negligible in the core. The theory appears to per-
tain equally well to combinations where either core or facing is strongest.

Figures 7,8, and 9 show three different looking failures encountered.
For a beam predicted to fail due to combined stresses, there is no
theoretical way to anticipate the actual appearance of the failure. Prob-
ably it will depend on relative strength properties and local irregularities
or points of weakness in the material. Only beam V D failed visibly
in shear unaccompanied by tension, as shown in figure 9. From figure
5, it is seen that a failure by combined stresses was predicted about
0.8 inch from the bottom of the beam.

The difficulty of the method of solution employed for finding the moment
per unit width is that it is rather unwieldy. The iteration should lend
itself reasonably well to digital computer solution. Figure 10 is a sketch
of a suggested design curve. The strength of a beam fabricated from
either of the two species is known from the theory of Bechtel and Norris.
It is suspected that addition of a small amount of core to a beam of the
facing species will affect the strength very little. Thus the curve will
be nearly perpendicular to the left-hand axis. Addition of a large amount
of core will likely have a marked effect, causing the curve to approach
the right-hand intercept from above. The curve will probably approach
something like a segment of a parabola. For each pair of species, a
family of curves may be developed for several ratios of depth of com-
pression facing to depth of tension facing, and a family of such curves
exists for each span-depth ratio. It is expected that some optimum ratio
of facings would be reached.
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Conclusions

1. The elastic stiffness, El, may be predicted for a two-species beam
from equation (5) if the moduli of elasticity of the two species are
known.

2. The bending strength of a two-species beam may be predicted if the
tensile, compressive, and shear strength and modulus of elasticity
for each species are known. The technique is a lengthy iteration which
is not easily done without the aid of a digital computer.

3. Useful design curves, such as that shown in figure 10, could be de-
veloped if the need arose.

4. It is not possible to establish a minimum span-depth ratio for a ten-
sion failure without any effect due to shear, unless properties of the
component materials are known.
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APPENDIX I
List of Symbols

= width of beam

th.
ti	= thickness of	 laminations

th
di	 = distance from center line of i laminations to bottom of beam

= distance from bottom of beam to neutral surface

= distance from bottom of beam to failure knee

d	 = depth of beam

y	 = distance from neutral surface

z	 = longitudinal position in beam

= span

E	 = modulus of elasticity

EI	 = stiffness factor for composite beam

= strength of material

M.R. =modulus of rupture

= bending moment

f	 = force

V	 = vertical shear

= reaction of support

e	 = unit strain

o-	 = flexural unit stress

= shearing unit stress

I	 = moment of inertia

•	 = failure function
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APPENDIX II
Mathematical Analysis

A. Considerations Below the Proportional Limit

Consider a beam of rectangular cross section laminated from species
having unequal strength properties. It will be assumed that the stress-
raising effect of glue lines is negligible. The beam will be assumed to
have the cross section represented in figure 1, where the individual
laminations are numbered consecutively from the bottom. The thick-
ness of each layer is given by the appropriate t, and the distance from
the center line of each layer to the bottom of the beam is given by the
corresponding d. Subject the beam to bending moments in the vertical
plane of symmetry perpendicular to the cross section such that the top
side is shortened and the bottom side lengthened. Assume that cross
sections that are plane before bending remain plane after bending, and
that the proportional limit is not surpassed. Then the unit strain at
any distance y from the neutral surface is

E y = ky
	 (1)

where k is the constant of proportionality. The corresponding unit stress
in the i lamination, assuming Hooke' s law applies, is

cr y = k Ei y	 (2)

The internal resisting moment, which is the resultant moment of all the
forces acting on any cross section, is

Area

M = k J 2 AE. d
	

(3)

where Ei is the modulus of elasticity of the ith lamination. The integral
in equaTron (3) is seen to be the integral of the product of modulus of
elasticity and moment of inertia. Let the entire integral be defined as
the stiffness of the composite beam, EI. Solving equation (3) for k and
substituting into equation (2), the stress at a point in the ith lamina

becomes

MyEi
(4)

EI
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The stiffness may be evaluated in
distance to any axis xx, as shown
EIxx , with respect to the xx axis

of the components with respect to

the following manner. Leta be the
in figure 1. The stiffness of the beam,
is given by the sum of the stiffnesses

that axis.

= 3	 i=3
Elxx = >	 E.I. b >  Eit i (a3.

= 1	 i = 1

If the beam is bent to a certain form, the neutral surface will assume
a position for which the internal energy of the beam is a minimum. It
can readily be shown that this position is that of minimum stiffness.

Equation (5), minimized with respect to a, gives
i = 3
> 
= 1 X -	 (6)

1  = 3
	  Eiti
i = 1

where X is the value of a that yields a minimum and is the distance of the
neutral surface from the bottom of the beam. The stiffness, ET, with
respect to the neutral axis may be found by substitution of (6) into (5).

Equation (4) can only be valid in general if the modulus of elasticity in
compression equals the modulus of elasticity , in tension parallel to the
grain. It has been shown (9) that this is a reasonable assumption. The
general approach indicates that all the assumptions inherent in the flex-
ure formula are applicable. 5— However, the restriction that the material
be homogeneous and isotropic has been relaxed. Dietz and Stern have
shown that the flexure formula is reasonably accurate below the propor-
tional limit for beams laminated from Douglas-fir.

The horizontal shear in the lower lamination may be defined by considera-
tion of an elemental block b(X y) Az, where (X - t1 ) < y < X, as shown
in figure 11. The tensile stress at any distance z from the reaction R
and any distance y from the neutral surface of the beam is given by equa-
tion (4) as

-For a listing of these assumptions see Advanced Mechanics of Mate-
rials. Murphy, Glenn. McGraw-Hill Book Co. , Inc. , New York,
1946.

(5)
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RzE.y
0-	 -

EI
	 (7)

The tensile force f acting on a cross section of any depth (X - y) is

f = b f o- dy	 (8)

y

By substitution of equation (7) into (8)

f-
RzbE1

2E1
(x2 - y2)

(9)

Applying the equation of horizontal equilibrium to the elemental block
yields

1 -
b Az
	 (10)

where T is the average shearing stress over the length Az . Then

lim	 Af	 1 df
Az	 0	 -	 = Tb Az b dz

Applying equation (11)1D equation (9)

where

R E1
(x 2= — (X' - y2)—

2EI
(12a)

(x ti ) < y< X

The equation for T1 is the equation of a parabola, as would be expected.
In a two-species tam, three parabolas will define the horizontal shear
throughout the cross section. By the same method, equations for the
remaining two may be shown to be

ti2
[Xti	 + E 2 [X.(X - y - t1 ) - 1/2 (X - y) 2 - 2 ni

(12b)
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where
- (t1 + t 2 - X) < y < (X - t1)

(El [X(ti	X t2 -	 1/2 { t1	t	 + (X - y)2	 2

	

+ E 2 [Xt 2 - 1/2 (t1 + t 2 ) 2 + 1/2 2i)
	

(12c)

}
El

where
- (d X) < y < (t1 +t2 - X)

These parabolas have maximum values at the neutral axis, and in general,
the horizontal shear distribution will appear as shown in figure 12.

B. Considerations Above the Proportional Limit 

Above the proportional limit, Bechtel and Norris (1) have shown for solid
wooden beams that the flexural stresses may be assumed to have approxi-
mately the distribution shown in figure 2, and that failure by fracture
can occur as a result of tension in the outermost fiber, as a result of the
combined effects of tension and shear somewhere between the outermost
fiber and the neutral axis, or in shear at the neutral axis. As a criterion
of such failure, Norris -(8) has adapted the Henky-von Mises theory of
failure due to maximum energy of change of shape to an idealized ortho-
tropic material. For a beam in flexure, an analytical statement of this
theory, as developed by Norris, is

cr )2
Ft

( 	 )2
Fs

(13)

where, at any point, a- = flexural tensile stress, T = horizontal shear
stress, Ft = strength of material in tension, and F s = strength of mate-
rial in shear.

According to the theory, as long as the function t is less than one,, the
ultimate strength will not be reached, but when cp• reaches one at any
point in the beam, the ultimate will have been reached at that point.

Applying the above theory to the case of a two-species laminated beam,
the assumed flexural stress distribution will appear as in figure 3. It is

Report No. 2156	 -17-



noted in table 1 that the ratio of the modulus of elasticity to compressive
strength for many common American woods is approximately a con-
stant; that is, that E 2 /E 3 = Fc2 /Fc3 . Assuming that this is true, a stress

distribution where partial failure or a "knee" exists in both the core
and compression facing will not occur. From the geometry of figure 3

Fc3 'To,
4-X	 X

A second equation is available from the condition of horizontal equili-
brium. Combining the equilibrium equation with the above equation

E2[24 - p.2 - (1 - —) (2t1 + t2)t2
El

(14)

= Ec3 	 E 2
(1 - —)(2ti + t 2 -	 t2 +

El

(15a)

where

(t1 + t 2 ) < 11 <d

Similarly, if the distribution is as shown in figure 3B

[211 (t 1 + t2	El t3 ) - (1 - —El ) t1 2 - 1.1.2]
E2	 E2

(t1 24) (1 - —) t 1 +
E2

where

o- = Fo	 c3
(15b),

< (ti + t2)

Thus, the outer fiber tensile stress and the position of the neutral axis
are functions of one unknown variable, II, the position of the failure knee.

The horizontal shear distribution at any cross section may be described
from consideration of the elemental block shown in figure 13. The block
may be treated in the same manner as a similar elemental block was
treated for shear stresses below the proportional limit. However, here
two new variables are introduced--the position of the knee, and the posi-
tion of the neutral axis. Application of equations (10) and (11) yield
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Fc 3	 1

	

T 1
-[(x2 y2 ) (1E	 dX	 2 (µ - x)y. ddX -

2	 - X) 2.	dz	 dz z

- 2 (.1.	 X)X —X-d
dz

(16a)

where

T 2
 = Fc3

2	 _ x12
1	 E2

El	 dz dz
[(X ti ) 2	 y2	 dX

1)

E2	 dX.+ 2 	 (p. - X) (ti - X + y — - 2t (p. - X) dX + t1 (2 - ti ) (ad - dX)1,
El	 dz	 dz	 dz dz

(16b)
where

(t1 + t 2 - X) < y	 (x- t1)

T3
3cF	 [(4 _ x)2 - y2] [	 _ dX

X)	 dz	 dz2	 1 2 

+ 2 (P, - X) (P,	 X +
dX
dz

(16c)

where
- (P. - X ) < Y <	 t2 -X)

The equations giving the distribution of shear stress are parabolas
having maximum values at

dX
(P. - X) dz

Y	 (17)
dX

dz	 dz

rather than at the neutral axis.

The equations (16a), (16b), and (16c) contain two new unknowns, dµ/dz

and dX/dz . These may be described in the following manner. The
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)E2	 (14
dz

dz	 E2
tl +—t 2 t3

E1

dX
	 [ t 3 + (t 2 +

(18b)

and

1F 3	 t12 (3X - 2t1) - 3t
(FL - X)

(t3 + 2t 2 + 2t1 ) (ii. - X.)M b

6

equation of horizontal equilibrium applied to the stress distribution of
figure 3A and differentiated yields

(d - LL
dz =

dz
(E2 	 1)t 2 +d

El

A similar treatment of the stress distribution of figure 3B gives

(18a)

Applying the principle of moments about an axis at the bottom of the cross
section perpendicular to the plane of the paper for each distribution
gives respectively

Ma = —
6

c3F
(i.t. - X) /11

3 - 3d2	-	 +	 - l][(24 + t 2 ) 3t2X
El

- (t1 + t 2 ) 6t 1t2 - 2t23]} (19a)

E,
+	

3	 3µt1 2 + 2t1 3 ) -	 - X) (2t1 + t 2 ) 3t 2 ] -

El

(19b)

Differentiating equations (19a) and (19b) with respect to z and solving
for dX/dz in each case yields

dX
=

dz

6V(t.t.-X) 2	224 3 - 3 11 2X + [— - 1] [(t i + t 2 ) 6tit 2 + 2t 2 3 (2t1 + f2)3t2X}.}..L
bFc 3	 El 	 dz

E2
- [--- 1][(ti + t 2 )6t1t 2 + 2t 2 3 - (2t1 + t2)3t2p,}

El (20a)
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E 2
--)t2]
El

(21b)

6V(µ- X) 2	E2
[2(11 - t1 3 ) - 3X(p, 2	t1 2 )] + t

dX	 bFc3
= 	

t - 3X))
dz 

dz E 22 (	 32t1 )	 (p. 3 t 2 + 2t13)
(20b)

If a central load is applied to a simply supported beam, the vertical
shear V equals 2M/L where L is the span.

Equations (18a) and (20a) are two simultaneous equations containing the
two unknowns dµ/dz and dX/dz for the first stress distribution. Equations
(18b) and (20b) have a similar relationship to the second distribution.
These systems of equations may be solved and the results substituted into
(16a), (16b), and (16c) to give the shear stress distribution for either of
the cases shown in figure 3. The distribution will be in terms of a single
unknown, p., the position of the failure knee. These expressions are

6 M
T =	 a

1
LD a b {

E
r 2 - 3r 2 ][1-1. - (1 -	 ) 2 [11 - X][Y - X II d

(21a)

	

6 Ma	 E2
tl)

2
 - y2 } + ti ( 2X - 4)1[11 -= LDa

	

+2[E2 (y +	 - X) - ti ][p. X]rd - Id}
E1

6
T3 - LD a b

-
Ma .: t

[(11	X)2	 y2 ][N. - )t2] + 2(p. - k) 2 (d -
EE2

l

+ 2y	 - X) (d (21c)

3	 E 2
Da = {d - v.} {p. + [1 - — ][(t i + t 2 )6tit 2 + 2t 2 3 - (2t1 + t 2 ) 3t2p1}

7	 E2+ {d - [1 - =-]t
2

 } {211 3
- 3µ2 AX - [1--][(ti + t 2 ) 6t it 2 + 2t2 3 - (2t1 + t2)3t2XllEi 

(21d)
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T6-1
LD0

[t 3 + (t 2 + t1

6
T 2 =

LD0

f [x 2 - Y 2 ] ( 1 -	 E2	 XllY
1	 1

E2
- 11 )7-77

1

E 2	 E E?
[— {(x - t1 ) 2 - y2 } +	 (2X -	

2
[ti (1 -	 +

E1 El

x]

(22a)

+ 2[-
2
 (y + -	 - td[p. - X][t 3 + (t 2 +

E,E

El	 El

(22b)

E2
Da = [t 3 + (t 2 + t1 - 1.1.) ET [t1

2 2
2 - 34t1	 +	 1 3 )}2	 2t2t1 )(34 -	 +

El

+	 + 
—2 

t 2 + t 3 } {-
2

[2( 11 3 - t1 3 ) - 3a(µ - t1 2 )]+ t1 2 (2t1 - 3x)}
El

(22d)

No shear may exist where total compressive failure exists. This may
be seen by considering a free-body diagram of an elemental block in
such a region. The same maximum compressive forces will exist on
both faces as oppositely directed collinear forces. If shear existed,
equilibrium would not exist. Therefore, no T 3 exists in the set of equa-

tions(22), by virtue of total compressive facT-failure.

The flexure stress, by similar triangles, from figures 3A and 3B, is 

oo
cr l =

(23a)

where
(X - ti) < y < X  

E2 crocr =	 y
2 E	 )1/41

(23b)

where
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APPENDIX III
Fabrication, Testing, and Computing

A. Material

Douglas-fir (Pseudotsuga menziesii), western hemlock (Tsuga hetero-
phylla), and white fir (Abies spp. ) were chosen as woods with contrast-
ing strength properties grown in the same geographical area which
might be used commercially for fabrication of two-species beams.
Clear, flatsawn, kiln-dried nominal 2-inch material was selected
from the Portland, Oreg., area. The boards were dressed on all sides
and scribed to determine straightness of grain. Maximum slope of
grain permitted was 1 in 20. Two specific gravity specimens were
taken well away from the end of each stick and specific gravity was de-
termined on the basis of ovendry weight and volume in the conditions
received. The sticks were conditioned to about 12 percent moisture and
each was then resawn to obtain material for four compression speci-
mens, four shear specimens, and four to six tension specimens, de-
pending on availability. These minor specimens were end matched to
as many laminations, 2-1/4 by 3/4 by 77 inches, as could be produced.
Figure 14 shows the way a typical piece of lumber was utilized.

B. Minor Tests

Properties of each lamination were determined from end-matched minor
specimens. Tension specimens were made and tested for maximum
load only according to American Society for Testing Materials Designa-
tion D143-52. Compression specimens were 1 inch by 1 inch by 4 inches
as specified under Part II of this designation. Load-deformation data
were taken over a 2-inch gage length, using a Lamb' s roller exten-
someter. Block shear tests were made to determine the shear strength,
using ASTM designation D143-52 except as here noted.

The block shear specimen listed by ASTM Designation D143-52 has a
finished size of 2 by 2 by 2-1/2 inches. If such a specimen is to be made
from material which has a nominal 2-inch thickness, a scab must be
glued to the side of the specimen away from the shearing area.. Since
this method would very likely affect the test unless scab and specimen
had exactly the same properties, as well as adding considerable expense,
a series of preliminary tests were made to determine the consequence
of using a modified specimen 1-5/8 by 2 by 2-1/2 inches. Twenty pairs
of end-matched specimens were so .cut from a single stick of Douglas
fir that each pair contained one standard and one modified specimen.
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Direction of annual rings varied from parallel to the shearing area
to approximately 45° from parallel. The specimens were conditioned
to 12 percent moisture and tested according to the ASTM standard
procedure. Shear strength for each specimen was determined. The
strength values were analyzed by a paired comparison technique. The
value of "t" at the 5 percent level was not significant. Therefore, it
was not possible to reject the hypothesis that there was no difference
between the two types of specimens, and the modified specimen was
employed, Figure 15 is a sketch of this specimen.

C. Fabrication

Earlier investigators (2, 4) found that, because wood is stronger in ten-
sion than in compression parallel to the grain, optimum design warranted
having a thicker compression face than tension face. Six combinations
of core and face were chosen as shown in figure 6. Beams in sets I
through V were fabricated according to the designs shown in figure 6.
The first four beams in set VI were to be tested over different spans.
In order that the effect of changing the span could be studied, it was
desirable that they have the same cross section. Cross section F was
used. Beam VI E was fabricated from remaining material with four
compression laminations, three core laminations, and two tension lami-
nations. A depth-to-width ratio of 2.25 was used to insure suitable
lateral stability during test. Bechtel and Norris found that for solid
beams a span-depth ratio of 14 was needed to insure no shear failure.
This was chosen as a criterion in deciding upon 76 inches for the length
of the beams. Sufficient material was available for three sets of beams
of Douglas-fir and western hemlock, and one beam less than three sets
of Douglas-fir and white fir. One control beam of each species was made.

In some cases, more than one piece of lumber was required to provide
the inner or outer lamination for a single beam. Then they were matched
on the basis of comparable specific gravity. The greatest number of
laminations from a single piece of lumber were placed in the regions
of highest flexural stress, and the strength values from that material
were used in the analysis.

The laminations were surfaced to 0. 500-inch thickness just prior to glu-
ing. Four beams were glued at a time, using a phenol-resorcinol resin.
The laminations were double-spread on a mechanical spreader at a rate
of at least 60 pounds per 1,000 square feet of glue-joint area. Imme-
diately after the glue was spread, the boards for each beam were as-
sembled, and a pressure of 150 pounds per square inch was applied after
approximately 16 minutes of closed assembly time. The clamp spacing
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was 5 inches center to center, and 2-1/2-inch-thick wood cauls were
used. The curing chamber was maintained at 130° F. with a relative
humidity that would provide an equilibrium moisture content of about
12 percent, and the assemblies were cured for about 18 hours. After
completion of the curing, the clamps were removed. The beams were
trimmed and dressed to size and conditioned at least 2 weeks in an
atmosphere at 75° F. and 64 percent relative humidity. They were
tested by two-point loading according to ASTM Designation D198-27 at
a rate of head movement of 0. 320 inch per minute, except that beams
I A, I B, and I C were inadvertently tested at a speed of 0.113 inch of
head movement per minute. The test setup was as shown in figure 16.
The load was applied through hard maple bearing blocks, one of which
was attached to a metal bearing plate and rollers. The supports were
metal knife edges acting on metal plates and rollers. These knife
edges had self-adjusting semicircular bases. Supports were 72.0
inches apart on sets I, II, III, IV, and V and on the control beams and
beam VI E, and load points were 4.5 inches on either side of center.
Supports were 36.0, 40.5, 45.0, and 49.5 inches apart on beams VI A,
B, C, and D, respectively. Deflections were measured between sup-
ports with a steel scale and cross-wire arrangement. Loads and de-
flections at midspan were recorded beyond the maximum load. Sketches
were made of failures. A 1-inch transverse slice for a moisture speci-
men was taken immediately after testing as near to the failure as possi-
ble.

D. Computations

Moisture determinations made from each specimen after testing showed
that all specimens were not conditioned to exactly 12 percent. The
range of moisture content at test for the minor specimens was about 9
to 16 percent. The range of average moisture content for the beams
was about 12 to 15 percent. A 1 percent change in moisture content be-
low the fiber-saturation point results in a change of about 6 percent in
maximum crushing strength. Other properties are affected by varying
amounts (11). It was decided, therefore, to correct the strength values
to 12 percentto achieve a common comparative base. This included a
correction for the minor test results, and a correction for stiffness
and modulus of rupture determined from the beam tests. All strength
and stiffness values were corrected using the relationship

log S 3 = log S2 + (M2 - 12) K

taken from the Wood Handbook (11) where: log r. logarithm to the base
10, S 3 z: adjusted strength value, S 2 unadjusted strength value,
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M2 = unadjusted moisture content, and K r. a constant given in table 4
of this report. The K factors from table 4 were computed from data
obtained at the Forest Products Laboratory. Very few data were
available from tests of white fir and western hemlock in tension paral-
lel to the grain. Therefore, the K factor for Douglas-fir for this
property was used for all species. Where laminae of the same species
from two sticks were used in a single beam, the strength properties
of the outermost laminae were used in the calculations.

Stiffness factors, as determined by substitution of the moduli of elas-
ticity from compression tests into equation (5), were compared with
actual stiffnesses. Actual stiffnesses were found from load-deflection
data and the use of the deflection formula for a simply supported beam
loaded at two points.

Modulus of rupture was predicted, using the value of moment obtained
from equations (19) corresponding to a value of (1) equal to unity, in the
formula

M. R - Mc
I

The iteration was stopped when two values of no greater than 5 percent
different were found, one on each side of unity.

It was desired to make comparisons between modulus of rupture from
test and from theory. For such comparisons, the modulus of rupture
must be simply a linear function of the failing moment. Therefore,
it was assumed that the neutral surface was at the center of depth and
the section moduli were determined accordingly. Modulus of rupture
for each beam was computed from loading data using the standard for-
mula for a two-point loaded beam.
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Table .--Ratio of bending modulus of
elasticity to compressive
strength for some common 
American woods!

Species	 : Moisture content

:	 12	 Green
: percent :

Douglas-fir
Coast type	 263	 :	 406
Mountain type	 231. :	 393

Western larch	 242	 :	 383

Pine
Longleaf	 236
	

372
Shortleaf	 249
	

405
Loblolly	 251
	

402
Lodgepole	 250
	

414

Western hemlock	 :	 240	 408

Englemann spruce 	 :	 268	 :	 438

White fir	 •	 258	 380

Redwood	 :	 218	 :	 281

Yellow birch	 :	 246	 :	 444

Hard maple	 :	 234	 :	 386

White oak	 :	 239	 :	 351

1
—U. S. Forest Products Laboratory.

Wood Handbook. U. S. Dept. Agr.
Handbook No. 72. 1955.
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Table 2.--Comparison of predicted stiffness

values with values obtained 
from test 

Beam	 EI	 :	 EI	 .	 EIS
	 : (actual):(predicted):

	

1	 EI
aSet-- : Cross :	 .

:section:

	

.*: 	
:1,000,000: 1,000,000:
: lb.in. 2 :	 lb.in.2

	

I :	 A	 : 35.39	 39.94	 :	 1.129

	

II :	 A	 : 32.51	 30.98	 .953

	

III :	 A	 : 26.51	 28.89	 1.090

	

IV :	 A	 27.41	 29.16	 1.064
3 :	 A	 29.17	 31.54	 1.081

	

I :	 B	 . 32.82 : 33.23	 1.012

	

II :	 B	 : 27.60	 27.46	 .995

	

III :	 B	 : 25.35	 24.89	 .982

	

IV :	 B	 27.76	 28.23	 1.017
3 :	 B	 : 25.86 : 31.25	 1.208

	

I :	 C	 36.97 : 40.20	 1.087

	

II :	 C	 27.66 : 26.30	 .951

	

III :	 C	 : 29.95	 31.71	 1.059

	

IV :	 C	 : 30.98	 28.94	 .934
3 :	 C	 : 30.99 : 33.12	 1.069

	

I :	 D	 21.56 : 21.02	 .973

	

II :	 D	 : 23.53 : 24.33	 1.034

	

III :	 D	 : 24.84	 26.10	 1.051

	

IV :	 D	 24.20 : 26.50	 1.095
3 :	 40.85 : 42.91	 1.050

	

I :	 E	 : 33.57 : 30.46	 .907

	

II :	 E	 : 32.30	 31.04	 .961

	

III :	 E	 : 33.75 : 31.04	 .920

	

IV :	 E	 : 35.05 : 32.96	 .940
3 :. E	 28.43	 33.21	 1.168

	

I :	 F	 25.62 : 22.78	 .889

	

II :	 F	 ..	 33.91 : 34.06	 :	 1.004

	

III :	 F	 •. 33.67 :	 35.76	 1.062

	

IV :	 F	 •

	

. 24.49 : 25.82	 :	 1.054
3 :	 -

	

. 26.20 : 28.29 	 r	 1.080

(Page 1 of 2)
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Table .--Comparison of  predicted stiffness
values with values obtained 

from test (continued)

Beam	 •	 EI	 :	 .EI	 •. EI
_P.

. 	 : (actual):(predicted):
1	 EI

	

Set– : Cross :	 :	 :	 a

	

:section:	 :

• :1,000,000: 1,000,000 :

	

lb.in. 2 :	 lb.in. 2 :

	

VI-Al:	 F	 21.78 : 25.73	 :	 1.181

	

VI-B •:	 F	 21.35	 30.70	 1.438

	

VI-C :	 F	 • 23.74 : 24.46	 1.030

	

: 26.86 :	 31.09	 1.157

	

VI -D :	 F

	

VI-E2'	  32.52 : 31.73	 0.976

White
fir

	

control:
	

30.27
	

31.76	 1.049

Douglas-:
fir	 ••
control:

•

25.80 : 30.39 1.178

Western :
hemlock:	 •
control:	 : 26.18	 23.24	 .888

1–Sets I, II, and III were fabricated from a com-
bination of Douglas-fir and western hemlock.. Sets
IV, V, and VI were fabricated from a combination
of Douglas-fir and white fir.°

2–The first four beams of set VI were fabricated with
the same cross section, and span-depth ratio was
varied.

-Beam VI-E had a cross section containing 4 compres-
sion laminations, 3 core laminations, and two ten-
sion laminations.

(Page 2 of 2)
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Table	 --Comparison of predicted moduli of rupture with
moduli of rupture determined from test 

Beam	 M.R.	 :	 M.R.	 :MRS:Position of

1
((actual):(predicted): ma :first fail-

Set–	 : Cross :	 : ure (X-y)
:section:

	

:	 P.s.i. :	 P.s.i.	 In.

I :	 A	 : 11,850	 15,600	 : 1.316 :	 0.50

	

II :	 A	 : 10,310	 12,490	 : 1.211 :	 0

	

III :	 A	 : 10,920	 12,570	 : 1.151 :	 0
IV	 A	 : 10,620 : 12,610	 : 1.187 :	 0
3 A	 : 11,250 : 13,970	 : 1.242 :	 0

I :	 B	 : 12,210 : 14,010	 : 1.147 :	 0

	

II :	 B	 : 12,400 : 11,470 	 : 0.925 :	 0

	

III :	 B	 : 10,120 : 10,080	 :	 .996 :	 0
IV	 B	 : 10,280 : 13,540	 : 1.317 :	 0
3 :	 B	 : 10,250 : 12,880	 : 1.257 :	 0

I :	 C	 : 12,960	 15,220	 : 1.174 :	 0
II	 C	 : 11,790 : 13,050	 : 1.107 :	 0

	

III :	 C	 : 10,320 : 12,170	 : 1.179 :	 0

	

IV :	 C	 : 10,750	 13,260	 : 1.233 :	 0
3 :	 C	 : 11,620 : 14,420 	 : 1.241 :	 0

I :	 D	 : 9,990 : 10,810	 : 1.082 :	 0
II :	 D	 : 10,480 : 11,810 	 : 1.127 :	 0

D	 : 10,650 : 10,420	 :	 .978 :	 0
IV	 D	 : 10,340 : 10,680	 : 1.033 :	 0
3 D	 : 14,720 - 17,640	 : 1.198 :	 .83

I	 E	 : 12,880 : 14,150	 : 1.099 :	 0
II	 E	 : 12,660 : 14,550	 : 1.149 :	 0
III	 E	 : 12,410	 14,100	 : 1.136 :	 0
IV	 E	 : 11,600	 14,800	 : 1.276 :	 0
3 E	 : 11,610 :	 15,100	 : 1.301 :	 0

(Page 1 of 2)
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Beam

Set 1—

Table 3.--Comparison of predicted moduli of rupture with

moduli of rupture determined from test 

(continued)

M.R.	 :	 M.R.	 : MR	 :Position of
	 : (actual):(predicted): 	 :first fail-
: Cross :	 MRa	 ure (x-y)
:section:

P.s.i.	 P.s.i.	 In.

	

I :	 F	 : 11,220	 11,670	 : 1.040 :	 0

	

IL	 F	 : 12,970 : 13,560	 : 1.045 :	 0

	

III :	 F	 : 11,830 :	 14,330	 : 1.211 :	 0

	

IV :	 F	 : 9,800 :	 11,910	 : 1.215 :	 0

	

V :	 F	 : 9,990 : 13,990	 : 1.400 :	 0.50

	

VI-Al :	 F	 : 10,190 :	 9,480	 : 0.930 :	 .50

	

VI-B :	 F	 : 9,780 :	 11,710	 : 1.197 :	 1.20

	

VI-C	 F	 : 10,340 : 11,870	 : 1.148 :	 .50

	

VI-D :	 F	 : 11,200 : 12,360	 : 1.104 :	 .85

	

VI-E2 •	 • 12,290 : 12,330	 : 1.003 :	 0

White fir :

	

control :	 : 11,190 : 11,840	 : 1.058 :	 0

Douglas- :
fir

	

control :	 : 11,180 : 12,600	 : 1.127 :	 0

Western
hemlock :

	

control	 : 10,410 : 11,130	 : 1.069 :

1
—Sets I, II, and III were fabricated from a combination of

Douglas-fir and western hemlock. Sets IV, V, and VI were
fabricated from a combination of Douglas-fir and white
fir.

?The first four beams of set VI were fabricated with the
same cross section, and span-depth ratio was varied.

-Beam VI-E had a cross section containing 4 compression
laminations, 3 core laminations, and 2 tension lamina-
tions.

(Page 2 of 2)
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Table 4.--Constants for adjusting strength values (K) factors".

Species Property Fiber
: saturation :

point

K	 : Source
:(number of
:specimens)          

Douglas-fir :Shear
:Tension
:Compression
:E from compression test :
:Modulus of rupture
:E from static bending

24	 : 0.007253	 :	 1,242
24	 :	 .005876	 :	 205
24	 .023372	 :	 1,242
24	 .003294	 :	 222
24	 .015849	 :	 1,124
24	 .007583	 :	 1,124

Western
hemlock

White fir

:Shear
:Tension?
:Compression
:E from compression test :
:Modulus of rupture
:E from static bending

:Shear 2
:Tension
:Compression
:E from compression test :
:Modulus of rupture
:E from static bending

27
27
27
27
27
27

24
24
24
24
24
24

.010740

.005876

.021161

.003953

.014381

.005843

.007707

.005876

.024616

.007140

.017756
:	 .010552

685
205
685
118

1,124
1,124

278
205
278

56
1,124
1,124

1
–Computed from data obtained at the U. S. Forest Products Lab

?Because very few data were available for tension parallel to
average of the available Douglas-fir data was used for all

oratory.

the grain, an
species.
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Figure 1. --Cross section of a two-species laminated beam, with one
species of wood used in the core and the other in facings.



Figure 2. --Approximate flexural stress distribution above the
proportional limit for a single-species beam.



Figure 3. --Two possible flexural stress distributions for a two-
species laminated beam. Figure A shows some failure in the
compression facing, while figure B indicates total failure
in the compression facing and some failure in the core.



Figure 4. --Curve of failure function, (1), versus distance,
y, measured from the neutral surface, for beam No. III B.



Figure 5. --Curve of failure function,	 versus distance,
y, measured from the neutral surface, for beam No. V D.



Figure 6. --Cross sections for six types of beams laminated from
two species of wood.









Figure 10. --Suggested design curves for beams laminated from two
species of wood.



Figure 11. --Elemental block for determination of horizontal shear
distribution in a two-species beam.



Figure 12. --Horizontal shear distribution below the proportional
limit in a two-species laminated beam.



Figure 13. --Flexural stress distribution above the proportional
limit at two adjacent cross sections. Moving to the right from
the left end of a simple beam, increasing Z by AZ gives rise
to a negative AX and a negative Ap..



Figure 14. --Utilization of a typical piece of wood for the tests.



Figure 15. --Modified shear specimen used to determine shear strength
of laminations.
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