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ABSTRACT

The Garrett–Munk (GM) spectrum continues to be a useful description of the oceanic internal wave field.
However, there are several inconsistencies and ambiguities that make it difficult to use in comparing internal
wave fields at different latitudes, stratifications, and water depths. A modified spectral formulation is presented
that treats three problems with the Garrett–Munk formulation: the normalization of the energy spectrum as a
function of frequency bandwidth, the energy distribution at frequencies below the semidiurnal tide, and the
treatment of vertical boundaries and turning points. Addressing these problems leads to a substitution of the
GM parameters E (nondimensional energy), b (vertical length scale), and N0 (buoyancy frequency scale) with
two new dimensional scales: Eref, the energy per unit mass, and D(v), the Wentzel–Kramers–Brillouin (WKB)-
scaled thickness of the vertical waveguide. The advantages of the modified spectrum are illustrated by comparing
with observations from the equator and the continental shelf.

1. Introduction

The Garrett–Munk spectrum (Garrett and Munk 1972,
1975) continues to be a useful description of the oceanic
internal wave field, particularly of the deep, open ocean.
[GM is used to refer to the general Garrett–Munk spec-
trum; GM79 is the term used for the specific form pre-
sented in Munk (1981).] The GM spectrum is often used
as a representative statistical description of the internal
wave field in studies of nonlinear interaction (e.g., Müller
et al. 1986; Hibiya et al. 1998), acoustic propagation (e.g.,
Colosi et al. 1999; Flatté 1979), and mixing parameter-
ization (e.g., Henyey et al. 1986; Polzin 1995). It has
permeated the literature and is used in ways that some-
times exceed its applicability. The particular distribution
of waves in frequency–wavenumber space given by GM
is significant, but most remarkable is that there exists any
frequency–wavenumber distribution that appears to be
‘‘universal’’ in space and time. Of course, this univer-
sality is not exact, and it is the deviations that can provide
clues to explain the generation, propagation, and dissi-
pation of the waves (e.g., Wunsch 1975; Müller and Bris-
coe 1999). The value of a spectral formulation, which is
consistent with the kinematics of internal waves, is that
it permits comparisons among any of the measurable sta-
tistical quantities. It is then possible to relate, for example,
a velocity frequency spectrum observed at buoyancy fre-
quency N 5 N1 with a horizontal wavenumber spectrum
of vertical displacement at N 5 N2.

In order to make meaningful comparisons between
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observations in different environments, the application
of the spectral formulation must be unambiguous and
consistent. The purpose of this paper is to present a
modified spectral formulation of the internal wave field
that addresses three problematic aspects of the GM de-
scription regarding: the normalization of the energy
spectrum as a function of the frequency bandwidth, the
energy distribution at frequencies below the semidiurnal
tide, and the treatment of vertical boundaries and turning
points. These problems have lead to ambiguous inter-
pretations of the scaling parameters in the GM formu-
lation, especially when applied to observations from
different latitudes, buoyancy frequency profiles, and wa-
ter depths.

In GM79 the spectrum is normalized such that the
total energy is not a function of f when integrated over
all frequencies from f to N. This results in a frequency
spectrum that scales as f—a dependence that is not
observed. This shortcoming is acknowledged in GM79
and Munk (1980), and it is suggested that this scaling
by f be replaced by the constant value of f at 308N
( f 30). While this indeed removes the f dependence in
the spectral level, it is no longer consistent to maintain
that the integral of the frequency spectrum from local
f to N is constant with latitude. We suggest an alternate
consistent normalization, referenced to the spectral level
of the high frequencies only, which has the desired prop-
erty of eliminating the f dependence on the spectral
level while no longer constraining the integrated energy
from f to N to be constant.

We also suggest a modification of the spectral dis-
tribution of the energy for frequencies less than v 5S2

1/12 cph, the principal semidiurnal solar tidal frequency.
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This change is motivated by observations at low latitude
that indicate a whiter frequency spectrum below the
semidiurnal tidal band (e.g., Eriksen 1980). There may
also be dynamical reasons for this change in spectral
slope, suggesting the tide as an energy source to the
internal wave continuum (e.g., Munk and Wunsch 1998;
Levine et al. 1983).

Regarding the treatment of the vertical dependence
of the internal wave field in a spectral formulation, there
are two issues of importance. One is the method of
solution of the vertical structure equation, and the other
is the assumption of statistical independence between
waves. In a flat-bottom ocean the exact solution of the
vertical structure can be represented as a set of discrete
vertical modes, essentially vertical standing waves re-
sulting from the imposition of upper and lower bound-
ary conditions. It is often more convenient to use a
nonexact, Wentzel–Kramers–Brillouin (WKB) solution
of the equation, which ignores the boundaries and treats
the wave field as a sum of vertically propagating waves.
The modal representation of a stationary and horizon-
tally homogeneous random wave field requires that
waves of different modes, horizontal wavenumbers, and
frequencies be statistically independent. In propagating
WKB solutions it is usually assumed that upward and
downward propagating waves are independent (e.g.,
Müller et al. 1978). Differences in the specification of
statistical independence between propagating and stand-
ing solutions lead to different behavior of the statistical
quantities (e.g., Müller and Siedler 1976). It is even
possible to combine aspects of both propagating and
standing solutions (e.g., Blumenthal and Briscoe 1995).
The GM spectrum essentially ignores the boundaries
and uses a form similar to the WKB approximation. In
the modified spectral form presented here, we choose
to include the effects of the boundaries and turning
points while retaining the analytical advantages of the
WKB approximation. This representation of vertical
structure is called WKB modes and is especially useful
in application to the shallow ocean where the boundaries
may be important at even relatively high frequencies.

These problems in the GM formulation can also lead
to uncertain interpretation of the three GM scaling pa-
rameters: E, the nondimensional energy parameter; b,
the vertical length scale; and N0, the buoyancy fre-
quency scale. It is not possible to compare internal wave
observations with the GM spectrum when it is not clear
how to estimate the values of these scaling parameters
from the data. One approach is to consider the GM
spectrum as a benchmark of the universal, deep-ocean
internal wave field by using the GM canonical values
of E (6.3 3 1025), b (1300 m), and N0 (3 cph). This is
a useful procedure for comparing the energy and co-
herence pattern of an observed wave field with a typical
deep-ocean wave field.

A second approach is to use the observed spectra and
coherences collectively to set the values of these scaling
parameters. The difficulty is that there are a variety of

different procedures that could be used to estimate the
GM parameters, thereby leading to a nonunique deter-
mination of values from a given set of observations. For
example, should the scales b and N0 be estimated from
the N(z) profile only, or should other data be used as
well? Part of the problem is that only two of the pa-
rameters are independent in the spectral formulation
(Desaubies 1976). In the modified formulation we re-
place the three GM scales with two new dimensional
parameters: Eref, the energy per unit mass, and D(v),
the scaled thickness of the vertical waveguide. These
two parameters are defined so that they can be deter-
mined in a straightforward manner from observations
of any bottom depth with any reasonable N(z) profile.
The objective of this approach is to clarify the procedure
for comparing diverse internal wave fields.

We begin section 2 with a review of the general sta-
tistical framework of a random internal wave field. Sug-
gested modifications of the GM79 description are then
presented. In section 3 observable spectral quantities,
such as spectra and coherences, are derived for this mod-
ified formulation and compared with GM79. The new
formulation is applied to some observations in section
4. The advantages of this new approach are discussed
and summarized in section 5.

2. Theoretical framework

A sum of random, linear internal waves on an f plane
can be expressed as a random process (following Schott
and Willebrand 1973 and Willebrand et al. 1977) as

Lu (x, y, z, t)
N 1` 1`max

L5 A(v, k, l)p (v, u)E E E
f 2` 2`

L i(kx1ly2vt)3 q (z, v, a)e dk dl dv

1 c.c., (1)

where the uL vector represents the eastward velocity,
northward velocity, and buoyancy-scaled vertical dis-
placement (Nz) for L 5 1, 2, and 3, respectively. In
addition, v is the frequency, and k and l are the hori-
zontal wavenumbers in the x and y direction, respec-
tively. The magnitude of the horizontal wavenumber is
a, the angle of the wavenumber vector counterclockwise
from east is u, the spectral measure of the random pro-
cess is A, and

Lp (v, u)

(iv cosu 2 f sinu) (iv sinu 1 f cosu)
5 , , i[ ]v v

1 ]c 1 ]c N(z)
Lq (z, v, a) 5 , , c .1 2a ]z a ]z v

Only positive v needs to be considered. The depth de-
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pendence given by c(z) satisfies the vertical structure
equation

2 2 2d c N (z) 2 v
21 a c 5 0. (2)

2 2 2dz v 2 f

Horizontal velocity could alternatively be expressed as a
counterclockwise rotary component (1) for L 5 1 and a
clockwise component (2) for L 5 2 by changing pL to

Lp (v, u)

(v 2 f )(i cosu 1 sinu) (v 1 f )(i cosu 2 sinu)
5 , , i .[ ]Ï2v Ï2v

(3)

We assume that the random wave field is statistically
stationary and horizontally homogeneous, which im-
plies that the x, y, and t dependence of

LMC (Dx, Dy, z , z , t)1 2

L M5 ^u (x, y, z , t)u (x 1 Dx, y 1 Dy, z , t 1 t)& (4)1 2

is a function only of Dx, Dy, and t, where angle brackets
represent the expected value. This requires that ampli-
tudes between waves of different k, l, and v be statis-
tically independent:

^A(v, k, l)A(v9, k9, l9)& 5 0

^A(v, k, l)A*(v9, k9, l9)&

5 E (v, k, l)d(v 2 v9)d(k 2 k9)d(l 2 l9), (5)c

where Ec(v, k, l) is the spectral energy distribution func-
tion in Cartesian wavenumber.

Imposing rigid level boundaries on (2) at the surface
(z 5 0) and the bottom (z 5 2H) results in vertically
standing waves described by a discrete set of eigen-
vectors

c [ c(v, a )j j

with associated eigenvalues a 5 aj(v) that satisfy the
orthogonality relationship

0 2 2N (z) 2 f
c c dz 5 Q(v)d , (6)E j k jk2 2v 2 f

2H

where Q(v) is the normalization function, which will
be defined in the next section. Often waves are described
as vertically propagating or a combination of standing
and propagating (Blumenthal and Briscoe 1995) even
though it does not satisfy the boundary conditions. The
choice affects the spectral quantities that depend upon
the assumptions of whether there is statistical indepen-
dence between standing waves of different modes or
between propagating waves of different wavenumbers.
Here we have chosen to use vertically standing waves
to capture explicitly the effects of the boundaries. Then
the frequency cross-spectrum between uL at z1 and uM

at z2 can be expressed as
LMS (Dx, Dy, z , z , v)1 2

LM 2ivt5 C (Dx, Dy, z , z , t)e dt . (7)E 1 2

The cross-spectrum can then be written in polar coor-
dinates as a function of horizontal separation of distance
Dr and angle f:

2p1
LM LM LM 2i[a (v)Dr cos(u2f )]jS (Dr, f, z , z , v) 5 T (v, u)R (z , z , v)E(v, u, j)e du, (8)O1 2 E j 1 22p j510

where E is the spectral energy distribution as a function
of frequency, wavenumber direction, and mode number:

LM L* MT (v, u) 5 p (v, u)p (v, u),
LM L* MR (z , z , v) 5 q (z , v, a )q (z , v, a ).j 1 2 1 j 2 j

Note that the integral over k and l has been replaced by
an integral over u and a sum over modes j.

a. Normalization of E and c

The normalization function Q(v) in (6) is usually
chosen by appealing to the energy equation. Using (8),
the frequency spectrum at depth z of the total energy
per unit mass is given by

Y(v, z) 5 KE 1 PE
2p1

5 G(z, v, j)E(v, u, j) du, (9)OE2p j0

where KE is the kinetic energy (u2 1 y 2 1 w2) and1
2

PE is the potential energy N 2z 2 and1
2

22 2 2 2c9v 1 f N 1 vj 2G(z, v, j) 5 1 c .j2 21 2[ ]2v a 2vj

The vertical integral of Y in (9) can then be written as

0

Y(v, z) dzE
2H

2p 01
5 G(z, v, j) dz E(v, u, j) duOE E[ ]2p j0 2H

2p1
5 Q(v)E(v, u, j) du (10)OE2p j0

using (2) and (6). The choice of Q(v) for normalization
determines the dimensions and definitions of both E(v,
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u, j) and c. Usually Q(v) 5 1 (dimensionless), which
then sets the quantity r0E(v, u, j) to be the total energy
per unit area per unit frequency at mode j and direction
u (e.g., Müller et al. 1978). However, we choose to
normalize c such that E(v, u, j) has units of energy per
unit mass (rather than area) per unit frequency at mode
j and direction u, since this quantity appears to be more
universal than energy per unit area. Hence, Q(v) has
units of length; we choose Q(v) to be a vertical scale
representative of the waveguide thickness, which will
be defined in the next section.

b. WKB modes

To study the general depth dependence of c, it is
instructive to use the WKB approximate solution of (2)
(e.g., Neyfeh 1973) given by

21/2 6ig (z)c(z) . N(z) e , (11)

where
z aN(z)

g(z) 5 dz (12)E 2 2 1/2(v 2 f )zL

and the hydrostatic approximation has been made; that
is, N 2 2 v2 ø N 2. Both upward and downward prop-
agating phases are permitted, indicated by the 6 in the
exponent, respectively. This solution is oscillatory be-
tween lower and upper turning depths zL and zU, defined
by N(zL) 5 N(zU) 5 v. Because of the hydrostatic and
WKB approximations, the solution is more accurate
away from the turning points, that is, for v K N(z). For
simplicity we have assumed a smooth N profile with at
most two turning depths. If there are no turning depths,
that is, v , N(z) everywhere in the water column, then
2H and 0 are used for zL and zU, respectively. It is
useful to express (12) in terms of a stretched vertical
coordinate j:

aNrefg(z) 5 j(z), (13)
2 2 1/2(v 2 f )

where
z1

j(z) 5 N(z) dz. (14)ENref zL

The vertical scaling is then defined relative to a constant
reference buoyancy frequency Nref. Any value of Nref

could be used without changing the essence of the pa-
rameterization; we use 3 cph (5.23 3 1023 s21) for easy
comparison with GM. The maximum value of j is de-
fined to be D(v):

D(v) 5 j(z ),U

which is the waveguide thickness in stretched units at
frequency v.

To confine the wave solution to the vertical wave-
guide created by the boundaries and turning points, we
apply a rigid boundary to the WKB solution (11) at the

top and bottom of the waveguide. This, of course, is
not the correct boundary condition at the turning points
and hence yields only approximate solutions which we
call WKB modes.

We choose to set Q(v) 5 D(v) as a reasonable vertical
scale of the waveguide. Then the WKB modes using
(11) and (13) can be written as

1/2
2 22(v 2 f ) j(z)

c (z) 5 sin jp and (15)j [ ] [ ]N(z)N D(v)ref

1/2
c9(z) 2N(z) j(z)j

5 cos jp , (16)[ ] [ ]a N D(v)j ref

where

2 2 1/2jp (v 2 f )
a 5 . (17)j D(v) Nref

These modes are normalized using (6) after making the
simplification N 2 2 f 2 ø N 2, which is consistent with
the hydrostatic assumption. The wave functions are as-
sumed to have a zero value outside the waveguide. The
z dependence of the wave functions are sines and cosines
relative to the stretched coordinate j and modulated by
an additional N(z) dependence. These WKB modal so-
lutions deviate the greatest from the exact solution near
v 5 N(z) where the boundary condition is obviously
incorrect. Also, as with all WKB solutions, the accuracy
depends on the scale of the variation of N(z) and the
mode number j.

A more precise analytic approximation would involve
using Airy functions near the turning points to patch
between the oscillatory and exponential solutions (De-
saubies 1973). However, the solution becomes too com-
plicated to make much progress analytically. To improve
the approximation, it is easier in practice to use the exact
numerical solution of (2) without the need to make the
hydrostatic approximation. To permit a consistent com-
parison with spectral quantities that are estimated using
the WKB approximation, the exact modes c should be
normalized such that Q(v) also equals D(v)—the same
as for WKB modes.

For comparison with WKB modes, the GM79 vertical
dependence can be expressed essentially as a WKB so-
lution of vertically propagating waves with the deep
ocean stratification taken to be

z/bN(z) 5 N e0 (18)

(Table 1). In deriving the spectral quantities, GM assume
that H k b, v K N0, and z is always far from the top
and bottom boundary. Under these assumptions the fre-
quency and H dependence of the waveguide is elimi-
nated, yielding jGM79(z) 5 bez/b and DGM79 5 b. The
argument of the exponential in the GM79 version of the
WKB approximation (12) then becomes
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TABLE 1. Comparison of important quantities and parameters between GM79 and the modified spectrum.

Quantity GM79 Modified spectrum

N(z) z /bN(z) 5 N e (18)0 No specific form; limit of two turning points
andz (v), z (v)L U

Water depth, H Not explicit; H k b Explicitly incorporated in D(v)

Vertical waveguide thickness, WKB
scaled

b, relative to N0

zU1
D(v) 5 N(z) dz relative to N (14)E refNref zL

Spectral energy distribution function,
E(v, u, j )

2 2Eb N B(v)H( j) (22)0
ˆE B(v)H( j) (26)ref

Frequency dependence B(v) (24) B̂(v) (27)

Modal dependence H( j) (23) H( j) (23)

Vertical structure

1/2
2 2v 2 f

6igGM79c 5 eGM79 [ ]N(z)N0

1/2
c9 N(z)GM79 6igGM795 6i e (21)[ ]a N0

where
N(z)

g(z) . a b (19)GM79 GM79 2 2 1/2(v 2 f )

1/2
2 22(v 2 f ) j(z)

c (z) 5 sin jp (15)j [ ] [ ]N(z)N D(v)ref

1/2
c9(z) 2N(z) j(z)j

5 cos jp (16)[ ] [ ]a N D(v)j ref

Energy per unit mass (vertically aver-
aged over waveguide thickness)

2 2Eb N (total from f to N ) (31)0 E (total from v to N ) (32)ref S ref2

Energy per unit area 3 2r Eb N (33)0 0

Nmax

ˆr E D(v)B(v) dv (34)0 ref E
f

g(z)GM79

N(z) 2 N(z ) N(z)L5 a b . a b, (19)GM79 GM792 2 1/2 2 2 1/2(v 2 f ) (v 2 f )

where
2 2 1/2jp (v 2 f )

a 5 . (20)GM79 b N0

The GM79 wave functions consistent with the same
normalization used in (6) are then

1/2
2 2v 2 f

6igGM79c 5 e andGM79 [ ]N(z)N0

1/2
c9 N(z)GM79 6igGM795 6i e . (21)[ ]a N0

An example comparing the vertical structure of WKB
modes (15) and (16) with the exact modes and GM79
wave functions (21) are shown in Fig. 1 for exponential
stratification (18). At low frequency, WKB and exact
modes are nearly the same. As expected at higher fre-
quency, the WKB modes deviate the greatest from the
exact solution near the turning point.

c. Spectral energy distribution function, E(v, u, j)

Given a statistical framework for the internal wave
field, the challenge has been to choose the functional
form of E(v, u, j) that is most consistent with obser-

vations. The fact that a single function can explain many
of the properties of the world’s internal wave obser-
vations is remarkable and is the basis for the success of
the GM spectrum. There are a number of versions of E
in the literature (e.g., Müller et al. 1978). We use as the
standard for comparison the form presented as GM79
in units of energy per unit mass:

2 2E (v, u, j) 5 Eb N B(v)H( j),GM79 0 (22)

where

`1 1 1
H( j) 5 J , [ (23)O2 2 2 2( j 1 j*) J j 1 j*1

2 f
B(v) 5 . (24)

2 2 1/2p v(v 2 f )

This distribution is horizontally isotropic, that is, in-
dependent of u. The frequency and modal dependence
are written as separable functions, even though this does
not necessarily agree with some observations (e.g., Pin-
kel 1984). The j* parameter is directly related to the
wavenumber bandwidth; a larger j* indicates that the
lower modes contribute relatively less to the total en-
ergy, thereby increasing the bandwidth. The contribu-
tion from higher modes (j k j*) rolls off as j22. It is
important to note that at high frequency (v k f ) B(v)
; f , a consequence of normalizing B(v) such that

N(z) 2 f
B(v) dv 5 arccos ø 1. (25)E p Nf
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FIG. 1. Vertical structure functions c (z) for modes 1 and 4 for the exponential stratification
(18) given by Garrett and Munk (1972). The exact solution of (2) (short dashed line) is compared
with the WKB mode solution (15) (solid line) and the GM79 envelope (21) (long dashed line),
for (left) 0.08, (center) 1.1, and (right) 2.25 cph.

This leads to a frequency spectral level that scales as
f—implying that the spectrum decreases rapidly as the
equator is approached. As mentioned previously, Munk
(1981) notes that this is contrary to observational evi-
dence and suggests a quick fix by scaling the spectrum
by f 30 rather than f . This is equivalent to replacing the
f with f 30 in the numerator of B(v) in (24). Then, this
leaves open the question: what is the lower limit of
integration of B(v) in (25)? If it is local f , then the
integral of B(v) is no longer normalized to 1 and is
latitudinally dependent (Fig. 2). If the lower limit is
replaced with f 30, then it is normalized to 1, but then
does the spectrum exist at frequencies below f 30? This

inconsistency is fundamental: both the spectral level and
the total variance (integral of the spectrum) cannot be
constant with latitude if the lower limit f varies with
latitude. Whatever normalization is used, it must be ap-
plied consistently.

We introduce a modified spectral energy distribution
function, called E*, which is intended to clarify the ap-
plication to general stratification and ocean depth as well
as fix inconsistencies in the latitudinal dependence:

ˆE (v, u, j) 5 E B(v)H( j),ref* (26)

where Eref is a constant with dimensions energy per unit
mass and

 1 v , vS2p B(v) B̂(v) 5 . (27)3 (v/v )f2 C S21 1 f , v , v S22.51 2v (v/v ) 1 ( f/v ) S S S2 2 2

The bulky analytical form of B̂ is empirically derived
and chosen for analytical convenience. The normali-
zation constant C is determined by imposing

Nref

B̂(v) dv 5 1, (28)E
vS2

and is given by

f f
C 5 arccos 2 arccos .

N vref S2

This normalization essentially removes the f depen-
dence of the spectral level at frequencies above v andS2

thereby makes the integral of B̂ over the entire frequency
range from f to Nref greater than 1 (Fig. 2). Note, how-
ever, that the latitudinal variation of this integral is much
less than GM79 with a constant f 30. The frequency de-
pendence of B(v) has also been modified so that the
spectral slope is whiter at frequencies below the semi-
diurnal tidal frequency v . The break in spectral slopeS2

at v is based on observations (section 4), although theS2

frequency of the break cannot be determined precisely
from the data.

We have assumed a sharp low-frequency cutoff at v
5 f as was done in GM79, essentially ignoring the
latitudinal dependence on the wave structure. Since f
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FIG. 2. The integral from f to N of B̂(v) in (27) (bold solid line),
B(v) in (24) (thin solid line), and B(v) with f 5 f 30 in the numerator
(dashed line) as a function of latitude.

TABLE 2. Commonly measured statistical quantities as a function
of frequency (v), vertical mode (j), horizontal wavenumber (k) vs
time lag (t), depths (z), and horizontal separation (Dr). The names
of the quantities are derived from D: dropped, M: moored, T: towed,
V: vertical, H: horizontal, L: lagged (time), S: spectrum, and/or C:
coherence.

Auto-
spectra

Coherences t ,
time lag z1, z2 Dr

v
j
k

MS(v)
DS(j)
TS(k)

DLC(j, t)
TLC(k, t)

MVC(v, z1, z2)

TVC(k, z1, z2)

MHC (v, Dr)
DHC (j, Dr)

FIG. 3. Moored spectrum (MS) of horizontal velocity at different
latitudes for (top) GM79 [(A4)] and (bottom) the modified spectrum
[(A5)]. For reference the v22 slope is shown (dashed line). The func-
tion F(z) is shown in Fig. 4.

is a function of latitude, the more accurate treatment of
the latitudinal dependence of the wavefunctions leads
to a turning point in latitude. This results in a peak near
f and penetration of the exponential tail of waves to
latitudes above the turning latitude. Munk (1980) ex-
plores the modification of the GM spectrum when this
is taken into account. This approach seems to explain
the detailed shape of the peak near f (the so-called
inertial cusp). Rather than complicate the spectral form,
GM parameterize this peak in a less precise manner in
B(v). The modified spectrum also includes this cusp in
an ad hoc manner to avoid analytical complications. For
detailed analysis of the near-inertial band see Munk
(1980) and Fu (1981).

d. Average energy

Using the specific forms of EGM79 in (22) and E* in
(26) and the hydrostatic approximation, the frequency
spectrum of total energy per unit mass Y [(9)] becomes

2Y (v, z) 5 Eb N N(z)B(v) (29)GM79 0

N(z) ˆY*(v, z) 5 E B(v)ref Nref

2 2v 1 f jp
23 H( j) cos j(z)O 2 1 2[ v D(v)j

2 2v 2 f jp
21 sin j(z) . (30)

2 1 2]v D(v)

Note that even though GM79 uses discrete modes in
EGM79 [(22)], the vertical structure in (21) is usually
assumed to be smoothed vertically, thereby eliminating
explicit dependence of the vertical structure on mode
number. Essentially, the oscillations with depth due to
exp(igGM79) in (21) are ignored in spectral estimates, but
retained in determining vertical coherences. In both
forms Y ; N(z), but with WKB modes the depth de-
pendence has an additional factor reflecting the bound-

ary conditions. To compare the two forms (Table 1), it
is useful to calculate the vertically averaged energy fre-
quency spectrum by dividing the total energy by the
vertical waveguide thickness:



NOVEMBER 2002 3173L E V I N E

FIG. 4. (left) The factor F [(A2)] that scales velocity MS* and (right)
the factor (2 2 F) that scales the vertical displacement MS

*
as a

function of j/D for several values of j
*

.

01
2 2Y (v, z) dz 5 Eb N B(v),E GM79 0b

2H

f , v , N(z) (31)
z (v)U1 ˆY*(v, z) dz 5 E B(v),E refD(v) z (v)L

f , v , N . (32)max

From (31), Eb2 can be seen to represent the vertically2N 0

averaged energy per unit mass over the frequency band
from f to N by using normalization (25), and from (32)
Eref can also be identified as the vertically averaged en-
ergy per unit mass over the frequency band from vS2

to Nref by using (28). It is also clear from the definition
of D(v) that Eref is the spectral level referenced to the
buoyancy frequency Nref. If Nref is changed, so is Eref;
Eref is essentially the dimensional spectral level WKB-
scaled to N 5 Nref . Although the choice of Nref is ar-
bitrary, once chosen, it must remain fixed, to enable
meaningful comparisons of values of Eref from different
environments.

For the GM79 and modified spectra, the energy per
unit area can be obtained from (31) and (32), respectively,
by integrating over v and multiplying by density r0:

3 2E . r Eb N (33)A 0 0GM79

Nmax

ˆE 5 r E D(v)B(v) dv. (34)A* 0 ref E
f

For the modified spectrum the total energy per unit area
is a more complicated expression than for GM79 as it
depends upon D(v), which is a function of N(z). Note
also that unlike GM79, EA* is a function of the fre-
quency bandwidth and hence is a strong function of f .
At lower latitudes EA* increases, since the energy is
assumed constant in the band v to Nref.S2

3. Spectral quantities

The ultimate usefulness of the formulation presented
in section 2 is determined by comparing with obser-
vations. Given sufficient observations, the function E(v,
u, j) could be checked directly. However, typically a
more limited set of data is available from which to cal-
culate statistical quantities, revealing only a portion of
the functional dependence of E(v, u, j). The set of the
more commonly measured statistical quantities is given
in Table 2, along with the terminology originally used
by GM.

From (8), the most commonly used spectral quanti-
ties—moored spectrum (MS), dropped spectrum (DS),
moored horizontal coherence (MHC), and moored ver-
tical coherence (MVC)—can be written

LM LMMS (v, z) 5 S (Dr 5 0, f, z, z, v) (35)

N 2pmax 1
LM LMDS ( j) 5 T (v, u)E(v, u, j) duE E[ ]2pf 0

zU1
LM3 R (z, z, v) dz dvE j[ ]D(v) zL

(36)

LMS (Dr, f, z, z, v)
LMMHC (v, Dr, f, z) 5 (37)

LL MM 1/2[MS (v, z)MS (v, z)]

LMS (Dr 5 0, f, z , z , v)1 2LMMVC (v, z , z ) 5 .1 2 LL MM 1/2[MS (v, z )MS (v, z )]1 2

(38)

These statistical quantities are evaluated for E* and
EGM79 in the appendix; some have convenient analytical
forms, others contain integrals and sums. The differ-
ences between GM79 and the modified spectrum are
discussed below.

a. Moored spectrum (MS)

Frequency autospectra of horizontal velocity are
shown in Fig. 3 for GM79 [(A4)] and the modified
spectrum [(A5)] for several latitudes. The plotted spec-
tra are normalized by factors that depend on z. In GM79
the horizontal velocity spectra scale simply like N(z).
In the WKB modal representation, the depth dependence
also depends upon the factor F [(A2)], which is a func-
tion of N(z), v, and j* (Fig. 4). The deviation from the
simpler GM79 form of the WKB scaling is greater at
lower j* and near the boundaries or turning points (j
5 0 and 1). Since the spectral level in GM79 scales
with f , the variance (integral over all frequencies) is
constant for all latitudes. In the E* formulation, the
spectral level at frequencies above v is normalized toS2
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FIG. 5. Moored vertical coherence (MVC) for j
*

5 1 between depth j(z1) and j(z2) for (left) GM79 [(A12)], (center) the modified spectrum
for horizontal velocity [(A13)], and (right) the modified spectrum for vertical displacement [(A14)]. Note that the MVC for velocity and
displacement is the same for GM79 but different for the modified spectrum. The corresponding phase spectrum is 0 for positive coherence
and p for negative coherence.

be nearly constant and, hence, the total variance in-
creases at lower latitudes.

The shape of the MS* differs markedly from MSGM79

at frequencies below v . This modification is based onS2

comparisons with observed MS at low latitudes, shown
in section 4.

b. Dropped spectrum (DS)

The DS, as a function of mode number, goes like H( j)
for both GM79 and E* [(A8)–(A11)] with the variance
given by the sum over all modes. The levels of the
spectra, however, are different because of the different
functional form and normalization of the frequency de-
pendence; the difference is greatest at lower latitudes.
Often the DS is presented as a function of a local vertical
wavenumber rather than mode number. From the WKB
form (11) a local vertical wavenumber m(z) can be de-
fined as

]
m (z) 5 g(z). (39)WKB ]z

Then the vertical wavenumber for GM79 and the mod-
ified spectra become

N(z) jp N(z)
m (z) 5 a 5 and (40)GM79 GM79 2 2 1/2(v 2 f ) b N0

jp N(z)
m*(z) 5 . (41)

D(v) Nref

In the modified spectrum, the vertical scale is given by
D, a measure of the actual waveguide, rather than the
constant b. Remember that the validity of interpreting

m(z) as a vertical wavenumber improves as N(z) varies
more slowly with depth.

c. Moored vertical coherence (MVC)

The MVC for horizontal velocity and vertical dis-
placement are shown in Fig. 5 for both GM79 and E*
for j* 5 1. Since the values of the corresponding phase
spectrum can only be 0 or p, they are displayed as
positive and negative coherences, respectively. The
depth is plotted in terms of the scaled stretched variable
j/D(v). In GM79 the vertical coherence depends only
upon differences in j and is the same for both horizontal
velocity and vertical displacement. For the E* formu-
lation near the boundaries of the waveguide, the co-
herences are slightly higher for velocity and slightly
lower for displacement. At higher j* the overall coher-
ence would decrease as the energy is more evenly dis-
tributed among the lower modes. At lower j*, the co-
herence would be more dominated by mode 1, leading
to significant negative velocity coherence between two
depths which straddle the zero-crossing of mode 1.

4. Application to observations

In this section the modified E* spectra are compared
with observations to illustrate the latitudinal dependence
and to show the application to shallow water. Compar-
isons with the GM79 spectrum are also made.

a. Low-latitude observations

The E* and GM79 spectra are compared with ob-
served moored spectra near 98N and on the equator in
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FIG. 6. Moored spectra (MS) of horizontal velocity (thin solid line) observed from (left) 98N
(GATE) and (right) the equator (TAO) are compared with GM79 with f 5 f 30 (dashed line)
and modified spectrum (bold solid line).

Fig. 6. The spectrum at 98N (8849.99N, 22852.69W) is
from a mooring deployed for three weeks in 1974 during
the GARP Atlantic Tropical Experiment (GATE) at a
depth of 56 m in the Atlantic Ocean with a water depth
of 4800 m (Käse and Siedler 1979). The equatorial data
(1408W) are from a 6-month time series recorded at
depth 200 m in 1988 on a mooring of the Tropical
Atmosphere–Ocean project (TAO) maintained by the
National Oceanic and Atmospheric Administration in
the Pacific Ocean (e.g., McPhaden et al. 1998). Both
the GM79 and modified spectrum have been scaled sub-
jectively to fit the observed spectra. At frequencies
above the semidiurnal band, an v22 curve fits both sets
of observations reasonably well. The spectrum at GATE
shows enhanced energy above about 0.7 cph as is typical
in many upper ocean measurements (e.g., Levine et al.
1983). Below the semidiurnal frequency, the spectral
slope is significantly whiter than GM79. This was noted
by Eriksen (1980) in describing data from the equator;
others have also commented on this apparent change in
spectral slope below the semidiurnal tidal band (e.g.,
Fu 1981; Pinkel et al. 1987; Levine 1991). The spectral
shape specified by B̂ reasonably reproduces the behavior
below the semidiurnal tide. These few examples do not
confirm the universality of this specific spectral form;
a more comprehensive study would be required.

The level of these observed frequency spectra can be
used to estimate Eref by considering the range v k
v in (A5), whereS2

v1 N(z) jS211MS* . E F . (42)ref 2 1 22 N v Dref

Using the observed N(z), Nref 5 3 cph, and assuming a
value of F 5 1, the values of Eref are 1.1 and 2.0 mJ
kg21 for data from 98N and the equator, respectively, as
plotted in Fig. 6. For comparison the GM79 moored
velocity spectrum in the deep ocean at v k v in (A4)S2

is proportional to f :

1 f
11 2MS . Eb N N(z) . (43)GM79 0 2p v

It is obvious, as noted previously, that the observed
spectral level does not scale with f . If instead we replace
f with a constant f 30 in the GM79 formulation (rec-
ognizing that this is inconsistent) and equate spectra
from (39) and (40), then

2 f302 21E 5 Eb N N 5 0.92 mJ kg . (44)ref 0 refp vS2

Hence, the observed values of Eref inferred from the
frequency spectra are very close to that predicted from
GM79 with f 5 f 30—within a factor of about 2. This
is not surprising as GM79 with f 30 is expected to predict
the high-frequency spectral level in the deep ocean.

b. Continental shelf observations

To demonstrate the usefulness for application to en-
vironments quite different from the deep ocean, the
modified spectral formulation is compared with some
observations on the continental shelf. Velocity time se-
ries were recorded on a mooring in water depth 70 m
in the Mid-Atlantic Bight made during the Primer/
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FIG. 7. (left) Buoyancy frequency profile from the Mid-Atlantic
Bight during the Primer/CMO experiment 1997, and (right) the cor-
responding calculation of j/D from (14), where D 5 241 m and v
, Nmin (no turning points).

FIG. 8. The clockwise (bold line) and counterclockwise (thin line)
rotary spectral components at 55 m depth from the Mid-Atlantic Bight
during the Primer/CMO experiment. The modified spectrum MS

*
,

which is nearly the same shape as GM79 at this latitude, is plotted
with the level adjusted for best fit.

FIG. 9. Vertical profile of ErefF(z) (solid line) calculated from fitting
the observed MS measured during Primer/CMO at different depths
to the modified spectral form. Estimates of Eref are obtained by di-
viding by the function F(z) for j

*
5 3 (thin dashed line) and j

*
5

1 (bold dashed line).

Coastal Mixing and Optics experiment (CMO) in 1997
(Boyd et al. 1997). An average N(z) profile represen-
tative of the stratification from day 210 to 240 is shown
in Fig. 7; the corresponding j profile (14) is also shown.

The rotary velocity spectra from a depth of 55 m are
compared with the modified spectral form in Fig. 8. The
spectrum of random internal waves is meant to apply
to the internal wave continuum, which in this case, ap-
pears to range from the semidiurnal tide to about 0.7
cph. The shape in this continuum band specified by B̂
fits the observed spectrum well, which is not very dif-
ferent from GM79 since f and v are relatively close.S2

The peaks at the tide and inertial frequencies and the
spectral shoulder at high frequency are not part of the
continuum spectrum. The high-frequency signal is part-
ly due to nonlinear internal wave packets generated at
the shelf break traveling shoreward (Boyd and Levine
2002, unpublished manuscript), and partly due to the
background random waves (e.g., Levine 1999). It may
be possible to incorporate some of these features into
the spectral form; however, the study of the high-fre-
quency band is left for another time.

Using the observed spectral levels of the continuum,
an estimate of the product ErefF at each depth can be
made using (42) (Fig. 9). The profile of ErefF as a func-
tion of j/D is similar in behavior to the function F (Fig.
4) with maxima at the top and bottom. The value of Eref

can be estimated by using F(j/D) for various choices
of j* (Fig. 9). The value of j* 5 1 provides a nearly
constant value with depth of Eref 5 0.85 mJ kg21. This
value is remarkably near the Eref found for the deep
ocean.

Next, the observed vertical coherence structure of the
continuum is compared with the E* and GM79 spectral
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FIG. 10. (top) Coherence and (bottom) phase at 0.5 cph between velocity at 51 m and other depths during
the Primer/CMO experiment (dots) are compared with (left) GM79 and (right) the modified spectral form
for j

*
5 0.5, 1, 3, and 10. Depth is scaled as j/D (Fig. 7).

forms in Fig. 10. The coherence shown is at a frequency
of 0.5 cph between velocities at 51 m (j/D 5 0.10) and
all other depths. The observations clearly agree better
with the modified spectrum than GM79. The primary
difference between the coherences of the two forms is
at large vertical separation—the E* formulation predicts
a larger coherence magnitude due to the effects of
boundaries on WKB modes. The best agreement of the
E* formulation with the observations of the coherence
magnitude and phase shifts of p occurs when j* ø 1,
consistent with the fits to the velocity spectrum (Fig.
9). There is a range of j* values reported in the literature
from different environments; in the deep ocean j* is
typically found to be near 3. This example does not
demonstrate the universality of the spectral distribution
function E* or the particular value of j*, but shows the
improvement and advantages of using the modified
spectral form.

c. Comparing observations with the modified and
GM79 spectra

The continental shelf example demonstrates the mer-
its of using the modified spectrum for comparing in-
ternal wave fields from different environments. Suppose
we tried instead to use GM79 for the comparison, how
would the three parameters N0, b, and E be chosen?
First, the buoyancy frequency N0 must really be set to
a constant, as is Nref , if one is to compare energy levels
in different environments. This is because the energy is
referenced to N 5 N0; it would be confusing to change
this reference at each location depending upon local
N(z). As a consequence, the definitions of b and N0 can
no longer be directly associated with the exponential
form of the local N(z) in (18).

Then one logical way to proceed to fit the remaining
two parameters b and E would be to estimate first the
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product N0b from the integral of N(z), as this is a fun-
damental quantity scaling the wavenumber bandwidth
(20) in the WKB approximation. For CMO the result
is N0b 5 1.25 m s21. Then using a fixed N0 5 3 cph
results in b 5 240 m. The quantity E can then be es-
timated from the observed spectral levels at high fre-
quency (Fig. 9). The energy per unit mass Eb2 is2N 0

found to be between 1.6 and 4.7 mJ kg21. Then the
resulting E would be 1–3 3 1023. Hence, the scaling
of GM79 could be used in this situation by fixing N0

to be a constant 3 cph, choosing b about 5 times less
than the canonical 1300 m, and setting E about 15–45
times larger than canonical. However, the pathway to
estimate these parameters is not unique—if a different
procedure were used to estimate these scales, then dif-
ferent values would result. Using the modified spectral
form with scales Eref and D(v) and an unambiguously
defined Nref clarifies the physical meaning of the param-
eters and simplifies comparing internal wave fields from
diverse environments.

5. Discussion and summary

A modified version of the GM79 statistical represen-
tation of the internal wave field is presented to clarify
the normalization of the energy spectrum, modify the
frequency dependence below the semidiurnal tidal band,
and account explicitly for turning points and boundaries.
The motivation for developing this modification is to
facilitate comparisons among observed internal wave
fields in different water depths, stratifications, and lat-
itudes. There have been many studies comparing inter-
nal wave energy based on spectral observations (e.g.,
Roth et al. 1981; Wunsch 1976; Levine et al. 1985).
The modified spectrum provides a consistent framework
to interpret these results and future comparisons.

The scaling of the GM79 formulation with the pa-
rameters E, b, and N0, is difficult to apply to diverse
environments with different N(z) and water depth. In
the original formulation by GM, the scales for time (1/
N0) and depth (b) were determined from the buoyancy
frequency profile (18). This results in the total energy
per unit mass scaling as

N(z)
2 2Eb N0 N0

as these are the only dimensional scales used. The non-
dimensional E is then the fraction of this scaled total
energy per unit mass actually present in the wave field.
However, it is not clear if N0 and b should be determined
from the N profile alone or if other data should be used.
This leads to ambiguity in interpreting the parameters
from observations.

In the modified spectrum (26) no analogous energy
scaling is proposed and different oceans are compared
based on the dimensional parameter Eref (Table 1). En-
ergy per unit mass was chosen as the reference scale
(for Nref . v . v ) as it seems to be the quantity thatS2

is nearly constant throughout the ocean, rather than, say,
energy per unit area. This is demonstrated in the ex-
ample from the continental shelf (Fig. 9). It may be that
there exists an underlying fundamental scaling that
would explain variations in Eref; this issue is left for
future study. The modified spectral parameterization
with the two independent scales Eref and D(v) is easier
to apply to observations and provides consistent com-
parison among wave fields in diverse environments.

The latitudinal dependence is also modified to clarify
the frequency bandwidth in the spectral formulation and
to improve comparison with observations at low lati-
tude. Rather than force the integral of B(v) from f to
N to be constant as in (25), a modified B̂(v) form is
proposed that is normalized by the integral from v toS2

Nref [(27), (28)], forcing the level of the frequency spec-
trum above v to be essentially constant with f . TheS2

consequence of using B̂ is that the total energy (inte-
grated from f to N) increases as f decreases (Fig. 2).
Using B̂ also improves the agreement of the spectral
shape with observations at frequencies below the semi-
diurnal tidal band (Fig. 6).

The modified spectrum explicitly includes the effects
of the boundaries and vertical turning points by creating
WKB modes (Fig. 1). The resulting statistical quantities
are based on the assumption that amplitudes of different
vertical modes are statistically independent. The effects
of the boundaries and turning points appear to be im-
portant in observations from the upper ocean and the
continental shelf (Figs. 9 and 10). In situations where
it is desirable to use exact numerical modal solutions
rather than a WKB approximation, the normalization
function Q(v) [(6)] should be set to the waveguide thick-
ness D(v) [(14)] to ensure consistent comparisons with
spectra using WKB modes.

The specific choice of E* presented here may not be
the optimal representation of the wave field, other forms
could be substituted into this modified spectral frame-
work. For example, it is not necessary to assume that
E* is separable into a product of a function of v and a
function of j—there is evidence that the wavenumber
bandwidth is a function of frequency (e.g., Pinkel 1984).
Vertically propagating solutions could be included while
still retaining most aspects of the E* parameterization.
It is also straightforward to allow for horizontal an-
isotropy, as is often observed on the continental shelf.
The vertical structure function could also be modified
to accommodate the effects of mean vertical shear (e.g.,
Boyd et al. 1993; Peters 1983).

Although the main objective of this paper is to present
a framework to improve and clarify the parameterization
of the random internal wave field, some preliminary
conclusions can be attempted. While the ‘‘universality’’
of the internal wave spectral continuum has been known
for a long time, it appears that it is the level of energy
per unit mass that is nearly invariant. This conclusion
is based on analysis of a few observations from wave
fields measured in diverse environments, such as the
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deep ocean at low latitude and the shallow continental
shelf. The modified spectrum should simplify further
comparisons and perhaps contribute toward answering
the ongoing question of what dynamical processes are
most important in maintaining this background level of
internal waves. Another use of the modified spectrum
is to clarify the continuum portion of the spectrum so
that deviations can be more consistently identified. De-
viations could be within the continuum band itself, such
as horizontally anisotropy, or at energetic narrow bands
at tidal, near-inertial, or near-buoyancy frequencies. In
fact, the processes responsible for generating these de-
viations could be the sources of energy for maintaining
the continuum itself.
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APPENDIX

Spectral Quantities

This appendix presents the most useful spectral quan-
tities using E(v, u, j) for the modified spectrum (23) as
well as GM79 [(19)]. Some of the spectral quantities
can be simplified by using the following relationship
for the sum:

cos2p jx
J 5 F(x) 2 1, (A1)O 2 2j 1 j*j51

where

1
p j* cosh(p j*) 2 cosh 2p j* x 25 1 2 6[ ]2

F(x) 5 2 2
p j* cosh(p j*) 2 sinh(p j*)

(A2)

and

1 1
5 (p j* cothp j* 2 1). (A3)

2J 2j*

a. Moored spectrum (MS)

Using (35) the MS(v) can be written as

2 21 N v 1 f
11 22 2 2MS 5 MS 5 Eb N B(v) (A4)GM79 GM79 0 21 21 22 N v0

2 21 N v 1 f j
11 22 ˆMS* 5 MS* 5 E B(v)F (A5)ref 21 21 2 1 22 N v Dref

2 2N v 2 f
33 2 2MS 5 Eb N B(v) (A6)GM79 0 21 21 2N v0

2 2N v 2 f j
33 ˆMS* 5 E B(v) 2 2 F . (A7)ref 21 21 2 1 2[ ]N v Dref

b. Dropped spectrum (DS)

Using (36) the DS( j) can be written as

3
11 22 2 2DS 5 DS 5 Eb N H( j) (A8)GM79 GM79 04

11 22DS* 5 DS*
Nmax 2 2E v 1 fref ˆ5 H( j) B(v) dv (A9)E 2[ ]2 vf

1
33 2 2DS 5 Eb N H( j) (A10)GM79 02

Nmax 2 2v 2 f
33 ˆDS* 5 E H( j) B(v) dv . (A11)ref E 2[ ]vf

c. Moored vertical coherence (MVC)

The MVC(v, z1, z2) [(37)] between the same com-
ponents can be written as

11 22 33MVC 5 MVC 5 MVC 5 F(e) 2 1 (A12)GM79 GM79 GM79

where

|j (z ) 2 j (z )|GM79 1 GM79 2e 5
2b

|N(z ) 2 N(z )|1 25
2N0

F(l) 1 F(g) 2 2
11 22MVC* 5 MVC* 5 , (A13)

1/2 1/2
j(z ) j(z )1 2F F[ ] [ ]D(v) D(v)

where

j(z ) 1 j(z ) |j(z ) 2 j(z )|1 2 1 2l 5 , g 5
2D(v) 2D(v)

F(g) 2 F(l)
33MVC* 5 . (A14)

1/2 1/2
j(z ) j(z )1 22 2 F 2 2 F5 6 5 6[ ] [ ]D(v) D(v)

d. Moored horizontal coherence (MHC)

The MHC(v, Dr) (38) can be written as
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2 2v 2 f
11MHC 5 H( j) J (a Dr) 2 cos(2f)J (a Dr) (A15)OGM79 0 j 2 j 21 2[ ]v 1 fj 2

2 2v 2 f
22MHC 5 H( j) J (a Dr) 1 cos(2f)J (a Dr) (A16)OGM79 0 j 2 j 21 2[ ]v 1 fj 2

33MHC 5 H( j)J (a Dr) (A17)OGM79 0 j
j

2 2j(z) v 2 f
2H( j) cos jp J (a Dr) 2 cos(2f)J (a Dr)O 0 j 2 j 2 21 2[ ][ ]D(v) v 1 fj

11MHC* 5 (A18)
j(z)

2H( j) cos jpO [ ]D(v)j

2 2j(z) v 2 f
2H( j) cos jp J (a Dr) 1 cos(2f)J (a Dr)O 0 j 2 j 2 21 2[ ][ ]D(v) v 1 fj

22MHC* 5 (A19)
j(z)

2H( j) cos jpO [ ]D(v)j

jp
2H( j) sin j(z) J (a Dr)O 0 j[ ]D(v)j

33MHC* 5 . (A20)
jp

2H( j) sin j(z)O [ ]D(v)j
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