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Previous studies have shown that measured values of

the pivoting angle 1' for uniform spheres differ

significantly from the theoretical 3530 value, and are

significantly greater than predicted by relationships

between the pivoting angle and grain size D in comparison

with the underlying bed grain diameter K. In addition, it

Is not well under8tood how grain shape (nonsphericity) will

affect these pivoting angles. The objective of this study

Is to achieve a better understanding of the pivoting angle

and it's variability. Since the size and shape are easier

to measure using gravel than sand and the results can be

directly applied to gravel threshold, pivoting measurements

have been extended to gravel sizes in the present study.

Measurements of pivoting angles are first obtained

using gravel-size spheres (marbles and ballbearings). The

measurements with uniform grain sizes (D/K=1) show that the

measured pivoting angles are close to the theoretical value

of 3530 for the larger sizes, but the angles increase
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significantly as the grain size decreases. This explains

the higher values obtained from previous measurements with

sand-sized spheres. When pivoting angles are measured for

uniform size ellipsoidal and angular gravel, the data

trends are roughly parallel to that obtained for

gravel-size spheres but the values are higher, indicating

that pivoting angles Increase with decreasing sphericity

and Increasing angularity. If grain size, shape and

angularity are known, these empirical relationships can be

used to predict pivoting angles for uniform grain sizes.

Measurements of pivoting angles with changing D/K

ratios have been obtained using the same gravel. It is

found that the pivoting angle Is Inversely related to the

relative grain size B/K. The measurements for gravel-size

spheres agree closely with the theoretically derived

equation. Ellipsoidal and angular pebbles yield much

higher pivoting angles, indicating that for a given D/R

ratio, flatter and more angular pebbles increase the

pivoting angle. The highest pivoting angles were obtained

with flat pebbles placed in an imbricated arrangement,

their values being increased by the imbrication angle.

Recent measurements of gravel threshold in streams

and tidal currents have shown asystematic departure from

the standard Shields curve. It is found that this

systematic departure can be accounted for by the dependence

of on DIR. The empirical relationships derived from this

study are used in a pivoting analysis of grain entrainment



to predict the Shields threshold parameter. Good

agreement Is found when these predicted e values are

compared with the measured values.
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PIVOTING ANGLES OF GRAVEL WITH APPLICATIONS

IN SEDIMENT THRESHOLD STUDIES

1. INTRODUCTION

The condition of particle movement on a rough bed

of sediment is determined by the flow drag force and the

grain's immersed weight (Figure 1). When the moments of

these two forces are balanced the particle pivots out of

its resting position and begins to move, a. condition that

is referred to as sediment threshold (White, 1940; Bagnold,

1941). The pivoting analysis yields the relationship

Tt k(
PS-

p)gDtan' (1)

where is the threshold flow stress required to entrain

grains of diameter D, p and p are respectively the

sediment density and fluid density, g Is the acceleration

of gravity, k is an empirical coefficient, and is the

pivoting angle defined as the angle between the vertical

line and the line connecting the grain center to the pivot

point P (Figure 1). Equation (1) can be rearranged Into

the form of the Shields parameter,



2

Figure 1. The pivoting angle for grain entrainment by
a f].tid flow with velocity , the angle dependittg on the size
of the grain in comparison with those upon which it rests.
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It

(p5-p)gD
ktan (2)

which implies that8t will be constant so long as k and

are constant.

Recent measurements of gravel threshold in rivers

(Carling,1983) and in offshore currents (Hammond1

Heathershaw and Langhorne, 1984) show systematic departures

of from the standard Shields curve (See Figure 18). As

will be shown later in this thesis, variations of the

pivoting angle with grain size can explain this

departure. The pivoting angle has also been used to

examine the selective sorting processes which lead to the

formation of placers (Slingerland, 1977,1984; Komar and

Wang, 1984). It is apparent that an understanding of the

pivoting angle and it's variability serves as a basis for

studies of sediment transport and sediment distributions.

A pivoting angle is conceptually similar to the

angle of repose. The new term is

more descriptive for the applicat

Another widely used definition of

the angle at which loose material

sometimes also referred to as the

8urkalow, 1945; Allen, 1969,1970;

used here because it is

ion to grain threshold.

angle of repose refers to

will stand when piled,

mass angle of repose (Van

and Carson, 1977).

The experimental method used to measure the

pivoting angle was first suggested by Shields (1936). He

stated that a few grains can be scattered on a board with

uniform grains glued to it and the critical slope (i.e.,
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the pivoting angle) can be obtained by tilting the board

until the grains roll off. White (1940) and Bagnold (1941)

give similar procedures to define the pivoting angle.

White also provides several values of pivoting angles for

given grain diameters, but the experiments are not

des cribed.

Chepil (1959) was the first investigator to conduct

systematic experiments on the pivoting angle. In his

experiments, a uniform layer of sand from a sieve grade was

cemented to a smooth metal plate and a thin layer of loose

sand from the same sieve grade was spread on top. The

plate was tilted and the pivoting angle determined when the

first downward movement occurred. ChepilL obtained a value

of 330 for the pivoting angle for all sizes (Table 1).

Eagleson and Dean (1959) explored how the pivoting

angle varies with the changing D/K ratio, where K is the

diameter of the underlying bed particles and D is the size

of the single grains resting on the bed. The pivoting

angle was found to decrease with increasing D/K, being

equal to 530 when D/K = 1 (unifoim grain sizes), much

larger than 33° from Chepil's (1959) experiments. Eagleson

and Dean also found that the measured versus D values are

higher than the values predicted by the theoretical

relationship for the pivoting of spheres (see equation 4

below), although a parallel trend exists.

The most detailed and significant analyses of

pivoting angles were made by the study of Miller and Byrne



Table 1. The measured pivoting angle for uniform grain sizes (D/K=l) from different

data sources.

Data sources Txperiment conditions values

Chepil (1959) Sand grains from the same 330

sieve grade.

Eagleson and Plastic and glass spheres on

Dean (1960) natural beach sands. 53°

1il1er and Byrne Sand-size spheres on spheres. 490

(1966)

L'iJ



(1966). In their paper, the correlation of versus DIR

was extended to fl/K values less than 1 and grain shape

effects were specifically examined by using different top

and bed particles of various shape charateristics. Their

experiments with spheres gave 490 when DIR 1, again

much larger than the expected values. They concluded that

the pivoting angle increases with a decrease In size,

departure from sphericity, Increased angularity and a

decrease in sorting. They expressed their correlations

empirically as

-f
= e ( fl/K )

(3)

concluding that the empirical e coefficient reflects

spherlcity and roundness effects, while f represents the

effects of sorting of the bed grains.

From this review of the previous studies, it is

recognized that several questions about the pivoting angle

need to be answered:

(a) It can be theoretically demonstrated (Appendix)

that should be a constant value of 3530 for spheres with

uniform sizes (D/K1). However, the experimental results

from different authors generally yield much higher values

(Table 1).

(b) Previous experiments (Eagleson and Dean, 1959;

Miller and Byrne, 1966) show that the measured values of

versus D/K for spheres are higher than the theoretical
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values, although parallel trends do exist. No explanation

has been offered.

(c) The dependencies of the e and f coefficients in

equation 3 on grain shape remain poorly understood.

(d) Pivoting angle measurements have not been

obtained for gravel sizes. Since fluid conditions and

surface static electricity for sands differ significantly

from that for gravel, and gravel constitutes an important

part of natural sediments, it is important to extend the

pivoting angle measurements to those larger grain sizes.

The present study concentrates mainly on gravel.

Extensive measurements of pivoting angles are collected for

both uniform grain sizes and with changing D/1( ratios.

Correlations between the pivoting angle, grain size, grain

shape and roundness are obtained. Finally, the analyses of

pivoting angles are utilized in sediment threshold

evaluations to examine their role in selective grain

entrainment and transport.



FJ

2. THE RELATIONSHIP BETWEEN PIVOTING ANGLES

AND GRAIN SIZE

Spherical Gravel

When a sphere of diameter 0 is set on top of a

triangular space created by three bottom spheres of

diameter K, the theoretical maximum pivoting angle can be

expressed by the following equation (Appendix):

tan1{ -{(D/K)22D/K- _1/2
max

Equation (4) describes the relationship between pivoting

angles and relative grain size D/K for the grain-top

rotation, that is, when the top grain rolls exactly over

the top of a bottom particle rather than through the saddle

between two base grains. If the top and bottom spheres

have the same size (D/K 1), the theoretical maximum

pivoting angle should be constant for different grain

sizes, equal to 3530 However, the measured pivoting

angles for uniform grain sizes from different authors do

not show this. As seen in Table 1, Chepil (1959) found

330 for sand on sand, the value for spheres on natural

sands from Eagleson and Dean (1960) was 530, and the



experiment of Miller and Byrne (1966) gave 49° for

spheres on spheres. The discrepancy between these measured

values and the 3530 theoretical pivoting angle 18

significant. This departure probably is caused by the use

of small sand grains in the experiments, the 8nIaller

particles tending to have higher surface friction and

relatively stronger effects of moisture and static

electricity bonding. These effects can be avoided if

spherical gravel-sized grains are used in the pivoting

angle analysis.

In this study, gravel sized ball-bearings and

marbles are used in the experiments. The measurements were

obtained on a simple apparatus consisting of a bottom board

to which the top board (15 by 58 cm) is hinged (Fig. 2). A

patch of modeling clay is placed on the surface of the top

board to hold the bottom particles. A carpenter's level is

used to check if the board Is horizontal and if the bottom

particles are on the same level. A winch and a pully are

used to slowly tilt the top board.

Four spheres are needed for each grain size. Three

bottom spheres are arranged into an equilateral triangle

with one angle pointing in the tilting direction. The

remaining sphere is set on top of the triangular space

created in this way. When the plate is tilted and the top

sphere falls over, the critical tilting slope or the

pivoting angle Is readily obtained from the protractor and

lead weighted plumb line attached to the side of the
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Figure 2. The apparatus used it this study for the
measurements of pivoting angles.
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inclined board (Fig.2). The measurement for each grain

size is repeated five times and the average value is taken.

The grain diameter D and the measured pivoting angles are

listed in Table 2. The relationship between the pivoting

angle and grain size D for uniform spheres (D/K 1)

with range bars is plotted in Figure 3 and the power

regression gives the following equation:

-0.09= e = 37.5(D) (5)

where e is the coefficient in equation (3). for

equation (5) is 0.94 indicating very good agreement. Since

it is difficult to measure the pivoting angle for sand

grains using our equipment, 490 at D 0.025 cm from

Miller and Byrne (1966) is included in Figure 3 and the

power regression.

The relationship of versus D described by

equation (5) and Table 2 shows that the pivoting angle for

uniform grains increases as the grain size decreases. The

reasons for this size dependence are not well understood.

One potential explanation is the electrostatic charge

effect. In a given static electricity field, the density

of electrostatic charge is equal for particles of various

sizes. For large gravel, particle weight is dominant.

However, when grain size decreases, particle weight is

decreased and static electricity effects will become

relatively important. This static electricity binding will



Table 2. Measured pivoting angles for uniform spheres (D/K 1).

Grain size Grain-top rotation Saddle rotation

D, (cm) minimum maximum average minimum maximum (°) average

3.67 34.3 34.6 34.5 20.0 20.2 20.1

1.58 35.0 35.3 35.1 20.1 20.2 20.1

1.50 35.3 35.6 35.4 20.3 20.5 20.4

1.26 35.8 36.1 36.0 20.7 21.3 21.0

1.18 36.1 36.5 36.4 20.8 21.1 21.0

1.01 36.1 37.1 36.6 21.2 21.3 21.2

0.78 35.8 37.4 37.0 21.1 22.3 22.0

0.56 38.5 40.5 39.3 22.6 23.3 22.8

0.46 40.0 42.3 41.0 24.4 25.6 24.9

0.23 42.5 44.6 43.4 26.3 28.8 27.1

0.12 45.4 48.5 47.1 28.2 34.6 31.6
*

0.025 49.0

*Data from Miller and Byrne (1966).
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hold these sinall spheres together, leading to larger

pivoting angles. This explanation is questionable,

however, since Miller and Byrne (1966) obtained the s.ame

results when the grains are immersed in water. The surface

moisture might also increase when the grain size is

decreased, leading to higher binding force between

particles and hence larger pivoting angles. Another

possible explanation is friction. Theoretically, two

spheres can only have a single contact point. However, the

spheres used in the measurements are not perfect and may

have small contact areas instead of points. As the grain

size decreases, this contact surface area in comparison

with the total surface area of the top particle is

increased and this leads to an increase of the friction

coefficient p. If we assume that friction is the only

factor controlling the pivoting angle, the particle weight

component in g sin down the incline and fricton force in g

cos will be equal when the threshold slope ' is reached.

The particle's mass in and gravity g will cancel so that the

threshold slope or the pivoting angle and friction

coefficient p are related as U Tan. Thus, an increase

in j will eventually lead to a larger pivoting angle. When

the grain size is large enough (around 1.50 cm), the

surface friction, static electricity charge and moisture

effects are negligible. The measured grain-top pivoting

angles for these large sizes do agree with the theoretical

values predicted by equation (4). For example, when D =
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1.58 cm and 1.50 cm, respectively equals 35.1° and 35.4°

(Table 2), very close to the 35.3° theoretical value. As

the grain size decreases, the surface friction becomes more

important and the measured pivoting angles will be much

larger than the theoretical values, as shown in Figure 3.

When grain size is very large, for example when D 3.17

cm, the top particle tends to pivot out between a grain-top

path and saddle path, the measured pivoting angle being

34.5°, smaller than the theoretical value. Equation (5)

predicts that is equal to 51.60 for uniform spheres of

diameter 0.025 cm, very close to the 490 and 530 values

measured by Miller and Byrne (1966) and Eagleson and Dean

(1959).

Shape Effects

Similar experiments have been conducted with

ellipsoidal gravel in order to investigate how shape

characteristics will affect the relationship predicted by

equation (5). The pebbles were obtained from beach and

river samples, and were specifically selected because of

their high degree of symmetry, forming smooth triaxial

ellipsoids. Their intermediate diameters Db and Kb are

employed in the analyses because the sediment threshold

condition depends mainly on the intermediate diameter and

is also close to the value of the grain's nominal

diameter (Cui and Komar, 1984). The arrangement of the top
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and bottom ellipsoids is the same as in the pivoting angle

measurements for the spherical grains, only here Db and Kb

are oriented to be parallel to the tilting direction and

the short diameters D and K are perpendicular to the

board. Again the measurements are repeated five times for

each grain combination and the average value is chosen.

The Db, Kb and the measured pivoting angles are listed in

Table 3a. The correlation between Db and is again

plotted in Figure 3, and power regression yields:

e 44.17 (DbY°7 (6)

(R2 0.98). The general trend of the pivoting angle

variation with grain size for ellipsoids is roughly the

same as that shown for spheres. Two interesting points

here are: first, the pivoting angles for ellipsoidal gravel

are 5-8° larger than for spheres at the same Db values, and

second, the measurement range bars are larger than for

spheres. These differences are due mainly to the shape

departure from a perfect sphere and probably a minor effect

from the rougher surface of the ellipsoidal gravel. In the

measurements with ellipsoids, the flatter particles tend to

slide over the front bottom particle intead of pivoting,

which requires higher tilting slopes. Such shape effects

will be examined in detail later in this thesis.



Table 3a. Measured and calibrated pivoting angles for uniform ellipsoidal gravel

(Db/Kb = 1), under grain-top rotation.

Intermediate

diameter, b (cm)
Db1'b

?4easurecl

minimum (°)

pivoting

maximum

angles Pivoting angles

(°) average Calibrated to Db/Kb=l

1.51 1.03 39.6 43.3 41.4 42.6

1.28 1.01 41.1 44.5 426 43.0

1.17 1.00 41.7 44.2 43.4 43.4

1.01 1.02 41.1 47.3 43.3 44.1

0.83 1.00 42.8 46.7 45.1 45.1

0.61 0.97 45.4 52.0 48.1 46.6

0.41 0.95 49.8 54.0 51.8 49.1

-4



Table 3b. I1easured pivoting angles '' for uniform ellipsoidal gravel (Db/Kb l)

under saddle rotation.

Intermediate Measured pivoting angles
Kb, (cm) Db/Kb

diameter Db, (en) minimum (°) maximum average

1.51 1.52 0.99 27.7 28.7 28.1

1.28 1.29 0.99 27.7 31.5 29.9

1.18 1.18 1.00 29.6 30.1 29.8

1.17 1.17 1.00 31.2 37.2 24.0

1.01 1.01 1.00 33.7 39.1 35.8

0.85 0.85 1.00 32.2 38.2 36.0

0.60 0.61 0.98 34.1 37.9 36.2

0.40 0.41 0.98 37,2 41.7 39.0

-a
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Angularity Effects

In addition to grain size and shape effects,

angularity is an important factor which controls pivoting

angles. The experiments described above have also been

extended to angular gravel so that the relationship between

the pivoting angle and grain angularity can be understood.

The angular pebbles used in the experiment are mostly

commercially-crushed basalt. Some of the grains are close

to equidimensional, but most are still roughly elliptical

although very angular. It was found that it is difficult

to obtain accurate measurements of Db and Kb for these very

angular gravel and the angularity would weaken the

confidence of using the intermediate diameters alone.

Instead, the weight of each pebble is measured and its

volume V obtained by dividing the weight by the density of

basalt (2.93 g/cm3). The nominal diameter of each

gravel grain is then calculated from the following

equation:

1/3
13 = (6v/ir) (7)
TI

Iliy definition, the nominal diameter is the diameter of a

sphere having the same volume and weight. In addition, Cul

and Komar (1984) have shown that there Is a close

correspondence between a grain's nominal diameter and its
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intermediate diameter.

The arrangement of the bottom and top paritcies is

the same as for the regular ellipsoidal gravel experiments.

Since the angularity and the more irregular shapes likely

affect the accuracy of the measurements, all measurements

were repeated ten. times and the average value taken. The

nominal diameters and the measured values for the angular

gravel are given in Table 4. The versus correlation

with error bars again is plotted in Figure 3 together with

the power regression equation:

-0.07
= e = 54.36(D ) (8)

n

(R2 = 0.94). It is seen in Figure 3 that for the same

grain size, the higher grain angularity leads to

significantly higher pivoting angles, but a good

paralellism remains. It is also seen that the measurements

of the pivoting angles for angular gravel produce larger

uncertainty bars due to the more irregular shapes.

If we compare the three curves in FIgure 3 and

equations 5, 6 and 8, we see that a good parallel trend

exists between the spherical gravel and the angular gravel,

but the curve for ellipsoidal gravel has a steeper slope.

This difference probably is caused by two factors: first we

lack data at very small Db values, and second, the Db/Kb

ratios in the ellipsoidal gravel measurements are not

exactly equal to I (see Table 3a). In order to correct



Table 4. Measured pivoting angles for uniform angular gravel (D/Kl).

Nominal diameter Minimum maximum Averages

on (cm) ()
(D) (0)

1.63 45.7 61.3 52.5

1.35 46.0 60.0 53.2

1.09 47.6 60.6 53.4

0.84 46.2 67.3 54.7

0.64 47.7 66.6 55.3

0.51 50.0 63.9 56.3

0.36 57.0 68.1 62.1
*

0.024 70.8

* Data from Miller and Byrne (1966).
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this departure, the original 4' values are divided by the

ratios and then multiplied by (DbJKb - 1). The

values obtained in this way are added to (when Db/Kb >1) or

subtracted from (when Db/Kb <1) the original measured

pivoting angles and the final corrected pivoting angles are

replotted In Figure 4, together with the duplications of

the curves for the spheres and the angular gravel. Power

regression of the recalculated pivoting angles for

ellipsoidal gravel gives:

-0. 10
4) = e = 44.17(Db) (9)

Considering that we do not include any data at Db values

less than 0.40 cm, it is reasotiable to assume that the 4'

versus Db curve for ellipsoidal gravel will be parallel to

the curves for spherical and angular gravel. Therefore the

correlation between 4' and Db for ellipsoidal gravel can be

rewritten as:

4' = e = 44.17(DbY'°°9 (10)

The relationship given by equation 10 is shown in Figure 4

and the recalculated pivoting angles for ellipsoidal gravel

are seen to fit the equation very well.

The importance of Figure 4 and equations 5, 8 and

10 is that when the grain size D, the shape and angularity

are known, these results can be used to calculate the
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pivoting angle for uniform grain sizes and hence the e

coefficient in equation 3. As will be seen later, the

relationships described here play an important role in the

application of the pivoting angle theory to the sediment

threshold analyses.

addle Rotation

Miller and Byrne (1966) explained that the

descrepancy between their value and Eagleson and Dean's

(1959) value is caused by using different bed materials,

because 490 is for a sphere on sphere case and 530

for spheres on natural sands (Table 1). However, they

could not explain the large difference between their

results and Chepil's 330 This large discrepancy must have

been caused by some fundamental differences in the particle

arrangement geometry.

The above analyses are for graintop rotation. But

during grain threshold, some will pivot out through the

saddle between two bottom grains, which is defined as

saddle rotation. The theoretical pivoting angle for saddle

rotation of spheres is given by (Appendix):

= tan( 1

max (fl/1()2+2ri/K-_ ]1/2} (11)

When dealing with grains of a uniform size (D/K 1),

equation 11 predicts that the pivoting angle is 19.50, much
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smaller than the value of 353O for the grain-top

rotation.

Balibearings and marbles again have been used to

conduct the pivoting angle experiments for saddle rotations

in order to test the theoretical equation 11. All the

experimental procedures are the same as those described in

the grain-top pivoting angle measurements for spheres,

except that the bottom particles are arranged into an

equilateral triangle with the angle pointing in the

opposite direction to the tilting direction. The grain

size and the measured pivoting angles are listed in Table 2

and plotted in Figure 5. Power regression of the measured

data gives:

= e = 21.5O(D)07 (12)

(R2 0.98). Figure 5 and equation 12 indicate that the

pivoting angle for saddle rotation at large grain sizes is

very close to the theoretical 19.50 value from equation 11.

For example, 19.80 at D 1.6 cm. As grain size

decreases, surface friction again will increase and the

relative effects of static electrical charge and moisture

will be stronger, leading to higher pivoting angles than

the theoretical value. In Chepil's <1959) experiments, a

thin layer of loose grains was spread on top of the

cemented layer of sand and the pivoting angles were

measured when the first downward movement occurred. This
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first downward movement must have been produced by saddle

rotation due to its theoretically smaller pivoting angle.

The grain sizes of the sand used by Chepil range from 0.1

to 1.19 mm. If we take 0.5 mm as the average diameter, the

pivoting angle calculated from equation 12 Is 35.8°, which

is close to Chepil's 33O However, equation 12 is obtained

from spherical gravel while Chepil's measurements are for

spheres resting on natural sands which definitely are more

angular. As indicated earlier, the higher angularity

should lead to a higher pivoting angle, but the average

measured pivoting angle from Chepil actually is smaller.

This may be due to the wide range of grain sizes trapped

between successive sieves, that is, one sieve grade may

include a range of grain sizes (Komar and Cui, 1984). This

in fact is shown in Chepil's original data. For example,

his second sieve grade ranges from 0.15 mm to 0.25 mm. If

the larger grains are on top of the smaller grains, the D/K

ratios will be larger than 1 and the maximum may reach

1.67. As will be seen later, the higher D/K ratios will

decrease the pivoting angles. Because of the saddle

rotation and the larger D/K ratios, the average pivoting

angle from Chepil's experiments is not only much smaller

than the values from other authors, but also smaller than

the theoretical pivoting angle predicted by equation 12.

The pivoting angles under saddle rotation have also

been measured using uniform ellipsoidal pebbles. The

results are listed in Table 3b and plotted in Figure 5. It
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again shows the similar trend of increasing pivoting angles

with the decrease of grain sizes, although the values are

higher due to the departure from perfect spheres.

Square Base Arrangement

Triangular base arrangement is dominant in natural

deposits, but a square base particle arrangement may also

exist to some extent. The theoretical square-space

pivoting angles for grain-top and saddle rotations are

described by equations 13a and 13b respectively

(Appendix):

= Si.n1[ 21"2(1+D/KY'"2} (13a)
max

= tan{{(D/K)2+2D/K-l]1} (13b)mm

For uniform grain sizes (D/K = 1), the and in
max nun

equations 13a and 13b will be 45° and 35.3°.

Uniform ballbearings and marbles again have been

used to obtain pivoting angle measurements for this square

base arrangement. Five spheresare needed. The four

bottom spheres are arranged into a square and the top

sphere is set on top of the square space created by the

bottom spheres. Other measurement procedures are the same.

The grain size and the measured pivoting angles for both
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graintop and saddle rotations are listed in Table 5. The

data are also plotted on Figures 6a and 6b together with

the power regression equations. These plots show that

pivoting angles for square space arrangements of a uniform

grain size are larger than the corresponding angles for

triangular space arrangements. However, the general trends

of the variations of the pivoting angle with the grain size

are similar: the pivoting angles at larger gravel sizes are

close to the theoretical values, and the pivoting angle is

increased as the grain size decreases.



Table 5 Measured pivoting angles of uniforn spheres (D/K=l) for square base arrangement.

Grain size D Grain-top rotation Saddle rotation

(cm) minimui maximum (°) average minimum (0)
inaxinium(°) average

1.58 44.7 45.0 44.9 34.9 35.2 35.1

1.26 45.0 45.5 45.3 36.6 37.0 36.7

1.01 45.8 46.4 46.1 38.3 38.8 38.6

0.78 47.8 48.4 48.2 40.5 42.0 41.0

0.46 49.9 51.6 50.6 42.4 44.6 43.5
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Pigure 6. The variation of the pivoting angle with uniform
spheres (D/K=1) under square base arrangement: (a) for
grain-top rotation and (b) for saddle rotation. Power reg-
ression equations and uncertainty bars are included.
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3. VARIATIONS OF THE PIVOTING ANGLE

WITH D/K RATIOS

Spherical Gravel

33

Equations 3 and 4 described earlier predict that

the pivoting angle for grain-top rotation is a function of

the relative grain size D/K. However, the results from

previous studies do not agree with the theoretical equation

4. Eagleson and Dean (1959) and Miller and Byrne (1966)

both found that their experimental results give much larger

pivoting angles than the theoretical relationship. Their

experimental correlations are plotted In Figure 7 together

with the theoretical curve defined by equation (4).

As has been indicated earlier, this departure from

the theoretical values may have been caused by the stronger

effects of surface friction and static electricity of the

small sand grains used in their experiments. Gravel-size

bailbearings and marbles have been used here to obtain

measurements of pivoting angles with changing D/K ratios.

The bottom particles of diameter K are fixed and the single

top spheres of diameter D are changed so that a range of

D/K ratios can be obtained. For each D/K value, the

pivoting angle is measured 5 times and the average value Is

obtained. The original data from this experiment are given

in Table 6 and are plotted in Figure 8. There is an
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Table 6. Measured pivoting angles with changing D/K for spherical

gravel and grain-top rotation.

Grain size Bottom Measured pivoting Average value

D (cm)
grain size fl/K

K (cm) angles ( )

3.77 1.26 2.99 16.6 16.7 16.1 16.7 16.2 16.5
3.77 1.42 2.65 17.6 17.2 17.5 17.3 17.6 17.4
3.17 1.26 2.52 18.2 18.4 18.6 18.6 18.4 18.4
3.77 1.58 2.40 19.7 19.2 19.6 19.8 19.2 19.5
3.17 1.42 2.23 20.1 20.0 19.8 20.1 20.2 20.0
3.17 1.58 2.02 22.1 22.4 22.3 22.5 22.3 22.3
2.45 1.26 1.94 22.4 22.3 22.4 22.3 22.7 22.5
2.45 1.42 1.73 24.7 24.6 24.5 24.7 25.2 24.7
2.45 1.58 1.56 27.3 27.1 26.7 27.2 27.5 27.2
1.86 1.26 1.48 28.2 27.9 27.4 28.1 27.7 27.9
1.86 1.42 1.31 30.7 30.6 29.9 29.9 30.4 30.3
1.62 1.26 1.29 30.5 30.2 31.5 31.2 30.1 30.7
1.58 1.26 1.25 31.3 31.5 31.8 31.7 31.4 31.5
1.50 1.26 1.19 32.2 32.1 31.7 31.5 32.2 31.9
1.62 1.42 1.14 33.2 33.4 32.8 34.0 33.4 33.4
1.58 1.42 1.11 33.8 33.9 34.3 34.1 34.3 34.1
1.50 1.42 1.05 34.2 34.7 34.6 34.4 34.2 34.4
1.62 1.58 1.03 34.7 34.1 35.3 34.7 35.7 34.9
1.58 1.58 1.00 35.2 35.2 34.4 35.3 35.3 35.1
1.42 1.42 1.00 36.2 36.1 35.7 35.5 35.4 35.8
1.26 1.26 1.00 35.7 35.7 36.1 36.2 35.8 35.9
1.50 1.58 0.96 36.7 36.5 36.5 37.1 37.3 36.8
1.18 1,26 0.94 38.2 38.3 38.4 38.2 38.4 38.3
1.32 1.42 0.93 37.7 37.8 37.4 39.3 37.3 37.3
1.42 1.58 0.90 38.2 38.2 38.2 38.1 38.1 38.2
1.26 1.42 0.89 39.7 39.7 39.4 39.2 40.3 39.7
1.32 1.58 0.84 39.3 40.2 39.1 38.6 41.2 39.7
1.18 1.42 0.83 40.7 40.8 40.7 40.9 40.6 40.7
1.26 1.58 0.80 40.2 40.2 40.1 40.7 40.3 40.3
1.01 1.26 0.80 41.6 41.5 41.7 41.7 42.0 41.7
1.18 1.58 0.75 42.1 42.1 42.6 42.4 42.1 42.3
1.01 1.42 0.71 43.9 44.0.43.7 43.8 43.7 43.9
1.01 1.58 0.64 45.7 46.2 45.1 45.5 46.4 45.8
0.78 1.26 0.62 49.3 47.4 48.1 47.7 48.6 48.2
0.78 1.42 0.55 50.0 49.0 50.4 49.7 50.1 50.0
0.78 1.58 0.50 53.3 53.4 53.1 53.8 53.5 53.4



Table 6. ( continued ).

Grain size Bottom
grain size D/K

P (cm) K (cm)

36

Heasured pivoting Average value

angles (°)
(0)

0.62 1.26 0.49 54.5 34.0 55.2 53.4 56.1 54.8
0.62 1.42 0.44 58.7 58.9 58.7 .58.2 58.3 58.6
0.54 1.26 0.43 57.3 59.2 60.6 57.8 58.7 58.7
0.62 1.58 0.39 59.5 59.3 60.1 59.0 58.9 59.4
0.54 1.42 0.38 62.5 63.0 62.0 62.4 60.0 62.0
0.54 1.58 0.34 64.4 65.6 65.9 65.7 66.4 65.6
0.46 1.26 0.37 65.0 64.5 66.4 62.7 63.2 64.4
0.46 1.42 0.32 67.2 67.0 67.0 66.0 66.0 66.6
0.39 1.26 0.31 71.0 68.7 66.8 66.8 70.1 68.7
0.46 1.58 0.29 71.5 72.5 72.5 68.9 70.0 71.1
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apparent break in the data trend at D/K 1. Seperate

regressions yield:

= 36.30 (D/KY072 for D/K>1 (14a)

and

-0.55= 36.30 CD/K) for D/K<l (14b)

Similar measurements have also been obtained for saddle

rotations. The experimental data are listed in Table 7 and

plotted in Figure 9. The power regression for this saddle

rotation data gives:

-0.75
= 20.40 CD/K) (15)

The R2 values for equations 14a, 14b and 15 are 0.995,

0.995 and 0.997, indicating nearly perfect agreement.

These empirical relationships are plotted in Figures 8 and

9 together with the theoretical correlations predicted by

equations 4 and 11. The following conclusions can be made

by examining these two figures:

(1> The pivoting angle is inversely proportional to

the relative grain size D/K just as seen geometrically in

Figure 1. Since spherical pebbles are used in the

experiments, surface friction and electrostatic charge

effects, which were very strong when sand grains were used,

are greatly reduced here. As a result, the empirical

correlations for both graintop and saddle rotations agree
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Table 7. 'easured pivoting angles with changing D/K for spheres

with saddle rotation.

Top grain Bottom easured Average
size, 0 grain size 0/K pivoting
(cm) K, (cm) angles (°) values (°)

3.77 1.26 2.99 9.1 9.1 92 9.2 9.3 9.2
3.77 1.42 2.65 9.8 9.9 9.6 10.0 9.4 9.7
3.17 1.26 2.52 10.4 10.4 10.6 10.3 10.3 10.4
3.77 1.58 2.40 10.2 10.3 10.0 10.1 10.5 10.2
3.17 1.42 2.23 10.3 10.3 10.6 10.4 10.4 10.4
3.17 1.58 2.02 11.7 11.6 11.6 11.6 11.7 11.6
2.45 1.26 1.94 12.4 12.3 13.1 13.1 12.7 12.7
2.45 1.42 1.73 13.8 14.3 13.7 13.7 13.4 13.8
2.45 1.58 1.56 14.4 14.3 14.7 14.2 14.3 14.4
1.86 1.26 1.48 16.5 16.2 16.2 16.3 15.8 16.2
1.86 1.42 1.31 16.6 16.6 17.2 17.1 17.2 16.9
1.62 1.26 1.29 17.]. 17.7 17.6 17.8 17.6 17.6
1.58 1.26 1.25 17.4 17.3 17.5 17.8 17.6 17.5
1.50 1.26 1.19 18.3 18.2 18.3 18.3 18.0 18.2
1.62 1.42 1.14 18.1 18.6 17.7 18.4 18.5 18.3
1.58 1.42 1.11 18.5 18.4 18.4 18.6 18.7 18.5
1.50 1.42 1.05 19.0 19.0 19.2 19.5 19.6 19.3
1.62 1.58 1.03 19.5 20.2 19.4 20.8 19.3 19.8
1.58 1.58 1.00 20.2 20.1 20.3 19.8 20.1 20.1
1.42 1.42 1.00 20.7 20.1 20.7 20.8 20.2 20.5
1.26 1.26 1.00 21.7 21.1 20.8 21.1 21.0 21.1
1.50 1.58 0.96 20.7 20.7 21.6 21.5 21.4 21.0
1.18 1.26 0.94 22.0 21.5 21.9 22.1 22.1 21.9
1.32 1.42 0.93 21.4 21.3 21.3 21.0 21.6 21.3
1.42 1.58 0.90 21.3 21.6 21.6 21.7 21.7 21.6
1.26 1.42 0.89 21.7 22.4 21.7 21.8 22.3 21,9
1.32 1.58 0.84 23.7 23.3 22.7 23.4 22.5 23.1
1.18 1.42 0.83 23.8 23.2 23.2 23.2 23.5 23.3
1.26 1.58 0.80 25.1 24.8 24.6 24.8 24.6 24.8
1.18 1.58 0.75 25.2 25.6 26.1 26.0 26.0 25.8
1.01 1.42 0.71 26.9 26.8 26.4 26.2 26.3 26.5
1.01 1.58 0.64 28.3 28.2 28.2 28.6 27.7 28.2
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Table 7. (continued.)

Top grain !3ottorn Measured Average
size, !) grain size fl/K pivoting

(cn) K (cm) angles (°) values (°)

0.78 1.26 0.62 30.3 29.3 28.9 29.7 30.2 29.7
0.78 1.42 0.55 30.9 31.1 30.1 3-..l 30.2 30.7
0.78 1.58 0.50 33.6 33.3 33.8 33.3 33.3 33.5
0.62 1.26 0.49 35.6 36.3 35.3 35.2 24.7 35.4
0.62 1.42 0.44 36.8 37.7 38.4 38.8 37.1 37.8
0.54 1.26 0.43 38.8 39.1 39.4 39.8 39.8 39.4
0.62 1.58 0.39 40.7 40.0 40.4 41.5 40.7 40.7
0.54 1.42 0.38 40.5 41.6 41.7 42.3 41.9 41.6
0.46 1.26 0.37 41.0 40.4 40.5 42.5 42.0 41.3
0,54 1.58 0.34 46.5 45.6 45.2 46.3 46.0 45.9
0.46 1.42 0.32 47.1 48.1 47.5 49.7 48.9 48.3
0.39 1.26 0.31 49.3 48.7 49.7 51.6 50.3 49.9
0.46 1.58 0.29 52.3 49.3 53.4 52.7 50.6 51.5
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reasonably well with the theoretical equations. The

agreement is better for larger D/K values. As the fl/K

ratio becomes smaller the surface friction and static

electricity effects become more important and the measured

pivoting angles are larger than the theoretical values.

(2) The relationship between the empirical and

theoretical curves is more complicated in Figure 8 for

grain-top rotation. Instead of finding one f value as

Miller and Byrne (1966) did in their measurements with

sands, we obtained two f values and the q versus D/K

relationship has different slopes for D/K>1 and D/K<I.

When fl/K is larger than 1, the pivoting particles have a

tendency not to roll exactly over the tops of the bottom

particles. Th.is produces smaller pivoting angles and the

empirical curve is slightly below the theoretical curve.

Since the top sphere is larger than the bottom spheres, the

surface friction and static electricity effects are

negligible and the grain size ratio fl/K is the dominant

factor for controlling the pivoting angles. The pivoting

angle varies strongly with the changing fl/K ratios and the

regression curve has a high slope, f 0.72. When D/K is

smaller than 1, the effects of surface friction and static

electricity become more important. The pivoting angle is

larger than the theoretical value and varies less strongly

with the changing fl/K ratios. Thus the slope of the

versus fl/K curve decreases to f = 0.55 and a break of slope

occurs at D/K 1.
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(3) For the saddle rotation in Figure 9, rolling

through the saddle between the two bottom spheres is the

easiest way for the top sphere to pivot out and no other

direction can produce smaller pivoting angles. The

rotation direction is fixed and the measured pivoting

angles are always larger than the theoretical values

because of the surface friction and static electricity

effects. The slope of the c versus D/K curve is constant

(f 0.75). As the D/K ratio decreases, the empirical and

theoretical curves become further seperated.

Ellipsoidal And Angular Gravel

Perfectly spherical grains are rare in nature.

Sediments are mostly ellipsoidal and angular. For this

reason, experiments have been undertaken to examine the

relationship between the pivoting angle and relative grain

size for ellipsoidal and angular gravel.

In the experiments with ellipsoidal gravel, three

ellipsoids with very close shapes (averagely Ka 'b

2.28 : 1.74 : 1) and intermediate diameters Kb are chosen

as bottom particles. Single ellipsoids with different

intermediate diameters Db are used as the top particles so

that a range of Db IKb ratios can be obtained. The

measurement of the pivoting angle for each Db /Kb ratio is

repeated five times and the average taken. Several sets of

bottom ellipsoids with different Kb values ranging from
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1.19 to 3.81 cm are used to obtain a wide range of Db /Kb

ratios. Although the pebbles used here are ellipsoidal in

overall form, they have a large range in shapes from flat

to nearly spherical. For this reason, both pivoting and

sliding motions occurred in the experiments. These

different motions are represented by different symbols in

the diagrams. The measured pivoting angles, Db 1Kb ratios

and the motion types are given in Table 8 for grain-top

rotation and Table 9 for saddle rotation. These are

plotted respectively in FIgures 10 and 11. The power

regression for grain-top rotation produces:

and

-0.53= 36.8 (Db/Kb) for D/K>1 (16a)

-0. 32= 42.0 (nb/Kb) for D/K<1 (16b)

For saddle rotation, regression yields:

-0.36
31.9 (Db/Kb) (17)

The pivoting angle for ellipsoidal gravel again has

an inverse relationship to the changing Db /Kb ratios,

similar to that for spheres. However, the slopes are much

smaller because relative grain size Db /Kb is not the only

factor that affects the values of the pivoting angles. The

flatter shapes of the ellipsoids substantially weaken the

strong correlation between and D/K found for spheres and
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Table 8. easured pivoting angles with changing Db/Kb for

ellipsoidal gravel with grain-top rotation. S is for

sliding, R for rolling and C for the combination.

Intermediate
diameter, Db

(cm)

Bottom
grain size
Kb (cm)

P1/Kb

Average

values(°)

Motion

types

3.47 1.19 2.92 23.1 S

3.34 1.19 2.81 17.5 P.

3.29 1.19 2.76 21,7 C

3.25 1,19 2.73 19.1 P.

3.11 119 2.61 22.6 C

3.04 1.19 2.55 25.8 S

2.98 1.19 2.50 25.1 C

2.89 1.19 2.43 24.5 S

2.85 1.19 2.39 19.3 R

2.81 1.19 2.36 20.5 R
2.71 1.19 2.27 29.0 C

2.55 1.19 2.14 25.7 R

2.51 1.19 2.11 28.2 C

2.48 1.19 2.08 24.0 P.

5.07 2.47 2.05 26.1 S

4.48 2.47 1.81 25.4 R
4.37 2.47 1.76 20.1 P.

4.20 2.47 1.70 27.1 C

4.13 2.47 1.67 24.2 P.

3.98 2.47 1.61 28.3 C

3.80 2.47 1.54 33,5 S

3.80 2.47 1.54 25.2 P.

3.70 2.47 1,50 27.3 R

3.34 2.47 1.35 33.1 C

3.29 2.47 1.33 35.2 S

5.07 3.81 1.33 30.6 S

4.82 3.81 1.27 31.4 S

4.52 3.81 1.19 33.9 P.

4.37 3.81 1.15 25.6 P.

4.20 3.81 1.10 30.2 R
4.13 3.81 1.08 31.9 P.

3.98 3.81 1.04 32.6 R

3.80 3.81 1.00 41.7 C

3.80 3.81 1.00 34.3 C

2.44 2.47 0.99 40.3 S

3.67 3.81 0.96 47.7 S
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Table 8. (continued).

Intermediate
diameter, Th,

(cm)

Bottom
grain size
Kb (cm)

Db/Kb

Average

values(°)

Motion

types

3.47 3.81 0.91 47.3. S
3.34 3.81 0.88 42.6 S
3.29 3.81 0.86 45.8 S
2.10 2.47 0.85 40.6 C
3.15 3.81 0.83 47.2 C
1.97 2.47 0.80 39.8 C
2.98 3.81 0.78 46.2 S
2.69 3.81 0.71 42.9 R
2.68 3.81 0.70 33.9 R
2.61 3.81 0.69 52.4 S
2.47 3.81 0.65 49.7 S
2.32 3.81 0.61 52.6 R
2.28 3.81 0.60 57.8 S
2.10 3.81 0.55 51.9 R
2.03 3.81 0.53 40.5 R
2.02 3.81 0.53 43.3 R
1.97 3.81 0.52 55.7 S
1.97 3.81 0.52 51.7 R
1.81 3.81 0.48 54.1 S
1.56 3.81 0.41 50.5 R
0.99 2.47 0.40 56.5 C
1.31 3.81 0.34 66.2 S
1.28 3.81 0.34 57.9 C
1.27 3.81 0.33 49.4 R
1.18 3.81 0.31 57.0 R
1.08 3.81 0.28 64.7 C
0.99 3.81 0.26 64.9 S
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Table 9. Measured pivoting angles with changing Db/Kb for

ellipsoidal gravel with saddle rotation. R is for

rolling motion, S for sliding and C for both.

Intermediate Bottom Average Motion
diameter, Db grain size Oh/Kb

(cm) Kb (cm) values(°) types

4.13 1.18 3.50 19.0 R
4.10 1.18 3.47 23.0 S
3.81 1.18 3.23 20.9 R
3.80 1.18 3.22 21.7 R
3.67 1.18 3.11 23.5 S
3.37 1.18 2.86 19.0 R
3.34 1.18 2.83 20.2 S

3.32 1.18 2.81 24.5 S
3.29 1.18 2.79 20.4 S

3.25 1.18 2.75 18.9 R
3.11 1.18 2.64 22.4 S
3.04 1.18 2.58 23.1 R
2.98 1.18 2.53 23.7 S
2.89 1.18 2.45 24.8 S
2.89 1.18 2.45 21.5 R
2.71 1.18 2.30 24.3 R
2.55 1.18 2.16 22.1 R
2.51 1.18 2.13 27.2 S

2.47 1.18 2.09 24.7 R
2.40 1.18 2.03 24.1 R
2.32 1.18 1.97 26.7 R
2.28 1.18 1.93 31.9 S
2.21 1.18 1.87 25.3 R
2.10 1.18 1.78 26.5 R
1.97 1.18 1.67 31.0 S

1.97 1.18 1.67 24.9 P.

1.81 1.18 1.53 29.8 R
5.07 3.81 1.33 24.0 S
1.56 1.18 1.32 26.2 R
4.82 3.81 1.27 28.0 S
4.52 3.81 1.19 31.3 5
4.13 3.81 1.08 24.7 R
1.27 1.18 1.08 29.7 R
1.18 1.18 1.00 29.8 R
3.80 3.81 1.00 25.1 R



Table 9. (continued).

Intermediate Bottom Average
diameter, 9b grain size Db/Kb

(cm) Kb (cm) values(°)

3.80 3.81 1.00 33.3
3.67 3.81 0.96 38.5
1.08 1.18 0.92 38.0
3.47 3.81 0.91 35.2
3.34 3.81 0.88 33.3
3.29 3.81 0.86 33.0
3.15 3.81 0.83 36.6
2.98 3.81 0.78 39.1
2.68 3.81 0.70 28.7
2.61 3.81 0.69 40.9
2.32 3.81 0.61 39.5
2.28 3.81 0.60 44.8
2.10 3.81 0.55 34.5
1.97 3.81 0.52 46.8
1.97 3.81 0.52 37.2
1.81 3.81 0.48 40.6
1.77 3.81 0.46 47.3
1.56 3.81 0.41 37.6
1.47 3.81 0.39 42.5
1.31 3.81 0.34 51.8
1.28 3.81 0.34 49.0
1.27 3.81 0.33 38.8
1.18 3.81 0.31 44.4
1.08 3.81 0.28 56.9
1.02 3.81 0.27 50.7
0.99 3.81 0.26 55.9

Motion

types

48
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the slope becomes more gentle. The relationship of

versus Db /Kb for ellipsoidal gravel with grain-top

rotation also shows a slope break at Db /Kb = 1 as did the

spheres, with a slope f 0.53 for Db /Kb >1 and decreasing

to 0.32 for Db /Xb <1. However, the e coefficient here has

two regression values instead of one. It is equal to 36.8

for
b /Kb >1 and 42.0 for Db /Kb (1. This probably is

caused by the use of different sets of bottom ellipsoids.

Although they all are ellipsoidal, they have different

shapes and surface roughnesses. The first set of bottom

ellipsoids, which roughly covers the Db /Kb <1 range, has

an average flatness of K /Kb 0.57 (K is the smallest

diameter of the ellipsoid) while the flatnesses of the

second and third sets, which cover the Db /Kb >1 range

roughly, are 0.62 and 0.80 respectively. Since the bottom

ellipsoids for the range of Db /Kb <1 are flater, they lead

to higher pivoting angles and hence a higher e coefficient.

The bottom ellipsoids for Db /Kb >1 are more spherical and

produce smaller pivoting angles and e value. If we assume

that the bottom elilipsoids have the same flatness, the

average e coefficient will be 3940 If we take the

average Kb of Figure 10 as 2.49 cm, Figure 4 or equation 10

predicts that e = 40.7., which is very close to the 3940

value obtained here.

R2 values for equations 16a and 16b are 0.71 and

0.63 respectively. This indicates that there is much more

scatter than in the earlier analyses. The scatter is
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introduced most likely by shape variations of the

ellipsoids. The flatter ellipsoids tend to slide over the

bottom ellipsoids whereas the more spherical ellipsoids

will typically pivot out or roll out from their resting

positions. The sliding motion, represented by square

symbols in Figures 10 and 11, produces higher angles, being

mostly above the regression line. The rolling motion1

represented by circular symbols, leads to smaller pivoting

angles and are generally below the regression line. The

triangles, which represent the typical ellipsoids capable

of both sliding and rolling motions, yield intermediate

angles that most closely follow the regression line. This

shape effect is better demonstrated in Figures 12a, 12b and

13 where the e coefficient is plotted against the flatness

coefficient D /Db. The values of e coefficient In these

figures are calculated from equations 16a, l6b and 17,

where the slope f is kept constant for a particular data

set and e Is calculated from each Db /Kb and the

corresponding measured value. These figures clearly show

that as D jb becomes smaller, the ellipsoids are flatter

and the sliding motion is dominant, yielding higher e

values and hence larger pivoting angles for the same

ratios. The more spherical ellipsoids with D /Db

close to 1 tend to roll rather than slide and give smaller

e and values, so they are concentrated at the lower part

of the curve. The triangles, which represent typical

ellipsoids, have medium D /Db values and roughly take the
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Figure 12. Effects of the flatness D/D on the pivoting
angle for grain-top rotation of ellipsoial gravel, (a) for

and (b) for Tib/b<l. The flatter ellipsoidal gravel
of smaller ratios produce larger e and hence values.
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middle position of the curve.

The scatter in Figures 10 and 11 might also be

caused by the variable Da, the longest diameter of the

ellipsoid gravel, since Da varies significantly in both the

top and the bottom ellipsoids used in our experiments. Da

is expected to influence the surface area of the

ellipsoidal gravel. In addition, Da directly controls the

pivoting point for saddle rotation so that a larger Da

might cause a decrease of the pivoting angle. However,

when the e coefficient is plotted against Db /Da (Figures

14a, 14b and 15), a considerable scatter results and no

clear trend is found. It is concluded therefore that the

longest diameter Da has little or no effect on the pivoting

angles.

Similar experiments have been conducted for angular

basalt gravel. Again the weight of each top gravel

particle is measured, its volume calculated, and the

nominal diameter is obtained from equation 7. Only one

set of bottom gravel is used here. It consists of 24

angular grains which are very close in shape and size.

They were weighed together and the total volume divided by

24 to obtain the mean volume and mean nominal diameter

for the bottom gravel. The 24 bottom pebbles were arranged

at random into triangular bases. This random arrangement

provides both grain-top and saddle rotations, but grain-top

rotation is still dominant. Each top grain is placed on

the triangular spaces at random and the pivoting angle for
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Figure 14. Tie relationship between the e coefficient and
for ellipsoidal gravel under triangular base arrange-

ment and grain-top rotation; (a) is for Db/Kb>l and (b) for
b/Xb<l. The scatter indicates no clear correlation between
the pivoting angle and the long diameter Da of the ellipsoid.
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that D /K ratio is measured 10 tImes and the average

value is obtained. The D /K ratios and the measured

pivoting angles are listed in Table 10 and plotted in

Figure 16. Power regression yields:

-0.33 (18)= 51.33 CD /K )
Ti Ti

with = 0.98. The good agreement can probably be

attributed to the fact that each pivoting angle has been

measured 10 times.

Figure 16 shows that the pivoting angles for

angular gravel again decrease as the relative grain size

D IK is increased. However, the slope Is reduced

compared with the spheres and'ellipsoids because the high

angularity and irregular shapes have significantly weakened

the otherwise stronger correlation between pivoting angles

and relative grain sizes. In fact, the angularity and

Irregular shape effects are so strong that they are

dominant over the surface friction and electrostatic charge

effects. The slope break at D/K 1 shown in the

measurements for spheres and ellipsoidal gravel is not

apparent here so that a straight line is obtained. If the

average nominal diameter 1.76 cm is used in Figure 4 or

equation 8, we obtain a pivoting angle of 52.30 which is

very close to the 51.30 value predicted by equation 18 when

Dn /K 1. The results given in Figure 16 conforms with

the e versus D1 measurements in Figure 4.



Table 10. Measured pivoting angles with changing D/K fOr angular gravel (K=l.76cm).

Nominal Diameter Mininium Maximum Average

D, (cm) (0) (0) (0)

4.67 2.65 33.5 40.0 36.9

4.31 2.45 33.5 51.6 40.8

3.89 2.21 34.4 52.6 40.1

3.65 2.07 33.8 50.0 40.3

3.47 1.97 32.8 55.0 41.5

3.32 1.89 32.7 49.8 41.5

3.32 1.89 35.0 55.0 42.8

3.26 1.85 30.0 52.6 43.2

3.23 1.84 32.8 53,3 43.1

3.15 1.79 34.2 48.8 41.3

3.09 1.76 32.4 53.9 42.7

3.08 1.75 34.3 52.6 41.7

2.94 1.67 33.8 54.0 44.0

2.91 1.65 31.3 54.2 43.0

2.78 1.58 32.1 58.0 44.2

2.68 1.52 32.1 52.1 43.2

2.67 1.52 34.2 64.0 44.7



Table 10. (continued).

Nominal Diameter

D, (cm)

!linirnum

(0)

Maximum

(0)

Average
(0)

2.64 1.50 35.8 56.6 44.8

2.39 1.36 34.8 51.9 44.4

2.33 1.32 36.2 58.9 45.1

2.23 2.27 37.7 58.1 46.8

2.23 1.15 36.6 64.1 47.1

1.82 1.03 38.8 72.8 50.5

1.63 0.93 43.3 58.7 51.6

1.60 0.91 44.1 70.8 53.7

1.46 0.83 40.2 71.8 56.2

1.43 0.81 46.2 65.4 55.1

1.39 0.79 48.2 73.2 58.6

1.35 0.77 50.7 73.7 59.8

1.28 0.73 48.9 69.0 59.9

1.09 0.62 45.0 68.8 60.1

1.09 0.62 46.3 69.7 59.3

0'



Table 10. (continued).

Nominal Diameter

r), (cm)

Minimum

(°)

Maximum

(°)

Average

(°)

0.95 0.54 53.6 76.7 63.2

0.90 0.51 49.2 74.1 62.4

0.90 0.51 47.3 77.1 61.4

0.84 0.48 52.8 75.6 64.4

0.80 0.45. 58.2 73.2 66.9

0.73 0.41 62.3 76.0 69.1

0.69 0.39 64.0 77.9 69.8

0.64 0.36 61.3 80.0 72.0

0.64 0.36 63,0 78.6 71.9

0.58 0.32 68.4 79. 2 73.6

C"
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Imbrication Effects

The orientation of gravel by currents has been

widely studied, demonstrating.that most discoidal and

ellipsoidal gravel are imbricated into the current

(Al-Shaibani et al., 1965). Since imbrication creates a

totally different geometry and particle arrangement, it

definitely affects the pivoting angle and grain

entrainment.

It has been reported that the orientation of the

long axes is variable in natural deposits (Richter, 1936;

Wright, 1959; and Schiemenz, 1960). Johansson (1963) found

long axes to be parallel to the flow direction when

tractive force was dominant and perpendicular to flow when

gravity was dominant. It Is assumed here that the long

axis Da will be at a right angle to the flow direction to

maintain the continuity with our previous pivoting angle

experiments. Eight very flat ellipsoidal pebbles are

selected. Three of them with very close sizes and shapes

are used as the bottom gravel and the remaining five are

utilized as the top gravel. The pivoting angles of

grain-top rotations for changing Db /Kb are first measured

for these flat ellipsoids as above, where the grains lie

flat on the inclined board. These same flat pebbles are

then used to measure the pivoting angles under imbrication.

Al-Shajbatij et al. (1965) found that the average
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inibrication angle for gravel deposits ranges from 20° to

25° and the median angle is 23.30. We employed 230 as our

Imbrication angle. The front bottom pebble is imbricated

roughly at 230 into the tilting direction and then each top

pebble is set lying on and parallel to the bottom gravel,

thus having the same 23° imbricaton angle. Each

measurement is repeated five times and the average value is

taken. The relative grain size Db 'Kb, measured original

pivoting angles without imbrica.tion, and the pivoting

angles under imbrication are listed in Table 11. These

measured pivoting angles are plotted against Db /Kb in

Figure 17, where the circular symbols represent original

pivoting angles and the squares the pivoting angles under

imbrication. Power regression equations are also

included.

It is clearly indicate.d that imbrication will

significantly increase the pivoting angles, making them

roughly equal to the sum of the original pivoting angle and

the imbrication angle. For instance, the original pivoting

angle at Db /Kb 1.61 is 28.3°. SInce the imbrication

angle is 230, the predicted pivoting angle under

imbrication should be 28.30 + 230 = 51.30, very close to

the measured 51.90 pivoting angle under imbrication (Table

13). Howevet, the measured pivoting angles under

imbrication become larger than the predicted values at

smaller Db /Kb ratios and the difference increases as Db

/Kb becomes smaller. For example, the pivoting angles



Table 11. Measured pivoting (or sliding) angles for flat ellipsoidal gravel

under 23° imbrication ( K3.O2cm )

Intermediate Db/Kh Average Average
diameter, Di.. . without with

ratios . .
. . . .(cm) imbrication( ) imbrication( )

4.86 1.61 28.3 51.9

4.50 1.49 36.0 59.2

3.03 1.00 39.6 64.3

2.53 0.84 41.3 66.7

1.97 0.65 44.5 72.7
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without imbrication at
b IKb = 0.84 and 0.65 are 41.3° and

44.5°. The predicted values should be 64.3° and 67.5°, but

the measured values are respectively 66.70 and 72.70 (Table

11). This is probably caused by the change in the particle

arrangement geometry. As Db /Kb decreases, the pivoting

contact point P moves closer to the surface emerging point

of the intermediate diameter of the bottom pebble and the

arm for the drag force becomes smaller. This will decrease

the moment of the drag force and hence a larger pivoting

angle is needed to balance the moment of the drag force and

the particle weight force.

The intermediate diameter Kb of the bottom

ellipsoid in these measurements is 3.02 cm. When this Kb

value is used in equation 5, it yields e 40.00. Since

equation 5 is obtained from the measurements for typical

ellipsoidal gravel with average flatness K IKb equal to

0.66 and the ellipsoidal gravel used in this imbrication

experiment are flater (average flatness is aound 0.41), it

would be expected that the e value should be larger than

40.00 because e increases with increasing flatness.

However, the power regression equation for the pivoting

angles without imbrication in Figure 17 indicates e

37.8° at Db /Kb = 1, slightly smaller than 40.0° predicted

by equation 5. It is apparent that when the ellipsoids are

very flat, the sliding motion and surface friction are more

important. The e coefficient will decrease with the

increasing flatness, and the empirical equation 5 may not
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yield a satisfactory result.

The empirical e and f coefficients and the

descriptions of the experimental material of this.study and

Miller and Byrne's (1966) study are summarized in Table 12.

It is concluded that the pivoting angle decreases with

the increasing relative grain size 0/K. The e and f

coefficients are functions of grain size, grain shape and

angularity. The value of the e coefficient increases with

a decrease in grain size and an increase in angularity. It

generally Increases with the grain flatness (D /Db), but

when the pebbles are very flat the e coefficient may

decrease. The slope f will decrease when flatter and more

angular pebbles are involved.



Table 12. Fmpirical e and f coefficients for equation 3.

Experimental material

descriptions

Unifrom sand-sized spheres.

Natural nearshore sand.

Crushed quartzite sand.

Uniform gravel-sized spheres

(a) Grain-top rotation

D/K<1
D/i( > 1

(b) Saddle rotation

Natural ellipsoidal gravel

(a) Grain-top rotation

D/1( 1

D/K> 1

(b) Saddle rotation

Angular gravel

Flat ellipsoidal gravel

2 Data

sources

49.0 0.3 Miller and Byrne

62.0 0.3 Miller and Byrne

71.0 0.3 Miller and Byrne

36.3 0.55 This thesis

36.3 0.72 This thesis

20.4 0.75 This thesis

39.4 0.32 This thesis

39.4 0.53 This thesis

31.9 0.36 This thesis

51.3 0.33 This thesis

37.8 0.33 This thesis
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4. APPLICATIONs TO SEDIMENT THRESHOLD

Review And Introduction

The initial work on sediment threshold was

undertaken by Hjulstrom (1935) and Shields (1936).

Hjulstrom simply related the mean flow velocity in a river

to the sediment grain size It can transport, while Shields

included other parameters such as density and bottom flow

stress in a dimensionless and general relationship. A

thorough review has been made by Miller, McCave and Komar

(1977) in which they combined the available data and

provided a modified Shields threshold curve (Figure 18).

For coarse grains the Shields curve gives constant,

indicating that when grain size D is increased the flow

bottom stress is equally Increased (Figure 18 and

equation 2). Various studies have found different values

of this constant , ranging from 0.03 to 0.06. An average

value of 0.045 is suggested by Miller et al. (1977).

As seen in Figure 18, Caning (1983) and Hammond et

al. (1984) both found in their threshold measurements that

rather than being constant, progressively decreases

with increasing grain Reynolds number Re* u*t D/v where

( Tt/P
)h/2 is the shear velocity of the flow and v

the kinematic viscosity of the fluid. The standard Shields

curve is based on the measurements of uniform grain sizes.
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In contrast, Caning (1983) and Hammond et al. (1984)

obtained their results from natural gravel containing a

wide range of grain sizes. Selective entrainment by grain

size is obviously the factor that causes the departure of

their data from the standard Shields curve. This is

further indicated by the similar data trend obtained by

Ippen and Verma (1955) from their flume experiments on the

selective entrainment and transport of individual sand

grains over a fixed bed (Figure 18). Caning (1983) and

Hammond et al. (1984) explained their data trends in terms

of grain size selective entrainment, but based their

explanations on the experimental results of Fenton and

Abbott (1977). They proposed that when the sediment has a

wide range of grain sizes, the larger gravel have a higher

projection above the surrounding grains and carry a

disproportionately larger fraction of the bed shear stress

and are thus easier to entrain, potentially accounting for

the data trends in Figure 18. This explanation is at least

partly correct, but it is not the only factor that causes

the departure. The variations of the pivoting angles with

the relative grain size can also provide an explanation for

this departure from the standard Shields curve.

As has been indicated earlier, sediment threshold

occurs when the moment of the drag force, EP x equals

the moment of the weight force, AP x where BP and AP

are respectively the moment arms for the drag force d and

weight force (Figure 1). The weight and drag forces can
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be expressed as = a3 (P_P)gD3 and = TtD2 Ic, where

83 is the shape effect and c is the packing coefficient.

When these two moments are balanced, we have:

a3 (ps-p ) gD3BP tD2
AP (19)

From the grain geometry in Figure 1, BP D/2 cos() and AP

D/2 sin(), so that equation 19 reduces by simplification

and rearrangement to equations I and 2 which have been

described in the first part of this thesis:

= k( )gD tan (1)

(p5-p)gD = ktan' (2)

It has been shown that is a function of relative grain

size D/K as indicated by equation 3:

-f
= e CD/K) (3)

with the empirical e and f coefficient values obtained in

the pivoting experiments. For nonuniform gravel, it is

apparent that as the individual grain size D and hence the

relative grain size DIR increase, the pivoting angle will

decrease. According to equation 2, this will lead to a
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decrease In 0 with increasing D and Re* as has been shown

in Figure 18. Parker, Klingeman and McLean (1982) and

Andrews (1983) obtained correlations similar to that

described by the combination of equations 2 and 3, but they

empirically related and DIR directly without using the

pivoting angle In this section, we will combine

equations 2 and 3 to calculate the Shields parameter

directly, comparing the results with the measured o

General Procedures

The Shields parameter can be related to the

relative grain size D/K by bringing equation 3 into

equation 2:

Tt

6t (pp )gD = ktan fe(D/K)] (20)

Equation 20 will be used to calculate O directly from DIR.

Before this calculation can be carried out, several

parameters have to be evaluated: the proportionality

coefficient k, the e and f coefficients and the mean

diameter of the bottom gravel K. The f coefficient will

depend on the grain's shape and angularity. For angular

ellipsoidal gravel, f = 0.33 (Figure 16 or equation 18).

For rounded ellipsoidal gravel, f equals to 0.53 and 0.32
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corresponding to
b /Kb >1 and Db /Kb <1 (equations 16a and

15b). For nearly spherical and well rounded gravel, f

equals to 0.72 for fl/K >1 and 0.55 for fl/K <1. The e

coefficient will be obtained from Figure 4 or equations 5,

8 or 10 according to the shape, angularity and mean

diameter K of the bottom particles.

When the measured is plotted on the Shields

diagram as in Figure 18, its data trend intersects the

standard Shields curve. Since the standard Shields curve

is obtained from the measurements of uniform grain sizes

(fl/K = 1), D will be equal to K at this intersection point.

Using C tfp )1/2, equation 2 can be rewritten as

2
.rt pu*t

( P-P)gD (p-p )gD (21)

and from

R = u*tD/ (22)
e*

equation 21 becomes

0

p(RvJ2
(23)

t (P5P)gD3

Solving for D yields the grain size which corresponds with

the Ce , Re*) intersection point:

P(RV) 2

= K =
[ (P5-)O

]1/3 (24)
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K may thereby be evaluated using Re* and 8 at the

intersection point. Since D/K 1 at the intersection,

equation 20 becomes:

= ktan(e) (25)

and the k coefficient can be calculated by

k = 9/tan(e)
(26)

When all four coefficients have been evaluated by this

procedure, the pivoting model equation 20 can be used to

predict a value for a certain D grain diameter and the

result compared with the measured for that diameter.

The Data Of Hammond et al. (1984)

The threshold measurements of Hammond et al. (1984)

were obtained in the West Solent, the strait seperating the

Isle of Wight from the English mainland. The strait is

well protected from wave activity and the sediment movement

is mainly caused by tidal currents. The sediment consists

basically of gravel ranging in diameters from 0.4 to 4 cm.

The minor sand mode (25%) is totally buried by the gravel

(Langhorne, Heathershaw and Read, 1982; Hammond et al.,

1984). The sediment bottom Is loosely packed and the

gravel movements were monitored with a TV video recorder
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mounted on a bottom tripod, while the flow condition was

measured using six current meters in a vertical array. The

threshold data represent the largest particle moved during

one-minute averages of the measured current. The threshold

movements are described as rolling or sliding over the

surface, never being plucked vertically out of position by

the turbulence. Their measured data trend is shown in

Figure 18 and the systematic departure has already been

described.

In their calculations of the Shields U parameter

and grain Reynolds number Re*, Hammond et al. used an

equivalent diameter D (Da Db)', that is, one based on

both the longest and intermediate axial diameters. It has

been shown that Da has negligible Importance for pivoting

angles (Figures 14 and 15), so we will only use Db here as

the gravel diameter to recalculate Re* and . The

recalculated and Re* from Hammond et al. are listed in

Table 13 and plotted in Figure 19 as a standard Shields

diagram. Power regression yields:

= 0.88 (R)°51 (27)

with R2 = 0.53. The recalculated data trend intersects the

standard Shields curve of Miller et al. (1977) at

0.043 and Re* 380. These two values, together with

0.014 cm2s, are used in equation 24 and yield K 0.75

cm. Since Hammond et al. have found that these pebbles are



Table 13. Comparison of the measured (Hammond et al., 1984) and predicted
0 with the related

flow data (K0.75cm).

Intermediate
diameter D3

Measured

u*

Recalculated

R0*

Recalculated

et

Db/K Predicted

2.63 7.15 1343.2 00L3 3.51 0.019
3.00 7.48 1602.9 0.012 4.00 0.Ol7
2.00 7.85 1121.4 0.020 2.67 0.022
2.13 8.34 1268.9 0.021 2.84 0.021
1.88 9.06 1216.6 0.028 2.51 0.022
2.63 9.10 1709.5 0.020 3,51 0,019
1.50 8.95 958.9 0.034 2.00 0.026
2.25 8.75 1406.3 0.022 3.00 0.020
2.38 8.82 1499.4 0.021 3.17 0.020
0.94 8.72 585.5 0.052 1.25 0.036
1.50 7.89 845.4 0.027 2.00 0.026
1.75 8.39 1048.8 0.026 2,33 0.024
3.75 9.22 2469.6 0.015 5.00 0.015
3.25 9.43 2189.1 0.018 4.33 0.016
2.88 9.23 1898.7 0.029 3.84 0.018
2.24 8.63 1380.8 0.021 2.99 0.020
1.56 8.63 961.6 0.031 2.08 0.026
0.50 5.24 187.1 0.035 0.67 0.054
0.75 5.63 301.6 0.027 1.00 0.043
1.00 7.51 536.4 0.036 1.33 0.035
1.00 8.11 579.3 0.042 1.33 0.035
1.00 7.24 517.1 0.034 1.33 0.035



Table 13. (contined).

Intermediate Measured Recalculated Recalculated Db/K Predicted
diameter, b

(cm)
U* Re* Ut Ut

0.75 8.95 479.5 0.069 1.00 0.043
1.00 8.00 571.4 0.041 1.33 0.035
1.00 8.07 576.4 0.042. 1.33 0.035
1.50 8.23 881.8 0.029 2.00 0.026
0.80 7.89 450.9 0.050 1.07 0.041
2.00 8.30 1185.7 0.022 2.67 0.022
1.65 8.71 1026.5 0.030 2.20 0.025
1.13 8.78 708.7 0.044 1.51 0.032
1.13 6.93 658.4 0.023 1.51 0.028

00
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ellipsoidal In shape and under

assume that f = 0.53 for Db /Kb

When K 0.75 cm is employed in

45.3°. Taking 0.043 and e

find that k 0.043.

Using these e, f, k and

83

tidal current a.ction, we

>1 and 0.32 for Db /Kb <1.

equation 5 It yields e =

45.3° in equation 26, we

K coefficients, equation 20

can now be used to calculate the Shields parameter. The

values calculated In this way are listed in Table 13 and

are compared In Figure 20 with the measured values. It

is apparent that the predicted 0 matches the measured

fairly well. The agreement is better at smaller and the

scatter becomes larger as 0 increases. When the empirical

equation 20 is plotted on the Shields diagram, it agrees

very well with the measured data trend (Figure 19).

The scatter in Figure 20 is probably caused by the

use of a mean K value. For the measured of each top

particle, K should be the Intermediate diameter of the

front pebble over which the top particle will pivot when it

is entrained. In the calculation of from equation 20,

however, a mean K value is used. This K value likely

differs from the real Intermediate diameter of the

underlying pebble, so the predicted will not exactly

match the measured
e

, though a good general trend exists

(Figure 20).
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The Data Of Caning (1983)

The sediment threshold data of Caning (1983) were

obtained from two streams (Carl Beck and Eggleshope Beck)

of the upland Pennines in England. Caning evaluated the

total stream drag, including the banks and the bed, rather

than just the portion acting on the stream bed. Since Carl

Beck has a small width/depth ratio (smaller than 11), 8

significant portion of the total drag is spent to overcome

the stream bank friction, and the bottom drag which

actually contributes to grain threshold will be

substantially smaller than the total measured stress. As a

result1 when the data from Carl Beck are plotted on the

Shields diagram (Figure 18), it is well above the Shields

curve. In contrast, Great Eggleshope Beck has a. larger

width/depth ratio (larger than 11) so that the bank

friction Is likely negligible when compared with the bottom

drag. When the data are plotted in Figure 18, they fall

below the Shields curve and the trend is similar to the

measurements from Hammond et al. (1984). For this reason,

we will use only the data from Great Eggleshope Beck.

The gravel in Great Eggleshope Beck are formed by

the erosion of interbedded sandstones and limestones. The

void spaces of the predominant coarse material are filled

by the secondary population of finer material (Carling and

Reader, 1982). Gauging stations were established to



monitor the flow conditions and a bed-load trap was used to

catch the entrained gravel. The threshold values were

obtained by relating the peak value of bottom flow stress

and the mean intermediate diameter of the five largest

pebbles entrained by this peak flow.

The original mean Db and values which are

obtained from the measurements (Caning, personal

communication, 1985) are used in our analyses. In our

calculations of grain Reynolds number Re*, V 0.013

is chosen as the mean kinematic viscosity of the

fresh water. The original values of and $ and the

calculated Re* and are listed in Table 14 and plotted as

a Shields diagram in Figure 21. Power regression of this

measuredO data yields:

= 1.19
(28)

(R2 0.67). However, this power regression does not

provide a very satisfactory fit to the data, and a line is

drawn by hand which offers better agreement with the

overall trend (Figure 21). This hand-drawn line is

described by:

-0.57= 3.28 (R) (29)

The relationship of equation 29 intersects the standard

Shields curve at 0.045 and Re* 1850. When these two



Table 14. Comparison of the measured Ot C Caning, 1983) and predicted 6 (K=2.Ocm)

Intermediate Measured Recalculated Recalculated Db/K Predicted
diameter, Db

(cm)
Tt Re* et Ot

7.96 372 11809.8 0.028 3.98 0.019
11.62 216 13136.8 0.011 5.81 0.015
20.40 461 33692.8 0.014 10.20 0.011
18.70 361 27330.8 0.012 9.35 0.011
16.88 237 19989.5 0.008 8.44 0.012
3.62 218 4111.4 0.036 1.81 0.030

17.10 260 21209.9 0.009 8.55 0.012
5.18 171 5210.6 0.020 2.59 0.024
3.86 194 4135.7 0.030 1.93 0.029
3.62 156 3478.0 0.026 1.81 0.030
4.06 148 3799.4 0.022 2.03 0.028
3.50 157 3373.5 0.027 1.75 0.030
5.76 190 6107.4 0.020 2.88 0.022
3.40 133 3016.2 p.023 1.70 0.031
3.52 177 3602.4 0.030 2.76 0.030
4.82 171 4848.4 0.021 2.41 0,025
2.94 171 2957.3 0.035 1.47 0.034
1.76 167 1749.6 0.057 0.88 0.048
1.22 141 1114.4 0.067 0.61 0.059
2.17 151 2051.2 0.042 1.09 0.042

18.06 365 26541.2 0.012 9.03 0.011
12.34 365 18135.0 0.018 6.17 0.014
6.38- 229 8008.7 0.020 3.44 0.020

10.20 236 12053.5 0.014 5.10 0.016
5.12 236 6050.4 0.028 2.56 0.024 -



Table 14. (continued).

Intermediate Measured
diameter, b

(cm) Tt

4.00
3.18

15.80
5.54
9.12
6.20
5.56

10.16
3.26
8.36

16.04
8.66
2.56
10.92
4.10
16.52
15.71
9.25
6.18
6.74
4.86
4.24

Recalculated Recalculated D1/K Predicted

Re* °t

224 4605.1 0.034 2.00 0.028
184 3318.1 0.035 1.59 0.032
360 23060.3 0.014 7.90 0.013
186 5812.0 0.020 2.77 0.023
303 12211.6 0.020 4.56 0.017
157 5975.8 0.015 3.10 0.021
192 5926.3 0.021 2.78 0.023
316 13892.9 0.019 5.08 0.016
154 3112.0 0.028 1.63 0.032
248 10127.2 0.018 4.18 0.018
319 22037.2 0.012 8.02 0.012
134 7711.3 0.009 4.33 0.018
136 2296.5 0.032 1.28 0.038
212 12230.6 0.012 5.46 0.015
161 4001.8 0.024 2.05 0.028
524 29089.2 0.019 8.26 0.012
284 20365.4 0.011 7.86 0.013
278 11863.7 0.018 4.63 0.017
203 6773.2 0.020 3.09 0.021
210 7513.2 0.019 3.37 0.020
227 5632.6 0.028 2.36 0.025
139 3843.3 0.020 2.12 0.027
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values are employed in equation 24 they yield K = 2.0 cm.

In describing t.he sediments in these streams,

Caning (1983) stated that the gravel are spherical to

discoidal in shape with a predominance of discs in Great

Eggleshope Beck (discs, 57.6% and spheres 22.8%).

Therefore, for such ellipsoidal gravel, f in equation 20

again will be 0.53 for Db /Kb >1 and 0.32 for Db /Kb <1.

For K = 2.0 cm, equation 5 yields e = 41.50. Front e

41.5° and 0.045, equation 25 predIcts that k 0.051.

Employing these e, f, k and K coefficients, equation 20

again can be used to predict for a pebble of diameter

b The predicted values are listed in Table 14 and

plotted against the measured in Figure 22. The

correlation is seen to be excellent. When theoretical

equation 20 is plotted on the Shields diagram, it also

agrees well with the measured data trend (Figure 21).

It is apparent that the applications of the

pivoting angle variations to the threshold data of Hammond

et al. (1984) and Carling (1983) support the hypothesis

that variations of the pivoting angle with the relative

grain size can provide a good explanation for the departure

of from the standard Shields curve. However, scatter

still exists and further investigations are required for a

better understanding about how K can be obtained from the

total grain size distribution.



0
LiJ

C')

Lii

[sX.11

0.04

0.02

measurements

of Coning (1983)

2/It.'

y;.z

91

0 0.02 0.04 0.06

PREDICTED e

Figure 22. Measured Shields e from the recalculation
of Caning's (1983) data compaed with the e values
predicted by equation 20. The agreement is xcellent.



92

5. CONCLUSIONS

(1) The pivoting angles for uniform-size gravel

agree well with the theoretical predictions (35.3° and

19.50 respectively for grain-top and saddle rotation). As

grain size decreases to sand sizes, however, the pivoting

angles are found to increase significantly. This size

dependence accounts for the large discrepancy of previous

studies (Eagleson and Dean, 1959; Miller and Byrne, 1966),

although its cause remains uncertain. The relationship is

empirically described by equations 5, 8 and 10 respectively

for gravel-size spheres, ellipsoidal gravel and angular

gravel.

(2) It has been found that the pivoting angle is

inversely proportional to the relative grain size fl/K, that

is the increase of the relative grain size causes a

decrease of the pivoting angle. The variation of the

pivoting angle with the relative grain size is stronger for

spheres and becomes weaker for ellipsoidal and angular

gravel. In contrast with the empirical relationship of

versus D/K for sand-sized spheres which gives larger values

than the theoretical equation, the measurements for gravel

spheres are very close to the theoretical relationship.

(3) The e and f coefficients In equation 3 are a

function of grain size, shape and angularity. The value of

e Increases with a decrease in grain size and an increase
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in angularity; it generally also increases with pebble

flatness D /Db which controls the grain's ability to roll,

but no dependence on Da was found. When the particles are

flat, grain movement occurs by sliding so that surface

friction becomes important. The f exponent of equation 3

decreases when flatter and more angular particles are

involved.

(4) Imbrication of flat ellipsoidal gravel creates

a different geometry of particle arrangement. It

substantially increases the value of .' , making it roughly

equal to the sum of the original pivoting angle and the

imbrication angle.

(5) The pivoting angle measurements for saddle

rotation show similar trends of increasing with the

decrease of grain size and relative grain size, only the

values of the pivoting angles are smaller than for

grain-top rotation. In contrast, the square base

arrangement forms larger interstices and hence gives much

larger pivoting angles than the corresponding values for

the triangular base arrangement.

(6) When the grain size, shape and angularity of

natural sediments are known, the relationships between the

pivoting angle and grain size, shape and angularity can be

used to predict the Shields threshold parameter. For

sediment containing a wide range of grain sizes, the

pivoting angle will decrease with increasing relative grain

size D/K and this leads to a decrease in as has been



94

described by equation 20. The application of this concept

in sediment threshold studies has shown that the variation

of the pivoting angle with relative grain size yields a

good explanation for the systematic departures of from

the standard Shields curve shown by the recent gravel

threshold measurements of Caning (1983) and Hammond et al.

(1984).
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1. Derivation of the pivoting angle as a

function of D/K for a perfect sphere of diameter D resting

on a triangle base of bottom spheres of diameter K. Figure

23a shows that the B is the center of the top shpere and A,

B, C are the centers of the bed spheres.

Case 1. ' maximum. Grain-top rotation produces the

maximum For grain-top rotation, the top sphere rolls

out from resting position along OA.

From AB=K, FBFAK/2

Then AF(AB2-FB2)2

31/2K/2

By AB/AF=AO/AE

We have AOAB*AE/AFK/311'2

Since AD(D-fK)/2

DO=(AD2-A02)1'1 2

=K/2*((D/K)2+2*D/K_1/3)2

So Tan 0A/OD
max

=2 31/ 2*( (D/K) 2+2D/K-1/3)'2/3

For uniform grain sizes (D/K1), we have Tan max

=1/2 and c 35.3°.
max

Case 2. minimum. Crevice rotation produces the

minimum . Figure 23a shows that top sphere B rolls out of

resting position along the saddle line OE.

Prom AO=K/3h/2 and AEK/2



(a) (b)

Figure 23. Geometrical relatiouships for a sphere of diameter
D resting on bottom spheres of diameter K; (a) 18 for triangular
base arrangement and (b) for square base arrangement.
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We have 0E(A02-AE2)1"2

.31/2*K/6

Since

So Tan 0E/OD
mm

=1/31/ 2*( (D/K) 2+2D/K-1/3) 1/2

For uniform grain size (D/K=1), we have Tan =1/2*21/2
mm

and =19.5°.
mm

2. Derivation of the pivoting angle as a

function of D/I( for a perfect sphere of diameter D resting

on a square base of bottom spheres of diameter K. Figure

23b shows that F is the center of the top sphere and A, ,

C, D the centers of the bed spheres.

Case 1. maximum.

The maximum for square base arrangement again is

from grain-top rotation where top sphere F rolls out along

OA.

Since DE=AE=K/2

So AO=(0E2+AE2)h/2K/2h/Z

From AD.(D+K)/2

We have Sin =AO/AD=2h/21(j+D/K)
max

For uniform grain size (D/K=1), we have Sin max2"2/2 and

45o.

max

Case 2. c minimum.

When the top sphere F rolls out of resting position

along the saddle line OE (saddle rotation), the minimum

pivoting angle is obtained.
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Since OAK/21"2, 0EK/2 and AD(D+K)/2

So OD=(AD2_A02)h/2

1C*((D/X)Z+2D/1(_1)h/2/2

That is Tan 0E/OD
mm

=( (D/K)2+2D/K-1Y'"2

For uniform grain size (D/K1), we find Tan 1/2h/'2

and ,
.3530

nun




