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ABSTRACT

The vertical structure of coastal-trapped disturbances in several idealized models of a stably stratified lower
atmosphere is examined. The vertical structure and phase speeds of the trapped modes depend on the resting
stratification and the height of the orographic step. The presence of a stable layer above the boundary layer
inversion increases the gravest-mode phase speed and supports the existence of higher vertical modes. Trapped
wave solutions for the step orography are obtained for a lower atmosphere with constant buoyancy frequency.
The modes are primarily concentrated below the step but penetrate weakly into the stratified region above the
step. The phase speed of the gravest trapped mode is greater than the gravest-mode Kelvin wave speed based
on the height of the step. Results from a linear two-layer model suggest that the observed vertical structure of
isotherms at the leading edge of a 10–11 June 1994 event may arise during a transition from a directly forced,
barotropic, alongshore velocity response to a regime influenced by wave propagation, as the coastal-trapped
vertical modes excited by the mesoscale pressure gradients begin to disperse at their respective phase speeds.
The results suggest also that the observed vertical structure of alongshore velocity, with largest velocities in the
stable layer above the boundary layer, may arise from drag at the sea surface.

1. Introduction

Coastal-trapped disturbances of the lower atmosphere
have been observed along the coasts of South Africa
(Gill 1977; Jury et al. 1990; Reason and Jury 1990),
Australia (Holland and Leslie 1986), and western North
America (Dorman 1985, 1987; Mass and Albright 1987;
Bond et al. 1996; Mass and Bond 1996). The simplest
conceptual model of these disturbances consists of a
stably stratified layer of fluid that is set in motion by
horizontal pressure gradients induced by synoptic and
mesoscale evolution above the stable layer. Blocking by
coastal orography prevents the establishment of a geo-
strophic cross-shore flow in the stable layer, and con-
sequently the pressure gradients drive a coastal-trapped
flow along the coast.

The theoretical investigation of these phenomena was
begun by Gill (1977), who considered forced Kelvin
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waves in a shallow water model of the stably stratified
layer. These investigations have been continued by
Nguyen and Gill (1981), Bannon (1981), Hermann et
al. (1990), Reason and Steyn (1990, 1992), Rogerson
and Samelson (1995), and Samelson and Rogerson
(1996). The first two of these included a second active
layer above the coastal orography. Motivated by the
U.S. west coast climatology of Mass and Bond (1996),
the last of these focused on the response of the shallow
water model to an isolated pulse of low pressure forcing.
Closely related results were obtained previously by Rea-
son and Steyn (1990), who focused on the response to
imposed vertical motion that was presumed to result
from divergence and convergence of synoptically forced
cross-shore motion. The shallow water model has been
primarily interpreted as a direct physical model of a
well-mixed marine atmospheric boundary layer capped
by a sharp inversion, though a more general interpre-
tation as an approximate model for the evolution of the
total amount of dense fluid beneath a fixed level may
also be appropriate. A high-resolution (30-km grid spac-
ing) primitive equation numerical model was used by
Holland and Leslie (1986) to simulate a disturbance
observed along the east coast of Australia.

Detailed observations of a coastal-trapped distur-
bance along the U.S. west coast during 10–11 June 1994
are reported by Ralph et al. (1998). Thompson et al.
(1997) compare a mesoscale numerical model simula-
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tion to these observations. Since the idealized models
have all considered only a single active layer beneath
the level of the coastal orography, they have provided
only limited insight into the vertical structure of the
observed and simulated disturbances. Ralph et al. (1998)
point out that the June 1994 event contains higher-order
vertical structure, with deformation of the thickness of
the stable layer that caps the boundary layer, which
cannot be explicitly represented within the shallow wa-
ter models.

In the present work, several idealized models with
more realistic stratification are considered in order to
examine the effect of the additional stratification on the
vertical structure of the coastal-trapped response. The
intent is to begin to bridge the gap between existing
theory and the complex structure that arises in obser-
vations and simulations. The observed and simulated
disturbances appear to be strongly forced and damped,
but analysis of the free wave modes is useful to guide
understanding of the forced response. Free coastal-
trapped modes are obtained for two continuously strat-
ified models of the lower atmosphere in sections 2 and
3. In section 4, the coastal-trapped response of a ‘‘two-
and-a-half-layer’’ model to an isolated pulse of low pres-
sure forcing is examined. This model is the simplest
representation of vertical structure that retains analogs
of the two gravest trapped modes of the continuously
stratified models. Sections 5 and 6 contain discussion
and a brief summary of the results.

2. Internal Kelvin waves with overlying stable
layer

a. Equations

In shallow water models, the stable stratification of
the lower atmosphere is concentrated entirely in the den-
sity discontinuity at the interface between the active
layer and the overlying atmosphere, resembling a well-
mixed marine atmospheric boundary layer capped by a
sharp inversion. However, a stable layer, sometimes
hundreds of meters thick, is often found immediately
above a capping inversion but below the adjacent coastal
orography. It is natural to inquire how such a stable
layer will modify the properties of the wave modes.
Understanding the structure and dynamics of these
modes should aid the analysis of the forced response of
more complex models, and the atmosphere itself, in the
presence of similar vertical stratification.

In this section, the properties of internal Kelvin waves
on a rest state consisting of a neutral boundary layer
capped by an inversion and a stable layer with finite
thickness are briefly considered. For simplicity, com-
pressibility and moisture are neglected, the Boussinesq
approximation is made, and the motion is taken to be
adiabatic. Under these conditions, the linear equations
of motion are

u 2 f y 5 2p /r (1)t x 0

y 1 f u 5 2p /r (2)t y 0

0 5 2p 2 gr (3)z

u 1 y 1 w 5 0 (4)x y z

r0 2r 2 N w 5 0, (5)t g

where (u, y , w) are the (x, y, z) components of velocity,
p is the disturbance pressure, r and r0 are the distur-
bance and reference densities, and f is the Coriolis pa-
rameter. The buoyancy frequency of the rest state is N,
where N 2 5 2(g/r0)drs/dz and rs is the density of the
rest state.

The stable layer is assumed to lie entirely below the
level of the coastal orography, so the fluid is taken to
be confined to the region x , 0 by a rigid vertical wall
at x 5 0. Stable stratification that extends above the
orography is considered below, in section 3. The strat-
ification is neutral in the boundary layer (rs 5 r0, N 5
0 for 0 , z , h) and above the stable layer (rs 5 r2,
N 5 0 for z . H). The stable stratification has two parts,
a density jump Dr1 5 r1 2 r0 K r0 at z 5 h, repre-
senting the inversion that caps the marine atmospheric
boundary layer, and a stable layer in h , z , H that
has constant buoyancy frequency N 5 N2, with total
density change Dr2 5 r2 2 r1 K r0 over the layer
thickness d 5 H 2 h (Fig. 1a). The full stratification
may be characterized by the two reduced gravities g1

5 gDr1/r0 and g2 5 d 5 gDr2/r0. This qualitative2N 2

structure is often observed over the lower 500–1000 m
of the atmosphere along the U.S. west coast in summer,
where representative thicknesses of the boundary layer
and the stable layer are each several hundred meters,
and representative values of the reduced gravities are
0.15–0.3 m s22.

For N 2, a general function of z, it is convenient to
derive an equation for w (Gill 1982). Solutions of the
form w 5 W(z) exp[ fx/c 1 il(y 2 ct)] are sought, with
u 5 0 identically. The cross-shore momentum balance
is geostrophic, and W satisfies

2 2d W N
1 W 5 0. (6)

2 2dz c

This equation is solved here by matching constant-N
solutions in the three regions 0 , z , h, h , z , H,
z . H. At z 5 h, the matching conditions are 1) W
continuous and 2) (dW/dz)2 5 (dW/dz)1 1 (g1/c2)W1,
where the 2 and 1 refer to values just below and just
above z 5 h. The second condition may be derived by
integrating (6) across a small region of rapidly changing
density, in the standard manner. At z 5 H, both W and
dW/dz must be continuous. The bottom boundary con-
dition is W 5 0 at z 5 0, and the solution W 5 const
is allowed in z . H, where N 5 0, representing the



FEBRUARY 1999 203S A M E L S O N

FIG. 1. Stratification and geometry for vertical mode calculations. (a) Neutral boundary layer
(rs 5 r0, z , h) capped by stable layer with constant stratification (h , z , H ), as in section
2. (b) Stable layer with constant stratification (0 , z , H) overlying orographic step with height
hs at x 5 0, as in section 3.

FIG. 2. Normalized Kelvin wave phase speeds cn/c0, c0 5 ((g1 1
g2)h)1/2, n 5 1, 2, vs the ratio d/h of the stable layer and neutral
boundary layer thicknesses. Solutions are shown for g1/g2 5 {1/3,
1, 3} (short dashes, solid, long dashes, respectively) for both c1 and
c2, and the c1 solutions are labeled accordingly. As d/h → 0, c1 →
c0, and c2 → 0.

limit of weak vertical decay or propagation in a deep
upper layer of small N.

The dispersion relation that results from the matching
problem may be written

d 1 g12 X 5 tanX, (7)
h X g2

where
1/2N d (g d)2 2X 5 5 . (8)

c c

b. Results

For all positive boundary layer and stable-layer thick-
nesses h and d and reduced gravities g1 and g2, the

dispersion relation (7) has one solution for X in the
interval (0, p/2), corresponding to the first internal
Kelvin mode, and one solution for X in each interval
((2k 2 3)p/2, (2k 2 1)p/2), k 5 2, 3, . . . , corresponding
to internal Kelvin mode k, k $ 2. The phase speeds of
the first and second mode solutions of (7) are shown in
Fig. 2 as a function of d/h for several values of the ratio
g1/g2. Only the first two modes are considered here,
since the higher modes have phase speeds that are much
smaller than the 5–10 m s21 apparent propagation speeds
of observed coastal-trapped disturbances. For example,
the second mode phase speed is less than half of the
first mode phase speed for 0 , d , 2h in Fig. 2.

When the stable-layer thickness d decreases toward
zero, the stable layer merges with the inversion, and the
gravest mode phase speed c1 approaches [(g1 1
g2)h]1/2, the shallow water phase speed based on the
boundary layer thickness h and the total density differ-
ence across the inversion and the stable layer (Fig. 2).
In this limit, the stratified layer supporting the higher
modes collapses into the inversion, and the phase speeds
ck ; d1/2 all approach zero for k $ 2.

When the stable layer has positive thickness (d . 0),
c1 . [(g1 1 g2)h]1/2. Thus, the finite thickness of the
stable layer increases the phase speeds for horizontal
propagation, relative to the shallow water phase speed
based on the boundary layer thickness and the total
density difference (Fig. 2). However, a thick stable layer
(d . 2h) with strong stratification (g2 . g1) is required
to increase the phase speed by more than 10%, relative
to the value [(g1 1 g2)h]1/2. Unless g2 is small relative
to g1, the first mode phase speed is always significantly
larger than the shallow water phase speed (g1h)1/2 based
on the boundary layer thickness h and the density jump
g1 across the inversion alone.

When the stable layer is much thicker than the bound-
ary layer (d k h), the phase speed ck of the mode-k
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FIG. 3. Vertical structure functions for alongshore velocity (V) and
vertical velocity (W 5 w/lh) for modes 1 (upper panels) and 2 (lower
panels) for h 5 d 5 200 m and g1 5 g2 for the modes in Fig. 2.
The units of height (ordinate) are meters.

solution of (7) approaches 5 (g2d)1/2/[p(k 2 1/2)],Kck

the mode-k internal Kelvin wave phase speed for a uni-
formly stratified layer of thickness d.

In the boundary layer (0 , z , h), horizontal velocity
is vertically uniform, and the amplitude of the vertical
velocity increases linearly with height above the surface,
for all modes. For the first mode, the horizontal velocity
decreases, and the vertical velocity increases, monoton-
ically with height through the inversion layer (h , z ,
H). The higher modes have additional structure in the
inversion layer, with the vertical profiles of horizontal
and vertical velocity for mode k generally having k 2
1 zero crossings. Examples of the first and second mode
are shown in Fig. 3.

For thick stable layers (d . 2h), the second mode
phase speed depends less strongly on d/h than the first
mode phase speed (Fig. 2). For fixed values of the total
density difference (g1 1 g2 5 const.), the second mode
phase speed also depends much less on the ratio g1/g2

than does the first mode phase speed (Fig. 2). Appar-
ently, the presence of an internal zero crossing in vertical
velocity allows the second mode to adjust more easily
to the surface boundary condition than the first mode,
making the second mode less sensitive than the first to
the vertical distribution of the stratification.

In summary, stratification consisting of a neutral
boundary layer capped by an inversion (density dis-
continuity), an overlying stable layer, and neutral air
aloft, supports an infinite set of internal Kelvin wave
modes adjacent to a rigid vertical wall. The first two
modes appear to be most relevant in the present context.
The stable layer above the inversion increases the phase
speed of the gravest mode, relative to phase speeds
based on the boundary layer thickness, and allows the
infinite set of higher vertical modes to exist.

3. Trapped modes over step orography

a. Equations

In the previous section, the coastal orography was
represented by a rigid vertical wall. The horizontal mo-
tion was confined vertically to the stably stratified fluid
(Fig. 3), suggesting that the wall might be removed at
greater altitudes without substantially affecting the in-
ternal Kelvin wave modes. Since 300–600-m coastal
orography is evidently sufficient to support the observed
coastal-trapped disturbances, this would make these re-
sults more directly relevant to the interpretation of ob-
served and simulated phenomena.

In this section, this issue is addressed by replacing
the vertical wall at x 5 0 with step orography of height
hs and seeking linear wave modes that are trapped at
the step. For simplicity, the neutral boundary layer is
removed, and the stably stratified lower atmosphere is
represented by a layer of constant buoyancy frequency
N that extends from the surface to the constant height
z 5 H . hs (Fig. 1b). On the low side of the step, x ,
0, the surface is at z 5 0. On the high side, x . 0, the
surface is at z 5 hs . 0, and the thickness of the stable
layer is ds 5 H 2 hs , H. Above the stable layer, z .
H, the stability is again taken to be neutral (N 5 0),
which prevents vertical propagation and traps the modes
near the surface. The equations of motion are again (1)–
(5). As in section 2, the structure and dynamics of the
wave modes are examined here, in order to aid the anal-
ysis of the forced response of more complex models,
and the atmosphere itself, in the presence of similar
vertical stratification and orography.

Modes are sought that are sinusoidal in time and along
the step, so the pressure may be written p 5 r0fLP(x,
z) exp[il(y 2 ct)], where L 5 NH/f is a deformation
radius and the constant factors are inserted for conve-
nience. Then P satisfies

Pjj 1 Pzz 2 l2P 5 0, (9)

where j 5 x/L9, z 5 z/H, and l 5 lL9. Here L9 5 dL,
where d 5 (1 2 l2c2/ f 2)21/2 5 (1 2 l2c92)21/2 and c9
5 c/fL9. The boundary conditions are

P → 0 as |j | → ` (10)

z 5 0, j , 0
P 5 0 at (11)z 5z 5 h j . 0

P 5 0 at z 5 1 (12)
2 +P 5 P at j 5 0, h , z , 1 (13)

+ +c9P 2 P at j 5 0, h , z , 1j2 2c9P 2 P 5 (14)j 50 at j 5 0, 0 , z , h,

where P2 5 P(j , 0), P1 5 P(j . 0), and h 5 hs/H.
Except for the boundary condition (12) at the top of the
stable layer, this is identical to the oceanographic prob-
lem studied by Chapman (1982), and is solved here as
described in appendix A.
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FIG. 4. Dimensionless phase speeds for trapped modes 1, 2, and 3
at step orography of dimensionless height h 5 hs/H in a stable layer
of thickness H. For each mode, the phase speeds are shown for l 5
0, 1, 2 (thick, intermediate, and thin lines, respectively). The phase
speeds of the corresponding Kelvin modes for a stable layer of thick-
ness h adjacent to a vertical wall are also shown (dashed lines).

FIG. 5. P, U, V, W for the first mode in Fig. 4, with h 5 0.5 and
l 5 1. Vertical profiles with z as ordinate are shown at x/L 5 {21,
20.5, 20.25, 20.1, 20.05}. For each set of profiles, maximum am-
plitudes increase monotonically toward the step. The modes have
been scaled so that P 5 1 at the base of the step (x 5 z 5 0).

If the structure functions U, V, W, Z, for horizontal
and vertical velocity and vertical displacement of den-
sity surfaces, are defined by

(u, y , w, r)

H H drs5 iU, V, i W, 2 Z exp[il(y 2 ct)], (15)1 2L f L dz

then

U 5 ld(c9P 2 P) (16)j

2V 5 d(P 2 l c9P) (17)j

W 5 lc9P (18)z

Z 5 2P . (19)z

Thus u and w will generally be out of phase with P, y ,
and r, and the single function Pz will describe the struc-
ture of both w and r.

The dimensionless eigenvalue problem (9)–(14) or
(A6) contains two parameters, the step height h 5 hs/
H, where 0 , h , 1, and the scaled along-step wav-
enumber l. For a given dimensionless wavenumber l,
the parameter d may be computed after the eigenvalue
c9 has been found. The frequency dependence may then
be removed by defining the dimensionless wavenumber
l* 5 lL 5 l/d and phase speed c* 5 c/( fL) 5 dc9.

b. Results

The eigenvalue problem (9)–(14) has solutions cor-
responding to modes that are trapped near the step orog-
raphy. Since the trapped modes can be expected to re-
semble internal Kelvin waves in a stable layer of total
depth equal to the height of the step h, which have
dimensionless phase speeds 5 h1/2/((k 2 1/2)p), theKck

phase speeds ck of the trapped modes should approach
the phase speeds as h approaches one, and the ck

Kck

should approach zero as h approaches zero, where ck 5
is the value of c* for mode k. The numerical so-dc9k

lutions verify this expectation (Fig. 4). The trapped
modes are nondispersive in both limits.

For intermediate h, that is, when the stable stratifi-
cation extends appreciably above the step, the trapped
mode phase speeds are always greater than the corre-
sponding Kelvin wave phase speeds based on theKck

step height (and the fixed buoyancy frequency, the de-
pendence on which has been removed by the nondi-
mensionalization). This enhancement of the trapped
mode phase speed by the stable layer above the step is
particularly evident for the first mode, for which c1 ø
1.5 at h 5 0.5. The first mode is weakly dispersiveKc1

for 0.1 , h , 0.9, but the higher modes are essentially
nondispersive for all h (Fig. 4). The first mode phase
speed is several times larger than the second mode phase
speed for all h. As h → 1, the ratio c1/c2 approaches
the corresponding Kelvin wave ratio / 5 3. For hK Kc c1 2

5 0.5, c1/c2 ø 4.
The solutions for h 5 0.5 and l 5 1 illustrate the

typical structure of modes with 0 , h , 1, for which
the stable layer extends above the step (Figs. 5, 6). The
first-mode pressure, along-step velocity y , and vertical
velocity and displacement are primarily, but not entirely,
confined beneath the step. In contrast, the velocity u
normal to the step is large only above h . 0.5, where
it attains values near x 5 0 that are of the same order
of magnitude as the largest along-step velocities. Thus,
the trapped mode resembles an internal Kelvin wave
below the step, where cross-step flow is blocked, but
has substantial cross-step motion above the step, where
cross-step flow is not blocked. Associated with this
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FIG. 6. As in Fig. 5 but for the second mode in Fig. 4.

cross-step motion is a reversal in the first-mode along-
step velocity near x 5 0 and z 5 h. Beneath the step
(z , h), the disturbance pressure, along-step velocity,
and vertical displacement are all in phase, as for an
internal Kelvin wave. The pressure and along-step ve-
locity are largest at the surface, while the vertical ve-
locity and vertical displacement are largest at the step
height. The pressure and horizontal velocities vanish
above the stratified layer. The vertical velocity and dis-
placement are nonzero but relatively small at the top of
the stratified layer.

The higher modes have a structure above the step that
is similar to the first mode but resembles the corre-
sponding higher internal Kelvin modes below the step,
with internal zero crossings (Fig. 6). Their phase speeds
are slow (Fig. 4) and their offshore decay scales are
small (Fig. 6), relative to the first mode.

In summary, trapped modes exist along the step even
when the fluid immediately above the step is stratified.
These modes generally behave like internal Kelvin
waves in a stratified layer of depth equal to the step
height h. However, they are weakly dispersive, their
phase speeds may be as much as 50% greater than the
corresponding internal Kelvin wave phase speeds, and
their motion penetrates into the stratified layer above
the step, where substantial cross-step motion occurs near
the corner of the step.

Nguyen and Gill (1981) and Bannon (1981) both con-
sidered two-layer models of coastal-trapped disturbanc-
es in which the upper interface lay above the orographic
step height. The two corresponding two-layer modes are
roughly analogous to the first two modes of the present
problem when 0 , h , 1. The matching conditions at
the step differ in the two cases, however, as normal
transport in the upper layer is continuous in the two-
layer model, whereas normal velocity is continuous at
each point above the step in the present problem. The
two-layer model cannot reproduce the detailed vertical

structure of the continuously stratified modes, but it does
correctly predict that cross-step motion occurs above
the step.

4. Forced two-layer reduced-gravity model

a. Motivation

In the preceding sections, two simple models of or-
ographically trapped wave modes in a continuously
stratified fluid were examined. The vertical scale of
these modes was set by the vertical scale of the strati-
fication or the orography, whichever was smaller. The
modes with uniform stratification resembled reduced-
gravity internal Kelvin waves. The presence of a neutral
surface boundary layer did not cause essential changes
in the qualitative features of the modes, though some
aspects of the modal structure and propagation char-
acteristics were affected.

Observed coastal-trapped disturbances are a forced-
damped response of the orographically blocked lower
atmosphere to synoptic and mesoscale evolution. In this
section, the linear coastal-trapped response of a simple
model of a stably stratified lower atmosphere to pressure
forcing is considered. The object is to understand how
the forced response is altered from the shallow water
model (e.g., Samelson and Rogerson 1996) when the
stratification of the blocked fluid is not confined to a
density jump across the inversion.

For simplicity, a two-layer reduced-gravity model is
used, in which the stratification in the stable layer above
the neutral boundary layer is represented by the density
difference across the interface between a second ho-
mogeneous fluid layer that overlies the neutral boundary
layer, and a third, passive layer above. This model is a
coarse representation of the vertical structure, relative
to the continuously stratified models considered above,
but is the simplest context in which the baroclinic struc-
ture of the trapped response can be investigated.

The two vertical modes that arise in the two-layer
reduced-gravity model are qualitatively similar to the
first and second modes in the two continuously stratified
models considered in the preceding sections, for which
the first modes had monotonic vertical profiles of hor-
izontal and vertical velocity, whereas the second modes
had single zero crossings in both profiles. Thus, the
results should extend with some generality to models
with more detailed representations of the stratification.
In contrast to the models considered by Nguyen and
Gill (1981) and Bannon (1981), both interfaces are lo-
cated beneath the height of the coastal orography, which
is represented by a vertical wall, so flow in both active
layers is blocked. In the following, attention is first re-
stricted to the inviscid coastal-trapped response, as rep-
resented by a pair of linear first-order wave equations
for the forced Kelvin modes. The response is also com-
puted for the full linear model, with and without surface
friction.
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b. Equations

In isentropic coordinates, the equations for momen-
tum and mass conservation in a dry, compressible at-
mosphere may be written

u 1 uu 1 yu 1 w*u 2 f y 5 2M 1 F, (20)t x y u x

y 1 uy 1 yy 1 w*y 1 f u 5 2M 1 G, (21)t x y u y

c 1 (uc) 1 (yc) 1 (w*c) 5 0, (22)t x y u

where (u, y) are the (x, y) components of velocity, c 5
pu, M(x, y, u) 5 gx 1 uP, z 5 x(x, y, u) is the height
of the isentropic surface with potential temperature u,
p is pressure, and P(p) 5 cp(p/ps)k is the Exner func-
tion, with cp the specific heat at constant pressure, ps a
reference pressure, k 5 R/cp, and R the gas constant
for dry air. The functions F and G are frictional dissi-
pation terms, and w* 5 represents diabatic forcing.u̇
The hydrostatic relation takes the form Mu 5 P. Nu-
merical solutions of these equations using a scheme
based on that of Reisner and Smolarkiewicz (1994) are
presented below and compared with forced linear Kelvin
wave solutions that are discussed first.

As in section 2, the vertical wall is placed at x 5 0,
and the domain is x , 0. Forced linear Kelvin wave
solutions are obtained as follows. Equations (20)–(22)
are linearized around a step profile in potential tem-
perature, u 5 u1 for 0 , z , z1, u 5 u2 for z1 , z ,
z2, and u 5 u3 for z . z2, and they are forced by an
imposed pressure distribution pa(y, t) at the fixed height
z 5 Ha . z2. The semigeostrophic approximation is
also made (ut K fy), and the frictional terms are ne-
glected (F 5 G 5 0). The resulting forced Kelvin wave
solutions may be written

+ f x /c 2 f x /c1 2c 5 c e 1 c e , (23)1

1 f x /c 2 f x /c1 2c 5 c e 1 c e , (24)2 2 2

where c6 and c6 are the first and second internal Kelvin
wave mode phase speeds and amplitudes, respectively,
and c6 satisfy the forced first-order wave equations

1 2 d C2 1+ +c 1 c c 5 F , (25)t 1 y ay1 2d 2 d c1 2 1

d 2 1 C1 12 +c 1 c c 5 F . (26)t 2 y ay1 2d 2 d c1 2 2

For the first mode c1, the interface displacements are
of the same sign. The upper interface displacement is
larger than the lower interface displacement, whereas
the lower-layer horizontal velocity is larger than the
upper-layer horizontal velocity, consistent with the
structure of the continuously stratified first modes con-
sidered above. For the second mode c2, the interface
displacements are of opposing signs, as are the upper-
and lower-layer horizontal velocities, consistent with the
structure of the continuously stratified second modes

considered above. The lower-layer amplitudes , the6c2

constants C1, c6, and d6, and the forcing term Fay are
defined in appendix B.

The parameters used below for the rest or initial-state
potential temperature profile are z1 5 200 m, z2 5 400
m, u1 5 290 K, u2 5 300 K, and u3 5 310 K. For these
parameters, the phase speeds are c1 5 13.4 m s21 and
c2 5 5.0 m s21. For the first mode (c1), the interface
displacements Z1 and Z2 are of the same sign (but are
not equal), whereas for the second mode (c2), they are
of opposing signs. The numerical solutions of the full
equations (20)–(22) are obtained in the same configu-
ration, with two active u levels and pressure imposed
at a fixed level in a passive, third, upper layer (making
it a ‘‘two-and-a-half-layer’’ model). The numerical dis-
cretization of the continuous equations is consistent with
the interpretation as a layer model. The imposed pres-
sure at z 5 1500 m consists of a constant (equal to 850
mb) plus a translating Gaussian pulse with amplitude
PF and width 500 km. Initially, the pulse propagates
westward toward and into the domain from the east at
5.75 m s21. Its center reaches the eastern boundary of
the domain at t 5 105 s, and it then reverses direction,
propagating eastward and out of the domain at 5.75 m
s21. The numerical integrations cover approximately 2.3
days, from t 5 0 to t 5 2 3 105 s. The numerical
solutions were obtained in a periodic channel geometry,
on a 51 3 251 grid, with 10-km grid spacing across the
500-km width and 20-km grid spacing along the 5000-
km length of the channel. The time step was 100 s.

c. Results

The evolution of the linear inviscid model response
to the imposed forcing may be divided into three phases:
generation, transition, and dispersion. These phases may
be illustrated with approximate representations of the
coastal-trapped response that were obtained by solving
the first-order wave equations (25) and (26) with the
parameters given above, forcing amplitude PF 5 21
mb, and no friction (Figs. 7 and 8). The phases are not
fully distinct but are a useful guide to understanding the
overall evolution of the response.

During the generation phase, the amplitude of the
disturbance grows locally in direct response to the im-
posed forcing. This phase is essentially complete by t
5 105 s, when the forcing has reached its maximum,
and the disturbance passes into the transition phase,
where propagation effects begin to influence the re-
sponse. At t 5 105 s, the velocity response is approx-
imately equal in both layers, and southerlies extend 200
km north of the central latitude y 5 0 of the pressure
pulse (Fig. 8). The barotropic (depth independent) struc-
ture of the alongshore winds is a direct response to the
depth independence of the forcing Fay. Although the
pressure forcing Fay is the same in each layer, both ver-
tical modes are directly forced (Fig. 7), because a bar-
otropic vertical mode (c1 5 c2) does not exist. The
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FIG. 7. Solutions of the two-layer forced linear Kelvin wave model.
Interface heights at x 5 0 are shown vs y for t 5 0.75 3 105 s (thin
line), t 5 105 s (thick line), and t 5 2 3 105 s (dashed line). The
pressure forcing amplitude is PF 5 21 mb.

FIG. 8. As in Fig. 7 but for northward velocity in (a) layer 1 and
(b) layer 2.

continuously stratified models also lack a barotropic
mode (Figs. 3, 5). The geostrophic relations (B1) and
(B2) require that c1x ø 0 if y 1 ø y 2, and consequently
the lower interface displacement is initially much small-
er than the upper interface displacement (Fig. 7). Since
c1x ø 0 only if c1/c1 1 c2/c2 ø 0, both modes are
excited initially, but with opposite sign.

In the transition phase, which begins roughly at t 5
105 s, the pressure gradients associated with deforma-
tions of the layer interfaces become comparable to the
imposed pressure gradient forcing, and wave propaga-
tion effects begin to alter the response. It is followed
by the dispersion phase, in which wave propagation
effects dominate, the excited modes separate because of
differences in their phase speeds, and local forcing is
negligible. The timescales for propagation of the dis-
turbance out of the forcing region and for dispersive
separation of the excited modes may be estimated from
the horizontal scale of the forcing region and the phase
speeds of the modes. The propagation timescales for the
first and second modes are 500 km/13.4 m s21 ø 0.4
days and 500 km/5.0 m s21 ø 1.1 days, respectively,
whereas the separation timescale is 500 km/(13.4–5.0)
m s21 ø 0.7 days. These should be measured with re-
spect to, say, t ø 105 s, when the forcing is maximum.
Thus, by t 5 1.5 3 105 s, the 8 m s21 difference in
first- and second-mode phase speeds has already begun
to cause separation of the modes. The leading part of
the disturbance has a first-mode structure, with depres-
sion of both interfaces and northerly winds in both lay-
ers, whereas the trailing part has a second-mode struc-
ture, with depression of the lower interface, elevation
of the upper interface, and flow primarily confined to
the upper layer. By t 5 2 3 105 s, the modal structures
are clearly identifiable and overlap only near 700 , y
, 1000 km (Figs. 7, 8).

The first-mode disturbance is qualitatively similar to
the disturbance modeled by previous single-layer (shal-

low water) models of coastal-trapped disturbances (e.g.,
Samelson and Rogerson 1996), but propagates faster
because of the greater stability and greater depth of the
stable layer and the absence of an opposing mean flow.
By t 5 2 3 105 s, the southerly transition associated
with this first-mode disturbance has propagated 1500
km from the central latitude of the pressure pulse. The
slow-moving second-mode disturbance and the complex
vertical structure of the initial response have no analogs
in the single-layer models. Note that the linear two-layer
calculation suggests that nonlinear effects will be im-
portant even for pressure forcing of order 1 mb, since
the interface deformations are comparable to the layer
thicknesses. The slow-moving higher vertical modes
should be more susceptible to nonlinear effects than the
gravest mode.

Linear solutions of the full two-layer equations (not
shown) are similar to the wave-equation solutions.
These were obtained by forcing the numerical model
with a small-amplitude pulse (PF 5 20.1 mb) and then
rescaling the response. Despite the qualitative similarity,
the amplitude of the propagating response is less than
half that obtained from the wave equations. This dif-
ference is due primarily to the finite (500-km width)
zonal scale of the forcing pulse in the numerical model.
If the the pulse is replaced by a time-dependent, zonally
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FIG. 9. Solutions of the two-layer forced linear Kelvin wave model.
Interface heights at x 5 0 are shown for 2250 km , y , 250 km
for t 5 0.75 3 105 s (thin line), t 5 105 s (thick line), and t 5 1.25
3 105 s (dashed line). The pressure forcing amplitude is PF 5 21
mb. The short horizontal line indicates the 250-km segment to be
compared with the aircraft transects of Ralph et al. (1998).

FIG. 10. As in Fig. 9 but for northward velocity in (a) layer 1 and
(b) layer 2.

uniform forcing with Gaussian meridional structure, the
linear response of the numerical model is close to the
approximate result obtained from the wave equations.
Some additional linear solutions of the numerical model
were obtained with frictional damping. These damped
solutions are discussed below.

5. Discussion

The above analysis has shown that the barotropic
forcing of the stable layer by imposed pressure gradients
generates a baroclinic coastal-trapped response in the
stable layer. The barotropic forcing initially generates a
barotropic response in alongshore winds throughout the
stable layer. Since the alongshore flow must remain ap-
proximately geostrophic near the coastal barrier, the up-
per part of the stable layer deforms to provide a depth-
independent geostrophic pressure gradient, whereas the
isotherms in the lower part of the stable layer are ini-
tially undisturbed, consistent with the barotropic struc-
ture of the initial alongshore wind response. Conse-
quently, both vertical modes are excited in the two-layer
model, and generally all vertical modes will be excited
in a continuously stratified model, though high vertical
modes will be only weakly excited. Deformations of the
lower isotherms and a baroclinic velocity structure then
develop in the linear model as the excited modes dis-
perse at their respective phase speeds, and a transition
occurs to a regime dominated by free-wave propagation.

The transition phase, from directly forced local re-
sponse toward a regime dominated by wave propaga-
tion, occurs as the forcing reaches its maximum and
then decays, primarily between t 5 105 s and t 5 1.5
3 105 s, and in the region 2250 km , y , 500 km.
The layer interfaces and alongshore velocities at x 5 0
during this transition include both directly forced and

wavelike components, as the directly forced flow creates
internal pressure gradients by deforming the layer in-
terfaces, which in turn accelerate the flow. At t 5 0.75
3 105 s, the alongshore velocities are nearly barotropic,
and the upper interface displacement is an order of mag-
nitude greater than the lower interface displacement
(Figs. 9 and 10). At t 5 105 s, baroclinic structure in
the velocity field has begun to develop, with differences
of 2–5 m s21 between layers, and the lower interface
displacement has reached 100 m. At t 5 1.25 3 105 s,
there are velocity differences of 5–10 m s21 between
layers, and the lower interface displacement is com-
parable to the upper interface displacement for 150 km
, y , 500 km. The maximum lower-layer velocity has
shifted 200 km north of the maximum upper-layer ve-
locity by this time. At later times, the imposed pressure
forcing is small, and the evolution of the flow is con-
trolled by the dispersion of the modes (Figs. 7 and 8).

The Bond et al. (1996) and Mass and Bond (1996)
coastal-trapped disturbance climatology has been briefly
compared by Samelson and Rogerson (1996) to the life
cycle of an idealized coastal-trapped disturbance in a
one-layer reduced-gravity (shallow water) model, and
some qualitative similarities were found. Because of the
limitations of existing observations, the climatology did
not resolve vertical structure between 850 mb and the
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surface, which is the focus of the present study. Vertical
structure at these levels was resolved by aircraft and
profiler observations of a coastal-trapped event that oc-
curred during 10–11 June 1994 along the U.S. west
coast (Ralph et al. 1998), and these may be compared
with the present model.

The synoptic and mesoscale pressure evolution during
the June 1994 event included warm offshore advection
above the marine boundary layer that altered the pres-
sure distribution in the boundary layer and the overlying
stable layer, and also modified the overlying stable layer
directly (Ralph et al. 1998). The linear model is forced
solely by imposed changes in the pressure field above
the stable layer, and consequently only part of the effect
of warm advection on the overlying stable layer is cap-
tured. Nonetheless, some of the baroclinic structure ob-
served during that event appears qualitatively similar to
the linear two-layer solutions during an early stage of
the model response. This structure is discussed below.
In contrast, analogs of the large-amplitude disturbances
that extend 1000–2000 km northward during the final
phase of the inviscid model response do not appear to
exist in the observations. There are many possible rea-
sons for this discrepancy during the latter stages of the
event, including downstream synoptic and mesoscale
forcing, frictional drag and thermal dissipation, varia-
tions in the coastal orography, and decay by vertical
radiation of gravity wave energy, all of which are absent
from the inviscid reduced-gravity model. For example,
simple estimates suggest a one-day frictional decay
timescale, comparable to the duration of a coastal-
trapped event (Samelson and Rogerson 1996).

Aircraft transects through the 10–11 June 1994 coast-
al-trapped wind reversal (Ralph et al. 1998, their Fig.
23) show a southward thickening of the stable layer
above the boundary layer at the leading edge of the
wind reversal and weak southward thinning of the
boundary layer itself. This baroclinic structure has some
similarities to the linear two-layer reduced-gravity mod-
el fields during the initial and transition phases (Figs.
9 and 10). The 250-km region near the leading edge of
the disturbance at t 5 105 s, where this similarity is
evident, is indicated by a horizontal line in Fig. 9. In
the region of greatest southward increase in the upper
interface height, the lower interface height decreases
southward. This structure appears qualitatively consis-
tent with the aircraft observations. This vertical phase
offset occurs in the model because the gravest mode
begins to propagate away from the forcing region, in
advance of the second mode, as the forcing reaches its
maximum and begins to decrease. This propagation
causes a weak lifting of the boundary layer ahead of
the leading edge of the relatively large lifting of the
stable layer that is centered just to the south of the
forcing maximum. Thus, the boundary layer thickens
slightly toward the north at the locations where the rapid
northward decrease of the stable layer thickness dom-
inates the overall structure. The model results suggest

that a weak northward decrease in boundary layer thick-
ness might have been observed if the aircraft transects
had been continued farther north.

In general, the model upper interface deformations
are much greater than the lower-layer deformations dur-
ing the initial and transition phases (Fig. 9). As Ralph
et al. (1998) remark, single-layer shallow water models
cannot represent the simultaneous thickening of the sta-
ble layer and thinning of the boundary layer. Although
the upper interface deforms much more than the lower
interface, the lower interface disturbance does reach 100
m during the transition phase of the model response.
The observations suggest that the change in the marine
boundary layer thickness during the 10–11 June 1994
event was less than this, although changes of up to 50
m likely would not have been well resolved by the mea-
surements.

Profiler observations also suggest the presence of a
depth-independent northward flow during the initial
stages of the 10–11 June 1994 event (Ralph et al. 1998,
their Fig. 4), consistent with the initial velocity response
in the model (Fig. 10). However, the observed north-
ward flow extended far above the coastal orography, to
roughly 6 km, so the correspondence in the lower at-
mosphere may be fortuitous. In the present model, ver-
tical shear begins to develop in the alongshore velocity
field near t 5 105 s. A strong northward flow is found
in the lower layer, which propagates more rapidly north-
ward than the upper interface deformation. In contrast,
the aircraft observations appear to place the maximum
northward flow at the leading edge in a thin stable layer
that merges with the boundary layer inversion at the
leading edge. This observed velocity structure is not
reproduced by the model. If a linear frictional drag is
included in the lower layer, as a simple model of the
turbulent transfer of momentum from the atmospheric
boundary layer into the sea surface, then the lower-layer
velocity response during the transition phase is sub-
stantially weaker but the basic structure of the interface
response is unchanged (Figs. 11, 12). In that the largest
velocities then occur in the stable layer above the bound-
ary layer, the model response resembles the aircraft ob-
servations more closely with surface friction than with-
out surface friction.

It should be noted here that the aircraft transect
through the leading edge of the disturbance (Ralph et
al. 1998, their Fig. 22) was close to the San Francisco
Bay region, where the height of the coastal orography
decreases below 200 m. This change in coastal orog-
raphy may also have affected the observed disturbance
and is not represented in the model. For example, the
dependence of the trapped modes on step amplitude
(Fig. 3) suggests that the decreasing orographic height
could lead to steepening of the leading edge of the dis-
turbance.

6. Summary
The vertical structure of coastal-trapped disturbances

in several idealized models of the lower atmosphere has
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FIG. 11. Linear solutions of the two-layer numerical model with
linear frictional drag in the horizontal momentum equations. The drag
coefficient is R 5 r/H, where r 5 0.01 m s21 and H 5 200 m. Interface
heights at x 5 0 are shown for 2250 km , y , 250 km for t 5 105

s (thick line) and t 5 1.25 3 105 s (dashed line). The pressure forcing
amplitude is PF 5 21.5 mb.

FIG. 12. As in Fig. 11 but for northward velocity in (a) layer 1 and
(b) layer 2.

been examined. The presence of a stable layer above
the boundary layer inversion increase the gravest mode
phase speed and supports the existence of higher vertical
modes. Results from a linear two-layer reduced-gravity
model suggest that the observed vertical structure of
isotherms at the leading edge of the 10–11 June 1994
event may arise during a transition from a directly
forced, barotropic, alongshore velocity response to a
regime influenced by wave propagation, as the coastal-
trapped vertical modes excited by the mesoscale pres-
sure gradients begin to disperse at their respective phase
speeds (Figs. 9–12). The results suggest that the ob-
served vertical structure of alongshore velocity, with
largest velocities in the stable layer above the boundary
layer, may arise from the effect of drag at the sea surface,
which retards the flow in the boundary layer (Figs. 11,
12). The amplitudes of the linear model response and
the observed isotherm displacements both suggest that
nonlinear effects should be important, so the linear re-
sults must be interpreted with caution. Many other pro-
cesses must also contribute to the observed structure.
Nonetheless, it is interesting that a simple forced linear
model does appear to reproduce some previously un-
explained aspects of the vertical structure of the 10–11
June 1994 coastal-trapped disturbance.
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APPENDIX A

Step-Trapped Modes

The eigenvalue problem (9)–(14) for trapped wave
modes over step orography is solved following Chap-
man (1982). Separation of variables leads to the expan-
sions

` `

2 a j 1 2b jn nP 5 A e cosm z, P 5 B e cosn (z 2 h),O On n n n
n50 n50

(A1)

where

1 1
m 5 n 1 p, n 5 n 1 p/d,n n1 2 1 22 2

2 2 1/2 2 2 1/2a 5 (m 1 l ) , b 5 (n 1 l ) , (A2)n n n n

and d 5 ds /H. The pressure condition (13) on h , z ,
1 is applied by substituting the series expansions (A1),
multiplying by cosnm(z 2 h), and integrating over z
from h to 1. This yields

`2
B 5 Q A , (A3)Om nm nd n50

where
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1

Q 5 cosm z cosn (s 2 h) dz. (A4)mn E m n

h

The velocity condition (14) is applied similarly, with
multiplication by cosmmz and integration over z from 0
to 1, which yields

`

(c9a 2 1)A 5 22 (c9b 2 1)B Q . (A5)Om m n n mn
n50

Substitution of (A3) into (A5) and truncation of the
series to a finite number of modes yields a standard
generalized matrix eigenvalue problem with eigenvalue
c9,

4 4
T Tc9(a 1 QbQ )A 5 1 2 QQ A, (A6)1 2d d

where Q and A are the matrix vector with elements Qmn

and An, QT is the transpose of Q, and a and b are
diagonal matrices with diagonal elements an and bn.
Eigenvalues and eigenvectors were obtained here using
the MATLAB function eig, with truncation of the ex-
pansions (A1) at n 5 N for N 5 50 or N 5 100, and
analytic evaluation of the matrix elements Qmn.

APPENDIX B

Two-Layer Internal Kelvin Waves

The Kelvin wave equations (25) and (26) are obtained
as follows. Equations (20)–(22) are linearized around a
step profile in potential temperature, u 5 u1 for 0 , z
, z1, u 5 u2 for z1 , z , z2, and u 5 u3 for z . z2,
and forced by an imposed pressure distribution pa(y, t)
at the fixed height z 5 Ha . z2. The linearized equations
are

2 f y 5 2(a 1 b)c 2 bc , (B1)1 1x 2x

2 f y 5 2bc 2 bc , (B2)2 1x 2x

y 1 f u 5 2(a 1 b)c 2 bc 1 F , (B3)1t 1 1y 2y ay

y 1 f u 5 2bc 2 bc 1 F , (B4)2t 2 1y 2y ay

c 1 C (u 1 y ) 5 0, (B5)1t 1 1x 1y

c 1 C (u 1 y ) 5 0, (B6)2t 2 2x 2y

where the semigeostrophic approximation has also been
made (ut K fy) and the subscripts j, j 5 1, 2, refer to
quantities associated with the motion in layer j, which
has potential temperature u 5 uj. The constants a and
b and the pressure forcing term Fay are defined by

a 5 (u 2 u )P9(P ), (B7)2 1 1

b 5 (u 2 u )P9(P ), (B8)3 2 2

F 5 2u P9(P )p , (B9)ay 3 a ay

where C j and Pj (and Pa) are the base-state values of

c and p at the interface levels z 5 zj (and z 5 za), and
prime denotes derivative with respect to the argument.

The solution may then be written in terms of the
amplitudes c6 in (23) and the wave equations (25) and
(26). The lower-layer amplitudes in (24) and the6c2

constant c6 and d6 are defined by

2d c6 66 6c 5 2 1 c , (B10)2 11 2bC1

aC1d 5 1 2 , (B11)6 2c6

(a 1 b)C 1 bC1 2c 56 5 2
1/22 1/2(a 1 b)C 1 bC1 26 2 abC C .1 21 2 6[ ]2

(B12)

With c1 and c2 known, the disturbance pressures p1

and p2 may be determined from

u P9(P )p 5 ac 1 b(c 1 c ) 1 u P9(P )p , (B13)1 0 0 1 1 2 3 a a

p 5 p 2 c , (B14)1 0 1

p 5 p 2 c , (B15)2 1 2

where P0 and p0 are the base-state and disturbance pres-
sures at the surface (z 5 0). The interface disturbances
Z1 and Z2 may then be obtained from the hydrostatic
relation, which yields

u1Z 5 (P9(P )p 2 P9(P )p ), (B16)1 0 0 1 1g

u2Z 5 Z 1 (P9(P )p 2 P9(P )p ). (B17)2 1 1 1 2 2g
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